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Solvability in Distributions for a Class of Singular
Differential Operators, I1I

By

Hidetoshi TAHARA*

We say that a linear partial differential equation Pu = f is locally solvable in &’ at
p, if for any f € &' there exists a u € 2’ such that Pu = f holds near p. The following is
one of the most fundamental problems: under what condition is Pu = f locally solvable
in 2'?

When P is non-singular, this problem has been studied by many authors (for
example, see the survey in [6, Chapter 26]). When P is singular, in [14, 15, 16] the
author has established the local solvability in &’ for singular differential operators of
various types: in [14] for operators of Fuchsian type, in [15] for operators of non-
Fuchsian hyperbolic type, and in [16] for operators of non-Fuchsian elliptic type.

In this paper, the author will establish the local solvability in 2’ for a class of
non-Fuchsian singular partial differential operators under much more general condition.

It should be noted that the following cases were already treated as to the local
solvability for singular differential operators P. When P is a Fuchsian operator of
hyperbolic type, the solvability in C®, @' or # (where # means the set of all hyperfunc-
tions) was discussed in [1, 2, 3, 4, 5, 11, 12]. When P is a Fuchsian operator of elliptic
type, the solvability in # was discussed in [9]. When P is a non-Fuchsian operator of
hyperbolic type, the solvability in C* was discussed in [10, 13]. See also [7].

By the author’s results (in [14, 15, 16] and this paper), we can conclude that the
class of operators for which the local solvability in 2’ is valid is much wider than the
class of Fuchsian operators.

§1. Main Theorem

Let (¢, x) = (¢, x4, -.., X,) € R, x R} and let us consider

(1.1) P=(@0)"+ I a,(t x)(t3,)0F,
j+Jaz|§m
Jj<m

where me {1, 2,...}, 6, =0/0t, 0, =(9/0xy,...,0/0x,), o= (oty,...,0,)€{0,1,2,...}",
lo| = oy + -+ + o, 05 = (0/0x1)" ...(0/0x,)™, and the coefficients a;,(t, x) (j + |a| < m
and j < m) are C* functions defined in an open neighborhood U of (0, 0) in R, x R™.
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Denote by 2'(U) the set of all distributions in (¢, x) defined on U. Put p(z, £) and
2 as follows:

12 pr, &) ="+ 3 4,0, 07/¢",
j+,|zl;m
(1.3) Z={r¢eR, x RE plr, &) = 0}

Assume the following three conditions:
(A-1) When j + |a| = m, a; ,(t, x) is real-valued on U.
(A2) ZN{0,&)eR, x R E %0} = &,

(A-3) (Z—f) (z, &) 0, when (0, 0) % (5, &) € Z.

Note that P is not of Fuchsian type in t (by (A-2) and (A-3)).
Then, we can state our main theorem as follows.

Theorem 1. Let P be the operator in (1.1). Assume (A-1), (A-2) and (A-3). Then,
for any f(t, x)(=f)e D' (U) there exists a u(t, x)(=u) e 2'(U) such that Pu= f holds
near the origin (0, 0) in R, x R%; that is, Pu = f is locally solvable in 2' at (0, 0).

As a special case, we have

Corollary. Let P be the operator in (1.1). Assume (A-1) and the following: for any
¢ e R}\{0} the equation p(4, £) = 0 (in A € C) has only simple and non-zero roots. Then,
Pu = f is locally solvable in 2’ at (0, 0).

Remark. More precisely, we can see the following result. For any keZ,
(={0,1,2,...}) there are j, € Z, and an open neighborhood U, of (0,0) in R, x R}
which satisfy the following: for any fe H™*(U,) there exists a u e H (U,) such that
Pu = f holds on U,. Here, H ?(U,) denotes the usual Sobolev space on U,.

Example. Our result can be applied to the following operators:
P =(t0,)* £ 4, + a(t, x)(t0,) + <b(t, x), 0,» + c(t, ),
where 4, is the Laplacian in x.

Let us compare the above result with the result for Fuchsian operators in [14], and
let us make clear the difference between them. Let
(1.4) L=@o)"+ Y a;, )0,y .),

j+.|az|§m
Jj<m

where (t*0,)* = (t*0/0x,)* ...(t*0/0x,)» (=t"9%). Denote by pi(x) (1 <i<m) the
roots of p™+ Y ;<8 0(0,x)p’ =0. Define p(t, £) as in (1.2) (where g;,(0,0) are the
ones in (1.4)). Then, we already know the following result.

Theorem 2 (Fuchsian case: Tahara [14]). Let L be the operator in (1.4). Assume
ke{l,2,...}, p(0)¢{—1,—-2,...} (1=<i<m), (A-1) and the following: for any &€
R\ {0} the equation p(A, &) = 0 (in A € C) has only simple roots. Then, Lu = f is locally
solvable in 9" at (0, 0).
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Note that P in (1.1) corresponds to L with k=0 and that the case k=0 is
excluded from the consideration in Theorem 2.

§2. A Priori Estimates
Before giving a proof of Theorem 1, let us establish here the following proposition.
Proposition 1. Let P be the operator in (1.1), put

(2.1) P_,=(to,—s"+ ). a,t x)(0, — sy0;

j+|a| <m

ez
for seR, and let (P_)* be the formal adjoint operator of P_,. Assume (A-1) and
(A-3). Then, there are s, >0 (k€ Z,) which satisfy the following: for any ke Z, and
any s > s, there are 6, > 0 and an open neighborhood V, ; of (0,0) in R, x R}, such that
the estimate

2.2) IP_*@lle Z 0, s1™ 7 @llmas—1

holds for any ¢ € C3(V, ;N {t > 0}) (or ¢ € C§¥(V;. ;N {t <0})), where ||w|, denotes the
norm of w in the Sobolev space H?(V; ;N {t > 0}) (or H?(V; ;N {t < 0})).

First, we remark a fact on the decomposition of the following polynomial (in 1)

po(ta X, T, é) =17+ Z aj,a(t, X)ija .
Jjtlaj=m
j<m

Let W be a sufficiently small neighborhood of (0,0) in R, x R:. Then, by (A-1) and
(A-3) we can see that all the real roots of the equation

(2.3) pt,x, 4, &) =0 (in A€ Q)

are simple for any (t, x,¢)e W x (R;\{0}), and that no roots of (2.3) change con-
tinuously from “real” to “non-real” when (z, x, £) moves in W x (R}\{0}). Therefore,
denoting by A,(t, x, &) (1 < i < p) the real roots of (2.3) we have the following: (i) the
number p of the real roots of (2.3) is independent of (t, x, &) e W x (R}\{0}), (ii)
Alt, x, §) € C*(W x (RE\{0})) (1 =i < p), and (iii) 4(t, x, &) % 4(t, x, &) for 1 Sixj<p.
Hence, by putting

ht, x, 7, &) = H (z — A4(t, %, &)

we obtain a decomposition of p(t, x, 7, &) as follows:

24 B(t, x, 7, &) = h(t, x, 7, Oe(t, x, 7, £),

where e(t, x, 7, £) has the form
m—p .
e(t,x, 7, ) ="+ ) elt,x, " "
i=1

and satisfies the following: (iv) e;(t, x, &) e C*(W x (RE\{0})) (1<i<m—p), (V)
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e;(t, x, &) is positively homogeneous of degree i in & and (vi) e(t, x, 7, ) % 0 for any
(t, x,7, &) e W x R, x (RE\{0}).

Next, let us show two preparatory lemmas. In the discussion below, we use the
following notation: (¢, x) e [0, T] x R" (T > 0), D, = —./ —10,, (w, v) denotes the inner
product of w and v in L2((0, T) x R"), ||w| denotes the norm of w in L3((0, T) x R"),
[wl, denotes the norm of w in H*((0, T) x R"), and
2.5) lells= 3. . Iz, + syozell -

i+l

Obviously we can see the following: for any ke Z, and seR there are 4, >0 and
B, ¢ > 0 such that

(2.6) A slt“ ol < Nolli,s < Byslloll

holds for any ¢ € H*((0, T) x R").
Lemma 1. Let
p .
H, = (0, + s + ). ait, x, D,)(td, + s)"*,
i=1

where ay(t, x, D,) (1 £ i £ p) are pseudo-differential operators with symbols a;(t, x, &) satis-
fying the following: (i) ay(t, x, £) € C*([0, T] x R} x Rf), (ii) a,(t, x, {) is positively ho-
mogeneous of degree i in & (for |&| = 1), and (iii) ay(t, x, &) is independent of x for
sufficiently large |x|. Assume that all the roots of the equation

(/=12 + i a(t, x, &)(/— 1P =0

(in ) are real and simple for any (t, x, &) € [0, T] x R} x R} satisfying |{| 2 1. Then,
for any k € Z there are b, > 0 and c, > 0 such that the estimate

WHs@ll,s Z csll@llp+a-1.s

holds for any ¢ € C§((0, T), H®(R")) and s > b,.

Proof. We will prove this by reducing the problem to the one for a first-order
system of pseudo-differential operators.

Denote by A the pseudo-differential operator on R’ corresponding to the symbol
(1 +|¢1*)*2, by §“([0, T]) the set of all pseudo-differential operators of order k on R}
depending smoothly on t € [0, T], and by S§*([0, T], p x p) the set of all p x p matrices
with components in §*([0, T]).

For ¢ € C3((0, T), H*(R")) we put v;e€ C3((0, T), H*(R") (j=0,1,...,p—1) as
follows:

v = (/=170 + sy AP g .

Then, under the notations
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h; = (/ — Day(t, x, D,) A7, i=1,..,p,

0 —4
0 iy o 0
: 0
4= . B v= o1 > 9= .
0 —4 )
_ H
hy hpy . By Prt ¢

we have the following relation:

t,+s+/—1Aw=g.

Moreover, by the standard argument for regularly hyperbolic systems (for example, see
[8, Proposition 6.4]) we can see that there are De §([0, T],p x p) and M, Ne
S°([0, T],p x p) satisfying D — D* € 8°([0, T],p x p), NA— DN e 8°([0,T],p x p) and
MN —I1e8 [0, T],p x p).

Thus, to have Lemma 1 it is sufficient to show the following result: for any ke Z
there are b, > 0 and ¢, > 0 such that

2.7 Zk (20, + sy A/(t0, + s + / —1A)|| Z ¢,s Y, (0, + s)'Av]|

i+j< i+j<k

holds for any v € C§((0, T), H*(R"))* and s > b,.
Let us prove (2.7) from now. Take any v e CF((0, T), H°(R"))?. Then we have

N(td, + s+ /—1A)w = (td, + s + /— ID)Nv — tN/v + ./ —1(NA — DN)v .

Since the operators tN;,, NA — DN and D — D* are bounded in L*((0, T) x R")?, we
have

IN@8, + s + / —1A4)v|>

1
Z 5l + s+ /= 1D)Nv|? — C, ||v||?

= 11, + /TNl + 5 Nl
+ s Re ((t9, + /— 1D)Nv, Nv) — C, |[v]|
2 3160, + /= IDINo|” + 522~ INv|? = C, [Nv|* = C, o]
for some C, > 0 and C, > 0. Therefore, if s > 4C,, we obtain
(2.8) IN(, + s + /— 14| ;%lenz— Clol?.

On the other hand, since

AYt0, + s+ / —1A)v = (6, + )47 v + / — 147 v
holds and since 47'A4 is bounded in L3((0, T) x R")?, for s > 1/2 we have
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(2.9) 1A7Y(t0, + s + /— 1A)v||?

1
z 5 led + $)4710]? = Cylv]?

1 g2 TS s 2
= [t6, A7 | + —— 47 "v]|* — Gslv]|
2 2
s iz 2
= T |47 0]|* — Cs vl

for some C; > 0. Hence, by (2.8) and (2.9) we obtain
(2.10) IN@S, + s + / —1A)v|*> + | A7 (6, + s + / —1A)v|?

2
> S (INuI® + 1471012) — (G, + Co)lol?.

Here, we note the following: there are C, > 0 and Cs > 0 such that
(2.11) Calwl? £ INw[? + [47'w|* < Csllw|?

holds for any we C¥((0, T), H°(R™)?. In fact, this is verified by |[Nw| + |47 lw|| £
(INI + 147D Iwl and |w| < [MNw| + (I — MN)w| < | M| [|[Nw| + |(I — MN)A]|-
147wl < (1M + 1 — MN)AD(INwl + |47 w]]).

Therefore, by (2.10) and (2.11) we have

SZ
Csll(td, + s + / —14)v]|* = (ZC“ =G - Cs) ol

Thus, by choosing b, = max {4C,, 1/2, 8(C; + C3)/C,} and ¢, = (C,/8Cs)** we obtain

(6, + s + /= 14)v[| 2 cos]v]

for s > b,. Thus, we have proved (2.7) for k = 0.
Note that

2.12) {A(t6,+ s+ —1Aw=(0,+s+/—14 +/—1[4, AJA™ ) 4v,

' (t0, + 8)(t0, + s + /— 1Ay = (13, + s + /—1A) (13, + s)v + /= 1(tA, A7) Av
hold and that [4, A]J47Y, tA, A7 € 8°([0, T], p x p) are bounded in L*((0, T) x R")".
Therefore, by using (2.12) and by induction on k we can prove (2.7) for k = 1 in the
same way as above. Q.E.D.

Lemma 2. Let
q .
E, =0, + )"+ Y, a1, x, D,) (0, + s)* 7%,
i=1

where ay(t, x, D,) (1 £ i £ q) are pseudo-differential operators with symbols a;(t, x, £) satis-
fying the following: (i) ay(t, x, £) e C*([0, T] x R} x R}), (i) ai(t, x, &) is positively ho-
mogeneous of degree i in & (for |&| = 1), and (iii) ay(t, x, &) is independent of x for
sufficiently large |x|. Assume that
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(2.13) (/—Toy + 21 40,0, 8)(/~ 17 % 0

holds for any (t, £) € R, x R} satisfying |£| = 1. Then, there are an open neighborhood W
of (0,0)inR, xR, d,>0(keZ,)and C. ;>0 (ke Z, and s e R) such that the estimate

(2.14) NEs@llc,s = dicll@llg+r,s — Cisll@lllgsr—1,s
holds for any ¢ € CZ(WN{t>0}), ke Z, and seR.
Proof. Put B(r) = {xeR"|x| <r}, and assume that ¢(t, x)(=¢) e C3((0, &) x B(r)).
Let u,(x) € CP(B(2r)) be such that y, = 1 holds on B(r). Obviously we have ¢ = p,¢.
Put
q .
E®9 = (10, + s)* + Y, a,(0,0, D,)(td, + s)* ",
i=1
and choose b(t, x, D), ¢;(t, x, D,) € §'([0, T]) so that the following relation holds:
ai(t, x, D,) = a,(0, 0, D,) + thy(t, x, D,) + Y, x;c;;(t, x, D,) .
j=1

Then, for ¢ € CF((0, ) x B(r)) we have

q .
E,p = E®% + ) th(td, + s)" '
i=1

Z X1 )C;5(t0, + 8)* g

'ﬁM-h

% iley m1(t0 + 9"

Il
-

+
e
Tu[v]=

Therefore, by the conditions |t| <e, |x;u(x)|<2r and [cy pu] (=c;u, — pcy) e
S$71([0, T]) we obtain

(2.15) IEs@ll Z 1EC 0l — (e + NAsll@llys — Coll@llg-1,s

for some 4, > 0 (independent of ¢ and r) and C, > 0 (depending on r). Thus, in order
to estimate ||E;@| from below we need to estimate ||E{>¢| from below.
Note the following fact. Put

q
R=02+Y a(0,0,D,)58" .
i=1

Then, by (2.13) and by using the Fourier transformation we can see the following: there
are u > 0 and A, > 0 such that
(2.16) IRVl zxy 2 1 " ||5zi@§!ﬂ||<z,x) — Ay HZ: ) 182031l z.x)
i+a|<g—
holds for any ¥ = y(z, x) € CJ(R, x R}), where |wl|,.,, is the norm of w in L*(R, x R}).

By using (2.16), let us estimate ||E ®¢]| from below. Note the following: by the
change of variables (0, T) x R%3(t, x) = (z, x) = (log t, x) e R, x R}, 0, is transformed

lI/\
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into g,, E{? is transformed into R, #(t, x)e C¥((0, T) x R%) is transformed into
U(z, x) = ¢(e% x) e CP(R, x RY), and dt/t is transformed into dz. Therefore, by (2.16)
we have

1 1 . 1 .
— —=(t0,)Y0z¢ —~=(t0,)'07¢
| i it

for any ¢ = ¢(t, x) € CF((0, T) x R%). Moreover, by putting ¢(t, x) = ﬁ(p(t, Xx) we obtain

EQ O

— A, Z

i+|a|<g—1

=)
i+|a|<q

(2.17) “E(Sio)(l’ I = pllelly, 2 — A2 ll@llig-1.12
for any ¢ € CJ((0, T) x R%). Since
(2.18) Hell,s — el 121 = Cisll@lli-1,s

holds for some C, ; > 0, by (2.17) and (2.18) we obtain
(2.19) IES 0l 2 1EG: 0l — I(E? — EGM)ell
2 plllly, 12 — A2ll@llg-1,12 — A3 sll@lllg-1.s

g ,Um(P”lq,s - Bsm(Plllq—l,s

for some A3 ; > 0 and B; > 0 (depending on s).
Hence, by (2.15) and (2.19) we have

IEs@ll = (1= (e + 1) A1)l @lly,s — (Bs + Cll@llg-1.s
for any ¢ € C3((0, &) x B(r)). Thus, by putting ¢ = 1/44,, r =1/44,, W =(—¢, &) x
B(r), dy = /2 and C, ; = B, + C, we can obtain
I1Es@ll 2 doll@lly,s — Co,sll@llg-1,s -

Thus, we have proved (2.14) for k =0. (2.14) for k = 1 may be proved by induction
on k. Q.E.D.

Now, by using Lemmas 1 and 2 let us give a proof of Proposition 1.

Proof of Proposition 1. Let P_g be as in (2.1). Then, for any ¢ € C*(U) we have
P_)*o=(—t0,—1—9"+ Y (—td,—1—sY(—0,)a,t x)e

jt|a|=m
j<m

=(—=1" [(t@ +8)"+ Y bialt, )6, + S)"ﬁ,‘?} ®
jt|a|<m
j<m

for some b; ,(t, x) € C*(U) such that b; ,(t, x) = a; ,(t, x) for j + || = m and therefore
Tk 3 Ba0.07 = (s 0).
/ j<m
Since we are discussing (P_,)* only in a small neighborhood of (0, 0) in R, x R}, we may
assume that b;,(t, x) is constant outside a small neighborhood of (0,0) in R, x R%.
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Then, by (2.4), (A-1) and (A-3) we can see that (P_)* is decomposed into the following
form:

(220) (P—s)* = (_ 1)mP‘IsEs + mil Qi(t’ X, Dx)(tat + s)m—l—i »
i=1

where H, is an operator of order p satisfying the conditions in Lemma 1, E, is an
operator of order g(=m — p) satisfying the conditions in Lemma 2, and Q(t, x, D,) €
SO, TN Lism—1)

Choose by, ¢, W, d; and C, , so that the conditions in Lemmas 1 and 2 hold for the
operators Hy, and E; in (2.20). Let ke Z,. Then, by choosing a constant M, >0
suitably we have

(2.21) I(P-)*®lllx, s
2 1 H{(Es@)llk,s — Micll @llm+ic-1.5
2 Ck5|||Es(P|||p+k—1,s - Mk”|§0”|m+k—1,s

= Cks(dp+k—1 “I(P”|m+k~1,s - Cp+k—1,s|||<P”|m+k—2,s) — Mill@llm+x-1,s

for any ¢ € CZ(WN {t > 0}) and s > b,.
Here, we put W(r) = {(t, x) e W; |x;| < (r/\/i)(i =1,...,n)} and note the following:
if @ € C3(W(r)N{t > 0}), we have

2.22) Nollmsr—2,s = 7ll@lmr-1,s

by using Poincare’s inequality with respect to the x-variable.
Therefore, by (2.21) and (2.22) we have

Cd
NP-)*@llk,s 2 <%S - Mk) @ llm+r-1,s

dyyr
+ ¢S <%kl - GC+k—1,s) M@ llmse—1,s -

HCDCC, by pUtting Sk = (4Mk)/(ckdp+k—l)9 Ty,s = dp+k—1/(4cp+k—1,s)a Vk,s = W(rk,s) and by
taking s > s, we have

iy
(2.23) P *@ll.,s = %SHWHM“-LS
for any ¢ € C3(V; ;N {t > 0}). Thus, by (2.6) and (2.23) we can obtain (2.2). Q.ED.

§ 3. Proof of Theorem 1
As in [14], we put D4, D'(+), D' (=), Diy=0}» Dexi(+) and Z,,,(—) as follows:
o = ind —lim 9'(W),

{ W>(0,0)

P'(+) = ind —lim Z'(WN {+1 > 0}),

W>(0,0)
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D}uco) = {u€ Do supp () < {t = 0}},
D, u(£) = {u € 2'(z); there exists a v e P, such that u = von {+¢ > 0}},

where W is an open neighborhood of (0, 0) in R, x R%. Note that Z,,,(+) is the set of
all distributions u € 2'(+) which is extendable to a full neighborhood of t =0 as a
distribution.

Then, we can see that Theorem 1 is obtained by the following two facts:

(S-1) Pu = f is solvable in D{,_q;.
(S-2) Pu = f is solvable in Z,,,(+).

In fact, if we know (S-1) and (S-2), the solvability of Pu = f in 9 is obtained by the
following commutative diagram:

0 —— Doy Do * Deste(+) © Dexa(—) — 0
0 —— P Do > Desa(+) © Desa(—) — 0.

Note that the horizontal line is exact, since for any u e 9,,,(+) we can find a ve 2
such that u = v on {£¢ > 0} and supp (v) = {+t = 0}.

Hence to have Theorem 1 it is sufficient to prove (S-1) and (S-2).
Proof of (§-1). Put

C(p: X, ax) = pm + Z ajxa(oﬁ X)pja;cz .

j+_]a|§m
j<m
Let u and f be of the form
N - N -
(3.1) u= ;) M@ Yx), f= _Zo 09 ® pi(x) ,

where N e Z_, 69(t) = 016(t), o(t) = 6°°O(t) is Dirac’s delta-function, and y;(x), u(x) are
germs of distributions in x at the origin in R%. Then, by using the relations

(8)00(t) = (—i — 1691 (ki€ Z,)
we can see that Pu = f is equivalent to the following recursive system:
(C(—N -1 x, ax)le = Un>

C(—=N; x, 0)¥n-1 = fiy-1 + Ly_y n(x, 0.)¥n ,
(3.2) I

N
C(—1,x,0)¥0 = po + IZI Lo, (x, OV »

-

where L; ,(x,0,) 0 <i< N —1and i+ 1=<1[= N) are differential operators of order m
determined by P. Since C(p, x, d,) is assumed to be elliptic near x = 0 (by (A-2)), we
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know that the equation C(p, x, 0,)¥ = u (Where ¥ = y(x), u = p(x) are distributions in x
near x = 0) is solvable in the germ sense. Therefore, by solving (3.2) successively we
can determine {Y;}, from the given {u;}/_, so that Pu = f holds under (3.1). This
proves (S-1), because any u, f € P{,—oy are expressed in the form (3.1). Q.E.D.

Proof of (S-2). Let fe€ 9,,(+). Then we have fe H ™ **}(V'N{t > 0}) for some
ke Z. and some open neighborhood V of (0,0) in R, x R}. Let s, be the one in
Proposition 1. Choose s € Z satisfying s > max {s,, m + k — 1} and fix it. Let 6, , and
Vi.s be the ones in Proposition 1 corresponding to these k and s. Put W=VNV .
Then, we can see the following two facts:

(3.3) gk e HTTM Y (W N {t > 0}),
(3.4) I(P-)*@llk = 6 It™* '@l yss—y forany ¢eCZWN{t>0}).

Let H5(W N {t > 0}) be the closure of C3(W N {t> 0}) in the Sobolev space H*(W N
{t > 0}), define a linear subspace Z of H§(WN{t > 0}) by Z = {(P_,)*¢; ¢ € CF(WN
{t > 0})}, and define a linear functional T on Z by T((P-,)*¢) = {¢,tf). Then, by
(3.3) and (3.4) we have

|T((P-*@)l = [<t™* L, 7™ f )|

S " @ tma 15 N i

N e I
k,s
and therefore T is continuous on Z with respect to the topology induced from H§(W N
{t > 0}). Since H*(WN{t > 0}) is the dual space of H§(WN {t > 0}), we can find a
ve H*(WN {t > 0}) such that T(z) = {z,v) for any ze Z. This means that {¢, t%) =
{(P-s)*¢,v) holds for any ¢ € CP(WN{t>0}). Hence, we have P_,v =1tf on WN
{t > 0}; this is equivalent to P(t™*v) = f on WN{t > 0}. Thus, by putting u = t™*v we
obtain a solution u € Z,,,(+) of Pu = f. Q.E.D.
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