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A Systematization of the L?-well-posed Mixed Problem and its
Applications to the Mixed Problem for Weakly Hyperbolic
Equations of Second Order (II)

By

Masaru TANIGUCHI*

Introduction

In [23], we obtained a complete systematization of the L2-well-posed mixed prob-
lem for regularly hyperbolic equations of second order. But we could not get an
applicable one under the condition (A.Il,) (see [23: p. 251]). In this paper, we have a
useful systematization for the above problem with real boundary operators. In (P.1) in
§2, the boundary operator B; has the following form related to L; in (P.1), (2.5) and
29),

B1={\/ all(t’oﬁx,)%+a}+ﬁ (xl=(x2"“:xn))

0 .
where A1y + o is the natural normal operator of L, and « and f are first order
X1

real vector fields tangential to "= [0, T] x R"™'. By the condition (2.1) for by, x')
and c(t, x") in (P.1), we have the general oblique boundary operator B,, which gives the
L?-well-posed problem.

We have two main results in our paper. One of them is that we are able to obtain
a complete and applicable systematization of the L2-well-posed mixed problem for
regularly hyperbolic equations of second order with real boundary operators. Another
of them is that by this systematization, we prove that a mixed problem (P.2) for weakly
hyperbolic equations of second order degenerating on the initial surface, is C®-well-
posed. To obtain C®-well-posedness, we use the energy estimate. By the above sys-
tematization, we reduce our mixed problem to the problem with non-negative type
boundary condition for symmetric hyperbolic pseudo differential systems of first order,
and obtain the energy estimate. This systematization which was discovered in [7],
[19], [20: Cor.], [21] and [23], is further developed in our paper. Also, our system-
atization is used in [22] and [24].

As for the other systematization on the Cauchy problem and the mixed problem for
hyperbolic equations, we can refer to [4], [5], [12], and [13]. Also, as for the other
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result on the mixed problem for hyperbolic equations degenerating on the initial surface,
we can refer to [1], [2], [6], [8], [9], [10], [17] and [18].

An outline of this paper is as follows. In §1, we give the notation. In §2, we
state the problem and the result. In §3, we discuss a systematization of the L2-well-
posed mixed problem with real boundary operators.

Secing that a mixed problem for degenerate hyperbolic equation of second order
can be derived from the result in § 3 by the procedure used in [23: §3 and §4], we shall
treat only the systematization of the L2-well-posed mixed problem.

§1. Notation

(i) |ullmp--.-the norm of the Sobolev space H,(D).

(i) wu(t)ed/(E)...u(t) is r-times continuously differentiable in ¢t as E-valued
function.

(iii) H*(D) = (Vom0 Ha(D).

(iv) (,)...the inner product in L2(R").

(v) <, )...the inner product in LZ(R"!).

(vi) ull? = llulf e lul? = lul3.

(vii) Kupm = llullsres, KuD? = Kupj.

(viii) S™ = {p(t, x;, x',n') e C*([0, T] x R} x R"™! x R""!) : for any 0 = (0,, 6,,

05, 6,), there is a constant C, such that

a 6, a 6, a 63 a 0,
) o) () )
where x' = (x,, "+, x,) and <{n'> = (Y1, n? + 1)'*}.

(ix) S8™...the set of the pseudo differential operator with respect to x' =
(x5, -, x,,) with its symbol p € S™.

< Coly/ Ym0l

§2. Statement of the Problem and the Result

We consider the mixed problem
s 02 n 0%u
Ll [u] =— =2 Z h; ([ x) Z ij(ti X)b—a

i,j=1 xi xj

+ aolt, x) + Z aj(t, x) d(t, x)u = f(t, x)

(0, x) = uo(x), (0, x) = uy(x)

e . Ou
B, [u]l;,=0 = a4,(t, 0, x")™ 1?2 {an(t, 0, x )EX—
1

1) +Za11(t0x) +h(t0x)?;;}
hy (t, 0, x’)2>1/2

all(t’ 0’ x,)

n ou
b‘ s ! - . 7
+sz ,(tx)axj c(tx)<1+




THE L2-WELL-POSED MIXED PROBLEM 81

Ou hl(t, 0, x')2 -1 n I
{6t (1 " ay,(t, 0, x') J.;z hi(t, 0, x")

hy(t, 0, x") u
—————a,:t,0,x") | — t, Xl —o = g(t, x’
all(tg 0’ xl) al]( x) axj + ’})( X )ul 1=0 g( X )
(t,x) = (t, x,, x')e[0, T] x RL x R*!
-
where x = (X1, X5, """, X,), X' =(x5, ", X,), n =2, T is a positive constant, the coeffi-

cients h;, a;;, ay, a; and d belong to ([0, T] x R%}) and are constant outside a compact
set in [0, T] x R%, the coefficients b;, ¢ and y belong to %([0, T] x R"™!) and are
constant outside a compact set in [0, T] x R"™!, and explain how to reduce the
problem (P.1) to the mixed problem for symmetric hyperbolic pseudo differential systems
of first order with non-negative type boundary condition.
We assume the following conditions for the problem (P.1)
(A.)  The operator L, is regularly hyperbolic on [0, T] x R%: and a,,(t,x) >0
on [0, T] x R%.
(AII) The functions b; and ¢ are real valued functions on [0, T] x R"™!, and the
following inequalities hold,

2.1) {c(t, x)z0

c(t, x')*> 2 b(t, x', n')?

for all (¢, x', ') e [0, T] x R*™! x (R"™! — {0}) where

-

b(t,x', ) = 22 bi(t, x")n;/d(t, x', ')
=

. 1
f ) = (. 0. x Wiy — ————
d(t, x', ') [i,;z ay(t, 0, x")rim; a1 (5,0, x')
(22) 3 " A\ h(6, 0, )7\
. . - I+ ————
,-Z‘z ay(t, 0, x)n; | + {1+ a;.(t,0,x")

fa , h(t, 0, x') ’ 27172
{JZ.Z (hj(t, 0, x’) a,,(5 0, x) a(t, 0, x )> "b}

gn’ = (112’ T nn) € R"-l - {0}

The result in § 3 is that we are able to obtain a complete and useful systematization
of the problem (P.1) under the conditions (A.I) and (A.II). This result is one of the
main results in our paper. The explicit representation of the systematization is men-
tioned in §3.

Remark 1. Assume the condition (A.I) and that b; and ¢ are real valued functions.
Then, the problem (P.1) is L2-well-posed if and only if (2.1) holds (see [15]).

Remark 2. Assume the condition (A.I). Then, the problem (P.1) is L2-well-posed
if and only if the following condition (A.I') holds,
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(AIl') (1) If|Re p|+ |Re g| # 0, the inequalities hold
Rec(t,x)=0
{Rec(t, x")}* = {Re b(t, x', n)}?

(233)
+ {Re c(t, x')-Im b(t, x', 1)
—Im c(t, x')-Re b(t, x', ') }.
(ii) If |Re p| + |Re g| = 0, the inequality holds
(24) 1+ {Im ¢, x")}* > {Im b(t, x", ') }*

where b is the same function as in (2.2), p =c(t, x') + b(t, x',n’) and q =
c(t, x") — b, x’, n') (see [15]).

Now, we explain the condition (A.Il,) in the introduction. The condition (A.Il,) is
as follows,
(A.Il;) (i) The condition (A.IT") holds.
(i) There is a sufficiently small positive constant §, such that Re c(t, x') # 0
and d, > Re c(t, x’) = 0.
Let M be
0? 0 " 0\o
(2.5) M=W—2<ala—m+jzz ocj&)a

2

n n az
(ﬁ“a 2+ Z Y dx,0x; + i,;z ﬂij@x,-ﬁxj)'

If M is regularly hyperbolic with respect to t, we have

(ﬁu +af >0

n n 2
dm)= 3 Bynin; + (Z “j’7j>

(2.6) 3 772 =2
n n 2
— (Byy +ad)! ( Z Bijn; + 2y Z “j’?j) >0
L Jj=2 Jj=2
for all n' = (n,, -+, n,) e R"* — {0} and
2.7) a(M) = & + d, () — %
where

r

n
T,=1—0,&— ZZ o
I=

n

28) E* = (P11 + fx%)m : {f + (B + “%)_1 < Zz ﬂljﬂj +ay zi “j”lj)}

Al

L (1) = {d,(7)}12.
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This representation (2.8) corresponds to the symbol of the wave equation ¢&* +

Z;;znjz — 12, and is used to obtain the energy estimate for the Cauchy problem.
Moreover, if ,; > 0, we obtain

9) o(M) =& + din)? —

where

E’—'Bu <ﬁ115+ Zﬁlﬂ?f““ﬂ'

)
(i) i)

(2.10) 9 dz(n/) — |: i ﬁij"’i”j ,811 < Z ﬁl]”])

i,j=2
a% -1 n n 271172
(o) (B )]
11 Jj=2 11 j=2

Ld0r)? = dyr).

i %" — 2 > ﬂlj"j)}

j=2 11 j=2

2

This representation (2.9) is used to obtain the energy estimate for the mixed problem.

Nextly, we treat the mixed problem for weakly hyperbolic equations of second
order

( 0%u 2 2
0“u n 0%u
Z otk . T 42k B =
L,[u] = 2t 21 hj(t, x)étéx t §= a(t, x)a

j iL,j=1 x,-@xj

+%@n%+ﬂli th_ d(t, x) = f(t, %)

u(0, x) = uo(x), (0, x) = u;(x)

n

-172
B,[u]l; = {Z a;(t, S)vi(s)vj(s)}

,J=1

(P.2)

—_ A

*ﬂiUUWS%ﬁ(Zﬂmmﬂ o

J

+t* i a(t, s) — B(t, s) + (¢, S)ul, = g(t, s)

L(,x)e©T)xQ

and prove the existence and uniqueness theorem for smooth solutions where Q2 is a
bounded domain in R" (n = 2) with smooth boundary S =0Q, x =(x;, ", x,), T is a
positive constant, k is a positive integer, the coefficients h;, a;, a,, a; and de
([0, T] x ), the coefficients «;, f and y € B([0, T] x S), s€ S, v(s) = (v,(5), **, Va(9)) is
the inner unit normal at s and v-a =) 7_; v(s)-a;(s) = 0
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[ Jd 0 02 n 0? " 32
Lo <t, X, E, a) = a—tz' -2 Zl hj(t, x)%x_ ',jZ= 1]( B )

o a " -2
B, <t, S 3 a) = { Z a5t S)Vi(s)vj(s)}
J i,j=1
n 0
{ 21 lj(t S)V (S) <Zl hj(t, S)vj(s)) E}

J

1 0 0
+ jzl aj(ta S)'a'x_J - ﬂ(t’ s)g

.

The functions &(t, s) and b(t, s, n) are determined by
(2.12) Bo(t, 5,7, &v(s) + ) = & + b(t, s, ) dol) — &(t, 5) %

where

[ 1( & T2 5
= —‘E{ '21 a(t, S)vi(s)vj(s)} %Lo(ts s, T, &v(s) + 7)

L=

= JXE+ X241 + Y)
- %{1 4 <i hi(t, s)vj(S))2 ] <§n‘: a(t, S)Vi(s)vj(5)>_1}1/2

'%{Lo(t, S, T, Ev(s) + ) + &(t, s, 1, Ev(s) + n)?}

= (1 + £>m {t+ (X + 4% (4Y — XB)}
2.13) < X

Toln) = {#* — Lo(t, 5, T, &v(s) + m)} 12

_fay — XB)2 Y? iz 12
XX +4) X

hi(t, s)vi(s), B = Z h(t $)1;,

NS
Il
™M=

Il
-

j

S ayt, S, Y= 3 aylt, o)

i,j=1 i,j=1

= Y aylt, s)nn;

i,j=1

for all £ € R' and all 7 € (R" — {v(s)}) satisfying ) 7, vj(s)n; = 0.

Remark 3. 1In (2.13), 7 is independent of &, and Jo(n) depends on only ¢, s and 7.

We assume the following conditions for the problem (P.2)
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(AIIl) The operator L, in (2.11) is regularly hyperbolic on [0, T] x 2 and
Y7 =1 a(t, s)vi(s)vi(s) > 0 on [0, T] x S.
(AIV) (i) o;and B are real valued functions.
(i1) é(t,s)=0
(i) &G, s)*> = b(t, s, n)>
where ¢ and b are same functions as in (2.12).

Remark 4. By (AIIl), we have that h; and a; are real valued functions, and
dy(n)*> > 0. Therefore, by (A.IV)-(i), we obtain that ¢ and b are real valued functions.
Also, by (A.ITI) and (A.IV), the problem (P.2) is L2-well-posed for ¢t > 0. (see [16]).

Now, for any se S, we have a smooth coordinate transformation ¥: V — W such
that

(1) ¥(s0) = yo = (0, y0) = (0, Yoz, """, Yon)-

(ii) V and W are neighborhoods of s, and y, respectively.

(i) ¥:V —> W is a bijection.

(iv) PVNQ)=WNRL, RY = {y = (1,2 ¥a)ly1 > 0}

(v) P(rns)=wnRrR"1.

(vi) L, is transformed into L, where

2 n 2

T _6 k 2k 0
2149 L, Py 2t Zh(t y)ata t 'Z a(t, y)a Y,

+ a,(t, y)—+ A _Z a, y) +d(t y)

for all (t, y) e [0, T] x (WNR™).
And
(vii) B, is transformed into B, where

~ 1 0 1 0
2.15 By =—————— tk[& t,0,y)—+ a;(t, 0,y —]
(2.15) 2 7.0,) { 11( y )ayl sz 15 y )ayj

T ’ 6 k w - ’ a ~ ’
+h1(t,0,Y)§}+t ;b](tay)ay C(t:}’)

j

2\ 1/2 7 N2\ -1
-(1+h 10, 5) ) { (H@I(r,o,y) )
a6, 0,y) ot (0,9
n hy(t,0,y") . 0
hy(t, 0 ~1—/a '(t9 0, 1)>_
Z < ( all(t7 an) Y y ay

i

} + 76 y)

for all (£, 0,y') € [0, T] x (WNR"™1) (see [14: p. 484-485]).
Then, by (A.III) and (A.IV), we have

&t,y)z0
(2.16) {E(t, Y2 = bt y,n)?

for all (¢, y',n') e [0, T] x (WNR" ) x (R*™* — {0}) where
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%mymu=iémymﬂmu

n n

~ 1 2
. d )= ~i' t509 ! iy T T~ . A Ly a 'taOa In;
(2.17) < do(n") [.-,,Zz ay(t, 0, y")nn; 7 0.7) <,§2 a,;(t, 0,y )n,)

~ ' - n h / 2
+<1+M> 1{2 <ﬁ,~(t, 0.y)- 820 a6, O’y')>n’}2]l/ '

ﬁll(t’ 0’ y’) j=2 —dll(ts Oa yl)

Let us define u,, ,(x) recursively by the formulae

-

(2.18) Upir(x) = — Y ,C{AP(O, x: D)u,.,_j(x) + AP (O, x, D, )u,_i(x)}
=0
+f00,x)  (r=012"")
where
(L, =D} + A,(t, x: D,)D, + As(t, x: D,)

AD(t, x: &) = (DIA) (L, x, &)
(2.19) 3 0@, x) = (DI f)(t, x)

D, = % etc.

.

Definition. We say that the data {uy(x), u,(x), f(t, x), g(t, s)} satisfy the compatibility
conditions of infinite order provided that

AY AN
(2.20) <5> (By[ull)li=0 = <5) gli=o  (r=0,1,2,-).

Another of the main results in this paper is the following

Theorem. Assume the conditions (A.II) and (A.IV) for the problem (P.2). Then, for
any data uy(x), u;(x) € H*(Q), f(t, x) € EX(H*(RQ)) and ¢(t, s) € EX(H*(S)) which satisfy
the compatibility condition of infinite order, there is a unique solution of the problem (P.2)
which belongs to &7 (H*(£2)).

The plan of the proof of Theorem is essentially same as that of [23: §3 and
§4]. By the systematization of the problem (P.1) obtained in §3, we can get our
Theorem. Therefore, we omit the proof of Theorem in our paper.

Remark 5. Instead of the condition (A.IV), we assume the following condition
(A.V) for the problem (P.2):

(AV) (i) Reé(t,s)=0.
(i) There is a positive constant 6(0 < & < 3) such that

M Reé(ts,s)? = {Re b, s, m)}>
+ {Re &(t, s)-Im b(t, s, ) — Im &(t, s)- Re b(t, s, n)}2
for all (¢, s, ) € {(t,s,m) € [0, T] x S x {R"™* — v(s)}| Re &(t, s) > J}.
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@ o; and p are real valued functions and
&, s 2 b, s, n)
for all (¢, s,n) e {(t, s,n) e [0, T] x S x {R"™' — v(s)}|6 = Re é(t, s) = 0}.

Then, under the conditions (A.III) and (A.V), we obtain our Theorem by the results in
[23: §2] and in §3.

§3. A Systematization of the L2-well-posed Mixed Problem

In this section, we are concerned with the problem (P.1) under the conditions (A.I)
and (A.I), and discuss how to reduce the problem (P.1) to the mixed problem for
symmetric hyperbolic pseudo differential systems of first order with non-negative type
boundary condition.

We set
U, U, — u, + 24(p; ‘i‘h)“y
(31) U = UZ = Zl(ut + ux) + (pl + iql)uy
U, u,
and
Vi U, — Uy + zu,
(3.2) vo| V2 |o| Bl ) i
Vs U, — Uy + Wyu,

V4 w2(ut + ux) + uy

where u, — u,, —u,, =0, z;, z, and w, are complex constants, and p, and g, are real
constants which satisfy an inequality p? + ¢ < 1.

Lemma 3.1. U and V satisfy the following equations respectively

r

M, U, = A,U, + D, U,
1 0 —1 0
M, =| 1 . A= 1
B3 0 (+zP)n 0 (1—lzPn
0 Py —iqy ry
D, =(p; +iq, 0 Zyh
L r 1 —2r,{p, Rez; + q; Im z,}

and

(J-7053/K528/LMK/0599/pp. 86-87)
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(V,=4,V. + D,V,
—1 o 1 !
0 0
(3.4) < 1 10 {
4, = R o
@ -1 : 0 1
0O
|
L 1 10
where ry = 1 — p? — ¢2.
Proof. By simple calculations, we obtain Lemma 3.1. Q.E.D.

Remark 6. See [7] and [19] for (3.4) and [23] for (3.3).

Remark 7. By (2.7) and (2.9), the above systematization of the wave equation
U, — Uy, — Uy, = 0 enables us to treat the Cauchy problem and the mixed problem by
choosing parameters as appropriate functions or operators.

Now, by (2.9), we obtain
(3.5 oo(Ly) = & + dy(n')? — 2

for the principal symbol of the operator L, in (P.1) where

~ 1 n

&= —{all(ta x)E+ Y ayft, x)n; + hy(t, x)r}
Va1t x) i=2

~ hl(t’ X)Z 12 hl(ta x)2 e hl(t, X)
7= <1 + e x)> {r — <1 + 2 @) x)> j; (hj(t, x) — ~0 x)alj(t, x)) 11,}

51(77’) = l: Y a;(t, x)n;n; — Z ay(t, x)’?j)

r

(3.6) <

1
1,722 a(t, x) <j=2

hy(t, X2\ (& h,(t, x) 2712
(i) (oo -2 et [

From now on, we treat a systematization of the L?-well-posed mixed problem with real
boundary operators (P.1)

Ly[u] = f(t, x)
u(0, x) = uo(x), (0, x) = u,(x)

Bl [u:”xl=0 = g(ts xl)
(t,x)=(t,x,,x")e[0, T] x RL x R"1,

~

(P.1)

We separate it into two cases
(D I>ct,x')=0 for all (t, x") e [0, T] x R*!
(1) c(t,x')>4% for all (t, x') e [0, T] x R"71.
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Remark 8. The case (II) is a special one of the case which is already treated in

[23].

We set
_ hy(t, x)>\Y2 (0 hy(t, x)>\ !

3.7 Qo= (1 * a4 (t, x)> {E B (1 * ag,(t x))
K- 0 hi(t,x) & 0
(J’ZZ Ee X)a—xj - ay,(t, x) j; it X)a—x)}

and

(3.8) 0 -;{a (t x)i—}- i a, it x)i

‘ L Va11(t x) e 0x, = v 0x;

a ’
+ hy(t, x)a} + y(t, x').

Let Q, be a pseudo differential operator with respect to x' = (x,, -, x,) with the
symbol

n 1 n 2
(39) a(Q,) = i|: Z aij(t: x)”li”lj - m( Z alj(ta x)”lj)
11\%

. =2

i,j=2
2\ -1 n n 2 12
+ (1 +M> <Z hi(t, x)n; — (4 x) Y ay(t, x)n]) + 1} :
=2

ap(t, x) a1 (t, x) =

Then, we obtain

c(Ln+1)zm@irzc($ 0 +1)
=) f=)
for all (¢, x, n') € [0, T] x R% x R"! where C is a positive constant. Also, we set

bt x', 1) = 3 byt X' Inyfd(e, x', )
(3.10) =2
bilt, X' 1) = 3, bt X )yl(~i0(Q:) s, o)

where b(t, x', ') and d(t, x',n’) are the same functions as in (2.2), and d~,(11’)|x1=0 =
d(t, x', n').

Case (I); 1>c(t,x')=0forall(,x)e[0, T] x R*1,

By (2.6), (2.10) and (3.6), there is a smooth, real and symmetric (n — 1) X (n — 1)
matrix M(t, x) such that

(3.11) d(n')? ='n'Mn'
and
(3.12) M>0 forall (t,x)e[0,T]xR%

Where t’,,’ = (1125 T, ”n)
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Lemma 3.1. (Jacobi) There is a smooth and real (n — 1) x (n — 1) matrix N(t, x)
such that

a,(t, x).
(3.13) NMN =| () 0 >0
'.'a,,(t, x)
and
(3.14) C, > | det N(;, x)| > C,

for all (t, x) € [0, T] x R where C, and C, are positive constants.

Proof. See [3:p. 300-304]. Q.E.D.
Remark 9. N(t, x) and a,(t, x) are constant outside a compact set in [0, T] x R%.
We set
M = M(t, 0, x")
(3.15) N =N(,0,x)

Lemma 3.2. For c(t, x') and b(t, x, 1) in (2.2), we have

(3.16) ct, x'y 2 Y l;j(t, x')? for all (t,x')e[0, T] x R*!
=2
where
1
BN / &2 .
(3.17) (by, ", B,) = (by, -+, b,)N @
1
d,
Proof. Byd(t, x',n)? = Jl(nl)zlx1=09 we obtain
(3.18) d(t, x',n')* = "'n' My’
= (N 'NMNNy
=) N RR T 0)
=t(N_171/ @ @ (N—ln/)
&, dy
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where
n'="2""",1)
(3.19) e 0\ . 522
‘=10 N7y =| .
/3 L,

Then, we have

" UP)
(3.20) ZZ bj(t, x")n; = (b, "',b,.)( : )

| M
Lp)
=(b29”':bn)N.N_l
‘ Mn
L0
&2. &2. O ’72
=(b2,"',b,,)]\7 N1

) s
=(b2"“’bn) )
L

By (3.18), (3.19) and (3.20), we get
no_ 2

Y Bt ),
(3:21) bit,x',n')* = | —=

=z

for all (¢, x’, (') € [0, T] x R"™! x (R** — {0}). Therefore, by (2.1) and (3.21), we have

=

ct, x>z Y bit,x')?. Q.ED.
j=2

J

For the problem (P.1), we set

U, [ Qou— Qqu
U, z1(Qou + Qu)
3.22 U = =
(322 U, Q,u

U, u

where Q,, Q, and Q, are same operators as in (3.7), (3.8) and (3.9) respectively, and

T —ctx
(3.23) 2,(6 x') = /1_;;%'
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Then, we have

Theorem 3.3. The problem (P.1) is transformed into the system:

-

MU, = 4, U, + ) B;U, +D,Q,U +E,U + Fi(t, x)
=

(3.24) L UW©, x) = Uy(x)
P Ul =0 = G1(t, x')

(t,x)=(t, x;,x)e[0, T] x RL x R*!

where
! 0 ~1 0
hy (@, x)2\ 2 1 hy (6, %) 1
M1=<1+ 115 > @ 2 _ 1\bs @ 2%
a,(t, x) T4 e aq(t, x) T+
1 1
—1 0
1
Ay = /a1 x) @ 2c
1+¢
1
ay(t, x) hy(t, x)*\ 12
Y all(t’ x) ! * + all(t9 x)
i 0
hy(t, X) I
.(hj(t,x)_ 1\ alj(t,x)> @ 2 (j=2-",n)
all(t9x) 1+c
1
0 0 1 0
D. — 0 0 z O
11z, 00
0 0 0 1

E,---a 4 x 4 pseudo differential system which has the property that for o(E) = (e;),
the following conditions holds

(1) eylt, x, n) e C=([0, T] x R} x R™™)

(i) for any 0 = (0,, 0,, 65, 6,), there is a positive constant C§*? such that

) ) @) )

where {n'> = (Y G-, n} + 1)'2.

< Gy
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F, =%f,2,£,0,0)

25 ~ - ’oat
P = <1, —zy, —m 0) (br € 8°, a(by) = by(t, x', 1))
29(t, x")
= -7 4 T, T, € §°
G, 1+c(t,x')+ ol (Toe8°)

(3.25) (AU, Uy 2 —CLUs»%y,,  forall UeKer Py
and C is a positive constant.

Proof. By (3.3), (3.5) and the method in [11:p. 69, Lemma 2.4], we have (3.24). By
Ker P, 3 U, we obtain

1—¢ 2 noo
. U, = U. .R.
(3.26) 1 /1+c 2+1+c,-=2b’ ;Us

where bj(t, x) (j = 2,-+-, n) is the same as in (3.17),

R;e 50
(3.27) o(R;) = [/~ i0(Q)] o)
¥ o(R)? <1

and {; (j =2, -, n)is the same as in (3.19). Then, we have for U € Ker P;
(3.28) I={4,U,U)

2
gf \/au(r,o,x')-{—|U1|2+1U2|2+1 "C|U312}dx'.
Rn-t

+
Also, by (3.16), we get that
{(t, x")e@t, x') = 0} = {(t, x')|b,(t, x') = -~ = by(t, x') = 0} .
Therefore, we obtain by (3.16)

—c 2 &
U. R,
' l+c 2+1+c,-;2”

(3.29)

c )
. —“R;U.
T 14 Jl+e l+c J;zc”
4 - 2
(1 +c)2 Z beJ'U3
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2¢(1 —¢) + 4c? z": R,U,?

§|U2|2+ (1+C)2
j=2

= U + i

1+cis
By (3.28) and (3.29), we have

2c
(3.30) Iz L"_l Va11(8 0, x) - T {|U3|2 Zz |RjU3|2} dx

Here, we set

a;1(8 0, x)-c(t, x')

2
(3.31) ot x') = L+ et x)

Then, we obtain
(3.32) f 0|RJ-U3}2 dx’ = {OR;Us, R;U3 >
Rn-1

= <0R7RjU3’ U3> + <Rj1 U3, U3> (le € S_l)
= <9SJU35 U3> + <Sjl U3, U3> (Sjl € S_l)

where
a(8) =} (—i0(Q2)lx,=0)* = o(R;)?
(3.33) n n
Z = Z oR)*=1.
By (3.30), (3.32), (3.33) and the sharp form of the Garding inequality (see [11]), we have
(3.25). Q.E.D.

To estimate U, , we have

Corellary 3.4. The following equality holds for U in (3.22)

(3.34) MU =AU + ZZBUJ'U"J +D,,0,U+E,,U + Fy,
=
where
-1 @
hy (8, x)2\ 2 b, 1
M“=<1+ X x)) )
ap,(t, x) Jag(t, x) @ 1

1 0

Ay =Vaq (%) @ )
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. 2\ —1/2
By, = a1,{t: ) A + <1 + h(t, ) > '<hj(t, x) — ha(t, x) ayt, x)>I

ag4(t, x) a(t, x) a(t, x)
(.22’.‘.”1)
00 1 0
00 z, 0
D= |y o gu o ©8es)
33
00 0 O

E;,...a 4 x 4 pseudo differential system with the same property as E;

and
Fll =F1.

Proof. Operating the pseudo differential operator Q, for U; = Qou — Q,u, we
have

g 2\ 1/2 h g 0
039 QU =g (14 BT MED B o el 0T
X1

apy(t, x) Jai(t, x)
where
(1 MG\ by, x) 0
(3.36) T, = <1 + a1 x)> JZ {h (t, x) — e )a 146 x)}a—xj

n

0
W z alj(t, x)a—y(t,x').
11 - J

Therefore, we obtain

(3.37) {<1+h1(t’x)2>m— ht )}—(Qzu)

a4, x) ay,(t,x)) 0

0
= Jau, X)K(Qzu) +Q,U;

1

hy(t, x)z>1/z hy(t, x) }] ou

_ 1 _ &

[QZ’ {< T a9 a,,(6, %)) Jot

hy (2, x)2>”2 hy(t, %) }
1 - t
+{< +a11(t, x) a(t, x) Qo

+ [Q2, a1:(5, x ] —Va11Q25,u — T10,u — [Q,, T Ju.

Then, we have Corollary 3.4. Q.E.D.
Case (II;: c(t,x’)>% forall (t,x")e[0, T] x R"'.
We set
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U, Qou — Q u + pQyu
U, Qot + Q1u + pQ,u
U Q,u

(3.38) U=) U, | =\ Qou—Qiu+z,pQ,u
Us z,(Qou + Qyu) + pQru
Us Q,u
U, ou

where ¢ is a positive constant, p is a pseudo differential operator with respect to
x' = (x,,..., X,) Whose symbol is equal to

b bl ,! !
(339) o(p) = LX)
c(t, x")
and
c(t,x')—1
4 i R
(3.40) Z, ) 1
By (2.1) and (3.40), we have
(3.41) inf {1—a(p)?} =0
(t,x',n')e[0,T]xRn-1 xRn-1
and
(3.42) sup lz,] < 1.

(t,x")e[0, TIxRn-1

Then, we obtain the following

Theorem 3.5. The problem (P.1) is transformed into the system

-

M2l]t = Azle + Z szUxJ + D2Q2U + E2U + Fz(t, x)
Jj=2

(343 < U0, x) = Up(x)
PZ U|x1=0 = Gz(t, x’)

[0 e[0, T] x RE

where

. 2r
2\ 12
M, = (1 UL ) 1

ap(t, x)

0 (A + |z
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-1
1 0
0
hl(t,x) 1
ag(t, x) 1
@ (1 = [z, /*)r
1
—1
i 0
0
A, = Ja(t x): -1
1
0 (1 — |z,)r
1
hl(t9 x) hl(t’ x)2 iz hi(ta X) )
B,. = A 1+ — hi(t, x) — ai(t, x) ) .
= a0y, ) 2+< Tann) YT g
1
i 0
2r
1 (j=2",n
1
0 (1 + 1z,
1
0 p r i
p O r | @
r r —2pr ‘l
[
e
D, = L0 p r 0
@ 'p O z,r 0
{ r z,r —2rpz, 0
" 0 0 0 0
r---a pseudo differential operator with respect to x' =(x,, ", Xx,) whose

symbol is equal to 1 — o(p)>.
E,---a 7 x 7 pseudo differential system with the same property as E.

F2=t(faf>07f’22f5070)

P_1zzooooo
20 0 01100

' 2g 29
G=(-—— Ty T 0
2 < ct,x')+ 1 + L, c(t,x')+ 1 + 2u> (T, € 5%)
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(3.44) (AU, U Y 2 —C{KU3s D2 + KUsH2 1} forall UeKerP,
and C is a positive constant.
Proof. See [23:p. 261-263]. Q.ED.

Corollary 3.6. For all U in (3.38), there are positive constants o, and C such that
for all ¢ = a,

(3.45) (MU, U) =2 C(U, V)
where o is the same constant in (3.38).
Proof. See [23:p. 263-264]. Q.E.D.

Remark 10. For all U in (3.38), there are positive constants a;, C; and C, such
that for all ¢ = 0,

(MZ Un Ut) ; Cl (”unnz + 21 ”uxjt”2> - CZ(Ua U)
(3.46) ’
(MU, U,) 2 C <uu,x,u2 +3 ||ux,<xj||2> ~GU,U)  (j=2,-,n).

To estimate U, , we have

Corollary 3.7. The following equality holds for U in (3.38):

(3:47) M, U, = A5, Uy, + Zz By1;Us, + D31 QU + Ej U + Fyy
=

where

_11 @

1
hy(t, x)2>1/2 hy(t, x)
My, =(1+ - -1
2 ( a1 (t, x) a4t x) 1
@ 1
1
-1
: )
1
Ay, =\/a11(t, x) -1
1
0 1
1
_ayt,0) G x)2>-1/2 <h't ELNCE x>1
21j—011(t, X)AZ1 * +al1(t, x) (1) a,(t, x) 1t )

(j=2-".n)
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O p r
p O r | @
1 0 d3 |
|
D, = L0 p o | dReSY
@ 3p022r0
1.0 d2 0
L 00 0 O

E,,---a 7 x 7 pseudo differential system with the same property as E,

and
F,,=F,.
Proof. Operating the pseudo differential operator Q, for U; = Qou — @ u + p;Q,u
and U, = Qou — Q,u + z,pQ,u, we obtain Corollary 3.7. Q.E.D.
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