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A Basis of Symmetric Tensor Representations
for the Quantum Analogue of the
Lie Algebras B,, C, and D,

By

Toshiki NAKASHIMA*

Abstract

We give a basis of the finite dimensional irreducible representation of Ug(X,) (X=
B,C, D) with highest weight N4; (NEZs,), which we call “symmetric tensor represen-

tation”. This basis is orthonormal and consists of weight vectors. The action of Ugy(Xy)
is given explicitly.

§1. Introduction

Let g be a finite dimensional complex simple Lie algebra. One can associate
the quantized universal enveloping algebra U,(g) with each g¢([Dril, [J11).

In [Lus], [Ro], it was shown that the usual theory of highest weight
representations for U(g) carries over to U,(g) if the parameter ¢ is not a root
of unity. In particular, finite dimensional irreducible representations of U,(g)
are characterized by highest weights.

For an arbitrary finite dimensional irreducible representation of gi(n, C),
the so-called “Gelfand-Tsetlin basis” is constructed in [GT1]. This basis is
orthonormal and consists of weight vectors (with respect to the diagonal ma-
trices). A similar construction is known for the case of Uy(gl(n, C))([J2]).
Further this basis is used to obtain the Wigner coefficients for the tensor
product of an arbitrary finite dimensional irreducible representation and a vector
representation ([Pas]). Therefore such a basis is useful for explicit calculations
in the representation theory, mathematical physics, combinatorics, etc.

Assume that V is a finite dimensional irreducible representation of gi{(n, C).
As a representation of gi(n—1, C), V decomposes into irreducible components
with multiplicity free. Then the Gelfand-Tsetlin basis of V is the union of the
Gelfand-Tsetlin basis of the irreducible components. “Gelfand-Tsetlin basis” for
o(n) is also constructed similarly ((GT2]). But it is not clear whether Uy (o(n—1))
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can be embeded in Uy(o(n)) or not. Therefore, such a method cannot be applied
to construct the basis for U,(o(n)).

The purpose of this paper is to give a basis of the irreducible representa-
tion of Uy (X,)(X=B, C, D) with highest weight N4, (N&Z,,, where 4, is the
highest weight of the vector representation). We call such a representation
“symmetric tensor representation of Uy (X,)”. This basis is orthonormal and
consists of weight vectors (with respect to the Cartan subalgebra). In the
construction of these bases, following two points are important. One point is
to find a labelling of the bases. The other is to suppose “support property”,
which means the following: if a generator of Uy (X,) acts on a base, only
“neighboring” (in terms of the labelling) bases appear. In order to find a
labelling, we realize the symmetric tensor representations in V§Y (V,, is the
vector representation). Then we give a base in the form of a linear combina-
tion of the indecomposable vectors (7.e., the tensor products of bases of V4,)
with coefficients depending on ¢. Taking the ¢—0 limit of the coefficients, the
surviving indecomposable vector gives a labelling. The reason for considering
such a procedure is the following. In [DJM], the one-to-one correspondence

etween bases of finite dimensional irreducible representations of Uy(gl(n, C))
and “semi-standard tableaux” is described by the “Robinson-Schensted corres-
pondence” or the “bump procedure”. This correspondence is obtained by taking
the ¢—0 limit of Pasquier’s Wigner coefficients. In this case “semi-standard
tableaux” are the labelling of bases. With such a labelling, the appropriate
support property determines the coefficients of the actions of Uy (X,).

The author would like to acknowledge E. Date, M. Jimbo, M. Kashiwara,
T. Miwa and M. Okado for valuable advice, continuous encouragement and
correcting the manuscript.

§2. Preliminaries and Notations

Let g be a complex simple Lie algebra of rank n. Let A=(a:,)i<i,j<n b€
the Cartan matrix of g and let (@:)ici<n, (Ai)i<icn De the simple roots and the
simple co-roots such that <h;, a;>=a;;. Let ( | ) is the Weyl group invariant
inner product on @,Ce; such that (a;|a;)=2 if a; is a long root. For non-zero
parameter g (¢¢*#'%® 1), Uy(g) is the C-algebra generated by {k%, X%, X7}icisn,
with relations;

kiki'=k7'ki=1;  [ky, k;j]=0, (2.1)

kiXGki'=q11X5;  kXGki'=q7"0X7, 2.2)
_ Ri—k3®

[X?, ‘Xj]:‘;i,jq%—__q;—z (2-3)

] xrxsxaes=0 . 2.4
v le?
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Set ¢; d;fq(aimim
[m] def (f™—¢= M) (™ —gMAL).. (MR mAn L)
n e E—=tHE—t"2)---t"—1t")
=1 (n=0, m),

(m>n>0),

= 0 otherwise.

In the rest of this paper, we employ the following notation,

def pkv__ ,-kvy
[ujkz-"—q;_g—_k, 1=0:.

Setting formally k;=q?:, (2.3) can be rewritten as
[X%, X571=0: LR, where vy,=(a;|@:)/2.

We denote by Ly(4) the finite dimensional irreducible representation of
U(g) with highest weight A.

We shall construct the bases for the symmetric tensor representation over
U X,)(X=B, C, D) as follows. We prepare an index set W§’ and define

actions of generators of Uy X,) on V¥’ ifGBlew&N)Cv(é) in the following form;
kiv(6)=ci(e)(e), (2.5)
jv(é)zlzlct(é’, (e, X;v(é)z%ct(é, £M(8”). (2.6)

(for some constants c¢3(¢), ¢.(¢, £’) depending on g).

We equip V¥ with the C-bilinear form ( , ) such that the basis {v(¢)} is an
orthonormal basis. We have the following identities by (2.6),

(X3u(8), v(eN=(e), X7v(¢"). 2.7
When ¢, (¢, £')+0, we write v(Z)—lw(Z’). The coefficients ¢,(¢, ¢’) must satisfy
the following properties (2.8) and (2.9),

i
v(g) —> v(€”)

ii : lz = cill, 6)cs(8, 6M)=c,(¢', ¥)ei(e”, ¢%) (where £/£6") (2.8)
v(8') —> v(£*)
;Ci(e, 5”)22,?_,:‘ ci(e', 67+ (Lhiduv(8), v(8)). 2.9)

In fact these conditions are equivalent to the following,
40" == (X70(¢"), X50(¢")=(X5v(¢"), Xiuv(¢")), (2.10)
(X70(8), X7v(0)=(X3v(8), X{v(e)+(Lhilyv(8), v(£)). (2.11)

Remark that in our case there is a unique ¢ and a unique ¢* for any given ¢’
and ¢7 (&' +4").
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§3. Symmetric Tensor Representations for U,(B,)

In this section, we treat the case of B,. Let us take the simple roots a;=
e, —ei41 (1Zi<n—1), a,=e,, where (e;, ---, €,) is an orthonormal basis of the
dual space of the Cartan subalgebra. Fix N&Z., and a parameter g. We
assume that ¢ is not a root of unity. Now define W§" and V§",

def
WéN) :e {52(11) Ty lnr l-—n—ly l-n; "ty l—l)Ezéz)H—llllé'"él—l:Ni ”—n—l‘—lni él}

yn S @ cue).

cew gy
We equip V§ with the C-bilinear form ( , ) such that (v(¢), v(¢'))=0,,,.
We define the weight of v(¢4) as follows;

def n n
WHO)'= 2 (h—bi-dei= 3 (e—leidee (b=0).
We set

def 2(wit(4)] a:)
0d8) = (as| ai)

Let =0, =, 0,1,0, -, 0z,

We define the actions of generators of U,B,) on V¥ as follows,
kiv()=q3":“v(¢) 3.1)
Xiv(l)=a;(4, txtew(lxe)tai(l, bxte_;)w(bte ;) (1=i<n—1) 3.2)
Xiv(@)y=an(, e'w(),  Xz(@)=an(¢, £")v(¢") (3.3)
where ¢'=f+4e_p_y, t"=b—e, if [-,-1=I,
and ¢'=é+te,, t"=l—e_p_, if [, >l,.

The coefficients a;(¢, ¢') satisfy a;(¢, £')=a;(¢’, £), and are given as follows,

a.(¢, t—e;)
:( [owi— L1100 — 1 120 s a— L1 —1)— 1010200 _s— i +n—1)4-1]1/s )”2
20l ioi—li-bn—0)—1010 2001 — L+ n—i) 4110
(1=£i<n—2) (3.4)

An-1(l, t—en_1)=

([ln—r—ln-z] [2(1—n+1_ln—1)+3]1lz[ln+1—n—1—21n-1+1]1/2[ln+l—n—1"21n—1+2]1/2>”2
[211/2[ 20— ln-1)+ 11172200 n—ln-1)+3]1s2

(3.5)
al(ey g—e—t-l):
([l—z_l—i—1+1] [l-i—l_l-i—zj[z(l—i—-l—'li+l+n_i)~3]l/2[2(1—i—1—li—l'i'n_i)'—l:h/z)”z
[2([-1'-1_112"‘n—i)—?’]llz[z(l—i—1_'li+n—'i)_1]1/2
(1£ign-2) (3.6)
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Qni(l, b—e_n)=

([1—n+1"‘l—n+1] [z(l—n_ln—2)+1]1/2[21—11_(171+l—-n-—1)]1/2[21-n_(ln+l-n—l)"“ 1]1/2)"2
[2]1/2[2(l—n—ln—l)—1]1/2[2(l—n_ln—1)+1]1/2

(3.7
an(t, £")=(2-n—latl-n-)+111n[Untl-n-1) =201 1) (3.8

(6"=f—e, or {¢"=f—e_,_, according to [,=l_,-, or [,<l_,_).

Theorem 1. If we define the actions of the gemerators by (3.1)-(3.8), V§"
becomes a Uy(By)-module isomorphic to Lg, (NA,).

Proof. We shall check (2.1)-(2.4). First of all by the definition of a;(¢, ¢’),
we have (2.1) and (2.2). In our situation, (2.8) and (2.9) can be rewritten as in
(3.9) and (3.10).

J
v() —> v(e”")

vl g IW = ail¢, £)a¢, £")=a,(t’, t¥)a (4", £*). (3.9
v(e") —> v(£*)

Xiv(@)=ai(4, £ Ww(e)+at, £¥(e*) and X7v(8)=a(¢, £”v(¢")+a:(4, £¥*)u(**)
i.e.,
v(¢’)
)
v(£*) —v(€) —v(e") == a(¢, £")}+a(¢, £¥*)}2=a;(¢, £'’+ai(, P+ [w(6)],,.
L
‘1)(5**)
(3.10)

We can describe X3X7v(¢4) and X;X{v(¢) by the following diagrams (77,
i, j#n),

v(6+e;—e_;_y) <——]-——- v(¢+e;) —J—> v(¢+e;—e;)
fi (A) I,- ®) I,-
i i 3.11
w(l—e_y) v(8) s Wt—e)) G1D

| © lf (D) 11-
v(+te_;-1—e_jy) <—-————- v(f+te-;_y) -—————> v(l+te_i-1—e;)
Applying (3.9) to the squares (A), (B), (C) and (D) in this diagram, we obtain

=] 1, jE¥n = XiX70(0)=X;Xiv(s).

If 7#5 and if /=n or j=n, we may neglect two squares in the diagram (3.11).
Therefore,
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i+ = XiXv(6)=X7Xiv(e). (3.12)
We can describe X7 X7v(¢) and X;X}v(£) by the following diagrams,

i
v(e+e;)) ——> v(l+te;—e i)

A |
(3.13)
v(l+e ;) i v(8) i v(l—e i)

li li Iz'
v(6t+e_i-1—ey) — v(l—ey)

Note that some arrows and vertices disappear in this diagram when /=n.
Applying (3.9) and (3.10), we obtain

X1X70(6)= X7 X jv(6)+[wi(6)].,0(8). (3.14)
2__p=2
Here note that %v(@)z[hi]yiv(ﬂ):[wi(é)]piv(é) by (3.1). We completed

the proof of (2.3).

2n+1

——————
Setting £4,=(N, ---, N) and v,=v(¢,), we obtain
wi(4y)=Ne, Tv,=0 (1Zi<n). (3.15)

To verify (2.4), let us prepare the following lemma.

Lemma 1. If veV " satisfies XTv=0(1<i<n), we have v=cv, for some
constant c.

Proof of Lemma 1. v can be written as v:E,eWémc(e)v(E) with some con-

stants ¢(¢). From X;v=0, we have
>3 c(Ban(e, £ we)=0.
vewlV)
Because of the linear independence of {v(¢4’)}, all the coefficients c(£)a,(¢, £')
must vanish. If ¢'—¢=e_,-, or e,, then a,(¢, £)=a,(¢’, £)+0 by (3.8). There-
fore we have ¢(4)=0 if ¢ does not satisfy l,=I_,_,=I.,. From X;_,v=0, we
obtain
;C(ﬂ)w(€)=0

where w(f)=a,-1(¢, £+e - )v(l+e,-1)+an-1(¢, b+e_,)v(6+e_,) and the summa-
tion is taken over (=W such that £+e,_, or ¢+e_,€W§ and l,=l-n-1=I-,.
If ¢, t4en-y, b4e_,eWH", then a,-,(¢, ¢+e,-y), an-1(¢4, £+e_,)#=0 by (3.5) and
(3.7). Therefore, /,=I-,.,=I[-, implies that {w(¢)} are linearly independent.
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Therefore all the coefficients must vanish. Thus, if ¢ does not satisfy I,-.,=[,
=l_py=I_,=I_,+,, we obtain that ¢(¢)=0. Arguing similarly we obtain ¢(£)=0,
if ¢ does not satisfy [,=l,=---=[_,=I1,(=N). Thus we conclude v=cv, for
some constant c. g.e.d.

Set & ;,=L.H.S. of (2.4). Remark that & ; commute with X7 (1<k<n).
From that, we obtain
XgéZon:EZjX;UQZO.

Therefore by Lemma 1, &; v0=cv,. Since the weight of &7 v, is different from
that of v,, we can conclude & ;u,=0. Arguing similarly we find that & ;v(4)=0
for any v(¢) by the induction on the weight of v(¢). The case of &f; follows
from the case of &;; by applying the Weyl involution. Thus, it has been shown
that VEV is a finite dimensional Uy(B,)-module and has only one highest weight
vector (up to constant) with highest weight NA,; by Lemma 1 and (3.15) (remark
A,=e¢;). Therefore we conclude that V" is isomorphic to Lz (NA,). g.e.d.

§4. Symmetric Tensor Representations for U,C,)

In this section, we shall treat the case of C,. Let us take the simple roots
a,=¢;—e;; (1Zi<n—1), a,=2¢, where (e, -+, €,) is an orthonormal basis of
the dual space of the Cartan subalgebra. Fix N, and ¢ as in Section 3. Now
define W and V),

def
W = (6=, by -+, lny lony + , 1-)EZEG LSS, =N)

vns @ cue).

lEW&N)
We equip V& with the C-bilinear form ( , ) such that (v(¢), v(¢'))=0,,, and we
define the weight of v(¢) as follows;
def = n-1
wt(6) = igl(lt_li—l)ei_ lEl(l—i—l-i-l)ei—(l-n_ln)En (L,=0).
We set

aet 2wi(8)| @)
) = = )

Let e;=(0, ---, 0, f, 0, ,0=Z22. We define the actions of generators of
ULC,) to V& as follows,

kv(8)=q5viv(8) 4.1)
Xiv(l)=a(4, txev(l*+e)+a;(l, bxe ;o w(lte ;o) (1Zi<n—1) (4.2)
Xzv(l)=a,(¢, txe,)v(lte,). (4.3)
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The coefficients a;(¢, £') satisfy a;(¢, £')=a;(¢’, £) and are given as follows,

aie, t—e )dif ([li+1_li+1]1/2Eli—li—1]lIz[l—i—l_li'l'n—ijllz[l—i—l_li‘l‘n‘-i‘l—l]llz
e mRe Moem—litn—i-s— Lt n—i+1]
Uoi—lLi+n—i+11[ i s—li+n—i] \V2
[loi—=li+n—i4+1]10is—Li+n—i]1

(1=i£n—-2) (4.4)

an—l(g, g—en—l)

d__i_f ([ln—1—ln—z]1/2[1—7;—‘ln—1+1]1/2[1—n_ln—1+2]1/2[l—n+1—‘ln—1+2] [ln—ln—1+1])1/2
[l—n—ln—1+l:| [l—n—ln~1+2] [l—n+1"‘ln~1+2]1/2

(4.5)

def Uoio—loiodyelli—1s 11012 [los i —li+n—i—1]1
ity t=e-120 = ( [l n—i—1]

[l—i—1—‘li"l'n—i]uz[l-i—l—‘li—ri‘n—i][l-i—1—1i+1+n—i—l:l )”2
[l—i—l_li+n'—i][l-—i—l—li—1+n—'i]llztl—i—-l_li+l+n_i_]-]],/z

(1=i=n-2) (4.6)

an-1(¢, t—e-z)

(:I;e_'f ([l-n+1"'l-n+1]1/2[l—n_ln-ljllztl—n—ln—1+1]1/2[1—n’—ln—2+1] [l—n—‘ln]>”2 (4 7)
[l—n_ln—lj[l—n_ln-l‘i'l] [l—n'—ln—z"i‘l]l/z ’
def
an(gr Z'—en) = ([l—n_ln+1][ln_ln—1])llz- (48)

Theorem 2. If we define the actions of genmerators by (4.1)-(4.8), V¥
becomes a UC,)-module isomorphic to L¢ (NA,).

The proof being similar to that for B,, we omit it. We only note that
2n

e e —, .
v((N, ---, N)) is a highest weight vector with the highest weight NA,.

§5. Symmetric Tensor Representations for U, D,)

In this section, we treat the case of D,. Let us take the simple roots a,=
e.—ei (1=i<n—1), a,=¢,_,+¢, where (e, -, €,) is an orthonormal basis of
the dual space of the Cartan subalgebra. Fix N, ¢ as in Section 3. Now define
WI()N)r Wik)(N) and VI()N)

def

WI(JN) = {Z:(lly tty ln—l; l-n, Tty l—l)ezggl_llllé"'éln—-1<l-n§"'él—l——_—l\lr}
def

W%(N) ; {Z=(lly Uy ln—b l-n; Ty [—I)EZ§5L_IIllg"'éln—lzl—né"'él—lzN}

VENE( @ OB D OB & Cole)).
ew{h) )

tEW 4€Wt1()N

We shall set v.(¢)=uv(¢) for W5, We equip V§" with the C-bilinear
form ( , ) such that these vectors form an orthonormal basis. We define the
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weight wt.(£) of v.(£) as follows,
defn-1 n-1
wt.(£) = igl(li—li—l)eii(l-n~ln—1)5n'—E(l—i_l—i—l)si; (l,=0).
We set
o 8¢t 2wt (8)| ay)
0 ()= (asiay)

Let e=-+ and e;=(0, -, 0, 1, 0, ---, 0)= Z 251,
We define the actions of the generators of Uyg(D,) on V" as follows,

def €
kiv(6) = g3 v () (6.1

£
vae(g)dze ai(er eiei)vs(giei)_!_az(ey eie—i—l)vz(gie-i—l)
(1<i=n—2) (5.2)

When [,1<l-n, Xz w(0)=af\(¢, txe, 1 vi(bre, 1) (5.3)
Xz w.()=a$(¢, txe v (bxe_y) (5.4)
Xiv(8)=afP (4, txte_vi(bLe_,) (5.5)
Xzv_(b)=a’, txe,v-(bte,-y). (5.6)
When [,_.,=[_,, Xi_wl)=al2i(e, b+e_w-(b+e_,) (6.7)
X7-w(@)=aS (¢, b—e,wi(b—en-y) (5.8)
Xiv(0)=ai"(¢, t+e-n)vi(l+e-n) (5.9)
X70(0)=alS(4, b—en_ v (b—en_y). (5.10)

The coefficients a;(¢, ¢’) satisfy a;(¢, ¢’)=a;(¢’, ¢) and are given as follows,

[li_“li—lj [li+1—li+1] [l—i—z_li+n—i_l] [l—i_li‘l‘n—i]

)1/2 5 11
A e | B prw— ®-11)

a;(¢, t—e;)= (

ai(ly Z_'e—i—l)

:::([l—i—l—‘l—i—zj[l—i—l—i-1+1][l—i—l_liﬂ"l‘n"5‘2][l—i—1—li-1+n‘“2.‘—1])”2
Uoimi—litn—i—2][ sy —li+n—i—1]

(1=i<n—-2) (5.12)

asPi(e, b—en)=a$’(, b—en_)=([ln-1—ln-2][l-ns1—lns 12 (5.13)
a2l b—e_n)=aSP, b—e_ ) =([lonsr—l-n+1[L-n—1n- )2 (5.14)

Theorem 3. If we define the actions by (5.1)-(5.14), V" becomes a Uy D,)-
module isomorphic to Lp (NA).

Proof. The proof is similar to B, and C,. We only give the proof of



732 TosHIKI NAKASHIMA

the following lemma.
2n—1
Lemma 2. Let vo=v((N, -+, N)). If veV§" satisfies Xiv=0(1<LiLn), then
we have v=cv, for some constant c.

Note that the weight of v, is N4, similarly to the B, and C, case.

Proof of Lemma 2. We can write

v=_ 2 C+(€)v+(5)+ 2 c(ﬂ)v &)+ = Co(ﬂ)v(é)-

IEW 6EW‘

From X3v=0, we have

E c(8)asP(e, t+e wi(l+e )+ 2 C- (£)a (4, t+en-v-(b+en-y)

"W“V) zeWD

co(li)a“”(z, Lte_vi(b+e_,)=0.

WV, sre_pew{V
By (5.13) and (5.14),
£, bte ,cWH’ = alP(e, t+e_,)#0
LEWE = l+e,-, €WHFUWFY and a4, £+e,-1)#0
LsEWEN, tte W’ = aiP(¢, 6+e_,)+#0,

and {vi(6+e-n)}s, sre_pew, {v-(b+en- 1)}t€W(N) and {vi(¢+e- n)}lGW‘(N) tre_pew {0
are linearly independent. Therefore all the coefficients must vanish. Hence
¢+(€), c_(¢) and co(¢) vanish for such an ¢. Thus v can be written as follows,

v= > (6 (6)+ > co(8)u(6).
ewiV, ewgv,
ln—1<lon=l_n41 lp—1=l_p=lon41

From X3%_,0=0, we have

S e (8)aste, btenDvi(bte,- 1)—|— Z} co(8)a§(e, t+e_)vi(+e-,)=0.

lp-1<l-p -1=l-n

=l—n+1 —l-n+1
If [,oy<l-n=l-p41, then a$P(¢, t+e,-,)#0 by (6.13). If [,-,=[-n,=l_p4, then
a$(l, 64+e-,)=0 by (5.14). Therefore if /,-1<l-,=I-n+1, c+(¢) must vanish by
the linear independence of {v(¢+en-1)}:, ;<1 p=t_,.+,» Thus v can be written as
follows,

v= = co(6)v(8).
lp—1=l_p=l_pny1
The rest of the proof proceeds similarly to the B, case. g.e.d.
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