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§1. Introduction

In the present paper we shall consider the Schrédinger operators with
magnetic fields:

(L) L=—3@;—iby+V,

where 8;=8/8x;, i=+/—1, and b; and V are the operators of multiplication by
real-valued functions on R", b,(x) and V(x), respectively. V and b=(b,, -+, b,)
are called a scalar potential and a (magnetic) vector potential, respectively, and
the corresponding magnetic field is the skew symmetric matrix-valued function
B=curl b with (j, k) components

(1.2) B, = 0;b,—0,b; for j,k=1, -, n.
We are concerned with the following property:

(Ess) the restriction L, of L with domain @(L)=Cg(R") (the set of all C*
functions on R" with compact support) is essentially self-adjoint as an
operator in the Hilbert space LA(R").

Sufficient conditions for (Ess) have been investigated extensively by many
authors. In the case where ¥ >0, Leinfelder and Simader [5] showed that the
condition

(P.1) dEL(R"), divbEL[(R"), 0<V L (R"),
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is sufficient for (Ess), which is decisive as to the assumption on the local sin-
gularity of the potentials in the sense that (P.1) is minimal to assure that L,
defines an operator from C7(R") to LA R"), for we have

L= —4+42ib-V+idivb+|b|2+V.

As to the assumption on the behavior at infinity of the potentials, the result
given by Ikebe and Kato [2] is fundamental ([2] allows some local singularities
of the potentials; for simplicity, we assume they are C*):

(P.2) there exists a positive non-decreasing function Q(r) (r >0) such that
Vx)=—0(|x]) for x€R" (|x|=+v/x}+-+x% x=(x, -, x,)) and

5” O(r)V2dr— oo

is sufficient for (Ess), which is, roughly speaking, almost necessary as well in the
one dimensional case, if one requires a suitable condition on the decay rate at
infinity of ¥’ and ¥ (see [6, Th.X.9]). Eastham, Evans and Mcleod [1] showed
that an estimate of this type is needed only on a sequence of shell-like regions
surrounding the origin: for example, the condition

(P.3) there exist a sequence of non-overlapping annular regions 4,={x&
R"|a,<|x|<b,} and a sequence of positive numbers v, such that
bp—) =K, V(x)>—kvi(b,—a,)? for x€A,, and 3} v;'=o0, where
K and k are positive constants independent of m

is sufficient for (Ess). Note that these conditions concern the growth rate at
infinity of the negative part ¥_=max (0, — V) of the scalar potential ¥. As for
the magnetic potential, no conditions other than its local regularity are required
in these works and, as far as we know, this also seems to be the case with the
results so far known.

Our purpose in the present paper is to show that the condition on the growth
rate at oo of V_ can be relaxed in the presence of the magnetic field B (rather
than the magnetic potential & because of gauge invariance: see the remark after
Theorem 1.1 below). We restrict ourselves to the case of smooth potentials for
simplicity, though local singularities might be included: we assume

(H.1) V(x) and b,(x) are real-valued C* functions on B".

Define the magnitude of the skew symmetric matrix B(x) by

(1.3) |B)| = {Z] B;ux)} v,
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Our main theorem is the following

Theorem 1.1. Let the assumption (H.1) hold. Suppose that there exists a
continuous non-decreasing function Q(r)>0 for r [0, oo) such that

1.4) V(x)+|Bx)|=—0(lx]) for xER",
|0* Bu()]
(1.5) {W} <o(Ix)
for x€R", j k=1, n |a|=1,2,
(1.6) S” O(r)2dr = oo,

where a are multi-indices (o, -+, @,), 3 =0%1-+-0% and || = a,++--+a,. Then
(Ess) holds.

Remark. 1t is known as gauge invariance that all L=I(b) with common
B=curl b are unitarily equivalent to each other; it follows that the prop-
erty (Ess) with V fixed depends only on curl & If & is smooth as in our case,
then this can be shown quite simply (there are subtleties, however, if b is not
smooth; see [4, Theorem 1.3]). In fact, if & is another C= vector potential
with curl &' =curl b, then there exists a real-valued C* function g on R"
such that Fg=>5b'—b, which gives (8;—ib})=e'#(8;—ib;)e™*¢ and thus L(b")=
e’¢L(b)e *¢ (gauge invariance); hence we have the equivalence of the essential
self-adjointness of L(b')|cwpn and that of L(b)|cegn by noting that ‘s, the
operator of multiplication by the C* function e*4® with modulus 1, is unitary
in I*(R") and leaves Cy(R") invariant.

In view of (1.4) in the above theorem V_(x) is allowed to grow as fast as
| B(x)|+Q(|x]), where Q is a function satisfying (1.6), which is the same con-
dition as in (P.2) and by which Q should not grow faster than % (6>>2). Hence,
in the case where | B(x)| grows sufficiently fast, say, at a rate comparable to
|x|® (8>2), Theorem 1.1 gives a wider class of potentials satisfying (Ess) than
those given in [2] or [1].

A quantum mechanical interpretation of essential self-adjointness is that the
uniqueness of a self-adjoint realization means the uniqueness of the dynamics of
the quantum mechanical particle (see, e.g., [1]). If the particle reaches infinity
in a finite time, some boundary condition at infinity should be imposed so as to
determine a reflection law, in which case L, is not essentially self-adjoint. Thus
Theorem 1.1 can be interpreted as follows: the presence of a strong magnetic
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field can prevent the particle from going to infinity in a finite time even though
the scalar potential is highly repulsive so that the particle would go to infinity
in a finite time if the magnetic field were absent.

§ 2. General Theorems

In this section, we are going to state two more theorems, from which
Theorem 1.1 can be derived.
First, we give a more general sufficient condition for (Ess).

Theorem 2.1. Let the assumption (H.1) hold. Suppose that there exist a
continuous non-decreasing function Q(r) >0 for r&[0, o) and an nXxXn skew
symmetric matrix valued C* function B(x)=(8;(x)) (B is real, B,=—By;) on
R” such that

@2.n 18| <1 for xER",
(2.2 V(x) +% Bi(x)B(x)=—0(|x|) for xeR",
(2.3) |RX)|L0(lx])  for xER" where

R = = 53 {0; 800 fu)+-Fin®,0nPudk +4 (8484

@4) S“ O(r) ™ Vedr = oo .

Then (Ess) holds.

Note that the magnitude | 8| of skew symmetric matrix £ in (2.1) in the above
theorem is defined by

2.5) 181=13 B

as in (1.3).

From this theorem it is known that the condition (1.5) in Theorem 1.1 is
rather technical: By putting 2 constant in this theorem, e.g., 8,=1, By=—1,
B;#=0 otherwise, we know that the condition (1.5) can be omitted in Theorem 1.1
if (1.4) is replaced by V(x)+B,,(x)>—0(|x]|). We can also obtain Theorem 1.1
itself as a particular case of this theorem by putting approximately B;,=
B;,/|B|, as we shall see later in the proof of Theorem 1.1. Theorem 2.1 can be
obtained, in turn, as a corollary to a more general theorem given below.

Second, we shall give a theorem concerning a second-order elliptic operator
of the form
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(2.6) T= ,,E (10,4 F)G ({0, +-f)+ W,

where G, f;, W and f, are operators of multiplication by functions on R”,
G (%), fi(x), W(x) and f;(?) (the complex conjugate of fj(x)), respectively.
Note that many authors as [2], [3], or [1] treat operators of the form (2.6), rather
than simply of the form (1.1), with real-valued G;, and f;. We assume

(H.2) Gjy(%), fi(x) are C= complex-valued functions on R", W(x) is a C* real-
valued function on R" and G;(x)=G,;(x) for x€R" and j, k=1, ---, n,

and define a symmetric operator T, in L%(R") by
{ 9T, = C7(R")
Tou = Tu for ued(T,).

Although G;, are apparently complex-valued in (2.6), it is verified by direct
calculation, as is shown in (2.12) below, that the coefficients of the second order
terms of T are given in terms of the real part of G;. We further assume the
following condition, which is, therefore, nothing but the ellipticity condition on
T:

(H.3) The symmetric matrix (e;(x)) is positive-definite at each point xeR"
where a;(x)=Re G;,(x) (Re means the real part).

We define a*(r) for r>0 by
2.7 a*(r) = mg} {the greatest eigenvalue of (a;,(x))}.

Our last theorem is the following

Theorem 2.2. Let the assumptions (H.2) and (H.3) hold. Suppose that the
Hermitian matrix (G ;(x)) is nonnegative-definite, i.e.,

(2.8) (Gu(x))=0  for x=R".

Moreover, suppose that there exist a continuous non-decreasing function M(r)
>0 for r €[0, o) such that

2.9) W(x)>—M(|x|) for x=R",
(2.10) S” {*()M(r)} V2dr — oo .
Then T, is essentially self-adjoint in L(R").

Theorem 2.1 is obtained from Theorem 2.2 by taking (G;)=I+if (I is
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the nXxn identity matrix) with a suitable choice of f;: as we shall see later, L
then equals T with W=V+33;, 8, Bjz—R. [2] or [3] have given results quite
similar to Theorem 2.2 concerning operators of the form (2.6) with real-valued
G;; and f;, and Theorem 2.2 can be proved in the same manner as theirs with
little modification. We shall give, however, a complete proof of Theorem 2.2
for the sake of self-containedness.

Here we carry out a calculation for the later use in the proof of Theorem 2.1,
as well as to show that (H.3), under the assumption (H.2), is the ellipticity
condition on 7.

Put

Ji="bj+te;,

2.11

where b; are real-valued C* functions on R". Then we claim
2.12) T = ?‘# II;(Re G"’*)H"_{_,Zk {2 Re (¢;G;,)—9,(Im G} 11,
"j§ (Im ij)Bjk‘l‘i ;?Eu 6;(G;kek)+j2k ije_jek+W:

where (B;,) is the magnetic field given by (1.2). By this equality, it is known
that the coefficient of the second order term 9,8, in T is —Re G=—a .
To show (2.12), first we have from (2.6),

13 T= ;Ek (I ;+-e))G (Il y+e)+ W
=2 LG43 ¢, G I+ T, Gt i e, Gpent W
For the first term on the right we obtain
2.14) ,E:;" ;G 1,
= JZk‘, II;(Re Gj,,)II,,—%(aj(Im G,-,,))]I,,—%(Im G)Bjy»
because we have
’]Ek I,(ImGl, = i%(lm ij)ﬂjﬂlz'—%} {6;(Im G} 11, ,

and because we further obtain by using ij=?,¢; and the commutation relation
Hjﬂk—ﬂkﬂj=iBjk9

§ 330 Gp) 11, 1T, = i 33 (Im G ) {17, 11,— 11,1}

== —j<2k (Im G]k)Bjk .
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Moreover, we have by using ij=G_kj for the third term on the right of (2.13),
(2.15) Jzk} II;,Gye, = ’Ek ije,,IIj—H’_Ek 9,(Gjrer)
=3 G—jkejﬂk"{_i P aj(ijek) .
ik i

Thus we have (2.12) from (2.13), (2.14) and (2.15).

§ 3. A Priori Estimate

To prove Theorem 2.2, we shall make use of the following a priori estimate
concerning the operator T, which holds not only for C* functions with compact
support but also for all the C* functions on R", and which is very similar to
those utilized also by many authors as [7], [2] and [3] for the proof of the essential
self-adjointness of T, with real-valued G;; and f;.

Lemma 3.1. Under the same assumptions as in Theorem 2.2, there exists
a constant C such that

305 G (X)(i0,Hfu(x) (8 ;4 )u(x) \ \
SR" M@ (| x)+1}) dx < C(|| Tul 4-[[u][*)

Sor all us C=(R"), where W(r):S a*(£)"V2dt and ||-|| denotes the usual norm of
0
LX(R").
We need two elementary propositions for the proof of this lemma:

Proposition 3.2. Let f(r)>0 for r >r, satisfying Sm S(r) Mdr=o00 and g(r)=
IXr,, o0). Then lim inf f(r)| g(r)| =O0. ’

Proposition 3.3. Let Q be a continuous non-decreasing function on [0, o)
satisfying 0Q(0)>1 and F a continuwous function on [0, oo) such that F>0 and
S:F(r)drzoo. Then, for any >0, there exists a C* function p on [0, o) such
that

0< 0" (N F(r)o(r)+?,
O(r)<e(r)<2Q(¥~{¥(r)+1})

for all r >0, where ¥(r)=0 S E(t)dt .
0

We shall give proofs of these propositions in the last section.
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Proof of Lemma 3.1. Suppose that the assumptions of Theorem 2.2 hold.
To prove the lemma, it is clear that it suffices to consider only the case where
M(@0)>1 and K=]|[u|[*+]||Tu||*<co. Then we can apply Proposition 3.3 with
O(r)=M(r), and F(r)=2a*(r)~Y? and 6=1/2, since a*(r) defined in (2.7) is

positive by (H.3) and continuous by (H.2) and Sa*(r)'”zdrzoo by (2.10).
Therefore, by Proposition 3.3, there exists a function p&CY([0, o0)) such that
@G.1) 0< o' (N <2a*(r) V2 p(r)?,

(32 M(r)<o(r)<2M@~{Z(r)+1})

for all r >0, where
(.3) v() = o S Fle)dt = S o* ()12
0 0

Let {(x)=¢(r)=1/o(r)= C(R"\ {0}) where r=|x|, B,={x=R"| |x| <1}
and S,={x&R"| |x|=t}. Then we have by Green’s formula,

(34) [, 133 69,47 4¢G 00 +fu I
=| cts1GutoHpiio T pupdx
+i_c{51v,6,60,+fmrads,

where dS means the Lebesgue measure on S, and v;=v;(x)=x,/|x|. Put the
first term on the right of (3.4) @(¢), i.e.,

3.5) o) = SBtC{%‘ G (10,1 ui0, +f)u} dx

for t>0. Note that the integrand on the right of (3.5) is non-negative by (2.8).
Since by (2.6)

Lh.s. of (3.4) — S C(Tu— Wu)adx—i—ig ¢SS v, G0y Hfdads
B: Bt J»
where {'={'(r)=d{(r)/dr, we have by (3.4),
G6 0@ = gE ¢(Tu— Wiadx-+i SB C'(S3 %, G ui0, +fiyidx
I3 1] Js

—i Ss C{S) 4,6 (10, +fiJu adS
— [HII+II0.
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Then, since {|u|2>0, we have by (2.9)

sz (I(Tu)nldx—{—S CYM(r) | )% .
By B

Hence we have

(3.7 I <2(||u|P+]|Tul®) = 2K,

since £(r)=1/p(r)<1/M(r)<1 by (3.2). On the other hand, by (2.8), the
Schwarz inequality for the sesquilinear form >3; ,G;,&,7; implies the following
pointwise estimate

ljzk} v,;G (0, +fi)u|
<13} G0, Hfuld; +7pul" I3 Guvavil ™.
Hence, since we have
0<53 Gpviv; = 3 Re Gwyv; <a¥(r)
by (2.7) and by the fact that v; is real and 33;v}=1, we have
(3.8) |33 ;)G )0+ ul)]
<a*(|x1)*[3] Gu()0sHu(x)E0, G

for all x& R". Therefore we have by (3.8) the following estimate for the second
term of the right-hand side of (3.6):

|11 < 53 | ¥ LS G0, +f B i u s

Thus, since we have by (3.1)
)| = li{L}" |1 do
€O } dr \p(r) | ,p(r)2 dr
<2a%(r) V() = 2a¥() (),

I
I

we have by using the Schwarz inequality and by (3.5)

(.9) VIP) SE [€ 33 Guli0, +f o, il ul dx

szmct)]l'zuuns—;—a>(t)+21<.
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Similarly, by (3.8), we have the following estimate for the third term of the
right-hand side of (3.6):

|| < L Ca*(r)V? [,-Z,E G4 (10, +f)u(id ;+f)ul? | u| dS
= ()2 a*(t)V? L‘ €3 G (I8, +fu(id ;+ f;)ul?|u|dsS .
Thus, since | £(¢)| <1, we have by using the Schwarz inequality and by (3.5)
(3.10) 1| <a*@ 0 OP | |ulds).
Therefore we have by (3.6), (3.7), (3.9) and (3.10)
O()<4K+L o) +a* (OO [ ul’ds?,

which implies

G.11) O() < 8K+2a* (£ 0" ()] 2 [Ss lu|2%dST2

We shall show that (3.11) with @(¢)>0 and @'(¢) >0 implies
(3.12) lim #(#)<16K,

1>

which is, by (3.5), equivalent to
SR" C{S) Guli0,-+1;u(i0; +7Jup dx < 16K .
Js

Then we obtain the required inequality

Zj,kij(iak+fk)u(iaj+fj)udx<32K — 32(”Tu“2+”u“2)

S M@ (Ix)+1}) N ’

since {(r)=p(r) 1 >2"*M¥ 1 {¥(r)+1})"! by (3.2) and ¥ is defined by (3.3).
Therefore it remains to show that (3.11) with @(¢)>0 and @'(¢) >0 implies

(3.12). If @ (¢)=0 for t>0, then clearly (3.12) holds. Thus, since @(¢)>0,

we prove (3.12) assuming @(r,)>0 for some r,>0. Since ®'(r)>0 and

4 0'(r) 11 ,
dr= — for all A>r, [0'()]Y?* D I?(r,, o). Therefore,
S,.,m(r)z r= e a0 o Al A2 @OIOO L, ). Thercfore

since [Ss |u|%dS}?< L¥(r,, o), we have
4

sO="200% [ upraspreric, =),
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which enables us to apply Proposition 3.2 with this g(¢) and f(¢)=a*(t)¥? since

Sm a*(¢)"¥2dt=co. Thus we obtain by Proposition 3.2

7o

Y 0 s 2 24 —
tim int (279 [sz|u| AS] (2 — 0.

Therefore there exists a sequence {z,} such that #,—>oco and

@[ (ulrdspeaye <

tn

%w(r,,) .

Then we have by (3.11) Q(t,,)gSK—i—% O(t,). Therefore, since @(¢) is non-

decreasing, lim @(¢)=Ilim sup @(¢,) < 16K, which proves (3.12). O
> n->o0

§4. Proofs of the Theorems
In this section we shall give proofs of the theorems given in Sections 1 and 2.

Proof of Theorem 2.2. Since T, is a symmetric operator in LAR"), the
essential self-adjointness of 7y is, as is well-known (see, e.g., [6, Theorem X.1]),
equivalent to the property that T§u=-iu implies u=0 for u P(TF). We
only treat the case of T§u=iu, because the case of T§u=—iu can be proved
in the same way.

Suppose that uc D(T§) and TFu=iu. Then uc L (R") and Tu=iu holds
in the distribution sense. Since T is elliptic by (H.3), we have ue C=(R") by
(H.2). By Green’s formula (apply (3.4) with {=1), we have

SB (Tu— Wu)adx
= {, {51 GO, Ty dx-+1 (| {515,Gu10,+fDup ads

Since Tu=iu, G,-,,=?,,i and W is real-valued, by taking the imaginary part
of this equality, we have,

S |u|%dx = Im [i S {3 v,G,(i8s -} 7dS] .
By St .k
Therefore, we have by (3.8) and by the Schwarz inequality

@1 |, 1ulde<ar @ || 31 6,60, oo+ FudsyaL [ [uldsy.
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On the other hand, since Tu=iuc< L%(R"), we have by Lemma 3.1,

dx<oo

S 255G jk(iak'l_f;e)u(ia i +f,-)u
g MEHE(|x])+1})

Therefore,

T G0 fu(io + f)u is 2 o
hm:“r MEH{E(1xD+1}) ]E (L, =),

which, with [ Ss |u|2dS]2€ L¥(1, o), implies,
t

2) g®=hO)-1 | Jul"dsIre L, o).

Moreover let f(¢)=[ae*()M(Z 1 {¥(¢)+1})]¥2. Then we have by (3.3)
Swi _ S" dr(r) _ S” ds
o f(?) o M(THZ@O+1HVE Jo M(T™ {s+1})¥

=S°° dW(t)=S°° dr
vl M(O)VE Je [M(r)a*(r)]2’

which equals oo by (2.10). Thus we can apply Proposition 3.2 with these f and
g by (4.2) to obtain Iign inf f(¢)[g(¢)] =0. Now, since the right-hand side of

(4.1) equals f(z)]g(z)|, we have Sm |u|2dx=0, i.e., u=0. O

For the proof of Theorem 2.1, we need an elementary proposition:

Proposition 4.1. Let f=(B;) be an nXn matrix, where B, is real, p ;=
—pBij. Then we have

—|81<ip<|Al,
where | 8| is given in (2.5).
A proof of this proposition will be given in the last section.
Proof of Theorem 2.1. First, define
4.3) Gp=0,+ipj,

where 0, is the Kronecker delta. Then, since f;, is real and B;=—p;,
G,-,,=(E. Moreover, (2.1) implies (2.8) according to Proposition 4.1. (H.3) is
fulfilled and a*(r)=1 because a;(x)=Re G;(x)=0;. Second, define
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1
e; = E‘Ekakﬂﬁ,

4.4
Ji=bjte;.
Then we have

Moreover, since >3; 6,-e,-=?12— 23k(0;0,8;,)=0and 33; , B;ze;e,=0 by g;,=
—f4j» we have
l]Ek G‘j(Gj,,e,,)—l-j% Gejep = —’% a,(,e,.,,ek)+§: ez,
which is equal to R by (2.3) and (4.4). Therefore, we have by (2.12) and (4.5),
(4.6) T=31 ?—sz BiuBj+R+W,
which will coincide with L if we take
W= V—l—% BiuBji—R.

Then we have by (2.2) and (2.3) W(x)>—20(|x|), from which, if we further
take M=20Q, (2.9) is satisfied. (H.2) is satisfied by these G, f; and W. Finally
(2.10) is satisfied by (2.4), since a*(r)=1. Now we can apply Theorem 2.2
to prove that the property (Ess) holds, since To=L, by (4.6). O

Proof of Theorem 1.1. Let ¢(r) be a C* function on R such that

@ o) = { 1 for r<1/2,
1/r for r>2,
4.8) 0<g(r)<1/r forall r>0.
And define
4.9 Bi(x) = ¢(| B(x)|)Bx(x) for j,k=1,--,n.

Then, by (4.7), (1.2) and (H.1), ﬂjkEC“’(R") is real and satisfies Bix=—Pj-
(2.1) holds by (1.3), (2.5) and (4.8). Moreover, according to (4.9) and (4.7),
there exists a constant C such that

%ﬂﬂaBiIzz #(|B|)|B|*>|B|—C.

Thus, it follows from (1.4) that (2.2) holds with Q replaced by Q-+C, and hence

with Q replaced by C,Q for sufficiently large constant C,, since Q(r)=>Q(0)>0
for r >0.
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From (4.9) by a direct calculation, we have

a1/9,1‘13 lBl ¢(|BI)E(61 st)BstB1k+¢(lBl)a BJI“
which with (4.7) shows
maXI 0;By(x)|  for [B(x)|=>1,
|9, ﬂjk(x)l < IB(x) |-
C, max|8;B,(x)| for |B(x)|<L1,
8,8

for sufficiently large constant C,. Therefore we have

(4.10) 19183 | < et max| 9,8,
for all x&e R". Next, we have

0,08

= (£ 2D 5 @n BB 1.0 B.1B,

) SHOu01 BB B 0,8 0w BB+ 0, BIBAOB )

i E.IBB]I) s%‘ (0nB)B(9,B;)+ (| B|)9,,0,Bj ,

from which, similarly for (4.10), we obtain with some constant C, chosen suffi-
ciently large,

b4

N » 5.t | 0m 01 By
@1 la,,,alﬂ,-,,(x)lSca{maxlg(,lc)|_|_1(x)l}z 3rnax ul;(x)li'_l (€3]]

for all x&eR". In view of (4.10) and (4.11), it follows from (1.5) that (2.3) is
fulfilled if Q is replaced by C,Q with sufficiently large constant C,.
Consequently, we have shown that the assumptions of Theorem 2.1 are
satisfied, provided that the assumptions of Theorem 1.1 are satisfied, £ is taken
as in (4.9) and Q is replaced by C,Q with suitable constant Cy(=max {C;, C;}
in the above argument), since (2.4) then follows from (1.6). Thus we can prove
Theorem 1.1 by applying Theorem 2.1. O

§ 5. Proofs of the Propositions

In this section, we shall give proofs of the propositions; that of Proposition
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3.3 will be given in the last place.

Proof of Proposition 3.2. Suppose that lim inf f(r)|g(r)| 0. Then, since
r >

f(r)>0, it follows that there exist ¢>>0 and r,>r, such that f(r)| g(r)| >e¢ for
all r>r,. Namely, |g(r)| >¢f(r)~! for r>r,, which induces a contradiction

since g(r)= LY (ry, o) and SW f(r)'dr=oco0. Thus liminff(r)]g(r)| should
equal 0. o O

Proof of Proposition 4.1. Let u=*(u,, --+, u,) and v==(v,, -+, v,) be column
vectors with » complex components and denote (u, v)=3>37.; u;v;. Then, by
the fact that 8, are real and by the relation 8;,=—py;, ({8u, u) is real and we
have

” _
(ifu, u) = i'kE1 Bipupu;
JsR=
=i 3} Buupu;+i 2 Bty
i<k i>k
= i% By uj— ;1) -
J

Hence we have by the Schwarz inequality,

(5.1 [ Bus u)| (3 B3V | rt;—uju | V2
i<k i<k
We have by a direct calculation,
_ _ 1 _ —
%lukuj_ujuklz = E‘ 2 I"jur‘”kujl
1 .
= 3— E (ujuk—ukuj)(ujuk—ukuj)
1 _ _
= ‘2— 2 {lujlz Iuklz—uﬁukz_uiujz'*_ |14 ]2 l“jlz}
= (D P- 12 < w1
Therefore, by (5.1), we have — | 8| (u, W) < (i fu, W) | 8| (u, u). O

For the proof of Proposition 3.3, we need another proposition:

Proposition 5.1. Let —co<<a<b<<oo, h& L'(a, b). Suppose that G&
Cla, b], G(x)>0 for all x<]a, b], 0<h<G a.e. on (a, b) and Sb hdx<Sb Gdx.
Then, for any ¢ >0, there exists some g &Cya, b) such that 0< :,rgG on a[a, bl,
S: gdx=Si hdx and S: | g—h|dx<e, where Cia, b) is the set of all the conti-
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nuous functions on [a, b] with compact support contained in (a, b).

b
Proof. We shall write y fdx=s f. First note that the family of functions
G={g=Cya, b)|0< g <G on [a, b]} has the properties:

(5.2) & &G implies 2g,+(1—-g, €4 for 0<2L1,
(5.3 g, &, EGimplies g,V g, 51N S E G,
(5.4 sup Sg=SG,

gegqg

where g,V g,(x) =max {g,(x), g(x)}, &1/ g(x)=min {g(x), g,(x)}

Let e>0. Choose some g, Cy(a, b) such that Sl h—g,|<e/2. Let g =
(8o VO)AG. Then, since G is continuous and >0, g,€4. Moreover, g, satis-
fies S |h—g,| <¢&/2. In fact, we have

gi—h = ((&—hV(—h)A\(G—h)
< (&o—MV (=M <(g—hVO  (by —h<0).
Similarly we have

g—h = ((go—MNG—m)V(—h) (by —h<G—h)
= (WA (G—M)=(g—hHAO  (by G—h=0),

and hence |g,—h| <|g,—#].
First consider the case where SglgS h. Then, since S h<S G, we know
by using (5.3) and (5.4) that there is some g,&G such that g,<g, and

[a<ir<fm<fc Pu s=gtie—g) where 1={t—g)[{ (e,
Then clearly S g=S h, and geg by (5.2). Since S|g——gll=/ls lg,—g|=

/IS (gz—gl)zg (h—g))<e/2, we have SI g—h|<e. Therefore, this g has the
required property.
Second, in the case where S th g, take g =2g,, where I=Sh / S & (A=0if

Sg1=0). Then it is not difficult to verify that g has the required property, since
Slgl—gl =S (gl—g)SS (& —h<e/2. O

Proof of Proposition 3.3. Write R(r)=20(¥ ~{¥(r)+1}) and let
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(.5) Y= mm(!l’(t)—l— Q(t)‘)

(.6) Y1) = max( v R(t)’)

Note that, from these definitions, it follows immediately

5.7) ¢WH<WH+Q0V

(.8) V()= (r)+

mv'

First we claim

(5.9) Y (r)<¥*(r) forall >0,
(5.10) 0L Y*()—yv*() K ¥()—Z (@) for r<s,
(5.11) 0<Yru(s)— (N K (s)—¥(r) for r<s.

In fact, first note that, to show (5.9), it suffices to prove that

¥v(r)+—r R( g <U(s)+—r Q( E forall r<s.

Suppose that this does not hold. Then,

(5.12) rr)+———: R( pe >¥(s)+——— Q( D for some r<s.

Since R(r)>Q(r)=>0(0)>1, the left hand side of (5.12) is less than Z'(r)-+1.
Thus by (5.12) ¥ (r)4+1>%(s), which means ¥~ {#(r)+1} >s. Therefore,
since Q is non-decreasing, we have Q¥ ~'{#(r)+1})>0(s). However, this
contradicts (5.12), because Q(¥ " {¥(r)+1})<R(r) and Z()<¥(s) by ¥'=
oF>0.

Second, by the definitions (5.5) and (5.6), it is clear that v* and v, are
non-decreasing, that is to say, the first inequalities of (5.10) and (5.11) hold.
Let us consider the second inequality of (5.10). Take r*>r according to (5.5)
such that

(5.13) O = P+ s
Then v*(r)=¢*(r*) by (5.5). Lets>r. If s<r* then v¥*(r) <y*(s) <y*(r¥)
=vy*(r) and hence v*(s)=v*(r). If s>r* then, by (5.7) and (5.13),
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YO~ ST()+— s Q( 5 —(PeM+- o *)8)
<STE)—FEH)<V()—Z(@)

by the monotonicity of Q and . We have thus (5.10). We can prove the
second inequality of (5.11) by a similar argument taking s, <s such that

Val) = Tt o5

Ve($)=vx(s54) by (5.6). Let r<s. If r>sy then Yu(s)>ve(r) > vi(sy)=
v«(s) and hence Yy (s)=v4(r). If r<<s4 then

V) — w*(r)<¢(s*)+R( o ~(rO+ s = )8)
<T(s)—T()<T(s)—F ().

Thus we have the claims (5.9), (5.10) and (5.11).
By (5.10) and (5.11) it is known that 4~* and v, are absolutely continuous

and

(5.14) 0< ¥ <o —6F ae.on (0, ),
d
;

(5.15) og%gw:w ae.on (0, oo).
r

We shall show that (5.9), (5.14) and (5.15) imply the existence of a function
Y& CY0, o) such that

(5.16) Yo(r)<P(r)<y*@r)  foral rel0, o),

(5.17) Og‘i%@gam) forall re&(o, oo).
r
Assuming these properties we can define o by

F() = PO+ ()s,

i.e., o(r)= {(r)—¥(r)} 8. By (5.16) and (5.8) o= C[0, o) and also by (5.16),
(5.7) and (5.8) we have

(5.18) O(r)<o(r)<R(r)
and, by (5.17)
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0<aF(r)—8 PV <5F(ry,
o(r

)1+5 -

which is equivalent to
(5.19) 0<0'(r)SF()o(r)*2.

Since we have taken R(r)=20(% ~*{¥(r)+1}), (5.18) and (5.19) are the required
properties for p in the proposition. Thus it remains to prove that (5.9), (5.14)
and (5.15) imply the existence of v & CY[0, oo) satisfying (5.16) and (5.17).

Let

Vo= {¥* s} /2,
(5.20) h=v},
G =0F.

Then 0<A<G by (5.14) and (5.15).
First, suppose that

(5.21) h(r) = G(r) a.e. on [R, oo) for some R>0.
In this case, for any ¢>0, we can take g&CJ[0, o) such that g(r)=G(r) for
r>R, Sklh—g|<e and 0< g<G (approximate 4 in L'(0, R) by g,=CI0, R]
with ’che0 property g,(R)=G(R) and put g=(g,VVO)AG on [0, R] and g=G on
[R, ==)). Let J(r)=¢O(R)+S; g(t)dt. Then we have by (5.21)

W(r) =vo(r) for r>R,
| () —ro(r)| = ISR (h(r)—g(t))dt|<e  for 0<r<R.

Therefore, if we choose e=% minyg,<z(¥*(r)—v4(r)), which is positive by

(5.9), we have (5.16) and (5.17) by (5.20) and by ¥'=g.
Next, suppose that (5.21) does not hold. Then there exists a sequence

Res1

{Ri} sors.. Such that R=0, R, /oo as k—>oo and S (G—h)>0. Apply
Rp

Proposition 5.1 with (a, b))=(R,, R,,,) and with 4 and G in (5.20), which can
be easily verified to satisfy the assumptions of Proposition 5.1. Let ¢,=

i—mianS,SR“l(w*(r)—w*(r)), which is positive by (5.9). Then by Proposi-

tion 5.1 there exist functions g,& Cy(R;, R,4,) such that
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(5.22) 0<g,<G,
R +
(5.23) [*1e—n <,
Ry
Ryt ‘Rpy1
(5.24) S ¢ ‘gk=} iy,
RE Ry

Define g=g, on [R,, R,,,] for each k=1, 2, .. Then g =CJ[0, =), 0<g<G
on [0, o) by (5.22). Therefore, if we define &(r)E«,bo(O)—I—S'g(s)ds, =
0

C'[0, ) and 0<+' <G, which means (5.17) by (5.20). Moreover, it follows
from (5.24) that ¥ (R,)=v(R,) for k=1, 2, ---, which with (5.23) imply

FO—wo) = 1| ()—HMds| <ep  for relRy Rl

Hence - satisfies (5.16) by (5.20) and by the choice of ¢,. This completes the
proof of the proposition. O
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