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Absolute Continuity of Poisson Random Fields

By

Yoichiro TAKAHASHI*

§0. Introduction

Let R be a locally compact Hausdorff space with countable basis. Given a
nonatomic nonnegative Radon measure 4 on R, we denote the Poisson measure
(or random fields or point processes) with intensity 4 by =;.

Theorem. Let A and p be two nonatomic infinite nonnegative Radon measures
on R. Then the Poisson measures r; and w, are mutually absolutely continuous
if and only if

(@) 2 and p are mutually absolutely continuous and

(b) the Hellinger distance d(p, A) between A and p is finile:

M do, =5\, |Vdp VA *<co.

Furthermore, the Hellinger distance D(rm,, m;) between =, and =, is then
given by the formula

@) Dy, 72 i= (VT — V@2 =1 —exp{~d(p, V).

The main purpose of the present note is to give a proof to Theorem above.
In the last section we shall apply Theorem to the problem of giving the precise
definition of the Fisher information or, equivalently, of giving a statistically
natural Riemannian metric for an “/nfinite dimensional statistical model”, which
consists of mutually absolutely continuous Poisson measures.

Remark. (i) Assume (a) and denote
_do

Then the Radon-Nikodym derivative ¢ is positive and finite A-almost everywhere
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and the condition (b) means that
an Vo —1€ LX(R, 2).

In fact, by definition,
SRI«/@—«/ﬂH.—:SR]«/¢T—1|de=SR]1—1/«/$|2dp.

(ii) The case where R is an Euclidean space is already studied by A.V.
Skorokhod in 1957 [4]. He expresses (1’) by two conditions

|¢p—1|dA<co and l¢—1]2d A< oo

S|¢—1|>1/2 S!¢—1|§1/2

(iii) The main idea of the proof of Theorem is the reduction to a theorem
of Kakutani on the absolute continuity between product measures, though the
proof will be given directly.

(iv) The motivation of the present note was the necessity to prove (1)
for the treatment of a Dirichlet form in [5].

First of all let us recall a characterization of Poisson measures by the
Laplace transform. (cf. [3].)

Let us denote by @ the set of integer-valued nonnegative Radon measures
on R: an element & of Q can be written as sum of unit point masses

£=320,,.

Since & is a Radon measure, the points x;’s form a locally finite configuration
in the sense that
EK)=#{i; x;,€K} <o

for each compact subset K of the base space R.

The space Q is endowed with the relative topology as a closed subset of
the space of Radon measures on R with vague topology, so that for each
continuous function f on R with compact support the functional

) & f>=3f(x)
is continuous and, conversely, such functionals generate the topology of the
space Q.

The Poisson measure z; is characterized by its Laplace transform. Indeed,
there holds the formula

5) [ 7idoexpi— or=exp{~| 1—edl}

for any nonnegative continuous function f on R with compact support. Of
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course, the formula (5) remains valid for every Borel functions f provided that
the integral

S |1—e-f|d2
R
is finite.
In particular, for every Borel subset B of R
(6) 7 {&; §(B)=0} =exp{—A(B)},
) 72{&; §(B)>0} =1—exp{—A(B)},

where we understand exp(—oo)=0.
From (6) and (7) follows a preparatory observation :

Lemma 0. Jf n; and =, are mutually absolutely continuous, then for each
Borel subset B of R

® 0<AB)<ee iff 0<p(B)<oo.

In particular, the measures A and p are also mutually absolutely continuous.

§1. Proof of Theorem: “If” Part

Assume that the Radon measures 2 and p are mutually absolutely continuous
and set

M =22

By the assumptions (a) and (b) of Theorem,

2) 0<@d<oo A-almost everywhere, and
3) | (Vo —vraa=| |Vap—vaTI*<eo.
First of all let us prove the “if” part under a stronger assumption.

Lemma 1. Assume (2) and that the total variation of the signed measure
o—2 is finite:

) Skldp—dZI=SR|¢—1|d2<0<>.

Then m, and m, are mutually absolutely continuous and

- _Z%@:exp{@, log g+ (1—9)d2}.
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Proof. Let f be any nonnegative continuous function R with compact
support. Then,

[ modoexpi—ce 1)
:exp{—SR(l—e“f)dp}zexp{——SR(l—e“f)gbdZ}
=exp{—SR(l—¢)dl} exp{—SR(l—e-st #)di}

=[ midoexp{cc, 10ggr— 1-gp)azfexpi—ce 1.
Consequently, we obtain (5).

Remark. The integrability of the expression in the right hand of (5) is
guranteed by the definiteness of the integral

NP
SR(I eI g)da.
Lemma 2. Assume (2) and (3). Then for every positive constant M, we obtain

®6) (¢+1)di<oo, and

S;})exp M

) (@+1)di<co,

S¢<exp(—1ll)

Proof. By the symmetry in p and 2 it suffices to prove (6) only. But it
is obvious since

(Vx —=1P=x+1—24% >C(x+1) if x>expM

for some constant C depending on M.
From now on we always assume the conditions (2) and (3).

Corellary. Set

®) E={x; 6022 or ¢(x):_<=%}.
Then,
9) SE]¢—1]dl<oo.

Now let us take an exhausting increasing sequence of compact subsets K;
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(i.e., K, is contained in K., for each 7 and the union of K;’s is the whole
space R) and set

(10) By=E and B,=EUK, (nzl).

Lemma 3. Let &g be the restriction of the measure & to a Borel subset B
and set

a1 Y o(&)=CEs, logg>+ |, (1—9)dz.

Then the following limit exists m;-aimost everywhere :

(12) Y(E):}zi_.r{.} Ya(8).
Furthermore, the convergence of (12) also holds in L*x;).

Proof. Set B,=B,\B,.,. Then the random variables &5, and éB%’ n=1,

are independent because x; is Poisson. Hence the random variables Z, defined
by
Zn=Y ,—Y oy (n=1) and Zy=Y,

are independent. Furthermore, if

22¢(x)=

ro|

’

then there is a constant C such that

llogg+1—g|<C(v¢ —1* and |logg[*<C(V¢ —1).

Consequently, the condition (3) implies that the series

(13) > ElZ:]= 3 SB,(Iog ¢+1—¢)d2  and
5 Bzil= 5§, doggrart 3 {f, Gogg+1-9} a2

are both absolutely convergent. Hence, by a lemma of Kolmogorov (cf., e.g.,
[2] p. 249; also Lemma 1 in the next section)

21 Z, converges almost surely.

Also it is obvious from (13) that the sum converges in L*x;). Consequently,
we obtain

(14) Y=limY, exists w;-almost surely and in L¥x;).

n—co

Remark. The almost sure convergence of Y, follows also from the



634 YoicHIRO TAKAHASHI

martingale convergence theorem applied to_the martingale expY ,.

the tightness, which will be asserted in the next lemma.

Lemma 4. The limit Y (&) defined by (12) satisfies
(15) [ miaeexpy@=1.
Proof. On one hand, by the Fatou lemma,
[ 7id0expy©=| midetim intexp¥ ()
<lim inf | 7:(d8)exp¥ (§)=1.
On the other hand, by the Jensen inequality,

Sqm(dE) exp Y($)=SQ7rz(dE)exp{Y(E)—Yn(E)}

zexpSQmws){Y(s)—Yn(s»

zexp{~| 71481 YOV ©)17} —1

as n—oo. Consequently, we obtain (15).

But we need

Proof of “if” part. Let f be a nonnegative continuous function on R with
compact support. Take an integer n so large that the support of f is contained

in the set B, defined by (10). Then,

qur,xda exp{—<&, f>}=Serp(dE) expl{—<€s,, 3}

=exp{—§3n(l—e‘f)d,o}=exp{—an(1—e’f)¢dl}

=1 eXp{—SBé(l—qi)dl—SBé(l-e‘f)gbdz} (Bi=By)

= 11 | m:d@expl—ta, PAY MOV 2@ Foa=0)

Il

SQm<ds>exp{—<an, Fo+Y (8

=§Qm<ds>exp{yn<e>}exp{—<s, £}
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By Lemma 3 we can let n—oco and find
San(dE)exp{—@, f>}=Sqm(d§)exp{Y(E)}eXp{—<§, ot

Consequently, the measures z, and z; are mutually absolutely continuous and
the Radon-Nikodym derivative is given by

dmy .
(16) —&f(s)—exp Y(&).

The proof of the “if” part is completed.

§2. Proof of Theorem: “Only If” Part

Let p and 4 be two nonatomic infinite nonnegative Radon measure on R
and assume 7, and x; mutually absolutely continuous. As we already observed,
the measure p and A are mutually absolutely continuous. Set

_dp
1 o= di €(0, o).
We need the following well-known fact (cf., e.g., [2]).

Lemma 1 (Three series theorem). Let Z;, i=1, be independent random vari-
ables. If

(2) ;‘Zi converges almost surely,

then for every positive constant a the three series

3) Ei]P{IZii>a} ) ;EEZ?] and ;E[(ZW]
converge, where

@ ¢=Z; if |Zil=a; =0 otherwise.

Conversely, if the three series (3) converge for some positive constant a, then (2)
holds.

Let us use Lemma 1 to show the following:

Lemma 2. For every positive constant M,

(5) MxER; ¢(x)>14+M}<oo
and
6) S¢>1TM¢dl< oo,
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Proof. The assertion (6) follows from (5) by virtue of Lemma 0 since

p{x=R; ¢(x)>1+M}:S ¢d2

F>1+M

To prove (5) let us assume the contrary. Then there would exist an infinite
Borel partition {B;} of the set

{xER; ¢(x)>1+M}
such that for each :
) A(By)=1

because A is assumed nonatomic.
Now consider

1 if &B)>0
0 if &B)=0.

They form a Bernoulli scheme under either of =; and =,. Let P and Q be its
laws under =; and =,, respectively. Then,

{ Q(X;=0)=exp{—p(B)}, QXi=1)=l—exp{—p(By},
P(X;=0)=e! and P(X;=1)=1—e¢".

®) X,=sgn&(By={

9)

The probability measures P and @ are mutually absolutely continuous
because so are m; and w,. Hence an argument due to Kakutani is applicable
and the Radon-Nikodym derivative is given by

(10) %25=exp22ie(0, o) P-almost surely,
where

- 1—e¢~r(Bi)
1n Z;=1[X,=01{1—p(B)}+1[X:=1] IOgW

Thus the random variables Z; are mutually independent and
(12) ;Zi converges.
In particular,
(13) P{Z,<—M infinitely often}=0
and so, by the second Borel-Cantelli lemma,

(14) ;P{Zi<—Af}<w.

On the other hand, Z,<—M if X;=0 since ¢>1+M on each B;. Hence
we would obtain
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(15) E_P{Zi<—M}Z§ P{X;=0}=3e'=+o0,
T 1
a contradiction to (14). Consequently, we can conclude (5).

Lemma 3. For every positive constant M,

(16) HxER; ¢(x)<1—M}<co.
Proof. Interchange the role of p and 2 in Lemma 2.

Proof of “only if” part. Take an arbitrary positive constant M. From
Lemmas 2 and 3 we already know that

17) |¢—1]dA<co

Sr,’>>eM or g<e~

and, therefore, that

(18) LIVE —11%da<co.

S¢>€M or p<e~-

To complete the proof of “only if” part it remains to prove

(19) [V —1|2dA<c  and

S 1<gsel

(20) |V —1{2da< 0.

Sl>¢:e—ﬂ[

If the set {xeR;1<¢@(x)<e™} has A-measure finite, (19) is trivial. Other-
wise, we can take a Borel partition {B,} of this set with A(B;)=1 such that

2n B, is contained in {x; b;=V¢ (x)—1=b;4i}

for some nonincreasing sequence b,=b,= --- =b,—0. Let us use the same
notation as in the proof of Lemma 3. Now Z; are bounded random variables
and the three series theorem implies

SDE[Z}]<0o.
Since E[Z#1=zE[Z%; X;=0]=e "{p(B:)—A(B;)}?, we obtain

22) = {SBi(¢—1)dﬁ}2<oo .

T

(By the way, (22) follows also from > E[Z;]<co.) Noting that A(B;)=1 and
that ¢—1=02,,4+2b;4, on By, it follows from (22) that

(23) ?b%é;(b%+2bi)<w.
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But (23) implies, using A(B;)=1 again, that
T 112 2

Sl<¢seMlv¢ 1l dléz;bi<oo'

Hence we obtain (19) and, automatically, (20) since the latter is nothing but
(19) if p and Z are interchanged.
Consequently, from (17)-(20) we obtain

SR|«/%—«/87|2:SR|«/$—1|W<00,

as is desired. The proof of the “only if” part is completed.

§3. The Hellinger Distance: Proof of the Final Part of Theorem

Let us compute the Hellinger distance between mutually absolutely continu-
ous Poisson measures =, and =, :

Disy, )= (VET— VAT

Lemma. If the total variation SR(dp—dll s finite, then

D(zp, m2)=1—exp{—d(p, D},

where d(p, A) is the Hellinger distance between p and 2.

Proof. Recall Lemma 1 of Section 1. Under the assumption of Lemma
the Radon-Nikodym derivative can be written explicitly :

dm,/dmi=exp{<§, log $>—<4, $—1>},
where ¢=dp/dA. Consequently,

Diz,, 7= (w8 {1—exp s (<&, log $y—<2, 91>} |
=1 [r(d8) exp <8, log $>— <k, 613}
zl—exp{——%d, o—1>+<2, \/E_—D}

=1—exp{-%<l, («/¢_—1)2>}

=1—exp{—d(p, D}.
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Proof of Theorem: the final part. As was proved in Section 2 (14), the
Radon-Nikodym derivative dz,/dw, can be expressed as expY, Y=IlimY, and

@ Ya(§)={¢§, loggn>—<4, ¢o—1>
where
4) ¢.,=¢ on B,; =1 otherwise.

Since S[q&n—l[dz is finite, we can apply Lemma to find
2__ 1 fod
Dy, 72 =1—|7:(d8)exp 5V (©)
. 1
=l—hm§m(d$)expgyn(5)

=1-lim exp{——é—g(«/qi—n—l)zdl}.

Noting that |v/@,—1/<|+/¢ —1| and that |+/¢ —1} is square integrable, one
obtains

D(z,, m1)*=1—exp L (V¢ —12dap=1—exp{—d(p, )%} .
2

The proof is completed.

§4. Application: Hilbert-Riemannian Manifcld Associated
with Fisher Information

The geometrical structure of statistical models has been investigated inten-
sively ; cf. [1]. Since we obtained the explicit formula for the Radon-Nikodym
derivative dr,/dx; between Poisson measures =, and x;, we can compute the
Fisher information for the “infinite dimensional statistical model”

M Psn()={m,; p~2, d(p, H<eo}.

The goal of the present section is to show the following:

Propesition. The space L*(p) can be regarded as the tangent space of
Psn(2) at m, and the Fisher information evaluated at m, is equal to the sym-
metric bilinear form

) F(p)[u, v] :=SRuvdp

defined on the space L*(p).

Furthermore, the statistical model Psn(R) equipped with the Fisher information
as Riemannian metric is a Hilbert-Riemannian manifold modelled by L2*(2).
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Remark. The former part of Proposition above may rather be thought
of as a definition justified by Lemmas 1-2 below. The latter part is a usual
mathematical assertion. By Proposition above one may take a domain of L*2)
as the parameter space for Psn(A).

One of the implication of the Fisher information is the Cramer-Rao ine-
quality, which takes the following form in the present case.

Corollary. Let T(§) be a Radon measure valued random variable defined
on the space Q and assume that it is an unbiased estimator for p: namely, assume
that for each w, there holds the equality

3 [ 7oaexr@, p={ rdo

for any continuous function f on R with compact support, where

) <T(®), f>=SRf(x)T(5)(dX)-

Let us denote the variance of T under w, by
& 2 _—

®) Var (T, £):={ 7,d®<T@, 1= sdo} ().

Then there holds the inequality for the average T, of n independent copies of T :
1

®) Var,((Tw, 2| fidp.

The minimum is attained by the random variable T (£)=&.

Let us recall some basic terminology. In [1] a family M of probability
measures on a given measurable space (2, Byp) is called a statistical model if
each member is absolutely continuous with respect to a fixed measure, say g,
on (2, Bp). Usually it is assumed in statistics that a statistical model is
parametrized by a finite number of coordinates, although we are going to
remove this restriction. So we temporally set

O M={Py; 606}

and assume that the parameter space 6 is a domain of some Euclidean space R™.
Assuming that each P, is absolutely continuous with respect a measure p
on (2, Bp), we denote its Radon-Nikodym derivative by dPp/dp and set

® I(@)=logdPs/dp.

The random variable /(6) on (2, Bp) is called the (logarithmmic) likelihood.
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Now assume that /(@) is differentiable in # and denote the partial derivatives
by

©) 2(6)= 010,

Moreover, assume that the random variables (9) are square-integrable with
respect to Py for each € and set

(10) Fi)(0)=E[0:1(6)0,I(0)] .

Then one obtains the matrix F(0)=(F;,(0)) called the Fisher matrix. Obviously
it is nonnegative definite and is associated with the nonnegative definite
symmetric bilenear form

(101 FO)[u, vI=2 F)(Quw,, u=(u;), v=,),

which we refer as the Fisher information.
The third assumption is that F(#) is positive definite for each 6. If we
take
ds’=2F;,(0)d0:d0;

as the Riemannian metric on M, then the statistical model M becomes a
Riemannian manifold. This assumption is automatic if there is an unbiased
estimator T of 6, i.e., a random variable T defined on (2, Bp) such that
EyT1=0 for all 6.

Let us generalize the above construction of statistical manifold to our model
Psn(2). Since it is infinite dimensional, one cannot define the derivative of the
likelihood nor the Fisher information in a direct way. One has to extend those
notions to “prove” Proposition.

We shall take the space @ as 2 and the following function p as the
coordinate of m, in Psn(4):

1D p=log(dp/d2).

In other words, we set P,=x, with p defined by dp=e?dA. Then it follows
from Theorem that

(12) Psn(A)={Pp; p=M}
where M is the infinite dimensional space
13) M={pe L), e?*—1c= L*(A)}.

Here L?(2) stands for the LP?-space for p>0 and L°(2) denotes the space of
(equivalence classes of) A-measurable functions on R.

Remark. Under the choice of the coordinate stated above the model Psn(R)
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turns out to be an exponential family in statisticians’ terminology. Precisely
to say, it is so in the sense that, at least for p such that ¢?—1 belongs to
L*(2) the likelihood (p) is linear in p up to a nonlinear deterministic additive
constant, namely,

UpXE)=10g dPo/ A PE)=CE, p>—{ (e—1)d2.
as is shown in Lemma 1 of Section 1.

What we are to do is to introduce the structure of differentiable manifold
modelled by a certain topological vector space, say E, which satisfies the
following requirements:

(a) The likelihood {(p) is differentiable in each direction u from E.

(b) The directional derivative D,l(p) is a square integrable random variable

under Py :
D l(p)e L¥(Py) if usE.

Since we are concerned with the density functions it is natural to consider
the weak topology (precisely to say, weak* topology) on Psn(4). Hence we say

that
Dn converges to p in M

if for any continuous function f on R with compact support
Iimg fexppadi=|fexppda.

Definition. Let us call a curve c¢(t) in M smooth if it is continuously differ-
entiable with respect to the weak topology and if

. ec(t+h)_ec(t) dC
— ( —

1) tim{ -, & Opa=0.

Remark. (i) It turns out that a condition such as (14) is inavoidable for
the likelihood to be differentiable along c(z).

(ii) Another possible condition in place of (14) is that exp{c()/2}—1 is
differentiable in L?(4) and the integral SRc’(t)eXp{c(t)/Z}dl is meaningful. But
we do not discuss it.

Lemma 1. Let peM and us L Ap). Then there is a smooth curve c(t),
0<t<1, in M such that
c(0)=p and c’'0)=u.

Proof. Keeping in mind that |t|e~'*'=<e~! for any real ¢, set
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c(t)=p+210g[l—}-%ue‘“"‘i|.
Then,
e°“)/2-—1:(e‘”/2~1)+—;—ue‘““'e"/2.
Since ue?/?=L* ), one obtains
et®r—1= L¥).
Furthermore, ¢¢®/? is differentiable 2-almost everywhere and in L2*2) and
c'O)y=(1—t{uj)e tiulgPP=c® Py = LA(Q.).

In particular, ¢'(0)=u.
Finally, it is immediate to see

c'®)=1—t|ul|)e b1 eP2-cW2y < L2 2,q).
In particular, ¢’(0)=u.
Finally, it is immediate to see
e“"—e”—he”uze”{—h(l—e"”“')u—}—%hzuze"““1}=O(h2) in L'Q).
The condition (14) follows from this and similar estimates for ¢>0.

Now let us use the following conventional notation. We denote

(15) K, O+, g
for functions f and g on R if, for any measurable partition {B,} by relatively

compact subsets, the random variables

X={, foen+, godz)

are well-defined and their sum >} X, converges in L*(1,) and is independent of
the choice of the partition {B,}, p being given.

Lemma 2. Let peM and us L*2,). Then for any smooth curve c(t) with
c(0)=p and %{0):1; the likelihood [(-) is differentiable at t=0 along c(t) in
L*(A,) and the derivative is given by

(16) O Ke)=DAXO= 1E w>—Chp, 5.

(In particular, it depends only on p and u.) Moreover,
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(17) Ep[(Dul(;b))Z]=SRu2de=gRu2e”d2.

Proof. For the first moment let us assume that u belongs to the set
(18) K={uesLQ); u is bounded and with compact support}.

Then, p+tucsM for any real t. Let us show that the Gateaux derivative exists
and is given by

d _
19) | et =&, ud—<a, u>.

If p is such that e?—1c L(2), then so is c(t)=p+tu for any ¢ and
Le®NE)=CE, ct)>—<4, e*®—1)
=Up)E)+1E, ud—<Ap, e —1>.

Consequently, we obtain (19). Now let p be arbitrary. Still we have
ct)=p-+tu=M but we must take the operation :-: and

We@NE)=:<E, c)»—<A, e*P—=1>:.

Let {B,} be a measurable partition {B,} by relatively compact subsets and set

(20) X0={, cowedn-{, oo-nidn.
Then,
21 Xu()=Xa0)— | (= 12,(d %)

and they are well-defined and are mutually independent. Since u is assumed
to have compact support, X,(#)=X,(0) except for a finite number of n’s.
Furthermore,

HXO—= X0, uoedn)—d0)

=—-HBn{etu<r>—1—tu(x>}zp<dx) —>0
as t—0. Hence the proof of (19) is completed.

Now let ue L*4,) be arbitrary. Then, p+iu is not necessarily a curve
in M and we cannot take the Gateaux derivative any more. We take a smooth
curve ¢(t) in M with ¢(0)=p and ¢’(0)=u« and compute the derivative along
¢(). Define X,() by (20), as before. Then,

HXO— X0} =, e dn— (e}
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:—%—SB {ec® ™ —oP (™ —ty(x)eP @} A(dx).

Consequently,

U ~Up)) — <2, w>:

:_%SR{ec(t)_ep_tueP}l(dx) —>0

as t—0 by the condition (14). Hence, D, I(p)(E)=:{E—2p, u):
Finally, (14) follows from the direct computation.

Now it will be quite natural to give the following definition.

Definition. Let us call the space L*p) the tangent space at =, of Psn(d),
denote

22) T ,Psn()=L*p)

and call the following bilinear form the Fisher information at =, :
(23) F(o)[u, v]zquul(p)Dvl(p)dx,, (u, veT ,Psn(d)).
It follows from Lemma 2 that
24) F(o)lu, v]:SRuvdp (u, vET ,Psn(d).
The proof of Proposition will be completed if we prove the following.

Lemma 3. Take the Fisher information F(p) as Riemannian metric on Psn(4).
Then it is a trivial Hilbert-Riemannian manifold modelled by L*). Moreover,
it is an open submanifold of the manifold L*A).

Proof. The space Psn(4) is identified with the space
M={peL’A); e??*—1=L*A)}.
The latter can be identified with the open subset
{fel*); f+1>0 a.e.}
of the space L*2) by the injection ¢: M= Psn(1)—L*) defined by
(25) A(p)=e?*—1.

Denote p=A4,. Then the map ¢ induces the following map (d¢), from
T ,Psn(2)=L*,) onto L*4) in a natural way:
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(d¢)pu=—;?e”/2u (weL¥a,).

Consequently, ¢ gives a global chart of Psn(4) and (d¢), is an isomorphism of
T,Psn(d) onto L*) up to the constant factor 1/2. Hence, the Hilbert-
Riemannian manifold (Psn(2), F(p)) can be identified with the subset {feL*2);
f+1>0 a.e.} of L* ).

Proof of Corollary. Let p=2,, i.e., dp=e?d2 and f be a continuous
function on R with compact support. By the assumption

BT, PI=E:(T, pexpip)l={ ferda=( rdp.

For each u=K we can take the Gateaux derivatives of both sides and obtain

E,[<T, f>Dul(p)]=SRfudp.

On the other hand, from the identity E,[exp/(p)]=1 we obtain

E,[D.U(p)]=0.
Hence,

{[,71do} =BT, 15—B, [T, DU

SE,LKT, >—E;[KT, /SI1E[{D.U(p)}’]
=Var,((T', f))F(p)[u, u]

by Schwartz’ inequality. Consequently,

Var (T, f)zsup{[ fudo} /F(p)lu, ]

J— 2 2 _S 2
=sup ([ rudo} [ rdo={ rdp
because K is dense in L*(p). Hence follows (6) and the proof is completed.

Remark. In our statistical model Psn(d) the geodesic P, joining two
Poisson measures z,=F, and n,=P, with coordinate ¢ and p, i.e., =4, and
0=12,, is given by

(26) PO ={(1—s)e¥?-+seP/?}? 0s<1).

In other words, the geodesic in our Riemannian metric is linear in the square
root of the density of intensity measure and the geodesic distance dist(w,, 71)
coincides with the Hellinger distance (up to the constant factor 1/2):
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(1]

[2]
[3]

[4]
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. __ ___ Yi/2
dist(r,, n;)={SR(\/dp—\/dl)2} .
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