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On a Theorem by Florek and Slater on Recurrence
Properties of Circle Maps

By

Georg LoHOFER* and Dieter MAYER**

Abstract

An obviously little known result by Florek and Slater about the exact recurrence times of the
sequence mfi mod 1 with respect to an arbitrary connected interval I in the unit interval is
generalized to disconnected intervals I3 = [0, a)u(b, 1) when b=1—a,a < 1/2. It is shown that
the formula of Florek and Slater expressi..g the possible recurrence times in terms of the interval I is
valid also in our case. This let us expect that this formula is valid also for general intervals of the
form I7;. The relation of this result to the recurrence properties of integrable Hamiltonian systems
with two degrees of freedom is obvious.

§1. Introduction

Some time ago when investigating ergodic properties of certain chaotic
semiflows with strange attractors [1] we came about a nice but seemingly little
known result by Florek [2] and Slater [3] about the distribution of the sequence
{np mod 1} ne A, for irrational § on the unit interval I = [0, 1). Their result
concerns the so called gap problem for this sequence: If I, , denotes the interval
a < x < bin I, denote by Ny(I,,) the set Ny(I,,) = {ne #": nf mod 1€l,,}. If
we arrange the elements of Ny(I,,) according to their order n; <n, <nz < --
the gap problem consists in determining the numbers 1, =n,,, —n; for all
ie #". The rather astonishing result of Florek and Slater then says that for a
connected interval I,, the gaps t; can take at most three different values,
expressible by the continued fraction expansion of the number f. This result
has a simple interpretation in the theory of dynamical systems: if R;: S; — S,
denotes the map Ryp = ¢ + B of the 1-sphere §; = #/% into itself we see that
the sequence {nf mod 1} is obviously just the orbit of the point ¢ = 0 under the
above map. Hence Florek and Slaters’s result describes the recurrence
behaviour of the dynamical system R;:S; —S; with respect to the connected
interval I, , of the 1-sphere. This problem, how the orbit of a system recurs to
an arbitrary set of the phase space, arises for arbitrary dynamical systems and

Communicated by M. Kashiwara, June 1, 1988. Revised March 24, 1989.
* Institut fiir Raumsimulation, DFVIR, D-5000 Ko6ln 90, FRG.
** Heisenberg-Fellow, Institut fiir Theoretische Physik E, RWTH Aachen, D-5100 Aachen, FRG.



336 GEORG LOHOFER AND DIETER MAYER

plays an important role in the foundation of statistical mechanics [4], [5]. In
general not much is known about the exact recurrence properties of an arbitrary
system, so that it is not too astonishing that even for such a trivial system as the
above pure rotation R, of S; the problem is not yet completely solved. The
first step to such a solution has been done by Florek and Slater who proved

Theorem 0. For any connected interval 1,, in I with 0 <a<b and any
irrational [} there are at most three different gaps t, in the set Ng(I,p):

7y =min{m: mf mod 1 <b —a=|I,,|}
(1) 7, =min{m: mf mod 1 >1—1I,,|}

T3 =1T; + T5.
The gap t4 does not arise for all intervals I,,.

In this form the result was announced the first time by Florek in [2]
without a proof, which in fact was given for the case of intervals of the form I,,
with a = 0 by Slater in [3]. He had determined the gaps 7; in this case already
before in [6], expressing them in terms of the best Diophantine approximation
denominators g, of the number f determined by this number’s continued fraction
expansion. It is not clear how Flored indeed proved his result (see also a
remark by Slater in [3]).

To solve the general gap problem for the rotation Rj of the 1-sphere, that
means the gaps for any orbiv {Rj¢} for arbitrary €S, with respect to an
arbitrary connected interval in S, one has obviously to show that the result of
Florek and Slater stays true also for intervals of the form [0, a)u (b, 1) which are
disconnected in I but become connected when regarded as a subset in S;. It
was not clear to us how Slater’s approach in [3] could be applied directly to
intervals of the above kind which we denote by I;3. So we had to look for
another proof. We found such a proof for the case of intervals of the form
I, -, with a <1/2. In this case we get obviously

2 Rp0el,, -, iff |np| <a,

where the symbol ||nf| denotes the so called Diophantine norm of the irrational
B. The gap problem with respect to the interval I,;_, of the sequence {nf
mod 1} is then equivalent to the gap problem of the sequence {|nB|} with
respect to the interval Ig,. This last problem showed up in connection with
certain ergodic properties of a class of semiflows studied in [7]: a crucial role
there plays the asymptotic behaviour of the function F,(4) for ReA > 1 in the
limit n — oo, where this function is defined as follows

€) F,(2) = m=*,
mil|anf| < I mB | <llan- 181
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where the g,’s are the denominators of the rational approximants of § defined by
its continued fraction expansion.
If M,(p) denotes for 0 < ¢ < 1/2 the set

“) M,(p): = {meN: |mB| < ¢}
then we can formulate our main result as

Theorem 1. For any irrational B with continued fraction expansion [
= [bg, by, by,...]1 and any @ with 0 < ¢ < || qof | the set M ,(B) has at most three
different gaps. For a;|qfll + 1qi+1 Bl <o <(a; + DlgBll + la:+1Bl, 1 <@
< b;,,, there are in the case

a) 2b,.,>2a;=b;,, + 1 exactly the three gaps q;_, 4; — di-1»> 9i>

b) 2a; < b;., — 2 at most the three gaps q;, 4;+1 — 20;9;, 4;+1 — (2a; — )g;

Sfor (0? <@ <o}, the gaps q;, g1 — (2a; + 1)q;, Gy — 2aq; for
0! <o <@} and finally the gaps qi, qiv1—2(a;+ Vdi givy —
(2a; + 1)g; for ¢} < ¢ < ¢}

c) 2a;=b;,., at most the three gaps q;_., q;, §; + qi—1 q; for ©° < @ < ¢}

and the gaps q;—1, q; — i1, 4; Jor @i <@ < @}

d) 2a,=b;.,—1 at most the three gaps q;, q;+ q;—1, qi—1 + 2q; for

@) < ¢ < @i, the gaps g+, q;, 4;+ qi—1 for ¢} < ¢ < @} and finally the
gaps q; — qi—1> 4i—1> 4; for (Pi2 <o <o}

e) a;=b,., at most the three gaps q;_,, q; — 4i-1, 4; for ¢} < ¢ < @},

Gi-2> Gie1 — Gi—2> di-1 Jor @} <@ <@} if b;=1 respectively q;_;,
qi — 29,1,
q; — qi—1 Jor PpI<e<o}ifb=2

The quantities @ are thereby defined as follows:

4’? = a; [l @Bl + llg;+ Bl
o = allgBll + 0+ DIgie Bl + 1gis 2Bl if by =21+ 1

respectively

@i = a;lgBll + U qiv 1Bl + 12011 gis 1B + 1gis2B1) if bivy =2
o7 = (@ + DlgBll + 1/211q:+ 1B
@? = (a; + DlgBll + 1g:+181-

As an immediate consequence of Theorem 1 we get

Corollary 1. There exists a constant ¢ = c(A) such that for any irrational p,
any A>1 and any i 21

FA) < c(h) g™

Corollary 2. For any interval 1, ,_, with a < || qoB|l the recurrence times t;
are given by
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7, =min{m:mp mod 1 < |I, ;_,| = 2a}
7, =min{m:mp mod 1> 1 — 2a}
T3=7T, + 7T,

where the last one is, depending on a, not always realized.

This shows that the Florek-Slater formula is also true for this class of
disconnected intervals and this let us expect the formula to be valid also for
general I;3.

Remark: Our result on the gaps with respect to the interval I;3_, can be
interpreted also as a result on the sequence of gaps arising in the visits of the
sequence mf mod 1 in the set [a, 1 — a]. Besides some partial results of Slater
on this problem for the interval [0, a] to our knowledge nothing is known for
general intervals. The method of our proof relies on the continued fraction
expansion of the number f and is in its spirit analogous to Slaters approach in

[6].

§2. A Representation of |mf| in Terms of |[q,f|

Let us start with some definitions and well known properties of the
continued fraction expansion of an irrational number f§ and its relation to the so
called Diophantine norms (nf|. If f=[by, by,...] is the infinite continued
fraction expansion of f with boe % and b;,e A" for i> 1, the n-th principal
convergent p,/q,, n=0, 1,... is defined by the finite continued fraction p,/q,
= [bg, by,...,b,]. The numbers p,, g, fulfill simple recursion relations [9]:

pn+1 = bn+1 pn +pn-1
4
Gn+1 =bui1 Gu+ gy

with boundary conditions p_; =1, py = by, g_; =0, go = 1. The Diophantine
norms |[mf| of f for me A" are defined as [10]

©) Imp|l: = min|mp —r|.

re%
Since lqnﬂ - pni = (— l)n (ﬁn+1 q, + qn—l)_1 where ﬁn is defined through ﬂ = [b05
by,....b,—1, B,] (see [9]) one gets for n>1:
For n =0 on the other hand one finds

laoBll  if b; =2

6 — Dol =
© olf =1l {l—llqoﬁll it b= 1.
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Furthermore the following recursion relations hold:

Q) 1Gus Bl = = byo il @Bl + lgu Bl if n>2
lgoBll  if by =2
X ”qll;”“—bznqlﬁ“{l—nqoﬁn if by =1,
respectively
) 1=byligoBll if by =2
¥ la.f1 = { laoBl if by = 1.

Our first aim is now to express the numbers |mpf| in terms of the best
Diophantine approximations | gq,8]|, where the g,’s are the best Diophantine
approximation denominators determined by the principal convergents (4) of the
irrational f.

To start with we recall the following well known fact [8]:

Lemma 1. If q,, n=0, 1,... denote the sequence of denominators of the
principal convergents of the irrational number [ then any integer me N can be
uniquely written as

(10 m = i e

k=0
where the integers r, satisfy the conditions
a) ree{0, 1,...,b, — 1}
b) re{0, 1,....,by — 1} if 1y #0
respectively
rn€{0, 1,...,b 41} if 1e—1 =0.

Hereby the b, i = 0, are the partial quotients of f:

ﬂ = [bO: bl, bz,...].

We want next derive a similar expansion of the number ||mf| in terms of
the | g,B]|. For this let p, be the numerators of the principal convergents p,/q,

0
to B, defined by its continued fraction expansion. For m= ) r,q, denote by
k=0

o(m) the unique integer such that

mp — i reDe + o(m)| < 1/2.
k=0

Then obviously
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om) + 3 (— Direllabll.
k=0

) Impl = |mp— 3 rpy+ a(m)‘ =

We can then show
Lemma 2. For all me NV with |mfB| < | qof| the number o(m) vanishes.

Proof. Using the properties of the coefficients 7, in expansion (10) of m and
the recursion relations (7)-(9)

zi)(_ 1)k"k” apfll < S’o "2j||‘12jﬁ” <(b; — DlgoBll

k

00

+ Zl byjr1lld2iBll = (by — DlgoBll + a8l < 1 = llgoBll,
I=

where the strict inequality comes from the fact that for any me A" there exists a
k(m) such that r, = O for k > k(m). A similar argument as above shows also that

Y (=rnlabl = —

k=0 j=0

= —byllq:Bll — 14281 = — (1 — ligoB ).

This shows that o(m)e{0, 1, —1}. Assume that o(m)#0 for some
me A . Then the above estimates imply

214254181 > — 'zo byjs2llqzj+18)
i=

0

Z (- I)krk Bl

k=0

[mB > >1—(1—1llq0B1) = 4081

lo(m)| —

contrary to the assumption |mf]| < ||go8].

The expression Y. (—1)*r,[lq,B| can be somewhat simplified. If m namely
k=0
has the expansion

m= Y ngp ko=0,1,#0
k=ko

then we fied
Lemma 3. |} (= frllqbll| = kzk (— Do qeBll-
k=ko =ko

Proof: We only have to show that the right hand side is positive:

Z (— l)k_kork”‘hﬁH Z T llqkoﬁll - .Zorko+1+2j”qko+1+2jﬂ”
k=ko j=
(12) > rkOHCIkOBH - (bk0+2 - 1)”‘1k0+1ﬁ” - '21 bk0+z+2j”41ko+1+2j/3||
i=

= rko“‘hoﬁ” - (bk0+2 - 1)“‘1k0+1ﬁu_ “‘1k0+2m|-
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If ko =0 then r, > 1 and hence b, = 2. In this case formula (8) gives | gyf |l
=b,|lq.81l + llg.B| and expression (12) is larger than

(ro = DllgoBIl + llq: 811 > O.

If on the other hand k, > 1 we get using formula (7)

(12) 2 (rey — DllgioPll + l1gxo+1B81 > 0.
This proves Lemma 3.

The results of Lemma 1 to Lemma 3 put together give

o0

Proposition 2. If me A has for irrational f the expansion m= Y r,q,
k=ko

", #0 then the Diophantine norms of all m with ||mp| < | qof| have the
representation

|mp = i (=1 *or, g B

where the q,’s are the denominators of the principal convergents of .

Remark: The referee kindly informed us that Prop.2 is closely related to
what in discrepancy problems is called a canonical form as discussed for instance
in [11].

§3. Proof of Theorem 1

The proof will be similar in spirit to the procedure in [6] to solve the gap
problem for mf mod 1. We first discuss certain ¢’s for for which M, can be
determined explicitly and reduce the general problem then to this case. Let us
start with the well known fact (see [6], Lemma preceeding Theorem 3) that every
number ¢ with 0 < ¢ < ||gof|l can be written uniquely as

o =a; gl + g8l + ¥

where the integer i takes values in the set J; with Jy, = A" for b, > 2 and J,
= A" \{1} for b, = 1, the integer g; takes values in 1 < a; < b;,, and the real
number ¢ fulfills 0 <y < [ g:8].

The special role played by these numbers was seen already in [6] where the
induced partition of the interval [0, 1] was used to solve the gap problem for the
sequence mf mod 1. If we denote these numbers by ¢; = ¢;(a;) that means

(13) ¢i(a) = a; | @Bl + g+ 1B1l, i€y

we have
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Proposition 3. The number m belongs to M, if and only if one of the
following canditions holds for the expansion m = z Pl Tig = 1

By ko=i—lir,_ =1, b,y —aq <rl\b,+1—1

(3y) ko=i—1lir,_,=1,1=b;., — a, there exists n = 1 such that r, =0 for
i+1< k<i+2nandrl+2,,>1

(33) ko =itif kg =1 then 0 < a;.

Unfortunately, the partition induced by these ¢, is not yet fine enough to
solve the gap problem for |mf||. So we have to look for finer partitions. For
this consider the numbers ¥; = ¥(a;, ¢;+,)

(14) Yi=a;l @Bl + civ il g 1Bl + 19i+2B1l, i€y

where the integers a; and ¢;,, can take the values

1<a;<b;y; — 1 respectively 1 <c¢;; < b;,,,
and therefore are defined only for b;,; > 2. Trivially
ela; + 1) > Yia, civ1) > ofa).
In this case we find
Proposition 4.  The number me A" belongs to M, if and only if one of the
following conditions holds for the expansion m = ) r.q,, r,, = 1:
k=ko
(4y) ko=i—lrioy=1,by; —a;<r;<bjy; — 1
(@) ko=i—liriy=1,r,=b,1—a, 0<r,;<cy—1
(43) ko=itif kg=ithen 0<r,<a;+1. Ifr,=a,+1 then b;,, —c¢;o; <
riv1 <biyo—1. If r;yy=b;y, — sy then there exists n>= 1
such that r;1, =0 for 2<k<2n and r;s;,., = 1.

Because the proof of Prop. 3 is very similar to the proof of Prop.4 we give
only the last one:

Proof of Prop.4. We show first that conditions (4,) to (4;) are
necessary. If ko <i— 2 then by Prop.2 we get

[mBIl > [ qeBll — (brg+2 — I)quo+1ﬁ” - 2 bko+2+2j“qko+1-r2jﬂ”

=G+ 1Bl = 1gi= 1Bl = bis 1 @B + 19+ 181l = a;llg:B1l + | @Bl
+ 1gic 1Bl > a;ll @Bl + bis 21 g1 Bl + 1 Gis 281l = s

If k=i—1 but r,_; =2 we find
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[mBl >20q;— 1B — (biv1 — Dllg:Bll — _21 bi+1+2j||Qi2jﬁ“ = [|g;- 1Bl

+ 1Bl = bis1 @B + 14+ 81l + @Bl = bivy @Bl
+ bivz + DG 1Bl + 1 Gis 2B > ..

We show next that for ko =i— 1 and r,_, = 1 the condition r; = b;,, — a; is
necessary. Assume r; < b;,; —a; — 1. Then

1M1 > 1as- 181 = (bres = &= 11aB1 = 3 bivsayie 261

=(a; + DllgB| = v

If k=i—1 and r;=b;,, — a; then condition (4,) is necessary. Otherwise
Fiy1 = ¢, and we find

[mBll > 1qi- 1Bl — (bivr — a)l @Bl + civ 1 1 gis 1Bl — (Bivs — Dllgi 2B

- _Zl bivziajllivas2iBll = Vi
I=

If ko =i then r;<a;+ 1 is necessary. This is clear for a;=b;,, — 1. If g
<b;y;— 1 assume r; > a; + 2. Then

[mBl > (a; + 2)[q:B — (bisz — DI gis1Bll — 'Zl bivaizjllgivi+281
=

=(a+ DlgBll + 1g:+181 > ¥

Ifr,=a;+1then b;,, —c;1, <risy <b;s, — 11is necessary. This is clear for
¢i+1=b;1, For e, <b;,, assume r;.; <b;,, —c;4; — 1. Then we get

[mBl > (a; + DI qBll — (bisy — i1 — Dlqis 1Bl — 'il bi+2+2j”qi+1+2j.8“

iz
=@+ DIgBIl — bis 211 gis 1Bl + (it + DI gis 1Bl — i 281
=a;llgBl + (civ1 + DlIgie 1Bl > i

If finally r, = a; + 1 and r,,, = b;,, — ¢;,, then there must exist an n > 1 with

riex=0for 2<k<2nandr;,,,+; =1 Assume on the contrary there exists a
m > 1 such that r,,, =0 for 2<k<2m—1 but r;,,,>1. In this case

ImBll > (a; + DI gBl — (biv2 — cis D gis1BIl + |G 2mB
— (bivam+2 — Dl Gis2me 1Bl — .21 bi+2m+2-r2j||qi+2m+1+2jﬁ“

=(a;+ DIgBl + civ1 @i+ 1Bl — bis 2 14i+ 181 + 11Gi4 2m+ 18]
=aqllgBll + cis 1141 Bl + 1281 + 1 gis2m+ 1Bl > i
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This shows that conditions (4,) to (4;) are necessary. Let us next show that
they are also sufficient. If the expansion m = ) r.q, fulfills condition (4,) we

k=ko
get

[mBll <lgi—1Bll — (bis1 —a; + DIgBll + (bir2 — Dl g+ 18]

+ 3 bieaenlase bl = allafll < v

i=
If m fulfills condition (4,) we find
ImBll < 11gi- 1Bl — (Biv1 — ad 4Bl + (civ1 — D G418l

0

+ lbi+2+2j “qi-f-l-ijﬂ“ = g8l + ail @Bl — bis @Bl + civillgis 1Bl

i=
=N gis 1Bl + 14281 = aill @Bl + i1 g1 Bl + i+ 281 = ¥
If m fulfills condition (4;) with ky =i+ 1 we find

[mBl < llqBIl + _Zl bio+1+2ill g+ 281l = Bl + | Go+ 1Bl
i=
<N 1Bl + i8] < ¥
If m fulfills condition (4;) with ky =i and r; < a; then
ImBll < aillgBll + g+ Bll < ¥
fr,=0a0,+1and b;,, —¢;y; + 1 <1,y <b;,,— 1 we get

[mBll < (a; + DIqBl — (bisz —civ1 + DI qis 1Bl + (birz — Dl gis 2B

+ 3 bivsealaiaaBl = alabll + cilas Bl <

j=1
If ﬁnally r, = a; + 1, ri+1 = bi+2 —Ciy1 and Tivkg = O for 2 < k < 2n, Titon+1 > 1
we find

[mBll < (a; + DI GBIl — bisz — Cix ) Qs 1Bl — Tizns 1 1 Gis 20+ 181
+ biszn+3 — Dl Giv2n+ 281 + _Zl bi+2n+3+2j”qi+2n+2+2jﬂ||
i=

S a4l gBll + civi s 1Bl + 11gis 2B — 1 Gis 204281 < ¥

Consider next the numbers y; = y,(a;) defined as
(15) xia) = a; | aBll + 17211 g 1Bl 1 < a; < by

It is clear that y(a;) < @,a).
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For the corresponding set M, we find
Proposition 5. me A" belongs to M, (a) if and only if its expansion m

= "l T, = 1 fulfills one of the conditions:(5,)- (5;) which are conditions
k=ko

(4,)- (45) of Prop. 4 with
Yi=yla;— 1, biyy), or

(54) either ko=i—1r,_, =1, r,=b;,, —a; and there exists n>=1 with
=0 for 1<k<2n—1, rj1,,=1or
ko =i:r,=a; and there exists n=1 with r;,, =0 for 1 <k<2n—-1
and r; ., = 1.

Remarks: 1) 1In case a; =1 only conditions (5;) and (5,) make sense.
2) Condition (5,) means that exactly one of the two numbers

myo=gqi_y+ by —ada+ Y ry;

j=1+2n
my=aq;+ Y rd;
j=1T72n

belongs to the set M,. This follows from the fact that

ImiBl + llmaBl = 2a;|l + llgi+1 B and that [|mB| = ||nB]|

for irrational f iff m = n.
Finally we need for irrational f with b;,, = 2l;,; the special numbers {;
={day, L)

(as Liv) = all @Bl + Lo @Bl + 1720054 1 B1L + 11g:4281)-
They fulfill ofa) < {(a; Livy) < xda; + 1) < ofa; + 1)
For them we find

Proposition 6. The number me N belongs to the set M, iff one of the
following conditions holds for the expansion m = Y rqy, ry, = 1: Conditions (4;)

k=ko

10 (43) of Prop.4 for Y, =y a; ;1) or

(64) either kqg=1i—1r;,_y, r,=b;1 —a;, r;11 =14, and there exists n>=1
with rip =0 for 2<k<2n—1and r; ,, 21

orkog=1i,r,=a;,+1, ., =1;., and there exists n > 1 such that r;,, =0

for 2<k<2n—1 and r;.,, = 1.
The proofs of all these Propositions run along the lines of the proof of

Prop.4 so that we can omit them here.
Knowing this way the set M, explicitly for certain values of ¢ it is not difficult
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to determine next for these ¢ also the gaps in the sets M,,.

Proposition 7. For [ =[by, by,...] irrational and ¢ = @fa;) = a;||q;p|
+ i+ 1B1l; i€y, the set M, has for 2a; > b, + 1 the gaps q;—1, ¢ — 4i-1, 4
and for 2a; < b, the gaps q;, q;+; — 20,9, 4;+; — (2a; — 1)g;.

Proposition 8. For f as in Prop.7 and ¢ = y(a;) = ;|| ;1 + 1/2 | g;+ 18]
the set M, has for 2a; < b, the gaps q;, 4;.1 — (2a; — 1)q;. For b, = 1 the set
M, has the gaps q;, q;_;.

Proposition 9. For f=[by, b,,...] irrational and ¢ ={;=a;llqp|l
+ Lt @i 1Bl + 12000 1Bl + i 2B1) for bis, =214, respectively ¢ ={;
= a;|gfll + L1 + DIgis 1Bl + 11gis 2B for by =2l + 1 the set M, has
for 2a; < b, the gaps q;, q;+1 — 2a,q;.

The proofs of Prop.7 to 9 are straightforward. Using Prop.3 one
determines the right and left nearest neighbours of any point in the set M which
determine the gaps. Because this is a rather tedious but very simple task we
omit the details hera and refer for more details to the appendix.

We are now ready to prove our main result, Theorem 1.

Proof of Theorem 1. Consider the interval a;||g;B| + [+ 8] < ¢ < (a;
+ DllgBll + 14i+1B1, i€Jp 1 <a; < b;yy. Then any ¢ with 0 < @ <[ qoBll is
contained in one of these intervals.

For 2b;,; >2a, > b,.; + 1 by Prpos.7 there are the three gaps ¢;-;, g;
—qi_1, q; If a;=0b,,, the above interval becomes | q;_ 8| < ¢ < |¢;—.B]
+ lgiBll. For ¢f =|lq;—.B|l the gaps are by Prop.7 again ¢;_;, ¢; — ;1
g For ¢f =|q;- 1Bl +1/2|g;f| the gaps are by Prop.8:q; ;, q;—q;— if
b; = 2 respectively ¢q;,_,, q;_, for b,=1. This shows that for all ¢ with
©? < ¢ < @? the gaps are q;_, q; — q;— 1, q; Where the gaps g; disappear one
after the other by being divided into two gaps of length ¢; _, and ¢; — ¢;—, at the
point ¢ = @?. At the @-value ¢} = |q;_;8| + | ¢8| by Prop.7 the gaps are
Gi-2 4i-1—qi-2 4i-1 If b;=1 respectively ¢; 1, q; —2q;—1, i —qi-1 if
b; > 2. This shows that for ¢ < ¢ < ¢} the longest gaps present at ¢ = @7,
which are g; — q;_; respectively g¢;_,, are subdivided into two gaps of length
q;-, and ¢q; — 2q;_, respectivelygq;_, and q;_; — q;,_,. Hence for all ¢ in the
interval ¢} < @ <@} there are only these three resulting gaps
present. Therefore part a) and part e) of Theorem 1 are proved.

Let us next discuss part b). For 2g; < b;.; — 2 < b;,, we see from Prop.7
that for ¢ = ¢f = a;[q:f| + [|q;+ 1B there are the gaps g; qi1 — 20:qi, Giv,
—(2a;— 1)gi. For 9 = ¢} = a;|qiB|| + v I1gic1B1 + 1/2 (1 g1 81 + 1g:+281)
in case by y =2l respectively o = a;|gBll + (i + Dlgie Bl + [1g:+2B1
for b;,;, =2l;,, +1 we see from Prop.9 that there are the gaps ¢ ¢;::
— 2a,q;. This shows that for ¢ in the interval ¢? < ¢ < ¢} all gaps of length
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q;+1 — (2a; — 1)g; disappear step by step by being divided up in gaps of length g,
and ¢;.,; — 2a,q;, Therefore in this ¢-interval only gaps of length g, ¢;.,
—2a,q;, q;+1 — (2a; — 1)q; are present. Because 2(g; + 1) < b;,, we see from
Prop.7 that for ¢ = ¢} = (a; + 1[Il + | ¢;. B there are the gaps q; i+,
—2a; + 1)45 giv1 — (a; + 1)g;. For ¢ = ¢F = (a; + 1) Bl + 1/2]g;+ 18] on
the other hand Prop.8 shows that M, has the gaps q;, q;. 1 — (2a; + 1)q;. This
shows that for ¢} < ¢ < ¢? the gaps of length q;,, — 2a,q; are step by step
subdivided into gaps of length g; and ¢g;,; — (2a; + 1)g; so that in this ¢- interval
only the three gaps ¢, ¢ir1 — 24,9, 4:+1 — (2a; + 1)q; are present. In the
interval ¢? < ¢ < ¢? finally the gaps of length g;., — (2a; + 1)g; are further
subdivided into gaps of length g; and ¢;, ; — (2a; + 2)g; so that for this ¢-interval
only the gaps ¢q;, ¢;4+1 — (2a; + 1)q;, ;11 — (2a; + 2)q; are present. This proves
part b) of Theorem 1.

Let us discuss next part ¢). If 2a; = b;,, then Prop.7 shows that for ¢?
=a;[g:B|l + ;1B there are the gaps q;, ¢;+1 — 24,4, i1 — (2a; — 1)g;.  For
¢ = @} Prop.9 gives the gaps q;, q;+; — 2a,9; and hence for all ¢ in the interval
©? < @ < @} there are the gaps q;, q;+1 — 2a:9;, ¢;+1 — (2a; — 1)gq;, the last one
being step by step divided up into gaps of length g;, ¢;+, — 2a,9;; Because 2ag;
= b, these gaps are therefore q;, ¢;_ 1, ; + ¢;—1- For ¢ = ¢} = (a; + )] g,
+ |lgi+ 181l we find 2(a; + 1) =b;,, + 1. Prop.7 shows then that for this ¢
= ¢} we find the gaps ¢; 1, ¢; — ¢i-1» 4+ For ¢} < ¢ < ¢} the gap g;, longest
for @ = ¢}, is step by step subdivided into gaps of length ¢;,_,, ¢; — q;_; which
shows that in this interval the gaps are just g;_, ¢; — ¢;—; and g;.

Remains to prove part d) of Theorem 1. If 2¢;=b;.,; — 1 we find for ¢
= @) the gaps q;, ¢;+1 — 24,4, 4;+1 — (24; — 1)q;.  For ¢ = @i Prop.9 gives the
gaps 4, Qi+, — 2a;q; = q;—; + q;, that means the longest gap at ¢ = ¢?
disappears by divided up into gaps of length ¢; and ¢;,; — 2a,q;;hence we find
for @) < ¢ < ¢! the three gaps g, ¢; + ¢;—1, 24; + g;—,. Because for ¢ = ¢
=(a; + DllgBl + 1/2llg;+ 1B we have 2a;=b;,; — 1 < b;,y, Prop.8 gives for
this ¢-value the gaps g;_;, ¢; and hence for ¢! < ¢ < @? we have only the gaps
di—1» 9> q; + qi—1- For ¢ = ¢} finally Prop.7 gives again the gaps q;_,, ¢
—q;-1, 4; and hence for ¢7 < ¢ < ¢} the gaps q;_1, 4; — 4i—1» 4s

This concludes the proof of Theorem 1.

Unfortunately we were not able to treat with our method also those values
of ¢ with |gofll < @ <1/2. We are quite convinced that our results extend
also to this case. It would be interesting to extend our results also to rational f§
and to study also the relative frequencies of the different gaps.

Having established the gap structure of the sets M, we are now prepared to
prove also Corollary 1. For ieJ, the set M; = {m:|q,fll < |mB| < llg;—,B1l}
is obviously contained in the set M, with ¢ =b;, [lgfl + g8
= Ilgi-1B1l. Since moreover for @' = by, g+ 1Bl + [14:+ 281 = lg:B we have
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M; c M, \{q;} where
CM, = N \M, = {meN:|mB| > |qpl}
Hence M; = M,n(¥M,\{q;}). From these remarks we deduce

Lemma 4. meM, if and only if its expansion m = Y. rq,, tv, = 1, fulfills
k=ko

one of the following conditions:
) kg=i-lir,_y=1,b,—12r=1
(2) ko=i—1lir,_y =1, there exists nz=1 such that r,,,=0 for
0<k<2n—1but r =1
(3) ko=1ir;=1, there exists n>1 such that r,,, =0 for 1 <k<2n-1
but riy,, = 1.

This Lemma being an immediate consequence of Prop.3 we can omit the
proof. According to Lemma 4 the set M; can be decomposed into three disjoint
subsets M®, k =1, 2, 3 defined by the three conditions (1) to (3) of Lemma
4. It is rather trivial to see that every gap within one of these sets is bounded

below by g, This implies Corollary 1 as follows:
3
FA=Ym*=Y Y m* If MP={mpP <mP <.} we find mf
meM, n= lmeM(")
= ‘1i—1 +4q, MY =qi_1+dirs mP=¢;+ ¢, and hence m =mf

+ z d_y, for all k>1 with d%)_, =m® —m{?, for all n=123 and all
j=

= 1. Because d™_, > q; and hence m{® > m{ + k q; > (k + 1)g; for all k>0

Jij—1
we get

FO< Y, T

k=21

If therefore ¢(4)=3 Y k™* we find

k=1

F)<c(d) g;*

for all i and all irrational .
The proof of Corollary 2 follows immediately when comparing our Theorem
1 with the following result of Slater in [6].

Theorem 2(Slater). For ¢ = a;||qf| + l19;+ 181 + ¢, where 0 <Y < | q:Bll,
the gaps of the sequence {mf mod 1} within {mpmod 1 < ¢} are the integers q;,

Gi+1 — aid; and ;41 — (a; — 1)g;.
It turns out that the gaps in Theorem 1 are exactly the gaps of the sequence

mf mod 1 with respect to the cnnected interval [0, 2a). But for such intervals
Slater has shown that formulas (1) are valid. But this shows that they are valid



RECURRENCE PROPERTIES OF CIRCLE MAPS 349

also for the kind of disconnected intervals I3, we are looking at.

Appendix : Proof of Prop.7

For meM,, set my=max{m eM ,:m <m} respectively myp = min{m/,
m €M o:m’' > m}. In case the first set is empty we define m;, = 0. The gaps d
and dg are then defined by d; = m — m; and dg = mg — m. Theorem 3 shows
that the set M, can be decomposed into disjoint subsets M%), k = 1,2,3, where
me M%) if m satisfies condition (3,) of Prop.3. For fixed @; define the variable
s;=b;,, —a; with 0<s;,;, — 1. We start our discussion with the case

I a,=1, a,<s;(2a; <b;;y)
In this case M{) is empty and we have s; > 1 respectively b, > 2.

1) Consider me M) given as m=gq,_, + s,g; + Y.
j=it+2n

Ifn>=2o0rn=1 and r;;, #b;,5 we find

mp=q; + Z rﬂjEM(aa:,): dp = Giv1— 20; = ;41 — 2a,q;

j=TF2n
Mg ={Qqis1 + 122 rig;e M3 dg = g1 — (2a; — 1)g;.
j=1+2n

Ifn=1and r,., =b;,; we get

Mg =(irs+ D+ Y 19,6 M3):dg =g,

j=i+4
2) Consider next me M@, m= ZL rgp n=0and r;=1if n=0.
j=i+n

If n=1 we get

mp=q;+rir1— qieq + Z EM(3) dp = qi+1 — (2a; — 1)g;

j=i+2
Mg =4q; + . Z+1rjquM(d3§|)9 if Fiv1 < bi+2: dR =q;
J=1
respectively
mg=(ivox-1+ D1+ ) 14, MG
j=i+2k
where k = min{l:r;;,_; # b1 5}: dg = qs.

If n=0we have m=gq;+ Y, ryg;l>1,

j=i+1
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_ 3). —
my = Z+lrjqjeM(q,3. d, = q,
j=i

mg=gq;_y +sq;+ Y, rjg;eMP), if | is even and s; = 1:
j=i+l

dr = gi+1 — 2a59;

respectively
mg=q.,+ Y, rg;, if Iis odd or s; # 1:dg = q;+1 — (2a; — 1)g;
j=i+l

II. ai=1, ai>si+1 (2ai>bi+1+1)

In this case s; = 0 respectively b;,; = a; = L.

1) meM@, m=gq,_,+ ) rig; n>1 and we find:

Jj=2n

3).
my = X; rg;EeMQ):dy =gy
i=2n

mg =¢q; + Z erjEM(a%?: dr = q; — qi—1-

Jj=2n

2) meMP):m Y rgp,n=0and r;,=1if n=0.

J=i+n
If n=1 we find
mp=q; + i1 — Dqieq + ZJ( ﬂjGM(qg.):dL=‘1i+1—q
j=i
mp=q;+m if r;y <bj,:dg=g;

respectively for r,,; = b;,,
Mg =(rivs+ Diss + Z;rsrj‘IjeM%): dg = 4;.
j=i

If n>1 and even we find
n/2

my = Zlbi+2jf1i+zj-1 + (Fon— Daien+ D, 10,€MG):dp =g,
=

j=itn+1

mR_q11+ y eM(Z)dR=q11

j= 1+n

If n>1 and odd

mp=¢q;-, + .Zlbi+2j+1qi-r2j + (Fivn— Dien + z rjquM%,): dp = q;
I=

j=i+n+1
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mg = q14_ 2: E A4(3) dR - ql

j=i+n

If n=0 and therefore m=gq; + ), ryg; [>1 we get

j=i+l

mp=gq;_; + Z rig;€ MG) in case [ is even: d; = q; — ¢;_,
j=i+l

mp= Y riq;eMQ) in case | is odd: d, = g;

j=itl

mg=(riey + Dgiey + Y, r;g;€MSP) in case [ =1:dg=gq;_4,

j=it2

mg=qis1+ 9, rg;eM if >3, 0rl=2andr, ,<b; s dg=q,

_] i+1

mg = (riss + g3 + z EM%’, ifl=2and rj,, =b.3:dg=1¢q;—;

j=it4
This concludes the discussion of the case a; = 1.
L. a;>1, a; <s; 2a; < b;yy)

In this case b;,; >2 and M) # ¢ for k =1,2,3.

1) meM@, m=gq,_, +(;+Kg;+ Y rigp 1<k<a,—1, n=>1:
j=i+n

For 1 <k<a;,—1 we get

mL=m—giEM(1) dp=q;

mg=m+ q;e MG): dg = g;.

For k=1 and therefore m=gq;,_, + (s;+ U)g; + Y, r,q, n>1

j=i+n

we find
mp=gq;_y +sq;+ Y, rg;eM@) if nis even: d; =g,
j=i+n

mp=aqg;+ Y rg;eMG) if nis odd:d; =q;+, — (2a; — 1)g;

j=i+n

and

mR =m + qlEM(qux): dR == qi'

For k=a,— 1 and hence m=gq;_y + (b;s; — Dg; + Y, r

j=i+n

4; we get
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mp=m—qeMP:.d, =q,
L ql @, - YL ql

mg = (rixq + 1)qi41 + Z riq;€ MQ if n=1:dg =g,

j=i+2

mrp=qis1+ Y, rg;eM@ if n=3 orn=2and r,, <b.y

Jj=i+n

dR =4

Mg = (Fizok—1 + Divon—1 + ZZk"qu @) if ripy = by and
j=i%

k=min{l:r; 5 <biyz-1}:dg = g:

2) meM@) with m=gq;_ +sqg,+ Y rg, n>1 In this case we find:
j=i+2n

mp=aq;,+ Y rg;eMS:d,=q;,—2aq;

Jj=i+2n

mg=m+ q;eMP): dg = g,

3) meMG), m= ) rjg, n>0and 1<r;<a in the case n=0.

j=i+n
If n=0 and 1 <r; <a; one finds
my=m—q;eM3):d =q
mg=m+ q;e MP): dp = g;.
If n=0 and r; = a; we get

my=m—q,e M3): d, =g

mg=q;_; +(s; + g, + Y, rjg;e M) for k odd: dg = q;1; — (2a; — 1)g;

j=it+k

respectively

mg=q_; +sq;+ Y rig;e M3 for k even, k = 2:dg = q;1, — 2a,;.

j=i+k

If n=1 and hence m=r;,q;s, + Y rg; one gets
j=i+2

mp=q—y + by — Vg +m— g, €M@ d =g,
mg=m+qeM3 if ri .y #bydg=g;

mR“‘(r1+2+ 1)q1+2+ Z EM( lf rt+1_bl+2 dR_ql'

j=i+3
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If n>2 and hence m= ), rjq; we get for n even
j=i+n

n/2 3
myp = Z bi+2jqi+2j—1 + (Fien — Dqisn + Z rjquM(d),): dp=q,

=1 j=iFtn+1
whereas for n odd one finds

(n—1)/2

mp=q;_y +(biry — g; + Z bi+1+2jqi+2j + (Fivn — Disn

j=

+ Y rgeM@:d =g

j=it+n+1
mg =m + q;e M3): dg = g; both for odd and even n.
IV. g>1,a,2s,+1 (2a;=2b;.,+1)

1) meM@P:m=gq_,+(+Kg+ Y rygp l<k<a—1,n>1

j=i+n

If k=1%#a;—1 then

mL_(S+1qt+ Z EM(S) dL_qLI

j=i+tn

mg=(s;+2q; + Y rig;eMQ if a,>s;+1:dg=0q; — q;—,

j=i+n
respectively

mg=m+ q;e MG if a;, =5+ 1:dg = g,

If k=1=ga;— 1 and hence g; =2 we see from g; >s; + 1 that b, ., =3

and therefore m = ¢q;_, + 2q; + Z riq; n=1. Hence we get

j=i+tn

my, = 2q; + Z ”qu'GM(g,): dp = ¢4

j=i+n

Mg ={¢;+; + Z 5M(3) dg = g;.

j=itn

If k>2 we get for k=a;,—lim=gq;_; +(bisy; — Vgi+ Y, rgp n>1

j=i+n

and hence

mL = qi—l + (bi+1 - ql + z _]q_] M(l) dL = ql

j=i+n

mg —'b1+1qz'F 2: qu€<hl¢’ lf a; = bl+1 dR -1

j=i+n
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mg=qi;+ Y rg;eM@), if a;<b;,; and n=1or n=3dg =g,

j=i+n

mR—q,+1+ Z EM(3), if ai<bi+1, n=2 and ri+2<b,~+3——12
j=i+2

dr =4

mR—(rl.+3+ 1)q1+3+ Z EM(dsi,)a lf ai<bi+1a n=23

j=it+4
Fiva =birsidp=4;
Remains for me M) the case 1 <k <a; — 1:

if s;,+k>a;+ 1 then
mp=q_1+(+k—1g+ Y rgeM@:d =g
j=i+n

where as for s, + k<a

mp=(s; + kg + ) rg;eMP:d, =q;_,.

j=i+tn

The corresponding right neighbours are

mp=m-+ qeMG) if s, + k> a;: dg = g;

mpg=(s;+k+ g+ Y rg;eMG if s;+k<a,—1l:dg=q;—q;_,.

j=i+n

2) meMQ:m=gq,_, +sg;+ Y, rq,n=1l

j=i+2n

For a; > s; + 1 one finds

— 3 —
my = s5q; + Z rid; M@ d, =q;_,
j=it2n

mg = (s; + U)g; + ) Z ”ﬂjEM(g),): dr = q;i — 4i—1-

j=i+2n

3) meM@:m= ) rg,n=0and 1<r,<aq;if n=0.

j=i+n

If n=0, 1 <r;<a; we therefore have m=rg; + Y. ryq;, 1> 1.

j=i+l

For I =1 we find

my = (r; — 1)q; + Z rg;eMQ) if ri<s; + 1:d,=g;
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mp=qi—y + @ — D+ Y, rig;eMQ if ri>s,4+10d, =¢, — g,

j=i+l

For [ > 2 we find

my=(r;— 1)q; + Z rq;€ (3) I<r<sgdy=g;

J=TH

mp=qi_y +sq;+ Y, rg;eMP), ri=s,+1, | even: d = g;

j=i+l

mp=sq;+ Y rig;eM3), r;=s,+1,1o0dd:d;, =q;,—q;_,

j=i+l

mp=qi_y+Fi—Dgi+ Y rig;eMQr; = s, +20d,=q; — q,-1.

j=i+l

For the right neighbour we find in the case n =0 and [ = 1:

meg=(r;+ g+ Y rigeMQ) if r,<s;+1:dg=g;

j=it+1
mp=q;—; +meMQ), if r,=s;+ 1:dg=q;,_,

Mep=qi_y +meMQ) if r;>s;,+1, r,<a;<b;,, orry;<a;=b;:

dr = qi—1

mp=(rix; + 1)qis1 + erﬂj MQ if ri=a;=b;y:1dg=q;_,.
j=T+

For [ >2 we find for 1 <r;<s;— 1

mp=(r;+ g, + Y rig;eMQP:dg=gq;

j=i+l

Mmp=qi—y +sq;+ Y, rg;eMP if r,=s, [ even: dg = g;_,

j=i+l '
mg=m+ qeM3) if r,=s5, | odd: dg = q;.

For r;=s; + 1 we find

mp=qi—+ (s +Dg;+ Y rigeMPdg=gq;_,.

j=i+l

Ifl>2 and g;>2r;>s;+ 1 we see that

Mmp=qi-y +meMG) if ri#by,1dg =g,

_ 3) ip . o .
Mg =(i+1 + z rjquM(03 if rp=a;=b;1q, riys <biis:
JETH
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dr = qi—1

3) if . o
Mg = Mivak—1 + Diso—1 + ZZk"ﬂjEM(@) if r;=a;=b;4;
j=iF

and k=min{l: r;y 5 < b;ya+1}: dg = gi-1-

If n=1 we have m= ) r;q; and hence
j=it1

mp=qi—y + Gir1 — Vg + (v — Dgivy

+ Y rig;eM@):d, =g

j=i+2
mp=q;+meMQ) if ri 1 <byy,—lidg=g;
Mr = (Firou—1 + Diwoeor + ), krjqjeM%), if 1,4y =b;+, and
j=iT2

k=min{l:7;45-1 <bjso}: dr = qs

If n>2 we have for even n:

n/2

mp = Z bit2ii+2j—1+ Tivn— Dizn + Z rj‘IjGM(3.)3
=1 j=itn+1

d,=g;

and for n odd

(n—1)/2
my=gi-y + (biey — Dg; + _Zl biv1+2/i+2j T Fivn — Ditn
I=

+ Z rjquM(dlk):dL=qi

j=i+n+1
3).
mg=q; + meMQ): dg =g,

This then proves Prop.7. The proofs of Prop.8 respectively 9 proceed
along the same lines.
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