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A Systematization of the L2-well-posed Mixed Problem and Its
Applications to the Mixed Problem for Weakly Hyperbolic

Equations of Second Order (II)

By

Masaru TANIGUCHI*

Introduction

In [23], we obtained a complete systematization of the L2-well-posed mixed prob-
lem for regularly hyperbolic equations of second order. But we could not get an
applicable one under the condition (A!I0) (see [23: p. 251]). In this paper, we have a
useful systematization for the above problem with real boundary operators. In (P.I) in
§2, the boundary operator B1 has the following form related to Lx in (P.I), (2.5) and
(2.9),

- /? (xr = (x» '- x}}p {A, 1^2* 5 •A'n/J
(. U*l J

where V^T^ h a is the natural normal operator of L1? and oc and j8 are first order
ox1

real vector fields tangential to F= [0, T] x E""1. By the condition (2.1) for bfa xf)
and c(t, xf) in (P.I), we have the general oblique boundary operator Bl9 which gives the
L2-well-posed problem.

We have two main results in our paper. One of them is that we are able to obtain
a complete and applicable systematization of the L2-well-posed mixed problem for
regularly hyperbolic equations of second order with real boundary operators. Another
of them is that by this systematization, we prove that a mixed problem (P.2) for weakly
hyperbolic equations of second order degenerating on the initial surface, is C°°-well-
posed. To obtain C°°-well-posedness, we use the energy estimate. By the above sys-
tematization, we reduce our mixed problem to the problem with non-negative type
boundary condition for symmetric hyperbolic pseudo differential systems of first order,
and obtain the energy estimate. This systematization which was discovered in [7],
[19], [20: Cor.], [21] and [23], is further developed in our paper. Also, our system-
atization is used in [22] and [24].

As for the other systematization on the Cauchy problem and the mixed problem for
hyperbolic equations, we can refer to [4], [5], [12], and [13]. Also, as for the other
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result on the mixed problem for hyperbolic equations degenerating on the initial surface,
we can refer to [1], [2], [6], [8], [9], [10], [17] and [18].

An outline of this paper is as follows. In §1, we give the notation. In §2, we
state the problem and the result. In §3, we discuss a systematization of the L2-well-
posed mixed problem with real boundary operators.

Seeing that a mixed problem for degenerate hyperbolic equation of second order
can be derived from the result in §3 by the procedure used in [23: §3 and §4], we shall
treat only the systematization of the L2-well-posed mixed problem.

§ 1. Notation

( i ) l |K| |m , j) . . . the norm of the Sobolev space Hm(D).
( ii ) u(t) e &l(E)... u(t) is r-times continuously differentiate in t as E-valued

function.

(iv ) ( , ) . . . the inner product in L2(M+).
( v ) < , > . . . the inner product in L2(RII~1).
( v i ) |M|* = NI£.R«, \\u\\2 = \\u\\l
(vii) «M»2 = H|;|;iRn-i, «n»2 = «M»Q.
(viii) Sm = {p(t, xl9 x', ri') e C°°([05 T] x R* x I""1 x E"'1) : for any d = (Ol9 B2,

03, 04), there is a constant Ce such that

d
^7 1517 Pdtj \dxj \dx

where x' = (x2,
 m",xn) and <^'> = (Xj=2 *!? + 1)1/2}-

( i x ) S^.-.the set of the pseudo differential operator with respect to x' =
(x 2 5 ' ' ' 5 xn) with its symbol p e Sm.

§ 20 Statement of the Problem and the

We consider the mixed problem

(P.I)

.Su " du
+ a0(t9 x)—-+} aAt, x)- h d(t9.dt j=i dXj

w(0, x) = UQ(X\ ut(09 x) = Ui(x)

< n n du

flii(t,0,Jc')-5—

flu(t, 0, x ' ) - - + ft^t, 0, x')
j=2 GXj

A ,, ,.3u . ,E fy(t.x')— -eft.*'
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h (t H Yr\2\~1 n

t, x) = (t, xl9 x') e [0, T] x Rj. x R"'1

where x = (x l9 x2, • • • , xn), x' = (x2, • • • , xn), n ^ 2, T is a positive constant, the coeffi-
cients Ay, aij9 a0, dj and J belong to ^([0, T] x R+) and are constant outside a compact
set in [0, T] x KJT, the coefficients bj9 c and y belong to ^([0? T] x Rn-1) and are
constant outside a compact set in [0, T] x R""1, and explain how to reduce the
problem (P.I) to the mixed problem for symmetric hyperbolic pseudo differential systems
of first order with non-negative type boundary condition.

We assume the following conditions for the problem (P.I) :
(A.I) The operator Ll is regularly hyperbolic on [0, T] x R+ and a 1 1( t ,x)>0

on [0, T] x R^T.
(All) The functions fy and c are real valued functions on [0, T] x R""1, and the

following inequalities hold,

\c(t9 x')2 ^ b(t9 x', rj')2

for all (t, x', ri') e [0, T] x R*-1 x (R"'1 - {0}) where

n

b(t, x', ri') = ^ bj(t, x')rjj/d(t, x', rj')
J=2

(2.2)

d(t,x',r,') = \ X fl(,(t,0,x') 1

&2 t}" ' "iy an(t,0,x')

1/2

The result in § 3 is that we are able to obtain a complete and useful systematization
of the problem (P.I) under the conditions (A.I) and (All). This result is one of the
main results in our paper. The explicit representation of the systematization is men-
tioned in §3.

Remark 1. Assume the condition (A.I) and that b-3 and c are real valued functions.
Then, the problem (P.I) is L2-well-posed if and only if (2.1) holds (see [15]).

Remark 2. Assume the condition (A.I). Then, the problem (P.I) is L2-well-posed
if and only if the following condition (A.IF) holds,
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(A.IF) (I) If | Re p\ + | Re q\ =£ 0, the inequalities hold :

(2.3)
{Re c(r, x')}2 £ {Re b(t, x'9 n'}

- Im c(t, x') • Re b(t, x', i/')}2.

(ii) If | Re p| + | Re q\ = 0, the inequality holds :

(2.4) 1 + {Im c(t, x')}2 > {Im b(t, x', rf)}2

where b is the same function as in (2.2), p = c(t, x') + b(t, x', rf) and q

Now, we explain the condition (A.II0) in the introduction. The condition (A.II0) is
as follows,
(A.II0) (i) The condition (A.IF) holds.

(ii) There is a sufficiently small positive constant d0 such that Re c(t, x') =£ 0
and ^0 > Re c(t, x') ^ 0.

Let M be

1

d2

If M is regularly hyperbolic with respect to t, we have

(2.6)

\2

7') = Z PuWj + ( Z Wj

A^; + «i Z
j=2 j=2

(2.7) ff(M) =

where

(2.8)

j=2

I* = (Ai + «?)w • * + (ft i + ^f)"1 Z ft^y + «i Zj=2 ;=2
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This representation (2.8) corresponds to the symbol of the wave equation £ 2 +
Xjf=2 ' / /~~ T2> anc* *s usec* to °btain the energy estimate for the Cauchy problem.
Moreover, if /?x l > 0, we obtain

(2.9) a(M) = 12 + d(vf)2 - f2

where

(2.10)

l/2

- I + - s'^- i 1 7 = 2

f n 1 / n

)= I ft^-g-(ZMj
L^J=2 P l l \ J = 2

2 \ -1 / „ n \ 2-11/2

This representation (2.9) is used to obtain the energy estimate for the mixed problem.
Nextly, we treat the mixed problem for weakly hyperbolic equations of second

order

(P.2)

tdXj

du n du+ a0(t, x)— + tk~l X aj(t> x)r~
(7f j=i {7Xj

M(0, X) = M0W> wr(°' *) = wl W

-1/2

)+k V (. \ ( \SU f ^ \8U

•It" y a^t,s)vt(s)— -

)— + y(t, S)M|, = ff(f, s)
or

t, x) e (0, T) x fi

and prove the existence and uniqueness theorem for smooth solutions where Q is a
bounded domain in W1 (n ^ 2) with smooth boundary S = dQ, x = (x1? • • • , xn), T is a
positive constant, k is a positive integer, the coefficients h^ aip aQ, a^ and d e
&([Q, T] x Q\ the coefficients a,-, ̂  and 7 e «([0, T] x S), s 6 S, v(s) = (v^s), • • • , vn(s)) is
the inner unit normal at s and v • a = ]T J=1 Vj(s) • aj(s) = 0.
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We

(2.11) <

set

A
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O ( *> ^^^ = ̂ 2-2 Z W*

8 d \ f " )~1/2

The functions c(£, s) and b(t, s, rj) are determined by

(2. 12) Bo(t, s, T, §v(s) + >/) = | + &(t, s, r,) • d0(r,) - c(t, s) • f

where

i f " ] ~1/2 3
= -^1 Z fl</Mh(s)vXs)> — LO(£,S,T, ^v(s) + »7)

^ (.i,j=i J oc

(2.13)

Y)

v-n !/2

W>

• — {L0(t, s, T, fv(s) + fy) + ^(t, s, T, <^v(s) +

+-JA

= (^ - I2 - L0(t, s, T, {v(s) +

_{(AY-XB)2 Y2

~ \X(X + A2) ~ ~Y +

= Z a«(r' s)vt(s)vj(4 ^ = E fl«/(r' s)vt(s)^-'
i,j=l i,j=l

n= Z a<j(t> tiwj
ij=l

for all 5 e R1 and all y/ e (Mn - (v(s)}) satisfying ^"=1 v/s)^ = 0.

Remark 3. In (2.13), f is independent of £, and J0(^) depends on only r, s and rj.

We assume the following conditions for the problem (P.2) :
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(A.III) The operator L0 in (2.11) is regularly hyperbolic on [0, T] x Q and

Z?,j=i fly(*> s)vi(s)v/s) > ° on [°> rl x 5-
(A.IV) (i) otj and /? are real valued functions.

(iii) c(t, s)2 ^ b(t, s, r,)2

where c and b are same functions as in (2.12).

Remark 4. By (A.III), we have that hj and atj are real valued functions, and
d0(ri)2 > 0. Therefore, by (A.IV)-(i), we obtain that c and b are real valued functions.
Also, by (A.III) and (A.IV), the problem (P.2) is L2-well-posed for t > 0. (see [16]).

Now, for any s e S, we have a smooth coordinate transformation *F\ V —> W such
that

(i) *F(s0) = y0 = (0, y'0) = (0, j;02, • • •, y0n).
(ii) V and PF are neighborhoods of s0 and y0 respectively.
(iii) ¥: V -> P^ is a bijection.
(iv) 'F(FnO) = PrnM"+, Rw

+ = (3; = ( y l 9 y 2 9 ~-9yn)\yi > 0}.

(vi) L2 is transformed into L2 where

(2.14) L2 = |y - 2t* Y *,(*. ̂ irV - f2" I «y(f> v>-^—v 7 z P^2 .̂ -f J v ' - / / ^ ^ p , , .4-'. yv 9 .

d _ n d
So(t, y)^r + tk-1 I aj(t, y)— + d(t, y)

for all (t, y) E [0, T] x
And

(vii) B2 is transformed into B2 where

^t, 0, /) + t* 6,.(t, /) - c(t, y')
dt j-=2 oyj

^* I z (4. A ,.n

for all (t, 0, y') e [0, T] x (W^W1'1) (see [14: p. 484-485]).
Then, by (A.III) and (A.IV), we have

for all (t, /, ^) e [0, T] x (Mm IT'1) x (E"'1 - {0}) where
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b(t, y', n') = E b}(t, y')rij/d0(ri')
3=2

(2.17) [
. / 'n 1 / n

i 7=2 a\ i \tj 0, v ) V /=2
211/2

^"
Let us define ur+2(^) recursively by the formulae

(2.18) u,+2(x) = - £ rC,{A$»(Q, x: />,)«,«-,(*) + A«(0, x,

where
' L2 = D(

2 + Ai(t, x: Dx)Dt + A2(t, x: Dx)

(2.19)

t, x: 0 =

~

DeinltIoK0 We say that the data (ti0(x)9M1(x)5/(t?x)3^(t?s)} satisfy the compatibility
conditions of infinite order provided that

(2.20) (0(B2MI.)U = (00l<=o (r = 0, 1, 2, • • • ) .

Another of the main results In this paper Is the following :

Theorem,, Assume the conditions (A.III) and (A.IV) for the problem (P.2). Then, for
any data MO(X), u{(x) e H°°(O), /(t, x) e ff?(H™(Q)) and g(t, s) e £?(H"(S)) which satisfy
the compatibility condition of infinite order, there is a unique solution of the problem (P.2)
which belongs to £?> (H™ (Q)).

The plan of the proof of Theorem is essentially same as that of [23: §3 and
§4]. By the systematization of the problem (P.I) obtained In §3, we can get our
Theorem. Therefore, we omit the proof of Theorem in our paper.

Remark 5. Instead of the condition (A.IV), we assume the following condition
(A.V) for the problem (P.2):

(A.V) (i) Rec(t ,s)^0.
(ii) There is a positive constant <5(0 < <5 < j) such that

® Re c(t, s)2 ^ {Re b(t, s, rj)}2

+ (Re c(t, s) - Im b(t, s, q) - Im c(t, s) • Re b(t, s,rj)}2

for all (r, s, rj) e {(t, s, r]) E [0, T] x S x {R"'1 - v(s)}\ Re c(t, s) > 6}.
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(2) a,- and J3 are real valued functions and

for all (r, s, 77) e {(t, 5, ??) e [0, T] x S x {ft""1 - v(s)}\8 ^ Re c(t, s) ̂  0}.

Then, under the conditions (A.III) and (A.V), we obtain our Theorem by the results in
[23: §2] and in §3.

§3. A Systemattzation of the I,2-well-posed Mixed Problem

In this section, we are concerned with the problem (P.I) under the conditions (A.I)
and (A.II), and discuss how to reduce the problem (P.I) to the mixed problem for
symmetric hyperbolic pseudo differential systems of first order with non-negative type
boundary condition.

We set

IUA / ut-ux + z1(pl~iq1)uy

(3.1) U = \U2 = Zl(ut + iix) + (Pl + iqju,
\uj \

and

/^i
(3.2) V = , + «,)-

ut-ux + w2uy

\w2(ut + ux) + uy

where utt — uxx — uyy = 0, zl5 z2 and w2 are complex constants, and pl and q± are real
constants which satisfy an inequality pl + q\ ^ 1.

Lemma 3.1. U and V satisfy the following equations respectively :

(3.3)

^ -2r1{p1Rez1 +qllmzl}

and

(J-7053/K528/LMK/0599/pp. 86-87)
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/O 1

1 0

A
\ U

0 ^

0 1

1 O/

(3.4)

" ~ = " o -i

where rx = 1 — pi — q\.

Proof. By simple calculations, we obtain Lemma 3.1 . Q.E.D.

Remark 6. See [7] and [19] for (3.4) and [23] for (3.3).

Remark 7. By (2.7) and (2.9), the above systematization of the wave equation
utt ~ uxx — uyy = 0 enables us to treat the Cauchy problem and the mixed problem by
choosing parameters as appropriate functions or operators.

Now, by (2.9), we obtain

(3.5) o-0(LJ = I2 + &MY ~ %2

for the principal symbol of the operator L1 in (P.I) where

1 I V
j=2

(3.6)
au(r,x)

r n i / n
*ifo') = I flyfc X)^^J ~ ,, (t YJ I *ufc

L£,j=2 f lllU»^)\j=2

1/2

From now on, we treat a systematization of the L2-well-posed mixed problem with real
boundary operators (P.I)

**((), x) = MO(X), ut(Q, x) = M!(X)

Jt, x) = (t, xi9 xr) e [0, T] x Ej" x R"'1

We separate it into two cases :

(I) \ > c(t, xf) ^ 0 for all (t, x') e [0, T] x

(II) c(t, x') > i for all (t, x') e [0, T] x
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Remark 8. The case (II) is a special one of the case which is already treated in
[23].

We set
l/2

and

(3.8)

Let Q2 be a pseudo differential operator with respect to x' = (x2, • • • , xn) with the
symbol

= if £ fltf(t, x)wj -- i— C £ au(t, x)ty
L'-J=2 f l l lU' X)V=2

(3.9) ff(
'-J=2 f l l l ' X V = 2 /

2 11/2

j=2

Then, we obtain

c( Z i// + 1) ̂  ^(G2)l2 £ c-1 ^/ + i
\J=2 /

for all (r, x, 77') e [0, T] x R+ x R""1 where C is a positive constant. Also, we set

(3.10)

where b ( t , x \ r j f ) and d(t,x',r\') are the same functions as in (2.2), and d/(f?')|Xl=o =
d(t, x', yy ;).

Case (I): \ > c(t, x') ^ 0 for all (r, x') E [0, T] x R"-1 .

By (2.6), (2.10) and (3.6), there is a smooth, real and symmetric (n — 1) x (n — 1)
matrix M(t, x) such that

(3.11) dM)2 = VMiy'

and

(3.12) M>0 for all (t, x) E [0, T] x R^

where Y = (iy2, - • • , ? / „ ) .
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Lemma 3.1. (Jacobi) There is a smooth and real (n — 1) x (n — 1) matrix N(t, x)
such that

(3.13) tNMN = \
\ v

an(£, x),

and

(3.14) d > | det N(t, x)| > C2

for all (t, x) e [0, T] x E+ where C1 and C2 are positive constants.

Proof. See [3 : p. 300-304]. Q.E.D.

Remark 9. JV(f, x) and «,-(£, x) are constant outside a compact set in [0, T] x E+.
We set

f M = M(t, 0, x')
(3.15) J N = N(t,Q, x')

[ a,- = a/f, 0, x') (7 = 2, • • • , * ! ) .

Lemma 32. For c(t, x') and b(t, x', ?;') iw (2.2), we have

(3.16) c(f, x')2 ^ X ¥f' x')2 for a11 (^ x/) e [°> rl x 1"~1

w/iere

. . r°*'\ o
(3.17)

1

Va*

Proo/. By rf(t? x', rj')2 = dr(rif)2\Xl=o, we obtain

(3.18) d(t,x\ri')2 = tr\'Mri'

='(Ary) •'AT • M • iv • (Any)
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where

(3.19)

Then, we have

(3.20) £ bj(t,

\1nl

= (b2,---,bn)N AT1! \

,V

«,/

C-/

By (3.18), (3.19) and (3.20), we get

Zfyf,x ')
(3.21)

for all (t, x', C') e [0, T] x R"'1 x (R"'1 - {0}). Therefore, by (2.1) and (3.21), we have

c(t, x')2 ^ Z ^ x')2 • Q.E.D.

For the problem (P.I), we set

(3-22) tf= „ ,-, ^

UJ \ u

where g0, 61 and Q2
 are same operators as in (3.7), (3.8) and (3.9) respectively, and

(3.23) z1(t,x')=./!7c!!>x!!-
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Then, we have

Theorem 33. The problem (P.I) is transformed into the system:

(3.24)

w/iere

Mt 17, = A,UXi + £ B^l/ + D1Q2U + E1U + F^t, x)
j=2

C/(0, x) = t/0(x)

(f, x) = (t, xi; x') e [0, T] x li x"'1

/!

1= 1+^fliifc x)

1
2

*i(t, *)

1 +c /fln^x)

\ ly

-1
1

2c
1 +c

1

AI =Jall(t,x)

/-i U \
1

2c
1 + c

\ I/
tf ff Y^ / h (t Y^2V1/2

fly = fy^^l + h+^^.J
i

1
2

1 +c
1

(7 = 2, -,n)

£t • • • a 4 x 4 pseudo differential system which has the property that for a(E)
f/je following conditions holds :

(i) e;y(r, x, //) e C=°([0, T] x Rl x R""1)
(ii) for any 6 = (0l5 62, 93, 64), there is a positive constant C$'J) such that

5 Y ' /d
^ U^J e«

where <»?'> = (B=2?7? + 1)1/2.
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F1 = '(/, *!/, 0, 0)

P, = (l, -zt, - 2b' Q] (bf 6 S°, *(£,) = Mt, «', r,'))
\ * ' £(^5 ^ / /

(3.25) <^! C7, [/> ^ -C«[/3»
2_1/2 /or aH C7 e Ker Px

a/t^ C is a positive constant.

Proof. By (3.3), (3.5) and the method in [11 : p. 69, Lemma 2.4], we have (3.24). By
Ker P1 3 17, we obtain

(3.26) l/1

where bj(t, x) (j = 2, • • •, n) is the same as in (3.17),

" LeS°

(3.27)

ff

7=2

and Cj ( 7 = 2, • • • , n) is the same as in (3.19). Then, we have for U E Ker Pt

(3.28) / = <X!l7, £/>

Rn-l (. I + C

Also, by (3.16), we get that

{(t, x')\c(t, x') = 0} s {(t, x')|62(t, x') = • • • = ftB(t, x') = 0}

Therefore, we obtain by (3.16)

(3.29)
2

(1 + Z ^j=2
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2 , 2c(l-c) + 4c2 "

By (3.28) and (3.29), we have

(3.30)
JRn-l 1 +C t J=2

Here, we set

(3.31) 0(t,x')= va ip , x ) - c ( t 9 x ) ^

Then, we obtain

f
(3.32) 0\RjU3\

2 dx' = <ORjU3, R}U3y

= (9RfRjU3, 1/3 > 4- (Rn t/3, 1/3> (% e -

/ / 3 C ' F r FT\ i /C* FT FT\ /C* /— C"—1 ̂— S.C/ iJ . -Lya, w-a / "i \ i 3 , ' - i L / o , f U ' ' 3 / I i 3 ; i t c 5 I

where

(333) •- =z /(^sl.
By (3.30), (3.32), (3.33) and the sharp form of the Garding inequality (see [11]), we have
(3.25). Q.E.D.

To estimate UXi, we have

Corollary 3.4 The following equality holds for U in (3.22) :

n

,>\
1

I/
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aij(t, x) / Mt.xJT"2 ( h,(t, x)
— / — ;Au + 1 H -- ; — r ' h,(t, x) -- - — ra l f-(t, x)
an(t,x) V fliifo*)/ V flufcx)

0 0 1 0 ^
0 0 z, 0
i o 4^ o
0 0 0 0

Ell... a 4 x 4 pseudo differential system with the same property as E1

and

Proof. Operating the pseudo differential operator Q2 for U^ = Q0u — Qlu, we
have

(3.35,

where

/7 Tf Y^2\~1/2 n ( h (t Y^

, x)* flnt,x ' '
1

(3.36) 7i = ( 1 + fclfc*M ^ JT Jfyfc X) - ^ l ( f ;X)
 fllj.fe .

V ^llv.^5 )/ j=2 ( 11\ 9 /

M ^

Za^x)— -y(t ,x ' ) -

Therefore, we obtain

(3.37)

, —

du
~dt

Then, we have Corollary 3.4. Q.E.D.

Case (II): c(t, x') > i for all (t, x') e [0, T] x R"'1 .

We set
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(3.38) U =

/I/A / Q0u-QlU + pQ2u \

I U2\ I Q0u + Q!U + pQ2u \

where a is a positive constant, p is a pseudo differential operator with respect to
x' = (x2, . . . 5 xn) whose symbol is equal to

and

(3.40) z2^f -:;-;.
c(t,x')+l

By (2.1) and (3.40), we have

(3.41) inf {1 - a(p)2} ^ 0
(r,jc',rne[0,T]xR»-ix!l"-i

and

(3.42) sup |z2| < 1 .
(t , jc')e[0,r]xR"-i

Then, we obtain the following

Theorem 33. The problem (P.I) is transformed into the system

(3.43)

where

M2U, = A2UXl + X B2jU +D2Q2U + E2U + F2(t,.
J=2

17(0, x) = t/0(x)
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/-1

/I

2r
1

1

\ \s V1 ~r K2l ;'

\ i/
'0 p r j \

p ° r ! 0

(; = 2, • • - , « )

r r — 2pr

0
\

0

p
r

0

V-*'

P

0
z2r

0

r

^2^*

-2rpz2

0

0
0
0
0

r-'-a pseudo differential operator with respect to x' = (x2, • • • , xn) whose
symbol is equal to 1 — o(p)2.
E2"-al x 1 pseudo differential system with the same property as E±.

1 z2 0 0 0 0
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(3.44) C42[/, [/>^-C{«L/3»2_1/2 + «L/6»
2_1/2} for all U e Ker P2

and C is a positive constant.

Proof. See [23 : p. 261-263]. Q.E.D.

Corollary 3.6. For all U in (3.38), there are positive constants cr0 and C such that
for all a ^ CTO

(3.45) (M2U,U)^C(U,U)

where a is the same constant in (3.38).

Proof. See [23 : p. 263-264]. Q.E.D.

Remark 10. For all U in (3.38), there are positive constants a±, Q and C2 such
that for all a ^ o^

(3.46)

(, I/,) ^ Q \\utt\\
2 + ; | | u | | - C2(t7, I/)

(M2 1/, I/) ^ Q ||u(;t||
2 + H u H 2 - C2(U, U) (j = 2, • • • , n).

To estimate £7^, we have

Corollary 3.7, The following equality holds for U in (3.38):

(3.47) M21Ut = A21UXi + £ B2ijUX + 1)2162U + ^21^ +

M21 =(l + * t'X J /--?M

^21 = v/au( f>*)

\

/" , 0 \

1
1

1

1

\ " ' ' , /



THE L2-WELL-POSED MIXED PROBLEM 99

/O

p
1

\\

p
0
0

r
r

4?

0

p
i
0

1

p
0
0
0

r 0
z2r 0

426 o
0 0

£21 • • • a 7 x 7 pseudo differential system with the same property as £x

and

F2l = F2

Proof. Operating the pseudo differential operator Q2 for Ul = Q0u — Qvu + piQ2u
and U4 = Q0u — Q±u + z2pQ2u, we obtain Corollary 3.7. Q.E.D.
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