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Support Theorem for Diffusion Processes
on Hilbert Spaces

By

Shigeki AmA*

§1. Introduction

In this paper we will prove a support theorem for infinite dimensional
diffusion processes on Hilbert spaces. In finite dimensional cases we have a
celebrated Stroock-Varadhan’s theory ([1],[2]). We briefly review their
theory. (See §2 for the below notation.)

Let X(t) (0 <t < T) be the diffusion process governed by the following
stochastic differential equation (abbreviation, SDE).

1) dX(t) = a(X(t))-dw(t) + b(X(t))dt
X(t)=x

where ceCZ(R"—> R"® R™), beCl(R" > R"), and w(t) is an m-dimensional
Brownian motion. The notation -dw(t) denotes the Stratonovich stochastic
differential. The problem is to determine the topological support of the
diffusion measure P, of X(f) which is a probability measure on C,([0, T], R")
endowed with the uniform convergence topology. To prove the support
theorem they first used the approximation theorem in the following. Let &(-, h)
be the solution of the following ordinary differential equation (ODE),

2 &(t, h) = o(&(t, h)A(t) + b(E(E, h)
£0, x) =x

where h is a piecewise smooth function from [0, T] to R™ with h(0) = 0 and let

Then &(-, w*) converges to X(t, w) uniformly as k— oo as., which yields
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Supp(P,) = &#,, where &, = {&(-, h)|he C5([0, T], E)}. The closure is taken
with respect to the uniform convergence topology.

To prove the converse inclusion &, < Supp(P,) they considered the
conditional probability P§,:= P(|| X (-, w) — &(-, h) |l > &||w — h|l; < 6) where ¢

>0,5>0, and he C3([0, T], R™) and they showed lim P, = 0, for every ¢ > 0
-0

and heC3([0, T], R™). Since P(||lw—h||;r <8) >0 for arbitrary 6 >0 and
he HY([O, T], R™, it implies that ¢&(-, h)eSupp(P,). Consequently, &,
= Supp(P,) holds.

In this formulation of the support theorem it should be noted that (1) is a
Stratonovich’s SDE. Stroock-Varadhan’s procedure is not always valid, since
the Stratonovich correction term (the difference between the Stratonovich
integral and the Itd integral) diverges in general in infinite dimensional
spaces. H. Doss [8] obtained the following sufficient condition under which the
strong solution X(-, w) is continuous with respect to the uniform convergence
topology of the Wiener space.

Theorem (H. Doss [8]). Let ceCA(E, L(B, E)) and be CL(E, E). Assume
further that

3) Do(x)(o(x)h,)(hy) = Do(x)(a(x)hy)h,  for every h,, h,eH.
Let £ be the solution of the following ODE.

&(t, x, h) = o(&(t, Wh(K) — %traceDG(f(t, m)(a(&(z, b)) + b(E(E, h)

&0, x, ) =x heCy¥([0, T], B).

Then &: C3([0, T, B) = C([0, T], E) is continuous with respect to the uniform
convergence topology of Co([0, T1, B). Let us denote the continuous extension of
this mapping by the same notation & and denote by X the strong solution of the
following SDE.

dX(t) = a(X(t))dW(t) + b(X(t))dt
X(0) = x.
Then X(t, x, W) = &(t, x, W).

Consequently Stroock-Varadhan’s support theorem holds under (3) in infinite
dimensional cases. However, we think that this result is too restrictive, since an
important point of Stroock-Varadhan’s support theorem is that the Wiener
functional X is not necessarily continuous, but is controlled by the ODE. In
the present paper we will first assert that Stroock-Varadhan’s arguments for the
support theorem are valid even in infinite dimensional cases if one give a certain
definition to the Stratonovich correction term quite well. Next, we will prove
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that if the diffusion generator is nondegenerate in a certain sense, then the
support is the total space whether the Stratonovich correction term diverges or
not.

The content of this paper is organized as follows. In §2 we will prepare
some notions and several lemmas. In §3 we will prove our main theorem
(Theorem 1), and in particular we will show the following:

Corollary 1. Let X(t) be the solution of the following SDE, and let P, denote
the distribution of X(t) on C([0, T], E).

dX(t) = o(X@)dW(t) + b(X(t)dt O=t=T)
X(0) =X.

Assume that
(1) oeCHE, #(H, E)), and be C}(E, E),
(2) (@ DoeCy,(E, #HQE, E)) or
(b) oeC2(E, L(B, E)) holds.

1
Then EtraceDa(x)(a(x)) is well-defined, and

Supp (Py) = 7,
where &, = {&(-, h)|he C{([0, T1, H)}, and & is the solution of the following
ODE:
&(t, h) = o(&(t, W)h() + b, h) — %traceDa(X )a(X (1)

¢(0, h) = x,
and the closure is taken with respect to the topology of C([0, T], E).

In §4 we will prove a support theorem for nondegenerate diffusions. In §5
we will give several examples of SDE of which Stratonovich correction terms
diverge, and discuss the support of them. In the last section we will prove the
support theorem for stochastic flows, noting that stochastic flows are regarded as
diffusion processes on a difftomorphism group (Elworthy [7]).

§2. Preliminary

Let (4, H, B) be an abstract Wiener space, ie. B is a real separable Banach
space and H is a real separable Hilbert space continuous and densely embedded
in B and p is a Gaussian measure such that for any ue B* (dual space of B),

1
{ exp(ig{z, up) u(dz) = exp< - §\|u||f,>, where ueB* « H* ~ H. See H. H.
B
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Kuo[4].

Let W(t) be an & ,-standard Wiener process on B defined on a complete
probability space (22, &, P) with a right continuous filtration {&#,}. For a
Banach space X, || ||x denotes its norm. We will often use || || instead of | ||y if
there is no confusion.

Throughout this paper, we will use the following notation. For any
Banach spaces X and Y, L(X, Y) denotes the set of all bounded linear operators
from X to Y and ||, x,y denotes the uniform operator norm. For any
separable Hilbert spaces X and Y, (X, Y) denotes the set of all Hilbert-
Schmidt operators from X to Y. ||,y denotes the Hilbert-Schmidt norm,
and we use the notation #(X) if X =Y.

We will define function spaces. In the below definitions, X and Y stand for
Banach spaces.

Let C¥(X, Y) denote the Banach space consisting of all k-times continuously
Fréchet differentiable maps from X to Y such that their derivatives are bounded
up to the k-th order with the uniform convergence topology up to the k-th
derivative. Let Cp;,(X, Y) denote the set of all Lipschitz continuous functions
from X to Y. Let C*[0, T], X) denote the Banach space consisting of all
continuously n-times Fréchet differentiable functions from [0, T] to X with the

norm | | given by |fllr= sup Y [f®(@®)|x. In particular, we denote by
0=t=T k=0

C%([0, T], X) a subset of C*[0, T], X) with f(0) = x, where xe X. Hereafter E
stands for a real separable Hilbert space.

We recall the definition of It6’s stochastic differential equations on Hilbert
spaces. (See e.g. K. It6 [5], D. A. Dawson [6], H. H. Kuo [4]) Let o€
CrLip(E, #(H, E)) and be Cy,;,(E, E), and let us consider the following SDE.

2) dX(t) = o(X () dW(t) + b(X(2))dt
X(0) = xeE

Here (X (t))dW(t) is the It6 stochastic differential. By usual method of Picard’s
succesive approximation, we can solve (2). To define a Storatonovich type SDE,
we have to consider a correction term.

Definition 2.1. Let o€ Cy,,(E, #(H, E)) satisfying that o(x)he C;(E, E) for
every he H. For a complete orthonormal system (c.o0.n.s.){e;};»; in H, we say
that ¢ belongs to a class S, if the following conditions are satisfied.

(I) There exists K > 0 such that
1Vis0 = Vi le S Klx—ylg for every n21 and every x, yeE,

where V7 f(X) = % _Zn:l Do (x)(a(x)e;)(e).

an nllrg V5 s(x) exists for every xeE.
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We denote the limit by V, ,(x). Then we see that V, ;e C sz(E E). We will say
V, s is the Stratonovich correction term and denote V, , by itraceDa(x)(a(x)) if
for every c.o.n.s. f, 0eS, and V, , coincide with one another.

Remark (1) Note that V,, depends on the order of f={e}2,. (2) We
should notice that V,  is not well-defined even if o€ L(E, #(H, E)) in general
(See Ex.1 in §5).

Lemma 2.1. Let 6€Cy(E, #(H, E)). If oeS, for every c.o.n.s. f, then

V, s coincide with one another.

g,

Proof. 1t follows immediately from the following fact for the bounded
linear operator: Let AeL(E) and assume that for every c.o.n.s. {e};

Y (Ae;, ;) converges, then A is uniquely decomposed to the following.

i=1

A=A, + 4,,
where A, is a bounded self adjoint operator of trace class and A, is a bounded
skew symmetric operator. This is proved by taking A, = (4 + A¥%)/2, 4, =

(A — A*)/2, where A* is adjoint of A and by using the fact in Reed-Simon [11]
p. 218, 26.

Let X be a 1-dimensional & ,-semimartingale. If Yis a semimartingale, one

can define Stratonovich integral fY(t)-dX (t) as well as finite dimensional cases.

Definition 2.2. Let X be a 1-dimensional & ,-semimartingale, let Y be as
follows.
t t
Y() = Y(0) + f n(s)dw(s) + J T(s)ds
0

0

where 7(t) is an &% ,-adapted #(H, E)-valued process with

E[F |f;1(t)||2dz] < o0,
0

and 1(t) is an &% ,-adapted E-valued process with

T
EU @) | dt} < o
0

It is easy to see that the following stochastic integral is well-defined.

jtY(t)-dX(t):=|£1 Z [J“”}(X(zm)—xaj)) as.

0
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where 4 is a partition of [0, t] ie. 0 <t, <t, <--- <t,=t, and

[4] = max (t;41 — t;).

1 =sisn
Then we have
Lemma 22. Let Y be the same as in Definition 2.3, and set w(t)

= (W(), e)y. Then

Jl Y(s)- dwi(s) = Jt Y(s)dw'(s) + %ft 1;(s) ds

0 0 0
where n,(s) = n(s)e;.

Lemma 23. Let X be the solution of (2), and assume c€S;. Then

f g(X)-dw'(s) = [w'(s)9(X )16 — i jtDg(Xs)(I/j(Xs))W‘(S)-de(S)

0 i=1Jo

- f wi(s)Dg (X)(b(X,) — V, ,(X)ds

0
where V(x):= a(x)e;, wi(s) = (W(s), e;), and {e;} =f.
Proof. 1t is immediate from the It6 formula (see Elworthy [7]).
Remark. Let g(x)e; = Vi(x). Then the SDE (2) is rewritten in the following
form.

ey aX, = ¥ V(X)dw(o) + b(X)ds

XO = X.
We will use this form in the proof of Theorem 1.

In the rest of this section we summarize the basic facts which is used to prove
Theorem 1 (see Stroock-Varadhan[1], [2] and Ikeda-Watanabe [10]).

Lemma 2.4. Let w be a d-dimensional Brownian motion with w(0) = 0.
Then P(|w|y<8)~ C, exp(— C,T/6%) (6 —0) where C,, C, (>0) are
constants. Here f,(t) ~ f,(t) (t - 0) means lirr(} 1)/ f,@) = 1.
t—

Lemma 2.5. Let w=(wy, w,) (W) =0) be a two dimensional Brownian
motion, and set n"i(t) = j:) wi(s)-dwi(s). Then for every ¢>0 6 >0 P(|n"|

0
and P(-|) stands for the conditional probability.

e
2el[lwllp £90) = Cy exp< - (E> 74) where C5, C,(> 0) are absolute constants
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We need the following estimate to prove Theorem 1.
Lemma 2.6. Let us consider the following continuous L*-martingale M(t) on

Hilbert space E:

M) = ft a(s, w)dW(s)

0

where a(s, w) is a #(H, E) valued F -optional process such that

la(s, @) ”xm,m <K as. for (s, w).

P(IM|; 2 R) < 4 exp{—%(%)z},

where A, B are absolute constants.

Then

Proof. 1t is sufficient to prove the lemma when R = 1. By the It6 formula
we have

IM@)|? = 2J (a(s)* M(s), dW(s))y + J I o(5) 1 %z, ) ds
0 0
where a(s)* is adjoint of a(s).

Note that Pm < |[M||;<n+ 1)

<(n+1)?*+ KT,
T

< P(n2 —K’T< “ 2 Jl (o(s)* M(s), AW(5))y
0

IMlr=n+ 1>

< P<HZ 5 (o(s)* M(s A 1), dW(s))

0 H

>n?— K2T>
T
(nZ _ KZ T)2:|

< JE A
=2 | R LTI KT

SR IS S A P B
=SSP TR n+ 12| P 4+ 1)?

n 1
<2 exp <— 32—K2T)~exp<z>.

Here t = inf{t = 0| M(5)|| > n + 1}.

PUIMIrz )= ¥ Pn<IMlr<n+1)
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Hence P(|M||l; = 1) <8 exp<—
with 4 =8, B=1/32.

ﬁ), which implies that Lemma 2.6 holds

§3. Proof of the Main Theorem

Theorem 1. Let X be the solution of the following SDE, and let P, be the
distribution of X(t) on C([0, T, E).

dX () = o(X(8) dW() + b(X (1)) dt
X(0) = x.

Assume that

(1) oeCL,(E, #(H, E)), and be C}(E, E).

(2) there exists a c.o.n.s f = {e;} of H such that the following (a) or (b) are
satisfied:

(@ o(x)e;e CH(E, E),

(b) there exists A;e #(E, E) and @, C3(E, E) such that o(x)e; = ¢(A;x).

(3) for the same c.o.n.s. f, 6€S; holds.
Then,

Supp(P,) = &,
where & = {&(-, h)|he C{([0, T], E)} and & is the solution of the following ODE:

&(t, h) = a(Z(t, W)A() + b(E(t, B) — V, ;(E(t, b))
£, h) = x.
The closure is taken with respect to the topology of C([0, T], E).

Proof. The proof of Supp(P,) = &, is immediate from the approximation
theorem. We omit the proof since it is essentially the same as Elworthy[7]
p. 104. We will prove the opposite direction by adopting Stroock-Varadhan’s
method. Without loss of generality we may assume that oeC,(E, #(H, E)),
and V, ;e Cy(E, E). We first claim the following.

Lemma 3.1. For an h = (K(0)2,eC2([0, T], £2), we set
hn(t) = (hl(t)a ) hn(t)),
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wy(t):= (W' (1), -+, w'(t)),
Psn,() = P([ 1y — wyll+ < 0), and
Pin.() =Py, (X(, x, 0)€°).
Note that P%, is a probability measure on C([0, T], E). Then
(1) 11m PS, = P%, holds weakly for each n =1, where P2, is a probalility
measure on C([0, T], E) induced by the solution X, ,(t) of the following SDE.

'i O)hi(e)di + 2 VX (©)dwi) + {bX () — V2 (X ()} dt

j=n+
X(0) = x.
(2) Let X, be the solution of the following ODE.

X@) = Y, VAX@)H @ + {b((1) — Vo /(X(1)}

s

L

X(0) = x.
Then lim E[||X,, — X. |21 =0.

Using Lemma 3.1 we can complete the proof of Theorem 1. Because, by
Lemma 3.1 hm P}, =P%, and lim P, = 0y, , hold weakly, where dy_, is

the Dirac measure at X, and Supp(Px,,") < Supp(P,), we have Supp(dyx_ ,)
< Supp (P,) which implies X, ,eSupp(P,). To prove Lemma 3.1 (1), we need
the following lemma.

Lemma 3.2. For every R>0,0<d<1, a>1

5\*
>R|)=({=)C
Pé,hn< T N ) N (R) :

where C, is a constant which is independent of R and §.

1

r V(X (s))-dw'(s) — f VX (s))hi(s)ds

0

Proof. By the Cameron-Martin formula we may assume h=0. First
we prove the lemma under the condition (a) of Theorem 1. By applying
Lemma 2.3, we have

f VX (E)-dwi(s) = [VXEWET — 3 j DV(X(S){V,(X(s)}w(s)

0 j=1

-dw(s) —J DV(X(s){b(X(s)) — Vo (X(s)}wi(s)ds
0
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Further applying Lemma 2.3 repeatedly, we get

Jk=1

f Vi(X(s)- dw'(s) = [Pi(s)wils) + Z Qi /(s)n"/(s) Z Ry ()W (s)n(s)15

S T s)ds

k=1

f W)als) + z sl (s) +

+ Z (W ($)Diuls) + Z n"7() ¥, j4(S)) dw'(s) + Z Eu(s)dw™(s)

k=n+1 om=1

=11+12+I3+14.

Here 5™i(t) =J';w"(s)-dwf(s), and P;, Q;;, R4 o, Pi; and y,;, are E-valued
bounded continuous # -stochastic processes involving ¥; (j = 1) and up to their

fourth derivatives. @;; and ¥,;, are E-valued continuous & ,-stochastic

processes such that ) (|| D, ()3 + Z | Z:ix(9))17) < C < o, where C > 0 is

k=n+

a constant independent of .

M=

Fu®= 3 anigul W ONHE) + 3 b w5005

Jk=1

where a,,; ., b,;; are bounded continuous % ,-stochastic processes. By
Lemma 2.4 and Lemma 2.5 and the martingale inequality we have easily that for
every R>0, every 6 (0 <d < 1) and every a > 1,

6 o
PooIly + 1, + Il 2 R) < c,z<§) .
Therefore we need only to prove the following. For every R >0 and § (0 < &

C
<1) P (Il I4lr>R)=C exp( — FR), where C and C’(> 0) are constants

independent of R and 4.

P(ll4llr 2 R, [[wallr = 9)
P([lwyllr = 9)

P(I1 7 Z R, [[w,llr £ 9, 2 I17;4ll7 <+/R9)
P(uwnnTéa)

P(Y lnisllr = VRO

Jik=1

P([walr = 0)

Psu(l1allr 2 R) =

lIA

+
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0T

40| -2 Jrse)
xp| — ——2
T \\/Rd6C RC
< +C4exp< 5>

where A, B, C and C; are constants independent of R and 6. At last inequality
we used Lemma 2.4, Lemma 2.5 and Lemma 2.6. This completes the proof of
Lemma 3.2 under the assumption (a) of Theorem 1.

Next we prove the lemma under the condition (b) of Theorem 1. We need the
following lemma.

Lemma 3.3. Let (u, H, B) be an abstract Wiener space. Let us denote
Ci(H, X)g:= {fe Cy(H, X)| there exists a feCl(B, X) such that f |, =f}(@r=1).
For every feCy(H, X)g there exists a sequence {f,}w_,e€Cy(H, X) such that
"111_{130 fm = f with respect to the topology of Cj~ '(H, X).

This can be proven by using molifier as well as finite dimensional cases. See
H. H. Kuo[4] p. 146 Theorem 6.1.

Proof of Lemma 3.2 under the condition (b). By combining the similar
argument to Stroock-Varadhan [1] p. 351, and the above proof, we need only to
prove the following. For every i and j, there exists {U};};>, € C°(E, E) such
that

lim U}; = DV(x)(Vj(x)) in the topology of C;(E, E).

To prove this we notice that V; satisfies the assumption of Lemma 3.3. Set E;
= ((Ker 4)%, (, )) ® (Ker 4;, (, )y) where @ stands for the direct sum of
Hilbert spaces and (-, - ); = (4;-, 4;-) and the closure is taken with respect to this
norm. Then a natural Hilbert-Schmidt embedding i: E— E; exists. By
Minlos-Sazonov’s theorem, (E, E;) with Gaussian measure u is an abstract
Wiener space. Clearly Vi(x) = ¢,(4;x)e C3(E;, E). This implies that V; satisfies
the assumption of Lemma 3.3 with respect to an abstract Wiener space (u, E, E,)
with r =2, which completes the proof.

Now we are in position to prove Lemma 3.1.

Proof of Lemma 3.1. By Lemma 3.2

9=0 i=1

lim EPg’hn [

i L Vi(X(s))- dw'(s) — Z V(X(s )hi(s)ds

2
|-o
T

Note that
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X(t) — X, 4(t) = Z f (VU(X(5)- dw'(s) — V(X (5))hi(s))ds

i=1Jo0

n

+ f{V(X(s))— X,.4(5))}hi(s) ds
+ i L {V{(X(s)) — V{(X,4(5)}dwi(s)

. {Us.5 (X(5)) — Ug, s (X,,,(9)} ds,

where Uj ((x):= b(x) — V7 ;(x). By a standard argument we have

|

KJE@MMX—xmum (K >0).
0

EPtm [ X — Xpplld < E”g"‘n[

t T
0

0

Using Gronwall inequality we get Lemma 3.1 (1).

(2) It also follows from the Gronwall inequality, so we will omit the proof.

Remark. 1t would be plausible that Theorem 1 holds under the condition
that Ve CZ(E, E) in place of (2), since under this condition the approximation
theorem still holds, so Supp (P,) £ M follows. If one can prove that a family of
the probability measure {P3, };., is tight, one can prove the support theorem
under this condition by the above method.

Next we will prove Corollary 1.
Proof. (a) Let f={e} be an arbitrary c.o.n.s. of H.

1Y, Do)(e(eded]l < 3. | Dotx)otxee))

< 3 1Dot)(- i L | o005

S | Do(x)(-) (P — Py) ”3?(;1@5,5) la(x)(Py — Ppy) “gr’(H,E)a
where P, denotes the projection on the linear span of {e¢;}’_;. Thus we have
lim ) Do(x)(o(x)e;)(e;) exists. This implies the well-definedness of trace
no ;=

Do(x)(o(x)) by Lemma 2.1. By the similar argument (also by using Lipschitz
continuity of Dg) we have easily that there exists K (> 0) for arbitrary n
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I3, Do(e(ede) — Y, Doty)ietledied] = Klx =yl

which implies c€eS§,.
(b) We will freely use the standard facts in measure theory on Banach spaces
(H. H. Kuo [4]). For any c.o.n.s. f= {e;} of H,

lim .; Da(x)(a(x)e;)(e;) = lim J Da(x)(a(x)P,2)(P,z)u(dz)

_ J Do(x)(o(x)2) (2)u(d2)

where P, is the same as of (a), and at the last equality we used the following
results:

(I) Da(x)(o(x)-)(-) is bounded bilinear form on B x B

(D lIzlls> | Pazllpe LP(B, du)(p 2 1) and lim J [Pnz — z|fudz) =0
®JB

(cf. H.H.Kuo[4], p.82, Theorem 4.5 for (II)).

By similar arguments we have

113, Dot)a(le)ie) = Y, Dotieele)]
< f IDo()(e0)P,(P,2) — Do(y)(o0)P,2)(P,) | sild2)

= j Kllx = yllg I Puzll w(dz),
B

which completes the proof.

§4. Support Theorem for Nondegenerate Diffusions

In this section, we will prove a support theorem for non-degenerate
diffusions. We will first give the following definition.

Definition 4.1. Let o C(E, #(H, E)). We say that ¢ is nondegenerate if
the following condition is satisfied.
(C) There exists a dense subspace F of E such that

F cImo(x) for all xeE.

When o satisfies the assumption (C) with F, we will say that ¢ is nondegenerate
with respect to F.

Theorem 2. Let X(t) be the solution of the following SDE.
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1) dX(@) = o(X(©)dW () + bX@)dt O0<t<T)
X(0) = x.

Assume that o satisfies the conditions (1) and (2) in Theorem 1 and o is
nondegenerate, then

Supp(P,) = C([0, T], E).

Proof. Without loss of generality, we may assume g€ C,(E, #(H, E)). Let
o be nondegenerate with respect to F. Let Q, be the finite dimensional
projection onto the subspace E,, where {E,} is increasing subspaces of F such

that J E, = E and let {P,},_, be the increasing sequence of finite dimensional

projecntions of H such that P, — I, strongly. First we will show the following
claim.

(Claim) Let X, ,(¢) be the solution of the following SDE.
an,m(t) = an(Xn,m(t)) . dVVn(t) + o-_n(Xn,m(t))dV—V;n(t)

— 3 = O D0, (X, )6, ) — 260X, ()}

X, .0 =X.
Here 0,(x) = a(x)P,, 0,(x) = o(x)(I — P,),
W) = P,W(t), W, (1) = W(t) — W, (1)

Then two diffusion measures P3™ induced by X,, and P, are mutually
absolutely continuous. We will prove the claim. One can take a increasing
sequence {K}; of compact subsets of E such that
(¥) let 77™ denote the first exit time from K; of X or X, ,, then lim t}™ =
j o
P-as.
Comparing (1) with (2), we know that (2) has an extra drift term

1

EQm{trDa,,(x)(a,,(x)) — 2b(x)}. By using the nondegeneracy of g, we see that

there exists neighborhood U; of K; (je N) and C; vector field V; on E such that
1

o(x)Vi(x) = 3 Qn{trDo,(x)(0,(x)) — b(x)} on U, Therefore by the Girsanov

formula and (*), we get the claim. By the claim we have Supp of X, , = Supp
of X. Letting m — oo, we get from the Gronwall inequality argument

Tim E[| X, — X, 131 =0,

where X, is the solution of the following SDE.
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dX,(1) = 6,(X,(1))- AW, (1) + G,(X (1)) dW, ()
X,0) = x.
Clearly Support of X, = Support of X.

By a similar argument of Lemma 3.2, we can prove the following.

lim E”ihn[ :I =0.
350
T

By the same argument as the proof of Lemma 3.1 (2) we have &(t, h)e Supp(P,),
where £&(t, h) is the solution of the following ODE.

&(t, h) = o(£(t, K@) heCE(O, T1, H)
£, h) = x.

t

f X ,(5)- W) — j (X (5)(5)ds

0 0

This completes the proof.

§5. Examples

In this section, we will discuss below three examples. For Example 1,
Theorem 1 and Theorem 2 are not applicable. For Example 2, Theorem 1 is
not applicable but Theorem 2 is applicable. For Example 3, Theorem 1 and
Theorem 2 are not applicable but we can characterize its support. Hereafter we
set E=H =/¢2 Therefore every Hilbert-Schmidt operator is canonically
identified with a matrix of which matrix elements are square summable. We
here restrict ourselves to the following SDE.

dX(t) = a (X (0))dW() (k=1,2,3)
where a,(x) is chosen in the below examples respectively.

Example 1. Let ¢ be a bijective map from Z2" = {(i, j))e Z?|i, j = 1} onto
N. Associated with ¢, we define a bounded linear operator a,: H — #(H) as
follows;

0
(a;(x)»); = 'Zl Xo@.jYj
i=
We can calculate its Stratonovich correction term easily.
0

If eg=| 1 | i then
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i-th component of V7 (x) is - Z X000,

Clearly, this quantity diverges for every x in a dense subset of #? converges in
another dense subset. Also for any other c.o.n.s., the Stratonovich correction
term diverges in a dense subset and converges in another dense
subset. Therefore our theorems are not applicable. It is interesting problem to
determine the support of this diffusion process. But we do not know how to
characterize the support at present.

Example 2. Let

Ay Xper g
Ay 0
a,(x) =
4;
0

where {4;};e/% In this case, for {e;}; (see Example 1)

Therefore the Stratonovich correction term diverges in general. But if 4; # 0 for
every i, then by Theorem 2 the support is total space. This example is due to
S. Kusuoka.

Example 3. Let us consider a variation of the above Example 2 as follows:
as(x) = 0 where {;},e/2.

If ) A converges, we have the following characterization of P,.

i=

Supp(P,) = £, where &, = {&(-, h)|he CZ([0, T1, £%)}

£, by = 2 0=t (’ PO =l S Ak @Der, + x.
i=1
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In general cases though our theorem is not applicable, we can see its support in
the following way.

Lemma 5.1. Let E be a normed space, and let {X;}2, be E-valued

independent random variables. If S:= Z X, converges in L' sence, we have
i=

Supp(S) = ﬂ U M, , where M, Z Supp(X;), and Supp(S) and Supp(X,)
m=1n=
denote the topologzcal support of the zmage measures of S and X; respectively.

Proof. Supp(S)c (W U M, is clear. We will prove the opposite direc-
m=1

=1ln=m

o) e 9]
tion. Let xe \ U M,. For every &¢>0, there exists noe N such that

m=1n=m

E[LY IIX;lg] <e By the assumption of x, there exists x;eSupp(X))

i=no
(i=1,2,--nn=ny) such that | -Z1 x; —x|| e Since {X;} are independent,

we have

ELIS = x5 3, 1 = x5 <]

+

i=n+1

SELY 1X—xils+ 1% xi—xl+ 3 1Xlsl ¥, 1= xlls <]
< 3e.
This implies x € Supp(S).

We will return to Example 3. The solution of (1) has the following explicit
solution. This is used in characterization of (x).

Xl(t)—— Z Awi(e)? — 1) + x;
Xi(t) = Aimywiq(0) + x; (12 2),

where X(t) = (X (1), e),
ie.

8

X0 =Y Y0 +x,

i=1

where Y(t) = %/Ii(w,-(t)2 — t)e; + Aw;(t)e;,. Therefore by Lemma 4.1, we can

characterize the support of X(t) as follows:

oo}

Supp(X(-)= N U M,,

m=1n=m
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where M, = {&"(-, W)|he CZ([0, T], R")} and

_i { LK@ — e, + /lih"(t)eiﬂ} +x.

§6. Support Theorem for Stochastic Flows

We will apply our theorem to stochastic flows. We refer to Elworthy [7],
Le Jan-Watanabe [9] about stochastic flows. In particular we use the notation
of Elworthy [7].

Theorem 3. Let M be a compact manifold of dimension d. Let {V;}2, be
vector fields on M satisfying the following conditions
1) VieH* " *(TM) (i 2 1) and z I Vi”%i-"'z(TM) < o,
i=1
2 VoeHTHTM),

1
where s 2 1 + Ed. Let @(t) be the stochastic flow on D°(M) governed by the
following SDE.

ax(, x, w) = i Vi(X(t, x, 0))- dwi(t) + Vo(X (¢, x, w))dt

X0, x, w) = x.
Let P be the probability of ¢(t) on C([0, T1,2°(M)). Then Supp(P) = &, where
&L ={&(-, )lhe CX ([0, T], )} and &(-, h) is the solution of the following ODE:
&t hox) =Y Vi(E(t, b, x)h(t) + Vo(£(t, b, X))
i=1

£, x, h) = x.
The closure is taken with respect to the topology of C([0, T], 2°(M)).

Proof. We will show how to apply our theorem. First we will prove the
theorem under the condition that V,e H***(TM) (i = 1). By Elworthy[7], o(t)
is the solution of the following SDE on 2°(M).

(¥) dX(t) = (Rgqp)- K)-dW () + Vo(X(0))dt

X(00) =

where R is the right translation, and (R), is derivation of R, and V,(¢):

= (R,)4 Vo, and K is a Hilbert-Schmidt operator on J#(H***(TM)) such that Ke;
=V, (i=z1). By the same reason as (b) of Corollary 1 we can write down a
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Stratonovich’s SDE (%) according to stochastic flow ¢(t). Applying Theorem 1
to (), we get Theorem 3 under the H®'* condition. Next we relax the
condition H*** to H*"2. There exists a sequence of C® vector fields U? (i = 1)

such that lim U? = V; in H**2(TM), which implies ¥; can be approximated by
the elements of C*(T2%(M)) in C*(T2%(M)), where V;:= (R), V;. Therefore by

12

the same argument as Theorem 1 (b), we get Theorem 3.
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