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Partial *-Algebras of Closable Operators
I. The Basic Theory and the Abelian Case

By

Jean-P. ANTOINE*, Atsushi INOUE** and Camillo TRAPANI***

Abstract

This paper, the first of two, is devoted to a systematic study of partial *-algebras of closable
operators in a Hilbert space (partial Op*-algebras). After setting up the basic definitions, we
describe canonical extensions of partial Op*-algebras by closure and introduce a new bounded
commutant, called quasi-weak. We initiate a theory of abelian partial *-algebras. As an
application, we analyze thoroughly the partial Op*-algebras generated by a single closed symmetric
operator.

§ 1. Introduction

Ever since the pioneering days of Heisenberg’s Matrix Mechanics, operator
algebras have played a prominent role in quantum theories. For instance, the
algebraic language is by now standard in quantum statistical mechanics (e. g. see
the monograph of Bratteli and Robinson [1]). However the algebras used in
this context consist invariably of bounded operators (in particular representa-
tions of abstract C*-algebras) and their bicommutants, that is, von Neumann
algebras. In particular the latter play a crucial role in the Tomita-Takesaki
theory [1].

Yet this framework is often too narrow for applications. The next step is
to consider algebras of unbounded operators, consisting of operators with a
common dense invariant domain. Take for instance a nonrelativistic one
particle quantum system. In the Schrodinger representation, with Hilbert space
L*(R3), the canonical variables are represented by the operators q and p, both
unbounded and obeying the canonical commutation relations [p; g¢;]
=id;. The natural domain associated to this system is of course Schwartz
space #(R?), and the corresponding *-algebra %' () consists of all operators A
such that AY < & and A*¥ < &. This algebra (slightly generalized if spin is

Communicated by H. Araki, February 28, 1989.

*  Institut de Physique Théorique, Universit¢ Catholique de Louvain, B-1348-Louvain-la-Neuve,
Belgique.

**  Department of Applied Mathematics, Fukuoka University, Fukuoka, Japan.

*** Tgtituto di Fisica dell'Universita di Palermo, 1-90123-Palermo, Italy.




360 JEAN-P. ANTOINE, ATSUSHI INOUE AND CAMILLO TRAPANI

considered) appears as the basic object for nonrelativistic Quantum Mechanics,
and it has quite remarkable properties (see the forthcoming monograph [2] for
a detailed study). Elaboration of this model eventually led to the well-
developed theory of Op*-algebras [3-5].

However, it is sometimes unnatural, even impossible, to demand a common
invariant domain for all relevant operators in a given problem. To give a trivial
example: in the simple case described above, & is invariant under g and p, but
it is of course not invariant under any of their spectral projections. Another
instance is a Wightman field theory, where the natural (G&rding) domain is not
always invariant under the elements of (local) field algebras [6]. Furthermore,
the algebra #'(&) is not complete under the strong* topology, which is both
natural and convenient, and its completion is not an algebra. This state of
affairs prompted W. Karwowski and one of us (JPA) to introduce [7] the
concept of partial *-algebra of operators, or partial Op*-algebra. A systematic
analysis of those was undertaken in recent papers with Mathot and Trapani [8,
9], where, in particular, various notions of commutants and bicommutants were
introduced and studied.

Of course partial Op*-algebras are only a special case of (topological)
partial *-algebra. This concept, originally due to Borchers [10], was also
developed in Ref. 7. Several other types of partial *-algebras have been
discussed in the literature, for instance:

(1) The (topological) quasi *-algebras, introduced by Lassner [11] and
obtained by completion of a topological *-algebra for which the multiplication
is separately, but not jointly, continuous.

(2) The left partial Hilbert algebras, introduced by one of us (Al) in the
context of a generalized Tomita-Takesaki theory [12], and also, independently,
by Ekhaguere [13].

(3) Partial *-algebras of operators on partial inner product spaces [14, 15].

The objective of the present paper is to continue the systematic study of
partial Op*-algebras, and, in parallel, to develop a theory of representations of
abstract partial *-algebras, following the pattern familiar for *-algebras and
based on the Gel'fand-Naimark-Segal (GNS) construction. This approach has
been highly successful in statistical mechanics and in quantum field theory, and
so it seems desirable to extend it to partial *-algebras as well.

Before giving a detailed outline of the two papers, we have to emphasize a
crucial change with respect to the previous work on the subject. Instead of
considering closed operators on a Hilbert space, with a common core 9, we take
their restriction to %:our partial Op*-algebras consist now of closable
operators. The two approaches are fully equivalent, but the new one simplifies
the picture on several counts. It facilitates the comparison with Op*-algebras
and clarifies the extension theory, which 1is especially useful for
representations. In order to make the papers self-contained, we will reproduce
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here the main definitions, indicating along the way the differences (in particular,
in notation) with the earlier presentation. We refer to Ref. 8 for further details.

The present paper (Part I) is organized as follows. We begin, in Section 2,
by examining the notion of abelian or commutative partial *-algebra; the
structure of those is more complicated than in the usual case, because the partial
multiplication need not be associative. Section 3 reviews the basic theory of
partial *-algebras of closable operators on a Hilbert space. After recasting the
main definitions in this new framework, we present a systematic theory of
extensions of partial Op*-algebras, elaborating on the results of Refs. 7 and
8. We also define a new kind of bounded commutant, called quasi-weak. The
decisive aspect here is to incorporate in the definition of the commutant the lack
of associativity of the partial multiplication, a characteristic property of partial
Op*-algebras, and a very troublesome one. All these notions will prove useful
in the theory of representations described in Part II. Section 4 is devoted to a
thorough analysis of the partial Op*-algebras generated by a single symmetric
operator, and their bounded commutants. Here again the situation is rather
tricky, but a quick look at differential operators on a finite interval shows that
all possible pathologies do occur in practice. In particular, these partial Op*-
algebras are often really partial, that is, they are not *-algebras, and they are
rarely abelian. Of course the situation simplifies considerably, but not
completely, when the generating operator is self-adjoint: even then, the operator
generates often a genuine, non abelian, partial Op*-algebra. In the Appendix,
finally, we relate the quasi-weak bounded commutant to the various types of
commutants, bounded or unbounded, introduced in the earlier papers.

The central topic of Part II is the theory of representations abstract partial
*-algebras. The definition is the natural one: representation of a partial *-
algebra U is a homomorphism of U into some partial Op*-algebra (see Section
2 below). For these representations, the notions of extension and of adjoint,
familiar for representations of *-algebras, are defined with help of the extension
theory described here in Section 3. When it comes to the explicit realization of
a representation, the GNS construction [1] is usually the answer, so we have to
extend it to partial *-algebras. The problem is that, for a partial *-algebra,
positivity of a linear functional is not well-defined in general, hence we shall
consider positive sesquilinear forms instead. So the question we want to
address in Part II reads: to characterize a class of positive sesquilinear forms on
a partial *-algebra that makes possible a GNS construction.

In the case of a *-algebra U, a positive sesquilinear form ¢ on A x A is
called invariant if ¢(x*y, z) = ¢(y, xz), for all x, y, zeUA and then the GNS
construction for ¢ is always possible. But if 2 is partial *-algebra, the products
x*y, xz are not always defined and the definition above is not acceptable. We
will provide in Part II, Sec. 3, a new definition of invariance for sesquilinear
forms which does the job: as we show, the GNS construction is now possible for
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every invariant positive sesquilinear (i. p.s.) form and the resulting representation
has all the expected properties. The new concept of i. p.s. form generalizes that
of h-form, introduced previously by Lassner and one of us (JPA) for the same
purpose [16, 17]; the latter turns out to be unduly restrictive in practice.

If A is a topological quasi *-algebra [11], it is easy to construct i. p.s. forms
on A x A by taking limits of suitable linear forms on the dense subalgebra
A,. But this approach fails for general partial Op*-algebra. For that reason,
we are led to introduce a restricted class, called partial GW *-algebras,
characterized essentially by a large content in bounded operators. This class of
partial Op*-algebras seems interesting in itself, and we study them in detail in
Part II, Section 4. In fact, they behave in many respects as a natural
generalization of von Neumann (W*) algebras, and of topological quasi *-
algebras as well. A related topic discussed in Part II (Section 5) is the question
of standardness of GNS representation of partial *-algebras. In the abelian
case, for instance, we show that the well-known criterion of Powers [3] extends
to abelian partial GW*-algebras.

Of course, there are many more aspects to the theory of partial (Op)*-
algebras, and a number of topics will be discussed in several subsequent
papers. For instance:

- the notion of cyclic or strongly cyclic vector for a representation [18] and
correlatively the regularity properties of i.p.s. forms [19].

- the order structure of the space of i. p. s. forms, in particular the extension
to partial *-algebras of the well-known Radon-Nikodym theorem and Lebesgue
decomposition theorem [20-22].

- the extendability of i.p.s. forms upon addition of a unit, in case the original
partial *-algebra does not contain one.

- the normality of i.p.s. forms on partial (Op)*-algebras, which is crucial for
applications to quantum theories.

The moral of the whole story is clear: partial *-algebras are vastly more
complex objects than *-algebras. This shows up in a particularly vivid fashion
in the study of the abelian case, outlined in the present Part I. Yet a
surprisingly large number of results do extend naturally from Op*-algebras to a
class of partial Op*-algebras, namely the partial GW*-algebras. This gives
hope that this theory will provide a viable framework for physical applications.

§2. Abelian Partial *-Algebras

A partial *-algebra is a complex vector space ¥ with an involution x
- x*(@.e (x + Ay)* = x* + 1y*, x** = x) and a subset I < U x A such that:

(1) (x, yel iff (y*, x*)el;

(ii) if (x, y)eI and (x, y)el, then (x, Ay + uz)el for all 4, ueC;

(i) whenever (x, y)erl, there exists an element x-ye?U with the usual
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properties of the multiplication:
x-(y+ Az) = x-y + Ax-2z) and (x-y)* = y*-x*, for (x, y), (x, z)el and AeC.

An element e of U is said to be a unit if e* = e, (¢, x)e I and ex = xe = x for
every xe?l.

Whenever (x, y)el, we say that x is a left multiplier of y and y a right
multiplier of x, and write xe L(y) and ye R(x). By (ii), L(x) and R(x) are vector
subspaces of UA. For a subset N = A, we write

L@ = | Lix). R = U R

Notice that the multiplication is not required to be associative, but it must
be distributive with respect to the addition by (iii). This lack of associativity
makes the structure of abelian partial *-algebras much trickier than usual; we
shall study this in detail below. However, in some cases, a weak form of
associativity is useful: a partial *-algebra U is called semi-associative [8] if
y€R(x) implies y-zeR(x) for every zeR(U) and then one has (x-y)z
= x'(y-). We shall meet examples below.

A *-homomorphism of a partial *-algebra 2 into another one B is a linear
map o such that (i) o(x*) = o(x)* for each x e, and (ii) whenever xe L(y) in U,
then o(x)eL(a(y)) in B and a(x)-0(y) = o(x-y). Notice that, even if ¢ is a *-
homomorphism of A onto B and it is a bijection, ¢~ is not necessarily a *-
homomorphism. A *-homomorphism ¢ of U onto B is said to be a *-
isomorphism if it is a bijection and ¢! is a *-homomorphism.

Abelianness in the context of partial *-algebras is defined in the natural
way:

Definition 2.1. A partial *-algebra W is said to be abelian, or commutative,
if the following conditions hold:
(i) x, el's@y, x)el, x, ye¥,
(@ xy=y-x (x, yel,
or, equivalently,
(i) L(x) = R(x), Vxe¥U,
@) x-y=yx, Vxel, yeR(x).

Examples of abelian partial *-algebras are quite familiar.
Example 1. Partial *-algebras of functions:

Let Q be a Lebesgue-measurable set in R";as usual, we denote by L?(£2) the
Banach space of all measurable functions f:Q-—>C such that
£, = (falfIPde)'’? < 0. For feLP(&), consider the following set of real
numbers:

a(f) = {ge[l, )|l f], < oo}.
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We can now define a partial multiplication in L?(Q), taking I” as
I'={(f, 9)eL/(Q) x L(Q)|3rea(f);pr(r — p) ' e w(g)}.

By Holder’s inequality, (f, g)e I” implies that the (ordinary) product fg belongs
to LP(R2). It is easy to check that under this operation L”(Q) is a semi-
associative partial *-algebra. Abelianness is evident.

Example 2. Partial *-algebras of polynomials:

Let B(z) be the set of all complex polynomials of arbitrary degree in the real
variable z. B(z) is an abelian *-algebra (where * is understood to be the
complex conjugation).

PB(z) contains plenty of abelian partial *-algebras. Let us denote by B,(z)
the following subset of B(z)(by dp we mean the degree of the polynomial p):

B.(2) = {p(2) e P(2) | op < r}.

It is readily checked that B,(z) is an abelian partial *-algebra when we take as I
the following set

I'={(p, 9eB(2) x B(2)|6p + 6q <r}.

Typical examples of abelian algebras are those generated by one hermitian
element of a non-abelian algebra. If U is a partial *-algebra and x an element
of A, we may consider the partial *-algebra I(x) generated by x as the
intersection of all partial *-subalgebras of U containing x. This is clearly a
well-defined object. If U is an algebra and x = x*, then ¥¥(x) consists of all
polynomials in x and it is abelian, but this need not be true any more in our
case. Indeed, pathologies may arise from the following two facts which are
peculiar to partial *-algebras:

(i) an element x is not necessarily a multiplier of itself;

(i) if they are defined, we may have several n'™™ powers of x, because of the
failure of associativity.

So abelianness may fail. Let us examine the first few possibilities to clarify
our discussion.

Case 1: x is not a multiplier of itself

M(x) = {4 + ux|4, peC} = P,(x), and it is abelian.

Case 2: xeR(x) (<> xel{x)), but x¢R(x?), x? = x-x.

(i) We may have x?¢ R(x?); in this case:
(i) If g(x)¢ R(p(x)), for all polynomials p and g with 1 < dép <2 and dq
= 2, then

M(x) = {og + oyx + o, x*|o;€ C} = P,(x), abelian.
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(i) We may have g(x)eR(p(x)) for some polynomials p and g with
1<dp<2and dg=2. In this case,

p(x)q(x)e M(x) and P(x) & M(x).

(i) We may have x> R(x?). In that case, neither x2-x, nor x-x? are defined,
but x%-x? is defined. Then the structure of M(x) is more complex than in case

Q).

In view of such pathologies, we have to be careful! We begin with the
definition of powers, in a recursive way.

Definition 2.2. Let U be a partial *-algebra with unit 1 and xe . Then:
(1) Given an integer n > 2, we say that the n™ power of x is defined iff all
products x*-x"%, 1 <k <n-—1, exist and coincide. Their common value is
denoted, obviously, by x".
(2) The element x is called well-behaved if its n™ power x" is defined whenever
any one product x*-x"7*, 1 <k <n— 1, exists.

Remark. 1f x =x* it is enough to consider the powers x* with
1 < k <[n/2], where [n/2] is the integer part of n/2.

Thus well-behaved elements are those for which associativity holds when
one multiplies their powers.

Clearly if the n™ power of x is defined, so are all k™ powers x*, k
< n. Hence there must be a largest integer n for which this is true.

Definition 2.3. Given any xeU, the length of x is the largest number
[x)eNU{oo} such that all powers x*, 1 <k < I(x), are defined.

Examples 3. (1) If U is an associative partial *-algebra, then all elements
of U are well-behaved.

(2) If W is a semi-associative partial *-algebra, then each x e R(W)n L(A) is
well-behaved and has infinite length.

Let A be a partial *-algebra with unit 1 and x = x*eU. As we will see in
Section 4 below, the length I(x) is the crucial concept for characterizing the
behaviour of x. If x is well-behaved, I(x) is just the largest number such that
x € R(x*) for all k<I(x) — 1 and x ¢ R(x"®). Thus it has powers x, x2,...,x"®, and
no product x?-x? with p + q > l(x) can exist. This does happen, however, if x is
not well-behaved. So we define the following subsets of U:

R(x) = { Y2, 0 x*; 0, €C, k=0,1,2,...,1(x)},
S(x) = W(x) — R(x).

Thus we have:
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M(x) = R(x) + S(x),

and we call R(x) the regular part of Wi(x), S(x) its singular part. We will study
these concepts in detail in Section 4 below in the case of partial *-algebras of
closable operators.

§3. The Basic Theory of Partial Op*-Algebras
3.A. General Definitions, Abelianness

In order to make the paper self-contained, we will rewrite here the main
definitions about partial Op*-algebras, with the new convention that all
operators are now restricted to the common domain &, hence closable instead of
closed as before. Along the way we will indicate the differences with the earlier
presentation.

As usual, 5# denotes a Hilbert space, fixed once and for all, and 2 a dense
subspace of #. We denote by £(@, #) the set of all (closable) linear
operators X such that D(X) = 9, D(X*) > @ [in the notation of Ref.8, £'(2,
H)=Cy(D, #) =6(D)|2]. The set £'(@, #) is a partial *-algebra [8] with
respect to the following operations: the usual sum X, + X,, the scalar
multiplication AX, the involution X+ X'= X*'9 and the weak partial
multiplication X; O X, = Xi* X,, defined whenever X, is a weak left multiplier
of X, (X;eL*(X,) or X,eR¥(X,)), that is, iff X,2 < D(X}*) and X*2
c D(X%). When we regard ¥'(2, #) as a partial *-algebra with those
operations, we denote it by %71(2, #)[thus (D, #) = €"(2)|2]. Then a
weak partial Op*-algebra on 9 is a *-subalgebra M of ¥1(2, #);that is M is a
subspace of (2, #) such that X' whenever X e and X, O X, M for
any X,;, X,e"M such that X, e L¥(X,).

On £'(9, #) we also consider the strong partial multiplication: X,-X,

= X, X,, defined whenever X,eL%X,)(or X,eR%X,)), which means X,%
cD(X,) and X\9 < P(X%)[in the earlier notation, X,=X;7* and

)TE = X{]. Equipped with this partial multiplication, &#'(2, #) is denoted by
L@, #). We remind the reader that #(2, #) is in general not a partial *-
algebra, because the strong partial multiplication is not distributive with respect
to the addition [7, 8]. Thus we have to make a distinction. A subspace of
Z1(9, #) which is stable under all operations will be called a strong pseudo-
partial Op*-algebra on 9; this is the case in particular of £{(2, #) itself. If, in
addition, the distributive law holds, we will speak of strong partial Op*-algebra.

As before [7], an operator X € #'(@, #) is called standard if it verifies any

of the equivalent conditions: (i) X = X', (ii))—( "= X*; (ii)2 is a core for
X*. This is the case, in particular, if X is self-adjoint or normal. Similarly, a
partial Op*-algebra M is standard if every operator X e M is standard. Notice
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that in this case we don’t have to distinguish between strong and weak
multiplication, since the two notions coincide on standard operators.

Let 9 be a t-invariant subset of #'(2, #). Then there is a minimal weak
partial Op*-algebra on & containing N, which we denote by I,[9t]. But
there does not necessarily exist a minimal strong partial Op*-algebra containing
M. When it exists, we denote it by i, [9t] (this object was introduced in Ref.7
and denoted there M[It]). Clearly IR[I] exists if and only if there exists a
strong partial Op*-algebra containing . Since this need not be the case, we
consider the minimal strong pseudo-partial Op*-algebra containing R, i.e. the
minimal f-invariant subspace B,[9t] which is stable under the strong partial
multiplication and contains 9. It is easily shown that B,[9t] always exists and
B[] < W, [It];if MM, [N] does exist, then M, [N] = B[] =« M, [9N]. Asin
Ref. 7, M, [N] and, when it exists, W [I] are called the partial Op*-algebras
generated by M. The case where 9 consists of the restriction of a single closed
symmetric operator will be investigated in Section 4 below.

We will need in the sequel several topologies on partial Op*-algebras (see
Ref.3 for a detailed study). The locally convex topology on £'(2, #)
generated by the family of seminorms:p, ,(X) = [(X¢|n)l, &, ne 2 (resp. pX)
= | X, (e pH(X) = 1 XE| + | XTE|, £€9) is called the weak topology
(resp. the strong topology; the stromg* topology), and denoted by
t,(resp.tg;ty). We recall that #7(2, #) is complete for t, but not in general
for t, or t,[24]. For %t c ¥'(@, #), we denote by [R]* the t.-closure of
9. In particular, #'(2, #) = [£"(2)]", i.e. the completion of the associated
Op*-algebra #'(2), namely

LND)={Ac L (D, #);AD = D and A*D < D).
Let 9 be a weak partial Op*-algebra on 2. We put
D) ={{&} = 2; Yo &)1 < oo and Y7 | XE,[> < oo for all X eM}.
The locally convex topology on 9t generated by the family of seminorms on 9t:
P i) = 202 | (X Ealma)l, {Eu}s {1a} € 27(M)
(resp. peey(X) = Q2,1 X &, 1112
Pien*(X) = Piey(X) + Py (X)), (&0} € 2 (M0))

is called the o-weak (resp g-strong, o*-strong) topology relative to 9, and
denoted by R, (resp. t2, t2,).

Finally we come to the question of abelianness. According to the abstract
theory, a partial Op*-algebra U is abelian if it satisfies the conditions of
Definition 2.1. Now, for an algebra U of bounded operators, this may be
rephrased into the global condition U = W'. To get a similar statement for an
algebra of unbounded operators, a fortiori for a partial Op*-algebra 9, we have
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to choose first the type of commutant, necessarily unbounded. Several
possibilities are at our disposal [9], for instance the weak unbounded commutant
[23, 24]:

M = {Ye L (@, #);(XE|Yn) = (YTE|X ) for each &, neP and XeM}, (3.1)
or the weak and strong natural commutants, which are smaller:

={YeM,; Ye L"X)nR¥(X), YO X =X0Y, for all XeM}, (3.2)
M ={YeM,; Ye(X)NR(X), Y°X = XY, for all XeM}. (3.3

However, a global condition like M < My or M = M, forces M to be an
algebra. As for the condition I = M., it implies indeed that I is abelian, as
follows from Proposition 3.1(i)) below, but the converse is not true in
general. Notice that this stronger condition Ik < M, is verified in the
particular case of the partial *-algebra of commuting normal operators studied
in Ref. 25; we will recover this result in Section 4 below. Thus, for partial Op*-
algebras, it seems that abelianness cannot be formulated globally, but only
elementwise. The conditions may be formulated in several equivalent
ways. Indeed:

Proposition 3.1. Let M = £1(@, #) be a weak partial Op*-algebra. Then
the following conditions are equivalent.

(i) MNR¥(X) < {X}-, VX eM.
(i) MnL*(X) < {X}n, VX M.
() MNR*(X) < {X},, VX M.
(iv) MnL*(X) < {X},, VXeM.
(v) W is abelian.

Proof. ®(i)=>(ii): We show that MNR¥(X) = MnL*X). If MnRYX)
< {X}q for all Xe, then clearly iUtnRW(X) c MnLY(X); and so MnL¥X)
= MAR* (XN = M R*XN) = MaLY(XN) = MnR*(X). Hence MnL¥(X)
=MNRY(X) c {X}5 for all XeIM. We can prove the implication (ii) = (i) in a
similar way.
® (i) = (iii) and (ii)=> (iv): This is obvious.
® (iii) = (v): Let YeIMNR™(X); then Ye{X},, ie.
(YEIXTn) = (XE|Y™), V¢, ne. (34)
Since YeR¥(X) we have (Y&|X ') = (X O Y)¢|n) = (X&|Y'y), which implies
that X: 92— D(Y™). In an analogous way we get Y': 2 — D(X*). Thus

X eR™Y) and from (34) X O Y= YO X. The implication (iv) = (v) is proven
in the same way, and (v)=>(i) is clear from the definition. O
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An analogous statement holds true if 9 is a strong partial *-algebra: M is
abelian iff MNR(X) = {X}, VX eM, etc.

3.B. Extensions of Partial Op*-Algebras

As for Op*-algebras, a partial Op*-algebra may be extended by closure to a
larger domain, and in fact two such extensions, a priori different, have been
described in Refs.7,8. Several other extensions will be defined below. To
make the discussion more systematic, it is handy to consider first the notion of
extension itself, at the purely algebraic level.

Let 9, € @, c # and M,, M, two t-invariant subsets of £'(2,, #) and
LN(D,, #) respectively. If there exists a bijection & of M, onto M, such that
X < ¢gX) for all X eI, then M, is said to be an extension of M,, and this is
denoted by M, = ¢(M,) >MM,. Then, as it is easily shown, ¢ is linear and f-
invariant, and if &X,) 0 e&(X,) is well-defined, then so is X, 0 X,, but the
converse does not necessarily hold.

If e(M,)>M,, and X, O X, (resp. X°X,) is well-defined if and only if
&(X )0 &(X,) (resp. &(X,)+e(X,)) is well-defined, then &%R;) is said to be an
algebraic extension of M, for the weak (resp. strong) partial multiplication,
which is denoted by &R,) >, M, (resp. e(M,) >,M,). The following result is
immediate :

Lemma 3.2. Suppose MM, is a weak partial Op*-algebra on 9, and M,
=gMM,)>M,. Then M, is a weak partial Op*-algebra on 9, and ¢! is a *-
homomorphism of M, onto M, but ¢ is not necessarily a *-homomorphism. In
particular, if ¢9,)>,,M,, then ¢ is a *-isomorphism of M, onto M,.

Remark. 1In the strong case, the additional assumption M; <, M, is
needed ; otherwise we don’t know if ¢k, ) is a strong partial Op*-algebra on 2,.

We describe now three canonical extensions of partial Op*-algebras; the
first two have been discussed already in Ref.8. Further extensions will be
introduced in Section 3.C below, under additional conditions.

Let M be a f-invariant subset of (2, #). We denote by t; the induced
topology on 2 defined by the family of seminorms {||-|x; X e M}:

IElx=1&1+ 1 XENl, Ee2.

If the locally convex space (2, tg) is complete, then M is said to the closed.
Let 9 be a t-invariant subset (resp. subspace) of #'(2, #) and denote by
@(tm) the completion of & relative to the topology t,. Put

1(X)(=X) =X 1 9(ty), XeM.
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Then #IR)(=M) is a closed f-invariant subset (resp. subspace) of Z'(F(t,), #)
which is minimal among closed extensions of 9. In particular, if M is a weak
(resp. strong) partial Op*-algebra on 2, then 9t is a weak (resp. strong) partial
Op*-algebra on %(t,;) satisfying M <, M (resp. M <, M) and 7 is a *
isomorphism of M onto IN.

We put

D) = Ny D(X)

(X)(=X)= X | D), X eM.

If 9(M) = 2, then M is said to be fully closed. It is clear that
9 < 9(ty) = M),

and hence if 3 is fully closed, then it is closed. The converse is false for a
general subset M, as it is already the case for Op*-algebras, but we conjecture
that the two notions coincide for vector subspaces [25]. ~

Let 9% be a t-invariant subset (resp. subspace) of #7(2, #). Then [8] M is
a fully closed t-invariant subset(resp. subspace) of £'(Z(M), #), which is
minimal among fully closed extens1ons of M. In particular, if W is a weak
partlal Op*-algebra on 2, then M is a fully closed weak partial Op*-algebra on
D(M) satisfying M <, 9 and 7 is a *-isomorphism of 9k onto n.

If M is a strong partial Op*-algebra on @, M is a fully closed, t-invariant
subspace of Z'(F(M), #), and it is stable under the string partial
multiplication. However distributivity may fail, and so 9 is in general only a
strong pseudo-partial Op*-algebra on & (M) (this was overlooked in Ref.7). If
distributivity holds in 9, then i~ ! is a *-homomorphism of M onto I, but not
a *-isomorphism in general.

Next we define the adjoint of a t-invariant subset M of #7(2, #). We
put

D*(M) = Nxem DX™)
*(X) = X 2*(M), XeM.

Then 1*(X) is a closable operator in # satisfying *(X) > X for each X e M, but
2*(M) is not necessarily contained in D(z*(X)*), and so 1*(M) is not t-invariant
(however, *(M) is invariant under another, less natural, involution, namely: X
—> (X 12)* | 2*%(N), as shown in Ref. 7).

We now put

D** (M) = (Vxem D(* (X))
(X)) = ¥ (XT)* 2% (M), X eM.



PARTIAL *-ALGEBRAS OF CLOSABLE OPERATORS 371

Lemma 3.3. z**A(im) is a fully closed t-invariant subset of &' (2**(M), #)
and an extension of M. Suppose M is a weak partial Op*-algebra on 9. Then
**M) is a Jﬁully closed weak partial Op*-algebra on 2**(IN), which is an

extension of M.
Proof. For each Ee 2*(M), ne H(M) and X eI, we have:
(X elm) = (X*E|n) = X 1) = E1HX)n),

and hence #(X) < 1**(X) for each X eM. Furthermore, since X™* > 1*(X")*, we
have

1(X) < **(X) = *(X) (3.5)

for all XeI. We show that **(X)" = r**(X") for each Xe9. This follows
from the equality:
(@**(X) Eln) = (*(X)*¢E[n), by (3.5)

= (&*(X")n), by (3.5)

= € (X Nn)
for each & ne2**(M) and XeIM. Hence, 1¥**(IM) is a f-invariant subset of
LT (@**(M), #) which is an extension of 9. It is clear that **¥(IM) is fully
closed. The rest follows from Lemma 3.2. O

In view of the relations (3.5), it is natural to extend to the present case the
terminology used for Op*-algebras [4,5]:

Definition 3.5. Let MM be a t-invariant subset of ¥ (2, #). Then M is
said to be self-adjoint if 9*(M) = D, essentially self-adjoint if D*(M) = G(M),
and algebraically self-adjoint if 2*(IMM) = D**(M).

As a final remark, we may quote the following useful results [8]:
(i) if LN(@, #) is fully closed, then LD, H) is semi-associative;
(i) if LN(D, #) is self-adjoint, then L1 (D, #) is semi-associative.

To give a simple example, let 2 = 2*(T) =n2, D(T) for a self-adjoint
operator T. Then #£'(2, #) is self-adjoint, since every power T* is self-adjoint
and belongs to (2, #), in fact to #'(2). Furthermore, R*(£"(2, #)) is the
set of all bounded operators B such that BZ < 9.

3.C. Bounded Commutants

In the study of Op*-algebras [4,22,24,27-32], an important role is played
by the weak bounded commutant. The same is true for partial Op*-algebras,
where the weak bounded commutant ¥, of M is defined exactly in the same
way [8,9,23], namely:

M, = {CeB(H);(CXEIn) = (CE1XTy), for each XeM and ¢, neg}. (3.6)
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However, this commutant is not sufficient in general, because no requirement of
associativity was made for the partial multiplication. The same problem
appears with the other notions of bounded commutant introduced in Ref. 9 (the
so-called natural bounded commutants). In order to remedy this difficulty, we
introduce a new bounded commutant, called quasi-weak and denoted 9,,. The
idea is to incorporate the lack of associativity in the very definition of the
commutant. As we will show in the second paper, this is exactly what is needed
for the study of representations. The relationship between the quasi-weak
bounded commutant and the other types of commutants introduced in Ref.9 is
discussed in the Appendix.

Let M be a t-invariant subset of £'(2, #). Its quasi-weak bounded
commutant is defined as follows:

M, = {CeM,; (CXTE|X,n) = (CE|(X, T X,)n) and
(C*X1E1X,n) = (C*EI(X, T X5)n) (3.7)
for all X, X,eM s.t. X,eL”(X,) and all & neg}.

Exactly as M, M, is a weakly closed, *-invariant subspace of %(s#), but none
of them is necessarily an algebra, even if I is an Op*-algebra [4,27,29].

Remark 3.6. (1) Suppose M is a weak partial Op*-algebra on 9. Then
M, = {CeM,; (CXTE[X,n) = (CE[(X; O X))
for all X, X,eM s.t. X,eL"(X,) and all &, ne9D},

that is, the two conditions in Eq. (3.7) are equivalent.
(2) Comparing the new bounded commutant with the earlier ones [9], one
gets readily the following inclusions (see Appendix):

M, < M, = M, < My, = M. (3.8)

Notice that the last equality is valid for any t-invariant subset M. This fact was
overlooked in Ref.9 but it has no consequences for that paper.

Let 9 be a f-invariant subset of (@, #). Then M, < Y, in general,
and examples are easily constructed (see Example 5 at the end of Section 4). So
we may ask, when does the equality Dt;,, = M, hold? One obvious case is when
M < £'(2). For the general case, the following easy result gives a sufficient
condition.

Lemma 3.7. Let M be a t-invariant subset of ¥ (9, #). Consider the
following statements:
(1) I is essentially self-adjoint.
2 M, 2 HM).
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() X is affiliated with (W) for each XeM.

4) I, is a von Neumann algebra, which equals I,,.
Then the folllowing implications hold:

@
1) — ﬂ @
A3) O

We remark that the converse implications need not hold even if 9 is an
Op*-algebra [4,27,29]; also, M., is not necessarily a von Neumann algebra,
even if it coincides with 9t;,, but we don’t know if the converse holds.

Lemma 38. (1) Let M be a t-invariant subset of £'(D, #). Then:
M, = M, = MW, = (W),
and
(IR, < My, < My, = M,
(2) Suppose M is a weak partial Op*-algebra. Then:
(IR, < D, = M, = WM,

(3) Suppose M is an algebraically self-adjoint t-invariant subset of £'(D,
H). Then

(IR, = D, = M, = W,
Proof. (1) It is clear that
Y, < M, = oW, = W,
), < M, = W, < M.
Since
(X"EICn) = (C*X"EIn) = (*(X)C*E|n) = (C*E[** (X)) = (€| Cr**(X)m),
for each XeI, CeM,, (€D and ne D**(IM), it follows that
M, 2**(M) = 2*M),
*(X)Cn = Cr**(X)n
for each XeM, Ce M, and ne 2**(M), which implies
(**(X)E|Cn) = (C***(X)&|n) = ((H(X)C*Eln) = (C*E[**(X ),
for each X e M, Ce M, and &, ne 2**(M). Hence, C er**(M),, for each Ce I,
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(2) Take an arbitrary Ce®t,,. Let X, YeI such tlgt\)?eL“’(f’). Since
i: M > P is a *-isomorphism, XeL[*(Y) and X OO ¥Y=XOY. For each ¢
ne (M), there exist sequences {,}, {#,} in 2 such that:

lim &, = ¢ and lim X'¢, = X'¢ = XT¢,

n—oo n— oo

lim 5, =% and lim Y7, = ¥.
Then we have

(CX'¢|¥n) = lim (CX'¢|Yn,)

m— o0

lim lim (CX'¢,| Yn,,)

m— o0 n—* o0

lim lim (C&,|(X O Y)n,,)

m— o0 n—* oo

lim (CZ|(X U Y)7,,)

m— 0

lim ((X O Y)*C&|7,,)

m— o0

=((X O N*Cln)
— T~
= (CSl(X T Y)n)

= (CE[(X O V).

Hence, Ce M,
(3) Since **(9M) is a self-adjoint t-invariant subset of LT(@**(M), #), it
follows from Lemma 3.7 that **(R),, = r**(IM),. Hence, we have by (1):

PR, = (), < M, < DY, = 1KY, O

If A is an Op*-algebra, additional extensions of U may be defined [31]
under the condition that its weak bounded commutant 2, be an algebra (see
also Ref.32). Similar results hold for partial Op*-algebras, as will be shown
now. The new extensions will play a crucial réle in the theory of the so-called
partial GW*-algebras, to be developed in Part II

Theorem 3.9. Let M be a t-invariant subset (resp. subspace) of £'(2, #).
(1) Suppose M, is an algebra. Put

D) = {Y 4=, Cilis CLeM,,, €D, k=1,...,n, neN}
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3w(X)(Z;:= 1 Cil) = ZZ: 1 CX¢, Xe, Z:= L Ciée D, (M).
Then ¢,(WM) is a t-invariant subset (resp. subspace) of ¥ (2,(M), #) such that
Dy W<, (D),
(1), &M, =M,
(D3 &M, 2,,(M) = 2,(M).

If M is a weak partial Op*-algebra then e, is a t-invariant linear bijection of M

onto the partial Op*-algebra ¢, (M), €, is a *-homomorphism, but e, is not

necessarily a *-homomorphism.
(2) Suppose M, is an algebra. Put

Dy = {7 _, C&y; CeM,, E€D, k=1,...,n, neN}
8qw(X)(z:=1 Ckfk) = Z:=1 CkXék: Xeg'na Z::l Ckékeng(wz)'

Then &, (M) is a T-invariant subset (resp. subspace) of ,S,”T(qu(im), H) such that
(21 M=, e(MM),
(2)2 Sqw(g‘n) EIR;W s
23 &), 2,4, (W) = 2,,, ().
If M is a weak partial Op*-algebra, then ¢, is a *-isomorphism of the partial
Op*-algebra M onto the partial Op*-algebra &, (M).

Proof. We prove the statement (2). A similar reasoning applies to the
statement (1). Since

(e, (O Tk Gl Y- CiL) = Ta XA CeX Gl €3
=22 ACH*CX L)
= VX A(CFCLI X T
= (VkCilel Y, CiX )
= Pk Culil g (XNY,Ci0)

for each XeM and ), C,ly, Y,;Cili€2,, (M), it follows that e,(M) is a 1-
invariant subset of 5,”*(@”(2172), A) satisfying the statements I < g, (M), (2),
and (2);.

We show M <, ¢,,(M). Let X,, X,eM such that X, e L(X,). Then we
have

EnnX ) Yot Celilegu(X) YT CL
= Y42 (CX TGICX, )
=YX (C*C X, 'L X, 09, (by C*CeMy,)
= Vi (CHFCLI(X, O X)E)
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=, Gl CiX, O X)0)
and

(Sqw(XZ) Z:: 1 Cka|8qw(X1)T ;'n= 1 C;C;)
= (chkaIZjC}(Xl O Xz)TC})

for each ), C,l), 3., Cili€9D,,(M). It follows that g, (X,)eL*(&,,(X,)), and
hence M <, ¢,,, (M), which implies by Lemma 3.2 that, if 9 is a weak partial
Op*-algebra on 2, then ¢,, is a *-isomorphism of 9 onto the weak partial
Op*-algebra ¢, (M) on Z,,(MM). This completes the proof. |

Let % be a f-invariant subset of ¥'(2, #). As above, we denote by
M, [I] (resp. M, [I], B,[It]) the weak (resp. strong, strong pseudo-) partial
Op*-algebra generated by . We investigate the relations between their
commutants R, R, M NRT,, B[R], W|,[9N], and M, [N,

Proposition 3.10. Let R be a t-invariant subset of LD, #). Then the
following statements hold.

1) M, [N, = M,[N], = B[R], = N,

Suppose M [N] exists. Then
M[N], = B[R], = N,
(2) Suppose W, is an algebra. Then
M, [N = NGy = 00 (R, = M, [£4,, (W T = M, (24, (W) I
In particular, if W,, D = 9, then
M, [N, = N
(3) Suppose N, is an algebra. Then
M, [R], = K, =&, (O, = M, [e, (W], = M, [, )]s,
In particular, if W,, 2 = 9, then
M, [N, = WM, [N], = N, = N,
Proof. (1) It is clear that
M, [NR]g = M, [N], = B[R], = N,

We show M, = B,[N],. Take an arbitrary CeN,, and define the set:

K¢ = {(Xe L@, #);(XE|Cy) = (C*¢|X ") and

(XEIC*n) = (CEIXTn), for all & ned)
={C, C*},,
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where A, denotes again the weak unbounded commutant (3.1) of A. Then K¢
is a t-invariant subspace of #'(2, #) containing . Furthermore, K is stable
under the strong partial multiplication, as follows from Ref.9, Prop.3.2(i), and
can be checked readily. Thus B[] = K. Hence Ce B[], and we have
9, = B[R],

Suppose W[N] exists. Then, since

9t < WM [N] <= B[],
it follows that
9, = M,[N], o B[N, =N,

which completes the proof of (1).

To show the statements (2) and (3), we first show that I, [R], = N, if
N, 2=9. It is clear that M, [N], = N,. Take again an arbitrary
CeM,. Since N, 2 < 2, it follows from Ref.9, Prop.3.3, that K is a weak
partial Op*-algebra containing R, which implies 9, [9] = K,. Hence we have
CeM,[9t], for each CeMN,. Thus finally we get M, [N];, = N,.

(2) By Theorem 3.9 we have ¢, (9N),2,,(N) = 2,,(N), and hence statement
(2) follows from the fact just proven.

(3) This follows similarly from Theorem 3.9 and the fact proven
above. This completes the proof. O

§4. Partial Op*-Algebras Generated by a Symmetric Operator
4.A. The Partial Op*-Algebras M (T') and M (711

Given a sense domain 2, we will study in this section the partial Op*-
algebra generated by a single symmetric element X of #'(2, #). Of course,
there are two of them, a weak one and a strong one, if the latter exists. To
start with, we have to distinguish between weak and strong powers of X, and
between weakly and strongly well-behaved elements, in the sense of Section
2. The main question is whether these partial Op*-algebras are in fact abelian,
as one would naively expect. Also, what is the structure of their commutants?

Let T be a closed symmetric operator in # and £ a core for T, i.e. T

=T!9. When 9 < D(T") for some neNU{oo}, where D(T®)=2(T)
=N, D(T"), we define:

TH =Tk 9, for k=1,2,...,n.
Notice the relations

T = T = Tk = Thk* = TikI*
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We also define spaces of polynomials:
BT = D7y T 4 eC, k=1,2,...,n}, if neN,
P = P (TH) = D7 ou T eC, k=1,2,...,m;meN}, if n= oo.
Given a complex polynomial P(r) = Y _, ¥, we put:
P(TM) =370 _ oy TH.

We first investigate the structure of the weak partial Op*-algebra M, (Tt
and the strong partial Op*-algebra M (T'!) generated by T1*. It is clear that,
if T9 c 9, then M, (TM) = M (T = B(T™)). which is an Op*-algebra on
2. For an arbitrary operator T, we will show below that, contrary to the case
of a general t-invariant subset of £'(2, #), the strong partial Op*-algebra
M (T)) always exists and one has, for some n:

M(TM) = B,(TH) < M,,(TM).
The following results of Schmiidgen [33] are well-known.

Lemma 4.1. Let T be a closed symmetric operator in a Hilbert space
H. Then the following statements hold.

(1) P(T) is a closed operator in H# for every complex polynomial P.

(2) The norms |:|pr) and || are equivalent for every complex
polynomial P of degree n.

(3) A subspace 9 = D(T") is a core for T" iff it is a core for every complex
polynomial P(T) of degree n.

As a consequence of this lemma, it suffices to consider powers of T for
controlling arbitrary polynomials in 7. First we define properly the weak and
the strong powers of T = T[9. Once and for all, n denotes the largest
number in NU{oco} such that 2 < D(T"). The following lemma is
straightforward.

Lemma 4.2. (1) When neN, TM O T M exists and equals T™ for each
m<n and each k <m. When n= co, TV O T" ¥ exists and equals T™ for
each meN and each k < m.

(2) If TW-T™ exists for k, m < n, then k + m < n. O

Assume neN (the case n = co will be treated later on, in Theorem 4.6). By
Lemma 4.2(1), for each m=1,2,...,n, T™ is the weak m™ power
THO...O0 T (m times) of T!!(so the notation is consistent). Higher weak
powers of T') are now defined recursively. If all products 7™ O T™™ exist for
each pair k, meN with k+ m =n + 1 and they coincide, we say that the weak
(n + 1) power of T is defined and we denote it by T"* 1. Successive higher
powers T"*2 Ti"*3l  may be defined in the same way, if the corresponding
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conditions hold.

For the strong powers, the situation changes dramatically. Let
m<n. Then, if all products Tt¥+ TI"~* exist for k = 1,...m and they coincide, we
say that the strong m™ power of T'! is defined ; we denote it by T™), although it
coincides with T™™., But now the process stops at m = n: according to Lemma
4.2 (2), no higher strong power may be defined.

The easiest way to visualize the behavior of T!! under the two partial
multiplications is to use the concept of length introduced in Section 2: the weak
length 1(TY)(resp. the strong length I(T™Y) of T'Y) is the largest number m in
NU{oo} such that the weak m™ power T (resp. the strong m™ power T™) of
T) is defined. Thus the discussion above may be summarized by the
inequalities 1 < [,(T™) < o0, 1 <[(T™") <n. The next result gives more
information on the behavior of T

Lemma 4.3. Let T be a closed symmetric operator in # and 9 a core for
T. Denote by n be the largest natural number such that 9 < D(T") and by m the
largest number in NU{0}U{co} such that T"9D < D(T*™). Then the following
statements hold:

M) L(MNY=m+nifm<n and 2n <1 (T <m+n if m>n,
k]_{ T19, k<n
(T "T" 1 D, n+1 < k < I,(T).
In particular, if T is self-adjoint, then I,(T''Y) = n.
2 2<I(Ty <n;
T®O = T = T g, k < [(T™)

Proof. (1) By the definition of the weak length 1,,(T™"), it is easily shown
that Z,(T'™*) <m + n and

a Tt 2, k < n(by definition)
T (TR T 9, n+ 1 <k < 1,(TM).

Suppose m < n. Take an arbitrary [ <m + n and p, geN with p+qg=1 If
q>n,then p<nand p+q—n=1—n<m, and hence we have

(TIPE| TV = (T7¢| T ™)
=@ T*™"T")
and
(THETWy) = (T* 7" T"¢| TPn)
=(T'"""¢|T"y)
= (IT* ™" T"n)
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for each ¢, ne2. Hence, TP! [ T4 exists and it equals T*'""T" [ 9. In the
case q <n, we can show in the same way that T”'[J T4 exists. Hence, we
have L,(T"")=m +n. When m > n, it is similarly shown that the weak [
power T of T exists for each 1 <2n, and so 2n <[ (T <m+n. If Tis
self-adjoint, then m = 0, and so [, (T™) = n.

(2) This follows from Lemma 4.2 (2). O

We proceed to the main theorem of this section and analyze the structure
of the partial Op*-algebras M, (T1}) and M(T™). Let T, 2 and n be as
above. We begin with the weak case. When [, = [ (T"!]) = oo, it is clear that

MTH) =D _ouT®; 0,eC, k=0,1,...,r, reNU{0}}
= {Yaoot T2 + 37 0T T D
ueC, k=0,1,...,n+ p, peN}.

Hence we have only to study the structure of MM, (T')) when [, < co. As usual,
we denote by R,,(T'") the regular part of M, (TH), i.e. the set B, (1) of all
finite linear combinations of T (0 < k < 1), and by S, (T")) the singular part
M, (T — R,(TM) of M, (TM)). The singular part is quite complicated,
because T'! is not necessarily weakly well-behaved (T'! 0 T'¢ may exist for
1<p,g<l,and p+q>1,), and, even if TI*! is weakly well-behaved, R, O R,
may exist for Ry, R,e R, (T™) and y, +y, > [,, where y; is the degree of the
polynomial R;(¢). In fact, both M, (T'!)) and S, (TH')) may be constructed in a
recursive way. We define successively:

M, (TH): the set of all finite linear combinations of polynomials G'*), where

G = R, R, exists for some R,;, R,eR, (T!),
M, (TH): the set of all finite linear combinations of polynomials G*, where
G® = GE "V OGE ™Y exists for some GY¢~ Y, GF Ve, _,(TH"), keN.
S (T = M (T — R, (TY), keN.
Then we have
R, (TH) = My (THY) < -+ & (JienM(TH) = M, (T,
S(TH) = S(TM) < -+ & Jien Si(TH) = S,,(TM),
M, (T1V) = R, (T + &, (T
={Y o T + S(TM); 0 e C(k = 0,1,...,1,) and Se S, (TH)}
= {30 _ou T 1D+ Yty (T T} D + S(THY);
ueC(k=0,1,..,1,) and SeS, (T}
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Let us analyze the space &,(T'!)) in more details. We put:
SUTM = {A(TH)); AT = TP O T exists for some
1<p, q<l,and p+q>1,},
ST = {B(T™M); B(TM) = (0o + o, TM + ...+ o T O
Bol + ... + By, TH™)
exists for some non-zero (g,...,%,), (Bo,-.-,Br,)€C™,
but oy, T*I O B, T does not exist for some ko, mg}.
Then we have
S (TH) = {2 oo T + Koo BA(T™) + i, B,(TM);
A (T e ST = 1,2,...,5), B(TMeSH(TM)(j=1,2,..., 1),
and |B;| + |y;] # 0 for some i, j}.

The structure of the spaces &, (T} (k > 2) is more complicated.

We turn now to the strong case, and begin by analyzing the structure of
B,(T), the strong pseudo-partial Op*-algebra generated by T (see Section 3.
A). As before, we define the regular part and the singular part of B (T!):

R(TW) =Yk 0, T®; 0 eC, k=0,1,2,...,1},
S,(TH) = By(TM) — R(T™).

Let us investigate the singular part S(T1) of B(T!!)) in more detail. First, we
consider generalized powers (quasi-powers) and obtain an increasing sequence of
subsets:

KRR KR, =8,

where [ is the integer defined by the condition 2'"'I < n < 2'l; and we have
defined :

Ko ={I, TH,..., T®},

K ={T"; I, +1<r<2l, TP-T4 exists for some p, g such that
1<pg<liand p+q=r},

K, ={T"; I, +1<r <22, T = T T exists for some

TP e KR UK, and T9eK,},

K ={T; [ +1<r <2, T" = T T4 exists for some TP e KoUK, _,
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and TWeQ,}, 1<k<I+1.

Notice that. for k=1 and k=1[1+1, the range of the exponent r is I
+1<r<n Denote by RYTM) (1 <k<I+1) the set of all finite linear
combinations of elements of 8, UK,. Then the quasi-regular part of By(T") is
defined as

RUTM) = RY, (T
= {ijzoockT"" + Y e B T 0 €C, k= 1,2,...,1; and B,eC, reNy},

where N, = {reN; T"e{}.
In addition, we introduce, as in the weak case, the following spaces of
polynomials in T!!:

B, (T")): the set of all finite linear combinations of polynomials P™"), where

P® = pO. pOexists for some P, PP e R (T,
B, (T'1)): the set of all finite linear combinations of polynomials P®, where

P® = p¢~V.pE—1 exists for some PY¢~ Y, P Ve®B,_,(TH),
2<k<i+1

Notice that an element P® of B,(T!)) is a polynomial in T of degree at most
n:
PO(TIM) =30 7T, peC.

Consider any P¢*V = pP-PPe B, ,(T"). Then we have:

PY(T™)Z = D(T™ 1 2) = D(T™),

which implies p; + p, < n, where p,and p,are the degrees of the polynomials P{)
and PY, respectively. Hence we have

By (TH) = ... = By, (TH) = B(TH) = B, (TH)
v; U
RYTMY) < ... = RE (T = RYTH.
Now we define the strongly singular part of B, (T'!) as follows:
Sy (T = BTW) — RYTW), 1 <k<I+1,
ST = UiLo ST
= B(TMY) — RY(TM).

Then we have:
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B, (TH) = R(T) + S,(T1)
= RYTM) + SYTM
= (Y o T® + Y, BT+ S(TM); e Clh = 1,2,...,1)
and B,eC(reN,) and SeS(TH)}.

Finally we are ready to show that 9 (T!')) exists and equals B (TH). As
shown above, we have B (T!')) = B, (T1Y). Take any Pe B (T!) and any pair

Q., Q,eLl¥(P). 1t follows from Lemma 4.1(2) that P(T")2 < D(Q(T'))) iff

P(T''Y9 < D(T? | 2), where q is the degree of the polynomial Q, so that

P(T'Y9 < D(T* 1 2)ND(T* | 9),

which implies

P(T")2 = D(Q4(T™) + Q,(T™)).

Furthermore it is clear that

(Q (T + Q,(T1)2 < D(P (T11)).

Hence it follows that Q, + 0, L¥(P), which implies that B (T = M (TTH).
Thus R,(T) (resp. RYTHY), S,(T), S5(TY)) will be called the regular
(resp. quasi-reqular, singular, strongly singular) part of 9 (T4,
Given two polynomials P, Q in T, if P+Q and Q°P both exist, then they

are equal. But P(T'')Q c D(T?1 @) does not necessarily imply P (T\')2

e D(T?]2), and therefore PeL¥(Q) is not equivalent to QeL¥(P). Hence

IM,(T™) is not abelian in general. Furthermore, when RI(TM) # &, M (T is
not associative either.

Before casting those results in the form of a theorem, it is useful to
emphasize the differences between the two cases.

(1) In the strong case, the powers {I, T,..., T} always exist, and they
divide into genuine powers {I, TW,...,T®} = &, and the elements of the sets
K1,..., ], which are quasi-powers T2 of T'!:all together they generate the
quasi-regular part RI(TMY) of M(T™)). In addition, the latter may contain
strongly singular elements Se &5(T!!), which are products of polynomials, but
cannot be represented themselves as polynomials.

(2) In the weak case, if a product T[] T exists for some 1 <p, g <1,

and p + q > I, its value is
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(TP129)*T" 19, q<n

] al —
Mo { (T? } D)* (T ™*T" | D, q > n,

which means that it is not even a quasi-power of T!'. Hence the analysis of
M, (T1)) cannot be pushed as far as that of M (T
Summarizing now the whole discussion, we obtain the following

Theorem 4.4. Let T be a closed symmetric operator in #, 9 be a dense
subspace in the Hilbert space D(T), n be the largest natural number such that 9
< D(T") and m be the largest number in NU{O}U{co} such that T"2D
< D(T*™). Then the following statements hold.

1) 2<l,<n<minim, n)+n<l,<m+n
and

W, (TH) = By(TY) = B,(TH) < M, (TH).
(2) When I, = oo,
M (T = {3} _ o T 04€C, k=0,1,...,r, reNU{0}}
=0 TP+ Yr_ o i (TH T D;
wueC, k=0,1,...,n+ p, peN},

and it is abelian and associative.
When [, < o0,

M, (TH) = R, (TH) + S,(TH)
= {3 o T + S(T'); a eCk =0, 1,...,1,) and Se S (T},

where R, (T is the regular part and S, (TY)) is the singular part of
M, (TN, Furthermore, M,,(TYY) need be neither abelian, nor associative.

(3) M(TH) = Ry(TW) + ST
= RY(T) + SY(T)
= (Ym0t T® + Yyen, B, T + S(TH); e Clk = 1,2,..., 1),
B,eC(reN,) and Se ST},
where R (T (resp. RI(TH), S(TH), S(T™M) is the regular (resp. quasi-regular,

singular, strongly singular) part of M(T!Y), and the latter is neither abelian, nor
associative, in general. |

Clearly the situation, which is quite pathological in general, will improve if the
domain 2 is better adapted to the operator T. For instance:

Proposition 4.5. Let T, 9 and n be as in Theorem 4.4. Then the following
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statements hold:

(1) Suppose 9 is a core for each T* for 1 <k <n. Then I, = n, M (T}
= B, (T and its full closure M,(T™) equals the fully closed strong partial Op*-
algebra M,(T | D(T") = B, (T} D(T")) on D(T™.

(2) Suppose T"is essentially self-adjoint for each 1 <k <n. Thenl =1,
=n, M(TM) = M, (T = P(TYY), and its full closure equals the standard
partial Op*-algebra M(T | D(T") = M, (T | D(T") = B(T | D(T")) on D(T").

Proof. (1) Since all strong powers up to order n are defined, we have
=n. Hence it follows from Theorem 4.4 (1), (3) that M (T
= B,(T™)). From the closed graph theorem, we can conclude that I(T | D(T™))
=n and M,(T | D(T") = B,(T ! D(T"). By Lemma 4.1 we have F(M,(T™)

= D(T" and P(T'Y) = P(T) for every polynomial P up to degree n, which
implies that 9,(T™M) = M(T | D(T") = B,(T | D(T").
(2) By Theorem 4.4 (1) and statement (1), we have [, =1, =n and so:

My (TH) = B (TH) = R, (THY) < M, (TH).

Suppose P, Qe R, (T are such that p+ g >n and P Q exists. Since
Q(T'")2 = D(P (T)*) = D(P(T)),

it follows from the spectral theory of self-adjoint operators that

2 < D(P(T)QAT)) = D((PQ)(T)),

which implies 9 = D(T?*9). This contradicts the assumption p + q > n. Hence,
M, (T = P (T1). By (1) we have

M, (1Y) = MW, (T1) = B,(T | D(T"),
and the standardness of B,(T [ D(T™) is clear. O

Conversely, some properties of MM, (TH)) (or M (T)) may be used to prove that

T, 7121 T are essentially self-adjoint. For instance, a sufficient condition

is that 9,,(T'!) be standard, as will be shown in Proposition 4.9 below.
Finally we treat the case n = oo, which is of course more regular.

Theorem 4.6. Let T and 9 be as in Theorem 4.4. Suppose that n = o,
that is 9 < @ *°(T). Then the following statements hold:

(1) I,=oc0 and M (TH) = P(TM).

(2) *(M,(T1Y) is a closed Op-algebra on N ,ox D(T™*) and **(M,,(THY)) is
a closed Op*-algebra. In particular, if T is self-adjoint, then 1**(IMM,,(T")) is a
standard Op*-algebra on 2°(T) and equals the polynomial algebra (T |2 *(T)).

(B) If 92 is a core for each T", neN, then I,=1,= oo and M (T)
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— W, (T1) = (T

(4) If T™is essentially self-adjoint for each neN, then I ,=1,= oo,
M (T = M (T = B(TYY, and its closure is a standard Op*-algebra on
D*(T). All algebras in (1)-(4) are abelian and associative. The closures and full
closures of each of these (partial) Op*-algebras coincide.

Proof. (1) This follows from Theorem 4.4 (1), (3).
(2) It is clear that 2*(M,(TV)) = N D(T"™™*). Let e 2*(M,,(T") and
neN; then one has:

(T"q| TV* ) = (T 1) = (| T+

for each ne2 and meN, and hence T"*¢e\®_, D(T™*) = Z*MM,(T1)),
which implies that *(9,(T")) is a closed Op-algebra and **(9,(T11))) is a
closed Op*-algebra. Suppose T is self-adjoint. Then we show

i, D(T¥*) = D(T"), neN.

For n=1, the statement is clear. Assume (-, D(T™*)= D(T"), then we
prove the statement for n + 1. Since

ezl D(TM*) = Na_, D(T™*)n D(T™"* 11¥) = D(T")n D(T™"+13*),
we have
D(T"*') < D(T")n D(T"*11%) = 21 D(TH™),

Conversely, take an arbitrary vector £e( ;2] D(T™*). Then £eD(T") and
EeD(T"*1*) hence we have, for every ne2,

(TnlT"E) = (T* 1 n|&) = (| T" " 11*¢)
and therefore, £eD(T"*'). Hence,
(k=1 D(T™*) = D(T™), neN,
which implies
D*M,,(THY) = (52 D(TM*) = 2™(T),

and thus **(I,(T'V)) is a standard Op*-algebra on 2°(T) and equals the
polynomial algebra B(T|2*(T)).

(3) This follows from (1) and Proposition 4.5 (1).

(4) By (3) we have M (T =M (T) = P(T!)).. By Lemma 4.1, we also
have

GW(TM) = {D((P(T) [ 2)); P is a polynomial}

= () {D(P(T)); P is a polynomial}
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= [ )a=1D(T") = 2=(T),

and hence it follows from [30] that the closure of M (T™Y) is a standard Op*-
algebra on 2°(T).
It is clear that all algebras in (1)-(4) are abelian and associative. Since [,

= o0, it follows that P [ P exists for any polynomial P, which implies that

M (TH) = P(T) is directed; that is , for any pair P, Q e B(T1!), there exists an
element ReP(TH) such that

IP(TH)EN? + I Q(TMEN? < | R(THHE|,
for every (e, so that the closure and the full closure of B(T'!) coincide.[d

Remark. When T is self-adjoint, one recovers in particular the results
obtained earlier [23, 34] for a family of strongly commuting self-adjoint or
normal operators, namely T generates an abelian, standard polynomial algebra
on 2%(T).

Example 4. As can be expected, all situations described above may be
realized by operators of derivation on a finite interval, with various boundary
conditions. Let us consider indeed the closed operators S, T and H in the Hilbert
space L?[0, 1] defined by

. D(S) = {feC[0,1]: f(x) — f(0) = f f(®)dt for some f,eL?[0,1]}
0

§f = —if,, feD(S);
- D(T) = {feD(S): /(1) = f(0) = 0},

T=S|D(T);
- D(H) = {feD(S): f(1) = f(0)},
H = S|D(H).

As it is well-known, T* =S and H is self-adjoint. It is possible to describe
explicitly the partial *-algebras generated by the above operators on the following
domains :

29 = {feCWIO, 11;£(0) = £(1) = 0}, neNU{c0}

9" = {feC™[0,1]; fP(0) = fP(1), k =0,1,2,...n},

2 = {feC*[0,1]; f™(0) = f™(1), VneN}.
Then the following statements hold:
1) KT125) =1,(T12() =1 and M(T 1 2() = M(T 2) = B, (T 24").
2 Let2<n<oo. Then I(T1 2™ =1, (T} 2%) =2 and

M(T 1 26") = B1(T] 25
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SMAT DY) = {00 + 2, T DY + a, T*T| D50, 0y, 0, €C}.

G HT2™)=I1H[2™)=n M(H ") =M,HID")=P,HI2™) and
its full closure equals the standard partial Op*-algebra IM,(H | D(H"))
=M, (H [ D(H") = B,(H [ D(H")) on D(H").

Proof. (1) Since D(T*T) ¢ 2’ = D(T), it follows that 2§ is core for T
and (T 2\")O(T | 2Y") does not exist, which implies statements (1).

(2) Since 2°(T*T) = 9P < D(T*T), it follows that 2 is a core for T and
T*T. Since 2P ¢ D(T?), it follows that T'1- T') does not exist, where T!]
=T12P. Hence we have [(T!) = 1 and M(TH)) = B, (T™)). Next we show
I(T) =2 and M (T = P,(TH). Since 2P < D(T*T), it follows that
T O TH exists.  Since 2 is a core for T*T, it follows that T [0 T1?! exists
iff T*T9( = D(T*) and TP = D(T*T). But 99 ¢ D(T*T?), so that
T O T2 does not exist. Furthermore, if T!?'J T exists, then 2P
< D((T*T)?). This is a contradiction. Hence, T2 (0 T!?! cannot exist. Thus
we have [,(T™') =2 and R, (T = B,(TH).

Suppose now that T2 < D((ag I + oy TH + a, T2)*) for some oy, oy,
o, #0eC. Then we have:

(9l + oy T + o, T2N)* T121 1)
= (glao T* Tf) + (Tg|ay T* Tf) + (T* Tgla, T* Tf)
for every f, ge 9®. Let n>3. Since 2P < D(T*?T), we have
(T*Tglay T*Tf) = (gl ] + oty T + oy TN * T*Tf — 0 T* Tf — o T** Tf)

for every f, ge2{, and therefore 2 < D((T*T)?). This is again a
contradiction. Let n=2. Since D((T*T)?) ¢ D(T*?T) = 2, it follows that

(T*Tgla, T*Tf) = (gl(ato ] + oty T + 0 TN T* Tf — 0 T*Tf — oy T** Tf)

for every ge 2 and fe D(T*?T), which implies D(T*2T) = D((T*T)?), another
contradiction. Thus P, (T!*) O P,(T") cannot exist for all polynomials P, and
P, of degree 2. Similarly, P,(T™) O P,(T'!)) cannot exist either for each
polynomial P; of degree 1 and each polynomial P, of degree 2. Thus finally
M, (TH) = R,(TH) = B,(TH).

(3) It is easily shown that 9™ < D(H") for each neN, and, in particular,
9'®) = 9°(H). Hence, H" | 2 is essentially self-adjoint for each neN, and
thus statement (3) follows from Proposition 4.5.
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4.B. Bounded Commutants of I (7)) and M, (T

To conclude this section, we will now study the bounded commutants of
the strong and weak-partial *-algebra generated by T, M (T and M, (TH).

Proposition 4.7. Let T and 9 be as in Theorem 4.4. Then we have:
(1) M(TNY, = {T D}, but in general M,(TM, < M (T,
(2) T2 is essentially self-adjoint if and only if M (T, is a von Neumann
algebra.

Proof. (1) By Theorem 4.4 we know that, for some neNU{o0},
M(TH) = B,(TH); then

B (THY, = MTHY,, < {THY,,.

The statement follows, since B,(THH), = {T"},,, as it is easily shown. On the
other hand, Example 5 below shows that 9 (T), # M,(T1), in general
(2) This can be proved in the same way as in Ref 3, Lemma 3.2. O

Corollary 4.8. Let neNuU{co} be the largest number such that 2
< D(T™. Suppose that M (T = B(TYY. Then

M, (THY, = M, (T, = M(TH),, = M(THY),,, = {T},,.
Moreover the following statements are equivalent:
(1) TWis essentially self-adjoint.
(2) M(TMY, is a von Neumann algebra.
(3) **(M,(TYY) is a self-adjoint partial Op*-algebra.
When this is the case, 1**(M (T'Y)) coincides with the standard partial Op*-
algebra B, (T|D(T™)).
Proof. Let Ce{T™"},,;then for all [, m with [ + m < n, we get, for f, g Z:
(CTf|T"g) = (T*CT'~'f| T"g) = (CT'~*f| T™* 1 g) = (Cf| T** ™).
Therefore CeIN, (T, and, finally
M, (TH, = M, (T, = MY(TM), = MTY,, = (T,

® (1)=(2): This is clear.
@ (3) = (2): Since **(M(T)) is self-adjoint, **(O,(TM)Y, is a von Neumann
algebra. Moreover, as one readily checks

PR, (T, = M, (TH),,.
Therefore, M, (T, is a von Neumann algebra.

©(3)=(1): As we saw in the proof of Theorem 4.6,
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Z*M,(TM)) = (Vi—y D(T™*) = D(T").

Therefore **(MM (T D)) = *(MM(T1*N)) = B,(T | D(T™) is a self-adjoint partial
Op*-algebra on D(T"). O

The results just obtained about weak commutants may now in turn be used
to get more information on the structure of the algebras themselves. In
particular, we obtain criteria for standardness. Notice that all the conditions of
the following proposition are satisfied in the case of the polynomial algebra
studied in Ref. 29.

Proposition 4.9. Let T and 9 be as in Theorem 4.4, and neNU{co} be the
largest number such that 9 < D(T"). Then the following statements are
equivalent: .

(1) The full closure M (T™M) of M, (T) is standard.

(1a) The full closure M(TMY of M(T'M) is standard.

2 M, (T = BT and it is essentially self-adjoint.

(2a) M(TN) = P,(T) for some meNU{oo}, and it is essentially self-

adjoint.

(3) T is essentially self-adjoint and DM, (TY) = D(T™) for some
meNU{o0}.

(3a) T 9D is essentially self-adjoint and G(M(T™M)) = D(T™) for some
meNU{o0}.

4) T, T2 T gre essentially self-adjoint.
When this is the case,

M, (TH) = M(TH) = PB,(T).

Furthermore, if M(T™Y) is fully closed, then the above statements are equivalent to
6 {T"},2=2;
(5a) M(TY), 2 = 9.

Proof. @ (1)=(4) and (la)=>(4) are straightforward.
® (4)=(2) and (4)=(2a) follow from Proposition 4.5 (2).
® (2)=(3) and (2a)=(3a) are easy consequences of Corollary 4.8.
® (3)=(1): Since 2 <« H(M (TV)) = D(T™), we have m <n. On the other
hand, since P (TH) < M (T1), it follows that D(T™ = HM,(TV))
= G(P,(TM) = D(T"), hence n < m. Therefore m = n and M, (T = B(T™),
and it is a standard partial Op*-algebra on D(T").
® (3a)=(la): Since 2 < HM(T"Y)) = D(T™), we have m < n. Since (T
is a strong partial Op*-algebra on D(T™) and T is self-adjoint, it follows that
T* | D(T™) is essentially self-adjoint for each 1 <k < m and they all belong to
i (T1Y), which implies that m = n; thus 9%,(7T™) is a standard partial Op*-
algebra on D(T").
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® Let us now suppose that M (T11) is fully closed; then (5)<>(5a) follows from
Proposition 4.7.

® (la)=(5a) is clear.

e (5)=@):If {T™}, 2 = 9, then {T™")},, is a von Neumann algebra and T'"]
is essentially self-adjoint. Let again T= j""_"wlldE(/l) and E, = |",dE(J),
meN. Since E,e{T"}, we get E, 2 « 9, VmeN. Take now any k with
1<k<n Since |Jp-1En2 < |31 E,D(T*) is dense in the Hilbert space
D(T" and | Jp_, E,Z < 2, it follows that T™ is essentially self-adjoint.  [J

Example 5. By applying the previous results to the situation described in
Example 4, we get the following statements.

(1) M(TT 26, = M, (T2 = V(T 26, = M(T 1 D6 ),

(2 T 2Y is not essentially self-adjoint, but M,,(T | 2P) is a self-adjoint
partial Op*-algebra on D¢ and thus

M,,(T 1 DG = MAT T D8, & {T 1 DG}, = M(T [ 28y, = MY(T T 2E),.
(3) M (T'2™) is a standard partial Op*-algebra on D(T") and
M,(T 12", = WM, (T D7), = M(T | 2, = M(T T D™, = {T1 2™},

Proof. (1) follows from Corollary 4.8.
(2) Since 2% is a core for T*T and

M,(T1 D) = {2l +a, TI DG + 0, T*T1 D; o, 0y, 2,€C},

it follows that P (M, (T|2Y)) = 2*M,(T2)=D(T*T), and so
M, (T 2%) is essentially self-adjoint. Then Lemma 3.7 implies that
M, (T 28, =M,(T12¢),, and it is a von Neumann algebra, but since
T1 29 is not essentially self-adjoint, {T | 2{};, is not a von Neumann algebra,
so that

M, (T D) = M(TT D, S {T1 2P}, = MY(T | 2§ = M(T T DY),
(3) This follows from Corollary 4.8. O

The results listed in Example 5 show that the situation for partial Op*-
algebras is quite different from that of Op*-algebras:

(1) The essential self-adjointness of IMM,(T 1 D) does not imply that Tt D is
essentially self-adjoint and vice versa.

(2) Even if M, (T ! 9D),, is a von Neumann algebra, this is in general not true
Jor {T1 Y,

(3) The equality WM (T | D),,, = M, (T 2), ={T! 2}, does not imply that
{Tt 2}, is a von Neumann algebra.

As remarked above, these pathologies largely disappear when T is self-
adjoint, since then T2 = T! is essentially self-adjoint by definition, and
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{T'2}, is a von Neumann algebra.

Appendix

The bounded commutants 9, and 9, introduced in Section 3 are the
bounded parts of the following unbounded commutants, respectively:

N = {YeL" (@, #); (X¢|Yn) = (Y'¢|X"y) for each ¢, neP and Xe‘Jt(}A )
1
RNy = {YeRG; (YO XDEIX,n) = (YEI(GD X)) and (YO X5)E1X,n)

= (Y'¢)(X, O X)) for all X,, X,eN st. X,eL¥X,) and all ¢ neP}.
A2
In (A.2), R is the weak natural commutant [9] defined as follows:
h={YeN,; YeL"X)NR¥(X), YO X =X0Y, for all XeR}. (A3)

Comparing those commutants with the other ones, also introduced in Ref. 9, one
gets easily the following relations:

N < N < N, = RNy < N, (A.4)

We remark that there is no natural equivalent 9., to 9t;, in terms of the strong
partial multiplication. Putting X, X, in the r.h.s of the defining equality in
(A.2), one expects N, < ., < N;. However:
(i) If one uses (Y X1) in the 1. h.s., then the two relations in (A.2) are valid
for all YN e, the left mixed commutant introduced in Ref.9.
(i) If one uses instead (Y™ O X1), then the relation holds true for all
Y e, Intersecting now all sets in (A.4) with %(#), one gets:

Ny = N, € N, S N, = N, (A.5)

(the last equality was not noticed in Ref.8). As for the other putative bounded
commutant discussed above, one gets immediately:
N, =N, =N, =N, (A.6)
so that indeed nothing new is obtained.
Coming back to the relations (A.4) and (A.5), there are many cases where

some of the inclusions are in fact equalities. The following criterion is useful,
and easy to check in terms of the definitions.

Lemma A.l. Let & be an t-invariant subset of (@, #). Then:
(1) If R < D(R), then

RNK =N, N/ =N N/ =N, nK.
Q) If N2 = G(R), then:
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INK]=NHNR/ =R, nK.
(3) If either KD = D*(R) or NP < D*(R), then:
NN/ =N.nNK.
Proof. Let Ce, nK. Then statement (i) results from the following chain
of equalities:

(XT Celn) = (CE|Xn) = (XTE|CTn) = (1 X CTy)

= (€IC*Xn) = (C™*X"¢[n),
which means that Ce9,  The other statements are proved in the same way.

O

Applying those criteria to a number of particular cases, we recover several
implications stated in Ref.9(Corollary 2.2 and Appendix):

® With & = Z(#), (2) gives:
Nio =N =N,
o If Nc 2'@), (2) gives, with & = £'(2, #):
N, =Ny =%N.
® If NtcABH) (i) gives, with & = N, :
Ny = Ny, = NG =N,

and therefore

w = N, = N, =N (the usual bounded commutant).

® With & =N, we get by (1):
N, P < GR) =Ny = N, = N =N,
® With & =9, we get in the same way:

N, D = HR) =R, = Ry, = N, = N,
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