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Abstract. Introduced by Erd6s in 1950, a covering system of the integers is a finite collection
of arithmetic progressions whose union is the set Z. Many beautiful questions and conjectures
about covering systems have been posed over the past several decades, but until recently little was
known about their properties. Most famously, the so-called minimum modulus problem of Erd&s
was resolved in 2015 by Hough, who proved that in every covering system with distinct moduli, the
minimum modulus is at most 1016,

In this paper we answer another question of Erdés, asked in 1952, on the number of minimal
covering systems. More precisely, we show that the number of minimal covering systems with
exactly n elements is

4/t n3/2 s 1+ 1)\?
ex —— 4 o(l) | —= asn — 0o, where 1 = log—— ] .
p(( 3 ())(mgn)lﬂ) ;( 5 )
En route to this counting result, we obtain a structural description of all covering systems that are

close to optimal in an appropriate sense.

Keywords. Covering systems, arithmetic progressions, inverse theorems

1. Introduction

A covering system is a finite collection of arithmetic progressions that covers the integers.
Erdds [5] initiated the study of covering systems in 1950, and since then numerous beau-
tiful questions have been asked about their properties (see, for example, [5—-13,20,21]).
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Until recently little progress had been made on these problems, but following ground-
breaking work of Filaseta, Ford, Konyagin, Pomerance and Yu [13] in 2007, a fundamen-
tal result was obtained by Hough [16], who resolved a problem from the original paper
of Erdés [5] by proving that there do not exist covering systems with distinct moduli and
arbitrarily large minimum modulus. Building on his work, the authors of this paper [1, 2]
recently made further progress on several related open problems.

In this paper we will study another problem on covering systems, whose study was
initiated by Erdés [6] in 1952:

How many minimal covering systems of size n are there?

Erdés [6] gave a simple proof that there are only finitely many minimal' covering sys-
tems of size n, but the bound he obtained on their number was doubly exponential.
A more reasonable upper bound follows from a result of Simpson [22], who proved in
1985 (see Section 2) that the largest modulus in a minimal covering system of size 7 is at
most 2", Note that this bound is best possible, since A = {2~! (mod 27) :i € [n — 1]} U
{0 (mod 2"~ 1)} is a minimal covering system, and that it easily implies that there are at
most 2°®*) minimal covering systems of size n. We will show that there are in fact rather
fewer such systems, and we will moreover determine asymptotically the logarithm of their
number. The main aim of this paper is to prove the following theorem.

Theorem 1.1. The number of minimal covering systems of 7 of size n is

4 3/2
e"p((g * 0(1)) (10';,1)1/2) M

o] 2
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T = E (log%) .
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as n — oo, where

We remark that proving a weaker upper bound, with a different constant in the expo-
nent, is significantly easier, and we will give a short proof of such a bound in Section 6.
Let us also note here that we will prove the lower bound under the additional restriction
that the moduli are distinct, and so the conclusion of Theorem 1.1 also holds for such
systems.

In order to motivate formula (1), let us begin by describing a simple construction
that gives a slightly weaker lower bound. Let p; < --- < pj be the first k primes, and

for each i € [k], choose p; — 1 arithmetic progressions A?), e, Az(il,-)fl with the follow-

ing properties: for each j € [p; — 1], the modulus of A](.i) is divisible by p; and divides

LA covering system o is minimal if no proper subset of it covers Z. Without this restriction there
are infinitely many covering systems of size 2, since we can take A4 = {Z, A} for any arithmetic
progression A. Note that we do not require the progressions to be disjoint. For related work on
covering systems with this additional property (sometimes called exactly covering systems), see for
example [14,15,19,23].
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Qi == p1--- pi,and Aj(.i) contains j - Q;—1. It is not difficult to show that, for each such
choice, by adding the progression {0 (mod Qf)} we obtain a distinct minimal covering
system of size n = Zle(pi — 1)+ 1 ~ k?logk. Since we have 2! choices for the
progression Aj(.i) foreachi € [k] and j € [p; — 1], this implies that there are at least

k
) Q 3/2
| | 20=D@i=1) — exp(Q(k3logk)) = exp(—(n ) )
bl (logn)!/2

minimal covering systems of Z of size n. In Section 5 we will describe a somewhat more
complicated construction that proves the lower bound in Theorem 1.1.

We will refer to collections of progressions as in the construction above as “frames”
(see Section 2 for a precise definition). The second main result of this paper, and the key
step in the proof of Theorem 1.1, will be a structural description of all “efficient” covering
systems; roughly speaking, we will show that every such covering system contains a large
“approximate frame”. The purpose of the next section is to state this structural theorem.

2. The structure of efficient coverings

In this section we will state our main structural theorem. In order to do so, it will be con-
venient to shift our attention to the following (slightly more general) geometric setting.
Let Sy, ..., Sk be finite sets with at least two elements and set Sy := [[;<; S; for each
I C[k].If H= H; x---x Hy C S with each H; either equal to S; or a singleton ele-
ment of S;, then we say that H is a hyperplane. We write F(H) :={i € [k] : |H;| = 1}
for the fixed coordinates of H, and F(#A) := |y F(H) if 4 is a collection of hyper-
planes. We will also write H = [x1, ..., x|, where x; € S; U {x} for eachi € [k], and *
indicates that H; = S;.

Definition 2.1. A simple frame centred at an element (s1, ..., s5¢) € Sy (Which we call
the axis) is a sequence (71, ..., ), where F; is a collection of |S;| — 1 hyperplanes of
the form

[X1,...,xi—1,a, %, -+, %], 2)

one foreacha € S; \ {s;}, with x; € {s;,*} foreach j € [i —1].
A frame is obtained from a simple frame by permuting the order of the sets Sy, . .., Sk.

Observe that if (#7, ..., ) is a frame centred at (sq, ..., Sx), then the collection
A= F U"'U?k U {[S],...,Sk]}

is a minimal cover of S[]. Indeed, if we remove the hyperplane [x1,...,X;—1,a, %, -+, *]
from #, then the element (sq,...,8—1,4d,Si+1,...,S8) will be uncovered by the remain-
ing hyperplanes. Note that if we set S; = {0, ..., p; — 1} for each i € [k], then the
construction given in the introduction is equivalent to a frame centred at (0, ..., 0). When
we (for now informally, but later on precisely) discuss frames in Z, we will always mean
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that each set S; = {0,..., p — 1} for some prime p (these primes will not generally be dis-
tinct), and we will map S7 X --- x S into Z y, where N = ]_[f:1 |Si|, using the Chinese
Remainder Theorem to identify Z y with the product of groups Z,», and then expanding
base p.” Note that every arithmetic progression in Z corresponds to a hyperplane, but
not every hyperplane corresponds to an arithmetic progression if primes are repeated (see
Sections 5 and 7).

The key idea behind the proof of Theorem 1.1 is the following (imprecise) conjecture:

“Almost every minimal covering system of Z of size n is close to a frame.”

We will not prove a result of this form; instead, we will use a slightly weaker notion,
which we call a §-generalized frame. These objects differ from frames in two key ways:
the fixed elements “to the left” of i in a hyperplane H € ¥; are allowed to vary with i,
and instead of insisting that “all coordinates to the right are free” (as in (2)), we allow a
few “small” coordinates to be fixed (with the product of their sizes bounded by 1/§).
The next definition is both important and somewhat technical, and we will need some
additional notation. Given a hyperplane H, we write H; for its i th coordinate, and for any
I C [k] we will write H; = [[;; H; for the hyperplane in S; obtained by restricting H
to the coordinates of 7, and define p; (H) := |Hy|-|S;|™! when I # @, and pug(H) := 1.

Definition 2.2 (§-generalized frames). Let § > 0, and let Sy, ..., Sg be finite sets with
at least two elements. A simple §-generalized frame in S is a sequence (¥71, ..., F),
where F; is a collection of at most |S;| — 1 hyperplanes, satisfying the following condi-
tions. Foreach i € [k], there existsaset (i) 2 {i 4+ 1,...,k},and foreach j & I(i) U{i},
there exists an element s; (i) € S}, such that, for each H € ¥,

iEF(H), /,LI(,')(H)>8 and HjG{Sj(i),Sj}.

Moreover, if min{|S;|,|S;|} > 8! andi # j, then F; and F; are disjoint. A §-generalized
frame is obtained from a simple §-generalized frame by permuting the sets Sy, ..., Sk.

We are now ready to state our main structural theorem for covering systems that con-
tain roughly (up to a constant factor) the same number of elements as a frame.

Theorem 2.3. Forevery C, e > 0 there exists § = §(C, &) > 0 such that for every collection
of finite sets Si, ..., Sy with at least two elements each, the following holds. If A is a
minimal cover of Sik) with hyperplanes such that F(4) = [k] and

k
Al < C Y (Si| D), 3)

i=1
then A contains a §-generalized frame (¥1, ..., Fy) with
k

k
DIF = =) ) (S| - D. )

i=1 i=1

2For example, (ag,ay, ..., ay—1) € Zp x --- X Zp corresponds to the element Z:’;& a; pt
S Zpy.



The structure and number of Erdds covering systems 79

The theorem above can be thought of as an inverse theorem for the following extremal
result of Simpson [22]. If #4 is a collection of arithmetic progressions, then we write
lem(+A) for the least common multiple of the moduli of the progressions in .

Theorem 2.4 (Simpson’s theorem). If 4 is a minimal cover of Sy with hyperplanes
such that F(A) = [k], then

k
A= 308 -1 + 1.
i=1

In particular, if A is a minimal covering system of Z with lem() = pI' .- ph™, then

m
A=Y yi(pi— 1) + 1.
i=1
In the appendix, we will provide (for the reader’s convenience) a proof of Simpson’s
theorem. Let us also remark here that, while the form of the function §(C, &) will not
matter for our purposes, we will prove that Theorem 2.3 holds with § = (¢/ )@ Uoe(1/e)
In order to deduce Theorem 1.1 from Theorem 2.3, we will need to count §-gen-
eralized frames quite precisely, and show that there are relatively few choices for the
remaining elements; we will also need to show that there are few minimal covering sys-
tems that fail to satisfy (3). These calculations are carried out in Sections 6 and 7.

2.1. An outline of the proof of the structural theorem

The proof of Theorem 2.3 requires a few somewhat technical definitions, and to prepare
the reader for these we will begin by giving an outline of the argument. The idea is to
construct a tree that encodes the structure of the covering system by “exploring” it coor-
dinate by coordinate. To be more precise, given a minimal cover # of S, let us choose
a coordinate i € [k] to explore, and observe (see Section 3.2 for the details) that for each
s € S; we obtain a covering system of

S1 X x Siop x {s} x Sjyq X x Sk,

which we identify with Sy ;3. (Here the hyperplanes H € 4 with H; = S; appear in
each of the | S;| covering systems corresponding to coordinate i.) These covering systems
may not be minimal, but for each s € S; we can take a minimal subcovering .

Now, some of the systems +; may be trivial (i.e., may consist of a single hyperplane),
and when this occurs we are happy, because such hyperplanes can be used in the frame
that we are trying to construct. For the remaining elements s € S;, we consider the set
of fixed coordinates F'(+s) of g, and observe (see Lemma 3.7) that every coordinate
(except i) is in F(+A;) for some s € S;. We may now choose, for each s such that F'(+Ay)
is non-empty, a coordinate j € F(+y), and repeat the above construction, exploring the
minimal covering system g, starting with the coordinate j. Iterating this process pro-
duces a rooted tree (which we call an “index tree”, see Definition 3.1), each of whose
vertices is labelled with a set / C [k] and a coordinate i € I, which are the fixed coor-
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dinates of the corresponding minimal covering system, and the coordinate “explored” at
that vertex, respectively.

So far, we have not said anything about how to construct the sets F;, or how to choose
the coordinate i that we explore in a given step. For simplicity, let us explain this only for
the first step (the choice for later steps is similar). First, if there exists i € [k] such that there
are at least (1 — ¢)(|S;| — 1) hyperplanes H € 4 with i € F(H) and uppy(H) > 6,
then we choose such a coordinate i to explore, and associate this collection of “frame-
like” hyperplanes with the current vertex (in this case, the root of the tree). One of the key
ideas of the paper is that, if such a collection of hyperplanes does not exist for any i € [k],
then we may use the Lovasz Local Lemma to deduce (see Lemma 3.5) that there exists a
coordinate j (which we will choose to explore), and a “large” collection ¥ of hyperplanes
in the current collection, such that j is a fixed coordinate of each. This collection of
“garbage” hyperplanes will later be used, together with (3), to show that this case does
not occur too often.

The plan described above is carried out in Section 3, the main result being Lemma 3.3,
which states that if § is sufficiently small, then there exists a suitable “exploration tree” T
of A (see Definition 3.2). This exploration tree can be very large, however, and to extract
our §-generalized frame from it we will need to choose a suitable subtree 7. To do so, we
choose k “special” vertices of T, one for each coordinate, and take the union of the paths
from these vertices to the root. If almost all of these special vertices are “good” (that is, we
found a large collection of frame-like hyperplanes when exploring them), then we obtain
a sufficiently large §-generalized frame. On the other hand, if a positive proportion of
them are “bad”, then we use the “garbage” hyperplanes to show that inequality (3) cannot
hold. In order to carry out this argument, we need to choose the special vertices carefully;
it turns out that it is sufficient to choose them via a depth-first search, see Section 4 for
the details.

3. Exploring the cover

In this section we will take the first step towards Theorem 2.3 by describing a much larger
object that is somewhat easier to construct, the exploration tree. To define these, we first
need to introduce the following simpler objects, which we call index trees. Let us fix, for
the rest of the proof of Theorem 2.3, a collection of finite sets Sy, . .., Sx with at least two
elements, and let us write N(u) for the set of out-neighbours of u in a rooted tree, where
we orient the edges away from the root.

Definition 3.1. An index tree T of [k] is a rooted tree, equipped with a labelling of its
vertices u > (I, i), where I, C [k] and i,, € I,,, that satisfies the following conditions:
(i) the root of T has label ([k],i) for some i € [k];

(ii) for each vertex v € V(T),

U Lo=15L)\ ) (5)

ueN()
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We can now define the exploration tree of a collection of hyperplanes in S{x]. Given a
rooted tree T and vertices u, v € V(T), let us write u <7 v to indicate that u lies on the
path from v to the root (so, in particular, v <7 v).

Definition 3.2. Let A,¢,8 > 0, and let + be a collection of hyperplanes in Six]. A (4, ¢,8)-
exploration tree of 4 is an index tree T of [k] such that, for each vertex u € V(T),

(a) there exists a collection 4, C + such that A, := {Hp, : H € #4,,} is a minimal cover
of Sy, with F(4A,) = I,,, and if u € N(v), then
(1) Ay S Ay;
(i) F(Ay) C iy w <7 v} U Iy;
(iii) there exists an element s,, € S;, such that H;, € {s,, S;, } for each H € A,,.

Moreover, for each vertex u € V(T), one of the following holds:

vy

(b) u is good, which means that there exists a collection ¥,, C #,, of hyperplanes, with
|Ful = (1 =)(|Si, | = 1), (6)

such that i, € F(H) and puy,\4i,y(H) > 8 foreach H € .

(c) u is bad, which means that there exists a collection §, C +4,, of hyperplanes, with

Z 2= F(H)NTy|/4 > 18,1/, (7)
Heg,

such thati, € F(H) and |F(H) N I,| > 2 foreach H € §,.

We think of the elements of F;, (when u is good) and §,, (when u is bad) as hyper-
planes that (respectively) do and do not look like parts of a frame from the perspective of
the vertex u. We will show (see Lemma 3.3 below) that exploration trees always exist, as
long as we choose § to be sufficiently small, depending on A and . We will then, in Sec-
tion 4, carefully choose a subtree 7' of our exploration tree T, and one “special” vertex for
each coordinate i € [k], with the following three properties: the frames corresponding to
good special vertices are disjoint (unless one of the corresponding sets S; is very small);
if “many” special vertices of T are bad, then A fails to satisfy (3); and if “almost all”
of the special vertices of T are good, then there exists a sufficiently large §-generalized
frame in A.

The main aim of this section is to prove the following lemma.

Lemma 3.3. Let A, e € (0, 1), and let A be a minimal cover of Sy with hyperplanes
such that F(A) = [k]. If

0 < § < 279222 lox2(l/Ae)F+11 ®
then there exists a (A, €, §)-exploration tree of A.

Let us fix, for the rest of this section, constants 0 < A, & < 1 and § > 0 satisfying (8).
We will prove Lemma 3.3 by iteratively extending a “partial” exploration tree by applying
the following lemma to a leaf of the current tree.
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Lemma 3.4. Let @ # I C [k], and let A be a minimal cover of St with F(A) = 1.
(a) Foreachi € I, there exists amap J:S; — P \ {i}) with

U 7)) =1\ i} ©)

SES;
and for each s € S; there exists s C A such that A == {Hji) 1 H € A} is a
minimal cover of S j(s), F(As) \{i} = J(5), and H; € {s, S;} for each H € A.
Moreover, there exists i € I such that one of the following holds:

(b) There exists a collection ¥ C A with
|71 = (1 —=e)(|Si|—1)

such thati € F(H) and pp\iy(H) > 6 foreach H € ¥ .

(¢c) There exists a collection § C A with

Y 2P = 551/2 (10)
Heg

such thati € F(H) and |F(H)| > 2 foreach H € §.

Let us fix a set @ # I C [k] until the end of the proof of Lemma 3.4. This section
is organised as follows: in Section 3.1, we will prove two (straightforward) technical
lemmas; in Section 3.2, we will introduce the operation that we will use to construct the
map J and the families +; and in Section 3.3, we will prove Lemma 3.4, and deduce
Lemma 3.3.

3.1. Two technical lemmas

Our first technical lemma (Lemma 3.5) follows from a straightforward application of the
Lovéasz Local Lemma. We will apply it, in the case that there does not exist a collection
F C A asin Lemma 3.4 (b) for any i € I, to a certain subset [[;o; R; € Sy, in order to
find an index such that (c) holds. Our second technical lemma (Lemma 3.6) will allow us
to deduce the bound (10) from the condition given by the local lemma. Let us say that a
hyperplane H in Ry is non-trivial if H # Rj.

Lemma 3.5. Let 0 < n < 1/5andlet {R; :i € I} be a collection of finite sets, each with
at least two elements. Let A be a collection of non-trivial hyperplanes in Ry, and let [i
denote the uniform measure on Ry. If

> FEIRH) < /2 (11)
HeA:ieF(H)

foreveryi e [k], then Ry is not covered by the hyperplanes in A.

Proof. We choose a point y € R; uniformly at random and apply the local lemma. For
each hyperplane H € A we define Eg to be the (“bad”) event that y € H. Observe
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that P(Eg) = fi(H), and define a dependency graph G on the events {Eg}pe4 by
setting Eyy ~ Eg/ if F(H) N F(H') # @. Observe that if F(H) N (F(HW)U ..U
F(H®)) = @, then Ey is independent of the collection {Eg ), ..., Egn}, so G is a
valid dependency graph.

Next, we define weights

x(H) = "Dl ()
for each H € +4. To apply the local lemma we need to show that

P(Em) <x(H) [] (—xH).

Ey~Ey
To do so, we first claim that 1 — x(H) > e~ 2*(H) for every H € 4. This holds because
x(H) = e"lF(H)‘/l(H) < (en/z)lF(H)l < _e—l)IF(H)I <l-—et,

where the first inequality is fi(H) < 271FUDI which holds because each set S; has at
least two elements, the second follows since n < 1/5, and the third since the hyperplanes
in 4 are non-trivial, so |F(H)| > 1. Therefore, for each H € 4, we have

[T a-xuy
Ey~Ep
zexp<—2 Z X(H/))ZGXP<_2 Z Z x(H/)>

Eg~Ep ieF(H)H eA:icF(H')

—exp(-2 Y. Y MFUDIRHY) = exp(—n| F(H))).
ieF(HYH eA:ieF(H’)

where the last inequality follows from (11). This implies that

x(H) [ (=xH") = x(H)e " = j(H) = P(En),
Ey~Ep

as required. By the local lemma, it follows that the probability that none of the events Eg
holds is non-zero, and hence there exists a point y € R; that is not covered by #. ]

The second technical lemma is even more straightforward. Recall that Sy, ..., Sk
are fixed finite sets with at least two elements, and that the (non-empty) set / C [k] and
positive constants A and ¢ were fixed above.

Lemma 3.6. Foreach j € I, let Rj C S be such that |R;| > e(|S;j| — 1) + 1, and let i
denote the uniform measure on Ry. Let H be a hyperplane in Sy, and leti € F(H). If

prviy (H) < 279)2g2loe2(l/Ae) 11

then
A

AHORD = Smiarals, )

(12)
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Proof. Set £ := |F(H)| and 8y := 272A2¢21022(1/48)+11 'and observe that
S.

AH O RD-Ri| < pny(H) T —||R"‘|| < 8o~
JEF(H),i#j

Now, note that |R;| > 2 for every j € I, and suppose that (12) does not hold. Then

- 1 _ A [R;]| Ae
-1 = | R; - .t -
2 z l_[ R| A(H O Rp)-|Ri| = 2244 || = 2t/2+4"
JEF(H), j#i ’

and hence ¢ < 2log,(1/A¢) + 10. It follows that

29/280(\/§)€—1 - 29/280(ﬁ)210g2(1/18)+9
IR | IR

&

A A
224 i(H N Ry) < ek
1

< —,
P |Ri| — |Si]

as required. ]

3.2. An operation on a covering system

We next introduce a simple operation that, given a minimal cover of Sy, produces a map
J and a collection {+A; : s € S;} as required by Lemma 3.4 (a). This operation is the basic
tool we will use in the construction of our exploration trees. Recall that the (non-empty)
set I C [k] was fixed above, and let +A be a minimal cover of S; with F(+) = I. For each
ielands € S, set

H(i,s):={H € A: H; €{s,Si}}.

and observe that the collection #'(i, s) := {Hp\qiy : H € H(i,s)} is a cover of Sp\;.
Note that moreover, since # is minimal, there is a bijection between J (i, s) and #'(i, s).
Let A C J'(i, s) be an arbitrary minimal subcover of S\, and define

J(s):= F(A]) and s :={H € K(i,s): Hp\q) € Ay}

Note that A, = {H () : H € s} is a minimal cover of S ), that F () \ {i} = J(s),
and that H; € {s, S;} for each H € +4A;. To verify that J and {A; : s € S;} satisfy
Lemma 3.4 (a), it therefore only remains to check that (9) holds.

Lemma 3.7. Let A be a minimal cover of St with hyperplanes. If F(A) = I, then

) J() =1 \{i} foreachiel.

SES;

Proof. We will in fact show that for every H € s, there exists s € S; with Hy\(;y € A},
Since J(s) = F(A;) € I \ {i} and F(4A) = I, this will be enough to prove the lemma.

To prove the claim, let x € S7 be an element that is only covered by H (recall that
/A is minimal), and set s := x;. We claim that Hy\;y € 4. Indeed, since #} is a cover
of Sy\(y, it must cover the vector x” obtained from x by ignoring the ith coordinate, and
Hi\(iy is the only potential element of # that can do so. |
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3.3. Construction of the exploration tree

Having completed our preparations, we are now ready to prove Lemma 3.4, and deduce
Lemma 3.3.

Proof of Lemma 3.4. Let @ # 1 C [k], and let A be a minimal cover of Sy such that
F(A) = I. To prove part (a), for each i € I we apply the construction defined in Sec-
tion 3.2 to obtain a map J:S; — P (I \ {i}) and a collection {A; : s € S;}, where
As C A, as required. In particular, A, = {H () : H € s} is a minimal cover of S (),
F(A)\{i} = J(s), H;i € {s,S;} for each H € A, and the map J satisfies (9) by
Lemma 3.7.

To prove that there exists i € I such that either (b) or (c) holds, let us define an element
s € S; to be special for i if there exists a hyperplane H € +4 such that

H;i =5 and ppgy(H) > 6.

If this holds, then we say that the hyperplane H is a witness for the pair (s, 7). Now,
for each i € I define Si* to be the set of elements s € S; that are special for i, and
set R; := S; \ S;. We consider two cases, corresponding to conditions (b) and (c) of
Definition 3.2, respectively.

Case 1: There exists i € I with |R;| < &(|S;| — 1) + 1. In this case we define

F = U {H € A : H is a witness for (s,7)}.

seS}
Since a hyperplane H cannot witness (s, i) for more than one element s € S;*, we have
1F1 21871 = [Sil —e(Si]l =) = 1 = (1 —&)(ISi| — 1),
and by definition i € F(H) and puy\;;3(H) > é§ foreach H € F.

Case 2: |R;| > ¢(|S;| — 1) + 1 for every i € . In this case we shall apply Lemma 3.5
to the set Ry := [[;c; Ri with n = 1/6. Define A’ C 4 by removing all hyperplanes
that are witnesses for (s,7) for some i € I and s € S;. Observe that none of the witness
hyperplanes intersects Ry, so A” :={H N Ry : H € A’} is a cover of R;. We claim that
there exists a coordinate i € I such that

>, FUIIRHN R = /2, (13)
HeA:ieF(H)

where [i denotes the uniform measure on R;. Since A" is a cover of R;, and noting
that |R;| > 2 for every i € I (by assumption, and since |S;| > 2), this will follow from
Lemma 3.5 if we show that #” is a collection of non-trivial hyperplanes in R;. To do so,
suppose for a contradiction that Ry € H for some H € A/, and observe that therefore
F(H)N I = 0, and hence also S; € H. However, since # is a minimal cover of Sy,
this implies that A = {H }, and hence F(+4A) = @. This contradicts our assumption that
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F(4A) = I, and thus each hyperplane in A" is indeed non-trivial. As observed above, it
follows by Lemma 3.5 that (13) holds for some i € I, as claimed.
Fix suchani € I, and define € := €M U ... U €® where

O . =(HeA:iecFH)and |F(H)| ={}

for each £ € [k]. Observe that §1) = @, since if H € A and F(H) = {i}, then mngiy(H)
= 1, and so H would have been removed when we formed #A’. Similarly, for each H € A’
withi € F(H) we have

I’LI\{Z}(H) <8< 2_9A28210g2(1//\8)+11,

since otherwise H would witness (s, ) for some s € S;, and so would have been removed
when we formed A’. It follows, by Lemma 3.6, that

i(H N Ry) < —A

fi( 1) = 2IF(H/2+4 5]

for every H € A’ withi € F(H). Finally, combining this with (13) gives

nt nlF(H)| 16|S|
O£ _ _ e nlF(H) i
Z|g |24/2 = Z JFE2 = Z ¢ [i(H N Ry) 1
{>2 HeA:ieF(H) HewA/:ieF(H)
- 8’7|Si|’
- A
and hence
sirans _ 51901 5 g e 8nlSil ISl
) =) S =280 2 = 2
Heg £>2 {>2
as required by (10). ]

The deduction of Lemma 3.3 is now straightforward. Let 0(7") denote the set of ver-
tices of a rooted tree T with no out-neighbours, and call d(7") the boundary of T .

Proof of Lemma 3.3. We construct T, our exploration tree, inductively, with Lemma 3.4
providing the induction step. We begin our induction by defining 7} to be a single vertex v,
and setting [, := [k], and #4, := #. For the induction step, suppose that we have con-
structed a rooted tree Ty (with root v), a set @ # I, C [k] and a collection 4, C # for each
vertex u € V(T;), and an index i,, € I,, for each non-boundary vertex u € V(Ty) \ 9(T}),
such that condition (a) of Definition 3.2 holds for every vertex u € V(7;), and condi-
tion (ii) of Definition 3.1, and either condition (b) or (c) of Definition 3.2, hold for every
non-boundary vertex u € V(1) \ d(T;). Observe that, since » is a minimal cover of S
with hyperplanes such that F(+A) = [k], these conditions are satisfied in the base case
t =0.

To construct Ty1, choose a vertex u € d(T') such that |I,,| > 2, if one exists (we will
deal with the other case below), and apply Lemma 3.4 to the set /,, and minimal cover
Al ={Hj, : H € A} of S, (noting that F(+4,,) = I,,, by the induction hypothesis).
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We obtain an index i € [,,, amap J:S; — P (I \ {i}) and a collection {A; : s € S;} as
in part (a) of the lemma, and either a collection ¥ C «A!, as in part (b), or a collection
g C A, as in part (c). In either case, we set i, := i, add an out-neighbour of u for each
element s € S; such that J(s) # @, and to the new vertex w(s) corresponding to s we
assign the set I,,5) = J(s), the element sy, (5) := s, and the collection of hyperplanes

J\)w(s) = {H (S e/%u : HIM € As}.

Observe first that condition (a) of Definition 3.2 holds for each vertex w(s). Indeed,
we have Ay, s) C sy C A, and it follows from Lemma 3.4 (a) that the family

'A’iv(s) ={Hj)  H € Ay} = {Hy) 1 H € A}

is a minimal cover of S j(5) with F(:A);U(s)) = F(As)\ {i} = J(s), that H;
each H € Ay (), and that

€ {s, S, } for

u

F(Aw(s) S (F(Ay) \ L) U F(As) S {iw :w < uj U J(s).

Note also that, by (9), u satisfies condition (ii) of Definition 3.1.

To complete the induction step, it remains to observe that u is either good or bad, i.e.,
satisfies either condition (b) or (c) of Definition 3.2. Indeed, if Lemma 3.4 (b) holds then
set

Fu:={H € A, : Hy, € ¥},

and if Lemma 3.4 (¢) holds then set
G, ={H e A, : H, € §}.

In each case, the properties guaranteed by the lemma are exactly those that we require.
Since the properties required of all vertices of 7;4; other than u and its out-neighbours
continue to hold, it follows that T+ satisfies the same properties that we assumed for 75.

Finally, observe that in passing from 7; to T;4; we replace a vertex of the boundary
by a finite number of boundary elements, each associated with strictly smaller sets. This
process must therefore eventually end, and when it does, it follows that |I,,| = 1 for every
boundary vertex u € d(7y). When this happens, we simply set i, equal to the unique
member of I, for each u € d(T}), and claim that u is good. Indeed, by the induction
hypothesis, the collection #;, forms a minimal cover of S;,, with i, € F(A.,). It follows
that 4, consists of exactly |S;, | singleton hyperplanes, and so (6) holds with 5, := A,,.
Since condition (ii) of Definition 3.1 holds automatically (with both sides equal to the
empty set), it follows that the tree T that we have constructed is a (A, g, §)-exploration
tree of +, as required. n

4. Extraction of the frame, and the proof of Theorem 2.3

In order to prove Theorem 2.3, we will use the exploration tree T constructed in the pre-
vious section, together with the bound (3), to find a §-generalized frame for 4. Roughly
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speaking, we would like to do this by choosing k vertices (1), ..., (k) such that the
label of B(i) in T is i, define a tree T to be the union of the paths (in T) from (i) to the
root, and define the elements s; (i) using the elements s,. For each good vertex B(i) we
have a collection ¥; of hyperplanes more or less as required, and for each bad vertex we
obtain a large collection of “garbage” hyperplanes. We might therefore hope to use (3) to
show that there are few bad vertices, and thus to deduce the bound (4).

There are two main problems with the strategy described above: the frame elements
obtained for good vertices might not be disjoint, and each hyperplane might be included
in the garbage set ,, for a very large number of bad vertices. We overcome both obstacles
in the same way: by choosing the vertices B(i) via a depth-first search algorithm. We do
not expect the reader to be able to immediately see why this choice should help in either
case, but it turns out that proving that it does is (in both cases) surprisingly simple.

In Section 4.1, we will state precisely the object we will construct, and show that its
existence implies the existence of a §-generalized frame. In Section 4.2, we will describe
how we choose the subtree 7 C T, the frame elements (¥7, ..., Fx), and the “garbage”
sets (91, ..., 5); in Section 4.3, we will prove two lemmas on the disjointness of the
frame elements and garbage sets; and in Section 4.4, we will complete the proof of The-
orem 2.3.

4.1. Tree-frames

The purpose of this section is to introduce the following somewhat complicated objects,
which also provide significantly more information (though we will not need this) about
the covering system. We will use these objects to construct our frames.

Definition 4.1. Let T be a rooted tree equipped with maps
a:V(T)— k], PB:lk] > V(T) and y:E(T)—> S;U---US;

such that

(@) a(u) # a(v) ifu <7 vandu # v;

(b) a(B(i)) =i foreachi € [k];

(c) if e € E(T) and v is the endpoint of e that is closer to the root, then y(e) € Sq(v);

(d) there exists a permutation 7 of [k] such that, if for each i € [k] we set
J@) :={a():u =<7 @)} and I(@):=[k]\ J@),
then J(7(i)) € {mx(1),...,7(i)} foreachi € [k].

Now, for each § > 0, a §-generalized tree-frame centred at T is a sequence (£71,. .., Fx),
where F; is a collection of at most |S;| — 1 hyperplanes, satisfying

(1) i € F(H) foreach H € ¥;;
(ii) pr@)(H) > 6 for each H € Fi;
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(iii) H; € {y(e),S;} foreach H € ¥; and each j € J(i) \ {i}, where e € E(T) is the
edge leaving the unique vertex v <7 B(i) with «(v) = j in the direction of B(i);

@iv) if min{|S;],|S;|} > 6" andi # j, then F; and F; are disjoint.
j j

In Sections 4.2-4.4 we will construct, for any « satisfying (3), a §-generalized tree-
frame satisfying (4). The next lemma shows that this will be sufficient to prove Theo-
rem 2.3.

Lemma 4.2. If (1, ..., %) is a §-generalized tree-frame centred at a rooted tree T,
then (1, ..., ) is a §-generalized frame.

Proof. Let T be arooted tree equipped with maps «, 8 and y satisfying conditions (a)—(d)
of Definition 4.1. In particular, let 7 be the permutation given by condition (d), and (to
simplify the notation) let us permute the sets Sy, ..., St so that & is the identity, and
therefore J(i) C {1,...,i} (and hence I(i) 2 {i + 1,...,k}) foreachi € [k]. Now, for
eachi € [k]and j € J(i) \{i},sets; (i) := y(e) € S;, where e € E(T) is the edge leaving
the unique vertex v <7 B(i) with «(v) = J in the direction of B(i).

We claim that, for each H € %;,

i€ F(H), p@pn(H)>38 and Hj € {s;(i),S;}.

Indeed, these follow directly from properties (i)—(iii) of Definition 4.1. Finally, observe
that if min {|S;|,|S;|} > §~! then ; and ¥; are disjoint, by property (iv). |

4.2. Constructing the frame

In this section we will construct the §-generalized tree-frame (£7, ..., %), along with
the rooted tree 7', and a collection (6, ..., §x) of “garbage” sets. Let C > 0 and ¢ > 0
be arbitrary, as in the statement of Theorem 2.3, and set

R
e
Recall that the sets S, ..., S were fixed earlier, and let us fix, for the rest of this section,
a minimal cover # of Sfz] with hyperplanes such that F'(A) = [k]. By Lemma 3.3, there
exists a (A, £/2, §)-exploration tree of +4; let us also fix such a tree T.
The first step is to observe that every i € [k] occurs as the label i, of some vertex
u € V(T). This is an immediate consequence of the following simple observation about
index trees.

and 8 = 2723A48210g2(1/),8)+15' (14)

Observation 4.3. Let T be an index tree, letu € V(T), and let j € I,,. Then there exists
v € V(T) withu <1 v such that i, = j.

Proof. This follows easily from (5):if j € I, and iy, # j, then j € I, for some w € N(u),
andif j € Iyandv € 0(T) then I, = {j},s0i, = j. |
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To extract our §-generalized tree-frame from the exploration tree T, we will also need
the notion of a depth-first search ordering < on the vertices of a rooted tree T'. This is
defined by placing an arbitrary linear order on the out-neighbours of each vertex of T,
and then setting ¥ < v if either ¥ <7 v, or the branch leading to u precedes the branch
leading to v in the ordering of the neighbours of the last common ancestor of u and v.

Definition 4.4. Let < be a depth-first search ordering on the vertices of T. We define a
rooted tree T and a §-generalized tree-frame centred at 7' as follows:

(1) Foreachi € [k], define B(i) to be the <-minimal vertex u of T such that i, = i.

(2) Define T to be the union of the paths in T from (1), ..., (k) to the root.

(3) Foreachu € V(T), define a(u) := iy.

(4) For each edge uv € E(T), where u € N(v), define y(uv) := sy € Si,,.

(5) (a) Set F; := Fp(yand §; := @ foreachi € [k] such that (i) is a good vertex of T
(b) Set§; := Gg(;) and F; := @ for each i € [k] such that B(i) is a bad vertex of T.

Properties (a)—(d) of Definition 4.1 follow easily from this construction. Indeed, we
have a(B(i)) =i for each i € [k] by our choice of & and B, and y(uv) € S;, = Sq()
for all uv € E(T) with u € N(v). To see that a(u) # «a(v) if u <7 v and u # v, recall
T is an index tree, and therefore satisfies (5), so «(u) = i, is not included in any of the
sets associated with the descendants of u. For (d), let & be the permutation of [k] given
by the ordering < restricted to {8(1), ..., B(k)}, and observe that if u <7 B(7(i)) then
u < B(m(i)), and hence B(x(u)) < B(m(i)), by our choice of B. It follows that «(u) €
{m(1),...,7(i)}, and therefore J (7 (i)) = {a(u) : u <7 B(x (i)} C {7 (1),..., 7 (i)} for
each i € [k], as required.

The following lemma shows that properties (i)—(iii) of Definition 4.1 also hold.

Lemma 4.5, Leti € [kl and H € F;, let j € J(i) \{i}, and let e; € E(T) be the edge
leaving the unique vertex v <7 B(i) with a(v) = j in the direction of the vertex B(i).
Then

i€ F(H), /,LI(,')(H) >§ and Hj € {y(ej),Sj}.

Proof. Note that ¥; # @ implies that the vertex B(i) is good. By Definition 3.2 (b), it
follows that i € F(H), and also that wy,;\y(H) > 8. Moreover F; = Fpqy S Ag()
and F(Ag()) € J(i) U Ig(), by Definition 3.2, and therefore H; = §; for every j €
1(i) \ 1p)y- Since i € J(i), and therefore i & I(i), it follows that p)(H) > 6.

Now suppose that e; = uv, with u € N(v), and observe that, by Definition 3.2 (a),
we have Hl’ € {su. Sj} = {y(e;). S;j} for every hyperplane H’ € #,,. Noting that 7; <
Ag() S sy (by Definition 3.2, and since u <7 B(i)), it follows that H; € {y(e;), S;},
as claimed. |

It therefore only remains to show that property (iv) of Definition 4.1 and the inequal-
ity (4) hold. Both of these properties will follow from our choice of 8(1),..., B(k).
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4.3. Lemmas on disjointness

In this section we will prove two straightforward but crucial lemmas; the first verifies
condition (iv) of the definition of a §-generalized tree-frame.

Lemma 4.6. If min{|S;|,|S;|} > 8 ' andi # j, then ; and F; are disjoint.

Proof. Suppose that H € Fgy N Fg(j), and suppose that B(i) < B(j) in the depth-first
search ordering. Recall that i, j € F(H), by Definition 3.2 (b), and p;;)(H) > 6, by
Lemma 4.5. Since |S;| > §71, it follows that j ¢ I(i), and hence j € J(i), i.e., there
exists u <7 B(i) with «(u) = j. However, this is a contradiction, since u < (i) < B(j)
in the depth-first search ordering, and B(j) was chosen to be the <-minimal vertex u of T
such that ¢ (u) = j. |

The final lemma we need shows that each garbage set only appears on a single
path through 7. Since the number of fixed coordinates of Hj, decreases along the
path (and decreases strictly whenever «(u) € F(H)), this will imply that each hyper-
plane contributes only O(1) to the sum of the left-hand side of (7) over vertices u €

{B(L).....B(k)}.
Lemma 4.7. Let H € §; N'§;. Then either B(i) <t B(j), or B(j) <1 B(0).

Proof. Suppose (without loss of generality) that 8(i) < B(j) in the depth-first search
ordering, and suppose that 8(i) At B(j), which implies thatu < () forevery u € V(T)
with B(i) <t u. Note that j € F(H) C Igq) U J(i), since H € § N §; and by Defini-
tion 3.2.

If j € J(i), then i, = j for some v € V(T) with v <1 (i), and hence v < 8(i) < B(J).
On the other hand, if j € Ig(;), then by Observation 4.3 we have i, = j for some v € V(T)
with (i) <T v, and hence (by the observation above) v < B(j). In either case, this
contradicts our choice of () as the <-minimal vertex v of T such thati, = ;. |

Let us record here the following simple consequence of Lemma 4.7.
Lemmad8. If H € §; NG andi # j, then |F(H) N Igu| # |F(H) N Ig(jl.

Proof. By Lemma 4.7, we have (without loss of generality) 8(i) <t B(j), which implies,
by (5) and since B(i) # B(j), that Ig(;) € Igu) \ {i}. Since i € F(H) N Ig(;), it follows
that F(H) N Ig(;y & F(H) N I, as required. [

4.4. The proof of Theorem 2.3

We are now ready to prove our main structural result, Theorem 2.3. It only remains to
show that inequality (4) follows from (3). We will use the following easy consequence of
Lemma 4.8. Set B := {i € [k]: B(i) is bad}.

Lemma 4.9.

U
i€eB

1
> 51 Z |Si.
ieB
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Proof. Summing (7) overi € B, we obtain

Z Z 2_‘F(H)nlﬁ([)‘/4 > %Z|Sl|

i€eB Heg; i€eB

Now, by Lemma 4.8, for each H and £ > 2 there is at most one value of i € B such that
H € g and |F(H) N Ig)| = £, so foreach H € | J;cp § we have

o0
Z 2—|F(H)r115(,-)|/4 < 22—6/4 — (21/2 _ 21/4)—1 <5,
i€B:He§; (=2

as required. ]
Theorem 2.3 now follows easily from the lemmas above.

Proof of Theorem 2.3. We claim that the sequence (¥7, ..., ) constructed in Defini-
tion 4.4 is a §-generalized tree-frame centred at 7', and satisfies (4). By Lemma 4.2, it
will follow that (7, ..., F%) is also a 4-generalized frame, so this will be sufficient to
prove the theorem. Note that properties (a)—(d) and (i)—(iv) of Definition 4.1 follow from
the comments after Definition 4.4, and by Lemmas 4.5 and 4.6. Moreover, by discarding
excess hyperplanes if necessary, we may assume that | ;| < |S;| — 1 foreach i € [k]. It
therefore only remains to show that (4) holds.
To do so, recall that T is a (A, &/2, §)-exploration tree of +, and hence

|Fil > (A —¢&/2(Si| - 1)

for each i such that 8(i) is a good vertex, i.e., for each i € [k]\ B. Now, by Lemma 4.9
and condition (3), we have

k
1
oISl = 1Al = C Y (s =),
icB i=1
and hence, recalling from (14) that A = 27*¢/C, we obtain

k k
YIF = Y U=/ =) = (1 —e/2) Y (1Sil—1) =) _ISi]

i=1 i€[k]\B i=1 i€B

k k
> (1—8/2=5C) Y (S| -1 = (1—8) Y _(|IS:]| - D).

i=1 i=1
as required. ]

5. Arithmetic frames and the proof of the lower bound

In order to deduce Theorem 1.1 from Theorem 2.3, we will need to bound the number of
8-generalized frames in the integers. In this section we will warm up for the calculation
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ahead by counting a simpler set of objects, which we call “arithmetic frames”, and thereby
deducing a lower bound on the number of minimal covering systems of Z. Recall that’

o

t+1\2
T = Z(log %) ~ 0.977.

r=1
The following proposition provides the lower bound in Theorem 1.1.

Proposition 5.1. The number of minimal covering systems of 7 of size n is at least

4 3/2
exp((%? + 0(1)) (IOZ{W) asn — oo.

We shall first prove Proposition 5.1 for an infinite sequence of values of n (see (18));
since this sequence will be sufficiently dense, it will then be easy to deduce the bound for
the remaining values of n. For each n in our sequence, we will choose a single value of NV,
and count only covering systems « of size n with lcm(4A) = N. We will moreover count
only covering systems that correspond to simple frames of a certain family of sets (see
below), with a specific (carefully chosen) order; see Definition 5.4. We remark that when
N is not square-free, this is not quite as straightforward as counting the simple frames,
since there will exist hyperplanes that do not correspond to arithmetic progressions in Z y .
In order to characterise the hyperplanes that do, we need to introduce a little notation.

Given N = p!'--- pi" > 1, we define

(N) =i j) 2 €l (15)

i=1

and set S¢p ) = {0,..., p — 1} for each (p,e) € (N). Now define a map

ONZn —> Siny = H S(p.e)
(p,e)(N)

as follows: if x € Zy, then y = on (x) € S() is the vector such that, for each (p,e) € (N),
Y(p.e) € S(p.e) is the coefficient of p®~! in the p-ary expansion of x modulo p¢. Observe
that ¢ is a bijection, by the Chinese Remainder Theorem.

We say that a hyperplane H in Sy is arithmetic if <p;,1 (H) is an arithmetic progres-
sion in Zpy. The following observation provides a simple characterization of arithmetic
hyperplanes.

Observation 5.2. A hyperplane H in Sy is arithmetic if and only if, for each prime p,
the set

{(p.e) € (N):(p.e) € F(H)}

forms a (possibly empty) initial segment of the sequence (p,1),(p,2),....

3We remark that the constant T also appears in the study of the iterated divisor function;
see [3,4].
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Proof. Suppose first that H is arithmetic, so A := (px,l (H) is an arithmetic progression
in Zy. Let d be the modulus of A, and observe that (p,e¢) € F(H) if and only if p¢
divides d, by the definition of ¢ . On the other hand, if {(p, 1),...,(p,e(p))} C F(H)
and (p,e’) € F(H) for all ¢/ > e(p), then every pair of points of (p;,l (H) differs by a
multiple of p¢® and therefore <p;,1 (H) is contained in an arithmetic progression with
modulus d = ]_[p p¢P) Since |H| = N/d, it follows that @y' (H) is in fact the entire
arithmetic progression, as claimed. ]

Let us now say that a total ordering < on the elements of (N) is arithmetic if

(pi, 1) < (pi,2) <+ < (pi- Vi) (16)

for all i € [m]. Note that (16) does not impose any constraint on < for different primes,
and in particular we may have (p,i) < (¢, j) < (p,i + 1). We say that a simple frame
of Sy is “arithmetic” if the order of the sets is arithmetic, and if moreover each of the
hyperplanes of the frame is arithmetic. We can now prove the following lower bound on
the number of minimal covering systems of Z of size n.

Lemma5.3. Let N = pi" oo p¥m > 1, and let < be an arithmetic ordering of (N ). There

are at least
o £ 0o T )

(p,e)€(N) (g, /)=<(p.e)
qa#p

minimal covering systems of 7. of sizen := Y - vi(pi —1) + 1.

Proof. To prove the lemma we count arithmetic frames of Siy) centred at (0, ..., 0),
where the sets S(,.) are listed in the order <. Recall from Definition 2.1 that, for each
(p,e) € (N)andeacha € {1,..., p— 1}, we need to choose an arithmetic hyperplane of
the form

[X1,...,xi—1,a, %, , %],

with x; € {0, %} for each j € [i — 1], where (p, e) is the i th element in the ordering <. To
do so, we will choose, for each prime ¢ # p, an initial segment (in the order <) of the set

Ja(p.e) :==1(q. f) € (N):(q. f) < (p,e)}

set x; = 0 for the corresponding coordinates, and set x; = * for all other elements of
Jq(p.e). If we also set x; = O for every j € J,(p, e) then, by Observation 5.2, every
hyperplane obtained in this way will be arithmetic, and therefore the frame we construct
will be arithmetic. We claim that each such choice gives a different minimal covering
system of Z of size n.

To see this, note that the frame consists of n — 1 arithmetic hyperplanes, each of
which corresponds (via the bijection (px,l) to an arithmetic progression in Z . Moreover,
the only element of Zy not covered by these arithmetic progressions is 0, so adding
this progression gives a covering system of Z of size n, and (as observed after Defini-
tion 2.1) if we remove the hyperplane H = [xq,...,x;—1,4, *,--- , %], then the element
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©,...,0,a,0,...,0) will be uncovered by the remaining hyperplanes, so the covering

system we have constructed is minimal. Finally, each hyperplane in the frame has a unique

entry a ¢ {0, x}, and therefore each choice leads to a distinct covering system, as claimed.
Finally, since we have exactly

sl +n=eo ¥ logfjfl)

q#p (g,./)<(p.e)
q#p
choices for each hyperplane corresponding to (p, e), the lemma follows. ]

Now, for each arithmetic ordering < of (N}, let us define

f+1
ON.<):= > (p—1) > log i (17)
(p.€)E(N) @./)=(p.e)
q#p

We will use the following particular arithmetic ordering < to prove Proposition 5.1.

Definition 5.4. For each prime p and e € N, set

e+ 1 -1
Vpe :=(p—1)(10g " ) :

Now, given primes p and ¢, and e, f € N, define

g.f) <(p.e) & Ya,.f < JVp,e-
Moreover, if x € R then we write (p, e) < x if and only if y, . < x, and define
nx): =1+ Z (p—1) and N(x):= H p. (18)
(p,e)<x (p,e)<x

Note that n(x), N(x) < oo forevery x € R, and forany N € N, the ordering < on (N)
is arithmetic. Our next lemma, combined with Lemma 5.3, implies Proposition 5.1.

Lemma 5.5. Let x > 0, and set N = N(x) and n = n(x). Then

0N, <) = (% +oh)

3/2
(logn)1/2
Proof. Recalling the definition of Q (N, <), observe first that, for each (p,e) € (N),

f+1
log —— =
> owltloy

(g, /)<(p.e) =1
q#p

as x — oQ.

{q#p:q—l<yp,e10gf;l}'-log%- 19

Now, by the prime number theorem, for each fixed f € N and as y,  — o0,

f+1

f+1 Vp,elog ——
Hq#p:q—l<yp,e10g— = (1 +o(1) ’}H :
/ log(yp.e log 1)
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Moreover, the sum in (19) of the terms with f > fo is 0(yp,e/10g yp.e) as fo — o0, so

Z log f}f‘l _ (I +o(1)ype Z(log S+ 1) = (r + o(1)) ;pye

@)=(p.e) logype 13 S pee
q#p
as yp,e — 00. We next fix e € N, and sum over primes p. We obtain
f+1 (p—17
2. (=1 . lgto— = 3 (o)
P Yp.e<x (@./)<(p.e) , et (log T) -10g Vpe
x3(log ¢£1)?
=(t+ 0(1))# (20)

3(log x)?

as x — oo, again using the prime number theorem.* Thus, summing over e, and noting
that the left-hand side of (20) is uniformly bounded from above by an absolute constant
times the right-hand side (without the o(1) term), we obtain

0N, ) = (¢ +0(l) )2Z(oge+) = (& +o(1))

e>1

3(log x)?

as x — oo. Finally, using the prime number theorem a third time, we obtain

nx) =1+ > (p—l)—<1+o<1)>2 <)

e+l
| 210g xlog )
x? e+1 x?
log —— 1 21
- x;(og T @

and hence Q(N, <) -n=32 /logn — /2 (t2/3)(z/2)73/? = 4/7/3 as x — oo, as

claimed. u

We can now easily deduce the lower bound in Theorem 1.1, the only remaining diffi-
culty being to deal with those n € N that are not of the form n = n(x) for some x € R.

Proof of Proposition 5.1. It follows immediately from Lemmas 5.3 and 5.5 that the num-
ber of minimal covering systems of Z of size n(x) is at least

ONG),<) _ 4 n(x)*? )
¢ _e"p(( 3 +"(”)(lognu))l/z

as x — o0o. Let x > 0 be maximal such that n(x) < n, and set t := n — n(x). Observe
that ¢ < x = o(n), by (21), and that, by removing the hyperplane [0, ..., 0] (i.e., the

“4Indeed, the prime number theorem implies that Zp<z p%2 = (1/34+0(1))z3/logz as z — oco.
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progression {0 (mod N)}) from the construction given in the proof of Lemma 5.3, we
obtain a family of minimal covers of Zy \ {0} of size n(x) — 1. We complete each to a
minimal cover of Z of size n by adding the progressions {2°"1N (mod 2¢N)}, for each
£ € [t], and {0 (mod 2’ N)}. We obtain a family of

3/2
e"p((? * 0(1)) ao';nwz)

minimal covering systems of Z of size n(x) + ¢t = n, as required. [

6. Counting coverings that are far from frames

In this section we will begin the deduction of Theorem 1.1 from Theorem 2.3 by bounding
the number of minimal covers that fail to satisfy (3). In the process, we will obtain a short
proof of a weaker version of Theorem 1.1, bounding the number of minimal covering
systems of Z of size n up to a constant factor in the exponent.

Proposition 6.1. Let C > 0 be a constant, and letn € N and N = p}' --- p)"" satisfy

m
n>CYy yilpi—1).

i=1

Then the number of minimal covering systems A of Z of size n with lcm(A) = N is at

most 32
2
exp((%c? + 0(1)) —(10’;7[)1/2) asn — oo.

In order to bound the number of covering systems, we will need to bound the number
of choices for the modulus d and shift a of each arithmetic progression in #4. The fol-
lowing simple but important lemma, which we will use again later, shows that, given the
moduli, we have relatively few choices for the shifts.

Lemma 6.2. Letd,,...,d, € N. There are at most (n)? minimal covering systems 4 =
{A1,..., An} of Z of size n such that, for each i € [n], the modulus of A; is d;.

Proof. Let A = {A;,..., A,} be a minimal covering system of Z, and observe that we
may reorder the elements of +4 so that, for each i € [n], the arithmetic progression A;
covers at least a 1/i proportion of the set

R :=7\| 4.
J>i
Indeed, to see that this is possible we simply choose the sets one by one (in reverse order),
letting A; be the (remaining) progression in 4 whose intersection with R; has largest den-
sity, observing that R; is non-empty (since # is minimal) and recalling that 4 covers Z.
The total number of choices for + is therefore at most the sum over permutations of
(d1,...,dy) of the number of sequences (A1, ..., A,) with this additional property.
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Now let i € [n], and suppose that we have already chosen progressions (A;+1, .. ., An).
We claim that we have at most i choices for the arithmetic progression A;. Indeed, since
the progressions {a (mod d;)} (for a € {0, ..., d; — 1}) are disjoint, there are at most i
progressions with modulus d; that cover at least a 1/i proportion of R;. It follows that
the number of choices for # is at most (1!)2, as claimed. [ ]

It therefore only remains to bound the number of choices for the moduli. Note that if
lem() = p}!--- p then we have at most [;(y; + 1) choices for each modulus. The
following lemma, which we will use again later, provides a sharp bound on this product.

Lemma 6.3. Let (py, ..., pm) be a sequence of distinct primes, let (y1,...,Vm) be a
sequence of positive integers, and let M > 37| yi(p; — 1). Then

m M o\/2
Zlog()/i +1) < 2T +0(1) (—) as M — oo. (22)
= log M
Proof. We may assume that p; < --- < p,,, and reorder the y; so that y; > -+ > yp,,
noting that this does not change the left-hand side of (22), and that the inequality M >
> vi(pi — 1) still holds under the new ordering. Set x; := max {i : y; >}, and observe
that maximizing the left-hand side of (22) is equivalent to maximizing

t+1
X:=2x,-log th

t>1

subject to the constraint

MzZn(pi—l)=ZZ(pl—1)>Z—max{1ogxt 3.1 @23

i>1 t>1i=1 t>1

where in the final step we have used the following bound of Massias and Robin [18]:

= 3 3.568) _ x?
Z i >— 10gx+loglogx——— > —(logx —2),
= 2 logx 2

which holds for every x > e3. Note that X is increasing in x; for each + > 1, and so (by
allowing 0 < x; € R) we may assume that M is equal to the right-hand side of (23).
Applying the method of Lagrange multipliers, it follows that there exists A € R such

that, for each t > 1, either
1 5
= x¢| logx; — 5 ) (24)

or x; < e*. We will first show that the contribution to X of those values of ¢ such that
x; = O(1) is small. To do so, note that x;, = 0 for all t > M, by (23), and observe that
therefore

t
A log

Zx, ~log(#)]1[xt <logM] < (log(M + 1)) (25)

t>1



The structure and number of Erd&s covering systems 99

We may therefore restrict our attention to those values of ¢ for which x; > log M > e*, so
that, in particular, (24) holds. Let T = max {z : x; > log M } and observe that, by (23)—(25),
we have

T t+1) 12
Z + O((logM)?) and M
= ogx,—5/2

v
|
™
—
03
B
N—

To bound these sums, observe that A — oo as M — oo (by (24) and since x; > log M),
and therefore, uniformly in 1 < ¢ < log A, we have

r+1
log x; = log A + loglog + —log(logx; —5/2) = (1 + o(1)) log A

as M — oo. Moreover, if logA <t < T, then log # <1/t and log x; > loglog M. It
follows that, for each fixed ¢ € R, we have

Z(lgt+l) 1+0(1)Z t+1 _r—f-o(l)
= logx; —c  logA T logA

as M — oo, and hence M > (t/2 + 0(1))A?/log A. Finally, we deduce that

A M \1/2
X < )—— < (2 | ——
< oy < @vi o) ()
as M — oo, as required. ]

We can now easily deduce Proposition 6.1.

Proof of Proposition 6.1. We first choose the moduli of the progressions in A =
{A1,..., Ay}, and then the shifts. Since lem(A) = N = p}'--- ph for each j € [n]
we have at most

m n 1/2
[+ = exp((zﬁ n o(l))(—c o C)) )

choices for the modulus of the arithmetic progression A;, where the inequality follows
by applying Lemma 6.3 with M = n/C, and using our bound on n. By Lemma 6.2, it
follows that the number of choices for +4 is at most

2 27 n3/2 _ 2Vt —n3/2
oo (5F o0 )ogmrcnr ) =0 (52 +00) og)

as n — 0o, as required. n

Using Simpson’s theorem (Theorem 2.4), we can now easily deduce an upper bound
on the number of minimal covering systems that is sharp up to a constant factor in the
exponent.
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Corollary 6.4. The number of minimal covering systems of Z of size n is

O(n*?)
(g}

Proof. The lower bound follows by Proposition 5.1 (or by the simpler construction in the
introduction). For the upper bound, recall that, by Simpson’s theorem, we have

|A] > Zy,(pl—1)+1>2yllog2pl

i=1 i=1

for any minimal covering system # of Z with lem(#4) = N = p}'--- p}", and hence

N < 2" Thus, applying Proposition 6.1 with C = 1 (and summing over N < 2"), there
are at most

0312
exp( @7 + o) s )

minimal covering systems of Z of size n, as required. ]

7. Proof of Theorem 1.1

In this section we will complete the proof of Theorem 1.1; we begin by giving an overview
of the remaining part of the argument. Let + be a minimal covering system of Z of size n,
let N = lcm(»A) and, recalling (15), set S(p¢) = {0,..., p — 1} for each (p,e) € (N).
We map Zy into Sy) = ]_[( p.e)E(N S( p.e) as described in Section 5; that is, we associate
X € Zy with the vector y = ¢n (x) € S(n), where y(, ) is the coefficient of p¢~! i
p-ary expansion of x modulo p¢. Note that the image of each progression in A € 4 is a
hyperplane in Sxy. Moreover, by Observation 5.2, if H = ¢y (A) then, for each prime p,
the set

in the

{(p.e) € (N):(p.e) € F(H)}

forms a (possibly empty) initial segment of the sequence (p, 1), (p,2), .. .. Recall that we
call hyperplanes that satisfy this condition “arithmetic”.

We will apply Theorem 2.3 to + (with C = 4 and ¢ > 0 an arbitrarily small constant),
and deduce that either (3) fails to hold, or # contains an almost optimal §-generalized
frame (F(pe) : (p,e) € (N)). In the former case we are done by Proposition 6.1, so let
us assume the latter. We will carefully count the number of choices for the fixed sets of
the frame elements %, .y such that p > §~'. The bound we obtain will be sufficiently
strong unless N is primarily composed of primes smaller than §~!; however, for such N it
turns out that the simpler argument used in Section 6 suffices to give a sufficiently strong
bound.

Next, we bound the number of choices for the fixed sets of the remaining hyperplanes:
those in frame sets J{, . for some prime p < 871, and those not used in the frame. Sur-
prisingly, it turns out that we can again obtain a sufficiently strong bound using the method
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of Section 6. Roughly speaking, these “extra” hyperplanes are being used inefficiently,
and would be better off (in terms of increasing the number of choices) by contributing to
the construction of a larger frame (and thus a different value of N).

Finally, noting that the fixed sets of the hyperplanes in 4 correspond to the moduli
of the original arithmetic progressions, we will use Lemma 6.2 to bound the number of
minimal covering systems of Z of size n with given moduli.

7.1. Choosing the fixed sets of §-generalized frames

Let N € N and § > 0, and suppose that (F(,) : (p,e) € (N)) is a §-generalized frame
in S(y) consisting of arithmetic hyperplanes.’ Recall that %, .y is a collection of at most
p — 1 hyperplanes, and there exists an ordering < on (/N ), and for each (p,e) € (N) a set

I(p.e) 21{(q. /) € (N): (p.e) < (q. f)and (q. f) # (p.e)}. (26)

such that 1y, ¢)(H) > & for each (p,e) € (N) and H € F(, ). Recall also that (p,e) €
F(H), and the sets %, ) with p > §~! are disjoint. We remark that the ordering < might
not be arithmetic, but the hyperplanes are arithmetic, and this will turn out to be sufficient.

In this subsection we will bound the number of choices for the fixed sets of the hyper-
planes in (F(,.) : (p,€) € (N)) corresponding to primes larger than §~!. While doing
50, it will be convenient to write (N)g := {(p,e) € (N) : p > §~1}, and to define

F(N):== > (p—1 and Ts(N):= >  (p-1).
(p,€)e(N) (p,€)€(N)s
Note that, by Simpson’s theorem, if lcm(+4) = N then |A| > I'(N). Given an ordering <
n (N), for each (p,e) € (N) set
M<(p9 8) = 1_[ qv
(g,/)=(p.e)

and given a collection # of hyperplanes, let us write D(4) := (F(H) : H € 4) for the
corresponding collection of fixed sets. We begin by observing the following upper bound
(cf. Lemma 5.3) on the number of choices for the sequence (D (F(p.,e)) : (p.e) € (N)s).

Lemma 7.1. Let N € N and § > 0, and let < be an ordering on (N ). There are at most
J+1
exp( Z (p—l)( Z log f +82
(p.e)€(N)s (g,/)e(M<(p.e))

sequences (D(F(pe)) 1 (p,e) € (N)s) such that (Fpe) : (p,e) € (N)) is a simple §-
generalized frame in Sy with ordering < and consisting only of arithmetic hyperplanes.

5By Definition 2.2, we may suppose that § is sufficiently small; in particular, we will assume
that § < 1/2.
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Proof. Let (p,e) € (N)s,let H € ¥, ), and let g be a prime. Recall that, since H is an
arithmetic hyperplane, it follows by Observation 5.2 that the set F(H ) induces a (possibly
empty) initial segment of the set (¢, 1), (¢, 2), . ...

Suppose first that ¢ > §~!. We claim in this case that there are at most

i@ empeni+i=en( ¥ el
(g, /)e(M<(p.e))

choices for this initial segment. To see this, recall that (i, (H) > 8, and therefore
(g, f) & F(H) forevery (g, f) € I(p,e). By (20), it follows that F'(H ) does not contain
any element (¢, f) with (p,e) < (¢, f) and (p, e) # (g, f), and therefore the elements
(¢, f) in F(H) form an initial segment (in increasing order of f') of the set {(¢, f) € (N):
(¢, f) < (p, e)}. Since this set has the same size as the set { f : (¢, ) € (M<(p,e))}
(which is an initial segment of the positive integers), the claimed bound on the number of
choices follows.

Now suppose instead that ¢ < §~!. In this case the condition fi7(p¢)(H) > § only
implies that F(H ) contains at most log, (§~!) elements of /(p, ), and hence, by (26), at
most log,(§7!) elements (g, f) such that (¢, /) # (p. e). Repeating the argument from
the case ¢ > 571, it follows that we have at most

1 1
G e Mo+ 146 sen( 3 el g)
f(q,/)e(M<(p,e))

choices for the initial segment of the set (g, 1), (¢,2), .. ..

Finally, recall that there are at most p — 1 hyperplanes in ¥, . for each (p,e) € (N)s,
and note that there are at most §~! primes ¢ < §~!. Hence, multiplying the number of
choices for all (p,e) € (N)s, all H € #(, ), and all primes ¢ that divide N, it follows
that we have at most

ol 3,00l 5, )

(p,e)e(N)s (g,/)e(M<(p;e))

choices for the sequence (D(F(p.e)) : (p,e) € (N)s), as claimed. L]
Foreach N € N and § > 0, and each ordering < on (N ), let us define
f+1
Qs(N.<):= > (p—1 Y = log —
(p.e)e(N)s (g./)e(M<(p.e))
The following lemma provides a sufficiently strong upper bound on Qs (N, <).

Lemma 7.2. Let N € N and § > 0, and let < be an ordering on (N). If T's(N) >
§-T(N), then

T5(N)3/?
(log T5(N))'/2

4T

Qs(N, <) < (T + 0(1)) as N — oo. 27
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We first use Lemma 6.3 to obtain the following bound when I's (M) is large.

Lemma 7.3. Let M € N and § > 0. Then

f+1 Ts(M) \V? 2

as T's(M) — oo.

Proof. Let M = pi" .- pym_ and observe that

S el oS oemi 4= Y dogi+ 0+ Y og(i + 1)
i1

(g./)e(M) / iip;>8~1 iip; <61
Ts(M) \Y? 2
< N ——— Zlog T (M
< (@2VT+o( ))(IOgrg(M)) + S log T(M)

as I's (M) — oo, as required, by Lemma 6.3 applied to the sequence y; - 1[p; > §~!], and
by the bound y; < I'(M), which holds for every i € [m]. |

When I's (M) is bounded and I'(M) — oo, we will instead use the bound

13
> logf;— < 5 logI'(M), (28)
(¢.1)€(M)

which follows from the proof above by using the trivial bound log(y; + 1) < I's(M) for
the (bounded number of) large primes p;, instead of applying Lemma 6.3.
We will also need the following easy lemma.

Lemma7.4. Let2 <mg<my <---<my <m. Then
£—1 3/2

1/2
m; 2 m
i) o= = (5000 gy e

We can now prove Lemma 7.2.

Proof of Lemma 7.2. Observe first that, by Lemma 7.3 applied with M = M. (p, e), we
have

) log 21
(q,/)e(M<(p,e)) ! Ts(M<(p. e)) /2. 5
§ <\p,e€
<@Vt + 0(1))(—10g T (M<(p’e))) + 5 log F(M<(p.e))

as 's(M<(p,e)) — oo, and when I's (M<(p, e)) is bounded, by (28) we have

13
» logf;_ < ZlogT(V)

(a,/)e(M<(p.e))
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as '(N) — oo, since I'(M<(p,e)) <T'(N). Thus, summing over (p,e) € (N )3, it follows
that

Ts (M<(p.e))

1/2
m) +5 T(V)log (V)

05(N.<) <VTHo(l) Y (p—l)(
(p,e)e(N)s

as N — oo (which, in particular, implies that I'(N) — c0).
Next, we apply Lemma 7.4 with (mo, ..., mg) = (Fs(M<(p, €)))(p,e)e(n); and
m = Tg(N). Note that if (p’, ¢’) immediately follows (p, e) in the ordering < restricted
to (N )s, then
Ts(M<(p'. ")) —Ts(M<(p.e)) = p— 1,

since I'g only counts the large primes. It follows that

47 Ts(N)*> 3
N,<) < D)]——————+=-T(N)logI'(N
03, = (145 +0(1)) Gty + 3 T o P ()
as N — oo. Since I's(N) > & - ['(N) by assumption, we obtain (27), as required. |

Before continuing, let us observe that the condition I's(N) > & - I'(N) in the state-
ment of Lemma 7.2 (which in any case could be weakened considerably) is not a serious
restriction, since we can easily obtain, using the method of Section 6, a suitable bound on
the number of minimal covering systems whose least common multiple has mostly small
prime factors.

Lemma 7.5. Let 8,8 > 0 be constants and letn € N and N e N withTs(N) < B -T(N).
The number of minimal covering systems A of Z of size n with lcm(A) = N is at most
n3/2

exp(wﬂw(l))( 7

Proof. The proof is essentially the same as that of Proposition 6.1, but we use Lemma 7.3
in place of Lemma 6.3 to count the choices of the moduli. To be more precise, in order to
count the minimal covering systems + = {A;,..., A, } of Z of size n with lem(A) =

we will first choose the moduli, and then the shifts. Observe first that, for each j € [n],
we have at most

e+1 Ts(N) Y2 2
(pe])_e[(m y fexp((Zﬁ—i—o(l))(m) +glog1"(N))

) asn — oQ.

choices for the modulus of the arithmetic progression A;. Indeed, the left-hand side is
simply the number of divisors of N, and the inequality follows from Lemma 7.3.

Now, since (by assumption and by Simpson’s theorem) we have I's(N) < - T'(N)
< Bn, it follows by Lemma 6.2 that the number of choices for +4 is at most

2n1 n3/2
GoaE ”;’g”)_ xp((z\/EH(l)) )1/2)

as n — oo, as claimed. n

n3/2

(n!)*- exp((NE +o(1))
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7.2. Proof of Theorem 1.1

We are finally ready to put together the pieces and deduce our main counting result. We
will need the following easy bound.

Lemma 7.6. For every m € N and x > 0, we have
(m + x)3/2 m3/2 m O\ /2
> + (1) X asm — oQ.
(log(m + x))1/2 (login)”2 logm

We can now deduce Theorem 1.1 from Theorem 2.3, Propositions 5.1 and 6.1, Lem-
ma 6.2, Simpson’s theorem, and the results of this section.

Proof of Theorem 1.1. The lower bound follows immediately from Proposition 5.1, so we
will prove the upper bound. Observe first (cf. Section 6) that, by Simpson’s theorem, if
4 is a minimal covering system of Z of size n, then lem(+4) < 2". We may therefore
fix N < 2", and consider only covering systems «# such that lcm(4A) = N. We associate
each progression A € 4 with an arithmetic hyperplane in S(x) using the bijection ¢y, as
described above.

Let &€ > 0 be an arbitrarily small constant, set C = 4, and let § = §(C, ¢) > 0 be the
constant given by Theorem 2.3. Suppose first that either n > 4T'(N) or I'(N) > 4I's(N).
Then, by Proposition 6.1 and Lemma 7.5, there are at most

n3/2
exp(VE o) )

minimal covering systems + of Z of size n with lcm(4A) = N, as required. By Simpson’s
theorem, let us therefore assume from now on that T'(N) < n < 4T'(N) < 2*T5(N).

By Theorem 2.3 (and our choice of §), every minimal covering system +4 of Z of size
n < 4I'(N) with Iem(+) = N contains a §-generalized frame (F(,.) : (p.e) € (N)),

with
Y. Fpel = (1-aTW). (29)
(p.e)e(N)
Since I'(N) < 4T's(N), it follows by Lemmas 7.1 and 7.2 that the number of sequences
(D(F(p,e)) : (p,e) € (N)s) such that (Fp. : (p,e) € (N)) is a §-generalized frame
in S(y) consisting only of arithmetic hyperplanes is at most

4 s(N)3/2 (N
F(N)!-exp((%? —l—o(l)) (1og8r(5 (])v))l - 88(2 )), 30)

where the factor of I'(/N)! bounds (noting that I'(N) > |(N)|) the number of choices for
the ordering < on (N} associated with the §-generalized frame.

We next need to count the choices of the moduli for the remaining arithmetic progres-
sions in », that is, those corresponding to hyperplanes that are not included in %, . for
any (p,e) € (N)s. Recall (from Definition 2.2) that the sets #(, ) with (p,e) € (N)s are
pairwise disjoint, so there are exactly

X:=n-— Z | F(p.e)

(p,e)e(N)s
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such arithmetic progressions in . We bound the number of choices for the fixed sets of
these remaining hyperplanes in 4 using Lemma 7.3, which implies that we have at most

e+ 1 Ls(V) \'2 2
. el)_E[(N) Y = exp((2ﬁ + 0(1))(m) + 3 log F(N))

choices for each. Combining this bound with (30), and recalling that I'(N) <n < 24Ts(N),
it follows that we have at most

47 I (N)*/2 rs(v) \"?
‘”‘p((T+0(1))<logrs(zv>)1/2+(2ﬁ+0(1))(logrs(zv)) x) Gl

choices for the moduli of the arithmetic progressions in #, given N and x.
In order to bound (31), we apply Lemma 7.6 with m = T's(N). Since 0 < x < n and
27*n < m < n, we obtain

Ls(V)*/> 3( Ls(V) )”2 Lm0 el

(logTs(N)172 * 2\logTy(N) ) ™ = (log(T;(N) + )17 (logn)172
as n — oo. Now, since |F(p.¢)| < p — 1 for each (p,e) € (N), it follows from (29) that
n—x= Y |Fpel = Ts(N)—el'(N) = Ts(N)—en,

(p,e)€(N)s

so s (N) + x < (1 + &)n, and hence

(I's(N) + x)3/2 3/2 n3?
oz (W) )72 = WO ggmir

Combining this with (31) and (32), it follows that we have at most
4t n3/2
e —_— 1)) 32__ T
"p(( R ))( o <logn)1/2)

choices for the moduli of the progressions in .
Finally, by Lemma 6.2, it follows that there are at most

4t n3/?
exp((T * 0(8)) (logn)l/Z)

minimal covering systems of Z of size n with lem(4A) = N. Since ¢ > 0 was arbitrarily
small, this completes the proof of Theorem 1.1. |
Appendix A. Proof of the geometric Simpson’s theorem

In this appendix we will provide, for the reader’s convenience, a proof of the following
slight generalization of Simpson’s theorem [22].
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Theorem A.1 (Simpson’s theorem). Let # be a minimal cover of Six) with hyperplanes,
andlet I S F(A). Then

WHeA:FH)ZI} = Y (S|-D+1.
i€F (AN

Note that Theorem 2.4 follows from Theorem A.1 by setting I = @.
Proof. The proof is by induction on | F (+4)]. Set
LW = 8§ x - x Sy x {8} X Sjpq X -+ X Sk

for each i € [k] and s € S;, and note that if F(A) = {i}, then #4 (being minimal) must
consist precisely of the |S; | hyperplanes Lg’), one for each s € S;. Moreover, if I & F(A)
then I = @, and hence

{H e A:F(H) Z 1} =[A| =[S

as required. So suppose that | F(+4)| > 2, and (recalling that I & F(-A)) choose an element
i € F(A)\ I.Foreachs € §;, let A; C A be a minimal cover of Lg’), and observe that

A = UAS,

SES;
since + is minimal. For convenience, let us assume (without loss) that S; = {1, ..., p}.
Now, set F; (H) := F(H) \ {i} for each H € 4 (and similarly for a family of hyper-
planes), and define a sequence of sets (Ry, ..., Rp) by setting Ry := I, and

Rs := Ry_1 U F;(Ay)

for each s € S;, so in particular R, = F(+A) \ {i}. Now set I; := Ry_; N F;(+A,), and
define
Qs :={H € A; : F;(H) € I5}.

We claim that, applying the induction hypothesis to the minimal cover A of Lgi) (which
we naturally identify with S1 x -+ x S;j_1 X Sj4+1 X - -+ X Sg), we have either R;_; = Ry,
or
Q= > (S1-D+1 (33)
JERs\Rs—1
for each s € S;. To see this, simply note that Ry \ Ry—; = Fj(As) \ Is, s0if Rs_1 # Ry
then I C Fj(Ay), and that F; (As) € F(A) \ {i}, so (since i € F(+A)) we have | F; (Ay)]
< |F(A)|.
Set J :={s € S; : Ry—1 # Ry}, and recall that (33) holds for each s € J. We claim

that
e =1z vi-asi-n+ Y asi-D.

seJ seJ JEF (AT
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The inequality follows from summing (33) over s € J, and recalling that i € F(A) \ I,
so it remains to show that the sets @ are disjoint. To see this, observe that, if H € Ay,
then

Fi(H) ,¢_ Iy <= F;(H)C Ryand F;(H) ,¢_ Ry 1,

and so H € A for at most one element s € S;.

Finally, we claim that for each s € S; \ J, there exists a hyperplane H € #4 such that
H C Lgi) and F(H) £ I. To see this, observe first that L?) is not covered by {H eA:
i & F(H)}, as otherwise Sy would be covered by {H € 4 :i ¢ F(H)}, contradicting
the minimality of # and the fact that i € F (). It follows that there exists H € + with
H C L§i), and we have F(H) € I because i € F(H) \ I. Moreover, none of these
|S;| — | J| distinct hyperplanes is included in & for any s € J, since they do not intersect
the set | ¢ LY.

Hence, noting that F(H) € I foreach H € @, (since I C Ry_j and F(H) € Rs—1),
we obtain

(HeA:FUn g DIz | Ja|+IsiI- 1712 Y dsil-D+1,
seJ JEF (ANI

as required. ]
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