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On the Microlocal Structure of the Regular
Prehomogeneous Vector Space Associated
with SL(5) x GL(4)

By

Ikuzo Ozekr*

Introduction
Let p=4,® A, be an irreducible representation of G = SL(5, C) x

GL(4, C) on V=/12 C’ ® C*(= V(10) ® V(4)). Then we have a Zariski-dense
G-orbit, namely, the triplet (G, p, V) is a prehomogeneous vector space (abbrev.
P.V). All irreducible P.V.s are completely classified (See [SK]), and the
b-functions of irreducible regular P.V.’s are already calculated (See [SKKO],
[Ki], [KM], [KO], [O 2]) by using microlocal analysis (See [SKKO]) except
the case of our P.V. (G, p, V) which has the most complicated microlocal
structure among all the reduced irreducible regular P.V.s (See [O 1]). The
table of G-orbits in V was first given in [O 1]. However, one orbit

2
corresponding to a generic point of (SL(5) x GL(2), 4, ® A,,4C> ® C?) is
missed in [O 1] (Remark 2.3). Later, Prof. N.Kawanaka gave the orbital
decomposition of (G, p, V) by using a classification of nilpotent orbits of the
exceptional Lie algebra Eg (See [Ka 1], [Ka 2]).

In this paper, we shall give the detailed explanation of the original method
used in [O 1] for the orbital decomposition of (G, p, V) (Proposition 2.1) and
determine all good holonomic varieties (Theorem 3.4). These results are
fundamental to investigate the microlocal structure of our P.V. from which we
can get some information of the b-function (See [O 1]).

We shall roughly explain our method. Let G’ = SL(5, C) x GL(3, C), p’

2
=A4,®4,, VV=4C>® C>. Then (G, p', V') is an irreducible P.V. and its
orbital decomposition has been completed in [Ki]. By an injection GL(3, C)
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A
3A—>< 1>EGL(4, C), we can regard G' as a subgroup of G = SL(5, C)
2

2
x GL(4, C), and V=AC> ® C* can be identified with V' @ V" with V" =4 C>.
Let {x;},; be representative points of G'-orbits in V' given in Table 2. Then,
clearly, any point of V= V'@ V" is G-equivalent to a point of a form (x;, x")
for some iel and some x” in V. For each case iel in Table 2, we shall

determine the G-equivalence class of {(x;, x"); x"e V" =A2 C®}. The cases
[1] [2] [3] in Table 2 are complicated compared to the other cases. In this
paper, we shall describe cases [1] [2] [3] in detail while we shall give just
results in other cases.

Now we explain some basic idea used in the case [1] as an example. One

2

can see that x, ,; + x"(x"€ V" =4 C5) is G-equivalent to x, ,;, + y; (1 <i<5)
where y;, y,, y5 contain some parameters (See Proposition 2.15). It is difficult
to eliminate these parameters. However, one can see, x = x, ,, + y; is a point
of a G-orbit such that its closure contains the G-orbit S,,; in Table
1. Fortunately, we can determine all G-orbits such that its closure contains
S4,11 (See Proposition 2.11), and hence, we can determine all G-equivalence
classes of x; ,; + y; without parameters. This idea is often used in this paper.

The author would like to express his hearty thanks to Professors Mikio
Sato, Masaki Kashiwara, Tatsuo Kimura and Tamaki Yano for their invaluable
advice and encouragement.

§1. Preliminaries
We review some fundamental notions on prehomogeneous vector spaces.

Definition 1.1. Let G be a connected linear algebraic group, p an n-
dimensional rational representation of G on a vector space ¥, all defined over
C. When V has a Zariski-dense G-orbit, the triplet (G, p, V) is called a
prehomogeneous vector space, and abbreviated by P.V. Let g (resp. V*, dp) be the
Lie algebra of G(resp. the dual vector space of V, the infinitesimal representation
of p). For a point x, of ¥, we define the conormal vector space Vi by Vi
= {yeV*;{dp(A)xy, y» =0 for all Aeg}(=(dp(g)x,)*). Thus we obtain a
triplet (G.,, Px,» Vo) Which is called the colocalization of (G, p, V) at x,, where
G,, denotes the isotropy subgroup {geG; p(g)xo = xo} of G at x, and p,,
denotes the restriction of the contragredient representation p* of p to G,,.

Definition 1.2. We identify the cotangent bundle T*V with Vx V*.
Similarly T*V* ~ V* x V** will be identified with ¥V'x V*. For a G-orbit §
in V, we define the conormal bundle A = T3V of S by the Zariski-closure of

U(x, V¥) in Vx V*. 1t is also called a holonomic variety.
xeS
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We note that 4 is G-prehomogeneous (i.e., 4 has a Zariski-dense G-orbit) if
and only if a colocalization (G,, p,, V¥) is a P.V. for xeS.

Definition 1.3. A G-orbit S in Vand a G-orbit $* in V* are called the dual
orbit of each other if their conormal bundles Tg¥ Vand Tgf V* coincide in V x V*.

One can see easily that the dual orbit S* of a given G-orbit S is unique if it
exists.

Definition 1.4. For a given triplet (G, p, V), let m=max{dim p(G)x,; x,€V}.
Then we define the corank of (G, p, V) by corank (G, p, V) =dim¥V— m. Note
that (G, p, V) is a P.V. if and only if its corank is equal to zero.

Definition 1.5. For a triplet (G, p, V), we denote by S}; an i-codimensional
G-orbit S in V with the j-codimensional dual orbit and the corank of the
colocalization of (G, p, V) at x in S is equal to k. We denote by A the
holonomic variety TS’%V.

Definition 1.6. Let (G, p, V) be a triplet and G’ a subgroup of G. Assume
that V=V'@ V", V' and V" are G'-admissible. Let ¢; V— V' be the natural
projection and, for X eV, let G, be the subgroup of G fixing the fibre
¢ 1 (x); Go ={geG; @)™ ' (x) = 0~ (x)}.

Then the following proposition is obvious.

Proposition 1.7. With the notations as above, let {x;},,; be representative
points of G'-orbits in V'.  For each xi, let {x;;};.;, be representative points of 6,;-
orbits in ¢~ '(x{). Then any point x in V is G-equivalent to x;; for some i€l and
j€J;, which is not necessarily unique.

§2. The Orbital Decomposition
Throughout this paper, we denote by (G, p, V) the P.V. given by G
2
=SL(5,C) x GL4,C), p=4, R 4,, V=4C> R C*.

Proposition 2.1.  The triplet (G, p, V) has the following 63 orbits S¥; given in
Table 1.

Table 1
i, j, k representative points

1 0, 40, 0 256 — 346 + 157 — 247 — 148 + 238 — 129 + 459
2 1, 30, 0 456 + 137 + 257 + 148 + 238 + 159 + 249

3 2, 24, 0 456 + 346 + 137 + 148 + 238 + 259

4 2, 21, O 126 + 456 + 137 + 247 + 148 + 238 + 259

5 3, 18, 0 126 + 356 — 157 + 148 + 238 + 249

6 3, 15 0 156 + 246 + 346 + 147 + 237 + 138 + 259

7 4, 20, 0 256 — 157 + 148 — 238 + 129 + 349
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8 4 14, 0 156+ 246 + 147 + 237 + 128 + 359
9 4 11, 0 256+ 346 + 157 + 247 + 148 + 238 + 139
10 5, 21, 1 346+ 137 + 247 + 128 + 259 + 459
11 5,16, 0 156+ 257 + 348 + 139 + 249
125 12, 0 146 — 236 + 256 — 157 + 128 + 349
13 5 9, 0 256 — 346 + 157 — 247 — 148 + 238 — 129
14 6, 22, 2 136+ 147 + 237 + 158 + 248 + 259
15 6, 14, 0 236+ 356 — 157 + 248 + 139
16 6 14, 1 346 — 157 + 247 — 148 + 238 + 129
17 6, 14, 2 156 + 246 + 147 + 357 + 138 + 129
18 6, 8 0  256— 346+ 147 — 237 — 158 + 129
19 7, 15, 1 346 — 157 — 148 + 238 + 129
20 7, 10, 1 146 —256 — 347 — 128 — 139
21 7, 7, 0 256 — 346 — 157 + 247 — 138 + 129
22 8 11, 0 146 + 236 — 137 + 128 + 459
23 8, 8 0 246 +357+128 + 139
24 8 6 0  256— 346 + 147 — 138 + 238 + 129
25 9, 13, 3 136 — 247 + 158 — 258 — 129
269, 9, 1 156+ 346 + 147 — 238 — 129
27 9, 5, 0 256 — 346 + 147 + 237 — 138 + 129
2810, 7, 0 136 — 246 — 157 + 238 + 129
29 11, 15, 3 256 + 346 — 147 + 138 + 129
30 11, 4, 0 156 — 246 + 147 + 237 — 138 + 129
31 12, 20, 4 136 — 237 — 148 + 249
32 12, 13, 2 236—247—158 + 129
33 12, 10, 0 236 — 137 + 128 + 459
34 13, 12, 2 246 — 147 — 237 + 138 + 129
35 13, 9, 3 156 — 246 + 237 — 138 + 129
36 14, 6, 1 156+ 236 — 147 + 138 + 129
37 15 7, 1 146 +237—138 + 129
3820, 12, 4 126 + 137 + 148 + 159
39 7, 27, 3 346 —2(256)> + 8 157> — 247 — 2( 148> + 238
40 8, 18, 2 146 + 256 — 157 — 347 — 238
41 9, 13, 1 256+ 346 — 147 — 247 + 138
42 10, 12, 0 136 + 157 + 257 + 248
43 10, 10, 1 256 + 346 — 147 — 237 + 138
4 11, 8, 0 146 — 236 — 127 + 358
45 12, 5, 0 156+ 246 — 147 — 237 — 138
46 13, 9, 1 236 +456— 137 + 128
47 14, 6, 0 456+ 137 — 128
48 14, 6, 2 156 — 246 — 147 + 237 + 128
49 14, 4, 0 256 —346— 137 + 128
50 15, 11, 3 346 + 137 +247 + 128
51 15 3, 0 156 —246 — 137 + 128
52 16, 5 0 246—137+128
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53 18, 3, 0 146 + 236 — 137 + 128
54 21, 5, 1 126 + 137 + 148

55 22, 6, 2 236 — 137 + 128

56 16, 16, 4 156 — 246 — 147 + 237
57 18, 8, 2 156 + 236 + 147

58 20, 4, 0 126 + 347

59 21, 2, 0 146 — 236 — 127

60 24, 2, 0 136 — 127

61 27, 1, 3 136 + 246

62 30, 1, 0 126

63 4, 0, 0 0

Remark 2.2. In Table 1, we use the following abbreviation: for example,
236 — 137 + 128 + 459 stands for (u, A u3) @ ug — (Ug A uz) @ uq + (U A uy)
& ug + (us A us) Q ug(e V), where the u; A u;(1 <i<j<5) and w (6 <k<9)
span M(10) and W(4) over C respectively. The representative points in Table 1
(or 2) are chosen so that the nilpotent parts of the isotropy subalgebras are
contained in the upper triangular matrices in sl(5) @D gl(4).

Remark 2.3. In the Table 1 in [O 1], the orbit S{s ;s was missed. We
correct it in this paper.

Remark 2.4. By comparing the G-invariant indices i, j, k, one can see
immediately that these 63 orbits in Table 1 are mutually distinct.

Now, by Proposition 1.7, we shall prove that every point in V is G-
equivalent to one of the representative points in Table 1.

Let V,(10) be a 10-dimensional vector space M10) ® u, (6 <k <9). We
take V(10) @ V,(10) @ V5(10) as V' and V4(10) as V" in Proposition 1.7.

We identify G = SL(5) x GL(4) with the subgroup

2.1)
{(3 g)eGL(9); AeSL(5), BeGL(4)} of GL(9), and G’ = SL(5) x GL(3)

with the subgroup

400
(2:2) { ( 0B 0> e GL(9); AeSL(5), B’eGL(3)} of G.
001

It has been proved by T.Kimura that the triplet (G', p|G', V') = (SL(5)
x GL(3), 4, ® A, V(10) ® V(3)) has 25 orbits which are represented by the
following points given in Table 2 (See [Ki]).

Therefore, for a point x = x’ + x” with x'e V' and x"e V", we may assume
that x’ belongs to one of these 25 orbits.
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Table 2
representative points
[1] 346 — 2256 + 8¢ 157> — 247 — 2148 ) 4+ 238
[2] 146 + 256 — 157 — 347 — 238
[3] 256 + 346 — 147 — 247 + 138
[4] 136 + 157 + 257 + 248
[5] 256 + 346 — 147 — 237 + 138
[6] 146 — 236 — 127 + 358
[7] 156 + 246 — 147 — 237 — 138
[8] 236 + 456 — 137 + 128
[91] 456 + 137 — 128
[10] 156 — 246 — 147 + 237 + 128
[11] 256 — 346 — 137 + 128
[12] 346 + 137 4 247 + 128
[13] 156 — 246 — 137 + 128
[14] 246 — 137 + 128
[15] 146 + 236 — 137 + 128
[16] 126 + 137 + 148
[17] 236 — 137 + 128
[18] 156 — 246 — 147 + 237
[19] 156 + 236 + 147
[20] 126 + 347
[21] 146 — 236 — 127
[22] 136 — 127
[23] 136 + 246
[24] 126
[25] 0

In the case that x' is one of [18] ~ [25] in Table 2, by repeating the same
argument, we obtain 25 orbits (39) ~ (63) in Table 1. Therefore, we may assume
that x’' is one of [1] ~ [17] in Table 2.

Definition 2.5. For a point x' =) x,(x,€ V(10), k=6,7,8), we define
vector spaces T, and N, as follows.

The subspace T, of V” is the 3-dimensional subspace spanned by
{p(sko(1))x, — x, |k = 6,7, 8} where s;;(A)(i #j) denotes the element of G
satisfying s;;(A)u; = u; + Au; and s;;(A)u, = u(k # i) for AeC. Note that s;;(4) is
an element of SL(5) (resp. SL(4)) for 1 <i,j <5 (resp. 6 <i,j <9). The space
N,. is the quotient space V”/T,.. Then the following lemma is obvious.

Lemma 2.6. Let y, and y, be elements of V" such that y, =y, modulo T,
in N,.. Then x' + y, is reduced to x' + y, by the action of p(sye(4)).

Note that p(G,) naturally acts on N,.. By this lemma, the classification of
the fibre ¢ ~!(x') is reduced to the orbital decomposition of N by p(G,.).
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We remark that the Lie algebra of G, is given by

A 0 O A 00
(2.3) { (0 B, 0)591(9)5 (0 B, 0 )ng', B, = (age, ag7, Agg) }
0 B,, B 0 0 B

(¢f. (2.1), (2.2)). Now we shall show several lemmas which will be used to prove
Proposition 2.1.

Proposition 2.7. In general, any irreducible P.V. (G, p, V) has at most one
one-codimensional orbit. In our case, the orbit S,,, is the unique one-
codimensional orbit.

Proof. Assume that there exist two one-codimensional orbits S; and S,
which are zeros of irreducible polynomials f; and f, respectively. Then F(x)
= f,(x)32/f,(x)¥8/* gives a non-constant absolute invariant (cf. [SK]) which
contradicts the prehomogeneity of (G, p, V). Q.E.D.

Definition 2.8. Let S be an orbit. We define #(S) = {§'|S" is an G-orbit
satisfying S < §'}.

Remark 2.9. (1) Let x, eV, {y,} a sequence in V, satisfying y, = 0 (n - 00).
Suppose x; €S8, x; + y,e8 for Vn. Then S'e#(S).

(2) Let S'es#(S). Then we have #(S') = #(S) and codimS’ < codimS.

We shall use Remark 2.9 by taking x; = x, + y, where x, is one of
representative points [1] ~ [17], and y,e V"\ T,,.

Proposition 2.10. (1) Let x, be a point of Si,.0. There exists a 12-
dimensional G, -invariant linear subspace H such that V= gx,® H, and the
triplet (G, plg,,» H) is isomorphic to the irreducible regular P.V. (SL(3) x GL(2),
24, ® 4, V(6) ® V?2)) (See Definition 4.4 in [SKKO] and [KM]).

(2) W(S12,10)= {512,10, SS,ll: S(G),147 SS,12! S5,21s S4,14: S4,205

S3,15’ S2,245 S2,215 Sl,30= SO,40}'
All orbits in #(S,,10) appear in Table 1.

Proof. (1) Let xo = 236 — 137 4 128 + 459 be a point of §;, ;o (See Table
1). We take H = {p(y)|yeC'?}, where

p(y) =y <146 ) + y,(<246 ) + (147 )) + y3 (247 ) + y,((346 ) + (148 ))
+ ¥5({347 ) 4 (248 5) + y6 (348 ) + y,{156 ) + ys({256 > + (157))
+ Y9{257) + y10(356 ) + {1583) + y1, (357 ) + (258 }) + y;,{358).

Since dp(g)xo = T, 512,10 is generated by {126, 136, 236, 246 — 147, 256
— 157, 346 — 148, 356 — 158, 456, 127, 137, 237, 347 — 248, 357 — 258, 457, 128,
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138, 238, 458, 129, 139, 149, 159, 239, 249, 259, 349, 359, 459}, it is clear that the
space x, + H is transverse to S;, ;o at X,.
Then, we have

_J{(B+ el +24,(F) assls ]
dp(8xy)lr = {( s 6 — ol + 2A1(F))’ Fesl(3),

(ﬂ” Bas )egI(Z)}.
as, P—¢

Therefore, (G,,, plg,,,» H) is isomorphic to
(SL(3) x GL(2), 24, ® 4,, V6) ® N2)).

(2) We take W6) = S*(Ce, + Ce, + Ce;), V2) = Ce, + Ces, and denote
e®e Qe by (ijk), 1<i,j<3,k=4,5 Then, a point g(y)e N6) ® V2) is
expressed as

q(y) = y: (1145 + y,({124 5 + (2145) +y3{224) + y.({134) + (314))
+ p5({234) + {324)) + ys<(334)

+ y7K15 ) + yg(<125) + (215)) + y9<225) + y10({135) + (315))
+111(€235) +<325)) + y1,<{335).

The correspondence q(y)«>p(y) gives an isomorphism W6)Q V(2)~ H as
representations of G,,.

The orbital decomposition of (SL(3) x GL(2), 24, ® 4;, V(6) ® N2)) is
given in [KM], as in Table 3.1. Here, the first column denotes the name of the
orbit in [KM], and if y; =0, we leave it a blank.

Table 3.1

[KM]  yi  y2 ys Y& ¥s ¥ Y1 Y& Yo Yo Yu Vi
I 1 —1 1 -1
I,

11,

111, 1
111, 1
III, 1
IV,
v?

— et e s b e
—

Vs
VI
VI

[T S
—
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By the correspondence q(y) — p(y), Table 3.1 gives the p(y) for each
orbit. The second column in Table 3.2 denotes the orbits in (G, p, V)
containing xo + p(y).

Table 3.2
[KM] orbit p(y) dual in [KM]
I 0, 40,0 146 — 348 + 257 — 358 VII
11, 1, 30,0 346 + 148 + 156 + 257 A% !
II, 2,24,0 346 + 148 + 257 vV,
I, 2,21,0 247 + 346 + 148 + 256 + 157 v,
111, 3,150 247 + 346 + 148 + 156 111,
I, 5,21,1 247 + 346 + 148 111,
v, 4,20,0 346 + 148 + 256 + 157 V9
A% 4,14,0 146 + 257 v,
v, 5,12,0 146 + 256 + 157 11,
Vs, 6, 14,0 146 + 247 11,
VI 8, 11,0 146 11,
VII 12, 10,0 0 I

Let S’ be an orbit of (G', p’, H), where G' = G,, and p' = p|s.. Let §’ be an
orbit of (G', p’, H). Then there exists a unique G-orbit S which contains x,
+ 8. Let S be an orbit such that S,, ;o = S. Then, 4 = {yeH; x, + yeS} is
invariant by G'. Since G(x,+ H) is a neighborhood of x,, 4 is not
empty. Hence A contains some of the representative points in Table 3.1.

Hence S must be one of the orbits in Table 3.2. Q.E.D.

Proposition 2.11. (1) Let x, be a point of S, ;. There exists a 4
dimensional linear space x, + H, transverse to S, , at x,, and x, + H consists of
points of orbits S4 11, S3,15, S3,185 52,245 S2,21> S1,30 and S 40.

(2) #(S4,11) = {S4,11s S3,155 3,185 S2,24> 82,215 1,305 So,40}- All orbits in
H(S4,11) appear in Table 1.

Proof. (1) Let xo =256 + 346 + 157 + 247 + 148 4+ 238 + 139 be a ge-
neric point of S, ;; (See Table 1). We take H = {p(y); y = (V2> ¥3» Va> ys)eC*,
where

P(y) =y {456 > — y3<457) + y, 458 ) — y5<459).

Then we can verify that the x, + H is transverse to Sy q;.
Now, using a basis (X,..., X40) of g, and a basis (ey,...,e4c) of ¥, we define

q(x) = Y12, x;e;, where (Xy,...,%40)€C*°, and

(e15...,40)A(q(x)) = (dp(X 1)q(%),...,dp(X 40)q(x))-
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The A(q(x)) is a 40 x 40 matrix with linear entries. We notice that codim,
Gq(x) = dimg,,, = corank A(q(x)).

By applying elementary transforms on A(x, + p(y)), we can find a 40 x 40
matrices C with entries in C and D(y) with polynomial entries, such that detC,
detD(y)eC — {0}, and

L(y) R(y)
C A(xo + p(»)D(y) =< o I ,
36
2y, 3y, 4y, 5ys
6 4 2
3y; 4y, — gyﬁ 5ys = 5¥2Ys — 52V
L(y) = 4 6 3 ,
4a Sys—zVaVs  22Ya— gyﬁ 3V2Ys = 5V3Va
2 3 4
Vs —VaVa  3V2¥s—o¥sa  2V3¥s— gyi

where R(y) is a 4 x 36 matrix with polynomial entries, and I;4 is the identity
matrix of size 36.

We will classify the points in H according to the corank L(y) = corank A(x,
+ p(y)), and determine the connected components of D, = {x, + p(y); yeC*,
corank L(y) = k} for each k, 0 <k <4. Now we state a

Claim. Let E, be a connected component of D, and suppose E, is smooth
and of codimgyE, = k. Then, there is a unique orbit S of (G, p, V) such that E,
c S, and codim, S = k.

Proof of the Claim. Take a point ge E,. Then we have
codimy, Gq = corank A(q) = k.

Since Gq and x, + H intersect regularly, codimg(GgnH) = codim, Gq
= k. Therefore, qe GgnH < E,, and since E, and Ggn H are smooth, we must
have GgnH = E, near q. Now take another point q'e E,. Since Gg'nE, is a
neighborhood of ¢, and E, is irreducible, (GgnE,)N(Gq'nE,) # ¢ and hence,
q'€Gq. Thus the Claim is proved.

To determine connected components, we observe that the matrix L(y) is identical
with the matrix which defines the discriminant ds(1, 0, y,, y3, V4, ¥s)(= detL(y))
of the quintic polynomial F(t) = t> + y,t> + y3t% + y.t + y5 (See Example 7 in
[Y 1], and [YS]). Therefore, connected components are determined by the
type of multiple roots of F(t). Here, F(t) is called type (ki,...,k,,), when
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l<m<5, 1<k;<Sfor1<j<m k;+ - +k,=3, and
F(t) = (¢t — o) - (t — o), o; # o, for i #j,
klal + o +km06m=0.

Moreover, each connected component E is smooth and
codimgzE = coreaEnk Liy)=5—m.
Y

A representative point of each connected component and the corresponding
orbit including it is as follows. In the following table, representative points of
types (5), (4, 1), 3,2), (3, 1, 1) and (2, 2, 1) are given by t°, (t — 1)*(t + 4), (¢
—2)3(t + 3)2, t3(t2 — 1), and (t* — 1)%t, respectively.

Table 3.3
corank L(y) type V2 Vs Va Vs orbit
4 5 0 0 0 0 Sa11
3 4,1 —10 20 —15 4 Si.1s
3 3,2 —15 10 60 —-72 S3.18
2 3,1,1 —1 0 0 0 S,.21
2 2,2, 1 -2 0 1 0 S,.24
1 2,1, 1,1 1 1 0 0 S1.30
0 1,1,1,1,1 0 0 0 1 So.40

First, we note that each connected components C in Table 3.3 satisfy the
property that if (y,,...,ys)eC, then (c*y,, c*ys3, c*y,, c®ys)eC for any ceC
— {0}. Thus each of them includes the origin in its closure.

Now, we prove that §; ;5€#°(S,,;,). Let x5 ;5 be a point of S5 ;5 in Table
123 4 5 6 78 9 >

1. By an exchange of basis u;— £ u,, 91=<4 25 -31-786 -9

(we mean u, - — uy, etc)

P(g1)%s 15 = 247 + 157 + 148 + 346 + 256 + 239,
By g, = (ug — ug + ug) = sgg(1),
P(G291)%s.15 = 256 + 346 + 157 + 247 + 148 + 238 + 239,
1

_ul_

3
Set g3 = (uy > uy +uza“3“’§”1+3“2+“3au4_’_2

5”2—“34‘“4: Us —
1 1
_1“1"“2““34’2“4"‘”5,”7—’—u6+”7,us—’_5u6+u7+us),

ga = 552(3)541(3)535<— %>S96(3)S51<%>S42<%>531<%),
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- -2 - -
gs(e) = (uy > &7 2uy, uy > 7y, Uy — ety us — e2us, ug — £ ug, ug — eug,

ug — e2uy).
Set g(e) = gs(e)9ag3929:- Then, limp(g(e))xs,1s = X4,11-

Next set g; = s3,(— 1),

_123456789 _ { !
92—2 1 4 -3 5 6 879,93"'552(— )S97(1),

3 1
ga = (uy > —uy + uy, ua_"z‘ul — 3u, + us, u4—>§u1 ot + Uz + Uy, Us

1 1
_Zul+u2_u3—2U4+u5,u7—>u6+u7,u8_>—'2‘u6—u7+u8,u9—>

- u9)’
gs(e) be the same as above. Then, if we set g(e) = g5(€)g94939,9:, we have
li_{'%g(e)xs,w = X4,11-

Since there exist only two orbits of codimension 3 containing S, ;; in its
closure, orbits of types (4, 1) and (3, 2) in Table 3.3 coincide with S; ;s and
S3,18- We do not know the mutual correspondence. But if we consider the
orders of those holonomic varieties, we know that (4, 1) corresponds S5 ;5 and
(3, 2) does S; ;5.

Now we show the correspondence of codimension 2 orbits.

Set g1 = 565(1)s35(— 1)5,4(1),

g2 = 551<— %>586<— %)531(%)&2(%)597(1)553(1),
100 0 O 1o 00
010 0 O 0 l —1 0
g3=1 001 —1 0 |® f 12 ,
001 1 O 0 7 2 0
000 O 1
00 0 1

ga = So6(1)521(1),
gs = Uy > —us/2, uy > uz, us > uy, Us—> — Uy, Ug = Ug, Ug = g, Uo > 2Uy).
9 = 9594939291

Next set ge = So7(— 1)s53(1)sg6(— 1)s51(— 2)531(— 1)s42(— 1),
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g7 = (U > iUy, Uy > — iy, Uy > Us, Us = Uy, Uy —> Uy, Ug = U,

U, = — g, Ug = illg, Ug —> — illg), i =,/ — 1.

Then, we have p(g)(x4,11 + X(2,2,1)) = X2,24 and

P(9796)(Xa,11 + X3,1,1) = X2,215

where X, 5 1)(X(3,1,1), T€spectively) is the representative point of the component
of type (2,2,1)((3, 1, 1), respectively) in Table 3.3.
Types (2,1,1,1) and (1,1,1,1,1) correspond to S, 3, and S, 4, since
S1,30> S0,40€#(S4,11) and they are unique orbits of codimensions 1 and 0.
(2) is clear by (1), since all orbits in H are weighted homogeneous of weights
(2,3,4,5). Thus the Proposition is proved. Q.E.D.

In the proof of the Proposition, f(x)= detA(g(x)) is nothing but the
fundamental relative invariant of our P.V. We also remark that fg,  (y)
= detL(y), which is identified with the discriminant of the quintic equation, is
called the transverse localization along S, ;, of f(x) in [Y 2], which is relatively
invariant by the vector fields defined by ‘X;,...,X,)="L(»)©0), ()
=40/0y,,...,0/0ys). The localization of f(x) in the sense of the Definition 6.7
in [SKKO] is the lowest homogeneous part of fs, ,,, that is, (5ys)*.

Lemma 2.12. (1) The GL(2) acts on Cu+ Cv by (u, v)—(u, v)A for
A€eGL(2). This action induces the action 2A, (resp. 34,) of GL(2) on the space
of binary quadratic forms:

V(3) = {x30u* + X1 U + X507 X305 X115 X2 €C}

(resp. on the space of binary cubic forms:
V@) = {x30u> + X3y uv + X ,uv® + Xo30°; x;;€ C}).
The triplet (GL(2), 24, V(3))(resp. (GL(2), 34,, V(4)) is a prehomogeneous
vector space.
(2) (GL(2), 24, V(3)) has 3 orbits represented by u? + v?, u?, 0 (or uv, u?, 0).
(3) (GL(2), 34,, V(4)) has 4 orbits represented by u® + v3, u?v, u3, 0.

Definition 2.13. Let M(m, n) be the totality of m x n matrices. Then
SL(m) x SL(n) acts on M(m, n) by X - AX'B for AeSL(m), BeSL(n) and
XeM(m,n). We denote this action by 4; & 4,.

The following lemma is well-known in linear algebra.

Lemma 2.14. For m > n > 1, the triplet (SL(m) x SL(n), 4, ® A;, M(m, n))
has (n + 1)-orbits S; where S;={XeM(m, n);rankX =i} i=0,1,2,...,n

For m = n, together with scalar multiplication, we have the same result.
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Now, we begin to prove the proposition 2.1 starting from the case [1] in
Table 2.

1° (The case [1])

We choose x'= —2¢256>+ 346> +8{157)>—<247)—2{148>+<238)
so that §,. becomes the standard form (2.4). The point x’ belongs to the orbit
S;,,7 in Table 1. We denote x' by x5 ,,. The Lie algebra §,, ,, is given as
follows:

44,(F) 0 0
24) g={< 0 24,(F) 0);F=(‘f _Sa)esl(zxyec%ﬂegl(l)}

0 ? p
40 A, A, O
= 0 B eEM©O);A=| 431 0 A3 eM(5),
B, 0>
B= e M(4) > where
(3 3= |
4o 4s 0 3t
A, =< ¢ 20:)’ Ay, =<3s)’A21 =(021), Ay3=250), A32=<0>,
“om s 20 s O
A; = sBy=| 2t 0 2s |, By =(age ao7 Ggsg)-
4 —4a
0 t —2«a

The action of g,,,, on the vector space N,,, with respect to the base
{<129), 2<139), (K149) +2{239)), (4/13)(<159) + 8<249)), (£259)
+2{349), 2¢359 ), (459>} modulo T, ,, is given as follows.

(2.5) bxv,n:{C=.317®6A1(F)5M(7);F=<“ s )}

t —a
C, C, ©
6 6
={C= (C21 C, Czs)GM(7)3C1=<( “:’ﬂ) (4aiﬁ)),
0 C32 C3

00 0 0 2t (2x + p) 4s 0
C12=<5s 0 0>,C21=<0 0>,C2= 3t B 3s ),
00 0 4 (— 20+ p)

00
_ _ (0 0 5t [ (= 4o+ p) s
C“'(fs 8>’C“‘<o 0 0>’C3‘< 6t (—6a+ﬂ)>}

where s = a,s and ¢t = a,,.
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Let H,, ,, be the connected algebraic subgroup of GL(7) corresponding to
the Lie algebra b,, ..

Let p be the action of G
component of ﬁ((?x7’2,).

on N Then H is the connected

X7,27 X7,27" X7,27

Proposition 2.15. Any orbit of the triplet ((~;xm7, P, Ny, ,,) is represented by
one of the following points modulo T,

1) y, =245 > + ud359) + v(<259) +2{349)) + (159>
+ 8¢249>) + (139
(2) y,=A{459> + u<359> + v(<259> + 2<349>) 4+ ({149 ) + 2{239))
(3) y3=2AC459> + u{359) + ({159 ) + 8<249))
(@) ya=<C459)
() ys=0
For the orbit S=Gx of x=x4,;+y(tesp. ¥,,y3), we have
SeH(S,,11)(resp. H(S3,18), #(S4,14)). The point x = x, ,;, + y, belongs to
the orbit S5 .
Proof. Put y = [py,(uy A up) + 2p13(ug A us) + pra{(ug Aug) + 2(uy Aus)}
+4/13-pys{(uy A us) + 8(uzy Atg)} + Pas{(us A us) + 2(us A uy)}
+ 2p3s(us A us) + pas(us Aus)] @ ugeN,, ..
Let h(s)(resp. h(B), h(t)) = expCe H

entries zero except s(resp. f, t).

[1]

@) If py3, P1as P1s> P2s> P3s OF Pus # 0, then we may assume that p,, = 0 by
the action of h(s) where s satisfies the condition: p;, + 6p;3s + 15p;,s*
+20p;5s® + 15p,55* + 6p3ss® + pass® =0.

(a) If p;5 # 0, then we may assume that 2p,; = 1 by the action of h(f) with
B = —log2p,;. Moreover, we may assume that p,;, = 0 by h(f) with t = — py,,
i.e., we obtain y = y,.

(b) If p;; = 0 and p,, # 0, then we may assume that p,, = 1 by h(f) with j

where C is a matrix in (2.5) with all

Xx7,27

= —log p;4- Then we may assume that p;s = 0 by h(t) with t = — 1)3;5, ie., we
obtain y = y,. 4
(©) If py3 = p14 =0 and p;5s # 0, then we have 1—3p15 =1 by h(f) with § =
4 . .
- logﬁpls. Moreover, we have p,s = 0 by h(t) with t = — pl—z;—, i.e., we obtain
y=1DYs.

(d) If py3 = p1a = p1s = 0 and p,5 or p3s # 0, then we have p,s = 0 by h()
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with 15¢2p,s + 6tpss + pas = 0. Then it is reduced to (a) or (b) by exchanging
Uy 2 Us, Uy Uy, Ug e — Ug and u; - — u.

(€) If py3 = P14 = P15 = Pas = p3s = 0 and p,s # 0, then we obtain y =y,
by h(B) with B = —logp,s.

(ii) If p13 = P14 = P15 = P2s = P3s = pas = 0 and py, # 0, then this case is
equivalent to (e) in (i).

(iii) If all p;; = 0, then we obtain y = ys.

(2]

The point x* = x, ,; + (U, A us) @ uy coincides with the representative
point x, ;, of the orbit S, ;, in Table 1 by the transformation u; - — u,/2, u,
/2y, U=/ 2itty, s> — us/2, ug—ug/(/21), Uy —u7/2, ug—ug/(s/21) and ug
— — 2uy where i =,/ — 1. Therefore when the orbit S contains the point x
= X;.,7 + J1, then the closure S contains x, ,;, because gi_{%p(g)x = x* where g
is given as follows with ¢ = 2.

(26) g is a diagonal matrix in M(9) with the diagonal elements
{72,671, 1,6 6% e7%, 1, ¢ &}

Therefore, Se #(S,4,11)-

The point x* = x; 5, + {(u; A uy) + 2(u; Auz)} @ uy coincides with the
representative point x, ;5 of the orbit S; ;5 in Table 1 by the action of
p(sg9(1/2)), p(seg(—2/5)) and by the transformation u; — —us/4, uz—u,, Uy — Uy,
Us > U3/2, Ug = — Ug, Uy = Ug, Ug —> 2u, and ug — 2ue/S. Therefore, when the
orbit S contains the point x = X, ,; + y,, then the closure § contains x; g,
because zijrgp(g)x = x* where g is the diagonal matrix (2.6) with & =e.

Therefore Se #(S5 1) = H#(S4,11)-

The point x* =x; ,, + {(u; A us) + 8(uy Auy)} ® uy coincides with the
representative point x, ,, of the orbit S, ;, in Table 1 by the action of p(s;o
(— 1/8)), p(s97(8/65)) and by the transformation u, — u;/2, u, » uy, us - u,,
Uy > Uy, Us D Us/2, Ug = — Ug, Uy = Ug/2, Ug = Uy, Ug —> 8ug/65. Therefore, when
the orbit S contains the point x = x, ,; + y3, then the closure § contains x4 14,
because !1_{% p(g)x = x* where g is (2.6) with ¢ =1. Therefore Se#(S4 14)
< #(S12,10)-

The point x = x; ,; + y, coincides with the representative point x5 ¢ of the
orbit S5, in Table 1 by the transformation u, —us/2, u, —./2u,, u,

=/ 2Uy, Us > Uy /2, ug - — us/ﬁ, U; = — U2, Ug — uﬁ/ﬁ and ug — /2uy.
Q.E.D.

By this proposition, Remark 2.9 and Propositions 2.10, 2.11, we have the
following result.

Corollary 2.16. From the case [1], i.e., the orbits through X, ,,+y
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® uy(ye V(10), y # 0), we have no other orbit except So 40> S1,30> 2,245 82,215
S3,18> 53,15> S4,14> S4,11 and Ss o in Table 1.

Remark 2.17. In the following study, we use the notations H,, p and
h(s, t,...) similarly to them in the case [1];

H,: the connected algebraic subgroup of GL(7) corresponding to the Lie
algebra b, where ), is the action of §, on the vector space N,;

p: the action of G, on N,;

h(s, t,...): an element expCe H, where C is a matrix in M(7) with s, ¢,...
and all the remaining parts zero in b,(cf. the proof of Proposition 2.15).

2°(The case [2])

Put x' = (146> + (256> — {157) — (347> — (238 ). The point x' be-
longs to the orbit Sg ;4 in Table 1. We denote x' by x5 ,5. The Lie algebra
8xs,,5 1 given as follows:

@7) Gy = {(g g>eM(9); A= <1‘(1)1 1322)61\4(5), B— (1?211 z)eM(4)}

where

oy 0 0 dia Q15
A1=<0 —2a, 0 ),A12=<a15 0),
0 0 2y +ay) 0 ay,

( - (2“1 + 0(2) 0 )
A2 - 3
0 — oy + o,

o, +a, O A
BI == (

0 — 0y das ) » B2y = (ag6 ag7 dos).
0 0 - 2“1
The action of §,, , on the vector space N,, , with respect to the base

{<129), {139, ({149 ) — (259)), (K159 ) — <349 ), <249 ), (359, (459 >}

modulo T, . is given as follows:

X8,18

Cl ClZ C13
(d1—2a2+ﬁ) O
(2.8) bx8‘18= {C= ( 0 C, C, )eM(?); C1=< >,
0 0 c, 0 (Baty +20,+ f)

2(115 O - a14 0 0
= C = .
C12 < 0 2(,114), 13 < 0 _als 0

C=<(_°‘1“°‘2+ﬁ) 0 >
g 0 @+ h))

(0 0 —ays
C23_<0 0 ay >’
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(— 20, — 30, + f) 0 0
C3—( 0 (ay + 30, + B) 0 )}
0 0 (= 3y + B)

Proposition 2.18. Any orbit of the triplet (mes, o, N
one of the following points modulo T,

) is represented by

X8,18

8,18"°

(1) y;=A129> + u{139) + v{249> + t{359 > + (459>

(2) y,=<d129) + A(149) — (259 )) + u(< 159 ) — (349))
+v{249 > + <359

(3) y3=A(K149> — {259 %) + u(K159 ) — (349)) + (249> + (359

(4) y,=(<149> — 259>) + A(159) — (349)) + <359

(5) ys=({159) —<(349)) + (359)

(6) y6=1<359)

(7) y7=(149) — (259)) + ({159 ) — (349))

(8) yg=<129) + (159> —(349))

(9) yo=({159) —(349))

(10) y;0=¢<129) +<139)

(11) y;, =<129)

(12) y;,=0.

For the orbit § of x = xg 5 + y;(resp. y,), we have Ses#(S, 14)(resp.
H(S4,1).

For the orbit § of x = x5 ;5 + y3(resp. y,), if Au # 1/4(resp. A # 0), we have
SeH(S,4,11), and if Au=1/4 (except A=p=1/2, A=w/2 and u = w?/2 or
= w?/2 and p = w/2)(resp. A = 0), then the orbit S is S, 50. I A=p=1/2, 1
= w/2 and pu = 0?2 or 1 = w*/2 and u = w/2, then we can see that S = S ,.

The point x = xg 5 + ys(resp. y;, i=26,7,...,11) coincides with the
representative point xs ;4 (F€SP. Xg 5, X;1.30, X3,185 Xs,16> Xe,14> X7,7) Of the orbit
Ss,16 (resp. Se.s, S1,305 53,185 Ss,16> 55,14» S7,7) in Table 1.

Proof. Put y=[p1,(us Auy)+ pis(ty Ausz) + pyg{(uy A ug) — (uy A us)}
+ P15{(“1 A us) — (uz A “4)} + Paalus A ug) + P3sUus A us) + pyslug A tus)] & ug
eN

X8,18 *

(1]
@) If pys # 0, then we may assume that p,, =p;5s =0, and p,s =1 by the
action of h(ay4, a;s) and h(B) where a4 = — pys/Pas; @15 = P1a/Pas and f =

—log pss,ie., y = y;.
(i) If p,5 = 0 and p55 # 0, then we may assume that p;; = 0 and p;5 = 1 by
the action of h(a,s) and h(f) where a;s = p,3/pss and f = — logpss.
(a) If p;,# 0, then we obtain y, by the action of p(g) where g is as follows:
(29) g is a diagonal matrix in M(9) and its diagonal elements
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{oe, 0%, 6%, 07 ¢ %, 07 %",
g=1

(b) If p;, = 0 and p,, # 0, then we obtain y; by the action of p(g) where g is
the diagonal matrix (2.9) where 3/e* = 1/p,,.

(c) If pj, =pys =0 and p,, # 0, then we obtain y, by the action of p(g)
where g is the diagonal matrix (2.9) with ¢2/e?2 = 1/p,,.

(d) If p1 = p1a = P24 =0 and p;5 # 0, then we obtain ys by the action of
p(g) where g is (2.9) with o/e = 1/p;s.

(€) If p12 = P14 = P15 = P2o = 0, we obtain ys.

(iii) If p35s = pss = 0 and p,, # 0, then y coincides with ys, y,, ys or yg, by
the transformation u, & uj, u, & us, g« — U, and ug - — ug.

(@iv) If po4 = p3s = pas = 0 and py,p,s # 0, then we obtain y, by the action
of h(ai4, a;s) and h(B) where a4 = —py3/(2p;s) and ays = py,/(2p,4) and f =
— log p;5 and by the action of p(g) where g is the diagonal matrix (2.9) with &
=0 and o/e = 1/p,,.

(V) If p14 = P2qa = P35 = Pas = 0 and p,5 # 0, then we may assume that p,,
=0 and p,5 = 1 by the action of h(a,;,) and h(f) where a,, = — p;3/(2p;s) and
B = —logps.

(@) If p;, #0, then we obtain yg by the action of p(g) where g is the
diagonal matrix (2.9) with ¢ = ¢ and o*c = 1/p,,.

(b) If p;, =0, then we obtain y,.

(vi) If pys = pya = P35 = P4s = 0 and p,, # 0, then y coincides with yg or y,
by the same way in (iii).

(vii) If py4 = P15 = P24 = P3s = Pas = 0 and py,p,5 # 0, then we obtain y,,
by the action of h(f) where § = — log p,; and by the action of p(g) where g is
(2.9) with ¢ = (6e®)™! and o¢?/e* = 1/p,,.

(viii) If p;, # 0 and all the remaining p;; = 0, then we have y,; by the action
of h(B) where B = — logp;,.

If p;3 # 0 and the all remaining p;; = 0, y coincides with y;; by the same
way (iii).

1

& 0,0 %¢ %, &} where ¢ =0%¢™!, 0® = 1/p;,, and

(2]

The point x* = xg 15 + (44 A us) @ uy coincides with the representative
point x, ,, of the orbit S, ;, in Table 1 by the transformation u, <>u,, u, - u,,
Uy = Us, Us —> Uy, Ug = — Uq, U; = Ug, Ug = — Uy and ug — ug. Therefore, when
the orbit S contains the point x = x4 ;5 + y;, then the closure S contains X4145
because dl,ir_r}o p(g)x = x* where g is (2.9) with & = (ge)>.

Therefore, Se#(S,,14) by Remark 2.9.

The point x* =xg 15+ {(U; A uy) + (U3 Aus)} ®uy coincides with the
representative point x, ;; of the orbit S, ;; in Table 1 by the transformation
Uy = Uy, Uy —> Uz, Uz = Uy, Uy <> Us, Ug Uy and u, - —u,. Therefore, when
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the orbit S contains the point x = xg ;5 + J,, then the closure § contains x ;;,
because Ean; p(g)x = x* where g is (2.9) with 0 =1 and & = 1/e. Therefore,

SeH(S4,11)-

When the point x = x5 ;5 + 3, if Au # 1/4, then we may assume that y; is y
in the case of [1]-(ii)-(a) by the action of h(ai4, a;s) where — a;, + 24a;5 #0
and 2ua,, —a,5s =0. Therefore, y; coincides with y,. If Au = 1/4, then we
may assume as follows:

(210)  x = xg 15 + {(uy A ug) + muy A us) + m(uy A ug) + (us A tis)} @ g
(where m? = 8u3)
by the action of p(sgo(4)), p(s79(— 1)) and p(g) where g is (2.9) with & = ¢2/e and
o? =2ue*. The point x coincides with the representative point x, ,o of the
orbit S, ,, in Table 1 (except when A=p=1/2, 1= w/2 and p= w?/2 or A
= w?/2 and u = w/2) by the following operators (2.11) ~ (2.14):
2.11) g1 = 867(M)ss54(mM)S79(m)seo(— 1)s32(1),
212) gy = s45((m + D/ — m*))sq6((m + DAL — m?)s15(1)s7(2m/(1 — m?))
So(1/(1 — m?))s;3(— 1/m)sy3(— 1/(1 — m?)),
(2.13) gs: the transformation u; — u; — u,, u, — (uy — us)/(1 — m?),
ug = (1 — m»ug, u; > — u,,
(2.14) g.: the transformation u; — usy, uy = uy, Uy = Us, Us — Uy, Ug —> U,
Uy — Ug, Ug —> U, and ug > — ug;
P(a576(1)g39291)% = X4 20-

If i=u=1/2,A=w/2 and u = w??2 or 1 =w?2 and pu= w/2 in (2.10),
then the point x coincides with the representative point x5 ;, of the orbit S5 ;, in
Table 1 by the operators (2.11),(2.15) and (2.16):

(2.15) gs = Sos(— 1/(4m?))s1,(— m)sss(— 1/2m))s,3(— 1/2m?))sq6(— 1/(2m)),

(2.16) de: the transformation u, <> us, u, - us/2m, us — u,, Ug — Uo,
U = — Ug, Ug > — 2mu7, and Ug —> Ug,
P(gsgsg1)x = Xs 13-

When x = xg 15 + ya, if A #0, then we may assume that y, is y, by the
action h(a4, a;5) where a;, =1/24,a,5=1/2;if A=0, then the point x
coincides with the representative point x, ,, of the orbit S, ,, in Table 1 by the
following operators (2.17) and (2.18):

(2.17) g7 = S96(1/2)553(— 1/2)s69(— 1)532(2);
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(2.18) gg: the transformation u; — us, u, — ul/\/i Uz = Us, Uy — u4/\/§,
us"’uz, uﬁ-') 2“9, u7""_'u8, us'—) 2“7 and ug—)u6:
P(gsgs)x = X4 20-

The point x = xg ;5 + y5 coincides with the representative point x5 ;¢ of the
orbit S5 ¢ in Table 1 by the following operators:

(2.19)  go = $23(— 1/2)576(1/4)396(— 1/2)s70(— 1/2)545(1/2)
S76(— 1/2)523(1/2)897(1)s13(— 1),
(2.20) g10: the transformation u, — uy, Uy = Uy Uz Us, Uy = — Uy, Ug = Ug,
Uq = — Uq, Ug > — Ug and ug > — ug;
P(g1099)X = X5, 16

The point x = xg ;5 + y¢ coincides with the representative point x4 g of the
orbit S¢ g in Table 1 by the transformation u, & us, u, > us, ug > — U, t; -
— Uq, Ug > — Ug.

The point x = xg ;5 + y, belongs to the orbit S, 5y, because codimy S
= dimG, = 1 where S is the orbit of x by Lemma 2.7.

The point x = xg ;5 + ys coincides with the representative point x3 ;4 of the
orbit S, ;5 in Table 1 by the action of p(sg7(1/2)ss,(— 1/2)s79(— 1)) and the
transformation u, e u,, uz > — 1/2us, u, - uy, Us > Uy, Ug — Ug, U; —> — 2ug,
ug = — 2u; and ug — 1/2u,.

The point x = xg ;3 + yo coincides with the representative point xs ;4 of
the orbit Ss5 ;¢ in Table 1 by the action of p(sg;(— 1/2)s,4(1)) and the
transformation u; — ug, Uy > Uy, Uy = Us, Uy = — Uy, Ug — Ug, Uy —> Ug, Ug —> — Ug
and ug— 1/2 u,.

The point x = xg ;5 + y;, coincides with the representative point xZ ;, of
the orbit S ,, in Table 1 by the action of p(g) where

A0
g=<0 B)GM(9),
(A, O (B, 0
A_<0 AZ)EM(S), B—<0 Bl>EM(4)’
( 0 1/2 1/2

. 12 —ip 2 —2i
—i/A —1/4 1/4 ),A2=< ) >,B1=<_ , )
“ie s — s —i2 12 2 2

A=

and by the transformation u, - — us, uz —> u,, u, = iu,, u; - iU, and ug > uy,
where i2 = — 1.
The point x = x5 ;5 + y;; coincides with the representative point x, , of the
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orbit S, ; in Table 1 by the transformation u; < u,, us > — us, ug <> u, and ug
- — ug. Q E D

By this proposition, Remark 2.9 and Propositions 2.10, 2.11, we have the
following results.

Corollary 2.19. From the case [2], i.e., the orbits through xg 5 + ¥
® ug(ye V(10), y # 0), we have no other orbit except orbits Sg 40, S1,30> 52,245
82,215 83,185 83,155 84,205 S4,145 S4,115 55,165 55,125 Sé,ma Se.s and S, ;.

3° The case [3]

Put x' = (256) + (346> — (147 ) — (247 ) + {138 ). The point x' be-
longs to the orbit S5 ,; in Table 1.

We denote x' by x§ ;5. The Lie algebra 8y ,, s given as follows:

221) Gy, = {(g g>eM(9); A= <"(1)1 i“)eM(s),
2

B, 0
B= (Bu ﬂ)EM(4)}

0
WhCI‘C A1 = 2“112, A12 = <a(1)3 214 a >,
14 25

oy 0 aia o a3 Aia
A2=( 0 —(xg+ay) a3 )aB1= 0 —(—ay) 0 s
0 0 — 3o, 0 0 — (20 + a3)

B,1 = (ag6 g7 agg)-

The action of §,; . on the vector space N,  with respect to the base

(€129, (149 — (249 ), (159 ), (239 ), ({259 ) — {349 )), {359, {459 >}
modulo Ty ., is given as follows:

(4oy +B) Ci, Cys
2.22) bx$’13={6= 0 C, C,, |eM@);

0 0 C,
Ci2=(2a14 a5 —ay3), C;3=(000),

(g —ay + B) a;3/2 0
C = ( 0 (—oy+B) 0 ) ,
0 0 20y +a, + P)

— a3 0 ays/2
Cuz= ( 0 a3 (2P >,

214 —ays 0
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(—o; +B) 0 a4
C3=< 0 (—30; +a, + ) 0 )}
0 0 (—4o; — oy + )

Proposition 2.20. Any orbit of the triplet (Gxé 132 Ps Nyy ) is represented by
one of the following points modulo T, ’ ’

9,13

(1) yy =24<129) + u<159) +v(239 ) + 1{359 > + (459
(2) y2=2159) +(<259) —<349%) A#0

(3) ys=<129) +({259) — <349))

(4) ya=({259) —<349))

(5) ys=<{159) +<239)

(6) ye= ({1495 — (249}) +(239)

(7) y;=<239)

(8) yg=<159)

(9) yo=<129)

(10) yio=0.

For the orbit S of x = x§ 13 + y;, we have S€ #(Ss,1,). When A # 2(resp.
A =2), the point x = x} 13 + y, belongs to the orbit S, ,4(resp. Ss, 1) in Table 1.

The point x = x5 13 + ys(resp. x5 13 + yi; i =4,...,9) belongs to the orbit
Ss.21 (resp. S8,14> S3,18> S,14> S7,105 5,165 Ss,6) in Table 1.

Proof. Put

Y =[P12(uy A ty) + pra{(uy A ug) — Uz Aug)} + prs(Uy A us) + pasluy A tg)
+ Pas{(uy A us) — (3 Atg)} + Paslis A tts) + Pasus A us)] @ ugeNyy .

(1]

(i) If p53s or pss # 0, then we may assume that p,s # 0. In fact, if p,s =0
and p;s #0, then we can obtain that p;s; =0 and p,s # 0 by the following
operators:

(2.23) p(g-s1,(— 1))x where x = x} ;5 + y and g is the transformation u,
Uy, Uz Uy, Ug = — Ug and u; > — ug.

Hence we obtain that y = y, by the action of h(a,4), h(a,s) and h(f) where
P2s + Pasdisa =0, ays = — 2p14/p,s and f = —logp,s.

@) If p3s = pas =0, pysP2s # 0 and p, 5 # 2p,s, then we obtain that y = y,
by the action of h(ay3), h(azs), h(a,4) and h(B) where a;3 = — 2p;4/(p1s — 2pys),
ays = — (P12 — P23813)/P1s> 414 = — P23/(2pys) and B = —logpys. If p3s = pas
=0 and p,5 = 2p,5 # 0, then this case is reduced to the case (iv) or (vi) by (2.23).

(iii) If pys = p3s = pas = 0 and py,p,5 # O (resp., py, = 0 and p,s # 0), then
we obtain that y = y; (resp., y = y,) by the action of h(a,,), h(a,3) and h(xy, B)
(resp., h(B)) where a;, = — P23/(2p25s), @13 = P14/P2s and — a; + B = —log pys,
do; + B = —log py,(resp., B = —logp,s).
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(iv) If pys = p3s = p4s = 0 and p;sp,; # 0, then we obtain that y = ys by
the action of h(ays), h(a,s) and h(x, &y, f) where a;3 = — p14/P1s, 25 = P12/P1s
and —a, + = —logp;s, 20, + o, + f = — logp,s.

(V) If pys=pss =p3s=Dss=0 and pi4p;s3 # 0(resp., p14 =0, py3 #0),
then we obtain that y=y, (resp., y=y,;) by the action of
h(ay3), h(ay, oy, B)(resp. h(B)) where a3 =p;; 20, + oy + = —logpas, 2y
—ay + f = —log pyu(resp., B = —log p,3).

(vi) If py3 = pas = P3s = Pas = 0 and p;s # 0, then we obtain y = yg by the
action of h(a,3), h(a,s) and h(f) where a,3 = p;4/p;s and a5 = — py,/pys and
= —logpys.

(vii) If p;s=ps3s=Dss=D3s=Dss=0 and p,, #0, then the case is
reduced to the case (v) above by the action (2.23).

(viii) If p,, # 0 and all the remaining p;; = 0, then we obtain that y = y, by
the action of h(f) where f = —logp;,.

[2]

When the point x* = x3 ;3 + (44 A us) ® uy, x* coincides with the represen-
tative point x5 ,, of the orbit S5 ;, in Table 1 by the action of p(g-s,,(— 1))
where g is the transformation wu; — us, Uy <> us, Uy — Uy, Uy = Uy, Ug —> — Ug,
u, > — u, and ug > uy. Therefore, for the orbit S of x = x3 ;3 + y,, the closure
S contains x*, because 01’11510 p(h)x = x* where h is a diagonal matrix in M(9)

and its elements {62, 62, ¢, (68)"*073, 0, 07 '¢, (6%¢)™*, o*e}. Hence, we have
SeH(Ss,1,) by Remark 2.9.

When the point x = x3 ;5 + y,, if 4 # 2, then the point x coincides with the
representative point x, ,, of the orbit S, ,, in Table 1 by the action of p(g-
S31(— 4/2)-596(1/2) - sgo(— 1)) where g is the transformation u; — 2uz/(A — 2),
Uy > Us, Us—>uy, Us—> (4 — 2)uy/A, ug— — Aug/(A — 2), u; > ug, ug— — (4 — 2)u,/2
and ug - — ug/2; and if A = 2, the point coincides with the representative point
xs,16 of the orbit S5 ;¢ in Table 1 by the action of p(g-Soe(— 1/2)-551(1)-Sgo(1)-
512(— 1)) where g is the transformation u; e us, u, — us, Uz > Uy, Uy — U,, Ug
— — Uy, Ug = — Ug and uy - — ug/2.

The point x = x} ;3 + y; coincides with the representative point xs ,, of the
orbit S5 ,; in Table 1 by the action of p(g-s,5(— 2)-Sg6(— 1/2)- s51(— 1/2)-565(1)
515(2)) where g 1is the transformation u; — us, u, —> ﬁuz, Uy — Uyg, Us —
- u4/\/§, Ug = — Uy, U7 = — us/\ﬁa Ug = 146/\/5 and ug > — 149/\/5«

The point x = x} ;3 + y, coincides with the representative point x2 ,, of the
orbit S2 ,, in Table 1 by the action of p(g-5e6(1/2)-Sso(— 1)) Where g is the
transformation Uy = Us, Uy = — Uy, Uz —> Uy, Uy —> Us, Us —> Uy, Ug — — Ug, Uy
— Ug, Ug = U; and ug — — uy/2.

The point x = x§ ;5 + ys coincides with the representative point x5 ;4 of the
orbit S5 ;5 in Table 1 by the action of p(g-s4,(1)-Sg6(1)-Sgo(1)- 55, (— 1)) where g
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is the transformation u; — us, uz — uy, Us — Uz, Ug — Ug, U; —> — Ug, Ug = U, and
Ug > — Ug.

The point x = x3 ;3 + ye coincides with the representative point xg ;4 of the
orbit S§ ,, in Table 1 by the action of p(g-Se7(— 1/2)-557(1/2)-543(1/2) - 546(1))
where ¢ is the transformation wu; — u3/2, u, > uy, Uz = Uy, Uy = Uy, Ug =
— Uy, Uy = 2ug, Ug — 2ug and ug — — ug/2.

The point x = xj ;3 + yg coincides with the point xg ;3 + y,(4 = 2) above
by the action of p(g,5eo(1)s;2(— 1)g,) where g, (resp., g,) is the transformation
Ug — Uy (T€SP., Uy = — Uy, Uz <> Uy, Ug —> — Ug, U; = — Ug and ug — — u,).

The point x = x5 ;3 + y, coincides with the representative point x, ;, of the
orbit S, ;, in Table 1 by the action of p(g-seg(1)-s;,(— 1)) where g is the
transformation u; <> us, us > — us and ug <> u,.

The point x = x} ;3 + y, coincides with the representative point xg ¢ of the
orbit Sg ¢ by the transformation u; - — uy, u3 <> uy, u; > — ug, ug > — u, and
Ug = — Ug. Q.E.D.

By this proposition, Remark 2.9 and Propositions 2.10, 2.11, we have the
following results.

Corollary 2.21. From the case [3], i.e., the orbit through x§ .3+ y
® us(ye V(10), y # 0), we have no other orbit except Sg 40, S1,30> 52,245 S2,215
S3,15’ S4,20’ S4,14’ S5,12’ S3,185 S5,213 S5,16’ S2,14’ Sé,14’ S7,10 and SS,G'

In each of the following cases, we omit the proof of the proposition, because
it is similar to those of the preceeding propositions.

4° (The case [4])

Put x' = (136> + {157) 4+ {257 ) + {248 ). The point x’ belongs to the
orbit S5 ,, in Table 1. We denote x' by x,, ;,.
The Lie algebra g,,, , is given as follows:

(2.24) g={<’; g>eM(9);A=<f; i”)aM(sx
2

(B, 0
2=, p)oo)

0
0 a4 a5

2(ay + 2 — a3) 0 0
Az = 0 2(&1 - az + a3) 0 ) s

0 0 2(—oay + o, + a3)
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- (OC1 e az - 3&3) 0 0
Bl = ( 0 (3“1 - 0(2 - 0(3) 0 )

0 0 — (o — 30, + a3)
and B, = (ags a7 agg)-

The action of §,,,,, on the vector space N, ,, with respect to the base

{<129), <149, ({159 — {259 )/2, <239, (349, (359, (459 )} modulo
Ty, 18 given as follows:

—Qoy +20, +203—p) C;, O
(2.25) Do = { C= < 0 C, C,, ) eM(7);
0 0 C,
Ci2=(a24 a15 — a13),
(o — 30, + a5 + f) 0 0
C2=( 0 (= 30y + a5 + 03+ f) 0 ),
0 0 oy + oy — 303 + B,

a13 0 - a15 (4“1 + ﬂ) O 0
C23 =< 0 a3 0 ), C3 = ( 0 (4“2 + ﬂ) 0 >}.
- a24 - a15 0 0 O (4“3 + ﬁ)

Proposition 2.22. The triplet (G,,, ,,, p, N
the following points modulo T,

) has 13 orbits represented by

X10,12.

10,12 °

(1) y;=C129> + (349> + (359> + <459)
(2) y,=4349) + (359> + (459)

(3) y3=94239)> +<359) +<459>

(4) y,=129) +<359) + (459>

(5) ys=4359) + <459

(6) ye=1<239)+ (459

(7) y;=C129) + <459)

(8) yg=<459)

(9) yo=<149> + (159> — €259>)/2 + (239
(10) y,0=<149)> + (239

(11) y;; =<239)

(12) y;, =<129)

(13) y;3=0.

The point x = Xyq,12 + V1(resp. Xy0,12 + i3 i =2, 3,...,12) belongs to the
orbit S 40 (resp. 81,305 51,305 52,215 S4,20> 52,245 5,215 82,14, S6,22> 57,155 58,85
53.13)-
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5° (The case 5)

Put x' = (256> + (346> — (147> — (237> + {138 ). The point x' be-
longs to the orbit S, ;, in Table 1. We denote x’ by x4 ,,. The Lie algebra
x10,10 18 given as follows:

(226) By = {(g g)eM(9);A=</(1)1 ’;’zz)eM(S),

% a3 14
B, = < 0 o (P ) ,» and B,; = (age ag7 Agg).
0 0 —30,—a,

The action of §,,,,, on the vector space N, ,, with respect to the base

{<129), (149> —<239))/2, {159, <249, ({259) —<349))/2, {(359),
{459>} is given as follows;

C, Cp Cis
227 brg= {C = ( 0 G Cas ) eM(7);
0 0 - 2!11 + o, + ﬂ
o, — 20, + a3 azs
Cl = ( 0 — 0y + B 0 > »
0 0 20 + 200, + B
- a14 O 0 O
C12=( azqs — 43 a25>’cl3=( 0 >,
0 0 a3 A14
~ 30y — 30, + B 0 0
C2 = ( O — 0y + ﬂ 0 > ’
0 0 a; +3a,+f
— Qss
Cyz = ( 3a,5 }
Q34

~

Proposition 2.23.  Any orbit of the triplet (G, ., P, Ny, ,,) is represented
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by one of the following points modulo T,

(1)
(2)
(3)
(4)
(5)
(6)
(7)
(8)
(9)
(10)
(11)
(12)
(13)
(14)
(15)
(16)
7)
(18)

For the orbit § of x = x,4,;0 + y;, We have Se#(S;3 3).
The point x19,10 + Y5 (resp. X10.10 + yi3 i =3, 4,...,17) belongs to the orbit
S3,21 (resp. Sa 145 85,125 85,95 Sé,m S3,155 85,215 Sa,145 Sg,14’ Ss,11> Sa,11 Sé,14,

Ikuzo Ozek1

10,10 °

y1=A{129> + u({149) — (239 )) + {459 )
¥, =<249> + (359)

y3 =< 129 + (259> — <349 >) + (359>
Vo =({259) — (349>) + (359

ys =<129) + <359

¥ =<359)

Y7 =159 + <249 > + (259> — (349 ))
ys = <249 4+ ({259) — <349))

yo = {159 ) + ({259 ) — (349 ))

Y10 =<129) + (€259 ) — (349))

Y11 = (259 ) — (349))

V12 =159 +<249)

Y13 =<249)

Yia = ({149 — (239)) + (159

y1s =<159)

Y16 = ({149 — (239))

yi7 =<129)

Y18 =0.

Se.8> 57,75 S7.10 So,s) in Table 1.

By this proposition, Remark 2.9 and Propositions 2.10, 2.11, we have the

following resulits.

Corollary 2.24. From the case [5], i.e., the orbits through Xy .19+ Y
® ug(ye 1(10), y # 0), we have no other orbit except the orbits Sy 40, S1,305 S2,24»
SZ,le S3,18’ S3,155 S4,14s S4,11’ S5,21, S5,12s S5,9’ Sg,l4’ Sé,14s Sé,l‘b S6,89 S7,109

S7,7> Ss,11 and Sgs.
6° (The case [6])

Put x' =146 ) — (236 ) — (127 + (358 ). The point x’ belongs to the

orbit S;; g in Table 1. We denote x’ by x;, g.
The Lie algebra §,,, , is given as follows:

(2.28) gx“,s={<’4 O)eM(9);A=<A1 A“)eM(s)

0 B
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o, a;; 0 a, 0
where A, = 0 «a, O ,A12=( Ay 0),

0 0 o iz 4ss
A2=<“(“1“°‘2_°‘3) 0 ,
0 — 2 + 3)
— (o + a3) Azq 0
B, = 0 — (o + ) 0 ) , B3y = (ag6 g7 agg).
0 0 (20, + a3)

The action of g,,,, on the vector space N, , with respect to the base

{<1395, (€149 ) + <239 ))/2, {159 ), (249>, {259 ), (349 ), (459>} is given
as follows:

c, Cy, Ci;
(229 by, ={ C= ( 0 G Css ) eM(7);
0 0 —(og+a,+a3—p)
(@ + a3 + f) (2P) 0
Cl:( 0 (2 + o3+ B) 0 >,
0 0 (0ty — 20, — 203 + f)
0 0 —ay, 0
Cia= (2412 a3s _‘124),(:13:( 0 >,
0 ay 0 aiq
— (@ — 205 — a3 — f) 0 0
C2=< 0 — (a2 + 205 — f) 0 >,
0 0 — (@ + oy + a3 —f)
0
C23=< 24 )}
— O3s

Proposition 2.25. The triplet (5,,11,8, Ps Ny, ) has 23 orbits represented by
the following points modulo T, .:

(1) y;=C139) + 249> + (459>
(2) y,=<249) + (459)

(3) y3=<149) + (239 + (459>
(4) ya=<139) + (459>

(5) ys=<459)

(6) ye=1<249)> +(259) +<349)
(7) y7=<259) + (349>

(8) yg=<C159) +{249) + (349>
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(9) yo=1(249) + (349>
(10) y;0=<159) + (349>

(1) y1 =(349)

(12) y12=<139) + {249 +<(259)
(13) 13 =¢249) + (259

(14) 14 =C139) + (259

(15) y1s =<259>

(16) yi6=<159) +<249)

(17) yi,=<139) 4+ (249)

(18)  y1g =<249)

(19) y1o=<149) + (239> + (159)
(20)  yzo =< 159>

1)y, =<149) +¢239)

(22) yo, = <1395

(23) yas=0.

The point x11 g + y; (T€SP. Xq4,8 + Vi3 i = 2,...,22) belongs to the orbit S, 3,
(resp. S3,34> S2,24> S3,185 Ss,16> 52,215 53,185 3,155 Ss,21> S6,22> 87,155 Sa,14
Ss,125 Sé,14, S7,100 84,145 52,14’ S8,11> 87,155 59,95 58,8 S10,7) in Table 1.

7° (The case [7])
Put x' =<156) + (246> — (147> + (237) — (138). The point x' be-
longs to the orbit S;, 5 in Table 1. We denote x' by x;, 5.
The Lie algebra §,,, , is given as follows:

(230 g={(‘§ g)eM<9);A=("(‘; *Z)eM(S),
B, 0
= 1 4
B <321 ﬁ)eM( )}

20 aiz a3 disa O35
where A, = ( 0 4oy + 3a, 0 ) , A, = —ays  ay |,
0 0 — 4y + ay) a3,  dzs

— 2y +0y) —as a3s
—20, — 0, —(a;,+a
A2=< 2) 2 ( 122cx 34)>,B1=< 0 %2 (‘112_‘134)>,
2 0 0 2(x; + 20,)
B;1 = (a9 ag7 agg).

The action of g,,,, on the vector space N,,,, with respect to the base

{<129), (C149) +<239))/2, ({159) —<2495)/2, {259), <349), <359,
(459>} modulo T, . is given as follows:

X12,5
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231) b, = {c = (Cl C‘2>eM(7);

0 ¢
(60; + 3o, + B) — 043 a4 — Q45
C, = 0 (—ox+ B — (a1 + asy) ass
0 0 (2001 + 20, + P) (2ay, + asy)
0 0 0 4oy + Sa; + B)
0 0 0
C,, = 2a,5 a4 Ays
0 a3 ay
O O - 013
(= 60; — S, + f) (= a1, — as,) — Qs3s
C2 = < 0 - (4“1 + 2“2 - ﬂ) a34 )}.
0 0 (= 20y + oy + f)

Proposition 2.26. The triplet (ém,s, P> N, ,) has 14 orbits represented by
the following points modulo T,

12,5°

(1) y;,=<129) +<459)
(2) y,=<459)

(3) y3=4259)> +<359)
(4) ya=C129> +<359)
(5) ys=4<359)

(6) ye=1<259) +<349)
(7) y;=<159) —<249> + <349
(8) yg=<129) +<349)>
(9) yo=<(349)

(10) y;10=<259)

(11) yy; =<159) —<249)
(12) y,;, =<149> + (239>
(13) y;3=<129)

(14) y;4=0.

The point x5 5 + yy (resp. X155 + y;; i = 2,...,13) belongs to the orbit S, ,,

(resp. S3,18> S3,15> 55,95 6,85 Sa, 11 Sé,ma Ss,65 59,55 86,225 87,155 59,0 Si1,4) in
Table 1.

8° (The case [8])

Put x' = (236> + {456 ) — {137) + {128 ). The point x’ belongs to the
orbit St; 5. We denote x' by xij..

The Lie algebra gx%;,g is given as follows:
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40 —45 Ay, 0
232 §y,,= <0 B)eM(9);A= ( 0 ol,+4, 0 >eM(5),
0 0 O+ A4,

— 20 0 0
B= ( 0 30I,+ 4, 0>eM(4)} where A, = (a;, a13),
Qog Bj, B
e a e a
Az=< ! 23>’A3=< 2 * >aBsz=(a97 gg)-
az; —§& asqy — &

The action of §,;,, on the vector space in” with respect to the base
{149, {159 ), (€239) — (349))/2, {249, {259 ), {349, {359 )} modulo

T, , is given as follows:
_ _ Cl C12 . _ (_35+B)12+A3 O
(2.33) bxia,g_{c"< 0 C, )eM(7), C1—< 0 26+p) )’
C.. = ap, I, a0, C. = (20 + &y + )1, + 45 ay3l,
12 0 o )2 as,1, 20 —e, + P, + A4/

Proposition 2.27. The triplet (th o> P Ny, ) has 9 orbits represented by
the following points modulo T, :

(1) y,=<249) +<359)
(2) y,=<149) +{239) — (459 ) + (359)
(3) y3=<239) —(459) +(359)

(4) yo=<149) + (359>

(5) ys=<359)

(6) ys=(149) +<239) — (459>

(7) y7 =<239) —<459)

(8) yg=<149)

(9) y9=0.

The point x13 4 + y; (resp. X139 + y;3i=2,...,8) belongs to the orbit S, 5,
(resp. Ss,12, 52,14, S6,85 57,105 S8,115 S12,10» S11,15) in Table 1.

9° (The case [9])

Put x" = {456 + (137) — (128 ). The point x’ belongs to the orbit
S%4.6 in Table 1. We denote x' by x9, .

The Lie algebra 8, , is given as follows:

@34) Gy, = {(‘g g)eM(9);
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—2(6, +9,) Ay, 0
A= ( 0 0.1, + A, 0 eM(5),
0 0 0,1, + A,

26, 0 0
B =< 0 (0, +20,)I,+4, 0O )eM(4)}, where A, = (a,, a,3),

Age B;, B
& d4z; &y Oys

A, = < , Az = and Bj, = (dg7 dog)-
az; — & dsq — &

The action of §xo, . On the vector space Ny, e with respect to the base
{<149 >, <159, (239) {249,259, 349>, (359)} modulo T, s
given as follows:

@39 b= ic (G G2 )emon

C. - (—20; =6, + B, + A; 0 C.. = a1, agzl,

! 0 26, +p) ) *? 0 0o )
C _((51+5z+31+ﬁ)12+1‘13 axsl, )}

g asy 1, (0, + 0, — &1 + B, + A;

Proposition 2.28. The triplet (éx?4 o P Nyo 6) has 10 orbits represented by
the following points modulo T

(1) y,=4239>+<249> + <(359)
(2) y,=4249> +<359)

(3) y;=149> +<239> +<359)
(4) yo,=4d239) + 359>

(5) ys=C149> + (359>

(6) ye=<359)

(7) y,=<149> + <239

(8) ys=<239)

(9) yo=<(149)

(10) y10=0.

The point x3,.6 + y; (resp. X346 + yi3 i =2,...,9) belongs to the orbit S, 5o
(resp. Ss,165 Ss,125 Sg,14, S7,155 S8,85 S8,115 S12,10> S12,13)-

10° (The case [10])

Put x' = {156) — (246 ) — {147 + (237 ) + {128 ). The point x' be-
longs to the orbit S%, ¢ in Table 1. We denote x' by x2, .

The Lie algebra §,;,  is given as follows:
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(236)  §q, = {(A 0>EM(9); A= (3512 A iz )eM(S),

0 B 0 — 2015+ 4,
ol,+ A, B
B=< 2+ 12)EM(4)} where A1=< ¢ alz),
B, a,;, — &
Qi3
a3 a4 G
( 21 0 2ay, >, A= (ala a14 a”);
4y —2 23 0G24 Q35

B ( (a4 + ays) O) B ____(0 0)
2 (ay3+azs) 0)’ 2 dgs dov)’

n=(a 3

The action of g, e On the vector space N, e with respect to the base
{<139), (£149) + (239 )2, ({159) + <249 ))/2 {259, (3495, (359,
(459} modulo T,; _is given as follows:

_ _(O+ P+ C Ci2 i
@37) by = {C = < 0 (— 45 + B, + C2>€M(7),
3 a, O 0

26 2 0
| 3ay & 2a, O _ &
C, = ,Cr=1|{ay 0 Az |
0 2a21 — & 3a12 0 2a _ 28
21

0 0 021 - 38

— Q14 — 415 0
Cyp = (a3 +a2s) —ays —dys
as3 a3 (a14 — azs)
0 as3 a4

Proposition 2.29. The triplet (6,,%4 o P» Nya2, ) has 7T orbits represented by
the following points modulo T :

(1) y, =359

(2) y,=4259> +<349)
(3) y3=(349)

(4) y,=C139)> +<259)
(5) ys=d159) +<249)
(6) ye=<139)

(7) y,=0.

The point x}, 6+ y, (resp. X34 6+ yi; i =2,...,6) belongs to the orbit S41a
(resp. Ss,o, S6 14> S9 13> 810,75 S11,4) in Table 1
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11° (The case [11])

Put x' = (256) — (346> — (137> + <128 ). The point x' belongs to the
orbit S,4, in Table 1. We denote X" by x4 4-

The Lie algebra §,,,, is given as follows:

9 =y )Mo

—2(6; + 65) 0 Aqs
A= ( 0 5112+A2 A23 )EM(S),
0 0 8,1, + A,

— (6, + 6,) B, 0
B= ( 0 (6, +28,)I, + 4, 0 ) eM(4)}

Qgg Bj, B

€ 43 a4 Q43s
where A3 = (a4 a;5), 47 = ( >, Ay = ( >
s, —¢ 3qa — 4y

By, = (ay4 a45), B3z = (ag7 ags)-

The action of §,,,, on the vector space N, ,, with respect to the base

{<149), (1595, (239, (249 ), ({259 ) + (349))/2, (359 ), (459 )} modulo
T,, ., is given as follows:

Cl C1z C13
(2:39) bm",={C= 0 C, Cp |eM®);

0 0 (26,+P

C_((—251—52+ﬁ)12+A2 0 )
e 0 (26, + B )’

0 0 0 -a15
C12 = ( 0 0 0 > N C13 = ( Aia ) N
3qg — 034 — 0435 0

— d;s
Cy =01+, + Pl + A3, Cy3= ( 2a,, )}

G34
2¢ a,; O
where A4, = ( 2a5, 0 2a,, )

0 032 - 28

Proposition 2.30. The triplet (ém’,‘, P Ny.,.) has 12 orbits represented by
the following points modulo T,

14,4 °

(1) y,=<239>+<459)
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(2) y,=<459)

(3) y3=<K149> + 159> +<259) +<349)
(4) y,=C149> + (259> +<349)
(5) ys=4<259) +<349)

(6) ye=<159) +<249)

(7) y;=<149) +<249)

(8) ysg=<249)

(9) yo=<149> + (239>

(10) y10=<149)

(11) y;1 =<239)

(12) y,=0.

The point X4 4 + V1 (resp. Xy4,4 + Vi3 i = 2,..., 11) belongs to the orbit S, 5o
(resp. Ss, 165 Sé,m, 57,105 Ss,8 57,75 S8,65 50,0 So,55 11,155 S:1!3,9)-

12° (The case [12])

Put x’ = (346> — (147> + (237> + {128 >. The point x’ belongs to the
orbit S5, in Table 1. We denote x' by x;5 ;.

The Lie algebra §,,, ,, is given as follows:

(2.40) @m“={(40>eM@ﬁA=<Al A”)eMGL

0 B 0 —46
Blo> }
B= e M)
(321 B
0+mi,+ A4, a;sl, >
where A4, = )
! ( as I, (0—mI, + A4,

e a
A2=< 12)’ Ay, = (a5 ays a3s aus), By = (— 2015 + B,),

2n a;3 0
B, = ( 2a3; 0 24y, ) » By1 = (ags o7 aos).
0 a3 —2

The action of §,,,,, on the vector space N,,,, with respect to the base
{<139), (149> + (239))/2, (249>, {159, {259 ), (359, {459 >} modulo
T, is given as follows:

26+ PI;+B; Cyy
= C =
(2.41) bxls,“ { ( 0 C2

2 a;;, O azs 0 —ays 0
Bs=(2‘121 0 2a, ,C12=<a45 a3s —dzs _a15>5

0 a,; —2 0 ays 0 — a,5

)EM(7);
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c. (30 +n+ P+ 4, a1, >}
2 as I, (=36—n+pPl,+A4,))

Proposition 2.31. The triplet (les,“, o, N
the following points modulo T,

) has 6 orbits represented by

(1) yy=<159) +<459)
(2) y,=<(139) + (459>
(3) y3=<459)

(4) ya=<149) +(239)
(5) ys=<139)

(6) ys=0.

The point x,5,11 + 1 (resp. X15,11 + yi5 i =2,...,5) belongs to the orbit Ss ,,
(resp. Sg,145 S7,155 S12,205 813,12)-

13° (The case [13])

Put x' = (156> — (246> — (137> + (128 ). The point x’ belongs to the
orbit S,5 5 in Table 1. We denote x' by x5 ;.
The Lie algebra g,,, , is given as follows:

242 G, = {(g g>eM(9); A= <“(1)1 i”)eM(S),
2

B
B=< : °>5M(4)}
By, B
o, a Ay3 Qy4 4
hA=112,A=131415,
whEe <0 LP) 12 A3 Qz4 Qss

204 0 ass
A2=< 0 —(op + a3) 2 >,

0 0 - (dl + 0(3)
o3 ass —(a14 + a3s)
Bi=1| 0 —(a; + 2a,) a3 » B21 = (ag6 ag7 agg).
0 0 —(og + a3)

The action of §,,,, on the vector space N, , with respect to the base
{149 %, (159 ) + <249))/2, (239 ), {259 ), {349, {359 ), {459} is given
as follows:

G, Ci, Cis
243 by,,=)C={ 0 C, Cas )EM(7);

0 0 — (g + 0y +2a3—f)
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(g —a; —az + f) a; 0
C = ( 0 — (23— p) 0 ),
0 0 (o + 203 + )

0 as 0
Cip= (2(112 az3 as ) s Cis="(—ais (a4 —azs) 0),

d3s — 44 —dszs
—(a; —ay + a3 — p) 0 as3
C,= 0 — (@ —a3—pf) as >,
0 0 — (o —a3 = f)

Cr3="aa —ass O)}

Proposition 2.32 The triplet ((~}m,3, N
the following points modulo T,

) has 15 orbits represented by

X15,3

15,3 °

(1) y,=4359) +<459)
(2) y,=4239)> +<459)
(3) y3=<459)

(4) yo,=<149> + (359>
(5) ys=<359)

(6) ye=1<259> +<349)
(7) y;=<349)

(8) yg=<C149) + (259>
(9) yo=<259)

(10) y10=<159)> +<249> + (239
(11) y,, =<149> + (239>
(12) y;,=<239)

(13) y;3=<159)> + (249)
(14) y14a=<149)

(15) y1s=0.

The point x,53 + y; (resp. xXy5,3 + y;; i = 2,...,14) belongs to the orbit Ss ;,

2 3 3
(resp. Se,8> S7,15> S&,145> 87,105 57,7, 89,95 85,135 810,75 S10,7> S11,4> S13,9> S12,13>
Sis) in Table 1.

14° (The case [14])

Put x' ={246> — (137> + (128>. The point x' belongs to the orbit
Si6,5 in Table 1. We denote x’ by x4 s.

The Lie algebra §,,, , is given follows:

. _j[40 (AL A
(244 gxw,,—{<0 B)eM(9),A—<0 A2>EM(5)’
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a, 0 i3 Q14 A5
where A1=<0 ),A12=< ,
a; Q3 Qz4 43s

as 0 ass
A2 = ( O a4 (l45 > 5
0 0

—(ay +a,+a;+a,)

—(a; + ay) 0 a4
B, = ( 0 —(ay + a3) ds3 ) s By1 = (age ag7 agg).
0 0 —(ay + ay)

The action of d,,, on the vector space N,  , with respect to the base
{<149>, €239, (349>, (159, (259 ),{359,{459 >} modulo T,

16,5 1S glven
as follows:
¢y Cypy
. = = M(7);
245 b {c ( 0 ¢ )eMo
(a; +a,+ P 0 a3
C, = 0 (ay +az + P — Q4 )
0 0 (as +a, + B)
a4s 0 0 — a5
C12=< 0 a3s —ays 0 >,
0 0 dss  — 43s
—(a; + asz +aq— B) 0
0 —(a; +az+a,—P)
Cz = 0 0
0 0
a13 a14
as3 a24- .
—(a,+a,+a,—P) 0
0 —(@,+a,+a3;—P)

Proposition 2.33. The triplet (6,‘16’5, P> Ny, has 12 orbits represented by
the following points modulo T, :

16,5 °

(1) y1=<359) +(459)
(2) y,=<239) + (459)
(3) ys=<459)
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(4) ya=<C349) + 159> + <259
(5) ys=<159) +<259)

(6) ye=¢<349> +<259)

(7) y;,=<149> + (259>

(8) yg=<259)

(9) yo=1<349)

(10) y,0=<149> +<239)

(11)  y;; =<239)

(12) y;,=0.

The point x,¢ 5 + yi(resp. X165 + y;; i = 2,...,11) belongs to the orbit S ,,
(resp. 8,10, Ss.85 Ss,65 53,135 So,9, S10,75 S12,13> S12,20» S13,12> S15,7) in Table 1.

15° (The case [15])

Put x' = (146 ) + (236 ) — <137 > + (128 >. The point x’ belongs to the
orbit S;5 3 in Table 1. We denote x’ by x,5 5. The Lie algebra §,,, , is given
as follows:

40 (6+mn) A Ais
(2.46) Gxis. ={< 0 B)EM(9); A= ( 0 ol, + A, Ay, ) eM(5),
0 0 A,
— 26 B, 0
B=( 0 (=20 —ni,+ 4, O>GM(4)}
Age Bs, B

e a
where A, = (a;; a13), 413 =(a14 d45), 4, = < 2 >>

a32 — &
a4 Q3s 0—n ays
= A = .
Az <a34 a35>’ 3 < 0 —45>

By, = (a1, +a3s  ay3 — G34); B3y = (ag7 agg).

The action of §,,,, on the vector space N, with respect to the base
{(<149) — (239))/2, (159, (249 ), (349, (259, (359, (459>} modulo

T,,, is given as follows:
Cl C12 C13

(247) by, = {C =10 C, Css e M(7);
0 0 (=306—n+Pp

C=<(25+ﬂ) Qys )
! 0 (=35+n+p)

— - a —a
Cip = <(a12 a3s) (ar3 + a4) ass 25>’ Cis =< ] 15>,

0 0 a;, a3
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— a5

C2=<(25—’1+ﬁ)12+1‘12 agsl; >’ by = — d3s
0 (=36 +PBI,+ A, Ayy

Q34

Proposition 2.34. The triplet (émys, p, N
the following points modulo T,

(1) y, =<459)

(2) y,=<259) + <3495
(3) y3=<259>

(4) ya=<159) +<249)
(5) ys=<249)

(6) ye=<159)

(7) y,=<149) —<239)
(8) ysg=0.

The point xg.3 + ¥y (resp. X153 + y;3 i =2,...,7) belongs to the orbit Sg i,
(resp. o5, S10,7> S11,4» S13,125 Sia.6> S15,7) in Table 1.

16° (The case [16])

Put x' = (126> + (137> + (148>. The point x' belongs to the orbit
S,;,5 in Table 1. We denote x' by x,; 5. The Lie algebra g,,, , is given as
follows:

248 g, = {(‘; g>eM(9);

a; Ay, ais
A= ( 0 A, Ayl ) eM(5),
0

) has 8 orbits represented by

X18,3

18,3 °

0 —(a;+a,+as+a,)

—(a;I5 +'4,) 0
By, B

a; 43 044 azs
Ay =1 as; a3 az, |, Ay3=| azs |, By = (Age a9y aos)-

Qqy Q43 44

>€M(4)} where Ay, = (@12 13 614),

4as

The action of g,, , on the vector space N,,, , with respect to the base

{1595, (349, —<249), <239, (259, {359, (459>} modulo T, . is
given as follows: ’
Ci 0 Cy

(249) ble,s ={C =< 0 C2 C23 > EM(7)5 Cl = - (az + as + aq — ﬁ)a
0 0 C,
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Ci3 =(a12 a13 a14), C; = (ay + a3 + ag + f)I5 — '4,,
0 45 —43s

Cy = ( — Qus 0 aszs )
a3s  —4ss 0

C3= —(a1+a2+a3+a4—ﬁ)13+A2}.

Proposition 2.35. The triplet (ze“s, P, N, ) has 6 orbits represented by the

following points modulo T,

X21,5

21,5 °

(1) y;=<(239) + (459>
(2) y2=<459)

(3) y3=<159) +<239)
(4) ya=<239)

(5) ys=<159)

(6) ys=0.

The point X;, s + Yy (resp. X515 + yis i =2,...,5 belongs to the orbit Sy, 15
(resp. S12,135 Sia.65 S15,7> S20,12) in Table 1.

17° (The case [17])

Put x' =¢236) — (137) + (128 ). The point x’' belongs to the orbit
Sy2,6 in Table 1. We denote x' by x,,¢. The Lie algebra §,,, , is given as
follows:

A0 A, A
250)  §..= {( >eM(9); A= < ! ”‘)GM(S),
’ 0 B 0 4,
B, 0) }
B= eM@#4
<le p) <M
a; ap; a3 Q14 G5
where 4, = (“21 a; azs) » A1z = (‘124 azs |»

dz; 43 043 34 dss

Qs Gas

A, = » By = (a4 + as)I3 + Ay, By, = (ags ag7 agg)
asq4 Qs

(where a; + a, + a3 + a, + a5 = 0).

The action of §,,,, on the vector space N,,, . with respect to the base
{<149 ), (249>, (349,159, (259 ),<(359),<459)>} modulo T, is
given as follows:
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C;y Cyp Cys
(2.51) f)xzm:{C: <C21 C, C23) eM(); Cy=(as + B)I5 + Ay,
0 0 C,
Ciy = ass5l5, Ci3="(— a5 — azs — azs),
Cy1 = asuls, Cy = (as + P53 + Ay, Co3 =(a14 024 d34),

Cs=(as+as+p)}.

Proposition 2.36. The triplet (Gm,s, p» N,,, ) has 4 orbits represented by
the following points modulo T,

(1) y,=<459>

(2) y,=<149) +(359)
(3) y3=<359)

(4) y4=0.

The point Xx,; ¢ + ¥y (resp. Xy5.6 + yi3 i =2, 3) belongs to the orbit S;; 1o
(resp. S33.95 S1s,7) in Table 1.

22,6 "

By the above studying, we have proved Proposition 2.1.

§3. Good Holonomic Varieties of Our P.V.

Let W be the Zariski-closure of {(x, ¢-grad-logf(x))|eeC, x€V, f(x) # 0} in
V x V* where f is the relative invariant of our triplet (G, p, V).

We recall that the conormal bundle Ag of an orbit S is called a good
holonomic variety, when

(1) G acts on Ag prehomogeneously, i.e., the conormal vector space of S is a
P.V., and

(2) A5 = W(cf. Definition 4.5 in [SKKO]).

It is clear that the conormal bundle V x {0} of the open orbit V— S is a
good holonomic variety.

On the other hand, the conormal bundle {0} x V* of the origin {0} is a
good holonomic variety if and only if (G, p, V) is a regular P.V. (cf. Proposition
4.6 in [SKKO]).

We recall the following lemmas.

Lemma 3.1. (See Corollary 6.11 in [SKKO]).
If the conormal vector space of an orbit S is an irreducible regular P.V., then
the conormal bundle Ag is a good holonomic variety.

Lemma 3.2 (See Proposition 6.6 in [SKKO]).
Let Ag and Ag be G-prehomogeneous conormal bundles of orbits S and S’
respectively. Assume that dimG,p = dimV — 1 for some pe Agn Ag. where G,
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={geG; flgx) =f(x) for all xeV}.
If one of Ag and Ay is a good holonomic variety, then so is the other.

Remark 3.3. Since G = SL(5) x GL(4) is reductive, we have (G, p*, V¥*)
~ (G, p, V). For a given orbit S in (G, p, V), we have the dual orbit S$* in
(G, p*, V*)(See Definition 1.3) which corresponds to some orbit S in
(G, p, V). In this case, we call S’ the dual orbit of S. It is clear that if Agis a
good holonomic variety, then Ay is also a good holonomic variety.

The rest of this section is devoted to prove the following theorem.

Theorem 3.4. In our P.V. (G, p, V), all G-prehomogeneous conormal bundles
of orbits S are good holonomic varieties.

Proof. In our P.V., the orbits whose conormal vector spaces are P.V.’s,
are
given as follows: Sy 405 S1,305 S2,24> S2,21> 3,185 53,155 54,205 S4,145 S4,11> 55,165
Ss,12, 55,9, S6,14> S6,85 57,7, S8,11> S8,8> 812,10, and their dual orbits.

1° (For the orbits S 40)
The conormal bundle 4, 4, of the open orbit S, 4, is good.

2° (For the orbits S, 30, S4.20 and Sy, 10)

Each of their conormal vector spaces is an irreducible regular P.V. Namely,
the conormal vector space of S 3o (resp. S4 05 S12,10) 18 (GL(1), 44, V(1))
(resp. (GL(2), 344, V(4)), (SL(3) x GL(2), 24, @ 4, V(6) ® 2)). Therefore
their conormal bundles A4, 34, 44,0 and 4, 14, are good holonomic varieties
by Lemma 3.1.

3° (For the orbits S35, 84,11, 85,125 55,0, S7,7 and Sg g)

For these orbits §;;, we can prove 4;; < W as follows.

For the generic point (x;;, y¥) of 4;; = G(x;;, y¥) = the Zariski-closure of
{(p(9)x;;, p*(9)¥¥); ge G} in Table 4, let (x,, y§) and g = g(e) be as in Table 5
corresponding to A4;;. Then we have (x,, ey§)eW. Note that Wis G-admissible.
One can check directly that (x;;, yf) = li_{rég-(xo, eyE) = gijr(}(p(g)xo, p*(9)(eyd))
eW.

Hence we have 4;; = G(x;;, y) = W.
Table 4
4; Xij Yi
Az s (156 ) + (246> + (346 ) + (147 ) + {237} {456 — (357 + (158 + <348
+ (138> + (259> —2(248>

Agqy <256 + (346> + (157 + (247> + (148>  (456% — (357 — (258 + (348>
+¢238) + (139 +2¢159% — 2249



As,12
As,g
As,4

AB.B
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{146 —(236) + (256 ) — (157> + {128 (456 — (148 — (258> —2(238)

+¢349) +2(357) + (247>

(256 — (346> + {157y — (247> — (148> (456 — (258 — (348> + 2¢149)
+¢238> — <129 +2¢239) — 3¢357>

(256% — (346) — (157> + (247> — (138> (456 + (158 + (248> — (149
+<¢129) — (239 + (357

(246> + (3575 + (128> + (139 (1565 + (147> + (348> + (259

yi: a generic point of V.

A3.15

A4,11

A5,12

AS.B

47,9

Table 5

Vaxo, fxo) # 0, y§ = grad-logf(x,),

g: a diagonal matrix in M(9).

Xo=<156) + (246> + {346 ) + {147 ) + (237> + (138> + {259 ) + 2{456 )
+ (158) +3¢348)

yE=3{156) +2{246) + 3{346) + 6{ 147> + 4{237> + 6{138> + 10259 ) + (456
— (357> + 158 + (348) — 2248 ) — 12136 ) + 4128 ) — 12149 )
+12¢239) —3¢359)

g={t"", 72,72, 3,68, 17, 14, 1%, t 76} where t'°=¢

Xo=1<256) + 346> + (157> + (247> + {148 > + (238> + (139) + (357 ) + (348 )
— 10159 ) — 15¢249 >

yE =24256) + 8346 ) + 35¢ 157> — 24247 + {148 ) + 8238 ) + (456 ) — (357 )
—{258) + {348 ) + 2159 ) — 2249 ) — 18146 ) + 10236 )
~ 10137 ) + 18128 ) + 10{ 126

g={t"%t7, 1,3 t7, 1, ¢, %} where t*=¢

Xo=<146) — (236> + (256> — {157 ) + (128> + (349> + (247
—2{148) — 6258

yE=3(146> — 6{236> + (256) — 9 157> + 2< 128> + 10349 ) + {247 ) + {456 )
+2{357) — (148> —2{238> — (258> + 12126 > + 6{137)
+96{129) — 12 149> + 8¢ 239> + 20¢259 ) — (459>

g={t78,t73, 63,17, 1%, 1,5 ', t7°} where t'°=¢

Xo=1¢256) — (346> + {157) — <247 ) — (148> + (238> —<129)
+5¢456) + 2258 ) — 2348 ) — (149 + 6239 )

Y& =4{256) — (346> + 9(157) — (247> — 9148 ) + (238 ) + (456 ) — 3(357)
— (258> — <348 +2<149) +2{239) —45(126> + 3146 > — 7(236)
+15¢128)

g={t72,t7, 1,t,12,t71, 1,¢t,t3} where 2 =¢

Xo=¢256> — (346> — {157 ) + {247 ) — (138> + {129 ) + 3(< 456 + {158
+ (248> — (149>) + 4((357) — (239))

yE=3{256> — 4346 — 3157 ) + 3¢(247 ) — 4138 + 3{ 129> + ({456 ) + {158
+ (248> — (149)>) + (357> —£239))

g={t"2, ¢, 1,2t 1,12 3} where *=¢

Xo=1¢246> + (357> + (128> + {139) + 4156 ) + 4{ 147 ) + 6348 ) + 6{259)

yE=6{246) + 6{357) + 4128 + 4{139) + {156 ) + (147> + (348> + (259>

g={Le el eel, 166
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4° (For the other orbits)

The holonomic variety A, 54 (resp. 4, 21, 44,145 45,16> A6,8-48,11) has a
one-codimensional ~ Gy-prehomogeneous intersection with A, ;0 (resp.
Ay 205 As 125 A420, As,9, A15,10). Therefore it is a good holonomic variety by
Lemma 3.2.

Similarly, 453 ;g (resp. 4¢,14) has a one-codimensional G,-prehomogeneous
intersection with A, ,, (resp. Ag ;). Hence it is good.

By Remark 3.3, the conormal bundles of dual orbits of the above are also
good holonomic varieties. Thus we obtain our assertion. Q.E.D.
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