Publ. RIMS, Kyoto Univ.
26 (1990), 935-945

The Representations of the g-analogue of
Brauer’s Centralizer Algebras and the
Kauffman Polynomial of Links®

By

Jun MURAKAMI*

§0. Introduction

Let C(x, g) be the two-variable rational function field over C with
indeterminates o« and g¢. It is shown in [3] and [8] that the Kauffman
polynomial of links are associated with a sequence of C(«, g)-algebras, which are
denoted by C,(«, g)(neN). These algebras can be considered as g-analogues of
Brauer’s algebras D,(f) [4] defined over C(f), where f is an indeterminate. Let
G be a group of linear transformations on a vector space V and n®" the
representation of G on V" = V® --- ® V, the n-th tensor power of V. Let Z,(G)
be the centralizer algebras of n®", i.e.

Z,(G) = {xeEnd (V")|xn®"(g) = n®"(g9)x for all geG}.

Let G be the symplectic group Sp,, or the special orthogonal group
S80,,+1. Then Z,(G) is a semisimple quotient of the algebra D,(f). From the
results of [3], [5], [8] and [10], we have an analogous result for C,(«, q). Let
g be one of Lie algebras sp,, and so,,,; of the Lie groups Sp,, and
SO,,,+1- Let % (g) be the g-analogue of the universal enveloping algebra %(g)
(see e.g. [5]). Then there is an integer r such that the centralizer algebras
associated with the vector representation of ﬂé(g) are quotients of the algebras
C.(q", 9)-

The aim of the present paper is to construct irreducible representations of
C,(a, q) explicitly. The C(a, g)-algebra C,(a, q)(neN) with 1 is defined by the
following.
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(01) Cl(aa Q) = C(‘L q),
Colo, @) =<1, 1 L e (1 ST < — D171 T = Tip 1 TiTie 1
€i€i+18 = &5 & +18€+1 = &t 1>
T e, 8 = TR 6 TR 6B = T (Eir1s
EEir1 T = &THY, B ETiNY = g1 L (1<i<n—2),

T =TT, 6T = T, &8 =6;8 (1 <i<j—1<n-2),

-1 -1 _ _ 2.3\ 1
=1y =1 =61, =(—a%q) " e,

=t l=@-—qg Hl-eg) (1<i<n—1)) n=2).
) _ . 02q — o 2g"!

Note that (0.1) implies that & = <1 — W—)si. Hence the algebra
C,(«, g) is a one-parameter deformation of the algebra D,(f). More precisely,
D,(B) is the limit ¢ —» 1 of C,(¢?’?, q). The algebra D,(f) is semisimple and its
irreducible representations are classified [3]. Hence its one-parameter defor-
mation C,(a, q) is semisimple and there is a bijection between the irreducible
representations of C,(«, q) and those of D,(f). Let p be an irreducible
representation of C,(a, q). Then the representation matrices of p(z;), p(r; ') and
p(g)(1 <i<n— 1) with respect to a certain basis are given in §1. By taking
the limit ¢ —» 1 of the above matrices, we get the irreducible representations of
the algebra D,(f). Our construction is based on [6].

Let B, denote the braid group on n-strings and o;(1 <i<n-—1) its
standard generators of B,. Let p, be the algebra homomorphism from the
group ring CB, to C,(x q) defined by p,(o!)=(—a?q)" 't (1<i<n
—1). For peC,(a, )" let x, denote the character of pop,. For beB,, let b
denote the closure of b. Let F(b) denote the Kauffman polynomial of the closed
braid b of beB, with values in C,(« gq). Then there are a,eC(a, q) for
peC,(a, g)" such that
0.2) Fb= Y ayxb) (see [3] and [8]).

peCn(a,q) »

We explicitly give the coefficients a, in (2.1) and Theorem 2.2. Hence (0.2) can
be used to calculate the Kauffman polynomial of closed braids. The
representation matrices of p(r;) and p(r; })(1 <i<n—1) given in §1 are all
symmetric. This fact is used to show [9, Theorem 6.2.4], which claims the
following. Let v be a one-dimensional representation of C,(«, g) and F™ a link
invariant associated with F and v introduced in [9, Section 1.5]. Then we have
FOY(K)= F®"(K') for mutant knots K and K'.

I would like to express my thanks to M. Jimbo and T. Miwa who gave me
much information about solutions of Yang-Baxter equations, including the result
of [6].
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§1. Construction
Fix a positive integer n. Let
A={(A1, Azs.. )4 = Ay 2 0(ieN), 4;=0(j » 0)}.
An element of A is called a partition. We also use the following notation.

A(n) = {(Al, Ay JEAIY Ai=n—2,0<j< [ﬂ}

ieN
For two partitions 4 = (4, 4,,...) and 4’ = (43, 43,...) in 4, we denote 4 + A’ if

there is je N such that 4, = J; fori # jand A; = 4; £ 1. For a partition i€ 4(n),
let

P() = {P = (@, A0, ,A") 2@ = (0,0,...), A" = ,
A9~ 26D for 0 <i<n—1}.

Let V, = @pepuy C(®, g)vp, which is a vector space over C(a, q) with a basis
{vp|Pe2?(A)}. In this paper, we use the following notations.

-k amqk_a—m ~k

k
q9 —dq q
k L kym =1
Rl R
For v= (v, v5,...,¥,, 0,0,...)e 4, let

hG,j)=v,—i—j+max{klv,>jl (1 <i</,1<j<w,
[T +v+2-i—j;2)
HF {j—i+1;1}
v +2—-i—j;2}
[Te - z+1 BT 3 -2i—j52)

v, +i>7),

(vi+isf)5

and

(L.1) Gv=i1jlgv(i>(n ORI )

=1 {hG )+ 1}

Fix i in {1, 2,...,n — 1}. We define an element A4; in End(V;). We give the
matrix of A4; with respect to the basis {vp|Pe2(4)}. Let P = (A9, A1, .., 1™)
and @ = (@, v, v™) be elements of (1). The elements of the partition A"
is denoted by A{, 1,.... Let ¢ denote the maximal integer satisfying A{ ™" # 0
and ('h, 7772’ .- ) ;L(‘ 1) We put

n@)=m—i+L
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Let A;vp =Y gepy(Adgrvg- In the following, 6, and &, denote either 1 or
— 1. If there is an element je{l, 2,...,n — 1}\{i} such that 19 %V, then we
put

(1.22) (A)gr = 0.

From now on, we treat the case that A9 =@ for je{1,2,...,n— 1}\{i}. At
first we assume that P = Q. If there is an r in N such that A{~D = A6+ 4 2,
then we put
(1.2b) (Adpr=4.
If A4~V = 26+ then there is a unique r such that A/~ = J® —§,. For such
P, we put

a-Zélq—ZJU](r)—l (x—Zﬁlq—Zﬁlﬂ(r)—l Gl(l)

{200 +1; 26, Gae-0{20,0() + 1; 26,

(1.2¢) (A)pp =

If otherwise, there are unique r and s in N such that r #s, A/~ Y = 1 — §, and
A0 =6+ _ 5, For such P, we put

B 92701 qézrl(S) —d1n(r)
{0,n(r) — 6,n(s); 61 — 65} .

Now, we assume that P # Q. If 2471 # 26*1 then there are unique r and s in
N such that r # s and A9 =9 —§,, A9 = i+*Y 5, For such P and Q,
we put

(1.2d) (Adpp =

{0:n(r) — d,m(s) + 1; 6, — 85} {0,n(r) — S,1(s) — 15, — 65}
{0,n(r) — 6,1(s); 6, — 65} '

If 2471 = 26+1 then there are unique r and s in N such that A1 = 1® — §,
and VWV =" —§,. For such P and @, we put

—01—02 ,—8 -3 -1 /
o0 zq 11(r) — 62n(s) GA(')Gv(-)

G- {0:1() + 0,m(s) + 15 6, + 65}

(1.2¢) (Ai)QP = \/

(1~2f) (Ai)QP =

The above definition of A; implies that (4;))gp = (A)pg for P, Q€ Z(4), in other
words, 4;(1 <i < n — 1) are symmetric matrices. Let P = (19, A1, ..., 1™) and
0 =09, v, v e2(4) such that AP =+ for je{l, 2,...,n}\{i}. By (1.2),
the matrix element (4)y, does not depend on AY, j#i, i+ 1. Let
a

d ¢
limit of the Boltzmann weight defined in [6] associated with the Lie algebra of
Dynkin type C{V. In this case, the function [u] used in the definition of the
Boltzmann weight in [6] is equal to 2 sin(nu/L), where L is an arbitrary non-

AAGTD, A0 @ e+ - (Aj)gp- Let W,,f(

u> denote the trigonometric
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)
u
c

a
zero complex parameter. Put x =exp(nu./— 1/L). Recall that W,,ﬁ(d
u> with respect

a
is a Laurent polynomial in x and the highest degree of W ( P

c

to x is equal to 2 ((1.5) of [6]). For dominant integral weight a of the simple

Lie algebra of Dynkin type C,, given as in Table 1 of [6], let A(a)

= (41, 425...,44, 0,...) be an element of A such that

(1.3) h=a—n—1+i

By comparing the definition of A; and (1.5) of [6], we have the following.
Lemma 1.4. For dominant integral weights a, b, ¢ and d of the simple Lie

algebra of Dynkin type C, such that Aa) + A(b), A(b) v A(c), A(c) v A(d) and

A(d) ~ A(a), we have

) Jfa b~ I, g™V A(AMa), Ab), A(d), A(c))
,,11.12, VVm<d c! Y, lu)x _q_,eI}I—n_ln/L {m+ 1} {1}2 ’

a=qm
where L is the complex parameter used in [6].

Proof. For a dominant integral weight a = (a,, a,,...,a,), let

G = s(a) _[;"]1 2a] T [a—ale;+a] 6@ =+ 1.

<j<k

Then the above lemma is proved by using the fact that the limit of G;ly=gm
with g to eV~ 1L is equal to the trigonometric limit of &(a) Gy ([ T2 <j<k<mli

— kD)™  ([Ti<j<k<mli + k1)™. We omit the detail. M
The following theorem is the main result of this paper.

Theorem 1.5. Let A be a partition in A(n).

(i) There is a representation (p;, V;) of C,(a, q) such that the representation
matrices of p,(t;) is equal to A; defined by (1.2).

(ii) The representation p, is irreducible.

(i) Two irreducible representations p, and p, (4, veAd(n), A #v) are not
equivalent.

(iv) Any irreducible representation of C,(a, q) is equivalent to one of (p;, V)
(Ae A(n)).

A similar result holds for the Brauer’s algebra D,(f).

Corollary 1.6. Any irreducible representation of D,(B) is a limit of p;l,=gsr
with q — 1.

In the rest of this section we give proofs of the above theorem and its
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corollary. Some combinatorial consideration about partitions shows the
following two lemmas.

Lemma 1.7. For Ae A(n), let v and v' be two elements of A(n — 1) such that
vy Aand V' A Then there is peA(n —2) such that p~ v and p~v'.

Lemma 1.8. For ve A(n), let L(v) = {pe A(n — )|u v v}. For vy, v,€A(n)
with n = 3, assume that L(v,) = L(v,). Then v, =v,.

2

We use the following to show the relation E? = (1 — («*q —a"%q 1) (g

—q ) YE,.

Lemma 1.9. For Ae A, we have

G, o*q—a’q ' {
leGl q— q_l .

Proof. Tt suffices to show in the case a = ¢q™ for infinitely may integers
m. Fix an integer m >) ,.n4;. We use representation theory of the Lie
algebra g of type C,,. Let 4 be a root system corresponding to g and I the
weight lattice associated with 4. Fix a simple root system I7 in 4 and let 4, be
the set of positive roots associated with I7. Let Yy =) ,.4, u. For a g-module
V, we denote m,(u) the dimension of the weight space of V corresponding to
u. Let
(1.10) dy(V) = Zrmv(u) qv,

LE.

where (,) is the natural pairing of roots and weights. For ve4, let ¥, be the
simple g-module with highest weight corresponding to v as in (1.3). By using
the g-analogue of Weyl’s character formula ([7], proof of Corollary 8.9), we
have

(1.11) G, = d, (V).

On the other hand, we know that ®VT’1 V,=V,® ¥i.000.., Where ¥, 00, is
corresponding to the vector representation of g. Hence (1.10) and (1.11) imply

2m+1 -2m—1
q —q

szA G, = GAG(l,O,O,...)' Since Gu.0.0.9=1— i—q

statement of the lemma in the case o = g™.

i , we get the

Proof of Theorem 1.5. We first prove the statement (i). Let A; be the
matrix obtained from A; by substituting «~! to « and ¢~ * to g. Then Lemma
1.4 and the inversion relation [6, (2.13a)] imply that 4;4; = 1. Let

A;— A

1.12 E = L+ 1
(112 a—q!
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Let P=(A? A A" and Q= (9 vV, ..., v™) be two elements of
#(4). Then the matrix element (E;)qp is given as follows. If there is an element
je{l, 2,...,n}\{i} such that A9 s yU), then we have

(1.13a) (Edgp = 0.

From now on, we treat the case that AY =v? for je{1,2,..,n}\{i}. If
A1 £ 26+ D then we have

(1.13b) (E)gr = 0.

If 2471 = )0*D and P # Q, then we have
(1.13¢) (Edgp = — —\/Gi”GV"
Gia-u
If 297D =20*D and P = @, then there is an r in N and 6, = = 1 such that

ATY =0 5 and we have

Gy

1.13d E)pp = — .
(1.13) e

By using Lemma 1.9, the matrix E; satisfies
2. -2,.-1
(1.14) E? = —<“—-q——°%— 1>Ei—
q9—4
We have relations

(1.15) E.E; . E; = E;

from (— 1)3\/GV1GVS\/ sz . \/Gv3 H= - \/Gv—l_v: for vied(1<i<4). We
have relations vs v2 v
(1.16) AAia A= A1 AAr L

from Lemma 14 and the star-triangle relation [6, (2.2)]. Let P
= (A9, AN A"y and Q = (v, v, .,v™) be two elements of 2(4) such that
A9 = for je{l, 2,...,n}\{i}. By the definition of A, the matrix element
(A))gp is mot depend on AY,j#i, i+ 1. Let A(A¢7D, 20,y j6+D)
= (A4{)gp- Then, from [6, (2.12)] and Lemma 1.4, we have

(1.17) AAE~D, 0 @ J60+Dy - /MA’(V(”, A1 264D 2@y,
GA(1~I)G}'(;+1)

This formula implies the following relations.
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EE; A= EiAi’i-l, EiEiilAiI =EA;i+q,
(1.18)
AE;E; = Aj+1E;, A{Eit1Ei=Aii1Ei-

From now on, we determine the eigenvalues of A;. From (1.2b)-(1.2d), we know
that A; has eigenvalues g and — q~!. Hence formula (1.12) implies that A; has
at most two eigenvalues except ¢ and — g~ . From (1.14), we know that the
remaining eigenvalue is equal to a?q or (— a2q)"!. But we know that there is
only one eigenvalue (— a?q)~* of A; except q and — g~ !, since lim ,_, , a?4; is
bounded. The above argument implies that A; acts on ImE; by the scalar
(—a*q)~'. Since E; is a scalar multiple of a projection, we have

(1.19) AE; = (—a?q) 'E,.

The above relations (1.14)—(1.16), (1.18) and (1.19) among A4;, A; and
E;(1 <i<n—1) imply that there is a representation p, of C,(«, q) with p,(t;)
= A;, p;(t7Y) = A} and p,(e;) = E;. This proves the part (i) of Theorem 1.5.
From now on, we prove (ii) and (iii) inductively. We identify C,(x, q) with
Co, q). Forn=2, pu(ty) =4, puyy(ty) = g~ ' and p,(r;) = (—a*q)”'. Hence
the statements (i) and (iii) are satisfied for the case n = 1,2. Now, for n > 3,
assume that C,_,(a, g) satisfies (i) and (iii). In the following, we identify
C,_i(o q) with the subalgebra of C,(o, q) generated by <i',..., tEl,,
€15...5€n—2. Let AeA(n). Let W, is the subspace of ¥, spanned by the vectors
{Vworissossinziviiy| (Bos B1seees Bno2, v, A)€P(n)}. Then W, is C,_,(a, g)-invariant
and isomorphic to ¥, as a C,_,(« g-module. Hence, by the induction
hypothesis, W, is an irreducible C,_, (o, g)-module. By the definition of ¥;, we
have V,=® W,. Let U be a C,(«, g)-submodule of ¥,. Then U is also a

veA(n—1) "V
v~

C,—(a, g)-submodule of ¥;,. The induction hypothesis says that W, and W, are
not equivalent for distinct v and v' in A(n — 1) and so V; is multiplicity-free as an
C,_1(a, g-module. Hence, for each ve A(n — 1) such that v Tl, Unw, =W,

or 0. Now, assume that there are v and v’ in A(n — 1) such that v Y A, V' 1~/1,
UnW,=W, and UnW, =0. Lemma 1.7 shows that there is ue A(n — 2) such
that p~vand pu~v. Let P= @, pY,...,p™) and P' = (p'?, pV,...,p'™)
be elements of 2(A) such that p® =p® for i#n—1, p" 2=y, pr b
=v,p® Y=y and p™ = 1. The construction of the representation p, implies
that

(1.20) Piltn—1)0p = AppUp + -

with respect to the basis {vy|Q€?(4)} of ¥;. Recall that the subspaces W, and
W, are spanned by subsets of {v5|Qe?(4)}, v,eW,v,eW, and
App #0. Since U is a C,(o, g-module, App # 0 contradicts that the
assumption UnW, =0. Hence, U must be ¥, or 0 and so V; is an irreducible
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C,(a, g-module. This proves (ii).

With the induction hypothesis, Lemma 1.8 implies that ¥, and V,, are not
isomorphic as C,_,(a, g)-modules. Hence V;, and V,, are not 1somorph1c as
C,(a, g-modules. This implies (iii).

We show the last statement (iv). Since the algebra C,(o, q) is a one-
parameter deformation of the Brauer’s algebra D,(f), the number of irreducible
representations of C,(«, q) is equal to that of D,(B). The number of the
irreducible representations of D,(f) is given, for example, in [12], which
coincides with the number of £(n). Hence the representations constructed
above covers the all irreducible representations of C,(x, q). B

Proof of Corollary 1.6. We noted that the limit g —» 1 of the algebra
C,(g%?, q) is isomorphic to Brauer’s algebra D,(f) in [12]. Let p, be the
representation of C,(x, g) constructed above and c(«, g) a coefficient of the
representation matrix p;(t;) of a generator 1;(1 <i <n—1). Then c(q??, q) has
a limit with ¢ — 1 and c(¢#'?, q) # 0 if c(«, q) # 0. Hence we can apply a similar
argument of the proof of Theorem 1.5 to the limiting case and we get the
corollary. H

§2. The Kauffman Polynomial

In this section we give a formula (2.1) for the Kauffman polynomial in terms
of the irreducible characters of the algebra C,(«, g) introduced in the last section.
Let a and q be indeterminates. For a positive integer n, let B, denote the braid
group on n-strings and C(a, q) B, the group ring of B, over the field C(a, q).
Let 04, 0,,...,0,_, be the standard generators of B, given as in Figure 1.

gty

i-11 i+1 142 n
Figure 1

Let p,: C(a, g) B, — C,(o, q) be the algebra homomorphism defined by p,(o;)
=(—a?q) 1. For beB,, let
a2g —a~2g-1\"!
@1 F,,(b)=< 1——3—_f> Y Gita(ealb),
q—4q AeA(n)
where y, be the character of the irreducible representation p, of the algebra
C, (o, q) introduced in §1.
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Theorem 2.2. Let b be an n-braid and b denote its closure. Let F(b)
= F,(b). Then F is the Kauffman polynomial of links (see e.g. [2] and [8]).

Proof. First, we prove that F is an invariant of link isotopy types. To do
this, we show that F is constant on a equivalence class of B with respect to the
Markov relation. The Markov relation ~ is the equivalence relation of B
= {(b, n)|beB,} generated by the following.

(1) FOI' bla bZEBm (blb25 n) ~ (beln n)'
(@) For beB,, (b,n) ~ (baf!, n+1).

— e~
We have F(b;b,) = F(b,b,) for b,, b,eB, since F, is a linear combination of
characters y,°p, of B,. We show that F (l;) =F (b/a;,ﬁ) for beB,. By using the
construction of p;, the above equalities follow from Lemma 2.3 below. Let w(b)
denote the exponent sum of b. The regular isotopy invariant L defined by L(b)
= (— a?q)*®F(b) satisfies the following relations.

L(K.)— L(K-) = (q — g~ ) (L(K,) — L(K)),
L(K,.) = —a*qL(K), L(K,-) = (- o*q) ' L(K-), L(O) = 1,

where the K, are identical except within a ball where they are as in Figure
2. Hence F is equal to the Kauffman polynomial by [8, Section 2].

Kn

Figure 2

Lemma 2.3. For A, and 1, in A such that %, ~ 2,, we have

G
5 A(Ays Agy Ay A3) = — a2q.

lles Az
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Proof. Let 1, be an element of A such that 4, o A,. From (1.19) and

A; Al =1 wehave ), . /G, G, G ' ALy, A3, Ays A) = — 02q/G,,G,, G3}
G,
G,
we get the statement of the lemma. M

and so we have Zaz;as A'(Ayy A3, Ayy Ay) = — a2q.  Applying (1.17) to this,
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