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On the Bifurcation Set of a Polynomial
Function and Newton Boundary

By

Andrids NEMETHI* and Alexandru ZAHARIA*

§1. Introduction

Let f:C™>C be a polynomial function. It is well known that there exists
a finite set I'SC, such that f:C"\f~(I")»C\I is a locally trivial fibration
(see [1], [5], [131, [15], [16]). The smallest such set I we call the bifurcation
set, denoted by By (in [1], [2] it is called the set of atypical values). Since
the map f is not proper, the set B, contains besides the set X of all critical
values of f perhaps some other points (the “critical values at infinity” or
“critical values of second type” [12]). There are some special cases when the
polynomial has no critical values at infinity (hence B;=2): Pham [13] and
Fedoryuk [4] have imposed lowerbound conditions for |grad f(x)| for large
values of ||x|, Kouchnirenko has proved in [6] for convenient polynomials with
nondegenerate Newton principal part at infinity, Broughton [1], [2] for “tame”
polynomials and the first author [8], [9] for the larger class of “quasitame”
polynomials.

In this note we give an explicit set Sy, such that B,SX,US;. More

precisely, let grad f(z)= (—f( ), af z)) We denote by #(f) the Milnor

set of the polynomial f, namely
M(f)={z=C™"; there exists A=C such that grad f(z)=2z}.
We define the set S, by:
ceC; there exists a sequence {z*},SM(f) such that
{ lim ||z =co and lim f(z*)=c }

In the second section we prove:

Theorem 1. Let f:C"—C be a polynomial map. Then B;SX,US;.
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In the third section we consider the Newton nondegenerate case. In this
situation, the set S; can be determined very easy and explicitly. Namely, let
f= Ellvnayz" be a polynomial of n variables (where y=(v,, -+, v,) and z2"=2z%1- --- -

ve

zin as usual) with f(0)=0. Asin [6], [11] we denote supp(f)={veN"; a,+0},
supp(f)=the convex closure in R" of supp(f), I'-(f)=the convex closure of
{0} Usupp(f), f(f):the union of the closed faces of the polyhedron ()
which do not contain the origin. If 4 I f) is a closed face, we note
f4z)=>a,z’ and we say that f is nondegenerate on 4 if the system of
ved
04y .. _Of4

0z, 0z,
Newton nondegenerate if for every compact face 4 of I'( f), f is nondegenerate
on 4. By definition, f is convenient if the intersection of supp(f) with each
coordinate axis is non-empty.

A closed face 4<supp(f) is called bad if:

(i) the affine subvariety of dimension=dim4 spaned by 4 contains the
origin, and

(ii) there exists a hyperplane HSR™ with equation a,x,+ -+ +a,x,=0
(where x,, -+, x, are the coordinates in R™) such that

equations (z)=0 has no solutions in (C*)". We say that f is

a) there exist 7 and j with ;<0 and a,>0
b) HNsupp(f)=4.
We can express more geometrically the condition (iia) by saying that the

hyperplane H intersects the interior of the positive octant (R.)".
Let 8 denote the set of bad faces of supp(f). If 48 we define:

X ={f4(2"; 2°€(C*)" and grad f4(z°)=0}.

It is clear that ¥, 2, hence 3, is a finite set.
We have the following :

Theorem 2. Suppose that f is not convenient, Newton nondegenerate and
f(0)=0. Then Bng'fU{O}UAUQZ'A.
S

In the convenient case, B;=2; (see [6], [2]).

In the last section of this note there are some remarks. Also, for n=2, we
compare our Theorem 2 with the result of Ha and L&, which gives By in terms
of the Euler-characteristic of the fibers f~!(¢) (see [5]). In particular, for n=2,
our formula is the best possible (see Proposition 6).

§2. Proof of Theorem 1

We need the following lemma, which is a direct consequence of the defini-
tions:
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Lemma 3. Let DEC\S; be a closed disc. Then f~Y(D)NHM(Sf) is bounded.

For a, b=C™ we note <a, b)= éla]l;,. For Re(0, ) we put Sp={z=C";

J
lz|=R} and Bgr={z€C"; |z|=R}.

Now for the proof of the theorem we fix ceC\(X,;USy;) and D a small
open disc centered at ¢, with the closure EgC\(ZIUSf). Let R=(0, ) be
sufficiently large such that f~*(D)NH(f)N{z€C™; |z|=R}=¢ (this is possible
by Lemma 3) and such that Sg meets transversally f~*(¢’) for all ¢’€D (also
possible if D is small enough). It follows that gradf(z) and z are C-linearly
independent vectors for all ze A, where A=f"'(D)N\{z=C"; |z| =R}, and there-
fore we can find a smooth vector field v,(z) on A such that <{v,(z), z2>=0 and
{vy(2), grad f(z)>=1.

Let ¢>0 be such that for every R'€[R, R+¢] and for every deD, we
have f~*(d)MSg. Since DNX;=¢, the fibration theorem of Ehresmann gives
that the restriction f: (f~(D)N\Bg+e, [ (D)N\Sr+.)—D is a locally trivial fibration
with the fiber F'=f"*(c)"\Bg+., a smooth manifold with boundary 0 F=f"*(¢)"\Sg+e.
Hence there exists a diffeomorphism ¢ : (FXD, 0FXD)—(f(D)N\Bg+e, f7(D)N
Skr+e) such that fo¢ is the projection onto D. Thus the vector field w: FXD
—>T(FXD)=TFXTD, w(z, d)=((z, 0), (d, 1)) will give a vector field v, on
f Y (D)N\Bgse such that <(w,(z), grad f(z))=1 for every z. Glueing together v,
and v,, we obtain a vector field v on f~*(D) such that <v, grad f>=1 and such
that for every z with ||z||=R+e¢, we have <v(z), z)=0. Now using the solutions

of the differential equation —((i—g—zv(z) we obtain that the restriction f: f (D)
—D is a trivial fibration.

§ 3. Proof of Theorem 2

We need a version of Curve Selection Lemma from Milnor’s book [7].
This seems to be well known. For a proof, we refer the reader to [10].

Lemma 4. (Curve Selection Lemma) Let fi, -+, fo &1, =5 G5 N1y =+, By
ER[X,, -+, Xn] be polynomial functions with real coefficients. Let U={x=R™;
f(x)=0, =1, ---, q} and W={x=R™; g:(x)>0, i=1, ---, s}. Suppose that there
exists a sequence {x*}SUNW such that }erE |x*|=co0 and for all j={1, -, r},

£1m11](xk)=0. Then there exists a real analytic curve p:(0, e)=UNW with
lim Ip®l=50, lim h,(p(t)=0for 1<j<r and of the form p(t)=at*+ag*++ -
with a€ R™\{0} and a<0.

Using Theorem 1 and Curve Selection Lemma, it is sufficient to prove the
following :
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If f is a Newton nondegenerate polynomial with f(0)=0 and if p@E)E=MU(f) is
an analytic curve such that

(€9 lim [p@)=c0 and lim f(p)EC
then lti_l:l;l f(p(t))eE;U{O}UA\EJQZA.

To prove this we consider the expansions
p)=at*+a*+ -
) F(p@)=bt?+bytf + -
grad f(pt)=ct' +c,t™+ 4 -

and the identity

. LD (DD grad jip0).

The condition p(t)e H(f) means that there exists an analytic curve A¢)eC
such that for every ¢, we have

& grad f(pM)=AB)p(®).

If grad f(p(t))=0, the identity (3) shows that f(p(t)) is constant with respect

to t, namely f(p@)=2;.
So we can suppose that grad f(p(t))=0. Similarly, f(p(t))%0, since other-

—(fi—‘?, p>=0 which is in contradiction with grad f(»({))
%0 and <—C—l£—, p>s§0. From (4) we get also A(#)#0. Let A®)=2,%4-2,19% 4+ -
be the expansion of A(¢), where 2,#0. From (1) we can assume that a+0, a<0,
b+0, B=0 and ¢#0. Using (4), the scalar product <a, ¢)#0, hence from the
expansions (2) and the formula (3) we get that 7+a—1=0 and thus 7>0.
Renumbering the] coordinates, if necessary, we may assume that p(t)=
(pl(t)) Tty pn(t)):(wgt”l_{_wit”ﬁ'l.l_ Tty Tt wgtuk+wlletyk+1+ Tty O, Tty O), Where
wl=#0, -+, wl#0 and a=y;<y,< --- Zy,.  Identifying R* with {x&R";

Xp= - =%x,=0} we have supp(f)"\R*+¢ since f(p@))z=0.

wise by derivation 2(t)-<

k
Consider the continuous function [,(x)= Z}ly,-x ;on R" Let 4 be the unique
P

face of supp(f)N\R* where the restriction [, : supp(f)"\R*— R takes the minimal
value, say d, and let m&(—oo, 0) be such that

m<min{/,(x); x<supp(f)}.

Then f(p(t)=fs(wit*+ -, and for j=1, ---, &, %(ﬁ(f)):%(w")td"”f-!— sy
j i

where w'=(w?, ---, wd, 1, -+, 1).
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If d>0, we have ltir?f(p(t))zo.
If d=0 and v,<0, then f(zy, -, 24, 0, -, 0) does not depend on z,, hence
()0,

If d=0 and y,>0, then for the hyperplane HS R™ with equation y,x;+ -
dypxy —m(xps+ - ~x,)=0 and the face 4, the condition (ii) is fulfilled. Thus
if (i) is not fulfilled, then 4 is not a bad face of supp(f) and it follows that
4 is a closed face of I'(f). By the nondegeneracy condition on 4, there exists

of
0z,

le{1, ---, k} such that fA(w“)q&O (We recall that f4(z) does not depend on

the variables z,41, =+, Z5.)
But this is in contradiction with the following lemma:

Lemma 5. Lei d, 4, w® be defined as above. Suppose that d<0 and

d-fs(w*)=0. Then there exists no [={1, ---, k} such that fd w®)=0.
Proof of Lemma 5. Suppose that there exists [={l, ---, B} such that
0
f"(w”);tO By condition (4) and y>0 we get that d+v;,—=d —v,;>0, hence v, <0.
Let I={j;v,=v;}. Again by (4) we have for j={1, ---, k}:
jel=—d—y,=d0+y, and f"(w°) xow],

je&I = d—v,<d-+v,, hence

9=0.

0f 4
aZj

Thus, from the Euler relation for the weakly quasihomogeneous polyncmial f 4,
k 0

Z}ly,z]#(z)zd - f4(2), we obtain for z=w?" the absurd equality v;- 4, 21 |w9]2=0.
7= b €

This ends the proof of Lemma 5.

It follows that (i) is also fulfilled and 4=4. By the above lemma,

af"(w°) =0 for all /{1, -+, &} and thus we have ltingf(p(t)):fd(w")efd.

It remains to consider the case d<0. With this assumption it follows that
4 is a closed face of I'(f). Since =0 we get f,4(w°)=0, hence the nondegen-
eracy condition on 4 is in contradiction with the above lemma.

§4. Some Remarks

1. S.A. Broughton described in [1] and 2] the class g of tame polynomials
and proved that for a tame polynomial f, we have B,;=2X%.
In [8] and [9], the first author considered the class Qg of quasitame poly-
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nomials and also proved that B;=2X, for any quasitame polynomial f. If we
denote by HMT the class of #-tame polynomials, namely the polynomials f
with S;=¢, then S0 MT, the first inclusion being strict. We don’t
know if the second inclusion is an equality or not. For other interesting pro-
perties of these classes of polynomials see also [10].

2. Also in [8] and [9], the first author proved that B,S A4,;, where
ceC; there exists a sequence {z*},=C" such that %im grad f(z*)=0

Ar=1 and tim(f(2)—<2*, gradfiz )=

It is not hard to prove that X,\US;S A,, but in general we have no equality,
hence the set X,;US; is a better approximation for B;. Such an example is
the polynomial f==x°y®+ x5z%-+x'y%z2+x which is Newton nondegenerate (hence
2/US; is a finite set) but A;,=C. This follows by using an analytic curve

(x(0), ¥(), 2)ECt with x(H)=t, [z(t)JZ:—%t-6+2t-ﬁ+m—4+--- and [y)]'=
5. 81 9(4-00u—8OLE) |,

!
2 4 7 40

3. Our conjecture is that for a Newton nondegenerate polynomial f with
f(0)=0 we have AUEBZ' 4E By ; for the general case of polynomials, we hope that
(=)

S;EB,. But without a good description of the (all!) fibers f~*(c) it seems that
there exists no simple way to prove this.
However, for n=2 we have the following :

Proposition 6. Let f=C[x, y] be a not convenient and Newton nondegen-
erate polynomial, not depending only of one variable, and such that f(0)=0. Then

Bf:ZfU{O}UA\EJQZA

Proof. We prove this proposition in three steps.
Step 1. X,SB;. The proof is clear.

Step 2. If f=C[x, y] is a not convenient polynomial with f(0)=0, not
depending only of one variable, then 0= By.

Proof. Since f is not convenient, f has the form f(x, y)=xg(x, y) (or
f(x, y)=yg(x, y), which case can be analysed similarly).

If g(0, 0)=0, then 0=X,S B;.

If g0, 0)0, then g(x, y)=ao+a;y+ - +any™+x¢(x, y) With a,=+0.

Suppose that there exists a;+#0, i={1, ---, m}; by an easy computation we
obtain that 0=, hence 0= By.
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Suppose that a;=0 for all i=1, ---, m; hence f(x, y)=x(a,+x¢(x, ¥)) and
¢(x, y) does depend on the variable y. The fiber f~!(0) contains a connected
component diffeomorphic to C. But the generic fiber f-!(1), 1+#0, doesn’t contain
any contractible component. To see this, suppose that T 1is a contractible
component of f~'(1), 1#0; consider the projection = of T to the x-axis. Then
the image #(T') is equal to C*\{finite number of points} ; hence T is a contracti-
ble (branched) covering of #(T) with finite fibers and =,(imz)+0 and is free,
contradiction. Consequently f~'(0) and the generic fiber are not diffeomorphic,
hence 0= B;.

Step 3. Let f<C[x, y] be a not convenient and Newton nondegenerate poly-
nomial, mot depending only of omne wvariable, and such that f(0)=0. If
CEA\eJ_eBZ"\(ZfU{O})’ then c< By.

Proof. Indeed, in this case the Euler-characteristic of the special fiber
f7%(c) and of the generic fiber f~'(cgen) differ. The Euler-characteristic of a
fiber f~*(2) can be computed by the following formula:

X AN+#( T ADNHL)=2—(d —1)(d —2)+2 pi(D),

where 7(Z) is the projective closure of f-'(2), H.. is the hyperplane at infinity
and XY y,(2) is the sum of the Milnor numbers of the singularities of 7-(2) at
infinity (see [5]).

We show that 2 p;(c)>2 pti(cgen)- This follows from the followings two
lemmas: the first one describes the singularities at infinity and the second one
is applied for these singularities.

Lemma 7. Let f be as above and let d be the degree of f and F(x, y, z) the
homogeneousated polynomial of f. Then only (1:0:0)and (0:1:0) can be singula-
rities of f-XA) at infinity. If (1:0:0) is a singularity of F~'(A) at infinity, then
his equation is g(y, z)=F(1, y, z)—2z%=0 and the Newton polygon of this sin-
gularity can be obtained from the Newton diagram of f in the following way:
let P, R, O be the points in the diagram of f with coordinates (d, 0), (0, d) and
respectively (0, 0). Then the origin in the diagram of g is P, the positive semiaxes
are PR and PO, corresponding to the y-axis and respectively to the z-axis, and
supp(g) corresponds to I'_(f). The nondegeneracy of f on the faces of I'-(f)
means the nondegeneracy of g on the corresponding faces of supp(g). If 4 is a
bad face of supp(f) giving rise to the face 4 of the Newton polygon of the
singularity in 0 of g, then the values A2 s\N{0} are exactely the values of A such
that the conditions of nondegeneracy on 4 are not fulfilled.

Lemma 8. Let heClx, v] be a convenient polynomial with grad h(0)=0
and let I be the Newton polygon of h in origin (see [6], [11] for the definition).
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Suppose that h is nondegenerate on all the faces of I, excepting the 1-dimensional
face 4 of I' which has an endpoint on the axis Ox, where the nondegeneracy con-
dition is not fulfilled. Then the Milnor number p(h,0) of h in O is strictly
greater than the Newton number v(I'). (See [6], [11] for the definition of v(I").)

We omit the proof of Lemma 7, since it is a straightforward verification.
For the proof of Lemma 8, let (a, 0) and (b, ¢) be the coordinates of the terminal
points of 4. We consider the covering ¢: (C? 0)—(C? 0), ¢(x, y)=(x¢, y) and
the singularity h'(x, y)=Ah(¢(x, y)) with Newton polygon I”; the relations (15)
and (12) from [3] between pu(h’, 0) and p(h, 0), respectively »(I") and »(I”)

.. a—b .
enable us to suppose that ¢ divides a—b. Let m=—— We have f =

ax’(y+pix™) - «(y+p.x™) with a, By, -+, B.=C*. The degeneracy condition
on 4 means that there exist 7, j= {1, -, ¢}, i#7, such that 8,=f;. Hence we
can consider that fy=ax(y+B:x™)"-(y+Brx™)- -+ -(y+Bcx™) for some r=2.
We change the variables: ¥=x, j=y-+8,x™. Then all the faces of I, except-
ing 4, will be faces of the new Newton polygon ['” and ['72[", I'"=#I.
Now it is easy to see that v(/™)>y([") and we finish the proof of Lemma 8
using Kouchnirenko’s results [6].

Note that the analogue of Lemma 8 for polynomials with »=3 variables in
general is not true (see Remarque 1.21 from [6]).

4. Our Proposition 6 (and the inequality from Step 3) can be compared
with a result of Ha and L& (which says that, for n=2, a bifurcation point 2 is
either critical point or X(f~'(A)#X(f *(cgen)), and a result of M. Suzuki (which
says that X(f~*(2)=X(f"cgen)), see [14], Théoréme 1).
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