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Notations. Let F be an A-module over an algebra A. Let I be a nondegenerate
A-symmetric bilinear form on F. Then we shall use the notations:

F* := the dual A-module of F ,
{ , »:= the pairing map between F and F*,
I := the A-linear map F — F* defined by the relation:

I(x, y) = <I(x), y> for x,yeF,
I* ;= the symmetric A-bilinear form on F* defined by:
I*(I(x), I(y)) = I(x,y) for "x,yeF.

By this convention, I*: F* - F is defined as the inverse map of I. Similar notations
will be used for the case when I is degenerate.

§1. Introduction

(1.1) The purpose of the present paper is to introduce and to describe the flat structure
on the ring of invariant 0-functions for an extended affine root system. (The extended
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16 Kyon Saito

affine root system is introduced in [25], and the results of the present paper were
anounced in [26]. But we do not assume the knowledge of the results.)

A brief description of the result

i) An extended affine root system (or EARS for short) R is a root system asso-
ciated to a positive semi-definite Killing form with radical of rank 2. The extended
Weyl group Wy for R is an extention of a finite Weyl group W, by a Heisenberg group
Hy. A Coxeter element ¢ is defined in the group, whose power ¢l==*1) generates the
center of the Heisenberg group. A survey on the root system and the Coxeter element
will be given in §2.

ii) The Wg-invariant ring S” is a ring of W;-invariant 0-functions on a line
bundle L over a family X of Abelian variety, which is associated to the Heisenberg
group fy and on which W, acts. The Gauss-Manin connection ¥ is introduced on the
module of derivations Dergw of S% as the Levi-Civita connection with respect to the
Killing form. Then Dergw admits a good filtration (a Hodge filtration). (See §'s 3-6.)

iii) The flat structure on S¥ is roughly a certain particular system of homogeneous
generators of the algebra S¥, whose linear spann is uniquely characterized by admitting
a C-inner product, denoted by J. The goal of the present paper is the construction of
the flat structure, achieved in § 11, for the root system with codimension 1 (cf (2.4.2)).
In the construction, the fact that the fixed point set of a Coxeter element is regular w.r.t.
the Weyl group action, studied in §’s 7-9, plays an essential role.

As a consequence, Spec(S¥) becomes a graded affine linear space with some
additional structures J and N. For more details on the structures, see Note 1 below
and § 11 (11.5) Theorem.

Note 1. Precisely, the flat structure is formulated in terms of a triplet {J, N, V#}
on a module ¥, where ¥ (called the small tangent module) is the leading term of the
tangent module Dergw w.r.t. the Hodge filtration (cf (9.7.1)), J is a nondegenerate metric
on %, N is a semisimple endomorphism of ¢ (defining the grading on %), and ¥ * is an
integrable torsion free connection on % such that P#*J =0 and V*N =0. Actually
{J,N,7*} is defined as the “leading term” of the triplet {I, 0, V'} := {Killing form,
multiplication of the coordinate 6, of the highest level, the Gauss-Manin connection}
on Dergw.

Note 2. The line bundle L over X (for fixed t € H) coincides with the one con-
sidered by Looijenga [10] by using Appell-Humbert theorem, and the ring S% is
studied by authers, Looijenga [10], Kac & Peterson [7, 8], Bernstein & Schwarzman
[3, 4], for which a Chevalley’s theorem was shown. We recall the result in §4.

Note 3. Such flat structure was firstly constructed for the invariant ring of a finite
reflection group [23]. So the present paper may be regarded as its generalized version
to a parabolic geometry. A hyperbolic version is yet to be studied. Another general-
ization of the flat structure to certain unitary reflection groups was given by Orlik-
Solomon [18].

(1.2) Let us describe briefly a background of the present paper from the theory of
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period mappings. This is logically unnecessary to read but'explains a motivation and a
role of the present paper.

There is a theory of period mappings for primitive forms (cf. Remark 1, [15, 24]).
As a consequence of the theory, the space of deformation of a hypersurface isolated
singularity, on which the period map is defined, carries a flat structure, i.e. the triplet
(J, N, 7#) (cf. (1.1) Note 1.).

As a version to the classical Jacobi’s inversion problem, we ask an intrinsic descrip-
tion for the domain of periods, action of the monodromy group on it, and the ring of
monodromy invariant functions on the domain. Since the space of deformation is
described as the quotient of the period domain by the monodromy action, we ask
further for the description of the flat structure in terms of the monodromy invariant
ring.

As the classical case, the period domain and the monodromy group for simple
singularity are described in terms of classical root systems (Brieskorn [6], Slodowy
[28,29], cf. Arnold [2]). Then the flat structure on the Weyl group invariant poly-
nomial ring is constructed in [23] only in terms of the finite reflection group and a
Coxeter transformation, independent of the period mapping. (Cf [1, 7, 27, 33]).

This fact causes naturally a general problem:

Develop a theory of suitably generalized root system with a good Coxeter transfor-
mation and a theory of flat invariants for the root system in a self-contained way*, to
answer the Jacobi’s inversion problem for further cases of period mappings. (+ This
means to use only the data of a root system as for the building block but not of a
period map).

The present paper answers the problem for the case of extended affine root systems.
An extended affine root system is a root system in a generalized sense, which belongs to
a positive semi-definite quadratic form with rank 2 radical, whose Coxeter transforma-
tion are carefully studied in the previous paper [25].

Starting with an extended affine root system R with a datum of a marking G on R
(cf (2.1), Remark 1), we construct in this paper the invariant theory for (R, G), which
finally leads to the flat structure on the invariant ring S¥. Since the invariant space
Spec (S¥) with the flat structure is identified with the space of deformation for a simply
elliptic singularity (cf. Appendix, [21]), this is an answer to the Jacobi’s inversion
problem for that case.

Remark 1. A period map for a universal unfolding ¢: Z — S is determined by a
primitive form (©, which is an element of the middle relative de-Rahm cohomology
group Ry, (Qys) satisfying certain infinite system of higher residue bilinear equations.
The primitive form induces an isomorphism of Hodge filter F°(R%p, (%)) with the
tangent bundle Derg of the space of the deformation S and an integrable connection on
Derg, whose integration is the period map. So our aim is to reconstruct the data on
R, (Q%)s) from a root system.

In the case of simple elliptic singularity, the primitive form is easily written down
explicitly as

{0 = w/f Res;_[w]
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where @ := Resyg [d—x—?—di:l € R, (Qy,s(*)) for F = F(x, y, z, t): the defining polynomial

of the unfolding %, E, is the elliptic curve at infinity ([21]) and a is a homology
class € H,(E_), so that the denominator of ‘¥ is the elliptic integral of the first kind.

The ambiguity of (@ is the choice of ae H,(E,). Since the H,(E,) is identified
with the radical of the root system, after all, this ambiguity in the period map is
reflected in the present paper as a choice of a marking in (2.1), which is an element
aerad I ~ H,(E,) of the radical of the root system.

Remark 2. The period mappings for simply elliptic singularities are treated also by
some works of E. Looijenga [9, 10, 11]. (Cf. H. Pinkham [20], P. Slodowy [30].) So
the present paper may be considered as its completion by introducing the flat structure,
for which purpose the introduction of the Coxeter transformation theory for extended
affine root system was essential.

(1.3) Let us give a brief view of the contents of this paper.

The notion of an extended affine root system and the results on Coxeter elements
for the root system are recalled in §2. From the data of a root system, a family L of
line bundles over Abelian variety over the complex upper half plane H is constructed in
§3 and a Chevalley theorem on the invariant ring S" is recalled in §4.

The Killing form T for the root system induces metric I, on the tangent bundle
Dergw of the quotient space L/W, = Spec (S¥). T, degenerates along the discriminant
loci @2 = 0. A precise study of the degeneration of I, leads to logarithmic forms in § 5
and the logarithmic (Gauss-Manin) connection ¥ in §6.

The results on Coxeter element in §2 is applied to show the non-vanishing of
leading coefficients for discriminant ®2 in §7. Also the Killing form I, is used to
normalize a unit factor for a generator 6, of S¥ in §8. Both facts lead to a key step:
the construction of the non-degenerate metric J on the “small tangent bundle ¢ in §9
(under the (9.1)).

This metric J may be considered as the leading term of the Killing form I on
Dergw according to a graduation Dergw = @ ¥, studied in §§9, 10. Then also taking

i>0
the leading term of the connection ¥ by this graduation, one obtains a non-singular
connection ¥# on the “small tangent bundle %” such that ¥#J =0 in §11. This

determines the flat structure on S%.

(1.4) The first draft of the paper was written with [25] in the Winter semester 198384,
when the author was a visitor at the Max Planck Institute fiir Mathematik at Bonn. He
also expresses his gratitude to Prof. T. Springer for constant encouragement.

§2. Extended Affine Root Systems

A summary on Coxeter transformation theory for extended affine root systems is
given from [25]. Main results are summarized in Lemma’s A, B and C. For details
and proofs, one is refered to the original paper.

(2.1) Let us start with a generalized concept of a root system, which we call also a root
system for simplicity.
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Let F be a real vector space of finite rank with a symmetric bilinear form I:
F x F > R. For an non-isotropic element o € F (i.e. I{a, ) # 0), put a" = 2a/I(a, @) €
F. The reflection w, w.r.t. « is an element of O(I) := {g € GL(F): I(x, y) = I(g(x), g(¥))}
given by,

wy):=u—Iw,a")a (‘ueF).

Then oV ¥ = o and w2 = id.

Definition. 1. A set R of non-isotropic elements of F is a root system belonging to
(F, I), if it satisfies the axioms i)—iv):

1) The additive group generated by R in F, denoted by Q(R), is a full sub-lattice of
F. Ie, the embedding Q(R) = F induces the isomorphism: Q(R)®zR ~ F .

i) I(o,BY)eZ for Yo, e R.

iii) w (R)=R  for ‘weR.

iv) If R = R{UR, with R; L R,, then either R, or R, is void.

2. A root system R belonging to (F, I) is a k-extended affine root system (k-EARS
for short), if I is positive semi-definite and the radical: rad (I):= {x e F: I(x, y) =0 for
Yy e F} = F, is of rank k over R.

3. A marking G for a k-EARS is a decreasing sequence:

Go=rad(I)> G, o> o G, = {0}

of subspaces of rad (I) such that G;NQ(R) ~ Z* "

The pair (R, G) will be called a marked extended affine root system (or a marked
EARS). Two marked EARS’s are isomorphic, if there exists a linear isomorphism of the
ambient vector spaces, inducing the bijection of the sets of roots and the markings.

Note 1. i) If R is a root system belonging to (F, I), then R := {«":a € R} is also
a root system belonging to (F, I).

ii) For a root system belonging to (F, I), there exists a real number ¢ > 0 such
that the bilinear form cI defines an even lattice structure on Q(R) (i.e. cI(x, x) € 2Z for
x € Q(R)). The smallest such c is denoted by Ig:I and the bilinear form (Ig:I)I is
denoted by I.

iii) For a root system R belonging to (F, I), there exists a positive integer t(R) such
that

Ii®Ig. =t(R)I®I.
t(R) is called the tier number of R (RY) ([25, (1.10 ~ 12)]).

Note 2. i) A O0-EARS is shown to be finite and hence a root system in the
classical sense [S]. We shall call it a finite root system.

ii)) A 1-EARS is shown to satisfy the axioms for an affine root system in the sense
of Macdonald [12]. We shall call it an affine root system.

Notation. Since we are mainly concerned with 2-EARS’s in this paper, we simply
say EARS instead of 2-EARS. In the case, a datum of a marking G is a rank 1
subspace G, of rad (I) defined over Q. We shall denote the space G, by the same
notation G. A generator of GNQ(R) ~ Z, which is unique up to a sign, is denoted
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by a.
GNQ(R) = Za and G =Ra.
(2.2) The basis «q, ..., o, for (R, G).

Let (R, G) be a marked EARS. The image of R by the projection F — F/rad (I)
(resp. F — F/G) is a finite (resp. affine) root system, which we shall denote by R, (resp.
R,). In the present paper, we assume that the affine root system R, is reduced. (Le.
a=cf for o, fe R, and c € R implies c € { +1}.)

Put,

(2.2.1) l:= rankg (F/rad (1)), (i.e. rankg(F) =1+ 2).
Once and for all in this paper, we fix [ + 1 elements,
%o, --->» G ER

such that their images in R, form a basis for R, [12]. (L.e. the images are normal
vectors of walls of an affine Weyl chamber of R, directing inside of the chamber.) We
shall call them a basis for (R, G). Such basis is unique up to isomorphisms of (R, G).
There exists positive integers n, ..., n, such that the sum:

(222 bi= Y mo

belongs to rad (I). By a permutation of basis, we may assume [12],
(2.2.3) no=1.

Then the images of «;, ..., @; in R, form a positive basis for R; and the image of —u,
in R, is the highest root w.r.t. the basis.
Put,

(2.2.4) L:=@® Ry,
on which I is positive definite and RN L is a finite root system with the positive basis

oy, ..., o (cf. Note 2).
We have a direct sum decomposition of the vector space:

(2.2.5) F=L®rad (),
and the lattice:

(2.2.6) O(R) = iciao Zo,® Za = icigl Zo,®Za® Zb,
2.2.7) O(R)Nrad (I) = Za® Zb ,

(2.2.8) OR)NL = égl Za,;.

Note 1. The choice of the basis «,, ..., a, is done for the sake of explicite
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calculations, but it does not affect the result of the present paper. A change of the
basis ay, ..., o, induces a change (a, b) to (a, b + ma) for some m € Z.

Note 2. Under the assumption that R, is reduced, the set RN L is bijective to R,
(i.e. (RNL, L) ~ (R, F/rad (I))) Hence we shall sometimes confuse (RN L, L) with (R,
F/rad (1)) [25].

(2.3) The Weyl group W;.

The Weyl group Wy for R is defined as the group generated by the reflexions w, for
Ywe R. The projection p: F — F/rad (I) induces a homomorphism p,: Wy — Wg,. One
gets a short exact sequence:

(2.3.1) 0 —— Hy —2 Wy 25 W, — 1.
Here
(2.3.2) Hy = (rad (I) ®g F/rad(I)) N E"}(W,)

1
is a finite index subgroup in the lattice (Za @ Zb) ®z< ® Zo )
i=1

A notational remark. The group Hy (2.3.2) was denoted by T in the [25] to
indicate that it is a translation group. Since we shall use the notation “T” as for a
subalgebra (8.1.1) of S¥, the notation for the group is changed as (2.3.2) to indicate its
relation with the Heisenberg group Hy (2.7.1). (Cf. (3.4.4)).

The map E, called the Eichler-Siegel transformation, is a semi-group homomorphism
defined as follows ([25, (1.14) ~ (1.15)]).

(2.3.3) E: F ®g F/rad (I) — End (F)
239 E<Z &E® ni> (W) :=u— Z EIn,uw)  for uefF.

Here a semi-group structure o on F ®g F/rad (I) is defined by,

(Zm@v,-)°<ij®x,~>:=2ui®vi+ij®xj—ZI(vi,wj)ui®xj.
i J i j i,j

The semi-group structure o coincides with the natural addition of vectors on the
subspace rad (I) ® (F/rad (I)) and hence on Hi. The inverse map E !|W, is an injective
homomorphism,

(2.3.5) EVWg— FQ(F/rad(l)) ~LAL®Ra®LORbRL,

by which the reflection w, goes to a ® «¥. Hence the image E~!(W;), generated by
a®a” (x e R),is included in Q(R) ® (Q(R)")/rad (I)).
Let us write the map E~' componentwisely.

(2.3.6) ENg)=¢g +a®plg) +b®aq(g) .

Here £, p and g are maps
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! !

(2.3.7 é:WR——x»((—B Zai>®z<@ Za!)cL@L,

i=1 i=1

!
(2.3.8) p:We— @ Zay < L,

i=1

!

(2.3.9) gWe— @ Zo < L,

i=1

The action of g = E(( + a® p + b ® q) on x € F is given by

(2.3.10) 9(x) = Eo(&)(x) — al(p, x) — bl(g, X) ,

where E,: L ® L — End (L) is the Eichler-Siegel transformation defined similarly as
(2.3.4) and x, is the L part of x in (2.2.5). Under these notations, we have:

) The map Ey(&): Wg — End (L) is factorized by Wy — Wy, so that the subgroup
Hy is characterize by {g € Wy: £(g) = 0}.

ii) The subgroup of Wy generated by w,, ..., W, is isomorphic to Wy by the
homomorphism p, so that the exact sequence (2.3.1) splits into a semi-direct product:
W = Wy, X Hpg.

(2.4) The Dynkin graph.
For a marked EARS (R, G), we associate a diagram [y ¢, called the Dynkin graph
for (R, G), in which all data on (R, G) are coded. The graph is conmstructed in the
following steps i)—iv).
i) Let I be the graph for the affine root system R,.

Le. a) The set of the vertices |I'| is {atg, ..., 0}
b) Edges of I is given according to a convention in iv) b).
ii) The exponent for each vertex o, € |I'| is defined by

)
(2.4.1) m; = k() n;,

where k(o) == inf {n € N: « + na € R}.
iii) Put
Moy '= Max {mg, ..., m},
|Fm| = {ai € Irl mi = mmax} 5

[TH] = {o; + k(a)a: a; € [T} .

iv) The graph I'y ; is defined as the graph for |I'|U|L}|.
Le. a) The set of the vertices |I'g | :=||U|¥|
b) Two vertices a, f € [Ig | are connected by the convention:
x B
o o if I pY)=0(=Ipa")=0),

o—o if Ipf")=If2")=—1,
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O———F0 if I, BY)=—-11(Ba")=—t,
o—o if I@p")=1(pa")= -2,
emm=m0  if @ BY)=I(Ba¥)=2.

v) A complete list of Dynkin Diagrams and exponents for extended affine root
systems is given in the Table 1.

Definition. For a marked EARS (R, G), the codimension, denoted as cod (R, G), is
defined as follows.

(2.4.2) cod R, G):= #{0 <i < lim;=my,)} = #|I,.

Note 1. Converse to the above construction of the graph Iy ; from a (R, G), the
isomorphism class of a marked EARS (R, G) is constructed from the data of the
diagram Iy ¢ by a help of Coxeter transformation theory (cf [25, §9]).

Note 2. The exponents m;’s introduced in ii) are half integers, which might have a
common factor. We have:

The smallest common denominator for the rational numbers m;/m,, (i=0,...,1) is
equal to I, + 1 ([25, (8.4)]), where I, := max {# of vertices in a connected component
of I'\I,,}. So we sometimes normalize the exponents as follows.

1
(2.4.3) e mme Lo

12 1
mmax

Note 3. The name codimension for cod (R, G) has an origin in the period mapping
theory. Namely it expresses the codimension (= # of independent defining equations)
of the singularity for (R, G) in an ambient space (Cf. Appendix)

Table 1. Dynkin Diagrams for Extended Affine Root Systems and Their Exponents [25].

(1,1
ALY

(1, 1)
A

Bl(l.l)
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0
J1 SAIT
0.

Ky

2)
1,
B

1)
2,
Bf

2)
2,
Bf

(1.1)
G

2)
1.
c

1
2,
o

2)
2,
G

2)
2,
B

(1.1)
G

BCP-V




BCI(Z'“

BC2(1)

BC22(2)

Dl(l.

(1,
E3

F‘gl'

Fil'

Fiz,

1)

2)

1)

EXTENDED AFFINE ROOT SYSTEMS II (FLAT INVARIANTS)

(1=2),

—0

(=>4
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F‘(‘2. 2)

QO

G(Zl.l)

G£1.3)

G;l.l)

G(ZZ. 3)

(2.5) The Coxeter transformation for (R, G).

A Coxeter transformation ¢ € Wy is by definition [25, (9.7)] a product of reflexions
w, for o € | I’y | with a restriction on the order of the product that w,. comes next to w,
for ae|l,,|. The following Lemma’s A, B and C are basic results for the Coxeter
transformation, which will be used essentially in this paper.

Lemma A ([25, (9.7)]). A Coxeter transformation c is semi-simple of finite order =
loax + 1. The set of eigenvalues of c is given by:

l=exp(0) and exp(Qny/—Im/my,) (=0,...,0).
Particularly, {the multiplicity of eigenvalue 1} = 1 + cod (R, G).
Lemma B ([25, (10.1)]). Let ¢ be a Coxeter transformation for (R, G). Then
RNImage(c —idg)=¢.
To state the Lemma C in (2.8), we recall some more concepts.

(2.6) The hyperbolic extention (F, ). There exists uniquely (up to a linear isomor-
phism) a real vector space F of rank I + 3 with

i) an inclusion map F < F as a real vector space,

ii) a symmetric form I: F x F — R such that I|; = I and rad (T) = Ra.
The pair (F, I) will be called a hyperbolic extension for (F, I).
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Denote by W, the reflextion for « € R as an element of F and by Wy the subgroup
of the isometries of (F, T) generated by them. The restriction W,|; is w,. So we have a
surjection Wy —» Wy and then a short exact sequence:

(2.6.1) 0— Ryt Wy — Wy —— 1
where K is an infinite cyclic group generated by

1
(262) kim (Ig: 1) me

a®b,

max

and E: F ® (F/G) — End (F) is the Eichler-Siegel transformation,

(2.6.3) E(Z E® ni> (u):=u— Z EIm,u)  for uefF.

Notational remark. The notations Wy, K and Hy (2.7.1) are inexact in the sense
that they depends not only on the root system R but also on the marking G. The
confusion can be avoidable by the context.

A precise description of the group Wy is as follows ([25, (1.18) ~ (1.20)]). The
inverse map
F®L)  LRLO®RaQLO®RIRL
©F®Rh) OLR®b ORI ORa®b

is an injective semigroup homomorphism. Due to the fact that Wy preserves the metric
I, we obtain the following decomposition:

(264 EY“Wy—FQ®F/G~

(2.6.5) Eg)=¢(g) +a®plg) + b ®4q(g) — Eo(é(9)a(g) ® b

Lpax + 1

1
+51(q(g), q(@)b®b +r(g)Ug: 1) a®b.

max

Here ¢&, p, q are defined in (2.3) and r is a map,
(2.6.6) rWe— 7.

That E is a semi-group homomorphism implies the relation ([25, (1.20), (1.19)]): For
Vgh g, € WR’

mmax
(2.6.7) r(g192) = 1(g1) +1r(g,) — m(lmx—_*_l)l(P(gl), Eo(¢(92)49(92)) -
Under these notations, we have:
i) Themap E(¢ + a® p + b® q): Wy — End (F) is factorized by Wy — Wy.
ii) An element g € Wy belongs to the cyclic group Ky, if and only if &(g) = p(g) =
q(g9) = 0.

Remark. The following i), ii) and iii) show that a Wg-invariant symmetric bilinear
form on F, whose restriction on F is not zero, is a constant multiple of T up to an
automorphism of F of the form E(z) for a z e Center of F ® F/rad (T).
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i) {Wg-invariant symmetric bilinear forms on F} = RI + RI,, where I, is a form
on F characterized by T (4, A) =1 and I|F x F = 0.
i) Z(GL(F)NE(F ® F/G)) (= the center of GL(F)NE(F ® F/G)) = E(rad () ®
rad (I)/G) = ERb® b + Ra® b).
iiiy Let I, be a Wy-invariant symmetric form on F such that I,|F x F #0. Then
there exists an element g € Z(GL(F)N E(F ® F/G)) such that I,(x, y) = cI(g(x), () for a
ceR.

Proof. 1) Use the expression (2.6.5).
ii) An element z € F ® F belongs to its center <> z € F* ® F.
iii) Due to i), I, = cI —dI, for ¢, de R with ¢ #0. Then we may choose g =

E(%b ® b> as follows. Due to ii), g belongs to Z(GL(F)NE(F ® F/G)). Since g(x) :=

d -
x — —I(x, b)b etc., we have,

2c
~ -~ d . d -
I(g(x), g(y)) = I\ x — —1I(x, b)b, y — —1(y, b)b
2c 2c
~ Ttx, ) — 220, BT, )
2c
1 - ~ ~
= Z(CI — dI(b) ® I(b))(x, y) -
Here I(b) ® I(b) satisfies the characterization for I, we have shown the statement.  []

For E(Ra® b) c O(F, I), the group Z(GL(F)NE(F ® F/G))/ERRa® b) (~ Rb® b)
acts on the space T + RI, as the affine transformation group.

(2.7) Heisenberg group Hy.
Put

(2.7.1) Hy := {E"'(g): g € Wg such that &(g) = 0} .
Then, 1) Hy is a Heisenberg group with the short exact sequence,

(2.7.2) 0— Ky —— Hy — Hg 1,

where Hy — Hy is induced from the projection F ® F/G — F ® F/rad (I). (Cf. (2.3.2)
and its following Notational Remark).
2) The extension class of the sequence is calculated from (2.6.7). ([25, (1.11.3)])

2
Mmax J ® Ig. € Ext? (Hg, Ky) ~ /\ Homg, (Hg, Z),

G Rl + DIm @

where
i) Ky is identified with Z through (2.6.6),
il) J is the skew symmetric form on Za + Zb by J(a, b) = —J(b,a) = — 1.

1
iii) Hg is embedded in (Za + Zb) ® < ® Zoc}’) (cf (2.4)) so that J ® I. induces a
i=1

skew symmetric bilinear form on Hp.
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3) We have the following commutative diagram (cf (2.3.1)):

0 0
0 Kz Hy — Hy —— 1
n n
0 > Kpg = Wr - Wi P 1
|
WRI = WRf
L
1 1

(2.8) The hyperbolic Coxeter transformation.
A hyperbolic Coxeter transformation ¢e Wy is a product of reflexions W, for
o € |I'g ¢l in the same ordering as for the Coxeter transformation c ([25, (11.2)]).

Lemma C ([25, (11.3)]). i) The power &'*Y of the hyperbolic Coxeter trans-
formation ¢ is a generator of K.

lmax + 1
—a

ii) K is generated by (Ig: 1) ® b.

max

This is equivalent to:

Lemma C' ([25, (11.4.1)]). There exists a projection map p: F — F such that for
VieF,
(Ig: 1) a.

max

(2.8.1) &) =1 + (c — idp)p(A) + I(b, 1)

§3. A Family of Polarized Abelian Variety over H

(3.1) Let (R, G) be a marked EARS and let (F,T) be its hyperbolic extention. We
define complex affine half spaces as follows.

(3.1.1) E:={xeHomg (F,Cra(x)=1 and Im(b(x)) >0},

(3.1.2) E:= {x e Homg (F, C): a(x) = 1 and Im(b(x)) > 0},
(3.1.3) H := {x € Homg (rad (I), C): a(x) = 1 and Im (b(x)) > 0},
where dimc E =1+ 2, dimc E=1+ 1 and dim¢c H = 1.

Note. A change of the basis a,, ..., o, does not affect the definition of the spaces
E, E and H due to (2.2) Note 1.
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(3.2) Elements of F (resp. F and rad (I)) are C-valued affine linear functionals on the
space E (resp. E and H). Put,

(3.2.1) 1:=b/a
as a complex valued function on E, E and H. Then H is identified with the complex

upper half plane by 7.

A notatioral remark. For a convenience, the same notation t is used for the
following different meanings:
i) A coordinate function of the complex upper half plane H as defined in (3.2.1).
ii) A point of H.
iii) The value in C of the function (3.2.1) at a point of H.
The inclusion maps: F > F S rad (I) induces the projections:

(3.2.2) £ E-"SH

By the projections, E and E are regarded as a total space of a family of complex affine
spaces E, := (m o #)7!(1r) and E, := n7(1) of dimension [ + 1 and [ parametrized by t € H.

(3.3) Obviously by definition, the tangent and co-tangent spaces of E, E and H at a
point x of them are naturally given by:

(33.1) T(E) =~ C®(F/G)* T.(E) ~ C® (F/G)* T,(H) ~ C® (rad (I)/G)*,
B3.1* T*E) ~ C®(F/G), T¥(E) ~ C® (F/G), T¥(H) ~ C ® (rad (1)/G).

In particular, the relative tangent spaces of E and E relative to the projections 7
and 7 o 7 of (3.2.2) are given by

(3.3.2) Ve =C®grV for V.= (F/rad (I))*,
(3.3.2)" Ve =C®gV for V:=(F/rad (I))*.

Actually, the natural inclusions V < F* c Homg (F, C) or ¥V < F* c Homg (F, C)
induce the action of V¢ or ¥z on E or E as the translation groups of the affine fibers E,
or E, over t € H respectively.

The bilinear forms I (2.1) and T (2.6) induces perfect pairings

(3.3.3) I: F/rad (I) x F/rad (I) — R,
(3.3.3)" I F/G x Fjrad(l) — R,
which induce cannonical isomorphisms,

(3.34) I*: V= (F/rad (I))* —= F/rad (I)
(3.3.4) I*: V := (F/rad (I))* =5 F/G

of real vector spaces. Therefore we shall regard F/G and F/rad (I) as the real part of the
translation groups of E_and E, for 7 € H respectively.

The bilinear forms on ¥ and ¥ induced from I and T through the isomorphisms
(3.3.4) will be denoted by I and I} respectively.
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(3.4) The pairing Homg (rad (I), C) x rad (I) - C induces the real map:

¢o:Hxrad(I)— C
(3.4.1)
TXua+vb——u+vr.

The restriction @, := @|; x;aq (1) (for T € H) induces real isomorphism
(3.4.2) o rad () ~C.

Particularly the lattice Q(R)Nrad (I) = Za + Zb is embedded in C:
(34.3) o Za+7Zb~7 + Zt.

Taking on account of (3.3.2), (3.3.4) and (3.4.2), we obtain a family of natural iso-
morphisms:

(3.44) 0, ® I: rad (I) ®g (F/rad (I)) >~ V¢
(-4.4)" @.® I rad (I) ®g (F/G) ~ V¢

depending on the parameter 1 € H. Hence the Hy (2.3.2) is regarded as the lattice of
the complex vector space V¢ through ¢, ® 1.

(3.5) The actions of the groups Wy and Wy on F and F fixes the rad (I) pointwisely.
Hence the dual actions of Wy and Wy induce actions on E and E respectively. They

are equivariant with the projections # and = (3.2.2). To avoid confusions, the dual
action of g € Wy (resp. W) on E (resp. E) will be denoted by g*.

Lemma.

1. The actions of Wy (resp. Wg) on E (resp. E) are properly discontinuous.

2. The action of Hg on E coincides with the translation by the natural embedding
Hyg < Ve (cf. (2.3.2) and (3.4.4)).

Put X := E/Hg and denote by n/Hy the map induced from n:

(3.5.1) n/Hg: X — H.

The fiber X,:= (n/Hg) '(t) over 1€ H is isogeneous to an I-times product of elliptic
curves of the same modulous T.

3. The action of Hy on E is fixed point free. Put L*:=E/Hy. The map 7/Hg
induced from T

(3.5.2) fi/Hg: L¥* — X ,

defines a principal C*-bundle over X. Let L be the associated complex line bundle over
X, which is, as a set, a union

(3.5.3) L=L*UX.

The finite Weyl group Wk, is acting on L and X equivariantly.

4. The Chern class c¢(Lly) of the line bundle over X, :=(n/Hg)™'(r) for teH is
given by,

(3.5.4) ¢(Lly) = Im (H) /2\ Homy, (Hg, C) ~ H3(X,, C),
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where H is an Hermitian form on V¢ given by

mmax

(3.5.5) H@ W) = R (e + D Im (o) ®

rv(2, W) .

Proof. 1. Since the subgroups Hy and Hy are of finite index in Wy and W, it is
enough to show the properness of the actions of Hy and Hg. This will be shown
explicitly in the next 2 and 3.

2. Recalling (2.3.10), the dual action g* of g=E((+a®p+b®q e Wron xeE
is calculated as:

g*(x), y> =<K%, 9(y)> =<{x, E(+a®@p+ b®q(y)>
= <x, Eo(§)(y) — al(p, y) — bI(g, y)>
= <Eo(&)*(x), y> — I(p, y) — ©(x)1(g, y)
= CEo(&)*(x) — I(p) — 1(x)1(q9), y>
and hence
(3.5.6) g*(x) = Eo(&)*x — I(p) — ©(x)1(9) -

Particularly for g € Hg, &(g) = 0 and E,(0) = id,, so that the action of Hg on E coincides
with that through the embedding Hy <= V¢ (3.4.4).
3. Let us fix a base 1 € F\F normalized as

(3.5.7) I4, b =1,

(3.5.8) IAoa)=0 for i=1,...,1.
Considering this lasa complex coordinate for E, we obtain,
(3.5.9) (L7 E—"5CxE.

Using the formula (2.6.5), the action of g € Wy on 1 is given as:

=1 1
35100 g() =1+ Eo©)ale) 3 1a(g) ato)b — r(@)Ia: D™ Lo

max

Particularly the generator k of Ky acts on 4 by

EW() = 1 — (tg: ==t Ly

max

Hence the complex function 4 on E defined by

(3511) A= €xXp (271\/ (IRI)’?I% ) s

is K invariant, giving a fiber coordinate for the C* bundle:

(3.5.12) (4, 7y B/R g — C* x E.



EXTENDED AFFINE ROOT SYSTEMS II (FLAT INVARIANTS) 33

Of course this direct decomposition of E/K; is not canonical but it depends on the
choice of 4.

The action of g = a® p(g) + b ® q(g) € Hg/Kg ~ Hg on A is calculated by (3.5.10)
as:

(3.5.13) E(g)(2) = Ze

g

where
1
(35.14)  e=exp (2n\/ 1 Kn%ﬁ:ﬁ("(g) —(alg) q(g))r>>.

This implies that E/H, ~ (C* x E)/Hg is a principal C*-bundle over E/Hy associated to
the Hermitian form (3.5.5) (cf. [14, Chap. 1.2]).

(3.6) Note. Since the line bundle L™ is ample relative to H, one may blow down the
zero section X < L of L to H (ie. X, is blow down to a point for t € H). The blow
down space, denoted as

(3.6.1) L(~L*UH),

is a family of affine algebraic variety of dimension [ + 1 with an isolated singularity
parameterized by the space H.

§4. The Ring S" of Invariants

In this section, we recall and reformulate a Chevalley type theorem (4.5), studied by
Looijenga [10], Schwarzman & Bernstein [3, 4], Kac & Peterson [7, 8] and others.

(4.1) For a non-negative integer k, let,
4.1.1) S, := I'(X, O(L™®%))

be the module of holomorphic sections of the —k-th power of the line bundle L over X
defined in (3.5) Lemma 3. An element 6 € S, is realized as a holomorphic function on E
satisfying the relation:

4.1.2) g*(0)=(e,)*0  for “ge Hg,

where e, is as defined in (3.5.14). Due to [14, Chap. I], it is easily seen that S, is a
I'(H, Oyx)-free module of finite rank, where I'(H, Oy) is the algebra of holomorphic
functions on H.

For an element 0 € S;, put,

(4.1.3) 6:= (A0,

where 4 is the function (3.5.11) on E. Then (3.5.13) and (4.1.2) implies that 8 is a
Hg-invariant holomorphic function on E with a degree condition:

(4.1.4) E@0) = kb,

for the Euler operator:
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d

1. E:=2—.

4.1.5) A 7

(4.2) Note. Define a graded algebra over I'(H, Oy) by
4.2.1) S=0@ 5.

This algebra is the ring of polynomial functions of the affine variety L over H (3.6.1). In
an algebraic geometric expression,

Spec (S) ~ L.
(4.3) The group Wy, ~ Wy/Hg acts on L and X equivariantly. So it acts also on the
space of sections S, := I'(X, O(L"®%), k=0, 1,.... Put,
4.3.1) S := the set of Wy invariant elements of S, ,
4.3.2) Si 7 := the set of Wy anti-invariant elements of S, .

By the correspondence 6« 6 (4.1.3), the set S (resp. S; ") is regarded as the set of
all Wy-invariant (resp. anti-invariant) holomorphic functions on E, satisfying the degree
condition (4.1.1), since the action of Wx/Hy on S, is identified with the pull-back action
on the functions on E.

Put,
(4.3.3) V.= SV
k=0
4.3.4) SV=0 §7.
k=0

Naturally S¥ is a I'(H, Oy)-algebra and S™% is an S"”-module.

Remark. A basis of the module S and their product are described in terms of
representation theory [8].

Let g(A) be an affine Lie algebra. For an dominant integral weight 4 € P, of level
k, the character Chy,, of its highest weight representation is rewritten by a 0-function
which gives an element of S;. Irreducible decomposition of tensor representation gives
the product rule.

(4.4) We prepare one more concept: the Jacobian J(@,,...,6,,,) for a system of
sections 6;€ S, (i=1,...,1+ 2) as an element of S, (k = liz ki) given by the following
relation. -

di, A AdB =T, ..., 0.,) dt Aday A Adoy Adl).

The Jacobian is well defined, since w:=dt A day A - A doy A d]. is Hg-invariant.
Moreover, since the form w is Wy anti-invariant, if GieS,Z' i=1,...,1+2) then

1+2
JOy, ..., 040) € STV (k =Yy k,.>.
i=1
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(4.5) We recall a Chevalley type theorem for an EARS.

Theorem [3, 4, 8, 10].
1. SY is a polynomial algebra over I'(H, Oy), freely generated by | + 1 homogeneous

l 1
elements 0y, ..., 0, of degree ;.= m,-(—m:r’:—+—) @i=0,...,1), where m; (i=0,...,1) is

the set of exponents for the root system (R, G) ((2.4.3)).
2. S is a free S"-module of rank 1, generated by an element 0, := J(t, 6,, ..., 6,)
I+1+cod(R,G)(lax + 1)
5 .

3. The zero-loci of ©, on E is equal to the union \J H, of the complex
xeR

homogeneous of degree

hyperplanes H, defined by the equation o, = 0 for o € R.

Definition. The invariant function,
O2eSy (k:i=(+1+cod(R, G)(py + 1))
will be called the discriminant for (R, G).

(4.6) The generator system 6,, ..., 6, of the algebra S¥ in the Theorem has an
ambiguity of a change, 0; = P(6,,...,0,) (i=0,...,]) by weighted homogeneous poly-
nomials with coefficients in I'(H, Oy).

Notation. We fix a homogeneous generator system 6,, ..., 6, of the algebra
S¥ = I'H, Oy) [0, ..., 0,] with an ordering

deg (0)) =1<deg(f,) <---<deg(6) =1l + 1.
As a convention, we put
0_,:=r1 and deg(60_,)=0.

A goal of the paper is to find an intrinsic system of generators of the algebra S¥ for the
case cod (R, G) = 1 which we shall call the flat generator system.

(47) Note. Since Wg, is a finite group, the quotient space L/Wg, is a family of
algebraic variety over H, whose polynomial function ring is the invariant ring S (cf.
(3.6) and (4.2)).

Spec(S”) = L/ Wy, (= (E/Wg) UH).

The action of W, on L is as a reflexion group, where the reflexion hyperplane of
w, for ae R(mod Hg) is given by a “hyperplane” H, in L as the image of the
hyperplane H;:= {x € E: d(x) = 0} for an inverse image d@ € R of «. The branching loci
of the map L —L/Wg, is a hypersurface defined by ©2 =0, which will be called the
discriminant loci.

§5. The Metrics T, I} and Logarithmic Forms on S%

The form T induces metric T, on the co-tangent space of Spec (S%).
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(5.1) Let us denote by O, 24 and Derg the sheaf of germs of holomorphic functions,
1-forms and vector fields on E respectively.

Recalling an expression of tangent and cotangent spaces of & in (3.3.1) and (3.3.2),
we have the cannonical isomorphisms:

(5.1.1) Qf ~ 0 ®r(F/G) and  Derg ~ O ®g(F/G)*.

The vector space F/G carries a nondegenerate symmetric bilinear form induced from
I. By extending I to Qf by Og-bilinearly, we obtain a form:

- 2w, w
(5.1.2) Tp: Qb x Qb » 0,  ©; x wzngl a)} a); Tx, X)),

where X; (i = 1,..., [ + 2) are basis of F/G and v = Zaa;(

(5.2) Put,
(5.2.1) Dergw := the module of C-derivations of the algebra S¥ ,
(5.2.2) Q4w := the module of 1-forms for the algebra S¥ .

They are dual S¥-modules by the natural pairing: { , ) with the dual basis:

0
Dergw = (—D S~ and Q4= @ S¥ d6, by
i=—1 60 i=—1

using a generator system ;s of (4.6) Notation. There is a natural lifting map: Qg, —

Qf, d9r—>z X dX,, so that the form If (5.1.2) induces an S¥-bilinear form:

(5.2.3) Ty: Qiw x Qg— SV .

(The values of Ty, lie in S¥, since the form I is Wy-invariant.)
Let us show a simple but crucial formulae for all what follows.

Formula.
524 d =1 max_p@ jeS”
( ) Ty(dr, d) = 2n e I)(lmax+1)E(0) for 0eS",
(5.2.5) det (T (df;, d6), ;—_,, ..) = 63,

where E is the Euler operator (4.1.5).

Proof. Recall that 7 = b/a and a = 1. So dt = db/a = db and hence

- - 1
i=—1 6X

l

= T (db, db) z (db, doc,) + T,y (db, d/l) >
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~ 04 00
= (a )6151

mmax aé
=Y D e+ 1)

mmu V!
= D D 2O

(cf (3.5.7), (3.5.8), (3.5.11) and (4.1.5).)

(5.2.5) is simply a reformulation of (4.5) Theorem 2, since by Definition (4.5.1) of the
Jacobian J, we have,

det (Ty(d0;, dby); =y, ) = J(0_y,..., 0))* det (I (04, 2)))y) - O

The formula (5.2.5) implies that the form I, is degenerate along the discriminant.
Let us make this statement more precise by introducing logarithmic forms as follows.

(5.3) Consider the S¥-linear map induced from Ty, of (5.2.3).
1
Ty: Q4 —— Dergn, @ Iy(w, *): z wl(w, d6;) do; .

Assertion. The above map Ty, induces an S¥-isomorphism:

(5.3.1) Ty: Q4w—> Dergu (—log (62)),
where
(5.3.2) Dergw (—log (0F)) := {6 € Dergw; 607 € O35} .

Proof. For an we Q4,, the element I(w,d®,) is anti-invariant. Hence it is
divisible by @, ((4.4) Theorem 2.). Then Iy(w, dO3) = 20,I;(w, dO,) is divisible by
@2. This implies Iy (w) € Dergy (—log (©2)) by definition.

To show that the (5.3.1) is an S¥-isomorphism, we recall the following simple
criterium for free basis of logarithmic modules.

! 0
Criterium ([22]). Let elements 6,= ), g;—— %,
j=-1

given. Then Dergw (—log (©3)) is an S¥-free module with the free basis §; i= —1,...,1)
if and only if det ((g;);) is a unit multiple of O}.

€ Dergy (—log (02)) (i= —1,...,1) be

1
We apply the criterium for §;:= Iy (df) = Y Iy (do, d(-)j)a—?;— (i=—1,...,0). Since
i

ji==1
det (T, (d6;, do;)) = O3 (5.2.5), the condition in the criterium is satisfied. Hence T (d6)
(i= —1,...,]) form an Sp-free basis of Dergw (—log (02)). O

Corollary. Let us denote by It the S"-bilinear form on the module Dergw dual to
the form T (5.2.3). Then the pairing,

(5.3.3) I%: Dergw x Dergw (—log (03)) — S¥

is S¥-perfect.
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Proof. By definition, T (x,y):= <(x, I;*(»))>. The isomorphy (5.3.1) implies the
perfectness (ie. det (T(x;, y;);) = unit in S¥ for a basis x; and y; of Dergw and
Dergw (—log (02)).). O

Remark. There is a natural lifting Dergw (—log ©2) - Derg such that I¥ (5.3.3) is
a pull-back of T§ on Derg (cf. (6.3) Assertion).

(5.4) We have shown the isomorphy: I: Qg ~ Dergw (—log (€2)). Particularly im-
portant is the correspondence between dt and the Euler operator E, which was calculated
in (5.2.4).

(541) IW(dT 27'(1 / — m‘(ﬂx—)E

(IR I)( max + 1)

V mmax

The Euler operator E (4.1.5) is expressed as an element of Dergw by

(5.4.2) Iy(E) =

! 0
(5.4.3) E=) deg(6,)0,—~
0 06,
(5.5) Put
Q4u(log (02)) := {w € Qi(+02): O2w € Q3w and 07 dw € Q2,} .

The natural pairing between forms and vector fields induces a perfect pairing:
Dergw (—log (7)) x Qqu(log (©2)) — S¥ (cf. [22]).
The Assertion (5.3) implies the following commutative diagram.

Qi < Qi(log(62)

(5.5.1) z}, I, zJ 7,

Dergw (—log (02)) < Dergw.
Remark. As a (2, 0)-type tensor field on Spec (S¥), I (5.3.3) is expressed as:

20,

implying that I has logarithmic poles along the discriminant.

1
(5.5.2) Iy= Y d0,®T; <i> ,

(5.6) Note. The above logarithmic modules are that for the discriminant: &2 =0 in
the space L/Wg, := Spec (S%). Instead of this, one may study the logarithmic modules
for a system of hyperplanes:

U Ha={@A=0}

ae Ry

in L := Spec(S) as follows. (cf. (3.6), (4.2), (4.7)). Put
Derg(—log 0,) := { € Ders: 60, € 6,S},
Ql(log ) == {w e Q§(*6,): Oyw € 2 and O, dw e Q3} .
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which are dual S-modules by the natural pairing. Then a slightly modified argument in
(5.3) shows the followings.

Assertion. The bilinear form Iy of (5.1.2) induces a non-degenerate S-bilinear form:
T Qi x Q-5
Then this Ty, (: Q& — Derg) induces the following S-isomorphisms:
QL®S < Qf <li(og8,)

TL ll TL 2| TL

Derg (—log ©,) = Derg < Dergw ® S .

(5.6.1) 2

Particularly this implies that Derg (—log 8,) and QL(log @,) are S-free modules of rank
- w0
1 + 2, with the free basis It(d0,) and I! (%) fori= —1,..., | respectively.

(5.7 Remark. Similar diagrams to (5.5.1) and (5.6.1) were shown for a finite reflexion
group W in [23]. The diagrams relate the exponents m; (i = 1,...,1) of the group W
with the degrees m; — 1 (i = 1,...,1) of free basis of Derg (—log 4). (Cf the generalized
Schephard-Todd-Brieskorn formula. Terao [32], Orlik-Solomon [16, 17]).

As an analogue to this fact in case of extended affine root systems, we ask to clarify
the relationship among the following three polynomials:

i) The Mobius function for the lattice defined by the system of hyperplanes
H,(x € R) in L.

ii) The Poincare polynomial for the topological space L\ () H,.

aeR
1
i) P(T):= [] (1 +mT).
i=—1
(5.8) Remark. The tangent spaces of Spec (S¥), L\H and E are the complexification
(3.3.2) of a real vector space (F/G)*, which carries a nondegenerate symmetric bilinear
form T*. Tts complex bilinear extension gives I (5.3.3), If (5.6) and T§ (6.3.2).

Let Ay, Hf and A be the sesquilinear extension of T* on the tangent spaces of
Spec (S¥), L\H and E respectively. They are Hermitian forms on the tangent bundles,
whose sign is (I + 1, 1). Since the group action of A on E has no fixed point, A and
Hf are regular everywhere on E and L\H respectively. But Hj is singular along the
discriminant loci, having logarithmic poles.

The geometric significance of the Hermitian forms Hj, Hf and HAf is not
clear and is yet to be studied.

§6. The Logarithmic Connection V on Dergw

A metric connection ¥ on the tangent bundle of Spec (S¥) is introduced, which has
logarithmic poles along the discriminant. ¥ may be called the Gauss-Manin connection
for the root system, since it is to be identified with the Gauss-Manin connection for an
unfolding of a simple elliptic singularity after all.



40 Kyor Saito

(6.1) Lemma. There exists uniquely a connection ¥V on the S¥ module Dergw, which is
integrable, torsion free and metric w.r.t. I} (5.3.3), having the logarithmic poles along the
discriminant in the following sense.

There exists uniquely a C-bilinear map

V: Dergw (—log ©2) x Dergw (—log @2)+—— Dergw (—log ©2)
0 X & — A

such that
i) V is a connection. (lLe. Vy(&) is S”-linear for the variable 6 and satisfy the
Leibnitz rule for the variable £.)
i) V isintegrable. [V;,Vs,]1 =Wy, 5,0
iii) ¥ is torsion free. V;& — V.0 =[6,¢].
iv) W is metric wr.t. Ty, 8,T%(5,, 65) = T(V5, 6, 85) + I5(5,, V5, 53).

Proof of (6.1) Lemma. The Proof is divided in the following (6.2) ~ (6.4). The
existence and the uniqueness of a connection V satisfying i), iii) and iv) defined on the
complement of the discriminant loci in Spec (S§”) is well known as the Levi-Civita
connection for the metric If. (Recall that I} is non-degenerate outside of the dis-
criminant.) Since we need to show the integrability ii) of / and to give a description of
the singularities of ¥ along the discriminant, we proceed to an explicit description of 7.

(6.2) First we proceed to an explicit construction of V.

1. The uniqueness of V. Assuming an existence of ¥ satisfying i), iii) and iv), let
us show its uniqueness.

For é,, d,, 85 € Dergw (log ©2),

B5(75,05, 33) = 0, T5(92, 33) — (93, ¥, 83)
= 0, 1}(0,, 05) + I§(02, [33, 6,1) — T (02, ¥,61)
= 6, I35(8,, 63) + T}5(6,, [63, 611) — 83T35(6,, 8,) + T (¥5,0,, 64)
= 8, T%(5,, 83) + T5(5,, [85, 6,1) — 851%(5,, 6,) —I5([5,, 851, 6,)
+ I5(V5,05, 61)
= 8, T%(8,, 83) + T5(5,, [85, 8;]) — 6515(5,, ;) — T([65, 651, 1)
+ 8,T3%(63, 6,) — T(63, V5,8)
= 6, 1%(5,, 85) + T%(5,, [65, 8, 1) — 85T%(5,, 6,) — TE([5,, 851, 61)
+ 86,1505, 01) + T5(05, [61, 6,1) — T5(03, 3,6,) .
Hence altogether, one obtains the formula:
(6.2.1) T5(F5,0,, 03) = {6, T3(65, 63) + Ti(S5, [83, 8, 1) — 83T35(65, 61)
— T§([05, 831, 01) + 0. T5(33, 81) + L83, [61, 6,1)}/2.
The right hand of the formula (6.2.1) does not contain ¥. Hence the left hand is
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independent of a choice of ¥. Since the discriminant of If§ is ;2 and @2 is a non zero
divisor in S, V5,0, is uniquely determined from (6.2.1) (cf. (5.3) Cor).

2. The existence of V. Put F(0,, 0,, 03) := the right hand of (6.2.1). Let the vari-
ables 6, and J, run over Dergw (—log ©3) and &, over Dergw. Since Dergw (—log @) is
closed under the bracket product, the value of F defines an element of S” (cf. (5.3.3)).
Noting that F is S"-linear in the variable d; and that I} is a perfect (5.3.3), one may
write F(d;, 8,, 05) = I(G(8,, 8,), 83) for some G(J,, d,) € Dergw(—log @3). It is easy
to check that G is S"-linear in 8, and that G(d,, 66,) = 0G(6,, 8,) + (6,6)4, for 6 € S”.
This implies the existence of a connection ¥ such that G(é;, d,) = V; d,. It is also a
routine work to check that ¥ is torsion free and metric w.r.t. .

(6.3) To show the integrability of V/, we extend the domain of V.

The set I'(E, Derg) of all holomorphic vector fields on E will be denoted by
I'(Derg) for short. The set of all holomorphic functions on E will be denoted by
I'(Og).

Recalling (3.3.1), one has a natural isomorphism:

(6.3.1) I'(Derg) =~ I'(0g) ®r (F/G)*,

~ 0 0 ~
h FIG*=R—® " ®dPR—, if F/G=RX - @®RX,,,.
where (F/G) 6X1® ® 5Xz+2’1 / 1@ ORX .,

Since T induces a non-degenerate form on F/G (2.6) ii), let us denote by I* the dual
form on (F/G)*. Applying (6.3.1), one gets a I'(Og)-bilinear map T§ on I'(Derg), which
is
dual to Ig (5.1.2).

6.3.2) I#: I(Derg) x I'(Derg) — I'(O) .
Recall that the invariant ring S" is naturally embedded in I'(Og)
(4.3). Put

¢:S" < I'(Og) .

Assertion. There exists a natural injective C-linear map
(6.3.3) 1: Dergw (—log ©2) — I'(Derg)

such that
i) 1is ¢@-linear: 1(06) = @(0)1(6) for 0 € S¥ and § € Dergw (log @2).
ii) 1 is equivariant with the derivation action:

0(60) = 1(0)p(@)  for 0eS¥ and § € Dergw (log @3).
iii) 1 is a Lie algebra homomorphism.

iv) The pull back of the form T§ through the map 1 is Tj;.

Proof. By definition, S¥ is a subalgebra of I'(Ug) consisting of Wpg-invariant
functions, which are polynomials in the variable A. (cf. (4.3)). The map : is defined as
the composition of the following maps:
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(6.3.%) 1: Dergw (—log ©3) — Qg — () - I'(Derg)
W £

i) 1is S¥-linear and injective, since each step in (6.3.%) is so.
ii) That 1 is equivariant with derivation, means the formula:

(6.3.4) 4(0) = 1(8)(9) for 6 e Dergw (—log ®2) and 0eS¥.

(1(8)(0) = Te(T4(6))(6) = Tg(T(9), d6) = Ty (T3(5), dO) = <3, d0) = 4(6).)
iii) Applying (6.3.4) repeatedly, one obtains a relation,

(6.3.5) 1[6, £1(6) = [x(8), x(£)1(6)

for 4, ¢ e Dergw (—log ©%) and 0 e S”. Since the Jacobian J(6_,,..., 6,) is a nonzero
divisor in I'(Og), the (6.3.5) is enough to show that 1 is a Lie algebra homomorphism.
iv) This is checked as follows.

TEG(©0), 1)) = TETe@36)), Te(@4(2) = @), T (&)
Ly(@53), T 2) = 155, &) - O

Il

(6.4) The same argument as in (6.2) shows the existence and the uniqueness of con-
nection,

(6.4.1) V: I (Derg) x I'(Derg) — I'(Derg)

such that i) ¥ is torsion free, and ii) ¥ is metric w.r.t. I§. Such 7 is explicitly given by a
similar formula as (6.2.1).

(642)  T§(75,05, 05) = {6:T§ (02, 03) + T§ (02, [83, 0,1) — 85 TE (55, 81)
- TE([éz’ 63]5 51) + 5275(531 61) + TE(63> [61’ 52])}/2 .

0
Let X; i=1,...,1+ 2) be linear coordinates of E so that X generates Derg as

12

~[ 0 0
I'(Og) module. Noting that I§ <——— ——) ’s are constants, and substituting d,, d, and 5

0X;’ 0X;
0 0 o
—aXi,—an>—Ofor Lj=1,...,1+2

of (6.4.2) by (i=1,...,14 2), we obtain TE(V

. . ~( 0 o
Recalling the fact that [§ is non-degenerate, we conclude that V <;3Y> =0. This in

particular implies that ¥ is integrable.

By comparing the formulae (6.2.1) and (6.4.2), we see that the restriction
7 |Dergw (—log ©2) x Dergw (—log ©2) coincides with ¥. Then the integrability of 7
implies that of V.

This completes a Proof of the (6.1) Lemma. O

(6.5) Lemma bis. The connection V in (6.1) Lemma, naturally extends to:
V: Dergw (—log ©2) x Dergw — Dergw .

V: Dergw X Dergw (—log ©3) — Dergw .
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Proof. In (6.2.1), if one of the variables d;, J, for ¥ and J; belongs to
Dergw (log ©%) and the remaining variable in Dergw, then the value of the right hand of
(6.2.1) belongs to S¥ for the same reasons as in the proof of the lemma. Then the
perfectness of T (5.3.3) implies that the range of ¥ is Dergw. O

(6.6) The Euler operator E (5.4.3) is horizontal. I.e.
(6.6.1) V;(E=0  for "6eDergw.

Proof. Substitute 6, by E in the formula (6.2.1). Applying (5.2.4) and the facts in
(5.4), one has

Bi(V5,E, 65) = 0, T5(E, 33) + T (E, [05, 6,1) — 8:TH(E, ,) = 0. a

Remark. The fact (6.6.1) (coming from the fact that the intersection form I is
degenerate) makes the flat structure for EARS’s in the present paper much more distinct
and harder, compared with that for finite root systems [23] and for indefinite excep-
tional root systems. Namely, as an element of Homgw (Dergw, Dergw),

VE = idpe,, » or —idperg, »
according as the finite root system case or the exceptional root system case.
(6.7) The following relation:

0, w) = V¢, w) + & Viw)
for 6, ¢ e Dergw and w € Q2w defines a dual connection,

V*: Dergw x Q& — Qb (log ©2),

which is integrable, metric, torsion free, having a logarithmic singularities along the
discriminant. Here “torsion free” means the commutativity of the following diagram:

Qb — Qv (log 63) ® Qb
d A
Qv (log 67)
The explicit formula (6.2.1) is rewritten as:
(6.7.1) Ty(Piw,, ws) = {0Ty(w,, ©3) + {0,, [Tyws, 61> — Ty(ws)(@w,)
— [Ty o,, Tyws;], 8) — w3, [Tyw,, 61> + Ty(w,)(0ws)}/2 .

§7. The Fixed Points by the Coxeter Transformation

Leading coefficients (as functions in 7 € H) of the polynomial expression of @2 is
shown to have no common zeros. This is an important consequence of the Lemma’s
A, B and C.

(7.1) Let c € Wy be the Coxeter transformation for (R, G) (2.5). Put,



44 Kyors Saito
(7.1.1) E = {xe E:c*(x) = x} .

Since c*(x) = x <> {f,c*(x) — x> =0for e F < {(cf— f,x) =0 for 'f € F, the space
[E° is the common zeros of the functionals (¢ — idg)F and the equation a(x) — 1 = 0 with
the inequality Im(b(x)) > 0. Therefore

dim¢ E° = # {eigen value 1 of ¢} — 1 = cod (R, G).

(Cf. (2.5) Lemma A). Since c(a) = a and c¢(b) = b, we have a surjective map,

(7.1.2) E-H.

(7.2) Lemma. For any teH, we have,

(7.2.1) ENE. & | H,.
aeR

Proof. Since the right hand of (7.2.1) is a locally finite union of hyperplanes and
the left hand is a linear subspace over C, it is enough to show E‘NE, & H, for
Yo e R. Suppose the contrary: E‘NE,c H, for some aeR. Then the Hilbert-
Nullstellensatz for the polynomial ring C[F] of functions on C ®g F* implies that o
belongs to the ideal £ (E‘NE,) generated by (¢ — idg)F, a — 1 and b — 7. Hence

k
() o= ; gic —idp)fi +gla— 1)+ g'b—1)

for some ke N and f,e F and g;, g and ¢'e C[F] (i=1,..., k). Since (¢ —idg)FN
rad(I) = {0}, we may assume that (c —idg)f; (i=1,...,k) and a and b are linearly
independent. Let us show by a descending induction on d := max {deg (g,), ..., deg (g;),
deg(g), deg (¢9')}, which we can reduce, that g;’s, g and g’ are constants.

Suppose d > 0. Let us denote by g¥, g* and g'* the degree =d part of the
corresponding polynomials. Then obviously, we have:

k
(%) 0= g¥c—ide)fi + g*a+g'b*.
i=1

The linear independence of (c —idg)f;’s, a and b implies then an existence of a skew
symmetric matrix # of the size k + 2 whose entries are homogeneous polynomials in
C[F] of degree d —1 such that (g.*,..., g5, g% g*) = ((c —idgp)f1, ..., (c —idg)fe, a,
b)o#. By multiplying “((¢c — idg)fi,..., (c —idg)fy, a— 1, b — 1) from the right, we
obtain

k
(%) ; gflc—idp)fi+ g*(a—-1) +g™*(b—-1)

=((c —idp)fy, ..., (€ —idp)fy, @ B)# ((c — idp)fys .5 (¢ —idp)fr,a— 1, b — 1)
=(0,...,0,1,7) (c — idp)fi, ..., (c — idg)fa — 1,b — 1)

_ 3 e — idp)fi + Ka— 1) + b — 7)

where (h¥, ..., hff, h*, h'*) is a linear combination of the k + 1 and k + 2-th low vectors
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of #. By this equality (+*x), one may replace the highest degree = d part of (x) by a
degree d — 1 expression.

Let us assume that g;’s and g and g’ are constant. Take the homogeneous of degree
1 part of () and take its imaginary part.

VN

0 =) Im(g;)(c —idp)f; + Im(g)a + Im(g')b .

i=1

The linear independence of (¢ — idg)f;’s, a and b implies all the coefficients are zero and
hence the constants g;s, g and g’ are real. The constant part of the () implies
g+ g't=0. This is possible only when g =g’ =0, since Im(zr) > 0. Thus the final
expression of () implies « € (¢ — idg)F, which contradicts the Lemma B. These com-
plete the proof of the Lemma. 4

Remark. Recalling that E(A)—XE(—IR—'I)—a (mod (¢ —idg)F) for the hyperbolic

max

Coxeter transformation ¢ ((2.8) Lemma C), we see easily that ¢ does not have a fixed
point on E.

(73) Put
(73.1) fe o 7 1(E)
(7.3.1) E¢/Wy := the image of E° in E/Wyg,

which are irreducible varieties of dim¢ = cod (R, G) + 1.

Assertion. Let 0,, ..., 0, be a generator system of S¥ as in (4.6) such that 1 <
deg (6;) <lpay + 1 for 1 <i<l—cod(R,G). Then

(7.3.3) Ee/Wy = the common zeros of B, ..., O_coa(r.q) o1 E/Wg .

Proof. Put §, = A9°#@J)9,. That f; vanishes on E° is equivalent that 6, vanishes on
E°. Since 0; is an Wg-invariant function on E, it is invariant under the action of a
hyperbolic Coxeter transformation ¢. Using Lemma C (2.8.1) and (3.5.11), one obtains,

1
c*(0:(z, 7)) = exp (27:1 /—1deg (9,-)(((: —idg)f" + l——_:-—l>> 0z, 7).
for some f' € F. Since (¢ — idg)f'|g- = 0, we obtain,

deg (6,
0,(z, 7)lg = exp (27:« /=1 egi‘i) 0.z, 7l -

deg (6;) ~ m;
Inax + 1 Mgy
I — cod (R, G), we have 6,[g. = 0 and hence 0|g-, = 0.

On the other hand, 6, (0 <i<!— cod (R, G)) form a part of generator system of
the algebra S" so that their common zeros is an affine irreducible variety of dimension =
[4+2—(—cod(R,G)+ 1) =cod (R, G) + 1 = dim¢ (E°) = dim¢ (E/Wy). This implies
(7.3.3). O

Since 0 <

6.
<1 and hence exp(Zm/—lfeg('))#l for 0<i<

max 1
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(7.4) Corollary. For any value 1, of H,
@i¢(00, cees el—cod(R,G))SW +(r — To)SW .

Proof. The zero loci of ©3 in E is the union of the hyperplanes () H, ((4.5)
Theorem 3.). Hence if the contrary to the corollary happens, by comparing the zero

loci, one gets an inclusion () H, > E‘NE,, which contradicts (7.2) Assertion. O
a€R

§8. Normalization of the Unit Factor for @,

The unit factors of the invariants 6,_ .,4(x,y+1> ---» 0, are partly normalized up to a
constant factor in C with the aid of Ty,.

(8.1) Let 6, ..., 6, be a generator system for S as before (4.6). Put,
(8.1.1) T:=TI'H, Ox)[bp, -, O-coar )] -

Due to the strict inequality deg(6,), ..., deg (O—coa(r,¢)) < €8 (O1—coa(r,cy+1) = " =
deg (8) = I,,, + 1, T is intrinsically defined as a subalgebra of S independent of the
choice of the generator system of the algebra. Let T* be the ideal of T consisting of
all positive degree elements, generated by 0, ..., O_car,6)- SO

T/T* ~ I'(H, Og) .

(8.2) Put,
M:= Stv,:’,,+1/(st’:;x+1 nrsv,

S°M := S;,(’l +1) (S’Zl +n T*S"),

‘max ‘max

where M is a I'(H, Oy) free module of rank cod (R, G) generated by 0,_.oa(r,6)+15 ---» O
and S*M is its symmetric tensor product.

(8.3) Define a covariant differential operator,
(8.3.1) V = Vs S*M — S*M
by the correspondence

Ur:1)

2n/ —1m,,

832 0® 6 mod T*S¥ —— 7,/(d6, d6') mod T*SY .
The well definedness of V:
First note that 8%, ., NT*S¥ =SJ ., ,N(T*)>S”. This implies that the correspon-

dence (8.3.2) sends an equivalent class to an equivalent class. Let us define a map
D:SY .y x 8 . — 8+ in the same way as (8.3.2).

The following 1), ii) and iii) for D, imply that D induces V.
i) D(6,8)=D(,0),
i) D(e(1)0, 0') = D(B, ¢(1)0),
do

iii) D(p(x)6, 8) = "0 + 9D (0, 0').
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Proof. i) 1is obvious by definition. ii) is a consequence of i) and iii). Let us
show the iii).

(Ig:1)
2n/ — 1m,,

T o 2n./ — 1mpy,,

0
= ig@’ + ¢D(6, ).
ot

D(p()0, &) = T (dob + ¢db, d9')

(Ig:1)

21/ — 1My,

Ty(dz, dO') + ¢ Tw(d6, do')

(Cf. (5.2.4) and note the fact E0' = (I,,, + 1)6") O

(8.4) The connection V is integrable, since H is 1-dimensional over C. Furthermore,
since H is simply connected, the horizontal sections of V' is defined globally on H.
Hence we have:

Assertion. There exists uniquely a C-vector subspace N of S*M such that
i) Y Ty(d0,d0))e T*SY for¥ Y 6,®0,€N.

i) N®cI(H Oy) ~ S2M.

(8.5) Remark. Except for the case cod (R, G) = 1, there does not exist a connection F’
on the module M such that the induced connection on the module S?M coincides
with V.

Proof. Suppose that there exists such connection V. Let & (i=1,..., cod (R, G))
be C-basis of the horizontal sections for ¥’. Then & ®¢; for 1 <i<j<cod(R,G)
form C-basis for the horizontal sections for . This means explicitly that T (d&;, ;) e
T*S¥. Take &’s as the part of generators 6_.oqr.y+1 ---» 0 for S¥. Then we
have T (df,, d6)e T*S” for 0<i<!l and | —cod(R,G) +1<j<l (For0<i<I—
cod (R, G), the degree is not divisible by I, + 1) This implies that det(T;(d6,,
d0)); ;=—1....) € T*S¥ except for cod (R, G)= 1. This is a contradiction to (5.2.5) and
(7.4). O

§9. The Metric J on 4

From this section, we assume that cod (R, G) =1, and the last coordinate 6, is
distinguished as S¥ = T[6,]. Then several structures on S"-modules are reduced
to corresponding structures on T-modules. This comparison leads to the studies in
Sections 10, 11.

(9.1) From this section, we restrict our study to the case
9.1.1) cod(R,G)=1.

This includes the marked EARS’s of types: A{"V*, BZY, B{-Y, C2, €2, BCY),

2,4 52 1,1 1,1 1,1 1,1 ,1 1,2 2,1 2,2 1,1 ,3

BCE%, BC@2(1), DY, ESD, EGD, E¢-D, FbD, F2, F@ED, FED, G, GE-3),
GB-1. G3:3)
2 s M2 .
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(9.2) The assumption (9.1.1) implies that
deg 0, <deg 6, =1, +1 i=0,1,...,1—-1).

for a generator system 6,, ..., 6, of S¥ = T[6,] (4.6). Let us express the discriminant
©2 e 8% as a polynomial in T[6,].

(9.2.1) @j = A0611+2 + A1911+1 + -+ Al+2 «

Here A; is an element of T = I'(H, Oy) [0, ..., 6,-, ] homogeneous of degree i(l,,, + 1)
for i=0, ..., 1 +2. Note that Age I'(H, 0) and A;e T* for i >0. Due to (7.4)
Corollary, we have:

(9.2.2) Ao(7) is not zero for v e H.

(9.3) The (9.1.1) implies rankc N = cod (R,G)(cod (R, G) + 1)/2=1. Then the (8.4)
Assertion is reformulated as follows.

Assertion. There exists an element 0, € S,’:“H such that
i) 6,#0mod T*S¥
ii) I(d6,, d6,) = 0mod T*S".

Such 6, mod T*SY is unique up to a constant factor in C.

We fix such 6, as a generator of the algebra S in (4.6).

0
(9.4) As a graded module, the lowest degree elements of Dergw is generated by %0 over
1

0 . . C
I'(H, Oy), where 20 is unique up to a constant factor after the normalization in (9.3),

1
independent of a choice of the generators 6, ..., 6, of S¥. We fix one choice and

denote it:
9.4.1) 0= —.

The element 6, € S¥ of (9.3) is characterized as
9.4.2) 0,6, = constant # 0.

The subring T (8.1) of S¥ is characterized as

(9.4.3) T={0eS":40=0}.
(9.5) We define,

(9.5.1) F = {weQw:Lsyw =0},
9.5.2) %4 = {¢ € Dergw: [0, £]1 = 0},

where L; means the Lie derivative w.r.t. a vector field . As immediate consequences of
the definition, we have:
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i) & and 9 are T free modules of rank | + 2, generated by d6_,, dO,, ..., d6, and
0 0

o o0 J
00_,’ 90,” 7 6,

isomorphisms:

respectively, dual to each other by the pairing {,). One has natural

9.5.3) 9 ®;S” ~Detgw, F ®pS¥ ~ Q.

il) ¥ is closed under the bracket product [ , ].
iii) There is a short exact sequence as T-Lie-algebra:

(9.5.4) 0— T9, >4 —— Dery — 0,

where Dery := derivations of the C-algebra T.

The image of an element ue % in Der; is denoted by ii. This correspondence is
equivariant with their derivation action on T (i.e. uf =iif for fe T). We shall confuse u
and i so far they act on T.

A splitting factor ' < 4 for (9.5.4) and a function 6, S¥ with 6,0, = 1 correspond
one to one by 4' = {6 € 4:6, = 0}.

iv) & is involutive (i.e. dF =« F A F).

v) Statements for & dual to that of iii) for % holds.

vi) For the reason of (9.5.3) and (9.5.4), we have called the module % as the
“small tangent module” in the introduction.

(9.6) Recall the form T, (5.2.3) and define a T bilinear form,
(9.6.1) JF xF->T, oxo—ilyo o).

Well definedness of J*: Due to (9.4.3), the map 6,J(w, w') is T-billinear in w and
w'. So, we have only to show that its values lie in T. Due to (9.4.3), this is equivalent
that for any o, o' € %, (6,)*Iw(w, ®') = 0. Let us show this for the basis d,’s.

For —1 <i,j < if (i,j) # (l, I), then we have

deg ((8)*Tw(d0,, d6)) = deg (6) + deg (6) — 2(max + 1) <O.

This implies (8)2T(df,, d0) = 0. On the other hand, (9.3) Assertion ii) implies that
T(d6,, d)) cannot contain a term 6> This implies (6,)*T,(d6,, d6,) = 0. O

Assertion. The T-bilinear form J* is nondegenerate.

Proof. The above argument for well definedness of J* shows that all entries of the
(1 +2) x (I + 2) matrix (T (40, déj)),-j are at most degree =1 in 6,. Recalling the fact
det (T (d0,, d@-))ij) =03 =40+ 4,0/ +- + A, ((525), (9.2.1)), we obtain
det ((6,I~W(d§i, déj))i, j=-1,...1) = Ag(t). This does not vanish anywhere on H due to
(9.2.2). O

Remark. Since T, is homogeneous of degree 0 and §, is homogeneous of degree
—(lmax + 1), J* is homogeneous of degree —(l,,, + 1). Therefore the intersection
matrix (J*(d0,, d0};));;- -, ! has a form,
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— —

(g:1)
0,...,0,0, _—
21,/ — Img,,,
0, * *
09 * *
_ W)
_27t, /= 1My ’ )

where * are the values at the entry (i, j) for deg (6;) + deg (6;) > la + 1. As we shall
see in §11, for a flat generator system t, 0,, ..., 0, of S¥, this matrix becomes a constant
matrix and hence the “off anti-diagonal part” of the matrix becomes 0.

(9.7) The following decomposition plays an important role in all what follows.
Assertion. As T-module, one has a direct sum decomposition.
(9.7.1) Dergw = 4 @ Dergw (—log ©32).
Proof. Recall that an S"-free basis of Dergn (—log ®2) is given by I,(df) =
jil T,,(d6,, def)a% (i= —1,...,1)(5.3.1), whose coefficient matrix T, (46;, d0)) is linear in
6,. The leading coefficients 6, (d6;, déj) form an invertible matrix J* (d0;, d6;). Then

by induction on the degree in 6, of the coefficients, any element of Dergw is uniquely
expressed as a sum of elements of 4 and Dergw (—log ©2). O

Corollary. The bracket product with 0, induces a T-isomorphism:
(9.7.2) [é,, ] : Dergw (—log ©3) ~ Dergw .

Proof. Let us extend the map [, ] to be a map from Dergw to itself, which is
obviously T-linear due to (9.4.3). If we show the exactness of the following sequence,
the proof is finished.

9.7.3) 0 — % — Dergr -3 Dergy —— 0.
By definition of ¢ (9.5.2), the sequence is exact except for the surjectivity of [J,, ]. For

i=-1

! 0
an element 6 = ). f,-ajo—, we have,

0

1
[6,, 5] = izl azfia—oi s

which implies the surjectivity of (9.7.3) immediately. O

(9.8) Let 6, be as in (9.3).
For an element d € ¢, define 6,* § € 4 and w(d) € Dergw (—log @3) by the relation:

(9.8.1) 0,6 = 0,+5 + w(o)

according to the decomposition (9.7.1). The first factor 6,* 6 depends on the choice of
0,, since 6, is unique only modulo addition of T; ., (cf. (9.3)). The second factor w(d)

'max

defines a unique (up to a constant factor) T-linear map,
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(9.8.2) w: 9 — Dergw (—log ©3)
From the definition, we have immediately the following:

Assertion.
i) w sends T free basis of % to S"-free basis of Dergw (—log ©3).
ii) For a 6 €9, w(d) is characterized as the unique element w of Dergw (—log ©32)
such that [0, w] = 4.

1

iii) W) =

E,

where E is the Euler operator (5.4.3).
iv) For 0, £ € 9, one has a relation:

[w(d), w(&)] = 6w([d, £1) + w(6,* [9, &1 + (66,)¢ — (E6)0 — [, 6, &] — [6,%6,£]).

0
Proof. 1) We apply the (5.3) Criterium for the elements §; := w<a9—>, i=-—1,0,

..., l. Obviously by definition of the map w, the determinant D of the coefficients matrix
of &’s is a monic polynomial in 6, of degree I,, + 2. In general D is divisible by @2
(cf [22]). So D is a non-zero constant multiple of @3, which implies i).

il) By applying [4;, ] on (9.8.1), this is trivial.

iil) This is obvious from (5.4.3), since

b0 =— (E— deg(0)8.2
ll:lmax'*'l(E_i;)deg( ) '6—9,>

and the uniqueness of the decomposition (9.8.1).
iv) Let us express w(é) = 6,0 — 6,6 and w(§) = 6, — 6, &, Then,

[w(d), w(&)] = [6,6 — 6,% 6, 6, — 0+ £]
= 07[9, &1 + 6,((06,)¢ — (£6)6 — [6, 6,%&] — [0,% 8, <1)
+ (0% €)0)5 — ((6,% 8)0)E + [6,%6, 6,% ¢]
= 6w([9, ¢1) + w(B* [9, €] + (90)¢ — (¢6)0 — [0, 6% £] — [0+ 9, £T)
+ 0,% (6, [8, &1 + (86,)¢ — (€6)5 — [8, 6,% ] — [6,%6, €)
+ ((6,% 6)6)5 — ((0,%8)0,)¢ + [6,% 5, 6, ] .

Since Dergw (—log @%) is closed under the bracket product, the last two lines in the
above calculation should vanish due to the unicity of the decomposition (9.7.1). This
proves the formula. O

Remark. The map 6,*: ¥ — % defined in (9.8.1) is self adjoint w.r.t. J:
(9.8.3) J(©G, 0,%&) = J(6,%6,¢).

Proof. For 6, £ €9, we calculate, T(w(3), w(¢)) = J(S, w(&)) = J (6, 6,¢ — 0,% &) =
6,J(, &) — J(J, 6,% ). By replacing the role of 6 and &, this is equal to 6,J(6, &) —
J(0,% 6, &). a
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(9.9) We now show that the datum J* on % is enough to reconstruct the metric Ty, .
Definition. Let J be the symmetric T-bilinear form

(9.9.1) J Y4 x%—>T

which is the dual of J* (9.6.1).
Assertion. By the map w (9.8.2), J and T, (or I%) are related by the formulae:

(9.9.2) J©,8) =T50, w©®)) for 6,0€e%.

!

(9.9.3) Iy:=Y w)®dF
i 1

where 0_y, ..., 6, is a T-free basis of ¥ and o*,, ..., df is its dual basis w.r.t. the metric J.

Proof. The formulae (9.9.2) and (9.9.3) are equivalent, since if §,s and §;’s are dual
basis for J, then (9.9.2) implies that 6*’s and w(d,)’s are dual basis w.r.t. I}5 and this fact
is equivalent to (9.9.3).

So we show (9.9.2), which is equivalent to the commutativity of the following
diagram:

g — . 7

w N

Dergw(—log ©2) — Qg .

Since J = J*7! and I = I;' are isomorphisms in the above diagram, one has to show

that Ty (w) = w(J*(w)) for e #. Since Iy(w) is logarithmic, one has only to show

Iy (w) = 6,J*(w) mod ¥ by definition of w (9.8.1). This fact is checked by a calculation:
1

65 @) =6, 3 T*w, o)
- 20

-1

L - 0
Zl Olallw(w, dej)a

i j=-

. i -
= zl Ty(@,d)75  (mod 9) = Iy(@). O
== j

J

Corollary (9.9.4). w=T,0J,
ie.
w91 F QL v, Dergw (log ©32).
Proof. We need only recall the identity: I;' = T. O

Remark. The above formulae (9.9.2), (9.9.3) and (9.9.4) will be used essentially in
§10. The formulae are also interesting in connection with the period map theory.
(Cf. (1.2)).

Namely, an unfolding of a singularity defines a family & — S of complex analytic
varieties. Then J is a metric on the tangent bundle of S, calculated by the residue
symbols with the support on the critical set of the family. On the other hand, the form
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I is the intersection form for the middle homology group of the regular fiber of the
family. So the above formulae relate the Grothendiéck duality J with the Poincaré
duality I [15], [24].

(9.10) The following Assertion plays an important role.

Assertion. For 0 € 9, we have,

(9.10.1) J(©,, 6) = —&:—{)—51 .

2/ — 1My,

Equivalently, for dual basis ;€ 4 and w,e & (i=1,...,1+ 2), we have:

. +2
Ue:D) dv=7Y J(3,6)w; .

2ny/ —1m,, i=1

Proof. It is enough to show (9.10.1). Recalling formulae (9.9.2), (9.8) Assertion iii),
and (5.4.2), we calculate,

(9.10.2)

7@, 8) = Tswi0), &) = | —  To(5 )
1 (r: Dl + 1) (Ug:1)
= <dT, 5> = - 5T . D
Imax + 1 27/ —1m,,, 2./ —1myg,,
Corollary. For any 0, £ € 4, we have,
(9-10.3) J([5, &1, 6) = dJ(¢E, ) — £J (6, ) -

(9.11) The following Assertion is one of the key facts in the construction of a gradua-
tion of Dergw in §10, for which the normalized ¢, is used essentially.

Assertion. Let V* be the logarithmic connection defined on Qd, which is dual to
V defined on Dergw in §6. Then

(9.11.1) ILy(Ff(w)e¥
for'we F.
Proof. The fact (9.11.1) is equivalent to that
TW(ng(wz), w3)eT for “w,, wse F .
Recall a formula (6.7.1) for /* and (6.2.1). Substituting 9, for é:
Iy (PEw,, w3) = {0 Ty(@,, 03) + {0, Ty ws, §1) — Ty(w;)(Gw,)
— I ([Tyo,, Tyw;), 6) — {ws, [Tyw,, 31> + Iy(w,)(6w;)}/2 .

The first term 6,Iy(w,, w;) belongs to T due to the normalization (9.6.1). Next, if we
put w; = J(3;) for some ;€% (i = 2, 3), then [T, w;, 6] = [w(5,), 5] = &; and therefore
(wj, [Tyw;, 8]y = sw;e T. The remaining terms are
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— T ([Tyw,, Tyws], 8) + Ty(w;)(803) — Iy(ws)(6,0,)

— T ([w(3,), w(33)1, 0) + w(82)(8,J (35)) — W(J3)(8,J (5,))

— I3 Ow([35, 851)) + (&), &) + W(02)J (G, 35) — W(J5)J (G, 32)
= 0/(—J([0,, 051, 8)) + 6,J(0}, 03) — 83J(0;, 6,)) mod T

=0 mod(T).

Here in the calculation, we used freely the facts (9.9.4), (9.8) Assertion iv), (9.9.2), (9.8.1)
and (9.10.3). O

Remark. Note that in the formula (9.11.1), V¥ (w) € Q4w (log ©7) but is not con-
tained in Qv except when w =0. This fact is interpretated as that V#(w) carries a

“pure” logarithmic pole.

It

Corollary. Let V be the logarithmic connection defined on Dergw in §6. Then for
v
0e9,

9.11.2) Vs(w(d) e% .

Proof. Since ¥ and V* are metric connection w.r.t. T, and Ij, we have Va(w(d)) =
Vallw 0 J(0)) = In(V4(J(9))) € 4. O

(9.12) Definition. A T-endomorphism N: % — % is defined by
(9.12.1) N(8) := V3w(d).

Assertion. Let N*: 9 — % be the adjoint endomorphism of N w.rt. the metric
J. Then we have the following:

(9.12.2) N + N* =idg .
Proof. The formula is equivalent to
(9.12.3) J(Néy, 6,) + J(6,, N6,) = J(64, 6,)
for 6,, 6, € 4. The left hand of (9.12.3) is equal to
J(Vaw(dy), 6;) + J (91, Vw(6,))
= T (75w(1), w(02)) + Ty (w(dy), V5,w(8,))
= 0T (w(3), w(2))
= 0,J(6,, w(9,))
= 0,(6,J (04, 0,) + J(0y, 6,%6,))
= J(0y, 0,) - O

§10. A Graduation on Dergw

We introduce an infinite direct sum decomposition
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)
Dergw >~ @ 4,
k=0

Dergn (—log %)~ ® %,

k=1

55

by a sequence of T-free modules ¥4, (k=0,1,2,...). (For notations, recall (5.3.2),

9.4.3).)
(10.1) Assertion. There exists an infinite sequence
A k=0,1,2,..))

of T-submodules of Dergw satisfying the following conditions.
1) % is a T-free module of rank 1 +2 (i=0,1,2,...).
i) 4=9,,

i) Derg= @ 9,
k=0
iv) Dergs (—log 62) = © %,
v) The multiplication 0719, induces a map,
0:%—90Y%,, i=0,1,2,...).
vi) The bracket product with 0, induces a T-isomorphism,
[6,1: %, —9 i=01,2,...).
(10.2) Proof of (10.1) Assertion.

The proof is not hard but rather of technical nature. The properties ii), iv) and vi)
are enough to define the sequence %; uniquely by induction on i as follows.

go = g,

%.+1 = the inverse image of %, by the isomorphism (9.7.2), for which the property i)

is also automatic.
To show the decomposition iii) and iv), let us define,

(10.2.1) To:={PeT[6]:deg(P) <k}
where deg (P) means the degree as a polynomial in 6,. Put
(10.2.2) b =9QrT<y,

and

Y (—log ©3) = 9, NDergw (—log O3) .

Let us shown the following equalities:
(10.2.3), Y=%D% D DY,
(10.2.4), Y (—10g@I) =% D%,

for k=0, 1, ... by induction on k, which imply iii) and iv).

(10.2.3), follows from T, = T and (10.2.4), follows from (9.7.1).

Assume (10.2.3);
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and (10.2.4); for j < k. Since we have the isomorphisms vi), the bracket product with g,
induces the isomorphism:

[0, ]: %< (—log 0%) ~ Y <k-1) -

Since Y., = Y<4-1) ® % (direct sum) due to (10.2.3),, the isomorphism (9.7.2) induces
Y (—log ©®3)® %, (direct sum). Hence recalling the direct sum decomposition
(9.7.1), we obtain,

Y PY D DY, (direct sum).

Let us call this module ., as T-submodule of Dergw. We have only to show the
equality A,y = F< 41y ((10.2.3),44), since (10.2.4),,, follows from this, the fact %, <
Dergw (—log ©32) and (10.2.4),. The equality is shown by induction on k, where 4, =
%, is definition. Recalling vi), 0 € #;,, if and only if [, 6] € H#, for k > 0. On the
1 1
other hand, for 6= ) gj(())i, we have [0,0]= ) (04;)) —6— Hence de€
j=-1 601 j=-1 691
Y. w+1y if and only if [§,0] e G, for k > 0. These together with )}, = %, imply the
result.

v) This is also shown by induction on i, where the case i = 0 is trivially true due
to the fact 4, ® 9, = A, shown above. Assume that the case i =k >0 is true. In
general the formula [J,, 6,] = 1 implies the relation: [J,, 6,0] =6 + 6,[0,, 6] If d € %4,
then [0, ] € %, so that by the induction hypothesis the right hand of the relation
belongs to %, @ %,.,,. On the other hand since 6 € %,,, < Derg» (—log &2), we also have
6,6 € 6,%,,, = Dergw (—log ©7). Hence applying the isomorphisms (9.7.2) and vi), we
conclude that 6,0 € %, @ % ,- O

(10.3) Extend naturally the T-linear map w (9.8.2) S¥-linearly to a map, denoted by the
same w:

(10.3.1) w: Dergw ~ 4 ®; S¥ —— Dergw (—log 63).

This is an S¥-isomorphism, since a T-free basis of # is send to an S¥-free basis. The
map w is “the main part of the product by 6, in (10.1) Assertion v).

Assertion. The map w (10.3.1) preserves the decomposition (10.1) iii), inducing T-
isomorphisms: 9%,_, 39, fori=1,2,3, ...

Proof. Let us denote by v the T-isomorphism (9.7.2). It is enough to show the
following formulae.

(10.3.2) [v, W] = idpergy -
(10.3.3) vlg =i(wlg_ )"
Proof of (10.3.2). For 6 € % and 0 € S”, recalling (9.8) Assertion ii), we calculate:
[v, w](66) := [d,, w(86)] — w([d,, 66])
= [4,, Ow(d)] — w((6,0)6 + 00, 6])
= (0,0)w(d) + 0[0,, w(6)] — (0,0)w(d)
=00 = idperg, (09) -
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This is enough, since ¢ generates Dergw as an S”-module.

Proof of (10.3.3). For i=1, (10.2.3) is true due to (9.8) Assertion ii). Assume
(10.2.3) for i. For § € %,, applying (10.2.2) and noting that v(d) := [0, 6] € F—4,

vo w(d) = wov(d) + [v, w](8) = iv *(v(d)) + 6 = (i + 1)d. O
The formula (10.3.3) implies the standard isomorphisms:
(10.3.4) G =,
/iy

(10.4) The relationship between the direct sum decomposition of (10.1) and the con-
nection ¥ introduced in §6 is the following.

Assertion. The restriction of the connection V induces the map:

) Vi9x9%->% ; fori,j>0withi+j>1.
) Ve:%—->%<;, forj=1

Proof. 1) 1t is enough to show cases i =0, j=1 and i = 1, j = 0, since the other
cases are reduced to these cases, as

T, ®% x ,.,.® %) c '1;(’1}—1‘7(@0 X %)+ go(’l;'ﬂ) o4 )Yt
VT, ®% x T;0%) c T,_1(TV(% x %)+ %(T) %) = b<isj-

Case i = 0, j = 1: Substitute §, = w(d) and 65 = w(¢) for 6 and £ € 4 in the formula
(6.2.1). Applying (9.9.2) repeatedly,

J(V5,w(d), &) = (6:(6,J (5, &) — J(6,% 9, £)) + J (6, [W(&), 6, 1) — w()J (4, 6,)
—T5([w(d), w(&)], 8)) + w(d)J (&, 8;) + J(&, [6,, w(9)]))/2.
Applying (9.8) Assertion iv), we rewrite
= (0:(6,J(5, &) — J (0,6, &) + J (8, [w(&), 6,1) — w()J (9, 1)
—0,J([9, L], 6,) — J(* 8,) + w(d)J(&, 6,) + J(&, [6;, w(d)]))/2
= (66, J(9, &) — &J(9, 6,) + 6J (&, 6,) — J([6, &1, 6,) + J (9, [£, 6, 1)
+ J(& [0, 0]) + *%)/2e T, where *e% and *sxe T.

Then due to the non-degeneracy of J (9.6) Assertion, V; w(d) belongs to ¥, =
Y DY,.
If 6, = 0,, applying (9.10.1), we do the same calculation,

Ip:1
J(Vaw(d), &) = (9,%;(—551 + 6ét — [0, é]r) + terms>/2
=terms/2e T.

This implies that V3 w(d) € .
A more detailed calculation shows the equality:
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J(V5,w(d), &)
(g:1)

21/ — lm,,
—(66,)¢ + (6,)6 + [0, 0, ] + [6,% 9, €]>T>/2

= <J(5, o+ <—W(§)5 + w(0)¢ — 0,06, &1 — 6,%[4, ¢]

= <J(5, &)+ i%%ﬂ;(—@, #[5,E] — (66,)¢ + (£6,)0 + 6(6,% &) — £(6, * 5)>r>/2
So we obtain a formula:
(10.4.1)
J(V3w(8), &)
= <J(5, &+ ——&(:—I)——<—0, #[5,E] — (06,)¢ + (£6,)0 + 6(6,% &) — E(O, * 5))1)/2
LN

(10.5) Remark. If one put

=% k=012 ...

Then due to (10.1) Assertion v), this is a decreasing sequence of S”-submodule of Dergw
free of rank ! + 2. We do not know whether this gives the Hodge filtration coming from
the period mapping theory. For the purpose, one needs to show the following:

Question. Does the restriction of ¥ induceamap V: 9, x 4, - %,_, ® %,?

§11. The Flat Structure on S¥

As the goal of the present paper, we formulate the flat structure on S” in (11.5)
Theorem,

(11.1) We recall some technical notations.

0) SY ~ I'(H, Ox)[6,, ..., 6,] := the Wg-invariant ring (4.3.3).
i) V:Dergw x Dergw (log @%) — Dergw := the metric connection (6.1).

i) 8, := a normalized derivation of S¥ (9.4.1).

iiiy T:={0€S":40 =0} is a subalgebra of S*¥ with S¥ = T[6,] (8.1.1).

iv) %:= {6 € Dergw:[d, 5] = 0} is a T-free module with Dergw ~ ¥ ®; 5" (9.5.2).
v) w: Dergw — Dergw (—log ©3) := an S¥-isomorphism (9.8.2), (10.3.1).

vi) J: 9 x 9 —» T :=a nondegenerate T-symmetric bilinear form (9.9.1).

vii) N:= a T-endomorphism of 4 (9.12.1).

(11.2) Lemma. There exists uniquely a connection V# on % as a T-module,
(11.2.1) V#:Derp x 94— 9,

with the properties 1)—vi), which are explained below.
i) V# is integrable.
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i) V* is torsion free in an extended sense.

iii) F* is metric with respect to J.

iv) V*N =0.

V) 0,€9 is horizontal.

vi) dt e & is horizontal.
These mean explicitly the following:

0) The map Vv (for 6 € Dery and ve %) is T-linear in & and satisfies the Leibniz
rule:

V#(fo)=6(f)v+ fV¢¥v  for feT
iy For"s, ¢ € Dery
(11.2.2) v vZ1="jey-
i) Foru,ve%
(11.2.3) ViEv—Viu=[u1],

where ii and ¥ are the images of u and v in Dery by the projection map (9.5.4).
iil) For 6 e Derpand u,ve %

(11.2.4) 0J(u,v) = J(FVFu,v)+ Ju, V¥v).
iv) FordeDerpand (€9

(11.2.5) VENE) =NFF©),
v) For 6 € Dery

(11.2.6) V#o,=0.
vi) Foru,ve¥%

(11.2.7) (V#v)"t = dijr .

Proof. The existence and uniqueness of connection F# satisfying ii) and iii) can be
shown by a slight extension of the Levi-Civita connection for the metric J on ¥, which
will be given in (11.3). By a use of the explicit formula for '#, we give a proof of v)
and vi) in (11.3).

An essential feature in the Lemma is that this Levi-Civita connection satisfies
further i) and iv). This is shown in (11.4) by a comparison of F# with V.

(11.3) Existence of V*: First, let us define a map:
(11.3.1) V**. 9 x99,
by the formula:
(11.3.2) JWE*E, ) =6J(&n + I [n,61) — nJ (& 9)
—J([& 1), 0) + &I (n, 0) + J(n, [4, C1))/2 .

This definition has a meaning, since the right hand of (11.3.2) is shown to be T-linear in
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the variable # and that J is a non-degenerate T-bilinear form. It is easy to check that
the map F## is T-linear in the first variable § and that it satisfies the Leibniz rule:
VE#(fE)=8(f)E + fVF#Efor feT and 6, £ €¥9. Also from the formula (11.3.2), one
checks easily the relations:

5‘](59 T’]) = J(Vo##‘f, 17) + J(és Va##”l) H

and
VE*E—VE*o=1[6,¢].

Let us show:
(11.3.3) rE*s=0 for "5e9.
(Proof. Substituting 9, in (11.1.7) and applying (9.10.1),
JWEPE ) =(0JC n) + I [, 0]) —nJ(& a)
—J([& 1], 0) + &I (n, 9) + J(n[0y, £1))/2
= (—=nJ(& d) — J([& nl, 4) + &J(n, 3))/2
_ UaiD)
27t\/———1mmax
=0. 0)

The facts (11.3.3) and that ¥## is T-linear in the first variable imply that F## is
factored through a connection on %, denoted by V# (cf. (9.5.4)):

(=n(&v) — [& nlt + £(n)/2

Viv.=vV**v.

The induced map F# has the required properties ii) and iii) due to the relations
for V#7#,

Uniqueness of V#: Using the short exact sequence (9.5.4), let us lift the map V*
(11.2.1) as a map F## (11.3.1). Noting that ¥ is closed under the bracket product (9.5)
ii), a similar calculation of the uniqueness of ¥ in (6.2) 1. can be used to deduce the
formula (11.3.2). Details are omitted.

Proof of v) and vi). Substituting ¢, in the formula (11.3.2) and recalling the fact
(9.10.1), we obtain:

v) JWF*0,m) = (8J(m) + J (@, [, 61) — nJ (8, 9)
—J(L9, 11, 8) + 8 J(n, ) + J(n, [3, 3,1))/2
= (0J(0;, n) + J(0, [, 01) — nJ (), 9))/2
=0.
vi) JWF*E, 0) = (8J(&, 8) + I, [8, 8]) — 8.J (&, 9)
—J([&, 01, 0) + &J (8, ) + J (@, [4, £1))/2
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= (0J(¢, d) + &J(0,, 8) + J(0,, [, £1))/2
(g:1)
= (} 0 d, 2
27t\/_—lmmx( (&1) + &(67) + [9, £1v)/
(g:1)

- 2n/ —Im,,

Notations. From now on, we shall confuse the maps ¥# (11.2.1) and V## (11.3.1).
Both maps will be denoted by the same V¥,

6(¢7). O

(11.4) To proceed further the proof of (11.2) Lemma, let us give another expression of
7# in terms of ¥ in the following. '

Assertion. Let the notations be as in §9-10.
1) Vswi(&)=w(PfE) mod%.,., for i>1,6,¢€9.
) Paw(@)=wT(N+i—1)¢) mod%.,, for i>1,6,¢(€%.

Proof. 1) Since V:%, x 9, > %, @Y, (10.4) Assertion i), one defines a map

F(5, £) € 4 by the relation Vyw(€) = w(F (9, £)) mod %,. Let us show by induction on
i > 1 that

Vswi() = wi(F(5,¢)) mod¥%., ., for i>1,6,¢€9.
Assuming this for i, let us apply V; on w**(&) = wi(6,& — 6, % &):
Vswi (&) = P5(0,w(€) — wi(6,* &)
= O7;w(€) + (B (E) — Vsw'(0* &)
= O(W'(F (6, &) + #) + 3O () — V;w'(0, £)
= Owi(F(5, &) mod %,
= witH(F(6, ¢)) mod ;. /'

It is a routine work to check that F is in fact a connection on the T-module ¥,
whose detailed verifications are omitted. Furthermore, if we have shown that

a) the connection is torsion free in the extended sense,

b) the connection has the metric property w.r.t. J,
(cf. Lemma ii) and iii)), then the uniqueness shown in (11.3) implies that F(J, &) = FF¢.

a) w(F(9,&) — F(& 9)) = Vsw(l) — Vew(d) mod b,

= 0(V5& — Ved) + (00)E — (£6))0 + V0, & — V:0,%6

= 0[5, ¢] mod %,

= w([d, £]) mod %, . //
b) Recall the metric property of ¥ w.r.t. T

ST w(&), wim) = T (Vsw(&), w(n) + T (w(&), Vsw(m)) .
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Hence, by taking the derivatives by d,, we have
The left hand = 9,(6(6,J (£, ) — J(&, O xn))) = dJ(&, n).
The right hand = §,(J(V,w(&), n) + J(&, Vsw(n)))
= Q(JW(F(S, &) + = ) + J(& wF (9, 1) + %))
= J(F(8, &), n) + J(& F(5,m) .
(Here = implies an element of ¥.)

2) The case i = 1 is the definition (9.12.1).
Assuming the formula for i, let us calculate

Vaw (&) = Vo (0w' (&) — w'(0% &)
= 075w (&) + wi&) — Vaw'(6i% &)
= GW TN + i — 1)&) + %) + wi(§) — Vw6, &)
= 6w (N +i—1)¢) + w'(¢) mod ¥,
= wi((N +i)¢) mod%.,_,.

These complete the proof of the Assertion.

/7

I/
O

Using the expressions 1) and 2) of the Assertion, let us show the remaining i) and

iv) of the (11.2) Lemma, which are now a straightforward calculations as follows.

i) Integrability of V*. Fori> 2, let us calculate,

wi(WEVEn) = Viw' (V) mod ¥,
= VP w'(n) mod ¥,
=V Vswi(n) — Vis,qw'() mod ¥;_,

= Vw' (Vi n) — w' (Vg an) mod ¥,
=w(WVEVEn — w (Vi an mod ¥,

ii) For
w(PFN(Q) = Vswi(N(2) mod ¥;_,
= V;w'(N(£)) mod 9;_,
= Vs(Paw (&) + = — wi(ig)) mod 9_;_,
= ValV(,w“"l(f) — Vywi(i€) mod %;_,
= Vaw (P EE) — wiiri é) mod 9_;_,

= wi(N +i)VF&) —wi@rfe)  mod 9.,y
= wN(§E) mod ¥, .

These altogether prove the (11.2) Lemma.

/]
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(11.5) Let us give the consequence of the (11.2) Lemma. Let the notations be as in
(11.1) and recall some more notations of (2.4).

Theorem (The flat structure on S¥)
Let (R, G) be a marked EARS such that cod(R, G) = 1 (2.4.2).
1. There exists a quintuplet (22, J, N, 1, P), where
i) Q is a complex graded vector space of rank | + 2, whose weights are: 0 := m_,,
—Mg, -y — Wy (= —(lpax + 1)) (¢f. (24.3)). Le.

Q=002 5, rankc Q_j; = multiplicity of m; ,
m,
ii) J is a nondegenerate symmetric bilinear form on Q, which is homogeneous of
degree t,,,. Hence J induces the perfect paring:

J: Q_,;,l X Q,;ll_,;,mx —C

for any m,,
iii) N is a graded endomorphism of Q given by

N = Z (mi/mmax) ’ idQ‘,;',l >

such that N + N* = idg for N* := the adjoint of N with respect to J,

iv) 1t is a homogeneous C-linear coordinate of Q of degree 0,

v) P is a graded C-linear embedding of the C-dual space Q* of Q into the
invariants SV (4.3.3), such that

a) P maps the t e Q* to the coordinate t € S¥ (3.2.1) and a C-linear functional on
Q_j  to the normalized generator 6, € S¥ in (9.3).

b) P induces the algebra isomorphisms:

SV ~I'H, Og) ® S[Q*], and T ~TI(H, Oy ® S[ @ Qf,ﬁ‘] ,
Clt] CIr] My <Mpag

where S[ V] means the symmetric tensor algebra of V over C. Hence an element of Q
can be extended to a derivation of S¥, inducing a map P*: Q — Dergs and an isomorphism
for the small tangent module % (9.5.2):

PrQRT~%.
C
c) By the identification in b), the J on Q is identified with the metric J on the small
tangent module 9 ((9.9.1), (9.6.2)). Ie.
I*(@y, @) = 4Ty (dP(w,), dP(w,))

for w,, w,eQ* (Here I, is a metric on Dergw induced from the Killing form
85 (5.2.3))
d) By the identification in b), the N on Q is identified with the endomorphism N on
the small tangent module % ((9.12.1)). l.e.
P*(N(9)) = V5,(Tw(dP(I(5))))

for 6 € Q. (Here V is the Gauss Manin connection on Dergw (§6 (6.1)).)
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2. Such quintuplet (2, J, N, 1, P) is unique up to a graded affine linear isometry of £
leaving t, J and N invariant. Particularly the image set P(2*) in SV is unique.

Note. The above construction induces an identification of the space Spec(S™) with
the flat affine half space {xe Q:Im(z(x)) >0} =H® @ Q_;. This is the reason

0<m,

for the name “flat structure”.
Proof. The Theorem is essentialy a reformulation of the (11.2) Lemma. Put
Q:={te%:V#¢=0for "6 € Dery}

for which let us show the following i)—iv).
i) Qis a graded complex vector space of rank [ + 2 with the prescribed degrees.
ii) For', e [6,¢E]1=0.
iii) The restriction of J on Q defines a complex constant valued form, which we
shall denote by J.
iv) The restriction of N on Q induces an endomorphism of £, which we shall
denote by N.

Proof.

i) Since F* is an integrable connection, one has ¥ ~ Q®c7T. This implies
rankcQ = rank;% = | + 2, and the graded module structure of % over T, generated by
elements 0/00; of degree —;, is inherited to Q2 over C.

ii) Torsion-freeness of ¥# implies this.

[5,§]=l75#§—l7g5=0 for 6, (e Q.
iii) Metric property of ¥# implies this.

dI(0, &) = JW*8,8) + IO, V*E) =0  ford, EeQ.

iv) That N is horizontal implies this. If § € then F*N(§) = N(¥*5) = N(©0) =0
implies N(d) € Q. For the formula for N, recall (9.11.2) and (9.9.4).
The dual vector space of Q2 is realized as the horizontal space,

Q*:={weF :V**w = 0}

where & (defined in (9.5.1)) is a dual T-module of % and V#* is the dual connection of
V#. Of course Q* is a graded vector space with additional structures. In the following
I ~ I1I, we embed Q* into S”:

P*. Q* — SV

I) Let us show that any element @ of * is closed as a differential form. Sub-
stitute 6, £ € Q in the formula

2¢0 A & dw) = 6 w) — £(6, w) — <[4, ¢], w) .

Then each term of the right hand vanishes. This implies dw =0, since Dergw ~
Q®c S”. On the other hand, since the sequence 0 — C— S¥ 4 QL5023 - is
exact (From the analytic view point, this is trivial, for Spec (S¥) ~ H x C'*! is simply
connected.), for any w € Q* there exists some 0 € S such that w = df.
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II) If w is homogeneous of positive degree, one may choose § homogeneous of the
same degree and this choice eliminates the ambiguity of the constant term of 6 and so
we put 0 := P*(w).

III) Let us show dr € Q*. Recall (11.2) Lemma vi). Then for %, ¢ € Der,

PF*de, & = 6{dn, £ — dn, Ve =61 — (Pf &)t =0.

We shall call the element t := dt € Q* and define P*(t) :=1.
These I), IT) and III) together define the inclusion map P*.

Proof of a). Remark that 9, € 2, due to the fact (11.2) Lemmma v). Hence for any
w € 2% we have J,P*(w) e C.

Proof of b). Since Q* is the set of linear functionals on £, the inclusion map
P*: Q* = §¥ induces a I'(H, 0))-algebra homomorphism,
P*: I'H, Oy) ® S[Q*]— S¥
Clt]

which is obviously an isomorphism of graded algebra, since both are polynomial
algebras over I'(H, 0) with equally graded generators.

Proof of c) and d). By the definition of P*, for any linear coordinate w € Q* of ,
the differential dP*(w) coincides with w. So J*(dP*w), dP¥(®')) = J¥(w, ®') = J¥(w, o).
A similar proof is valid also for the case d).

2. Obvious from the unicity of ¥ #.
These complete the proof of the Theorem. O

Notation. For a linear basis w; (i =0,...,[) and dtr of Q% the system of functions
P*w,)eSY (i=0,...,1) and 7 will be called the flat generator system of S¥.

Problem. Determine explicitely as 6-functions the flat generator system for S¥.
Compare also a flat generator system with the fundamental characters y; i =0, ..., ).

For a suitable arithmetic subgroup I < SL(2, Z), one should study the quotient
Q/T by extending the action of Wy on E by the group I.

Appendix. Families of Line Bundles over Elliptic Curves

This appendix gives an elementary invariant theoretic construction of families of
line bundles over elliptic curves with an Hermitian metric on it. This leads to a
construction of simple elliptic singularities [21], which is an attempt toward a construc-
tion of a hyperkéhler structure on smoothings of a simple elliptic singularity, while such
structure is constructed for a simple singularity by P. Kronheimer [34].

Line bundles over elliptic curves is a classic and there may be many different
approaches to the objects. The approach in this appendix is a Heisenberg group
invariant theoretic one, which is parallel to this paper and we shall use often the same
notations to indicate an analogy. The detailed verifications of the statements are left to
the reader.
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(A.1) The semi-positive quadratic form I and its extention I.
Let F be a real 3 dimensional vector space with a positive semi-definite symmetric
bilinear form:

(A.1.1) I:FxF—R,

whose radical rad (I) := F* has rank 2 over R.

Assume that I is defined over Z in the sense that

i) 30:a free abelian group of rank 3,s.t. Q ®; R = F.

ii) I|/Q ® Q is integral valued and I(Q, Q) = Z.
Under the assumption, rad (I)N Q is a free abelian group of rank 2.

A 1-dimensional R-subspace G of rad (I) defined over Z is fixed and will be called
the marking for I as in this paper (2.1) Def. A generator of GNQ ~ Z, denoted by g, is
unique up to a sign.

(A.1.3) GNQ =Za.

Depending on G, there exists uniquely a pair (F, I) of a real vector space F of rank
4 and a symmetric bilinear form T on F (up to a linear isomorphism) such that
i) There is an injective linear map: F c F, regard as inclusion.
i) Tlp=1
iii) rad()=G.
Once and for all in this Appendix, we fix basis z, b, and a s.t.

Q=Zz+7Zb+ Za, and rad()NQ =Zb + Za.

The intersection matrix of I with respect to the basis (z, b, a) is

S O =
oS O O
o O O

By a suitable choice of a base 1 e F\ F, the intersection matrix for T with respect to the
basis (4, z, b, a) becomes:

- o O
S O = O
S O O =

oS O O

0 0

The choice of the basis 4, z and b are done only for the sake of explicitness and that the
choice does not affect the results of the appendix.

(A2) The Eichler Siegel transformations E and E.
Let the notations be as in (A.1). Let us define a semi-group homomorphisms,
called an FEichler Siegel transformation for I,

(A.2.1) E: F ®g F/rad (I)— End (F),
as follows (cf. §2 (2.3) or [25,8§1]): Forue F and Z p; ® q; € F ®g F/rad (I),
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(A22) E(z pi®qi>(u) = u— Y pd(gi ).

Here the semi-group structure on F ®g F/rad (I) is defined as
(A-2.3) (Z_m@qi)o (Zn@s,-):Zpi@qi +2 @5 =22 pi®sIqn ).
i J i J tJ

Similarly, one defines the Eichler-Siegel transformation for T
(A.24) E: F ®g F/rad () — End (F),
by replacing I by I in the expressions (A.2.2) and (A.2.3).
(A.3) The Heisenberg group H.

Let O(F, I) (resp. O(F, T)) be the set of linear isomorphism of F (resp. F), which

preserves I (resp. I).
Foré=xz®z+pa®z+ qgb® ze F® F/rad (I) with x, p, q € R, we have,

z l-x —gq —pl|:z
E&)| b |= 0 1 0 b
a 0 0 1

Hence E(¢) e O(F, I) if and only if x =1 —¢ for ee {+1}. This implies the following
short exact sequence:

(A3.1) 00— H— W55 (41} —1,

where W := (F ® F/rad (I)) N E"*(O(F, I)),
H:= (F ® F/rad (I)) N E"Y(SO(F, I)) = rad (I) ®g F/rad ().

The group structure o (A.2.3) on H coincides with its vector space structure of rank 2
generated by a® z and b® z. So the group W is an extension of {+1} by H ~ R?,
where the extension of (A.3.1) is given by the action of —1 € {41} on the vector space
by *—idRz.

_xz®z+pa®z+qb®z

F = F F T ith r— R,

or ¢ +yz®b+zb®b+ra®b5 ® /rad(I) with x, y, z, p, q, r€ we
have ) ~
4 1 -y —z —r||4
E z 0 1-x —q —-p||z
EO (=10 o 20
a 0 0 0 1 a

Hence E(6) e O(F, T),iff x =1 —¢gforee {+1},y= —eq and z = ¢*/2. So
A32) ¢(=(1-¢z®z+pa®z+qp®z—eqz@b+3¢°b@b+ra®b.
We obtain a short exact sequence,

(A.3.3) 0—sR——W-_ w1

where
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iy W:=(F® F/rad (I))N E"Y(O(F, ),
ii) K :=rad (I)® (rad (I)/rad () ~ Ra ® b,
ili) The map P, is induced from the natural projection:

F ® F/rad (I) — F ® F/rad ().
iv) Let us define index 2 subgroup H of Wby
H:=(F® F/rad )N E~YSO(F, 1)) = P;}(H) .

H is a Heisenberg group, for which the commutative diagram holds:

0 0
l !
0—K— H — H —1
I N N
0—K— W — w  —1
Laet * et
{zl}=={£1}
l !
1 1
As a set, H is parametrized by (p, g, r) € R? as follows.
(A3.49) (o =Pa®z+gb®z—qz@®b+3¢°b@b+ra®b.

The multiplication rule for &'s and its action on F are given by:

(A3.5) CoarCrar = Cprpatarirtpas
yi 1 g —q¢*)2 —r|[i
~ z| 10 1 —q —pl|z
(A.3.6) E(par) bl 10 o 1 0 b
a 00 0 1 a

Remark. The following 1, 2 together with 3 show that.

An H-invariant symmetric bilinear form on F, which is not zero on F, equals to a
constant multiple of T up to an automorphism of F by a central element of F ® F/rad (I).

1. The space of H-invariant forms on F is given by (A.3.7) {H-invariant symmetric
bilinear forms on F} = RI + RI,,. Here I, is a symmetric form on ¥ characterized by
T, )=1and I |(F x F)U(F x F)=0. The intersection matrix for I, w.r.t. the basis
(4, z, b, a) is:

S OO =
S O O O
o O O O
o O O O

2. The center of the following group is given by
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Z((F ® F/rad (T)) N E"*(GL(F)))
=rad () ® (rad (I)/rad (1)) ~Rb®b + Ra®b.

where the group structure o in the second line coincides with the addition as the vectors.
Additionally, we notice that,

Rb®b + Ra®bHNEYOF, T)) =Ra®b.

3. Let I, be an H-invariant symmetric forms on F, which is not zero on F.
Then there exists a constants ¢, de R such that for g:= E(cb ® b) e SL(F), we have
I1(g(x), () = dI(x, y) for x, y € F.

Proof.

1. Use the expression £,,, (A.3.6) for an element of A

2. E(¢) (¢ € F ® F/rad (I)) belongs to the center, iff £ € F ® F*.

3. Duetol, I, =d(I +2cI,)forc,deR with d #0. Put g:= E(ch®b). Then
g '(x) = x + cl(x, b)b, etc., and hence

I(g7 (x), g7 (y)) = I(x + cI(x, b)b, y + cI(y, b)b)
= I(x, y) + 2cI(x, b)I(y, b)
=T+ 2cI,)(x, y) . |

(A.4) Discrete subgroups H; of the group H.
Let us consider the lattice Hz of rank 2 in the group H.

(A4.1) Hy:=(F® F/rad ))NEX(SO(Q, 1) =Za®: D Zb® z .

For an integer d € Z with d # 0, let us consider subgroups H, of P;'(Hz) < H,
satisfying the short exact sequence

~

1
(A4.2) 0—2Z-a@b— A, b H,—0.

Such subgroups H,’s are parametrized by the real 2-torus

(A4.3) T,:= Homy (HZ, R / G z))

as follows. Namely put
~ 1
(A4.4) HY = {(qur, )e P,Y(Hz) x Ty:r =I(p, q) modEZ} ,
where I(p,q) := I(P,(&,,))- H!* is a 2-dimensional manifold. The natural projection to
T, induces a covering map:
(A.4.5) Y — T,

The fiber H,(l):= n~1(l) over l € T, is closed under the product o, for r, = I(p,, q,) and
r, = I(p,, q,) implies 7, + 7, + p,q, = U(p; + P2, 41 + q;). (Note that AY* is not a group
and 7 is not a homomorphism in o.)
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Explicitly the group H,(l) is given as follows.
For (u, v) e R? ~ Homg(Hz, R) = the universal covering of T}, put

(A46) ﬁd(ua U) = {ép,q,pu+qv+r/d : (ps g, r) € ZS} .

This depends only on the image [ € T} of (u, v) € R?, which is Hy(l).
It is a straight forward to see that all groups H,(l) (I € T;) are isomorphic each
other, denoted as H, as an abstract group, and satisfy the short exact sequence

1 .
(A.4.2). The monodromy action EH; = 1,(T;) = Aut (H,) of (A.4.5) will be given in

(A9.2).

To see that H,(I) (I € T,) are the only subgroups of A satisfying (A.4.2), it is enough
to choose and fix an element of P,'(a ® z) and P, (b ® z) as &0, and &y, fora u, veR
respectively.

The extension class of (A.4.2) is calculated as follows. Let

(A.4.7) J:Hy x H — Z
be the unique skew symmetric form with J(a ® z, b ® z) = 1, so that
Ext3(Hgz, Z) ~ /2\ Homy(Hz, Z) = ZJ ~ Z.
Since ¢, gives a section Hz — A,(0) for P, (A.4.2), the extension class ¢ of the sequence
(A.4.2) is calculated by
c(pa®z+gb®z,pa®z+qab®2z):=¢p00°8pq0 = $pg0°Ep0
= Loopa~ap) = (P4’ — qp")d(a ® b/d)
~(pq' —qp’)d
=dJ(pa®z+qgb®z,pa®z+qg'b®2z).
Assertion. The extension class of (A.4.2) is dJ € Ext3(Hy, 7).

Remark. 1t is easy to see that H,(l) is Zariski dence in the group H. As a
consequence, any H,(l)-invariant symmetric bilinear form on F is automatically H-
invariant, and therefore, it is a linear combination of T and T due to (A.3) Remark.

(A.5) Conjugacy relation among H,(l).
Recalling the product rule (A.3.5), for any p, q, 1, 5, t, u € R,

(A51) éstu o cp,q,r—J = épqr ° éstu 9
where J:= J(P*(qur)’ P*(éstu)) =pt—gs

is the R-linear extention of (A.4.7), denoted by the same J.

Assertion. Groups H,(I) and H,(I') are conjugate by a &, where I' — 1 =(—t,5)

( - J(P*(«:s,.,») mod 17,
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Proof. Comparing (A.4.6) with (A.3.5), we have

Eamo Hyl) o Eqo = Hy(l + (—1,9)). U
This is the reformulation of the fact that an orthogonal base change:
X y) 1 ¢t =22 —ullZ
z' ~ z 01 —t s z
(A52) C=EGD =10 0 1 o sl
a 00 0 1 a

transforms the matrix representation of E(épq,) (A.3.6) to

X 1 q —i¢> —-r+pt— qsw X
z' 01 —¢g —p z'
a 0 0 0 1 1l a
whose matrix is the same as that of
p) 1 q —i¢> —r+pt—gs|[i
~ z 01 —¢g —p z
(A‘5'4) E(ép,q,r—pt+qs) b = 0 0 1 0 b .
a 00 0 1 a

(A.6) The complex half spaces E and E.
Let us define complex half spaces.

E := {x e Homg(F, €): a(x) = 1 and Im(b(x)) > 0} .
E:= {x e Homg(F, C): a(x) = 1 and Im(b(x)) > 0} .
H := {x € Homg(rad (I), C): a(x) = 1 and Im(b(x)) > 0} .

Here a, b € rad (I) are regarded as complex valued linear functionals on the dual spaces
of F, F and rad(I). Put

(A.6.1) 7:=b/a,
by which H is identified with the complex upper half plane.

Notational remark. For convenience, the same notation 7 is used for different
meanings as in (3.2) Notational remark.

The inclusions: F > F o rad (I) induces natural projections:
(A.6.2) E—E—H.
The fibers E, and E, over t € H are affine spaces of dim. 2 and 1.

(A.7) Principal C*-bundle L} over a family X of elliptic curves.
The left action of E(g) for ge W on F (resp. E(g) for g€ W on F) fixes rad (I)
pointwisely (cf. (A.3.6)). So its dual action E(g)* induces a right action on E (resp.
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E). The homomorphism P, (A.3.3) is equivariant with the projection E —»E (A.6.2).
Let us describe the quotient spaces E/H and E/H,(/) by the discrete subgroups Hy
and A,() (I e T)).

Assertion. i) The action of Hgz on E is properly discontinuous and fixed point
free. The quotient manifold is denoted by X := E/Hy.
ii) The projection map,

(A7.1) X—H,

induced from (A.6.2) is a family of smooth elliptic curves. The fiber over 1€ H is an
elliptic curve of modulous .

iii) The action of Hy(l) <f0r leHomZ(HZ, R/(éZ))) on £ is properly dis-

continuous and fixed point free. The quotient manifold is denoted by L¥(l) := E/H,(I).
iv) The projection map,

(A.7.2) Li()— X,

induced from (A.6.2) defines a principal C*-bundle over X, whose Chern class in
H?*(X,Z) ~ Z is equal to d.

v) For any two I, I'€ T, there exists a pair (Qg,, Ys) of complex analytic iso-
morphisms, making the following diagram commutative.

L¥) — X —H

(A.7.3) J%u 1%

L¥(l'y — X —H,

where s, t, u € R are real parameters satisfying a relation:
, 1
I'—l=(-t,5) modaHi.
Notation. The complex analytic isomorphism class of L}(l) is denoted by L}, which

will be represented by L}(0).

Proof. We consider (1, z, T = b/a) (resp. (z, t = b/a)) as complex coordinates for
(resp. E). The action of an element ¢ € H,(l) is given in (A.3.6). Then i) and ii) may be
obvious from the description: For t,,:=pa®z + gb® z€ Hz (p, g€ Z),

(A.7.4) th2)=z—qr—p

Due to (A.5) Assertion, one has the commutative diagram:

E E (& per)* E
*E(C ) 1 J E(Ea)*
E— F

E(épq(r pr+as)”
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Hence iii) and iv) are reduced to the case where H,(0) and the isomorphisms of v) are
given by

Qg = the isomorphism induced from E(,,)*,

Y, := the isomorphism induced from E(P,(,,))* .

~ 1
Let us explain the Assertion for the case H,(0) explicitly. The generator 79 ®b of

K acts on the coordinate system of & by

| A A 1/d
(A.7.5) E(Ea ® b) z|=|z|+]| 0
T T 0
Hence by introducing a new coordinate 4
(A.7.6) A= exp (2n/—1d1)

- 1
the quotient variety E/Z (Ea ® b> is a C*-bundle over E.
Recalling again (A.3.6), the action of a translation t,,:=pa®z+gb®ze€ Hz ~

_ 1
H,()/Z <‘—Iia ® b) (for p, g € Z) on the coordinates 4 of E/Z <3a ® b) is given by,

(A.7.7) () =e, 2,

where

e, = exp (2ny/ —1d(—qz + 3¢°7)).

As is well known [14], this gives a line bundle of the Chern class d € H?(X, Z) over the
elliptic curve X.
This completes a proof of the Assertion. O

(A.8) Indefinite metric on L¥(]) .

In the spirit of the present paper, we consider the metric on the space L¥(/). Some
readers may be suggested to skip to (A.10).

By construction, the (co-)tangent space of L¥(I) at a point x is canonically
isomorphic to that of E.

TLF()) =~ C® (F/Gy*,  TXL() =~ C® (F/G).
Hence we have cannonical isomorphisms:
Derpyg) ~ Opsq) @r(F/G)*,  Qixp ~ Orsy ®r F/G,

where @Lﬁ(l)’ Der; s, and Qi:(l) are the sheaves of germs of holomorphic functions,
vector fields, and 1-forms on LX(I) respectively.
Consider now the dual of the bilinear form I: F/G x F/G - R.

T*(F/G)* x (F/G)* >R,
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By extending I* complex linearly to the tangent spaces, one obtains a non-degenerate
O-bilinear form:

(A81) T*Z DCI'L;(I) X DCI'L;(I) - 01«7(’) .

As a tensor, this is expressed by a form:

(A.8.2) W= dz®dz+;<%®dt+dt®%>.

2dn./ —1
The O-bilinear form (A.8.1) induces the ¢-isomorphism:

I* :Der, ) (—log X) ~ 2} ) (log X): T

0 i 1 dl
PN = -
ot 2dn/—1 4
51—3’(12

0
2nd./ —1 lEIHdt.

By extending the real bilinear form T* sesqui-linearly to the tangent spaces, one obtains
in the same way a Hermitian form:

(A.8.3) g:=dz®dz + ! (t—l;@d? — dr®%{>.

2dn./ —1

The g is not positive definite but indefinite of the sign (2, 1). It is a trivial calculation
to show that

i) g=20d(z> + 2Re (J7)) = 65<|z|2 + Elglm (log (i)?)),

0 0 1/4
ii) Ricc(g):=00 |log |det| 0 1 0 =0.
1/ 0 0

The fact that E(&,,) € O(F, I) implies the following.

Assertion. The isomorphism @g,: L¥(I) — L¥(') of (A.7) Assertion v) leaves the
forms @ and g invariant.

(A.9) Real deformation of L} over the torus T.
In this §, we consider a group Hj satisfying the extension:

N . 1
(A9.1) 0— H,— B,— Hj —0

and its action on E := E x Homg, (Hz, R). (cf. Remark 2).
First we define H, by a topological argument as follows.
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Consider a manifold s, which is a quotient of H x T, by the relation: (x, ) ~
(3, I)e>1=1 and *¥eHyl) st. E(¥)ox =y. By definition, there is a locally trivial
fibration s# — T, whose fiber over [ € T} is the quotient manifold H,()\H. Put

A, :=n,(#,(0,0).

~ 1
Recalling that A ~ R3 and T; ~ Homy (Hy, R)/E Hy and applying the homotopy exact
sequence for the fibration, we obtain (A.9.1).
1 -
The action of —Hj on H, induced from the extension (A.9.1) is the same as the

d
monodromy action of the covering (A.4.5), given

1 1 _
(A92) E(ms n) € EH; — (ép,q,r/d = ép,q,(pm+qn+r)/d) € Al'u (Hd(o)) .

The group A, consists of the symbols:
(A.9.3) A, = {Ep arismidna - Ps Qs T U, VE L},
such that the multiplication rule is given by

(AD4)  Ep g riamiama®Ep . riamiania = Eptp.ara e+ pm+anya+ pa',ontmyd, tnyd

As is easily seen from (A.9.4), we have the exact sequences:

(A.9.5) 0——»Z(§a®b>—>ﬁd—»Hzx$H;—»o.
0——>Z<§a®b>xéH§ H,— Hz—0.
The action of =, , /4. m/a,nia € A, on the space,
(A.9.6) E:=E x Homg (Hz, R)
is defined by
(A9.7) Ep qorid, myd,nia(Xs U, D) = (E*(ép,q_pﬁq,ﬁ,,d)x, u+ %m, v+ %n) .

The action of H, is properly discontinuous and fixed point free so that we define the
quotient (real) manifold:

(A.9.8) Lx=%8/A,.

Natural projection E — E x Homy(Hz, R) induces a map

(A.9.9) Ly — X x T,

due to the sequence (A.9.5). The map (A.9.9) is a principal C*-bundle, whose fiber

. . . 1 .
coordinate is given by 4 (A.7.6) and the action of T:= T, 4 4.na € Hz X EH; on 4 is

(A.9.10) T*() = erd,
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where

(A9.11) er.= exp(ZnJTld(—qz +1q%t + pu + qu)).
By forgetting the first factor in (A.9.9), one obtains a map:

(A9.12) L¥—T,.

The fiber over [ by this map (A.9.12) is the space L}(l) in §7, and the restriction of the
C*-bundle (A.9.9) to this subspace is the C*-bundle (A.7.2).

Remark 1. The family (A.9.12) is topologically non-trivial, since the monodromy
1

action of EHi ~ 1,(T;, 0) on the homotopy group of the fiber is given by (A.9.2), which
is nonzero.

Remark 2. It was shown that the fibers L}(I) of (A.9.12) are complex analytically
isomorphic preserving the forms w and g (§7 Assertion v) and §8 Assertiom). One may
ask, which differential geometric structure in the frame bundle of L} is deformed in
9.12).

Remark 3. In a sense, the construction in this Appendix is incomplete. To obtain
a complete picture, one should consider an extension of Aut (Hz) by the group H,. Ie.
instead of (A.9.1), one should consider an extension of the group Aut (H,) by H,, where

1 _
0 — - Hf — Aut () — Aut (Hz) — 0.

Since we have fixed the fibration map L}(I) > H (cf. (A.6) and (A.7)), we have neglected
the term Aut (Hz) in our consideration. Then describe L¥/I" for I' = Aut (Hz) .

(A.10) The family L, - H of simple elliptic singularities.
Let L, be the line bundle over X associated to the principal bundle L}, which is
set-theoretically obtained by adding the zero section ~ X to the C*-bundle L.

(A.10.1) Ly=L{UX.

As a consequence of the (A.7) Assertion iii), if d < O then the line bundle L, is negative
(relative to Hi), so that the zero section can be blown down to H. Let us denote by L,
the blow-down space,

(A.10.2) L,=L*UH.

There is a natural projection map L, — H so that the fiber over a point teH is a
normal two dimensional affine variety, having an isolated singular point at the zero
section T € H < L,, which is called the simple elliptic singularity of modulous 7.

(A.11) The invariant ring S.
For an integer k with k > 0, put,

(A.11.1) Si := {0(z, 7): holomorphic on E s.t. t*(0) = ¢;*0 for t € Hz} ,
where e, (t € Hy) is defined in (A.7.7). (Here we choose | =0¢€ T,.)
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S, is a free module of finite rank over I'(H, Oy). Put

(A.11.2) S:=@ &

k=0

which is an algebra finitely generated over I'(H, Oy). This is the coordinate ring for the
space L, (A.10.2). That is,

(A.11.3) L, ~ Spec (S) .

Generators of the algebra S can be explicitly written down by the Weierstrauss
p-function, as done in [21]. For instance

d=—1 S = I'(Ox)[4, 42p, 2%p'],
d=—2 S = I'(Oy)[4, ip, A?p'],
d= -3 S = I'(Ou)[4 4p, 4p'],

d= —4 S = I'(On) [, Ap, Ap’, App'] .

Thus for d = —1, —2, —3, L, is a hypersurface defined by a weighted homogeneous
polynomial, and for d = —4, L, is a complete intersection of two homogeneous poly-
nomials, whose weights and associated exponents are as follows.

d Name Weight (a, b, ¢: h) Exponents

—1 Eg (1,2,3;6) 0,1,2,2,3,3,4,4,5,6.
-2 E, 1,1,2;4) 0,1,1,2,2,2, 3,3, 4.
-3 Eg (1,1, 1;3) 0,1,1,1,2,2,2,3.

—4 Ds (1,1,1,1;2,2) 0,1,1,1,1,2,2

-5 A, (#;1,1,1,1, 1) 0,1,1,1,1, 1.

(The case A4, is included from [13], for the sake of completeness.)

As is mentioned in the introduction, the period mappings for these singularities
identify the universal unfolding spaces for these singularities with the spaces Spec (S%)
for the extended affine root systems of types EG-Y, EV, EQ-1 and D{- V.

The details will appear elsewhere.
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