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Flows of Weights of Crossed Products of
Type Il Factors by Discrete Groups
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§0. Introduction

In [17] C. Sutherland and M. Takesaki classified (up to cocycle conjugacy)
actions of discrete amenable groups on injective factors of type III;, 0<4<1.
For the unique injective factor of type III; ([7]), similar classification was
recently completed for discrete abelian groups ([14]1). This classification is
based on four invariants: a certain normal subgroup, the module, the charac-
teristic invariant, and the modular invariant. Cocycle conjugate actions give
rise to isomorphic crossed products, and the isomorphism class of an injective
type lII factor is known to be determined by its flow of weights. Therefore
the flow of weights of the crossed product M x .G should be uniquely determined
by the four invariants of the action a.

The purpose of this article is to compute the flow of weights of Mx .G
explicitly in the case where M is a type III factor and G is a discrete group.
This means that we have to compute the center of the crossed product Mx,G
by R relative to a modular automorphism group. Generally a continuous crossed
product is difficult to handle because a general element does not admit a Fourier
expansion. This difficulty will be avoided by using the canonical extension &
of @ in the sense of [8] (see Proposition 2.1).
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§1. Preliminaries and Main Result

In this section, we recall some fundamental results which will be used in
the sequel, and state the main result.

1.1 Crossed Producis

Let M be a von Neumann algebra acting on a Hilbert space H, and a: G—
Aut M be an action of a locally compact group G on M. Then the crossed
product M X ,G is the von Neumann algebra acting on the Hilbert space L*G, H)
generated by m.(x), x€M, and A(g), g=G. Here m,(x), A(g), are the operators
on L¥G, H) defined by

(wa(x)E) D) =an-1(x)5(h)
(A(g)E)(h)=E&(g*h)

and satisfy the covariance relation:

, €eL¥G, H), heG,

Ag)ma()A g =ms(a,(x)), x€M, geG.
When G is abelian, the dual action a: G—Aut(M x,G) is canonically defined by
a,=Adv(p), pei.

Here G is the dual group of G and u(p), peG, is the unitary operator on
L* G, H) defined by

W(»ENg)=<g, p>&(g), E€LXG, H), g&<G.
Then the automorphism &,, peG, is characterized by the following :
ap(ma(x)=ma(x), xEM,
ar(XAg)=<g, p>Xg), gEG.

By Takesaki duality, the second crossed product (MX,G)X3G is isomorphic to
the tensor product M®B(L*G)) and the bidual action & on (Mx,G)x3G cor-
responds to the action a@®Adp under the above isomorphism, where p is the
(right) regular representation of G on L2*G). Furthermore, the generators
ma(mal(x), xEM, 73(g), g€G, and A(p), p=C, in (Mx,G)x3G are mapped
to 7w (%), 1Q®4,, 1Qv,, in MQB(LG)) respectively. For details, see [4], [12],
or [18].

1.2 Dual Weights

Let 2 be a von Neumann algebra, and let a: G—Aut M be an action of a
locally compact group G on M. Then, for each faithful normal semi-finite
weight ¢ on M, there exists a faithful normal semi-finite weight ¢ on Mx,G,
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which is called the dual weight of ¢. The modular automorphism group of the
dual weight ¢ is given by

oY ma()=ma(0%(x)),  xEM,

oA )= Ag)nu((D s : D)),  gEG,

where Ag is the modular function on G and (D¢-a,: D¢), means Connes’ Radon-
Nikodym cocycle ({1J).

When (M, H, J, P) is a standard form in the sense of [5], the modular
operator Az, the modular conjugation Jon LXG, H) are calculated as follows:

(A5"€)()=A6(8)"Ag.a,. 6" E(8)
~ > EE LZ(G; H) ’
(JEXg)=Ac(g) " *uy' JE(g™)

where {1} ec is the canonical implementation of a ([5]). And, in general, for
faithful normal semi-finite weights ¢, ¢ on M, the relative modular operator
Ay, is calculated by

A¢'¢“:<D¢ s ng)[ASJN’ teR.

For details, see [6].

1.3 Flows of Weights

Let M be a type Ill factor with separable predual. Then the flow of
weights of A is realized by a pair of the continuous crossed product M X ,sR
by the modular action for some faithful normal semi-finite weight ¢ on M and
the dual action @ of ¢¢. More precisely, the center Z of M X ,¢R is isomorphic
to L*(X) for some standard Borel space X, and by restriction, 6 gives rise to
a non-singular ergodic flow {T.},cr on X such that

ONx)=f(T-ex), [fezZ=L=(X), x€X.

Thanks to Connes’ result on Radon-Nikodym cocycles, the isomorphism class of
Mx ;4R is independent of the choice of a weight ¢. Therefore M X 4R is
canonically determined by M and so is the above flow. On the other hand, if
¢ is a dominant weight on M, there exist a continuous action #: R—Aut M,
of R on the centralizer of ¢ and a faithful normal semi-finite trace = on M,
such that

M=MgxyR (continuous decomposition),
t-0s=e’t, SER,
a2(A(s))=e"t*5A(s), t, s€R (under the above identification).

Similarly, the pair (Mg, @) gives rise to a non-singular ergodic flow. By Takesaki



658 YOSHIHIRO SEKINE

duality, however, these flows are conjugate. For an injective type III factor
with separable predual, the flow of weights is a complete invariant ([2],
[71, [15]). For details, see [3], [18].

1.4 Invariants for Actions

Let @: G—Aut M be an action of a discrete group G on a type III factor
M, and let (Py, {F¥}.cr) be the flow of weights of M.

We use the terminology which is defined in [17] as the cocycle conjugacy
invariant as the terms to compute the flow of weights of M x,G.

We choose and fix a dominant weight ¢ on M, and identify (P, F¥) with
what was explained in 1.3. For each automorphism « in Aut M, the module
mod @ in Aut P, which commutes with F¥ is given by

mod a=Ad u-alzwy ,
where u is a unitary in M satisfying ¢-a~'=¢-Adu. If we set
N(a)=a({Ad u-a%ilucUM), cEZKR, UZMsMD),

N(a) is a normal subgroup of G. When M is AFD, N(a) is the same as that
in [17] ([14; Theorem 1]). The characteristic invariant X=[4, ¢] in
A(G, N(a), U(Py)) and the modular invariant v: N(a)—~Hiu(R,U(Py)) are defined
as follows: At first we choose unitaries u, in M and unitary cocycles ¢(4) in

(R, U(Z(My))) satisfying ap=Ad us-3%u;, hREN(a). Identifying ms(My) with
Mg, 2 and g are defined by

UnG by (us)=p(h, k)ﬁ%,um, o (Unz)

:uhk#(h; k): h: kEN(a)’
and

@ (Ug-12)(DP-a;™ 1 DP)imod apccca-1n>=24g; h)G%ce. m>(Un)
=unig, h), g€CG, heNa).
Here, for u in U(Z(My)), 0u means the coboundary defined by
Ou)(s)=u*0,(u), s<R.

And p(h, k), h, keN(a), A(g, h), g=G, heNe), and c(h), h€N(a), satisfy the
following relations:

(L.4.1) c(h)e(k)=@u(h, k)c(hk),
(1.4.2) (mod a,)(c(ghg))=(0A(g, h))c(h).

These two relations appear in [17; Theorem 5.14] somewhat mysteriously (at
least to the author). They correspond exactly to commutativity of certain
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actions in our main result. And the modular invariant v is defined by u(h)=
[c(h)], heN(a), which is a homomorphism.

Since we choose a weight ¢ on M, it is not clear that the above invariants
are independent of the choice of ¢. But these depend only on the cocycle con-
jugacy class of a. For details, see [17].

1.5 Main Result

We keep the above notations and state the main result in this article.

Theorem. Let PyXiq, ,N(a) be the twisted crossed product of the abelian von
Neumann algebra Py by N(a) with respect to the trivial action of N(a) and 2-
cocycle pr. We consider the G-action 7 and R-action F on Py X4, .N(a) defined by

7:( 2 cazp)= X Ag, h(mod ag)cg-1ng)2n, €6,

LEN (@) hEN (@)
F( 2 crzn)= X H(cn)c(h, Dzy, teR.
LEN (a) hEN (a)

Here, z,’s denote the generators coming from N(a), and c(h,t) means the value
of c¢(h) at t.

Then the above two actions commute (hence F induces the action on the fixed
point subalgebra (PyXia, oN(a))), and ((PyX.q, N@)), {Fi}icr) is exactly the
flow of weights of MX,G.

§2. Canonical Extensions

Let a: G—Aut M be an action of a locally compact group G on a von
Neumann algebra M. For a given faithful normal semi-finite weight ¢ on M
(with the dual weight nﬁ on Mx,G) we can consider (MX,G)X,3R. In the
next proposition we will identify this algebra with a suitable crossed product
relative to a certain G-action ([8; Proposition 12.1]). This result makes us
possible to compute the flow of weights of M Xx,G and is probably a folklore
among specialists. However, the author fails to find a proof in the literature
so that a proof will be presented.

Proposition 2.1. There exist an action & of G on MX,sR and a spatial
isomorphism @ from (MX,G)X 3R onto (MX,R)x G such that
(i) For each g=G, the automorphism &, is characterized by

Gy (mop(x))=mo9(a,(x)), xEM,
a,(A))=A2c(g) ¥ ros(DP-a, 2 DY), tER,

where mwoe(x), Alt), are the usual generators.
(ii) The isomorphism @ is characterized by
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O(w,¢(ma(x))=ra(ms9(x)), xEM,
D(m,3(A())=2(g), geai,
Q(A@)=ms(A1)), teR,

where A(t), t€ R, is the generator of (Mx,G)x 3R coming from R and g,
g<G, is that of (M X ,3R)X ;G coming from G.

(i) 069" =09 QD) wrn,omuzo- P, tER,

where (6%)" is the dual action of o® on (Mx.G)x 4R, (¢%)" is that of ¢ on
Mx R, and ((o‘*’)“@l)](ﬁmmmxdg means the restriction of the action (69)"®1
011 (MX s RYQB(LYG)) to (Mx,6R)%;G.

Proof. We may assume that M acts standardly on the Hilbert space H.
We define the unitary operator U on LR, HQL*G)) by

UHH=A45"60), ESLYR, HQLXG)).
It is elementary to check
Un,b(ma(x)U*=m,(x)Q1, xEM,
Un-s(@NU*=4g)Q1, g<G,
UAOU*=A3"R4, tER,
where A;, tER, is the unitary operator on L% R) defined by
A fNs)=f(s—1), fELXR), sER.

Let {u,},ec be the canonical implementation of @. Let V be the unitary
operator on L*G, H) defined by

(VéXg)=ublg), E€LG, H), g&6.
We similarly have
VRIN(r()QDV R =xQ1RQL,  xEM,
VRIDAORIDNVR* =u,Q4,81, g<GC,
VRDAF*QANVRL*=VA;*V*RQ4, t=R,

where 4,, g=G, is the left regular representation of G on L%G). Further, we
compute
VAV *E)(8)=Ac(8)"Ag. g.ay-1"E(8),

Identifying L3 G)QL*R) with LA R)QL*G), we next define the unitary
operator W on L¥RXG, H) by
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WEN, 8)=Ac(8) " Ag.4.ap-1""€C, 8),  EELARXG, H).
Then we have
W(xQRIKZQUW*=r,4(x)R1, =M,
W(u Q2 QUW*=1,Q4,, geG,
WV AV *RQ2A)W*=A(t)R1, teR.
Here i,, g=G, is the unitary operator on L*(R, H) defined by
(Hen)O)=A6(g) """ (DP: Dp-a,™)ugm®t),  nELYR, H).
We remark that # is a unitary representation of G on L2*(R, H) and
femed(x)lF=mop(a,(x), xEM,
U A1) *=A6(g) M wos(Do-a,™": DP)IAW), tER.

Hence we get an action @ (=Ad #) of G on MX,sR.
Finally, if we define the unitary operator X on L*G, HRL*R)) by

(XéE)Xg)=1,*(g), E=L¥G, HYLXR)),

we obtain an isomorphism @: (MX,G)X,éR—>(MxX,sR)x 3G with the desired
properties (i) and (ii).

From the definition of the dual action it is easy to see that the above @
satisfies the property (iii). g.e.d.

Notice that the automorphism &, in the above proof is exactly the canonical
extension of a, in the sense of Haagerup-Stgrmer, [8].

Remark 2.2. 1f ¢ is another faithful normal semi-finite weight on M, there
exists an action &’ of G on Mx,4sR. But it is easy to check that & and ¢
are conjugate via the usual isomorphism from M x,sR onto M x,sR constructed
from Connes’ Radon-Nikodym cocycle ([18; Proposition 3.5]).

From now on let us assume that M is a factor and G is discrete, and we
set M=M X s6R, 6 the dual action of ¢¢. Using the action @ in Proposition
2.1, we set N(a)=a '(Int ]\71). Then the characteristic invariant ¥=[2%, A] in
A(G, N&), U (Z(]\7I ))) is defined as follows: At first we choose unitary operators
fi, in M satisfying @,=Ad #,, h&N(a). Then i and # are defined by

ahﬁk:ﬂ(h” k)ﬁhk: h; kEN(&)y
@(fg-1n)=A(g, W)in, =G, heEN(@a).
For details, we refer to [10], [117], [16].
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Lemma 2.3. With the same notations as above,
(i) 6,-a,=a, 0, t=R, g=G,
(ii) For g&N(&), a, is free in the sense of [13].

Proof. (i) It is sufficient to check the equality against generators, and
details are left to the reader ([8; Proposition 12.27).

(ii) Let p(g) be the inner part of &, that is, p(g) is the largest central
projection with the following properties:

a(p(g)=p(8),
Gglifpce is inner.
From (i),
0.(p(g)=p(g), tER.
Hence we have, by the ergodicity of @,
p(g)=0 or 1. g.e.d.

Lemma 2.4. Let Z(M)xld, iN(@&) be the twisted crossed product of Z(M) by
N(a) with respect to the trivial action of N(&) and the 2-cocycle j.
The map II from Z(M)Xqa, zN(@) into MX &G defined by

I 2 cz)= 3 malea)mal(@n)ih)*, c,cZ(M),

heN (@ heEN (&)
is a *-anti-isomorphism onto M’H(MN «G) and satisfies
TI(Z(M) ¥ 10, zN(@))=Z(M % 5G).
Here 7 is the action of G on Z(M)Nm,,;N(&) defined by

Tg( Eu)chzh): 2~ i(g, h)&g<cg-lhg>2h;

hEN (& hEN (&)
and z,, heN(&), is the generator of Z(A?))did,,;N(&) coming from N(&).
Proof. Thanks to Lemma 2.3, a proof is the same as that in [10] or [11].

Thus we give here only a sketch.
We identify ms(M) with M. Let X= é}fgi(g) be an element in M x;G.
g

If X is in M'N(Mx3G), we have

3 2% A(g)= I % 55(1)A8), zeM.

geG

Hence X is of the form he%‘,(_)chﬂhi(h)* for some chEZUVI ). Moreover, if X

is in Z(Mx;G), X must commute with i(g), g&G. We compute
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. chﬁhi(h)*zi(g)( > Chuhz(h)*)z<g)*
hREN (@) hEN (@)

= 3 )dg(ch)dg(ﬁh)i(ghg“)*

REN (&

:hez%:(&) dg(cg_l"-E)&g(ﬁg—lhg)j(/ﬁ*

= 3 g, Bagylco-1ng)ind(h)*.

hEN ()

q.e.d.

§3. Computation of the Flow of Weights

We will keep the previous notations, and from now on let M be a type III
factor.

We note that our main interest is not the algebra M x,G itself, but the
isomorphism class of M x,G. Therefore, we may choose another action § of
G on M cocycle conjugate to @. More precisely, if two actions a« and f of G
on M are cocycle conjugate, M x,G and M x G are isomorphic and hence their
flows are conjugate ([18; Proposition 3.5, Corollary 3.6 and Proposition 4.27).
By [17; Lemma 5.117], we may and do assume the following:

(I) ¢ is a dominant weight on M such that

¢'a£:¢: gEG )
(II) For the continuous decomposition M=My xR,
(II.].) (ao)g'eszas'(ao)g, gEG: SER:

{ ag(mo(x))=mo((a0)(x)), xEMy,
ag (A(s)=4Gs), sER,

(I1.2)

where (a,), is the automorphism on My induced by a,.

Lemma 3.1. There exists an isomorphism ¥ from M onto MyQB(L*R))
such that

U.a,=(a) Q1) -7, g<G,
T. (04 =(0,®Ad 0)-¥, (=R,

Proof. Since ¢¢ is the dual action of @, Takesaki duality shows that there
exists an isomorphism & : M—M;QB(L*R)) such that

U(zso(mo(x)))=mo(x), x&My,
w(”ﬂ ¢(l(t))):l®lt; tER >

TYAs)N=1Rv:, sQR,
and

T.(%)"=(0.QAd p)-¥, tcR.



664 YOSHIHIRO SEKINE
By the above assumptions, this ¥ satisfies the other required property. q.e.d.

Lemma 3.2. There exists an isomorphism ¥, from Z(M) onto Z(Mg) such
that
Wﬂ'dng(ﬂ)z(ao)glsz¢)'w.o, gei,

wo'(o"%)klzu%=0n!zm¢>'wo, teR.

Proof. If we define the isomorphism Q: Z(M¢)—>Z(J\7I ) by
Ax)=T 1 (xQL), =x€Z(My),
then ¥,=02""! has the desired properties. q.e.d.
In our set-up, for each g=G, the module mod a, is given by
mod a;=(ao)g | zcu g, gei.

And for ar,=Ad u,-é%u,, hEN(a), the assumption (I) shows that each unitary
u, must belong to My. This means that each a,, h&N(a), is of the form
Ad mo(uz)-5%>. Further, 2 and g are defined by the following relations:

To(un)mo(ur)=mo(p(h, R)mo(uns),  h, kENa),
@y (wo(ug-1ng))=mo(A(g, M)7wo(un), g€G, heN(a).
By the assumption (II.2), we have
cCh, )=u*0.,(un), teR,
because we compute
A)=an(4®))
=ng(un)mo(c(h, 1)AE)mo(ur*)
=ng(unc(h, )0 (un)*)A@).
Though the following lemma is implicit in the proof of [9; Proposition 5.4],

we give a proof for the sake of completeness.

Lemma 3.3. Let N(ao)=(a,)"(Int My), and Xo=[4, po] be the characteristic
invariant in A(G, N(ao), U(Z(My))).

(i) Nea)=N(ao),

(ii) =X, in A(G, N(a), UZ(M,))).

Proof. (i) If u&N(a), there exist a unitary u, in Mg and a cocycle c(h)
in Z§(R, U(Z(My))) such that a,=Ad wo(us)-G%u>. From the definition of a,
and the property of the extended modular automorphism it follows that (a.),=
Adu,. Hence we have N(a)SN(a,). Conversely, if h=N(a,), (a.),=Ad u, for
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some u,=U(My), that is, Ad mwe(ur*)-@n=1 on we(My). So, by [3; IV. Theorem
2.2], a, must be of the form Ad mg(us)-6%c>.

(ii) From the above argument and the definition of the characteristic in-
variant, we have X=X,. q.e.d.

Proof of the main theorem. It is sufficient to compute the pair (Z(Mx,G
X ,3R), (6%)"). We may identify (Py, F¥) with (Z(M,), 6).
From the condition (1.4.1), we compute

Fy(zp)F(zp)=c(h, )znc(k, 1)z,
=c(h, t)e(k, )p(h, R)zn
=0:(uCh, k))e(hk, D)zne
=F(p(h, k)zns)
=Fy(zp24).

We also compute
Fs-Fi(cnzn)=Fy(0(cr)e(h, 1)zn)
=0s::(cn)0s(c(h, D)c(h, $)zn
=0s1(cn)c(h, st+i)zn
=Fsri(cnzn).

Hence we conclude that F is an action of R on Z(Mg)Xq, .N(a). And, by
(1.4.2), we compute

Fi-7 (enzn)=Fi(A(g, h)X(mod a,)(¢g-1ng)Zn)
=0.(4(g, h)0.((mod as)(cg-1ng))c(h, 1)zn
=A(g, h)Xmod a;)(0:(cg-1ng))mod a,)(c(g kg, 1))zn
=7¢(0:(cn)c(h, )zn)
=T7¢ Filenzn).

Hence it follows that F induces an action on (Z(My)X :q, o N(a)).

From the results in §2 and §3, Z(Mx,GX,3R) is isomorphic to (Z(My)
Xia. xN(a)), and if we note the definition of I/ as in Lemma 2.4, (a%) is
conjugate to F via the above isomorphism. q.e.d.
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