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Holomorphic and Singular Solutions
of Nonlinear Singular First Order
Partial Differential Equations

By

Raymond GErarRD* and Hidetoshi TAHARA**

Introduction

In this paper we will discuss the following types of nonlinear singular first
order partial differential equations:

ou ou
(E) tE'—"F(ta X, u:a):
0
where (f, x)eC, x C%, x = (X,...,X,), M ﬁ,...,a—u , F(t,x,u,v) is a
0x 0x, 0x,

function defined in a polydisk 4 centered at the origin of C, x C* x C, x C",
and v = (vq,...,v,). Our assumption is as follows:

(A F(t, x, u, v) is holomorphic in 4,
(A,) F(0, x,0,0) =0 in 4,,

OF
(Ay) 5(0, x,0,00=0in 4, for i=1,...,n,
where 4o =4n{t=0,u=0 and v = 0}.
The purpose of this paper is to study the following:

Problem. Investigate the structure of holomorphic and singular solutions
of (E).

The most typical model of our equation (E) is the following ordinary
differential equation
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©.1) o fw,  f0,0=0

which was first studied by Briot-Bouquet [2]. Nowadays it is called the Briot-
Bouquet equation and the structure of solutions of (0.1) near the origin of C, is
well-known (see Hille [6], Hukuhara-Kimura-Matuda [8], Kimura [9], Gérard
[5] etc.). In particular, when

_
p=700)

is in a generic position, we know the following:

Theorem. Assume that f(t, u) is a holomorphic function defined near the
origin of C, x C,. Then we have:

(I) (Holomorphic solutions). If p&N*(={1, 2, 3,...}), the equation (0.1) has
a unique solution uy(t) holomorphic near the origin of C, satisfying uy(0) = 0.

(IT)(Singular solutions). If p&N*U{a€eR; a < 0}, the general solution u(t)
of (0.1) near tne origin of C, is given by

(0.2) u(t) = C[p + al,ot + Z ai’jti(ctp)j,
i+722
where ceC is arbitrary, the coefficients a; ;€ C are uniquely determined by the
equation (0.1), and the series
wa ot 4+ Y at'w
itjz2
is a convergent power series in {t, w}. The holomorphic solution uy(t) in (I) is
given by the case ¢ = 0.

Is it possible to generalize these results (I) and (II) to our partial differential
equations ? What kinds of series appear in the expansion of singular solutions of
(E)?

In order to answer these questions, let us make clear the meaning of our
“singular solutions”. Denote by:
~C\{0} the universal covering space of C\{0};

- Sy the sector in C\{0} defined by {teC\{0}; |argt| < 6};

~S(e(s)) = {te(ffT{b}; 0 < |t| <e(argr)} for some positive-valued function &(s)
defined and continuous on Rg;

-D(d) ={xeC";|x;| <d,i=1,...,n};

—C{x} the ring of germs of holomorphic functions at the origin of C".

Definition of 0,. O, is the set of all functions u(t, x) satisfying the
following conditions (i) and (ii):
(i) u(t, x) is holomorphic in S(e(s)) x D(d) for some &(s) and 6 > 0;
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(i) there is an a > 0 such that for any 6§ > 0 and any compact subset K
of D(d)

max |u(t, x)I = O(]¢[")

as t tends to zero in S,.

Note that u(s) = s, a >0, is a particular form of a function satisfying the
following properties:
(u) ()€ C((0, ),
(u3) u(s) >0 and p(s) is increasing in se(0, o0),
1
(u3) J E(i)ds < + .
o S ’
Definition of 0,,. O, is the set of all functions u(z, x) satisfying the
following conditions (i) and (ii):
(i) wu(t, x) is holomorphic in S(e(s)) x D(6) for some &(s) and § > 0;
(i) there is a function u(s) satisfying (u,), (u,), (13) such that for any 8 > 0
and any compact subset K of D(d)

max |u(t, )| = O(u(2])

as t tends to zero in S,.

In this paper we will employ the space O, or 0, as a framework of
singular solutions. Clearly, we have O, < 0,,.
Put

oF
0.3) p(x) = E(O’ x, 0, 0).

Then we can state our main theorem as follows:

Main Theorem. Assume (A,), (A,), (A;) and p(0)sN*. Then we have:

(I)(Holomorphic solutions). The equation (E) has a unique solution uy(t, x)
holomorphic near the origin of C, x C% satisfying uy(0, x) = 0.

(IT) (Singular solutions). Denote by &, [resp. ] the set of all @:-
solutions [resp. @in[-solutions] of (E). Then:

2

1

— P, = {{“0}, when Re p(0) £ 0,
T T Vuo U{U(); 0 % 9(x)eCix}},  when Rep(0)> 0,

where uq is the holomorphic solution in (I), and U(p) is an (5+-solution of (E)
having the expansion of the following form
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iv2j2k+2
jz1

{ Up) = Z u(x)t + Z ¢i.j,k(x)ti+jp(x)(10g ty,

®0,1,0(x) = @(x).
Note that our result is consistent with the one for (0.1). To see this, we

0
have only to recall that (0.1) is transformed into the equation <t5— )w

= 0 under the relation

u=w4a; ot + Y at'w
itj=2
and therefore in (0.2) the condition u(t)e&r is equivalent to the condition
ct"65+ (see Hukuhara-Kimura-Matuda [8]).
Thus, our equation (E) is quite similar to the Briot-Bouquet equation (0.1)
not only in the form of the equation but also in the structure of solutions, and
therefore the following definition will be reasonable:

Definition. If (E) satisfies (A;), (A,) and (A;), we say that (E) is of Briot-
Bouquet type with respect to t. Then, the holomorphic function p(x) defined by
(0.3) is called the characteristic exponent function of (E).

The paper is organized as follows. In §1 we will show the existence and
uniqueness of holomorphlc solutions, in §2 we will construct a family of smgular
solutions U(¢g) in (9+, and in §3 we will discuss the uniqueness of @,m
solutions. Using the results obtained in §1 ~ §3, in §4 we will give a proof of
Main Theorem. Some remarks will be stated in §3.

Throughout this paper we write N={0,1,2,...} and N*=N\{0}
={1,23,..}.

This joint work began during the stay of the second author at the
University of Strasbourg (France) and was finished during the stay of the first
author at Kyushu University in Fukuoka (Japan).

§1. Holomorphic Solutions

In this section we will study holomorphic solutions of nonliear partial
differential equations of the form:

0 ou ou Ju
E Z = e el
(E,) (tat p(x)>u ta(x) + Gz(x)<t, tat’ u, o, ""’6x,,>’

where p(x) and a(x) are holomorphic functions defined in a polydisk D centered
at the origin of C%, and

G, ()t z, Xo, Xy, . X)) = ), 4, ()PAXEXE X

pHq+iafz2
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in which the coefficients {a, ; ,(X)},+4+ 2> are holomorphic in D and

Iap,q,a(x)l é Ap,q,az;

moreover the power series

G,z X)= Y 4

ptgtja|z2

paatfZ1X®
is convergent near the origin of C, x C, x C§*!.

A holomorphic solution of (E;) means in this section a solution u(t, x)
holomorphic near the origin of C, x C} satisfying u(0, x) =0, and a formal
solution of (E;) means a formal power series solution of the form

Y u(x)e"

mz1
whose coefficients {u,,(x)},», are holomorphic in a same disk centered at the
origin of CZ.
Then we have:

Theorem 1. (1) Each formal solution of (E,) is convergent.
(2) If p(0O)&N*, (E,) has a unique formal solution which gives a unique
holomorphic solution u(t, x) satisfying u(0, x) = 0.

Note that the assertion (I) of Main Theorem easily follows from (2) of
Theorem 1.

Proof. The assumption p(0)§N* implies easily that (E;) has a unique
formal solution of the form

Y up(x)e™.

m=1
Moreover, u,,(x) (for m = 1) is determined by the following recursive formula:
a(x)

uy(x) = 1_——p (_x)

and for m = 2
(L) ) = mfm<ul<x>, 23X 1 = Vit (0, 14yt (),

ou ou ou,, - ou,, _
a_xia-v-aax:w--, axlla--u axnl;{ap,q,a(x)}p+q+[a|§m>'

Hence, if p(0)§N*, this formula shows the unicity of the formal solution
and the unicity of a holomorphic solution if it does exist.



984 RAYMOND GERARD AND HIDETOSHI TAHARA

To prove the assertion (2) of Theorem 1, we have only to prove the
convergence of this formal solution. From now we write
D,={xeC";|x)| <ai=1,..,n}.
We will make use of

Lemma 1. If a function u(x) holomorphic in Dy satisfies

C
lu(x) £—=——— on D, for 0 <r <R,

(R—ry
then we have
G C 1
éxli(x)i §(I<e—8)7;r‘”_)l on D, for 0<r<R,i=1...n

(where e is the real number such that loge = 1).
For the proof, see Hormander [7, Lemma 5.1.3].

Proof of the convergence of the formal solution

12) Y u, ().

m=1

First we assume p(0)§N*. Then by taking R sufficiently small we may assume:
1) 0<R<1;
2) all the u,(x) are holomorphic in Dg;
3) we have in Dy

0
()l <4, |l <4, i=1,..,n;
0x;
|ap,q,a(x)| = Ap,q.an p+aq+lal=2;

Im—px)|Z2om m=1,2,3,....
Consider now the following analytic equation
cY=0cAt + 1 ﬂ‘——t" YiYy®(eY)* .. (eY)™
R—7peqffuz2(R—rpratlei=2 '

By the implicit function theorem, this equation has a unique holomorphic
solution of the form

(1.3) Y=Y Y,

m21
and Y,(r) (for m = 1) is determined by the following recursive formula:

Y1=A
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and for m =2

1

(14) O'Ym = ﬁ

Fm<Y1,..., Yo_1,eYy,...,eY,_q;

rtpre)....)
_ +q+a|—2 :
(R —rppre ptatial<m

Moreover by induction on m we can see that Y, (r) is expressed in the form

C
1.5 Y,r=——"-—,m=12,..
( ) m(r) (R _ r)m—l m
with constants C; = 4 and C,, =0 (for m = 2).
Let us show that this power series (1.3) is a majorant power series for the
formal solution (1.2). To do so, it is sufficient to prove the following
inequalities for all m:

(1.6),, [u,(x)] < |mu,,(x)| £ Y,(r) on D, for 0 <r < R;
ou,, .
(1.7, Em (x)| < eY,(r) on D, for 0<r<R,i=1,...,n

Since Y; = A, the case m = 1 is clear from the definition of 4. We will prove
the general case by induction on m.

Let m = 2. Suppose that (1.6), and (1.7), are already known for all p
<m. Then from (1.1) and (1.4) we have

(1.8) [t (x)]
1
= m ‘u I, 12uyl,..., m—lum— , U ,,.,,|um__ I
1 2t m = Dl )
ou, Ou, Oty 4 O 1 |
6_)(;1 benes a—xn yeees ax1 gaees ax,, N {|ap,q,a|}p+q+|a[§m

1
é%fm(Yla YZ’---,Ym—U Yls‘--a Ym—l’

A

. DP.q,a
eYl:---,eYla---;er—l,--.,er—l’{W} >
ptg+iajsm

1
=—Fm<Y1,..., Y, 1, eY,,...,eY, _;

am
_ +q+|a|—2
(R r)P 4 prqt+iaj=m

= R—1Y,0)
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which yields (1.6),,. Since Y, (r) has the form (1.5), the above inequality (1.8) is
written as

1
[t ()] §E(RC$ on D, for 0<r<R

and therefore by Lemma 1 we obtain

m—1 eC,
m (R—r""

IA

0
St (x) ;S eY,(r) on D,
0x;

for O<r<R,i=1,...,n

which implies (1.7),,.
Thus, by summing up we have obtained the convergence of the formal
solution (1.2) under the assumption p(0)§N¥*.

Now assume that p(0) = ke N*. Then the equation for u(x) takes the
form

(19) (k= p(x))u(x) =fk<u1(X), 2uz (%), ..o (k = D1 (X), w3 (x),..., 1 (%),

% % Oth— 3 Othe—1 (a,....()}
axl,...,axn,..., ax1 geeey axn N D4, p+q+|a|§k .

When p(x) # k and if (E,) has a formal solution, (1.9) implies that wu,(x) is
determined uniquely. When p(x) = k and if (E,) has a formal solution, we must
have from (1.9)

0 Efk<“1(x)» 2u5(x),..., (k — Duy— 1 (x), uy(x),..., w1 (x),

Ouy Ouy Ouy_ ¢ Ou_y
axla--wax"’---: axl 5---’—8?"_’ {ap,q,d(x)}li‘*'q'*'mék

on Dy

which implies that u,(x) can be taken arbitrarily. Moreover, if u,(x) satisfies
(1.6), and (1.7),, the proof given before can be applied and the.formal solution is
convergent. Hence, to have the convergence of the formal solution we have
only to notice the following fact:for a given u,(x) we can modify
{4, 4.0 p+a+m<k SO that (1.6), and (1.7), are satisfied.

Thus, the proof of Theorem 1 is completed.

Denote by C{x}[[t]], the ring of formal power series of the form
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Y ()"

m=1

whose coefficients u,,(x) are all holomorphic in a same disk centered at the origin
of C;, and by C{x}{t}, the subring of convergent series.

Definition 1. An operator
D: C{x}[[t]]o — C{x}[[t1To
is called singular regular, if and only if
ueC{x}[[t]], and DueC{x}{t}, imply ueC{x}{t},.
Then we have:

Corollary. The operator

0 du Ju du
D:u— Du= (tE — p(x))u — ta(x) — Gz(x)<t, ta, u, a_xl”a_x,)

is singular regular.
Remark 1. Theorem 1 is not true for a partial differential equation

containing higher derivatives with respect to x. For example, let us consider

0 t 0%u i
(1.10) té;—p u =1—?;+ t&—z, p is constant and p&N¥*;

the equation (1.10) has the following formal solution

~ @2m —2)! "
u(t, x) = m;l(l —p)-(m—p) (1 —x)*m1!

which clearly diverges.

Remark 2. (1) When p(0) = keN* and p(x) # k hold and if (E;) has a
formal solution, then Theorem 1 gives a unique holomorphic solution.

(2) When p(x) = ke N* holds near the origin of CJ and if (E;) has a formal
solution, then Theorem 1 gives a family of holomorphic solutions depending on
the arbitrary function u,(x).

For some other results on the existence of holomorphic solutions for
nonlinear partial differential equations, see Bengel-Gérard [1] and Gérard [3, 4].

§2. Singular Solutions

In this section we will construct a family of singular solutions in 0, of
nonlinear partial differential equations of the form:
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0 0 0
(E,) t——p(x) Ju=ta(x) + G,(x)| t, u, 4 ,——u— ,
ot ox, x, " 0x,

where p(x) and a(x) are holomorphic functions defined in a polydisk D centered
at the origin of CZ, and

2.1) Gz(x)(t,XOaXD---’Xn)= Z ap,q ()87 X5° X T X pin
+ el

llV

in which the coefficients «[cz,,,‘,c(pc)}~l,+,m|g , are holomorphic in D and

lap(X)] < A4 43
moreover the power series

|G2|(ta X) = Z Ap,atha
ptla[=2

is convergent near the origin of C, x C%*1.

Note that (E,) is a particular form of (E;). Therefore, from Theorem 1 we
know the following: if p(0)sN*, the equation (E,) has a unique holomorphic
solution u(t, x) satisfying u(0, x) = 0.

Now, let us find singular solutions of (E,) of the form
(2.2 u(t, x) = w(t, t*), x, logt)
with

Wt L2 X, V)= Y Wy (%, YT 52

mi+ma21
To do so, we put t,t, and y as follows:
2.3) ty =t t, =t’® and y = logt.
Then, under the relations (2.2) and (2.3) we have

tau—téy—+ (x)ta—w+a—W
o tar, T PG, Ty

du ow  0p(x) ~Ow
ox, 0x; Ox; ¥ 201,

i

i=1,..,n

Therefore, in order that u(t, x) given by (2.2) is a solution of (E,) the function
w(ty, t,, X, y) must be a solution of

, 0 0 0
(E3) < 6t1 + p(xX)t;— at, —px) + 6_y>w

ow  dp(x) ow dp(x) Ow
_ tr— |.
%, | ox, ytzatz “ox T ok V25,

= tla(x) + G2(x)<t1’ w,
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Propesition 1. (1) If the condition

my + p(x)(my; — 1) %0 on D,
Jor any (my, my)e N*\{(0, 0), (0, 1)}

is satisfied, (E3) has a formal solution of the form

2.4)

Z um(x)tT + Z (pml,mz,k(x)trlmt'anykn
mz1 my+2ma2k+2
my=>1

where @ 1 o(x) is arbitrary, and all the other coefficients u,(X), Qm, m,x(X) are
uniquely determined by @q 1 o(x). If @o.1.0(x) is holomorphic in D,, then all the
coefficients U, (X), P, m,.1(X) are also holomorphic in D,.

(2) If p(0O)sN* and Rep(0) > 0, then the formal solution given in (1) is
convergent on a region of the form

{(t1, 15, %, y)eC x C x C" x C; |t,] <&, |t,] <o,
Iyt <& |yt <eand |x| <r (i=1,...,n)}
for some ¢ >0 and r > 0 (depending on ¢, 1,0)-
Before the proof, let us present some preparatory discussions.

First we note that under the relation

W(tl’ tz, X, y) = Z Wml,mz(xa _V) t'lmldln2

my+mz=1

the equation (E) is equivalent to a recursive family of equations as follows:

e (1= 900+ £ )i = ato
y

0
2.6) (@)%J=Q

and for my + my =2 2

2.7 <m1 + pl)(m, — 1) + %)wmhm2

owy;  Op .
=fm1,m2<{wi;j}i§m1,j§mz ’ { . + —iji.j}, [N
iSmy,jE<ma

itjsmi+ma—1 0x4 0x,

ow,; Op
> — VW, .
{6)6” +6x,, Y I’J}igm,,'
itj

Next let us consider the operator

itjSmy+my—1

5 {ap,a}p+[a|§m1 +mz> .
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0
Lml,mz =my + p(x)(mz - 1) + _a_y'

Denote by C,{x} the ring of all holomorphic functions in D,, and by P, .{x}[y]
the set of all polynomials ) [~ @;(x)y* of degree m in y with coefficients @;(x)
belonging to C,{x}. Then, if the condition (2.4) is satisfied, we can easily see the
following properties 1) and 2):

1) Lo,1(Po,{x}[y]) =0
2) for any (m,, my)eN?\{(0, 0), (0, 1)} and meN the operator

Lml,mZ: Pm,r{x} [y] — Pm,r{x} [)’]
is invertible.
In order to estimate the operator norm of the inverse of L,,, . P {x}[V]

— P, {x}[y], for ¢(x)eC,{x} we define the norm |l¢|, by

(28) loll, = max|o(),

and for w(x, y) =Y, ¢:i(x)y'€ P, {x}[y] we define the norm |w],, by

CINEW AR

Then we have:
Lemma 2. If the condition
Imy + p(x)(m; — 1)| 2 a(my + m;) on D,
for any (my, m,)e N*\{(0, 0), (0, 1)}

is satisfied for some o >0, we have the following properties 1) and 2) for any
(my, my)eN>\{(0, 0), (0, 1)} and meN:

1) Lymy: Pur{x}[y] — P,,.{x}[y] is an invertible operator;

2) for any w(x, y)eP, , {x}[y] we have

2m

o
P (ml + m2) ”W”r i S ”me mz(w) ”r A !f }' T;"'—n'lz)

Proof. 1) is clear. Put w(x, y) =Y ¢:(x)y'€P,,{x}[y]. Then, 2) is
verified by the following:

” Lml mz(w) ”r A

2 5 1m + plmy = Dol = 3 illgul 7

m . m > .
2 omy +m) ). ol 2 =7 ) ol
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= <6(m1 +my) — %) 1wy, -

This lemma guarantees that the same argument as in § 1 can be also applied
to (Ej).

Proof of Proposition 1. The existence of a formal solution of the form

(2.9 Y Wam (X, YT
mi+my=1
with
(2 10) Wm,OEPO,r{x} [y] = Cl‘{x}’ m z 1,
’ wml.mzEPm1+2m2—2,r{x}[y], ml + mz g 1 and m2 _2_ 1

is a consequence of (2.5), (2.6), (2.7) and 1) of Lemma 2.
Let us show the convergence of the formal solution (2.9) with (2.10). The
assumptions p(0)&N* and Re p(0) > 0 imply that

[my + p(x)(m, — 1)| 2 a(m; + m,) on Dy
for any (m;, m,)eN*\{(0, 0), (0, 1)}

is satisfied for some ¢ >0 and R > 0. Choosing R > 0 sufficiently small, we
may assume:

1) 0<R<1;

2) WpoeCrix}, m=1;

3) Wyomy (% V)E Py v 2my, 2, r{X}[¥], my +my 2 1 and my 2 1;
4) we have the following estimates:

ow
HW1,0”R§A1, L0 <4, i=1,..,n;
i IR
0wy 4
w < A4,, : < A4,, i=1,..,n;
H 0,1“R._ 2 axi R_ 2
0
P <c i=1,..,n;
0x; ||

”ap,a “R g Ap,a’ p + l(x| ; 2

Consider now the following analytic equation

Y= %(A1t1 + A,t,)

0 Q

1 A
22 2 Y*™(eY+ cAY)" .- (eY + cAY)™.

+ P ———— T ——
R —rp+fafz2(R — r)P+1a|—2
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The implicit function theorem tells us that this equation has a unique
holomorphic solution of the form

2.11) Y=Y 7,

my,mz
my+my2=1

(r, A)emieme,

Moreover it is easy to see that the coefficients Y, ,,(r, 4) has the form

Coy,ms(4)

Ynima(rs 2) = (g pmiema=1

with C, 4(4) = 4;, Cy1(4) = 4, and C,,, ,,(4) = 0 (for m; + m, = 2). Hence, by
induction on (m,, m,) we can see in the same way as in §1 that the following

inequalities hold for any (m,, m;)eN?\{(0, 0)}, 0 <r <R and 4> (4/0):

” Wml,mz “r,/'l. é le,mz(r’ A)s

‘ aWml,m:z

ym2wm1,m2
H 0x;

axi = erl,mz(r7 ;L)a i=1,..,n,

rA

S cAYy, my(rs A), i=1,..,n

ra

This implies that the power series Y in (2.11) is a majorant series for the formal
solution (2.9).
If we fix r and A as above, by the convergence of Y we have

M
” Wml,mz ”r,/’l. é Wy (ml’ mZ)ENZ\{((), 0)}

for some M >0 and ¢ > 0. Therefore, if |x| <r and 1 = 1, by denoting #(y)
=max {1, |y|} we have

|Wm1,mz(x9 Y)| [tl 'm1|t2|m2
mytmaz1

IIA

[N — e 2 (@)™ * 22 8y ™ |2, ™
mitma21

M
< X W(”I(Y”H|)m1(’7(,V)2|t2|)m2

mi+mz=1

which converges for any (¢,, t,, y) satisfying n(y)|t;| < & and #n(y)*|t,| < e This
proves (2) of Proposition 1.

Summing up, we have

_ Theorem 2. If p(0)&N* and Re p(0) > 0, the equation (E,) has a family of
O ,-solutions of the form
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(2.12) w()+ Y )TN log ),
2

i=1 i+2j§f+
where ¢, 0(x)eC{x} can be taken arbitrarily, and all the -coefficients
u;(x), @; ;x(x) are holomorphic in a same disk centered at the origin of Cg;
moreover the solution (2.12) is uniquely determined by ¢, , € C{x}. If we take
©o.1,0 =0eC{x}, the above (5+-solution is reduced to the unique holomorphic
solution of (E,).

Proof. Let
Z w(X)t + Y @)ty
iT1 i+2/Zk+2
jz

be a holomorphic solution of (E3) obtained in Proposition 1. Then, by the
assumption Re p(0) > 0 and (2) of Proposition 1 we can easily see that the series

Z u(x)t + z (pi,j,k(x)ti+jp(X)(IOg t)
i1 i+2j3k+2
jz1
is convergent in 0 + and therefore it gives an 0 ,-solution of (E,).

Since the existence of the unique holomorphic solution of (E,) is already
known, to complete the proof of Theorem 2 it is sufficient to prove that the
formal solution of (E,) of the form (2.12) is uniquely determined by ¢, , o€ C{x}.

Let (¢, x) be a formal solution of (E,) of the form

(2.13) A x) = Y w(r+ Y )T log),
iz1 i+2]2k+2
J

Y
v

[\%

where u;(x), @; ;1 (x)eC,{x}. When p(x) is not a constant function in C{x} or
when p(x) = constant ¢ Q, then any finite subset of

{t+ P (log o) ;i +j+ k= 1}

is linearly independent over the ring C,{x} as a family of functions and therefore
all the coefficients u;(x), ¢, ;,(x)eC,{x} of the formal solution ii(t, x) are
uniquely determined by @ 1 o(x).

When p(x) =constant €Q, p(x) is expressed as p(x)=p/q for some
p, geN* satisfying (p, q) = 1. Since p(0)sN* is assumed, we have ¢
> 2. Then, #(t, x) in (2.13) can be rewritten in the form

(2.14) At x) = Y Yn()r(logt),

where ¥, 0(x) = @o,1,0(x). Since i(t, x) is a formal solution of (E,) with
p(x) = p/q and since any finite subset of {t/4(logt)*; 1+ k =1} is linearly
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independent over the ring C,{x}, an easy calculation shows that logarithmic
terms do not appear in the formal solution of the form (2.14) and therefore
i(t, x) is expressed as

(2.15) a(t, x) = Z W o(x) 28,

Thus, if we rewrite (¢, x) into the form (2.15) as above, we can conclude that all
the coefficients ¥, o(x) are uniquely determined by ¥, o(X) = @, 1,0(x).
Thus, the proof of Theorem 2 is completed.

§3. Uniqueness of the Solution

In this section we will discuss the uniqueness of the 0,-solution of the
equation (E,).

As is proved in Theorem 2, we already know the following uniqueness
result: if p(0)§N* and Re p(0) > 0, if u, (¢, x)e(ﬁ¢ and u,(t, x)e@+ are solutions
of (E,) having the expansion of the form

(3.1) wp(t, x) = Y uP)r + ¥ o) ()P (log ),
i21 l+2]>{(+2
jz

p=12

with u{P(x), o) (x)e C,{x} for some r > 0, and if @i ,(x) = P o(x) holds in
C,{x}, then we have u,(, x) = u,(z, x) in 0, .

The purpose of this section is to remove the assumption that u,(t, x) has an
expansion of the form (3.1).

Theorem 3. Let u,(t, X)E(Eim and u,(t, x)e(ﬁim be solutions of (E,). Then:

(1) For any a < Rep(0) we have t™“(u, — u,)e0,.

@ I t:l’(u1 —u,)e0;,, holds for some b= Rep(0), we have u,(t, x)
= Uy (t, x) in Oy

Proof. Let u,e@,, and u,e0;, be two solutions of (E,). Set w = (u,
—u,)e0;,,. Then w(t, x) is a solution of

0 L ow

(3.2) (ta - p(x)) w = Aot, X)w + i; At x)a

i

with

ow  Ou, ow auz)ds

190G,
A, x)—Jl) 3X, (x)<t, SW+ Uy, S Fr x +6—1 Séx_,,-'_ x,

i=09 1,---9n5
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where G,(x)(t, X,, X,,...,X,)is as in (2.1). Since w and u, belong to 0,,,, from
(2.1) we have A(t, x)e0;,, i=0,1,...,n. Therefore, by the definition of @im

there are &(s), R > 0 and u(s) satisfying (u,), (4,), (u3) such that for i =0, 1,...,n
we have:

1) A;(t, x) is holomorphic in S(e(s)) X Dg;
2) for any 6 > 0 there are § >0 and M > 0 such that

(3) max |Ai(t, x)| < Mu(le])
holds for any teS,(0) = {te Sy; 0 <|t| < }; in addition, by (u;) we

may assume
)
1(s) R
B ds < —.
L s ©S3m

Take any 6 >0 and fix it. Let R>0, pu(s), M >0 and 6 >0 be as
above. For tyeSy(d) we write

L(to, 6) = {t; t= Sto, 0 <Ss é 5/\t0|}.

Lemma 3. Let 0 <R, <R, <R be such that R, + (R/3) < Ry and R,
+ (R/3) < R. Then:
(1) For any (to, x°)€Sy(8) x Dy, the equation
(ax@_ 1 4
(3.4) i t(Al(t’ x(1)), ..., An(t, x(2))),
x(to) = x°

has a unique holomorphic solution x(t) defined near L(ty, 0) such that x(t)eDg
holds for any te L(ty, 6) and that x(t) converges to some point in Dy as t tends to
zero in L(t,, 9).

(2) Denote by x(t;ty, x°) the unique solution of (3.4) and put

I(to, x°) = {(t, x(t; to, x°)); te Lito, 9)}-
Then we have for any tye Sq(d)

U I'(ty, x°) > L(ty, 6) X Dg,.

x%eDR,

To see this, we have only to notice the conditions R; + (R/3) <R, R,
+ (R/3) < R; and the following fact: for any te L(t,y, 6) we have

f"’Ai(T, x(@) 4.

T

)
ng M) s < R
o S 3

Ix(0) — xP| =

éM‘J'ItoIE@dS
|

t| S
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By using this lemma we can investigate the behavior of w(t, x(¢)) as t tends
to zero in L(ty, ). In fact, if we put
W) = w(t, x(t; to, x°)), teLlto, 0)
for (t5, x°)€Sg(d) x Dg,, by (3.2) and (3.4) we have

(35) (D (px(0) + Aglt, xO)W=0

with x(f) = x(¢; to, x°) and therefore by integrating (3.5) we obtain

(3.6) W) = W(t(,)exp[ B f’”ﬂ(x(r)) + Ao(t, x(1)) dr:l.

: T

Now let us prove (1) of Theorem 3. Take any a < Rep(0). We may
assume that

a+ e < Rep(x) on Dy
holds for some ¢>0. Then, by (3.3) and (3.6) we have for any te L(ty, )

satisfying |t| < |t,|
toA
. T

[t™ 1)
y exp( B Jl Re p(x(sto)) — (a + o) ds}
|

tl/lto] S
o S (s
< 1] ﬂW(m)lexp[Mf @ds].
0

Hence, by putting t, = de'”, || < 6/2 and by using (2) of Lemma 3 we obtain for
any (t, x)€ Sy5(0) x Dg,

< |t0|'“_8|W(to)|exp[

[t w(t, x)|

]
gé‘“"‘exp[MJ @dsi' X max |w(de™, x)|.

: 5
This implies that t™*we 0. holds, since 0 > 0 is taken arbitrarily. Thus, (1) of
Theorem 3 is proved.

Next let us prove (2) of Theorem 3. Assume that t°w = t_:”(u1 —u,)ely,
holds for some b= Rep(0). Then, by the definition of 0,, we see the
following: if R > 0 is sufficiently small, we have

3.7 grsxgxlt"’w(t, x)| = o(1) as t tends to zero in Sy
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for any 6 > 0.
When b > Re p(0) or when b = Re p(x), we may assume that
b = Rep(x) on Dyg.
Then by (3.6) and (3.7) we have

|W(t0’ x0)|

< tolP |t Pw(t, x(t; to, x°))|expliMJ6@ds:| X

0

Xepr‘ M(s_f%_bds}

I¢/]tol S

=o0(1), as t tends to zero in L(t,, J),

and therefore we obtain w(ty, x°) = 0. This implies that w =0 in (Eim, since
(to, x°)€S4(0) x Dg, is taken arbitrarily.

When b = Rep(0) and b # Re p(x) hold, we can find an xeC" sufficiently
close to the origin such that b > Rep(x) holds. Then by the above discussion
we have w(t, x)=0 on S,(8) x {x;|x — x| <R} for sufficiently small R
> 0. Hence, we can obtain w=0 in 0,,, since w is a holomorphic function.

Thus, (2) of Theorem 3 is also proved.

§4. Proof of Main Theorem

Assume that (E) satisfies the conditions (A,), (A,) and (A;) in the
introduction. Then, (E) can be rewritten into an equation of the form
(E;). Therefore, we already know the following results.

(C)(by Theorem 1). If p(0)sN*, the equation (E) has a unique
holomorphic solution uy(t, x) satisfying u,(0, x) = 0.

(C,)(by Theorem 2). If p(0)§N* and Rep(0) > 0, for any ¢(x)eC{x} the
equation (E) has a unique @;solution U(p)(t, x) having the expansion of the
following form:

i1 i+2j3k+2
jz1

U(p) = Z u(x)t + Z (pi,j,k(x)ti+jp(x)(log 1,
4.1) {

(90,1,0(x) = @(x),

where all the coefficients u;(x), @, ;,(x) are holomorphic in a same disk centered
at the origin of C;. If we take ¢ = 0 C{x}, U(¢)(t, x) is reduced to the unique
holomorphic solution u, in (C,).

(C5)(by a calculation). If p(0)§N* and Rep(0) > 0, if b > 0 satisfies

Re p(0) < b < min {2Re p(0), Re p(0) + 1},
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and if a solution u(t, x)e 0,,, of (E) is expressed in the form

b (u(t, x) — w(x)t — e(x)t") e,

1<i<h

A

then the coefficients {u;(x); 1 <i < b} are uniquely determined by the equation
(E) and they are independent of ¢(x).

Now, denote by &, [resp. &, ] the set of all 0 . -solutions [resp. O
solutions] of (E). If p(0)§N*, by (C,) and (C,) we have

@42  Fuo S o {{uo}, when Rep(0) <0,
. int + {ug} U{U(0); 0 % @(x)eC{x}},  when Rep(0)> 0.

Hence, to complete the proof of Main Theorem it is sufficient to prove the
following proposition.

Propesition 2. Assume (A,), (A,) and (A;). Let uy, U(p) and &y, be as
above. Then:

(1) If Rep(0) =0 and ue %y, we have u=u, in @im.

(2) If p(0)sN*, Re p(0) > 0 and ue &F,y, we can find a ¢(x)e C{x} such that
u= U(p) holds in @im.

Proof. First let us show (1). Assume Rep(0) <0 and ue¥,,,. Then, by
putting b =0 we have t °(u — up) = (u — u@e(ﬁmt and Rep(0) = b. Hence, by
(2) of Theorem 3 we obtain u = u, in @im-

Next let us show (2). Assume p(0)§N*, Rep(0) >0 and ue%,,. Setw
=@u-— uo)e@im. Since u and u, are solutions of (E), w satisfies the following
equation

0
<t§ - p(X))W =f(t, x)

with

ow Ou u
4.3) flt, x)=F<t, x,w+u0,a+a—xo>—F<t, X, uo,a—;)
Take 0 < a < b such that
4.4) a <Rep(0) < b <min{2a, a + 1}.

Then, by (1) of Theore~m 3 we have t™*w=1t"%u — uo)e(5 + and therefore by
(4.3) we obtain t°fe (.. It is easy to see that Wit x) defined by

1
W, x) = f sTPOITL f(st, x)ds
0



NONLINEAR SINGULAR FIRST ORDER 999

ot

(t:ﬂ — (x)>(w — W) =0 we can see that w — W is expressed in the form

~ 0 .
satisfies t *We (@, and (t—— p(x)) W= f. Hence, by solving the equation

(W —W)(t, x) = @(x) ™
for some @(x)eC{x}. Thus, by summing up we obtain
10 (ut, X) — up(t, X) — @(x)PY) = t P We ), .

On the other hand, if we use the same ¢(x) as above, by (4.1) and (4.4) we
have

t Y (U(p)(t, x) — w ()t — p(x) D) e, .

1<5i<b

Hence, by (C;) we have t °(u — U ((p))e'@~ + and therefore by (2) of Theorem
3 we obtain u = U(p) in 0, .

1A,

Thus, by (4.2) and Proposition 2 we can easily obtain Main Theorem.
See also Tahara [10, 11].

§5. Remarks

In this paper, we restricted ourselves to the study of singular solutions in 0,
or O,,. But, there seems to be a possibility that (E) has singular solutions
which do not belong to the class 0,,,, as is seen in the following example.

Let us consider

ou ou
5.1 t— = —
(5.1 5 = Putu-_,
where (¢, x)e C? and peC is constant. By the separation of variables we can
easily see that (5.1) has a family of singular solutions of “meromorphic type” as
follows:

t* b
pragx o (ax + ), when p %0,
pc — at?
ua,b,c(ta x) = ax + b
_— when p =0,
c—alogt

where a, b, ce C are arbitrary. Note that in the case Rep <0 and a %0 the
solution u, ;. does not belong to the class ¢

int
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