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d Cohomology of Complex Lie
>s

By

Hideaki KAZAMA* and Takashi UMENO**

Introduction

Let If be a toroidal group of complex dimension n, that is, If is a connected
complex Lie group without non constant global holomorphic functions (such a
Lie group is called also an (H, C)-group([7, 8])). Let Jf be the real Lie algebra

of a maximal compact real Lie subgroup of H. Put q:= dimc Jf n \ / — 1 ^•
Let &H be the structure sheaf of H. By the result of the previous paper [3], H
satisfies either of the following statements 1 and 2.

1. HP(H, (9H) is finite dimensional for any p.
2. HP(H, (9H) is a non-Hausdorff locally convex space for 1 < p < q.

We say that H is of finite type if H satisfies the above property 1 and of non-
Hausdorff type if H satisfies the above property 2, respectively.

The purpose of this paper is to investigate the cohomology groups
HP(G, (9) (p > 1) of a complex Lie group G by the theory of d-eohomology. We
shall show the cohomology groups HP(G, (9) (p > 1) are completely determined
by the type of the maximal toroidal subgroup

G°:= (x\f(x) = f(e) for every holomorphic function f on G}

of G, where e is the unit element of G. By the result of [7] G° is a connected
abelian complex Lie subgroup of G.

We shall prove the following theorems.

Theorem I. Let G be a connected complex Lie group of complex dimension
n + / and G° = Cn/F the maximal toroidal subgroup of G of complex dimension
n. Then the following statements (1), (2), (3) and (4) are equivalent.
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(1) G° is of finite type.
(2) H*(G,0)s

H°(G/G°, 0} (x) C{dzli A ... A d?*\\ < h < '" < h ^ <l}

for 1 < p < q

0 for p > q + 1

(3) HP(G, 0) has a Hausdorff topology for any p.
(4) dH°(G, ef0'*7'1) is a closed subspace of the Frechet space H°(G, ^°'p) for

p > 1, where <T'S denotes the sheaf of germs of C°° (r, s)-forms on G.

Theorem I gives a characterization of a complex Lie group G whose
cohomology groups HP(G9 G) have Hausdorff topology.

Theorem II. Let G be a connected complex Lie group and G° the maximal
toroidal subgroup of G. Then
(1) dimH^G, (9) = 0<*>G is a Stein group.
(2) 0 < dimH1(Gy (9) < oooG = G° is a toroidal group of finite type.
(3) dimH^G, 0) = oo and Hl(G, 0) has Hausdorff topology <s>0 < dirnG0 <

dimG and G° is of finite type. In this case

Hp(G, (9) s H°(G/G°? 0) (g) HP(G°, (9).

(4) H^iG.O) has non-Hausdorff topology o dim G° > 0 and G° is of non-
Hausdorff type.

§ 1. Preliminaries

Let G be a connected complex Lie group with the Lie algebra #, G° the
maximal toroidal subgroup of G, K a maximal compact real Lie subgroup of G
with the Lie algebra Jf, K€ the complex Lie subgroup with the Lie subalgebra

Jf€:= tf + -y/- 1 Jf of # and Z the connected center of Kc. Then J^ is
closed in G ([6]). From the result of [6] G is biholomorphic onto Kc x Ca and
there exists a connected Stein subgroup S0 of Kc such that, for the connected
center Z of Kc,

p0: Z x S0B(x,y)\—>xyeKc

is a finite covering homomorphism. By the result of [7, 8] G° c Z and Z s G°
x C*r x C" for some non-negative integers r and w. Then we may assume G
= Kc x Ca and Z - G° x C*r x C". Taking a Stein subgroup S:= C*r x C"
x ^o x Ca of Z x S0 x Ca, we get a finite covering homomorphism

p: G° x
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From this homomorphism p we can assume G = G° x S/ker p. Let n1: G°
x S -> G° and n2 '• G° x S -» S be the canonical projections. Since 7r2(ker p) is a
finite subgroup of S, S/7r2(ker p) is a Stein group. We obtain a homomorphism

7i : G° x S/ker pa (a, fr)ker pi — >bn2(ker p)£S/7c2(ker p)

for aeG°, beS. From this projection n G = G° x S/ker p is regarded as a
fiber bundle over the Stein group S/7c2(ker p) whose fiber is isomorphic onto G°
and whose structure group is the finite subgroup Tinker p) of G°. Then
S'/7r2(ker p) is isomorphic onto G/G°. Since G° is abelian, we obtain 7i1(ker p)
G K°, where K° is a maximal compact subgroup of G°. We put n:
= dimcG°, /:= dimcS. Then dimcG = n + /. Let {l/J be a Stein covering of S
such that Ux:= U(X(n2(ker p) is biholomorphic onto E7a and <^:= {l/J is a Stein
covering of S/7i2(ker p) with a biholomorphic mapping

(1.1) h«: rc-^l/Jafo fc)ker p^(6a, aa)e£a x G°

for each a, where 0aeG° and foae C7a satisfying (a, b)ker p = (aa, fta)ker p and 6a

= ba(7i2(ker p)). Then

(1-2) h.h^Bf, a,) = (5., aj = (S.,/.,^).

Since 7t1(ker p) is a finite subgroup, the holomorphic mapping /a/3: Ux(}Up
-> ̂ (ker p) is locally constant. Taking a refinement Stein covering of ^, we
may assume °U is locally finite.

Throughout this paper we assume G° = Cn/F, where F is a discrete lattice
of Cn generated by I? -linearly independent vectors [el9 e2, ..., en, v1

= (^ii J--.^iJ5 V2 = (v2i>-.'>V2J>~»vq = (Vqi»->vqJ} over ^and et denotes
the i-th unit vector of C". We take Wvi9 3vteRn with vi = ^lvi

+ v/— 13 .̂ Since el9 e2,..., en, vl9 v2,...9vq are R -linearly independent,
3vl93v29...93vq are J?-linearly independent. Then without loss of generality
we may assume det[3t;y; 1 < i9j < q] + 0 from now on. We set

n
Km,i'= E vtjmj ~ mn + i and Km''= max{|jKm§i|; 1 < i < q]

j= i

for m = (ml5 m2, ... , mn+q)eZn+q. Since G° is toroidal, Km > 0 for any
meZn+q\{0} ([5], [8]). We have the following theorem ([3]).

Theorem 1.1. Let G° = Cn/F be a toroidal group. Then the following
statements (1) and (2) are equivalent.
(1) There exists a > 0 swc/z

supexp(-a| |m*||)/Km< oo,
m*0

where \\m*\\ = max{|mj; 1 < i < n}.
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(2) dim HP(G°, 0) =

ql
ifl<p<q

(q-p)lpl

0 i f p > q -

We denote by nq the projection Cn B (zl,..., z") h-» (z1,..., z€) e C*. Since
^fe)* ftgfaiMl < * < g) are ^-linearly independent nq induces the C*"~ ̂ -principal
bundle

over the complex g dimensional torus J£, where -T*:= 7^00([9]). We put

a°'' [0 (q + l<i<n, l<j<n)

tj (q + 1 < i < n, 1 < j < n)

[y^; 1 < i, j < ri] := [jS^-; 1 < i, j < n]~1 and vt:= ̂ 7— \e{ for g + 1 < i < n.
Since {el9..., en, u l 9 . . . , vn} are l^-linearly independent, we have an isomorphism

as a real Lie group, where (z1, ... , z") = J^i=i(tiei + £M + S). Then we obtain the
relations

(1.3) t' = XJ- £ y*yjkfay and f"^ = £ y'yy

for 1 < j < n, where z1' = xl + y-7!^1'- We put t = (t'9 t"\ tf = (t \ ... , £M+«)
GJ?"+« and r = ( tw +^+ 1 , . . . , t2n)eRn+q. $ induces the isomorphism
(f>: Cn/T^ Tn+q x Rn~q as a real Lie group, where Tn+q is a real (n + q)
dimensional real torus. It follows from (1.3) that

(L4) aF = 2[F + V-

Then for q + 1 < i < n we have

(..5) ' - i f '
oz 2\or

Let (w^,...,w'x) be a coordinate system in Ux. For any gen~l(\J^, we put

zS(0))e C"/r and K.(g) = <^°Ka(g) = t«(gf) = ( t * ( g ) , . . . , t^n(g))e J"+« x «"-*.
Since /^eTr^ker p) c C"/r, (f^feF, where s:= #(ker p). We put

' = (s/«V • • •» s/^")e ̂ "+* x {°}- Thus
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(/i,,...,/^',0...,0)6JI2-. From (1.2) for
4>(fxp). Putting t. = (c a t; = &, ... , o, t: = w+f +1, ... , t*2")- and /;„ =
(/a/?> • • • J f"0 )

(1.6) t; = ti+/^, and t: = tj.

Since zL = ti + X5-i'r%,

(i.7) 4 = 4+ /!* + £ /tfS and then d?« = <&*
J = l

§2. The Cohomology Groups HP(U x G°, 0)

We consider the cohomology groups HP(U x G°, 0) of the product
manifold of an open poly disc 17 in Cl and G° = Cn/F. As in §1, we have the
isomorphism 0: Cn/F3(z\ ..., z") + Th-^1,..., t2") + 0(r)e J"+« x ^"'^ and
the projection TC,: Cn/T^(z\ ... , z") + Th^(z1, ..., z?) + T*e JJ. We put U
= {(w1,..., wz)eCz | |w f | < d, f = 1,..., /}. We have a diffeomorphism 0: U
x CY/Xw1,..., w',z + r)i->(w1 , . . . ,w I ,7c,(z + n f1 , . . . , f"-«)el/ x J^ x
C*n~^, where ^ = exp(27rv/^T(r« + i + yiTit« +«+»)) and z = (z1, ... , z"). Let
<f = ^x be the sheaf of germs of C °° functions on a complex manifold X and &r>*
= <£ r/ the sheaf of germs of C °° (r, s)-forms on X. We define the sheaf f on 17
x G° and the sheaf ^ on U x T£ x C*n~q as follows:

P /* r\ /*
Go| = 0, = 0, i = l , . . . , /,; = « + ! , . . . , » and

,| = 0, = 0, i = l , . . . , Z , k = 1, . . . ,n- «}.

$*: H°(W9 p)3g\-*g° <p£H°((/)~1(W), &r) is an isomorphism for any open
subset W of 17 x J« x C*n~^. Then 0* induces an isomorphism
x G°, #•) s HP(17 x TJ x C*""«, ^) for any p.

Lemma 2.1. HP(17 x G°, ̂ ) = Q f o r p > 1.

Proo/. It is equivalent to prove HP(U x J£ x C*"~9, ^) = 0. We put
:= 17 x T£ x C*B~*. Let / be a C°° function in a neighborhood of xe X.
We put

3' is also defined for C °° (r, s)-forms in a neighborhood of xe Z. We have an
exact sequence on X,

0— >$ — -»<f° ' °— xf0'1 — > ---- .^o^+^-^-^o.
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Then

We put Xn:= {(w, nq(z + F), QeX\ \w'\ < d - -, - < |f| < n}. In case I = q
1 1
n n

= 1, for any C00-function /(w, nq(z + T), f) in X, we put

f\
iu A dw and

•4- n n
/ ' S / J V A J<*

, nq(z + A 0 := — ̂ = f f /(M'^ + r

InJ- I JJiu |<d-i w- w

Then in Xn we have

Using this fact and the standard argument for the Dolbeault lemma ([1, 4]), we
can complete the proof of this lemma.

Let nq: U x G°3(w, z 4- r)h-»(w, TZ^Z + F))e U x J£, where w =(w1, ... ,
w1) and z = (z1, . . . , z"). We put J^'s := J^ (g) TT* ^r

r'! .
As an immediate consequence of Lemma 2.1, we have the following

Lemma 2.2. The sequence

0_^^_>JTO,0_H >j rO,l _> ---- , JjrO,€_^Q

z's exacr on U x G° and

/or p > 1.

Let cp G H°(U x G°, ^"°'p). Since G = Cw/r has global 1-forms dz1,..., dz",
rfz1,..., dz" for the coordinate system z = (z1,..., zw)eC", we can write

^ = "T X 9ii...ip^
li A ... A dzlp

?

where <p^...fpeJf°(!7 x G°, J^) and skew-symmetric in all indices. We expand
(pilmmmip on 17 x G°:

(2.1) c^.^ (w, 0 = Z flfl...i (w,
'" P meZ" + <J '" P
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where <m, O = £"=?m;f; and <...ij;(w, t")eCco(C7 x /r~«). We put

<..,•>, t) = <...ip(w, t") exp(27r/^T<m, t'» and 9
m = -7X1^ ..... *,<« <...<,

dz;' A ... A d?*. Then <p = £meZ^<,(pm. It follows from (1.4), (1.5) and (2.1)
that

dz1

nl[£=l'YikKm,k9Ti...ip(
w> 0 (1 < J < i

^.,,(-,r) + i^%^

(q + 1 < i < n).

Since <pt.^ipeH°(U x G°, ^), (ptl,,,ip are holomorphic in w 1 , . . . ,w ' and
zq+1,..., z"." Therefore from (2.1) and (2.2), we have

(2.3)

<..*,(*, *) = £ cn...,,(w)exp(-27r £ mi("+i)exp(27cy^T<m, t'»,
meZ" + « i = «+l

where c^J Jp(w) are holomorphic functins in [/. Let meZ"+*\{0} and s(m):=
||K^s| = Km, l < s < ^ } . We put

i= 1

Since Km > 0 for mEZM+«\{0}5 we can put d^...^^ := C^"'p"1 and
7iKmjS(m)

(2.4) ^-:=— ...
IP — 1)2 I^i1 , . . . , ip-1s«

x exp(27ivA^T<m, t f y ) d z h A ... A dz*-1.

From the similar argument to the previous paper [3,5] we have the following

Lemma 23. Let <p = £m6Zn+q (p"<eH0(£/ x G°, ^°'p) be a d-closed
form. Take the (0, p - Inform \l/m defined by (2.4) for meZ"+«\{0}, then

<p = — X ^...^(w)^1 A ... A <#* +
P- l< i i ..... ip-i<q me

c° ...jp(w) are holomorphic in U. In particular, cp° = — Xisi

'1 A ... A d?>edH°(U x G°, J^0'^-1) z/ and only if q>° = 0.
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Proposition 2.1. If G° is of finite type, then

HP(U x G°, G) ̂  H°(U, (9) ® C{dzil A ... A d?'\l < ^ < ••• < ip < q}

for l<p<q and HP(U x G°, 0) = 0 for p > q + 1.

Proof. As an immediate consequence of Lemma 2.2 we have Hp

(U x G°3 (9) = 0 for p > q + 1. Let cp = XW6z-«<PmeH °(17 x G°, ^°>p) be a d

-closed form, where <pm:=-yZi^i ..... ̂ *c£ ..... iP(w)exP(- 27r£?=g+1mI.f
1 ̂ exp

(27T ̂ / — 1 < m, t f y ) d z l 1 A ... A dz*p. Similarly to [4, Lemma 7], for any com-
pact subset K of 17, any R > 0 and any k > 0, we get

+ oo

where ||m'|| = max{|mj|, |mn + i| 1 1 < i < q} and ||m"|| = max{ |m7-| \q + 1 <j <
n}. Since G° is of finite type, the statement (1) of Theorem 1.1 in § 1 holds. By
Lemma 2.3 we have (0, p - l)-form \//m defined by (2.4) such that cpm = d\j/m for
meZ"+*\{0}. Using a similar argument to [4] and the statement (1) of
Theorem 1.1 we obtain

This means that Xmez«+g\{0} l//m converges to a (0, p — l)-form i//eH°(U

x G°, ̂ r°'p~i). Then 0 = (f)° + d\l/, where 0° = —Xi<i i ip<q c°...ip(
w)

dz'1 A ... A dz'p and c? ip are holomorphic in 17. This completes the proof.

In Proposition 2.1 we get a kind of Kiinneth formula by the 3-cohomology
theory. This can be also obtained by a result of Kaup [2]. Kaup [2] shows
this formula for Frechet sheaves using the C£ch cohomology theory.

We have two isomorphisms

I:HP(U x G°, (9)^

Combining Lemma 2.3 with the existence of the isomorphisms / and J, we
get the following

Lemma 2.4. For any d-closed form (peH°(U x G°5 <f°'p), there exist a

holomorphic (0, p)-form h = —Xisii,...,ip<« cii...ip(
w)^1 A ... A dzlp,

(U x G°, ^°'p-1) and $mEH°(U x G°, ̂ °'p~1) such that
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§1 The Cohomology Groups HP(G, 0)

In this section we shall prove Theorem I and Theorem II. As in § 1, let G
be a connected complex Lie group of complex dimension (n + /), G° = Cn/F the
toroidal subgroup of complex dimension n, tft = {L/Ja = 0, 1,2, ... } a Stein
covering of S/7c2(ker p) ^ G/G° and TT: G -> S/7c2(ker p) the projection. We put
S = #£»° and (T's = <$r/. We use coordinate systems w£, ... , w^, z£, ... , z£ £*, ... ,
tln in TT-^t/J ^ C/a x G° as in §1. Put

^-{/e*l^ = 0,^ = 0 in 7 c - 1 ( U ^ i = l , . . . , / , j = g + l , . . . f n} .

From (1.7) the sheaf ^ is well-defined on G and then ^r's is also defined on
G. To calculate the cohomology groups HP(G, (9\ we use the Dolbeault
isomorphism / in §2. Let cpeH °(G, S>0'p) be a 5-closed form. We put
(p := cp\n~1(Ua). Then cp^ is a 5-closed form on 7c~1(C7a) = C7a x G°. We write

<pa = 4 Z <?..«,...«,
P- l<il,...,ip<l + n

where CL = <(* = 1, ...,0, Ci+J' = 4 (j = 1, . . . ,n ) and .̂...̂
/). Put p =

^ <h-.Jp(Wa' O X CXp (27T < m,

t'a > ). From (1.6) and (1.7), in n~ l (V J nn~ l (U p)

(3.1) <pj = (p^1

for all meZn+q. By Lemma 2.4 we have a holomorphic (0, p)-form ha =

^j-ZiS<, ..... .,-<« *»„.«....<» ̂ ' A ... A dz>, Za = Zmez-, ̂ eH^-M^), ^0'"-1)

and i^eH0(7r1(^J, J^0-"-1) for each meZ"+«\{0} such that

(3.2) <P. = h.+ Z Bfc + fa-
m6Z"+9\{0}

We put ^J:= fa + ^ for meZ"+?\{0} and ^:= x°5 then we have

(3.3) (?a° = fc. + 3^2 and <p? = d^

for meZn+q\{0}. From (3.1) we obtain
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(3.4) ha + dil,° = hp + dW and d^ = d^.

Then, by Lemma 2.3 ha-hp = d(*l/% - ^°) = 0. Thus

(3.5) fca = V

We put <£w_:= dift e H°(G, *°-*) and tf"1'1 = d({^}) = tyj? - ^} e
ZHfr""1 (£«)}, 3<f O'p~2). In_ease m / 0, by (3.2) we have ¥m>1eC1({n-1(Ux)},
<f°'p~2) such that 0m'1 = 5*Fm'1. Continuing the above argument we get
&m-peZp({n-l(UJ}, (9). Since J([^m'p]) = [<f>m] and H^n'^U^}, 0) ^
HP({UX}, &) = 0, we have ¥m€H°(G, ^°'17"1) such that

(3.6) <£>m = d¥m.

In case m = 0, by (3.2) we have ^eC1^'^.)}, fl0*"1) and ¥°>1<=
^({n-^UJ}, £°>p-2), satisfying 00'1 = S0'1 + d¥°>\ where &°>r is the sheaf of
germs of holomorphic (0, reforms on G. Then 0 = S00'1 = dS0'1 + d
8Y°-1. By Lemma 2.3 and Lemma 2.4 5*0-1 = 0. Therefore tf
(UJJ^^'^SZ1^!/.}, ^°'p"1). Then we have Jf^eC0^-1

such that &0'1 = 6H°'°L Replace ifi by ifr* - H°>° and put 0°^:=d(^°a

-H0f°), then ^°'1 = SSP0'1. Continuing the similar argument we get
). Thus we have !F0eH0(G9 ^y0^-1) such that

(3.7) 0° = d¥°.

By (3.2), (3.5), (3.6) and (3.7) we have the following

Proposition 3.1. Let (peH°(G, <f°'p) be a d-closed form. Then we have a

holomorphic (0, p)-form h = —^il ..... ̂ <^a>fl...^(wa) df^ A ... A dz^ on G and

C00 (0, p - Informs ¥m on G for each meZn+q satisfying cp = h + XmeZn+g d¥m.

Now we start proving Theorem I. Assume (1) holds. We have the
isomorphism /. Let (peH°(G, (f°'p) be a 5-closed form. We put <pa:= <p\n~l

(C/J. By (3.2) we can write 9* = ̂  + £m6z»+«Uo} dfa + 5xa, where ha and ^
and Xx are t^6 same as in (3.2). In case 1 < p < q, by Proposition 2.1, $a

= Zm6z^.\{0}_^ converges in H0^'1^^ &**-*•} for each a. We have <pa

= fc« + 4. + 3xa. Weput^°:=Xa 0and^ a
1_=Xm 6z-«\ {o}(^ + Z"). Then 9.

= haL + d^ + d^l Put *':=3^6H°(G, 3*0'11"1) (i = 0, 1). Then similarly
to jetting (3.6) and (3.7) we have !PeH°(G9 ^

O 'p~1) satisfying cp = h + d¥°
+ ~d¥l, where /zlTr'^l/J = fta. In case p > q, by (3.2) (pa = 3#a. Then we can
get #GH°(G, (f0'17"1) satisfying cp = Sx similarly to the case I <p <q. It is
obvious that (2) ==> (3) => (4). Finally we prove (4) =>(!). Suppose G° is not of
finite type. Then the statement (1) in Theorem 1.1 in § 1 doesn't hold. Namely
there exists e>0 such that we can choose a sequence {mjju^ i}eZn+q\{0}
satisfying exp(- e||mJJ - ||m£||)/jKm > ji for any fi > 1 ([3, Lemma 4.2]). Put
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dm. f exP( - e I I m M I I - II ml IIV^ m = mli for some p > 1
I 0 otherwise

For each a, we put

x exp (271 ̂ / — 1 < m, £i > )

in Tc'^C/J. From (1.6), in ^ ( J O T T ̂  i/C = ^ Then we have
°(G, <?°'0) such that ^m|;r H^) = */C By the same argument of [3,4]
*\{0} d\l/m converges to a form (peH0(G9 <f°!l). By the choice of the

sequence {mM}, the formal series Xm^m cannot converge to any function in
H°(G, S). Suppose <p = dA for some A = £mAw. Then we can see lm = i^m for
m 7^ 0. It is a contradiction. Then <p = HmN_ao(dY,\\m\\<Nll/m) belongs not to
5H°(G, £ °'°), but to the closure of dH°(G, £ °'°). This contradicts the statement
(4).

Finally we prove Theorem II.

(1) Suppose H1(G, (9) = 0. By Theorem I

If G° / {^}, then ^ > 1. This contradics our assumption. Then we have G°
= {e}. This means G = G/G° is a Stein group.

(2) Since 1 < dim Hl(G, 0) < oo, H\G, G) has a Hausdorff topology.
Then by Theorem I,

Hl(G, (9) ̂  H°(G/G°5 0) (g) C{dzl l<i<q}.

If dim G/G° > 1, then G/G° is a Stein group and H°(G/G°, G) is of infinite
dimensional. It contradicts our assumption. Then G = G°.

(3) Suppose dimH^G, 0) = oo and Hl(G, (9) has a Hausdorff topology.
By Theorem I, G° is of finite type and Hl(G, 0) ^ #°(G/G°, G) (x)
C{dzl\ l<i< q}. Since dim Hl(G, G) = oo, 0 < dim G° < dim G.

(4) Suppose H1(G, 0) has a non-Hausdorff topology, by Theorem I, G° is
of non-Hausdorff type. The converse is clear.

References

[ 1 ] Gunning, R. C. and Rossi, H., Analytic functions of several complex variables, Prentice Hall,
Inc., Englewood Cliffs, N. J., 1965.

[2] Kaup, L., Eine Kunnethformel fur Frechetgarben, Math. Z., 97 (1967), 158-168.
[ 3 ] Kazama, H., 5-Cohomology of (H, C)-groups, Publ RIMS, Kyoto Univ., 20 (1984), 297-317.
[ 4 ] Kazama, H. and Shon, K. H., Characterizations of the 5-cohomology groups for a family of



484 HIDEAKI KAZAMA AND TAKASHI UMENO

weakly pseudoconvex manifolds, /. Math. Soc. Japan, 39 (1987), 686-700.
[ 5 ] Kazama, H. and Umeno, T., Complex abelian Lie groups with finite-dimensional

cohomology groups, J. Math. Soc. Japan, 36 (1984), 91-106.
[ 6 ] Matsushima, Y., Espaces homogenes de Stein des groupes de Lie complexes, Nagoya Math.

J., 16 (1960), 205-218.
[ 7 ] Morimoto, A., Non-compact complex Lie groups without non-constant holomorphic

functions, Proc. Conf. on Complex Analysis, Minneapolis 1964, 256-272, Springer 1965.
[ 8 ] , On the classification of non-compact complex abelian Lie groups, Trans. Amer.

Math. Soc., 123 (1966), 200-228.
[ 9 ] Takeuchi, S., On completeness of holomorphic principal bundles, Nagoya Math. J., 57

(1974), 121-138.


