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Introduction

Let 7 be a complex algebraic variety of dimension <2 and its singularity
set Sing V is assumed to be consisted of isolated singular points. Restrict the
Fubini-Study metric of the ambient projective space containing ¥ to the smooth
part ¥—Sing V. Then the purpose of this paper is to investigate the relation-
ships among various ‘“L2Dolbeault cohomology groups” defined on the
incomplete Kéhler manifold V—Sing V.

As is well-known, if ¥ is nonsingular, the so-called Dolbeault cohomology
groups are defined naively, with no need of care of its metric, by H?9(V)=Ker
8?4/Range 8?97, where 8?4 is the 8-operator acting on smooth (p, g)-forms on
V. However, if V is singular and one must consider those cohomology groups
on V—Sing V, the situation changes greatly. That is, the &-operator 8%+ is
not permitted to be used so roughly as in the nonsingular case. For example,
the operators 8 or the exterior derivative d acting on the following forms would
define different kinds of cohomology groups:

(i) the smooth (p, g)-forms on ¥—Sing ¥,

(i) (the maximal domain of &) the square-integrable (p, q)-forms on V—Sing
V whose images by 8 (in the distribution sense) are also square-integrable,

(iii) (the minimal domain of ) the (p, g)-forms which belong to the maximal
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domain and can be approximated with respect to the graph norm of 8 by
smooth (p, g)-forms with compact supports on V—Sing V,

(iv) the (p, g)-forms on ¥V—Sing V which belong to the maximal domain of d
and can be approximated with respect to the graph norm of d by smooth
(p+q)-forms with compact supports on V—Sing V,

and so forth. Excluding (i) which is too naive, the L2Dolbeault cohomology
groups made from the 8-, d- operators with the domains (ii), (iii), (iv) are
studied mainly by Pardon [9], Haskell [4] and the author [7] respectively and
their subtle differences have been becoming clear. In the paper we will study
the relationships mainly among the above cohomology groups, whose precise
definitions are given at Definition 1.1.

§1. Some Elementary Properties of the L?-Dolbeault Cohomology

Let us slightly modify the notations in [9] and [4], which are very useful and
convenient but are somewhat ambiguous for our purpose.

From now on let X be an n-dimensional compact complex manifold.
Though only the cases n=1, 2 are needed in the following sections, we do not
dare to place a restriction on the dimension since the assertions in this section
do not depend on n and it would be rather worth-while to report them for
general n: cf. [9, §3], in which the cases n=1, 2 were treated. Now the positive
semi-definite Hermitian forms 4,, 4, on X are called to be quasi-isometric,
denoted by &, ~ h,, if there exists a constant C >0 such that C™ i(x) </A,(x) <
Chy(x) holds for all x&X. And a positive semi-definite Hermitian form 7 is
called pseudo-metric provided:

On each sufficiently small coordinate neighborhood (U, (u, -+, u,)) of X, one
can take holomorphic functions ¢,, :--¢, with r ~ >3%_; dg, d@,, where the
right side is nonsingular outside a set of measure zero.

Then the volume element of 37 dg, dg, is given by dVy=|det (p;/0u;)|?dU,
where dU is the volume element of the standard metric 3 du, diz,. Hence the
pseudo-metric 7 degenerates along a divisor Dy, defined on the neighborhood
by

(L1) D, — (det (Z;:’f) - o) ,

which is called the singular divisor of r.
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Now we fix a pseudo-metric 7 on X and take a union E of hypersurfaces
containing | Dy|(=the support of D,). Let A’ be the sheaf of smooth i-forms
on X, L% be the sheaf of locally square-integrable (with respect to 7) i-forms on
X and let us define the sheaf Sj ; by setting, for each open set UC X, S x(U)=
A(U—E)N-Li(U). Moreover let us define similarly the sheaves 4?9, L2,
8?4 for (p, g)-forms on X.

Definition 1.1. Decompose the exterior derivative into d—0--8 as usual.

(1) Let 8% be the 8-operator with the domain S§%(X)N 87 S84 (X)) and
its closure in L%*(X) is denoted by 5

) Set AU X—E)={wc " "(X—E)lw 0 near E}. Then o4 4 g de-
notes the closure (in L%*(X)) of the 8-operator restricted to AL (X—E) and
82:2 ¢ denotes its restriction to JA»Y(X—E)Ndom ac 4 g

(3) The g-th cohomology groups of the cochain complexes {dom 83§},
{dom af’ ?} {dom 6 E} {dom &2 3. Y&} are denoted by HYy%(X)=H24(X(9)),

B300=A53 @), A2 20 =B25 ((X@)), HES 2(X) = HES 5(X ), re-
spectively.

(4) Let 8 be the formal adjoint of 8, that is, §2%= —%y §*~ 17170 %1 jbua+l
(X)—>A*YX), where %y is the complex star operator defined by y. Then we
define the operators 94'%, &y % 1-95;3_ 5, 824 5 in the same way as (1)~(3).

(5) Let 8% denote the 8-operator with the domain S (X YN~ SEEUX).
Then, in the same way as (1)~ (4), we define the operators 87 &y ore, 008 &) the
cohomology groups H%:%(X(9)), ---, H::S 5(X(9)), and the operators ¥4%, ---
94 g

(6) Let di g be the d-operator with the domain Sy x(X)Nd ™ SitA(X). In
the same way as (1) ~ (4), we also define dy,E, e, di oy g, Hy 5(X)=H: (X(d)),

W Hiy p(X)=H{y (X)), 03,5 (=—Fyd3’5' ™" Fy), =+, 0y 5.

(7) Next we define the following ““cohomology groups™ :

HL%(X(d) = LH4X)NKer d44/-L44(X) N Range d3+¢~ 1,
and I/}%'};%(X (@), 1/1}1,’_'3_ s(X(d)), H::S 2(X(d)) are defined by replacing dy p with

A

A
dy g> Aoy, 55 D1, 65 respectively.

2

(8) Moreaver we define the following *““harmonic spaces™:
ILH(X) = IR @) = Ker 85:% N Ker #2473,
23 5(X) = I3, 5(X (D)) = Ker 824 5 N Ker 45,
and similarly H53(X(9)), 232X 0)), Hys(X)=Hy,s(X(d), H:ys(X)=
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St 4 (X (d)) are defined. Finally we set

IEEX ) = LyX)NIHEX @),
52X (@) = LY X)) NALY (X (@) .

Remark. (a) At (8) all the “/” can be removed, that is, the elements of the
harmonic spaces are all smooth, because of the elliptic regularity theorem.

(b) In the above notations, if E=|Dy|, then it will be omitted: S3'¢=

S‘I;:lqﬂ-yl’

041="084:p, etc. Alsoif 7 is positive definite (i.e., | Dy| =0), the subscript 7

will be omitted: 529, 8%, 2%, etc.

Now, letting (55;%)*, (d 2)F, etc. be the adjoint operators of 87 & d.';_ B elc.
with respect to the inner product (, )y of L¥*(X) or .L¥(X), we have, by [2],

Gea)* = 9255, (Grg0 =d1t,
12 @rgy = 9295, G0 = s,
(d'Y,E) = c.v.E, (dC.‘I.E)*_a';,E'

Moreover there exist also the following Hodge decompositions:

(L3) L3 (X) = Range 845 @ HL4(X(3)) ® Range 824 &
— Range 2472 @ Ji24,:(X(5)) ® Range 345,
(14) LX) = Rangedi} @ Ji (X)) ® Range 5z
— Range di7's ® L, 5(X(d)) ® Range 5% ; .

As for (1.3), the similar decomposition holds also for the d-operators.

the argument [1, § 1(A) ~ (C)] implies

Range dj ; N A (X—E) = Range di

1.5 A, . )
(1.5) Range d’ 5 5 N A*(X—E) — Range d’ 5,

and the similar argument for § implies

1.6 Range 55;% N AP X—E) = Range 84'%
: 3¢,

Range 5‘,’;3, g N AP X—F) = Range §

3B
The following injections can be gotten because of (1.3) and (1.6):

IELXB) > HLL(X(B) —L> AR X (5)),
28 (X)) Ls 23 (X (B)) L5 A3 (X (5)) .

(1.7

Next
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The results similar to (1.6) and (1.7) hold for 8 and d. As a conjecture at (1.7),

both of the right M, will be isomorphic: the isomorphism H}j (X (d)) =,
A .
H) ((X(d)) has already been verified by Cheeger [1, (1.5)]. Even if the con-

jecture is not settled, we have a useful sufficient condition for all the 2 at
(1.7) to be isomorphic. That is, if A2:4(X(3)) and A% ,(X(3)) are finite-
dimensional, then Range 55;%‘1 and Range 55;%]} are respectively closed in
L%9(X), which, combined with (1.3) and (1.6), implies it.

Proposition 1.2. If E is a union of smooth hypersurfaces with normal

crossings and r is nondegenerate (i.e., positive definite), then we have

D diECcfi, d"CdAi_E, hence dA},‘:dA:E,
Q) BL1C N, BrACHNY, hence Byt = 50,
3 o1 o, 61"‘1C5‘;;7\;, hence 8%% = 8%

Proof. Since the restriction of a nondegenerate metric on X to X—FE is
conical near FE, [1] implies (1). In the following let us prove (2), for which we
have only to review the proof of Pardon [9, Proposition 3.2] with emphasizing
a certain point different from it. First obviously [9, Lemma 3.5] holds for the
general dimension case. That is, put U= {u=(u,, -+, u,)=C]| |u;| <1 for any i},
Ic{l,2, -, n}, T(e)= U, u€Ul||y;| =¢, |u;| >¢ for any I>j=i}. Then,
for any nonnegative and square-integrable function f on U— {I];c; u;=0}, we
have
(1.8) lim inf S fdT(e) =0.

€50 T(g)
Now, in order to prove 5%’4C§1"‘1, it suffices to verify the following: for the
open set U with E={[];c; #;=0}, if w&dom 8% and r€ A~ ""1"4(U), we
have

S dw A\t = (—1)p+etl S o\t
v v

Considering further the Stokes’ theorem, we have only to prove

(1.9) limS wAT=0.

€50 J T(g)
Since = is bounded near E, expressing o At=3>"f; duy A\ - Adu, ANda,/\ -\
dia;_,A\dii; .\ -+ Adi,, each f; is square-integrable with respect to a nonde-
generate metric. Hence we have
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Sr(,_,) w AT SST@) &A1) dT(e),

whose right side haslim inf=0 by (1.8). Since the left side of (1.9) exists,
certainly it must be zero. Next let us prove 5“(:55;?@. Following the same
idea as above, it suffices to prove (1.9) for e €424 U) and r&dom §% 211,
Since w is bounded near E in this case, the above proof of (1.9) is applicable

also here.

Remark. In the proof of [4, Proposition 1.17], Haskell showed §%¢ Céﬂ;"g
using the fact d icd { g. It will be difficult, however, to verify general 8%¢C
6A£;"E using it.

Corollary 1.3. If E is a union of smooth hypersurfaces with normal crossings
and 7 is nondegenerate, then we have the following natural commutative diagram:

Hra(X) > Ay () < 230

o fa4 f—dq

HPU(X) —> HE*(X) «<— HES(X)

HPUX) = HFX) = AEX)
Also, for 8-operators or d-operators, we have the similar commutative diagrams.
Proof. Proposition 1.2(2) implies

A
24 — gha

Q1>
(S3TN

b,
¢

(1.10) P C 41 = 524, C b

[/ Ap—
E=

And it is well-known that we have the isomorphism #?9(X) =,H Pa(X) =,
f/}"'q(X ) and they are finite-dimensional. Hence the isomorphism }/}P'q(X )-——%—»
ﬁ%-"(X ) induced from (1.10) implies the finite dimensionality of I/ﬁ-‘ ?(X) and the
isomorphisms H%4U(X )iH‘};"’(X )——g—» ﬁ%’”(X ): see the remark following
(1.7). The similar argument implies also H2:%(X )iH 14370.¢ )——;—»I/}f;j’g(X )-
Finally let ¢}/— X be a holomorphic Hermitian vector bundle and let us

discuss the cohomology groups induced from the 8-operator 8[C}/] acting on
the CP-valued forms. In the same way as Definition 1.1(1) ~ (3), we define

854 [CV), 85,4V, 624 5[V, 829, [V, HEE (X OV)), -+, HES, 2 (X; OCV))
and, using the formal adjoint #[C]=—%r,cy* 8[CV*] %r,c, we define, as in
@), F3V), -+, T3 [V]. Also HEEX; O(V)), -+, Iibs,2(X; O(V)) are
defined. Then, as in (1.2), we have
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(1) GBIV = 824 5[], (823 [CVD* = B2V,

For the C{/-valued form case, (1.4), (1.6), (1.7) and Proposition 1.2(2) are simi-
larly verified and if E is a union of smooth hypersurfaces with normal crossings
and 7 is nondegenerate, then we have the natural commutative diagram similar
to Corollary 1.3:

(X O(V)) — B9(X; O(Q) «— AL4(X; O(CV))
(L1D)  HAX; OV) ——> HEX; OCV)) «<— HEL(X; O(CV))

fad fadq =

X OCV) = AFX;0(CY) = AnEX;0(V)

Pardon [9, §3] gave the isomorphism H*(X; O(CV))—> HY(X; O(CV)) with
dim X=2 by considering the resolution of O(CV).

. . inj.  surj.
Final Remark. In the following sections, the arrows —j>, —j—>, efc. among
the cohomology groups always mean the existence of an injective map, a sur-

jective map, efc. which are induced from natural cochain maps.

§ 2. Main Theorems for Singular Surfaces

Let S be a complex algebraic surface with isolated singular points. It
does not need to be normal.

Proposition 2.1. (HSIANG-PATI [5]). There exists a desingularization p:
(X, E)—(S, Sing S) such that, defining r to be the pullback (by p) of the Fubini-
Study metric of an ambient projective space containing S, we have,
(0) E=|p~YSing S)| is a union of smooth curves with normal crossings,
(—) at each smooth point of E, there exists a local coordinate neighborhood
(U, (u, v)) and 1<n,<n, (integers) such that E={u=0} on U and
r~du" di"-dW'v) dW’z v),
(+) at each normal crossing of E, there exists a local coordinate neighbor-
hood (U, (u, v)) and 1<n,<n,, 1<m,<m, (integers) such that n, m,—
m, n,=+=0, E={uv=0} on U and
r~d@" V") d@ v +d " v™) d(u": v™) .

Hence 1 is a pseudo-metric, which is especially called ‘of Hsiang-Pati type’.

Let us fix such a desingularization p: (X, E)—(S, Sing S). Set E=3>] E;
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(irreducible components), then for each E; the index (n;, ny,)=(n, ny) is de-
termined according to (—). At (+) the index of {u=0} is (,, #,) and that of
{v=0} is (m,, m,). Obviously it does not depend on the choice of the smooth
point of E; nor of the neighborhood. The singular divisor of the pseudo-metric

7 is given by
2.1 Dy = 3} (ny+n,—1) E;

and its local defining function, which therefore determines a nonzero meromor-
phic section of the line bundle [D,], can be expressed as follows:

.2) ay = {uﬂlﬂz_l 1)

un1+n2—l vm,+mz—1 . (+)

Now, since the L%-cohomology groups and the usual L2-Dolbeault cohomology
groups of S—Sing S are naturally equal to Hj(X) and H%%(X) respectively, let
us study the latter cohomology groups on X.

First, by Pardon [9], Haskell [4] and using the dual argument through %,,

we get

Theorem 2.2.

HYAX) —— HEY(X) —=> HY(X) —> HO(X; O(Dy)
Y

~ ~ ~ ~

SOA) = A = ) ——> IV O(Dy)
1‘:—;—-' 17‘[«; EME EED-,] =
SEHX)IPH = X)X O(—Dy)

~ ~ ~ ~

HA(X) < HE(x) S gl Q-_ H*(X; O(—Dy))

inj.

Hﬁ'l(X)i HEJ(X) = HY 1(,wr) HYX; O(Dy))

~ ~ ~ ~

X)) HeX) Iy H(X) HOHX; O(Dy))

* | i.,wg iy‘g *gy)| =
JENX) Ay Hen(X)  HNX; O(—Dy))
= == inj. =

HA(X) S g 2, ;(X)*—i '(X; O(=Dy)

surj.
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surj.

HY00) > 12200 25 Y00 22 HY(X 0(Dy)

~ ~ ~ ~

HOHX) 23 (X) —— Ay *(X) IHX; O (Dy))
B3 = EM = iyﬁsz E[Dy] [~
HHAX) Y (X) > J2HX) AX; O(—Dy))

~ ~ ~ ~

HY(X) «— HZ °(X) H?S(X) —— H>(X; O(—Dy)).

Combined with the well-known isomorphisms
@3)  HAX) > HP(X), HP(X; O(:Dp) —— HP(X; O(£Dy),
the above theorem implies

Theorem 2.3. As for the L*-Dolbeault cohomology groups appeared at
Theorem 2.2, excepting H*3(X), we have

= A [~—4 A
Hy(X) — Hy'(X), HEYX)—> HEYX).

As a conjecture there must exists an isomorphism H 2:3(X’ )—g—-)f\lf;,‘,(X ) and they
will be of finite dimension, which obviously yields 423X )___~___> H%YX) at
Theorem 2.2.

Let us next state the relationship among the L2-Dolbeault cohomology
groups made from the d-operators and the ones at Theorem 2.2.

Theorem 2.4.

HY(X) = HUYX) ——> H}(X)

o~ o~ o~

H(X(d)) — HYX(d) —> HY(X(d)

H™(X) < HINX) <— HZYX)

o~ o~ o~

H*(X(d)) <— H}*(X(d)) <— HEHX(d))

HY(X) ——HYYX) —= HY'(X)
o o~ inj.

HOX(d) —> HYX(d)) —> HY (X (d))



876 MASsAYOSHI NAGASE
mx) gy Sy

o~ f=q o~

B (X (@) < HR (X)) <L B ()
o) e 2 g
~ o= inj.

HY(X(d))—> HEYX(d) —> H}*(X(d))

Hy¥(X) <— H:Y(X)
/:i\inj.

HY X @) HEX@)).

Here the broken arrows mean the existence of the maps which may not induced
from the cochain complex maps.

Let us make here a brief comment on the cases (p, g)=(1, 0), (1, 2). The
diagrams in the cases are incomplete because both of them are related to the
(1, )-forms. For example, though it seems at first sight that there exists a
natural map from H*(X)=H ! %(X) to H}:3(X), it has a subtle problem. That
is, for [p]€ H:%(X), one can take a sequence ¢; & A *(X—E) with ¢;—¢ and
09,—0 in _L%*(X). Then certainly ¢;—>¢ in Ly°(X) but we do not know
whether 8¢; tends to zero or not in L}*(X): see Lemma 4.1. It means that
¢ may not define an element of H!:3(X). However, in spite of such a problem,
the author believes that H»(X)=H '3(X) holds. If it is true, those diagrams
can be improved.

In [7] we have proved

2.4) Hy(X) gpgli_Hé""(X(d))
if i4=2. Hence, combined with Theorem 2.4, it implies

(2.5 HY(X) = H2(X(3)) ® H:X(9)),
. Hi(X) = Hy (X(8)) @ Hy*(X(9)).

If the above conjecture is affirmative, then H!:%(X(8)) can be replaced by H}:)
X ().

§ 3. Main Theorem for Singular Curves

Let C be a singular algebraic curve and p: (X, E)—(C, Sing C) be its nor-
malization. At each point p of E, there exists a local coordinate neighborhood
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(U, u) and an integer m>>1 such that the pullback r (by p) of the Fubini-Study
metric of an ambient projective space containing C can be expressed as

3.1) r~du di™ .

Refer to [8] efc. in details. The index m,=m (i.e., the multiplicity of p) does
not depend on the choice of such a neighborhood. The singular divisor of the
pseudo-metric 7 is given by Dy=3],cz(m,—1)p and its local defining function
can be written as gy=u""1

Theorem 3.1.

HOX) 5 HMX) — HYY(X) — H(X; ODy))

~ ~ ~

HO(X(d)) —> HOYX(d)) —> HSA(X(d))

HT(X) S HM(X) S HLYX) < H'(X;O(—Dy)
HY(X(d)) <— HY(X(d)) —— HE4X(d))

In [8] we have proved

(3.2) HiX)= & H}y'(X(d).

+9=i

Hence, in the curve case, the pure Hodge decomposition holds neatly:

(3.3) HiX)= & Hy'(X).

+4=i

§4. Proofs of the Theorems in § 2

We use the notations in §2. On the local coordinate neighborhood
(U, (u, v)) given at Proposition 2.1, we get, by a straightforward computation

(¢ 19 2.1)~2.3),

Lemma 4.1. Let L?=I*(U, loc) be the space of functions on U which are
locally square-integrable with respect to a nondegenerate metric. Then we have

(L:0,0) fLY°U) is equivalent to ayf € L7,

(L:0,1) fdutgdve L3Y(U) is equivalent to

umf, u”z'lgELz; ),
Wi vm N mu f—nvg), u' " v mu f—nvg) €L (4) ,
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(L:1,0) fdutgdve L}°U) is equivalent to

wsf, waiTlge Ll (—),
ut~tym m, uf—n, vg), ute v (myuf—nyvg) € L2 (+)

(L:0,2) kdaNdve L3*U) is equivalent to ke L,

(L:2,0) lduNdve L29U) is equivalent to | € L%,
(L:1,1) fduNdat-gdu\dv-+kdv Ada-+ldv Adve Ly (U) is equivalent to

u_”1+”2+1_f; g’ k, unl—nz—llELZ; (_) R

ummt ey T mctmy =Y 2ug o n, my uvg —ny myvitk+n vvl) e L2 (+) ,
u™ v Y —m, myuii f+n, myuv g-+m, n,vik—n, myvyl) € L%; (+),

u™ vy —mymyuaf-+m, nyuvg+nm myvak—nnyvl) L% (),

wh e~y me Yk yg f—n, muvg—n,myvik+nivil)E L (+) ,
(L:1,2) kduNdanNdv-+ldvA\daNdve Li*U) is equivalent to

a7tumk, ayluz Nl e P (—),
aztum ™y (my uk—ny vl), aytue v myuk—mvl) e L% (+) ,

(L:2,1) kduNdv A\da-FlduN\dv \dve L2Y(U) is equivalent to

aylumk, aylut"l L2 (—),
aytum~tymYm, uk—ny vD), aytuts v (myuk—myvl) E L2 (4)

(L:2,2) kdupNdvAdaNdve L3%U) is equivalent to ay* ks L2
The lemma obviously implies
Corollary 4.2. Set E=|D,]|.
(1) ST S41 s SHRODY; p+a<1.
(), S = ST T SEIROWD,Y; (7, )0, 2), 2, O)
Q). St = 81 <5 §49@E(—Dy); (p, )=, 2, (2, 0).
(3) SET=84 25 SE'QO(—Dy); p+9=3.

As for the cohomology groups induced from the above inclusions, we get the
following. Let us remark Corollary 1.3 and (1.12).

Propesition 4.3.

(P:0,0) HOYX) = HY(X) —=> HX; O(Dy))
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(P:0,1) HYYX) 2% HO1X) 2 HOYX; OD,)

surj.

(P:0,2) H™(X) 5> HY(X) 5 HO(X; O(Dy)

(P:1,0 H”(X) H “’(X) H“’(X O(Dy))
(P:2,0), H>(X) —> H? °(X) H>(X; O(Dy))

(P: 2, 0). HX(X) <= H2%(X) <2 H29(X; O(—D,))

Surj.

(P:2,1) H™(X) <— HE'(X) <= H*(X; O(—Dy)

(P:2,2) H?X)<— H2AX) «<— H?¥(X; O(—Dy))

Proof. (P:0,0), (P:0,1) and (P:0,2) leftirj'» are due to Pardon [9,
Corollaries 3.8 and 4.2], which essentially come from the fact H%Op,(Dy))=0.
(P:0,2) rightﬂis due to the injectivity of the map H*%(X; O(—Dy))—
H?%(X) at (P: 2, 0) and the Serre duality theorem. (P: 2, 0), are obvious. As
for the injectivity of (P:2, 1) left «— : Take we A%} (X) with dw=0 and
assume that it gives the zero element of H%'(X)=H?%X), that is, there is
7€ A%%X) such that 87=w. Then  also gives the zero element of H2-(X)
because Lemma 4.1 (L: 2, 0) implies 7 € A%°(X). Next the surjectivity of
(P:2,2) right «<— is due to JZ?(X)= {0 € S}¥X—E)|ag7'0 € L} = {oc
SL%AX—E)|ay'o e L?} f——(JZE'2®O(—Dy))(X), where a;'@ & I? means that,
for any sufficiently small open neighborhood U of any point of E, a;'w
belongs to L2(U, loc): see Lemma 4.1. Further H ‘”(X )— . H"Y(X; O(Dy))
and H®™ °(X)-—>H°°(X O(Dy)) imply H? 1(X) H“(X O(—Dy)) and
H2Y(X )<—-H 2%(X; O(—Dy)). Now certainly (P: 2, 1) and (P: 2, 2) hold.

Proofs of Theorems 2.2 and 2.3. First Proposition 4.3 holds even if H is
changed into H. Hc/e\nce the finite dimensionalities of the cohomology groups
at (2.3) imply that H%%(X) for (p, ¢)=(0, 0), (0, 1), (0, 2), (1, 0), (2, 0), (2, 1),
(2, 2) are of finite dimension. Therefore, by the comment following (1.7), we
have the isomorphisms 44(X) =, H3(X) =, ﬁﬁ"’(){) for (p, q) above.
Thus the proof of Theorem 2.3 for H%%(X) is complete. Next, at [4, Theorem
2.1], essentially Haskell proved the existence of the commutative diagram:

HO(X) == HIYX) « o
@.1) lg lg Hey(X) .

A

Avax) =, Aoy ¥
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On the other hand, using the argument similar to the proof of Proposition 1.2,
we get the implications:
_ ayxX A ayxX ,
(42) 524« 9[—Dy], 5%5 > 5*~Dy].
Let us prove the left implication. Take p&dom 8*9—D,]. Then aypES54(X)

because of Corollary 4.2. We use the notation in the proof of Proposition 1.2.
For v edom#2¢ with supp v C U, we have, by (1.8),

Svg(a‘lfp)/\;'ﬂ/’_svaﬂ’/\"_‘v&v‘/’ = S O(ayp A¥yyr)
= S dayp N#yy¥) = ilj_l)l;lgm)aﬁﬂ/\;‘v‘/’

= 4lim S oNayyyr =0,
T(e)

20
because ¢ is bounded on U and the (0, 1—g)-form ay#yy- has the coefficient
belonging to LU, loc). Thus we get (4.2). Since it obviously implies
Ker 822 < Ker 5%4—D,], Ker 522 < Ker 524—D,],

we have

surj. A

@3) H230) &L oy o(—-Dy), A &% Arax; o(—Dy).

Now we get Theorem 2.2 and the same one but with H replaced by }/} because
of Proposition 4.3 and (4.1)~(4.3). The remaining part of Theorem 2.3 can
be induced from Theorem 2.2 for A,

Next we want to prove Theorem 2.4. First [7, § 2(c)] says

@) dty=dj, $y=8 for p+1,2,
Kerd;,=Kerdy, KeroZ,= KeréZ.
Combined with [7, (5.2) and Theorems 1 and 8.6], they imply

H*(X(d)) —> HEY(X@) — HY'(X@) : p+a<1,
@5  HYXW@) < BY (X)) <— HEXWA),

HY (X)) < HEYX@) : p+g=3,
dim H?*9(X(d)) = dim H3%(X(d)) : p+q=3.
Proof of Theorem 2.4. 1t is well-known that the so-called Hodge identities
etc. imply
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4.6) H?(X)=H*(X(d)) .

As for the theorem for (p, ¢)=(0, 0), (2, 2), (0, 1): Obviously the vertical
arrows can be made and Theorem 2.2 and (4.5) guarantee the isomorphicness
of the horizontal arrows. Therefore, by the commutativeness of the diagrams
and (4.6), we get the isomorphicness etc. of the vertical arrows. As for the
case (p, 9)=(2, 1): It suffices to show that the map HZ'(X)—H2'(X(d)) is
isomorphic. It is trivially surjective and using (4.5), (4.6) and Theorem 2.2, we
have dim H2'(X(d))=dim H*Y(X(d))=dim H%(X)=dim H2'(X). Thus it is
certainly isomorphic. As for the case (p, g)=(1,0): Let us first show the
existence of the map H!:%(X)—H!3(X(d)). For p=Ker 8:5=H % X(d)) one
can take a sequence ;& A (X—E) satisfying ¢,—¢ and 8¢p;—0 in _L3*(X).
Letting ( , ) be the inner product of _L3*(X) and applying the Hodge identity
for AL® (X—E), we have

2(550,', 5%‘) = (2§Yé¢js ¢j) = ((3yd—l—d3-,,)<p,-, ¢j)
= (dSz’j, d¢,-)—}—(6.,ga,-, 67%‘)

Hence dg; tends to zero in L3(X), which means that there exists the desired map.
As for its injectivity: We have _£3°(X) N Range d? y, C -L3:°(X) N Range dJ.
For an element dyp=28,¢+0dy¢ of the right side, since dy9=0, ¢ belongs to
Ker 83:°= H3°(X)= {constant functions on X}. That is, d3p=0, which shows
the injectivity of the map. The proof here guarantees further the injectivity of
the map H}°%X(d))—Hy%X). Finally, observing [7, Theorem 2], the case
(p, 9)=(, 2) is trivial.

§5. Proof of the Theorem in § 3

We use the notations in §3. On the local coordinate neighborhood (U, u)
given at § 3, we get, by a straightforward computation,

Lemma 5.1. Let L*=I1*U, loc) be the space of locally square-integrable
Jfunctions on U as before. Then we have

(L:0,0) feLy(U) is equivalent to a,f € L2,

(L:0,1) fdus LY (U) is equivalent to f €12,

(L:1,0) fdus_Ly°(U) is equivalent to f € L?,

(L: 1, 1) fdundues Ly'(U) is equivalent to a7' f € L2

The lemma and an easy calculation imply

Corollary 5.2. Set E=|D,|.
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s, @YX
(0) 3% <, 5% < 839> 5%7[D,]

=, X
(1) 85" =08y 8.5 «— 05 [—Dy)]

Proof. All the inclusions will be obvious because of Lemma 5.1 and

Proposition 1.2 (2). The inclusion 8}:4 <283 —Dy] can be proved in the same
way as the proof of (4.2).

Proposition 5.3.

(P:0,0) H5(x) L H?S(X)—>H° °(X>——>H° °X; ODy))
(P:0,1) H™X) > HUMX) — HY'(X) —> H(X; O(Dy)
(P:1,0) H™(X) <— HY'(X) <— HLYX) <— H"X; O(—D,))
@:1,1) HWX) & gy S BRI S B O(—Dy)

Proof. Haskell [4, Theorem 3.1] and Pardon [9, Corollary 5.4] proved
G.1) HE3(X) —> HS"’(X) = B o).

Trivially we have H>%(X ) —— HM(X ) —HLYX ) —— HY(X; O(—Dy)) and,
since (5.1) and the dual argument imply dim Hy°(X)=dim H*(X; O(—Dy)),
we get (P: 1, 0) Similar]y we have Hy'(X) «— = HIY(X) iH“(X' O(—Dy)).
(P: 0, 0) first ', is trivial and we have H® X)) — ik H° (X; O(Dy)). Hence,
by the dual argument, we have (P; 1, 1) first baalAly Finally the surjection
H%Y(X)—H?3(X) turns out to be isomorphic by the isomorphism H°(X) =
Hy(X).

Proof of Theorem 3.1. We have d :"y=a?§ because the pseudo-metric 7 is
conical near E: see [8, Theorem]. Combined with [8, Corollary 6], it implies

H™(X(d)) —> HYYX(@) — HY"(X@),
(5:2) =~ ~
H"(X(d)) «— Hy'(X(d)) < H:5(X(d)) -
Also in the curve case, (4.6) holds. Now the assertion in the case (p, g)=(0, 0)
can be obtained using [8, Corollary 5], (5.2), Proposition 5.3 for (p, ¢)=(0, 0)
and the commutativeness of the diagram. And it implies the case (p, 9)=(1, 1).
The remaining cases (p, ¢)=(0, 1), (1, 0) are obtained using (5.2) and Proposition
5.3.
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