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Second Microlocalization at the Boundary
and Microhyperbolicity

By

Motoo UcHDA* and Giuseppe ZAMPIERI**

Abstract

The purpose of this paper is to construct the “sheaf” of 2-hyperfunctions at the boundary along
an involutive submanifold and to generalize the notion of microhyperbolicity at the boundary. Let
M be a real analytic manifold, X a complexification of M, and let £ be an open subset of M with
C®-boundary N. Let Vbe a conic involutive submanifold of %},X which intersects transversally to

N x ”Io"*MX with regular involutive intersection. Then we define the complex of &x-Modules %%% of
M

2-hyperfunctions at the boundary along V, which appears to be a useful tool in studying non-
characteristic boundary value problems. Remark that the complex € gy was first introduced by P.
Schapira [S 3] for the microlocal study of boundary value problems. Next we introduce the notion
of Q-V-hyperbolicity of a system .# of microdifferential equations and prove that it implies
“propagation of zeros up to the boundary” of cohomology groups of the complex R# omes (M,
#%x)- This implies in particular “Q-regularity” of .# in the sense of [S3].

§1. Microlocalization

Let X be a real C2-manifold, T* X the cotangent bundle to X, n: T*X —» X
the natural projection.

D™*(X) denotes the derived category of complexes of sheaves of modules on
X bounded from below. Refer to [H] for the notion of derived categories and
derived functors.

Let M, Y be two closed submanifolds of X with M < Y, and 4, B two
locally closed subsets of Y with 4 = BnM. For &% eOb(D*(X)) we define
u4(F), the microlocalization of & along A, by

(1.1) 1a(F) = phom(Z,, 7),

where phom ( , ) is the bifunctor defined in [K-S2] (cf. also[S3]). We note
that there are a natural morphism
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(1.2) #alF) — Ry rex (1p(F))
and an isomorphism
(1.3) R 7"5*//‘14(9'—) xR ., R FM§T*X(/"/9(‘97))

~ R ,(%).

Thus we have a commutative diagram

(1.4) pAF) RFM§T*X(HB('9’—))

/

1" 1R (F).

Refer to [K-S2] for the details about microlocalization, functors and the
notation that we use in this paper.

§2. The Complex %7«

In this section we assume that M is a real analytic manifold of product type
M =M x L with complexification X =X'x Z and dimension n=n,
+ n,. We denote by 0y the sheaf of holomorphic functions on X, and &y the
sheaf of microdifferential operators on T*X. For a locally closed set A" < M/,
we put 4 =A’ x L and define

(2.1) qux = phaxz(Ox) ® wM’/X’[nil
(2.2) (gfux = .uT*X’xL((g':!IX) ® wL/Z["Z]:
(2.3) ggilx = (gfzuxl T*X'xL = RFT*X'xL((g’,«'ux) ® @Dpz [n,],

with @y, @y, being the relative orientation sheaves (cf. [S3], [S4]). %%
and %%y are complexes of n7! Py-modules on T*X' x Z and T*X' x L
respectively, and %3y is a complex of n;' 77! 9Py-modules on T*X' x T§Z
(mp: T*X' x TFZ > T*X' x L). X being the complexification of M, we

identify M}( T*X and THX C}? T*M in the following statements of this
section. Let peT#. X' x L, n(p) = x.

Theorem 2.1. Let A = A" x L be an open subset (resp. a closed subset) of
M =M x L such that

2.4) N*(4) # T*M.

Then any germ ¢ of complex contact transformation at p preserving Ti. X' x L
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and (A X T# X) g—? N*(A)* (resp. (A % T% X)g—@ N*(A4)) may be quantized to
quasi-isomorphisms of complexes

Caxo ZChxoer  Baxo = Blxsor

Proof. We first note that ¢ preserves Int(A) % T#% X, the I-symplectic

regular part of (4 x T X) @ N*(4). Thus ¢ preserves
Ay =[(A % THX) @ N*(AFIn(T* X' x 2)
=[x Ti X) D N*(4)] x L,

A, =[(A X, T X)) g—? N*AY] x Z

= the union of complex bicharacteristic leaves of T* X' x Z issued
from A4,,

Ao =(Int(4) X, TH X)x L

= (Int(4) X THX)nA,,
and

Az0 = (Int(A4) X T X) x Z

= the union of complex bicharacteristic leaves of T* X’ x Z issued
from A,,.

Now let @:D*(X;p)—»D*(X; ¢(p)) be a quantized contact transformation
over ¢ with shift n (cf. [K-S2]). Since for A open (resp. closed) SS(Z )
( = the microsupport of the sheaf Z,.,, on X) = A4, (resp. = 4%) and the sheaf

Z .. is simple with shift %nl on A,,, by Lemma 2.2 below (Cor. 1.2 of [U 2]),

D(Zyxz) = ZLyyz in DT (X; ¢(p)).
By using a quantization @(0y) ~ Oy (cf. [K-S2]), we have a quasi-isomorphism
Caixr = Clix.o0r
This induces also a quasi-isomorphism on %3 ~ RI", (%% %) [n2].

Lemma 2.2. (cf. [U2]). Let X be a C*-manifold, Y a closed submanifold of
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X, and B an open (resp. closed) subset of Y such that N¥(B) # T Y. Suppose that
F eOb(D* (X)) be simple with shift %codim Y on Int(B) ¥ T¥X and, in a
neighborhood of pe(T§ X),,

(23)  SS(F) < wyp; (B x N*(BY) (resp. SS(F) < wyp;'(B 5 N*(B))

with @y, py being the natural mappings T* Y<p—Y Yx T* X — T* X associated to
Yo X. Then & is microlocally isomorphic to Zy at p.
Proof. By Prop. 6.2.1 of [K-S2] it is not restrictive to assume
(2.6) F ~Fy.
We have SS(Z |y) = N*(B)*(resp. SS(Z |y) = N*(B)) at p, and therefore
2.7) Fly~(Fly)p (tesp. F |y = RIF(F|y)).
We observe now that, for a system of neighborhoods U of x, U 0B is contractible

due to (2.4). From this and from the simpleness of & in §>Y< Ty X, we get

(2.8) RI3(F|y) ~ Zs.
From (2.6)-(2.8) the conclusion follows.

We choose now 4 = M in (2.1)-(2.3). Then %3 x (resp. %3x) is nothing but
the sheaf of Kashiwara’s 2-microfunctions (resp. 2-hyperfunctions) along ¥V
= T%. X' x L(cf. [K], [K-L]). The complex @ arx(resp. By x) is concentrated in
degree 0 and intrinsically defined on T% V=~ f"j{}. X' x T¥Z (resp. V); moreover
the canonical morphism

(2.9) (ngf*M,X’xL - i@%ﬂx

is injective, where %,, is the sheaf of Sato’s microfunctions.

Next we consider the complexes %3 x and %} ;x for a closed analytic
submanifold N = N’ x Lof M = M’ x Lof codimension d > 1. %% x(resp. €3x)
is concentrated in degree O and intrinsically defined on 70";‘} X' x L
(resp. on T’,"z;vrx,x,“(’f";';, X x Z)x~ 70";5 X' x T¥Z). Moreover there is a natural
injective morphism

Enixlry, xxe — Bix (cf. [K-K] as for Gyy).

The injectivity of this morphism can be proved by reducing it to that of the
morphism €,y — %2 ((2.9)).
We now describe the stalks of %34, €3,x by means of cohomology groups
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of O in degree 1. We take a system of local coordinates
z=(2,2",2,)eC* x C" 74" x C' ~ X' with Y' = N°={z' =0},
=W,w,)eC?* ' x C'~Z,
(z,w; {,0)eT*X ~T*X' x T*Z.

We set

(2.10) Gy = {zeX';Imz, < (Imz)? + (Imz")?}, Gy = Gy x Z,
@.11) Gy = {zeX';Imz, < (mz")?}, Gy= Gy x Z,

(2.12) D ={weZ;Imw,, > (Imw)?*},

and take a point
p=(p,p)eN’ X, TH# X') x T¥Z with {,, #0, 7,, #0 at p.

With these nootations we introduce contact transformations ¢; on T* X'\ T§ X’
and ¢, on T*Z which transform
¢1(Ti X') = Tooy, X', 01(TH X') = T, X', $,(TF2)=THZ,
and
$1(p1) = 05 idz,,),  @,(p2) = (0; idw,).
We then quantize ¢; on T* X and thus get isomorphisms
(2.13) ¢1*((gﬁ4|x) >~ Wé;M (O%) 561>
(2.14) $14(Bhix) = H Gy (Ox)lacy

where we identify (10"* X' x Z, T* X' x Z) and (70‘5GMX f‘aGN X) via ¢; X idqy
from a neighborhood of (pl, (w;0)) to a nelghborhood of (¢, (p,), (w; 0)). Next
we quantize ¢, on T* (TaGMX’ x Z)~T* ’I*G X' x T*Z and get

(2.15) (gzzmx,p = Jfé(;;wx(zw) (H G (Ox)|o6;,x2)0.0)

lim I (Wn(0Gy x D), #5,, (0x)|aG;w><z)
W

Liwm IWn(@Gy x Z), %IGM (@x)|aGsz)

L G, gl om0y /le HL,, (W, 0y)
w

WWM

for W(resp. W,,) ranging through the family of neighborhoods of (0, 0) (resp. of
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Wn(@Gy x D)). (In doing the above calculation one has only to remark that
I, (Ox)ls6,, = 0.) We refer to [S-Z2] and [U 1] for the above quantization
with respect to holomorphic parameters. At the next step we replace by
excision Wy, with W3, = W, U((X\Gy)N W) in (2.15). We also notice that the
sequence

Hg, (W, Ox) — Hg,, (Wi, Ox) —> H'(Wy, Ox) —0,

is exact. Thus from (2.15) we obtain our basic representation

(2.16) Glix,p = TmH Wy, O).

M

In similar way one proves that

(2.17) (gfnx,p = ”;GNX(Z\D) (6 (Ox)lacwx2) 0,0

~lim H'(Wy, 0y)

=223

Wi

for Wy varying in the family of open neighborhoods of ((0Gy x D)u
(X\Gy)nW. We note that the restriction from Wy to W), induces a morphism

(2.18) UmH(Wy, Ox) — LimH' (W), UOy).
w; Wie

N

Lemma 2.3. The morphism (2.18) is injective

Proof. Let f be a d-closed (0, 1)-form with coefficients in I'(WYy, Byz), Bxr
being the sheaf of Sato’s hyperfunctions on X® ~ R?". Assume that there exists
a solution u of the system

ou=f, uel (W), Byxx).
Since X\ Gy is Stein, we can solve in a neighborhood of 0
ow=f, wel(X\Gy, Bxr).

Thus u —w is holomorphic in X\G, and also in {(z,w)eX x Z;Imz,
> (Imz")%, Imw,, — (Imw)*> =¢, [Imz'| <6} (Ve« 1 and for § =4,). Applying
the Bochner’s theorem to u — w in the variables (z', w,,) one then sees that u
extends uniquely to X\Gy as a solution of du = f.

Next by the same argument in the variables (z',z,,) one proves that u
extends also to a neighborhood of dGyn (X’ x D) as a solution of du =f. In
conclusion f is exact in a set of type W) which proves the lemma.

We note that by applying prexxi( ) ® @pz[n,] (resp.RIpayn( ) ®
wpz[n,]) to the natural morphism

(2.19) (ggr]x — (gif\ﬂx



SECOND MICROLOCALIZATION AT THE BOUNDARY 211

we get a morphism

(2.20) Cx — Cox
(resp.
2.21) By — B

This morphism is clearly compatible with (2.18).
Theorem 2.4. Let N = N' x L be a closed C®-submanifold of M = M’ x L.
(i) The morphism (2.20) is injective on (N’ X, T# X') x T¥Z. In particular
gzzv|x|(N'Mx,T*M,X')xL_’gzztﬂxhzv';;,ripxw_ is injective.
(ii) Sections of *%%TIX’ (gfnx have the unique continuation property along the

complex bicharacteristic leaves of Y’ X T*X'.

Proof. Consider the commutative diagram with exact rows:

222) 0 — By xxr — Bhx — 71, €%x — 0

| l l

o
00— ((g;&jx)rh,X'xL B g‘?iﬂx ™ (gzz\ux —0.

(1, being the projection T* X' x f’}‘jZ—»T*X’ x L). Thus it is enough to
prove the theorem for #%x on T*X' x i"t Z. We use now the trick of the
dummy variable due to Kashiwara. We put M'=M' xR, X'=X'xC, Y’
=Y'xC, and set M = M’ x L and so on. We denote

T*X £ T*X x /=1 T*R s T*X,

and denote by t the new variable in R (or C). Then we have an exact
commutative diagram in T* X

(2.23) 0— 57! €3y B% Gz iz — 0

l Lo

®

- 0-1 2 2 2, . _t 2
0 —wm,p Cmix — iz —— Cwmz —0-

The rows of this diagram are obtained by microlocalizing the short exact
sequence

0— 03 03— j,0x —0,
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where j denotes the embedding X 5 X. Because of (2.22) and (2.23) it is enough
to prove the theorem in (T*X'\T$ X')x TFfZ. Then (i) follows from
Lemma 2.3. We prove now (ii). As seen in (2.17) we can identify

(2.24) (glzle x> févax(z\D) (fén(@x”a(;p;)

via quantization of contact transformations ¢; on (T* X'\ T3 X') x T*Z and b,
on T*(ﬁ"c;;\r X') x T*Z. (Here we are identifying ﬁx,Xfo(T}'G' X' x Z) and
%#*ath.xap(T;‘GivX’ x Z) via ¢, (¢1lf7vx.xfiz) in a neighborhood of p.) We set
G={("z,)eC" % Imz, <(Imz")*}. For a complex manifold W, we define
a sheaf #, of Oy-modules on dG x W by

(2.25) Fw= e}fé;xw(@cm—d><W)|aG><W.

Then (2.24) can be rewritten as

(2.24y (51%7[)( = '}féexcdx(zw) (Z caxz)-

In order to prove (ii) we use the following lemma, a conclusion of the abstract

edge of the wedge theorem due to Kashiwara-Laurent ([K-L]).

Lemma 2.5. Suppose that we are given a contravariant functor which
associates to each complex manifold W a sheaf &y of Ox-modules on 0G x W
satisfying the following (H. 1)-(H. 3):

(H.1) (Analytic continuation) If U > V are open subsets of W such that U is

connected and V # (&, and if Q is an open subset of 0G, then we have
Ioxuoin (@2 x U, Fy)=0.

(H.2) Let f be a holomorphic function on W with df #0. Put Y =f *(0)c W

and j: 0G x Y- 0G x W. Then we have a short exact sequence

0—Fy L, —j,Fy—0.

(H.3) Let W and Y be complex manifolds with Y compact. Let q denote the
projection from 0G x W x Y to 0G x W. Then

th*g'-ny ~Fy @Hh(ya Oy) (VheZ).

Under the hypotheses (H.1)-(H.3) we have the following properties for F y.

(i) For any pair of holomorphically convex compact subsets K, K, of C™ with K,
> K, and for any complex manifold W, we have

HgGX(Kl\Kz)XW(aG x (C"™\K3) X W, F cmyw) =0 (Vh < m).
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1
(i) (Bochner-Kashiwara-Komatsu). For 0 < g = 5 we set

G, = {(xy + iy, x5 + iy)€C* 0Ly, 0= yy, y1 + ¥, < 1, 8(x} + x3)
+ 1 +y)—eyi+yd)<l—e}
F,=G.n{y,y,=0}.
Then for any complex manifold W, the restriction map
IG, x W, Fayw) —> I'(Fe X W, F caxw),
is surjective.

Our Zy defined by (2.25) satisfies the conditions (H. 1)-(H. 3) of the above
lemma, and thus it satisfies the principle of Bochner-Kashiwara-
Komatsu. From this the unique continuation in the variables z'eC? for
sections of H#lgxcaxzp) (¥ eaxz) follows. This corresponds to the unique
continuation in the variables {'e C* for section of C3x by (2.24). The proof of
Theorem 2.4 is complete.

Now we introduce the complex of &x-modules %% and the complex of
n; ' &x-modules ¥%x for an open subset Q = Q' x Lof M = M’ x L with C*-
boundary N = N’ x L (or 2 = M\N with a closed C®-submanifold N = N’ x L
of codimension d = 2).

Note that our definition of %%y is different from that of [S-Z2].

We first observe that there exists a distinguished triangle

(2.26) Cx — Cinx — Cox D €o-1x +1 (cod N =1),
Cix — Ginx — G (cod N > 1),

where 2~ = M\Q.

Theorem 2.6. (i) (€§2| xlrsexxriz 1S concentrated in degree 0. In particular
Q}MIT& x'xL i concentrated in degree 0.
() Ry (@hx)lr, xoxs is concentrated in degree O (m,: T* X' x T*Z > T*X'
x L).

(ili) The natural morphism €ox|rs xxL— Boxry, xxp 18 injective.

Proof. (i) follows from (2.26) and Theorem 2.4 (i). (ii), (iii): Let us apply
the functor Rmy.( )lT‘}u xxr 10 (2.26). Then we have the long exact sequence
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0—R" 17%L*((g.2(2|X)T‘;W,X’><L OR™! 7(%1,* ((gil—lx)lTj'w,X’xL
B 7%L* ((gl%lX)IT}‘W,X’xL B 79CL* ((gJZ\IIX)IT’;W,X’xL —
If uenty(@n)lry, xxe and u=0 in 7. (€30l xx» then u=0 in
”L*g((glzle)m.rxf;,z) by Theorem 2.4 (i). u is then zero in the whole TF X'
x T¥Z by Theorem 2.4 (ii). This implies
(iiy Ri%L*(%%JIX)lT’;‘,X’xL =0 (<0
On the other hand we have Sato’s triangle for €% x:

h o 1
(gnlx|T;«u,X'xL I g%!lxlT’;w,X’xL R RnL*((g?(IIX)]T*M,X’xL =+,

By this triangle, (ii) and (iii) follows from (i) and (ii).
Remark 2.7. The morphism
2.27) (g.QlX|T’;V,,X’xL - gaxlﬁw,xu
is not injective. In fact let cod,N =1, dim L= 1, set
X =CxY~C'xC"2xC'3(z, 2, z,,), Z~C'>w,

and define

U, = {Imz, > (Imz")? + (Imw)*/(1 — c(Imz,)3)}, ¢ >0,

U, = {Imz,, > (Imz")> + (Imw)?},
(where (Imz;), =sup(0, Imz,)). Let fely, (Ox)y; then f represents a germ of
% qx at (0; ¢dz, ) which is 0 in B%x. But fis not 0in €, as far as it does not

extend holomorphically to U, in a neighborhood of 0. From this and from the
fact that U,, U, are Stein, the non-injectivity of (2.27) follows.

The above remark does not affect the importance of %% x at least when
dealing with non-characteristic boundary value problems. In fact we have

Theorem 2.8. Let M be a coherent &x-module at pe TH X' x L. Assume
that Y is non-characteristic for M at p. Then the morphism

(228) HO(R %Oﬂ’lé\’x(%, (gfl'X))p 4 HO(RKOng(./%, g_zmx))p,
is injective.
Proof. The case d =1 (d =cody, N): Set F=N % (TyX @N*(Q)") and

consider the commutative diagram
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2
(gn|x|T3,,X'xL ~ gﬂ|X|T§V.X’xL

l l

RFF((gle)'T}‘V,X’xL [(1]— RFF('%I%IIX)IT’;V,X’XL [1]

Apply the functor R #om,, (M#, ) and take the 0-th cohomology. Then the
first vertical (resp. the second horizontal) arrow becomes injective by the
watermelon-cut theorem (cf. [S 3]) (resp. by the division formulas for €y x and
B x(= Lemma 2.9 below)) and by the injectivity of the morphism Enxlrs, vxL
— By (cf. (2.9)).

The case d > 1: We have

HIR A omg (M, Gyix)) =0, HIR H omg, (M, Byr)) =0 (j=0, 1)
by Lemma 2.9. Thus we get isomorphisms
Homg (M, Crx)y = H'R H omg, (M, € gx),-
Homg (M, Bryx)y = H'RH omg, (M, B gx)p

The injectivity of (2.28) then follows from the injectivity of € mlrs, xxL— Bigx
((2.9)). The proof is complete.

Lemma 2.9. (Division formulas for #yy and Biix; of. [K-S1], [S-Z1])
Let M be a coherent &x-Module defined in a neighborhood of peT# X'
x L. Assume that Y is non-characteristic for M at p. Then we have

(2.29) u RH omgy (M, Cyix)[d] = R H omg, (My, Cyy),
(2.30) P RH omg (M, Chix) [d] = RH omeg, (My, Chy),
and

(2.31) P RH omg, (M, BYx)[d] = RH omg,(My, Biyy),

where p denotes the natural projection T*X X Y- T*Y, and My denotes the

tangential system of M. In (2.30) the suffix h means the holomorphicity in weZ
(see (2.1)).

Proof. (2.29) and (2.30) are proved by Kashiwara and Schapira [K-
S1]. The formula (2.31) is obtained by applying the functor

Ry yxr( ) ® wpz[n,] to (2.30).

At the end of this section we remark that our %%y can be defined for some class
of involutive submanifolds V of T# X.

Remark 2.10. We can define %% x = #%/x with respect to any conic
involutive submanifold ¥V < T# X such that
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(232) Vand N % f’?{,X intersect transversally and N % V is regular involutive

(N = 0Q). In fact we can then assume, in suitable symplectic coordinates

~o

(2.33) V=T X x L, QxThX =@ xTHX)x T}Z,

and use (2.1), (2.3). On the other hand this definition is independent of the
choice of the symplectic coordinates due to Theorem 2.1.

§3. Q-V-Microhyperbolicity

Let M be an analytic manifold of dimension n, X a complexification of M,
€ a connected open subset of M. We assume that N = 022 is a submanifold of
M of codimension d = 1 and denote by Y a complexification of N. Let Vbe a
conic regular involutive submanifold of %}& X which satisfies (2.32), and let %ﬁ,l X

Brx and B%x be the complexes associated to V and Q xV defined in §2

(cf. Remark 2.10). Let &4 be the sheaf of finite order microdifferential operators
on T*X, and let .# be a coherent &y-module in a neighborhood of

peN x V. We will consider the problem whether

(3.1) R,y Rt ome, (M, Blx), =0.

The vanishing of HORI ,-iy)RH# omg (M, € gx), (i.e., the Q-regularity of 4 at
p) is already discussed by several authors (cf. e.g. [Kat], [0 1], [S2], [S-
Z2]). We note here that if Yis non-characteristic for .#, then the vanishing of
the 0-th cohomology in (3.1) implies 2-regularity on account of Theorem
2.8. Let x =7n(p). X being the complexification of M, we have the embedding
TEM - T¥X. Composing it with n*: T¥ X — T} T* X, we have the embedd-
ing TEM—->TiT*X. Let H: T*T*X > TT*X denote the Hamiltonian
isomorphism.

Theorem 3.1. Let Q = M be an open connected set in a neighborhood of x
with analytic boundary N, and let V be an involutive submanifold of T3 X which

verifies (2.32). Let M be a coherent &y-module at pe N % V, and assume that

(3.2) — H(0)¢C,(char 4, V), YOe(THM).n N¥(Q)
where V,, is the union of the complex bicharacteristic leaves of VC issued from

Q %V and C(, ) is the normal cone in the sense of [K-S 1].
Then (3.1) holds.
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Proof. The statement is independent of the choice of a system of
homogeneous symplectic coordinates of f‘;{}X (cf. Remark 2.10).

We choose symplectic coordinates such that (2.33) is fulfilled. We set &
=RH omg (M, €x) and observe that SS(F) = C(char A, SS(Z 7)) where
SS(#) denotes the microsupport of # in the sense of [K-S 2]. Let d = cody, N
=1. By (3.2) we get

(33) SS(ﬁ)pn(Yo“?;Man;“ @@H=d.
By the definition of microsupport, we have in a neighborhood of p
(34) RI-iyvxzy R# omg (M, €x) = 0.

If we then apply to (3.4) the functor RI7y xxr( - ) @ wpz[n,](ny = dim L), we
get (3.1).
Let d = 2; we first note that in this case

Vo= V= the union of the complex bicharacteristic leaves of V¢ issued from
V.

We need a preliminary result (valid even for d = 1) whose proof is immediate.
Lemma 3.2. Let p, w be the canonical maps from Y X T*X to T*Y and

T* X respectively. Let (3.2) be fulfilled; we then have, for some neighborhood U

of p:

(3.5) @~ ! (char ,//an)ﬂp‘lp(NﬁV)c:T;le,

(3.6) @' (char 4nU)np~" p({p}) = {p}.

End of Proof of Theorem 3.1. Using (3.2), (3.5), (3.6), and applying
Theorems 2.3.1 and 6.3.1 of [K-S 1], one easily checks that the natural
morphism

(3.7) R A omgy (M, Chi) — REr oz RH ome, (M, Glyy),
is a quasi-isomorphism. Hence we have

(3.8) RIty x5z RH oms, (M, €px) = 0.

By applying RI'py yx( - ) @ @pz[n,] to (3.8), we get (3.1).

The above theorem is the 2nd microlocal version of similar results of [Kat],
[0 1], [S2], [S-Z 1], and [S-Z 2].

Remark 3.3. Let d =2 and suppose that Y is non-characteristic for . ;
then we have in a neighborhood of p, as is shown in the proof of Theorem 2.8,

(3.9) ]foménx(%, ,@%,”x) ~ HORJfamgx (A, gé’_qux).
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Suppose in addition that there exists 0e(Tx M), (x = n(p)) with 0¢C,(char .,
7). Then by (3.9) and by the microlocal Holmgren theorem due to Kashiwara
(cf. [K], [B]), one gets the vanishing of the O-th cohomology of (3.1). The
cohomology of degree = 1 is not necessarily O in this case.

Corollary 3.4. (cf. [S-Z 1, 2]) Let 2 = M, V and M be as in Theorem 3.1.
Assume that Y is non-characteristic for M at p, and

(3.10) — H()¢C, (char A, V) (for some 06(%}{}M)an;“(Q)").

Then M is Q-regular at p in the sense of [S 3], that is, the natural restriction map
HOR%OMéPX (g/ﬂ, %Q|X)P — rn—l(ﬂ) %0%67)( (J%, (gM)p

is injective.

Proof. The statement is independent of the choice of a system of
homogeneous symplectic coordinates of T3 X (cf [Kat], [U2]). Hence it is
enough to prove it in the case of (2.33). Then this is a corollary of Theorem 2.8
and Theorem 3.1 (resp. Remark 3.3) for d =1 (resp. d = 2).

Remark 3.5. In this corollary we do not need to assume that ¥V and V % N

be regular, using the trick of a dummy variable due to Kashiwara. This result
comprises as special cases Q-regularity of Q-hyperbolic and that of non-
microcharacteristic systems (cf. [S 2], [S-Z 1, 2]).

Example 3.6. Let x =(x;, X, x")e M = R" with x’' = (x,,---,X,). Let @
={x, >0}, and let V= {(x;in)eTH X|n" =0}. Let

P(x, D)=D? —

1,

M=

Q,i(xT, x)D;D; + B(x, D") + R(x, D),
2
where m is an integer > 2, Q,(t, X')(i, j = 2,---, k) is a real valued C®-function in
(t, x')eR* such that Q;; = Q;; and the symmetric matrix (Q,(t, x))};-, is positive
semi-definite for any t > 0 and x'eR* "1, B(x, D") is a differential operator of the
second order, and R(x, D) is a lower order term. Then /# = 9D,/24P satisfies
the condition (3.10).
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