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Abstract. For 0 < k < 1, a finite-type k-surface in 3-dimensional hyperbolic space is a complete,
immersed surface of finite area and of constant extrinsic curvature equal to k. In Smith (2021), we
showed that such surfaces have finite genus and finitely many cusp-like ends. Each of these cusps
is asymptotic to an immersed cylinder of exponentially decaying radius about a complete geodesic
and terminates at an ideal point which we call the extremity of the cusp. We show that every cusp
of any finite-type k-surface has a well-defined axis, which we will call the Steiner geodesic of the
cusp. One of the end-points of this axis is the extremity, and we will call the other, which constitutes
new geometric data, the Steiner point of the cusp. We prove a new identity involving extremities
and Steiner points in terms of Mobius invariant vector fields over the Riemann sphere.

We define two new functionals over the space of finite-type k-surfaces. The first, which will be
called the generalized volume, is defined by the integral of a certain well-chosen form, and extends
to the non-embedded case the concept of volume of the set bounded by the surface. The second,
which will be called the renormalized energy, is related to the integral of the mean curvature of
the surface, and is well-defined up to a choice of Busemann function. Upon describing natural
parametrizations of the strata of the space of finite-type k-surfaces by open complex manifolds,
we prove a new Schlifli-type formula relating the extremities and Steiner points to the first order
variations of the generalized volume and the renormalized energy. In particular, Mobius invariance
of this formula yields the aforementioned identity. We conclude by studying some applications of
this identity and Schlifli-type formula.

Keywords. Extrinsic curvature, hyperbolic geometry, Schlifli formula, renormalization, contact
geometry, pseudo-holomorphic curves

1. Introduction

1.1. Overview

Surfaces of constant extrinsic curvature in space forms have been natural objects of study
since the publication of Gauss’ famous Teorema Egregium in 1827, and the intriguing
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applications that they have found in recent years in such diverse fields as soliton theory,
general relativity, hyperbolic geometry and Teichmiiller theory' prove that, even almost
two centuries after their introduction, they are still able to surprise and delight. In this
paper, we study the asymptotic properties of a certain subclass of such surfaces in 3-
dimensional hyperbolic space H?3.

For 0 < k < 1, a finite-type k-surface in H? is a pair (S, e), where S is a smooth
surfaceand e : S — H3 is a complete, smooth immersion of finite area and of constant
extrinsic curvature equal to k. The space of reparametrization equivalence classes of such
surfaces identifies with the space of biholomorphism classes of marked ramified covers of
the Riemann sphere ¢ (see Section 1.3). At this stage, it suffices to note that finite-type k-
surfaces in H? are topologically finite with cusp-like ends, as illustrated in Figure 1.1.1.
Each cusp terminates in a well-defined point of d,,H?> = €, which we call its extrem-
ity, and since cusps are not necessarily embedded, each also has a well-defined positive
integer-valued winding number.

Z3

Fig. 1.1.1. A typical finite-type k-surface in H3. Such surfaces are topologically finite with cusp-
like ends. Each cusp has a well-defined extremity in C and a well-defined positive integer-valued
winding number.

In Section 1.2, we canonically associate to every cusp a complete geodesic in H?3,
which we view as the axis of the cusp, and which we call its Steiner geodesic. One of
the end-points of this geodesic will be the extremity of the cusp, and we call the other
the Steiner point of the cusp. A simple example of Steiner geodesics and Steiner points is
illustrated in Figure 1.1.2.

Our aim is to prove the following identity relating the extremities, winding numbers
and Steiner points of any finite-type k-surface. For each x # y € C, we define the vector

IFor recent applications of k-surfaces, the reader may consult [3, 6,7, 17, 20, 24, 33] as well
as our review [9], written in collaboration with F. Fillastre. For k < 0, an attractive and modern
discussion of the relationship between k-surfaces (there referred to as pseudospheres) and soliton
theory is presented in [23].
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field K[x, y] over ¢ by

waz. (1.1)
X =)

This family is Mobius invariant, as is seen upon noting that K[x, y] is the Killing vector
field of the stabilizer of {x, y} in the M&bius group SO(3, 1).

Klx, y](z) :=

Theorem 1.1.1. For every finite-type k-surface (S, e) in H> with extremities z1, . . ., Zn,
winding numbers my, . .., my, and Steiner points {1, ..., Cp,
n
> miKlz. & = 0. (1.2)

i=1
Remark 1.1.1. Theorem 1.1.1 is proven in Section 5.5.

Theorem 1.1.1 follows immediately from a Mobius invariant Schléfli-type formula
that we now describe. We will see that, even in the non-embedded case, every finite-
type k-surface (S, e) bounds a well-defined, real-valued generalized volume Vol[e]. In
addition, given any Busemann function 4 : H3 — R with centre /o, € C, we will say that
(S, e) is h-admissible whenever its extremities lie in C \ {hoo} and, in this case, we will
construct a well-defined renormalized energy ]::[e; h] of the surface. We then define, for
every h-admissible finite-type k-surface,

Ele: h] := Ele: h] — 2(1 + k) Vole]. (1.3)
Forallx # y € C, we define the 1-form Alx, y] over ¢ \ {x,y} by
. y—x)dz
Alx, ¥](z) := O-D0-2) (1.4)

This family is also Mobius invariant, as is seen upon noting that, for all suitable x, y, z
and £,
Alx, yl(z) = Oz, x, y. w]lw=z - &, (1.5)

where [, -, -, -] denotes the cross ratio. Finally, we note that the space of finite-type k-sur-
faces is stratified by finite-dimensional complex manifolds, with each stratum locally
parametrized by the extremities of the cusps. In particular, given a finite-type k-surface
(S, e) with extremities zy, . .., z,, the tangent space of Cn at (z1, ..., zy) naturally iden-
tifies with the tangent space of the stratum at (S, ¢). We obtain the following Schlafli-type
formula.

Theorem 1.1.2. Let h : H?> — R be a Busemann function with centre heo € C. For
every h-admissible finite-type k-surface (S, e) in H3 with extremities z1, . .., z,, wind-
ing numbers my, ..., my, and Steiner points {1, ..., C,, and for every tangent vector

E=(1,....6) toC" at (zy.....,zn),

D&le;h]-§ = 4m Y miRe(Alhoo, &i](z1) - &) (1.6)

i=1
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Fig. 1.1.2. Steiner geodesics and Steiner points. The embedded k-surface with three extremities at
—1, 0 and 1 is a smooth fattening of the convex hull of these three points in H?3. In this case, by
symmetry, the Steiner geodesics are independent of k and have Steiner points at 1/3, co and —1/3
respectively.

Remark 1.1.2. Theorem 1.1.2 follows immediately from Theorem 5.5.5 and the subse-
quent remark. In particular, Theorem 1.1.1 follows immediately upon applying (1.6) to
the stabilizer of /2 in SO(3, 1).

Remark 1.1.3. The classical Schlédfli formula is a staple of convex geometry which
describes the first-order variation of the volume of a polyhedron in terms of the lengths
of its edges and the first-order variations of its angles (see [1]). This formula has been
extended in recent decades in various ways. For example, in [5], Bonahon adapted it to the
case of equivariant pleated surfaces in hyperbolic space. More recently, in [15], Krasnov
& Schlenker developed a version for first-order variations of smooth equivariant surfaces
(cf. also [25,26]). It is this smooth version that is closest in spirit to Theorem 1.1.2.

1.2. Finite-type k-surfaces, Steiner geodesics and Steiner points

The remainder of this introduction will be devoted to detailing the results outlined in
Section 1.1. In this section, we address the geometry of finite-type k-surfaces in H?>. We
refer the reader to [30] for proofs of the assertions that follow.

We first describe explicitly the ends of finite-type k-surfaces. Let z € oo H?3 be an
ideal point and let # be a Busemann function of H? centred on this point (cf. [2]). For all
telR,let

Hy = h~'({r}) (1.7)

denote the horosphere at height # centred on z, and note that this surface is intrinsically
euclidean. For a positive integer m, a k-end of winding number m with extremity z is
defined to be a smooth immersion e : S! x [0, co[ — H? of finite area and of constant
extrinsic curvature equal to k such that, for all y, e(:, y) is an immersed curve in H_,, of
total curvature equal to 2t m. Up to rescaling, the metric that e induces over S! x [0, oo[
is that of a hyperbolic cusp so that, in particular, the length of e(-, y) tends exponentially
to zero as y tends to infinity. Furthermore, for every unit-speed geodesic y : R — H?3
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terminating at z and parametrized by the value of —#,
d(y(y).e(x.y)) = O(e™V17¥) (1.8)

as y tends to infinity. Heuristically, e wraps, ever more tightly, m-times around a complete
geodesic. We will provide a complete description of the asymptotic geometry of k-ends
in Chapter 4.

Now let (S, e) be a finite-type k-surface. By Huber’s Theorem, S has finite genus and
finitely many ends. We may therefore suppose that S = S \ P, where S is a compact
surface and P := {p1,..., pn} is a finite subset of S. The immersion e extends uniquely
to a continuous function e : S — H?> U d,,H?> which maps every point of P to an ideal
point in 0ooH3. For all 1 <i < n, the ith extremity z; [e] of (S, e) is defined by

zile] ;= e(pi). (1.9)
For each i, let i; : H?> — R be a Busemann function centred on z; [e], and denote
So:={peS|(hjoe)(p)>0Vi}. (1.10)

Upon modifying A1, ..., h, if necessary, So may be taken to be compact with smooth
boundary and the complement in S of its interior may be taken to consist of n connected
components S1, ..., S, such that, for each i, (S;, e) is a reparametrization of some k-end
with extremity z;[e]. In particular, for each 7, the ith end of (S, e) has a well-defined
winding number, which we denote by m;. This completes our description of the geometry
of finite-type k-surfaces in H?3.

We now describe the construction of Steiner geodesics and Steiner points. We first
recall some results from the theory of planar curves. Given a locally strictly convex,
immersed, closed curve ¢ : S! — R? with geodesic curvature k¥ : S! — R, unit nor-
mal vector field v : ST — S, and winding number m, its Steiner curvature centroid is

defined by
s(p) = L (p, v)vidl, (1.11)
mm Jg1
where dl denotes the length element of ¢. The Steiner curvature centroid is also expressed
in terms of the support function of ¢ as follows. Suppose first that ¢p has unit winding
number, so that, by strict convexity, v is a diffeomorphism. Recall (see [28]) that the

support function of ¢ is defined by
Y= (p,v)ov, (1.12)

so that, upon parametrizing S! by the interval |, 7r[ in the natural manner, we obtain

T

1
s(p) = — ¥ (0)(cos(0), sin(0)) db. (1.13)
T J-x
That is, s(¢) is the first Fourier mode of the support function. We leave the reader to
determine the straightforward extension of this formula to the case of general winding
numbers.
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Let z € dooH be an ideal point, lete : S* x [0, co[ — R be a k-end with extremity z,
and let & : H®> — R be a Busemann function centred on z. Since horospheres are intrin-
sically euclidean, locally strictly convex closed curves in horospheres have well-defined
Steiner curvature centroids. We thus define s : [0, oo[ — H?3 such that, for all y, s(y) is
the Steiner curvature centroid in the horosphere H_,, of the immersed curve e(-, y).

Theorem & Definition 1.2.1. There exists a unique unit-speed geodesic y : R — H?3
such that
d(y(y).s(») = 0@ >¥*7) asy — co. (1.14)

We call y the Steiner geodesic of e, and we call its end-point at —oo the Steiner point of e.
Remark 1.2.1. Theorem & Definition 1.2.1 is proven in Section 4.2.

Remark 1.2.2. Recall that any two distinct unit-speed geodesics terminating at z and
parametrized by the value of —h are separated by a distance proportional to e so that,
since 0 < k < 1, the geodesic constructed in Theorem 1.2.1 is indeed unique.

Remark 1.2.3. Although the main interest for us of Theorem & Definition 1.2.1 is the
construction of a canonical axis with noteworthy properties, the Steiner curvature centroid
is itself a remarkable object which has attracted the attention of convex geometers since
the middle of the nineteenth century. The reader may consult [11, Section 14.4], [13,
Section 10.5], and the introduction of [27] for overviews of its history from different
perspectives. Interestingly, an entertaining exercise (see [16]) shows that, in the case of a
convex polygon, the Steiner curvature centroid coincides with the centre of mass of the
system obtained by placing a mass equal to the magnitude of the exterior angle at each
vertex so that, in the case of triangles, it coincides with the Kimberling centre X 1115.2

1.3. Finite-type k-surfaces and marked ramified covers

We now describe in detail the topology and geometry of the space of finite-type k-surfaces
in H3. We show, in particular, how this space identifies with the space of marked ramified
covers of the Riemann sphere C. We refer the reader to [30,32] for proofs of the assertions
that follow.

For 0 < k < 1, we denote the space of finite-type k-surfaces in H? by §k, Two finite-
type k-surfaces (S, e) and (S’, ¢’) will be considered to be equivalent whenever there
exists a diffeomorphism « : S — S’ such that e = ¢’ o @. The quotient space of §k by
this equivalence relation will be denoted by §;. We often identify a finite-type k-surface
(S, e) with its equivalence class in Sg.

We define a marked ramified cover of the Riemann sphere C tobe a triple (S, P, ¢),
where S is a compact Riemann surface, P is a finite subset of S, and ¢ : § — C isanon-
constant holomorphic map with ramification points contained in P. Elements of P will be

%It was another pleasant surprise in writing this paper to learn of the existence of an entire
theory devoted to the study of triangle centres. The interested reader may consult [14] for further
information on this hidden treasure of modern mathematics.
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called generalized ramification points. The space of marked ramified covers of C will be
denoted by R. Two marked ramified covers (S, P, ¢) and (5, P’, ') will be considered
to be equivalent whenever there exists a conformal diffeomorphism & : S — S’ such that
P =o' (P’)and ¢ = ¢’ o ar. The quotient space of R by this equivalence relation will be
denoted by R. We often identify a marked ramified cover (S, P, ¢) with its equivalence
class in R.

We construct a canonical bijection from S to R as follows. Let (S, e) be a finite-type
k-surface. Let é : S — UH? denote the unit normal vector field over e. Let n : UH® —
0ooH?> denote the horizon map defined by setting, for every unit vector £, € UH?3,

n(x) 1= y(+00), (1.15)

where y : R — H? denotes the unique geodesic whose derivative at zero is £,. The func-
tion
¢pe:=noée (1.16)

extends to a ramified cover of C = oo H3 by S whose ramification points are elements
of P, and the map
Pr: Sk —> R, (S.e)—> (S, P, ¢), (1.17)

is the desired bijection (see [32]).

The spaces S and R also carry natural topologies with respect to which @y is a
homeomorphism. They are constructed as follows. Let S be a compact surface. Let U be
a set of finite subsets of S which is open in the Hausdorff topology. Let V be an open
subset of C%(S, H3 U 0o, H?). We define the subset Q4 (S, U, V) of =§k by

Qs(S,U,V):={(S\ P.e) |#P <00, Pe U, e e V}. (1.18)

We furnish §k with the topology generated by all sets of this form. The sequence
(S\ P, em)men converges to (S \ Poo, €0o) With respect to this topology if and only
if (Pp)meN converges to Po in the Hausdorff sense and (e,,)men converges uniformly
to €so. Now let W be an open subset of C(S, (@). We define the subset Q,(S, U, W)
of R by

Q. (S, U W):={(S,P.¢) | #P <00, P €U, ¢ € W}. (1.19)

We furnish R with the topology generated by all sets of this form. As before, the sequence
(S, P, dm)men converges to (S, Poo, o) With respect to this topology if and only if
(Pm)meN converges to Py, in the Hausdorff sense and (¢b,;)men converges uniformly
t0 ¢oo. Finally, Sy and R are furnished with the induced quotient topologies, and it is
with respect to these topologies that the bijection @ defined in (1.17) is homeomorphic.

We conclude by describing the stratified holomorphic structures of these spaces. Let
(S, e) be an element of §; with n ends. A nearby element (S’, ¢’) of S lies on the same
stratum whenever it has the same number of ends. Since the quantity and winding numbers
of ends can only be varied over a continuous family in §; by splitting or coalescing
existing ends, it follows that the unordered vector (my, ..., m,) of winding numbers is
constant over every stratum. In Section 5.2, we show that each stratum naturally has the
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structure of a smooth complex manifold, of dimension equal to the number of ends, which
is locally conformally parametrized by the extremities of these ends in C.

The strata of R are defined similarly. Given an element (§ , P, ¢) of R, a nearby
element (S, P, ¢’) lies on the same stratum whenever P’ has the same cardinality as P.
This means that a continuous family in /R lies on a given stratum whenever no generalized
ramification points of order 1 are added or removed and no generalized ramification points
split or coalesce. Every stratum of R likewise has the structure of a smooth complex
manifold, of dimension equal to the cardinality of the generalized ramification set, which
is locally conformally parametrized by the images of the generalized ramification points.
It follows trivially from these definitions that @y restricts to a conformal diffeomorphism
from strata of Sy into strata of R.

1.4. Area, generalized volume and renormalized energy

Finally, we introduce three natural geometric functionals over S which are smooth over
each stratum. These will be the functionals which contribute to the Schlifli-like formula
of Theorem 1.1.2. The first functional, which we include for completeness, is the area

Areale] :=/dArea[e]. (1.20)
S

It is of little geometric interest since, by elementary hyperbolic surface theory, it is con-
stant over every stratum. Indeed, for all (S, e) € Sk,

2 x[S]
11—k’
where x[S] denotes the Euler characteristic of S.

The second functional generalizes to the case of immersions the concept of volume
bounded by an embedding. We first construct in Section 5.3 a natural family (az) ¢y m3

Areale] = — (1.21)

of primitives of the volume form of H* parametrized by ideal points in C. The generalized
volume of a finite-type k-surface (S, e) is then defined by

Vol[e] :=/e*ozz (1.22)
s

for some ideal point z. We verify that this functional is finite and independent of the ideal
point chosen, that it is smooth over every stratum of Sz and, whenever e is embedded,
that it coincides with the volume of the convex set that this embedding bounds.

The third functional is what we choose to call the renormalized energy, and is defined
as follows. Let / : H?> — R be a Busemann function centred on /o € C. Let (S,e) be
a finite-type k-surface whose extremities z;[e], ..., z,[e] all lie in ¢ \ {hoo}. For each i,
let h; : H3 — R be a Busemann function centred on z; [e] and normalized in such a way
that the horosphere hi_1 ({0}) is tangent to 2~ ({0}) at some point. For all T € R, define

Erle;h] := [S Hle] dAreale], (1.23)
T
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where
Sr:={peS|(hioe)p) =T Vi}, (1.24)

and H[e] denotes the mean curvature of e. The renormalized energy of (S, ) with respect
to & is defined by

n
Ele; h] := TETOOET[e;h] + 22nm,~T, (1.25)
1=
where my, ..., m, are the winding numbers of the ends of e. In Section 5.3, we show

that this limit exists and defines a function over an open, dense subset of S which is
smooth over every stratum. A different Busemann function will yield another renormal-
ized energy, defined over a different open, dense subset, which differs from the first over
every stratum by a certain quadratic function of the extremities. It is the derivatives of the
generalized volume and renormalized energy which are studied in Theorem 1.1.2.

Note that the renormalized energy arises in a natural manner from the geometry of
the function é : S — UH? already introduced in Section 1.3. Indeed, this function is an
immersion whose area form with respect to the Sasaki metric of UH? is

dE[e] = %H[e] dAreale]. (1.26)

Since é is asymptotic over every end of S to a finite cover of a cylinder in UH?3, the inte-
gral of this form grows linearly with the absolute value of T as T tends to minus infinity,
from which convergence in (1.25) follows. In [19] (see also [18]), Labourie showed that
é is pseudo-holomorphic with respect to a suitable almost complex structure over UH?
and, using this property, derived many valuable results. Since the area of a pseudo-holo-
morphic curve is usually interpreted as an energy (see, for example, [22]), this justifies
our terminology.

1.5. Applications I: lagrangian embeddings

We conclude this introduction with some applications of Theorems 1.1.1 and 1.1.2. We
first show how the extremities and Steiner points yield canonical lagrangian immersions of
the strata of Sy into certain open Kihler manifolds. Indeed, let €2 denote the complement
of the diagonal in ¢ x (@, that is,

Q={01z#L (1.27)
We define the complex-valued symplectic form w over this set by
1
w:=——-—d{ndz. (1.28)
(¢ —2)?

Note that the family of 1-forms A introduced in (1.4) satisfies, for all /i,
dAhs, ] = . (1.29)

The Schléfli formula (1.6) thus immediately yields the following result.
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Theorem 1.5.1. Let X be an n-dimensional stratum of 8. Let m := (my, . . .,my) be such
that, for all i, m; is the winding number of the ith end of any element of X. The function
(21,81, - - - 2n, §y) defines a smooth, lagrangian immersion from X into (Q", w,,), where
the symplectic form wy, is given by

wm = Re(mw; & -+ & mywy). (1.30)

From a physical perspective, the extremities and Steiner points may be considered as
observable quantities over X. We may thus interpret Theorem 1.5.1 in at least two distinct
ways. On the one hand, in analogy with classical thermodynamics, this result means that,
for each i, the i th extremity and the i th Steiner point together constitute a pair of conjugate
variables over the stratum X. On the other hand, since X is locally parametrized by its
extremities, the locally defined function o given by

021y 2n) = (C1aen s ln) (1.31)

may be considered as the map of scattering through finite-type k-surfaces. We recall from
linear scattering theory that the symmetry of the scattering matrix corresponds to the phys-
ical reversibility of the process being studied. In the non-linear case, this corresponds to
the lagrangian property of the scattering map, and this is precisely the property established
in Theorem 1.5.1.

1.6. Applications II: the geometry of Steiner points

As a second application, we determine the Steiner points of certain elementary finite-
type k-surfaces. At this stage, it will be convenient to choose an explicit upper half-space
parametrization of H?3, namely

H3 := {(x,y,2)" | z > 0}, (1.32)
with metric given by
1
8ij ‘= 2—251']'. (1.33)

In this parametrization, the ideal boundary do,H?> of H? naturally identifies with the
extended complex plane C U {oo}. Let (S, e) be a finite-type k-surface, none of whose

extremities z1[e], ..., zy[e] lie at infinity. For each i, let m; denote the winding number
of the ith end, let ¢; [e] denote its Steiner point, and define its Steiner vector c;[e] by
le] 1 (1.34)
clel i =———. .
Sile] —Zile]

Observe that this vector is always finite, since the Steiner point of any end is trivially dis-
tinct from its extremity. Upon expanding (1.2) as a quadratic function of z and analysing
its coefficients, we obtain

Zmi cile]zile] = —% Zmi. (1.35)
i=1

i=1

It is this form of (1.2) that will be of most use to us in this section.
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Recall from Section 1.3 that finite-type k-surfaces are defined via their marked rami-
fied covers. Consider now the case where S = C and ¢ is the identity map. For any finite
subset P of @ (S,e) := CI>]:1(§, P, ) is an embedded surface bounding a convex set
in H?3 whose intersection with dooH? is P. In particular, the set P coincides with the
set {z1, ..., z,} of extremities of (S, ). Suppose now that P := {zy, ..., z,} where, for
each m,

Zm = eZnim/n.
P is then symmetric under reflection about the unit circle in C as well as under reflection
about the real line generated by z; for all 7. It follows that, for each i, the i th Steiner point
of (S,e)is

Gile] = —zi,
and the i th Steiner vector is therefore
cile] = —3zi.

The case where n = 5 is illustrated in Figure 1.6.1.

Fig. 1.6.1. Steiner points I. The extremities are shown in black and the Steiner points are shown in
white. When the extremities of an embedded k-surface are evenly distributed along the unit circle
in C, the Steiner point of each end is the antipodal point of its extremity on the unit circle. Figure
1.1.2 is in fact obtained from the case of three points evenly distributed along a circle upon applying
a suitable Mobius transformation.

Suppose now that P := {z¢, z1,..., 2z}, Where zo = 0 and, forall 1 <i <mn, z; is as
before. By symmetry again, the Steiner point of (S, e) at 0 is

Sole] = oo,
and the corresponding Steiner vector is

cole] = 0.
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Likewise, there exists a real number a such that, for all 1 <i < n, the Steiner point of
(S,e) at z; is

Lile] = az;.
However, symmetry alone is not sufficient to determine the value of a. Instead, using
(1.35), we show that the Steiner vector of (S, e) at z; is

n—+1
cile] = — o zi,
so that the corresponding Steiner point is
1—n
Sile] = 1 +n2i~
The case where n = 5 is illustrated in Figure 1.6.2.
. -,
& &
L ) g
o

Fig. 1.6.2. Steiner points II. As before, the extremities are shown in black and the Steiner points
are shown in white. The extra extremity at the origin displaces the other Stiener points towards the
centre. In the case of five extremities evenly distributed along the unit circle, the Steiner points lie
along the circle of radius 2/3 about the origin.

Finally, we construct a non-trivial covering of C with a large number of symmetries
as follows. Let n, mo and m be positive integers such that

—+—€Z. (1.36)

With zg, z1, . .., z, as before, let S be the Riemann surface of the function
n
f@) =z -z,
i=1

and let ¢ : S — C denote the canonical projection. Condition (1.36) ensures that S is
obtained from C by branch cuts joining each z; by a radial line to the origin. In particular,
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the point at infinity is not the image of any ramification point of ¢. For each i, let p; € §
be the unique preimage of z;. By symmetry, the Steiner point of (S, e) at pyg is

Sole] = oo,
and the corresponding Steiner vector is
cole] = 0.

Likewise, by symmetry together with (1.35), for each 1 <i < n, the Steiner vector of
(S,e)at p; is

mo + nmy
cile] = ———1zi,
2nmy
so that the corresponding Steiner point is
Mmoo —nmg
Sile] = —————z;.
mo +nmy

1.7. Notation

Throughout this paper, we work with the upper half-space parametrization of H3. The
euclidean metric and norm will be denoted by (-, -)e and | - ||, and the hyperbolic metric
and norm by (-, )¢ and | - ||g. When describing asymptotic relations, we write f(¢) =
O(g(t)) when f(t)/g(t) remains bounded as t — oo, and f(¢) =o(g(¢)) when f(¢)/g(¢)
tends to zero as t — 00.

1.8. Structure
The paper is structured as follows.

Section 2: We define Weinstein coordinates of the unitary bundle of hyperbolic space.
These coordinates are well-adapted to the study of immersed surfaces that are asymptotic
to cylinders over geodesic rays. We express the objects of classical differential geometry
in terms of these coordinates. We conclude by determining a formula for the extrinsic
curvature of an immersed surface.

Section 3: We develop a theory of asymptotic series for solutions of a certain class of
non-linear partial differential equations which includes k-ends. This is the most techni-
cal part of the paper and, since we are not aware of whether this problem has already
been addressed in the literature, we study it in far greater detail than is necessary for our
purposes.

Section 4: We apply the analysis of Section 3 to determine asymptotic estimates of var-
ious geometric properties of k-ends, such as mean curvature, radius, area form, etc. In
particular, we associate a well-defined axis to every k-end, thus proving Theorem 1.2.1.

Section 5: We show how the immersions in each stratum vary smoothly with the extrem-
ities. We introduce the generalized volume and the renormalized energy. We study the
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derivatives of these functionals along the strata, and show that they satisfy the Schléfli
formula of (1.6). We conclude by applying this Schlifli formula to the Killing fields of
the isometry group of hyperbolic space, thereby proving the relations of Theorem 1.1.1.

Appendix A: For the reader’s convenience, we review the theory of composition operators
over Holder spaces.

2. Geometry in Weinstein coordinates

2.1. Overview

Let M := M?™*! be a contact manifold with contact form «. An m-dimensional
immersed submanifold L := L™ is said to be legendrian whenever the restrictions of
o and da to L vanish. The total space of 7*L @ R also carries a natural contact structure
given by

a=dt—A, (2.1)

where A denotes the canonical Liouville form of 7* L. Weinstein’s theorem for contact
manifolds then affirms the existence of a neighbourhood €2 of L in M contactomorphic to
a neighbourhood of the zero section in 7*L & R (see [21, Theorem 3.4.13] and the pre-
ceding discussion). We call such parametrizations Weinstein coordinates of M about L,
and it follows from the proof of Weinstein’s theorem that such coordinate systems are far
from unique.

Consider now the case where M := UH? is the total space of the unit sphere bundle
over hyperbolic space, which is well-known to carry a natural contact structure. When
working with hyperbolic space, it is useful to be aware of a number of coordinate sys-
tems, since different systems highlight different features of its geometry. In this spirit,
Weinstein coordinates of UH? play a useful role in the study of those immersed surfaces
in H?3 which, like k-ends, are asymptotic to narrow cylinders about complete geodesics.
Indeed, the unit normal bundle N T" over a complete geodesic I' in H? is an embedded
legendrian surface in UH3, and there is a natural choice of Weinstein coordinates about
this surface which respects the symmetries of H? that preserve I'. In this section, we will
explicitly describe these coordinates, and we will study how the geometric properties of
certain classes of surfaces are described in this framework. We underline that the explicit
coordinates described here are not actually indispensable to what follows, but serve to
greatly simplify our presentation. That said, it turns out that they do, in fact, possess a
number of surprising properties which we believe warrant further study.

2.2. Weinstein coordinates of the unitary bundle

We identify H? with the upper half-space in R3, that is,

H3 = {(x,y.2)" | z > 0}. (2.2)
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Recall that the hyperbolic metric over this space is given by

1
gij = 2—251']'- (2.3)

The total space of the tangent bundle of TH? identifies with an open subset of R3 x R3
in the natural manner. The total space of the unit tangent bundle then identifies with a
codimension 1 submanifold of this product, namely

UH? = {(x,y.z,u,v,w) | z >0, u> + v* + w? = z2}.

Consider the Liouville form defined over TUH® by
1
A= —(udx +vdy + wdz).
z

This form, which is invariant under the action of isometries of H?, defines a contact
structure over UH?.
Consider now the complete geodesic

To.00 := {(0,0,2)" | z > 0},
and let NT"¢,, denote the bundle of unit, normal vectors over this geodesic, that is,
NTo.00 := {(0,0,z,u,v,0)" | z > 0, u® + v* = z%}.

Since NT'g o is an embedded legendrian submanifold of UH?, Weinstein coordinates
about this surface may be constructed. First, let T*NT'g  denote the total space of its
cotangent bundle. If A denotes the canonical Liouville form of T*NTg o, then the form

dt — A

defines a contact structure over the product T*NT¢ o x R. Since the universal cover of
NTI'9,0 is isometric to R2, T*N I'p,00 x R naturally identifies with a quotient of R>. An
explicit system ® : R — UH? of Weinstein coordinates about g o is then given by

d(x,y,u,v,t) :=
(e”t cos(x)—e”usin(x),e”t sin(x) 4+ e”u cos(x),e”, —€e” cos(x), —€e” sin(x), Se”)’,
(2.4)
where : ,
Ci=—, §:= L (2.5)
V14t +v)? V14 +v)?
Indeed, direct computation yields
—1
PN = —————(dt —udx —vdy). (2.6)

V14 +v)?
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This system of Weinstein coordinates is equivariant with respect to the group of isome-
tries of H® which preserve the point at infinity. Indeed, for all £, € R and all (a,b)" € R?,

R[£]«D(x, y,u,v,t) = ®(x + &, y,u,v,1),
D[n]«®(x, y,u,v,t) = ®(x,y + n,u,v,t), 2.7
Tla, b« @(x, y,u, v, 1) = @(x, y,u + ox(x,y), v + 0y(x, y). 1 + 0(x,y)),
where the hyperbolic isometries R[£], D[5] and T[a, b] are defined by
RIEI(x, 7, 2)" := (cos(§)x — sin(§)y, sin(€)y + cos(€)x. z)',

D[n](x,y,2)" := (nx,ny,nz)’, (2.8)
T[a,b](x,y,z)’ =x+4a,y+ b,z),

and the function o is defined by
o(x,y) :=ola,b](x,y) := ae™ cos(x) + be™” sin(x). (2.9)
Finally, it will be convenient to introduce the variable
0 := arctan(t + v), (2.10)

which is none other than the angle that the vector ®(x, y,u, v,¢) makes with the horizontal
horosphere at height e”. In particular,

€ =cos(d), § =sin(H), (2.11)
justifying our notation. In addition, we denote
T :=tan(f) =t + v. (2.12)

These three abbreviations will be used frequently throughout the sequel.

2.3. The horizontal and vertical subbundles

Let WUH? € TUH? denote the contact distribution of UH?3. Let V denote the Levi-Civita
covariant derivative of H3. We recall (see, for example, [31]) that WUH?3 decomposes as

WUH? = HUH? @ VUH?, (2.13)

where HUH? denotes the intersection of WUH? with the horizontal subbundle of V and
VUH? denotes the vertical subbundle of TUH?3. Let

I''=V-D

denote the Christoffel symbol of V, where D denotes the standard derivative of R3. We
view T as a symmetric bilinear form taking values in R3. By the Koszul formula, with
respect to the standard basis (d, d,, d;) of R3, it can be written as

0z 0 —oy

F(x,y,z):; 0 0; —0y]. (2.14)
—0x —0y —0;
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Consider now a point (x,u)’ € UH?3. Given a tangent vector £ of H? at x, its horizontal
and vertical lifts to T(y ) UH? are given by

£, 0l = €, -T @ £)',  [0,8@w = (0,8)". (2.15)
The fibres over (x, u) of the horizontal and vertical subspaces of WUH? are then given
by
Hx ) UH? :={[§, 0] (e | (§.4) =0}, Vi UH?:={[0, ] (x| (E. ) =0} (2.16)

In particular, there is a canonical bundle involution ¢ of WUH? defined by setting, for all
(x. )" and for all §,

L€ 0w = [0, €l tewl0. El@uw = [§ Ol (2.17)

We now determine HUH?3, VUH? and ¢ in the Weinstein coordinates defined in the
previous section. By equivariance, we may suppose that x = y = 0. Consider now the
vector fields

Oy 1= Oy + ud; — udy — 1y,

3y =9, 4+ v9; — vy — Udy,

o (2.18)
au = 814,

5,, = €29,.

We verify by inspection that these vector fields span ®*WUH? and direct computation
yields
d,(€a, — Sax) = [(0,€,0),(0,0,0)],

D, (€, + §,) = [(5.0.).(0.0,0)].

@..(—0x) =[(0,0,0), (0.€,0)], e
©..(3,) = [(0,0,0),(5,0,€)].
It follows that
®*HUH? = (€0, — S0,, €0, + §d,), D*VUH? = (,.d,). (2.20)
and, with respect to the basis (314 éy, 5x, év),
- 0 - 0
% = _(;? _OS g E (2.21)
0o € 0 §

2.4. The geometry of legendrian immersions

Let © be an open subset of R2. Let u : 2 — R be a smooth function. Define

dlu] = dod, (2.22)
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where
a(x, y) := (x, . ux(x, y),uy (x, ), u(x, 1))’ (2.23)

Since # is a legendrian graph, dAD[u] is a legendrian immersion. Furthermore, every
immersed legendrian surface in UH? that is sufficiently close to NT'g o is everywhere
locally the image of such an immersion. Define also

®u] := 7 o Du], (2.24)
where 7 : UH3 — H?3 is the canonical projection, so that
®u] = (e?u cos(x) — e’uy sin(x), e”u sin(x) + e”uy cos(x), e”). (2.25)

We now review the elementary geometry of the map ®[u]. With respect to the bases
(dx, dy) of the domain and (dy, dy, dx, dy) of the codomain, the derivative of i is given

by
A M
Du = (N) , (2.26)
where
Uxy + U Uxy + Uy
M =
( 0 ! ) ’ (2.27)
) .
N :=¢72 ( ¢ 0 ) .
Uyx + Uy Uyy + Uy
It follows by (2.19) that
Dulsdx = (0, uxy +u,0), Plulxdy, = (T, uxy + ux, 1). (2.28)
The first fundamental form of ®[u] is thus given by
(uxx + u)2 (uxx +u)(uxy + ux))
I[u] := , 2.29
0= (0 S 11 o o e 229
its area form is
dAreafu] = € (ux, + u)dxdy, (2.30)
and the length element that it induces over every horizontal curve is
difu] = (uxx + u)dx. (2.31)
In particular, ®[u] is an immersion if and only if
Uxx +u #0, (2.32)

The unit normal vector field N[u] over ®[u] is, up to sign, simply the second compo-
nent of ®[u], so that
N[u] := e” (€ cos(x), € sin(x), =S)". (2.33)
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For all y, the restriction of ®[u] to R x {y} is the intersection of this immersion with
the horizontal horosphere at height e”. Let ®”[u] denote this restriction. We observe in
passing that, when this immersion is locally strictly convex, u(-, y) is none other than the
support function of this restriction (cf. Section 1.2). The unit conormal vector field over
this curve is

v[u] := e” (8 cos(x), § sin(x), €)". (2.34)

Indeed, this vector field is orthogonal to the normal N[u] and, denoting by Ay the cross
product of TH?3 compatible with its orientation, we see that

T[u] := N[u] Ap v[u] = e? (sin(x), — cos(x), 0)* (2.35)

is tangent to the curve. Using (2.19), we also obtain the useful formula

Uxy + Uy

=€d,0, - €
v[u] y Uy + 1

D, 0y. (2.36)

The triplet (N[u], v[u], T[u]) defines an orthonormal frame over the immersion ®[u]. Fur-
thermore, viewing ®[u] itself as a vector field over this immersion, we obtain

I = 1 +u® +ul, (2.37)

and
(@[u],N[u])g = —Cuy,

(®u],v[ul)g =€ + Su, (2.38)
(@u], Tul)g = —ux-.

2.5. Curvatures of legendrian immersions

Let g denote the projection onto ®*HUH? along ®*VUH? and let 7y denote the
projection onto ®*VUH? along ®*HUH3. Observe that

(®*1) oy = 7y o (®*1), (®*)omy = my o (P*). (2.39)

Lemma 2.5.1. With respect to the basis (x, dy) of R?, the shape operator of ®[u] is

(-5 0 L (-€ 0
A[u]._(O —s) M (0 €)N, (2.40)

where M and N are the matrices defined in (2.27).

Proof. Indeed, with respect to the basis (3. d,) of R and the bases (9. ) of ®*HUH?3
and (3x, 0y) of ®*VUH?,

mgoDu=M, nmyoDu=N,

so that

" L N . (=5 O —-€ 0
@LonVODu—nHquLODu—(O _s M + 0 €N.
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Since H U H? is the horizontal bundle of the Levi-Civita covariant derivative of H?3, the
image of D1 coincides with the graph of A, that is,

(g o Dli) o A = ®*tomy o Dii,
and the result follows. ]
Upon taking the trace and the determinant of (2.40), we obtain

Lemma 2.5.2. The mean and extrinsic curvatures of ®[u] are

€
I 7 SR —
Uxx +U f(uxx +M)

S?+

Hlu] :

((Uxx +u)(Uyy +uy)— (Uxy +ux)?),  (241)

Ku] : ” (Stf + T (uxy -H/lx)z —T (Uxx +u)(Uyy +uy)—(Uyy + uy))-

(2.42)

XX

In particular, it follows from (2.42) that ®[u] has constant extrinsic curvature equal to
k if and only if
kuyy +uyy — (1 —k)u = F(u, Du, D*u), (2.43)

where F is an analytic function of its arguments vanishing up to order 2 at (0, 0, 0).

Finally, recall the restriction ®”[u] of ®[u] to R x {y} defined in the preceding
section. Let k”[u] denote its geodesic curvature with respect to the unit normal v{u].
Although it will only be of secondary importance to our work, we also show

Lemma 2.5.3. The geodesic curvature k> [u] of ®”[u] is

8(”)} — Uxx)

k¥ [u] = =
XX

(2.44)

Proof. Indeed, the upward pointing unit normal over the horosphere at height e” is
NA = (0,0,e”).
Since every horosphere is totally umbilic with unit curvature,
(Vo9 NT(®[u]), 0x)g = —[[Pluledelly = —(u + urx)*.
On the other hand, bearing in mind (2.29) and (2.40),
(Va5 Nlul, ®sx)g = Tul(Alu] - 3. 2) = €t + ) + S + ).

Since
v[u] = € 'NH (®[u]) + T N[u],

the preceding relations yield
(ch*axv[uL q)[u]*ax)g =-Cu + uxx)z +CT (u+uxx) = E(”y —Uxx) (U + Uxx),

and (2.44) follows upon dividing both sides by || P[u].0x ||§,. |
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3. Asymptotic analysis

3.1. Overview

Theorem 1.2.1 will follow immediately from an asymptotic analysis of k-ends in Wein-
stein coordinates. Since this analysis applies to solutions of general totally non-linear
partial differential equations defined over cylinders, and since we are not aware of whether
it has already been carried out in the literature, we study it in far greater detail than is
actually required for our work. Consider the non-linear second order partial differential
operator

Plu] .= 8)2€u —I—Eﬁu—azu—F(u,Du,Dzu), (3.1)

defined over the space of twice differentiable functions u : ST x [0, oo — R, where a
is a real constant and F is a smooth function of its arguments. In what follows, we will
suppose that

F(0,0,0) =0, DF(0,0,0) =0, (3.2)

and we will study solutions of the problem
Plu] = 0. (3.3)

When F vanishes, such solutions are completely described via the classical technique of
separation of variables. Our analysis consists of a perturbation of this technique to the
case of non-trivial F.

-6 —4 -2 0 2 4 6

Fig. 3.1.1. The index set. The index set M is the subsemigroup of R? generated by the set Mg
consisting of those points of the hyperbola with integer x-coordinate.

Let M denote the subsemigroup of R x R generated by the set

Mo :={(n, Va® +n?) | n € Z}, (3.4)

as illustrated in Figure 3.1.1. Let A® denote the vector space of all continuous functions
u : S x [0, 00[ — C having the property that there exists a family (@n, 1), yem of



G. Smith 428

complex constants indexed by M such that, for all @ > 0, there exists C > 0 such that,
for all (x, y),
u(x,y) — Z aA,Memxe_“y < Ce ™™, (3.5)
(A, WEM, u<w

Observe that, for all (A, u), the coefficient a; _,, is uniquely determined by u and varies
linearly with this function. When u € AL, we write

U ~ Z alyuei“e_”“y. (3.6)
A, u)eM

For all non-negative, integer k, let A denote the space of all k-times differentiable func-
tions u : S x [0, 0o[ — R all of whose derivatives up to and including order k are elements
of 4°. Observe that when u € AX the asymptotic series of its derivatives are obtained by
differentiating term by term the asymptotic series of u. We define

A= ) AL, (3.7)

keN

That is, # is the space of those functions u : S x [0, oo[ — C all of whose derivatives to
all orders have asymptotic series of the form (3.6). We show in (3.39) that +4 is the inter-
section of a family of Banach spaces, from which it follows that it carries a natural Fréchet
structure given by the family of all norms of these Banach spaces. For all (A, 1) € M, we
define the linear operator a, ,, : 4 — C by setting, for all u,

ayulu] i=an,, (3.8)
where a, ,, is the coefficient of eI eIV in the asymptotic series (3.6) of u. It follows
directly from the definition of the Fréchet structure of # that, for all (4, ), this operator
is continuous in the Fréchet sense.

In order to study solutions of (3.3), we develop a straightforward calculus for deter-
mining the asymptotic series of sums, products and compositions. Indeed, the sum of two
elements of #A is trivially an element of A whose asymptotic series is given by the sums
of their asymptotic series. In Lemma 3.4.4 and the subsequent remark, we show that the
product operator defines a continuous bilinear map from 4 @ # to 4 where the asymp-
totic series of the product of two elements of +4 is obtained by formal multiplication of
the asymptotic series of each of these elements. In other words, - is a Fréchet algebra.
Likewise, in Lemma 3.5.4 and the subsequent remark, we show that, given any smooth
function ® defined in a neighbourhood of 0 such that ®(0) = 0, the operator of compo-
sition by ® defines a map from a neighbourhood of 0 in #4 to 4 which is smooth in the
Fréchet sense, and the asymptotic series of the image of any element of this neighbour-
hood is obtained by formally substituting the asymptotic series of this element into the
MacLaurin series of ®.

Now letR : 4 — C°(S1) denote the operator of restriction onto S x {0}. This linear
operator is trivially continuous in the Fréchet sense. The main result of this chapter is
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Theorem 3.1.1. If F(0,0,0) = 0 and DF(0,0,0) = O, then the following assertions
hold:

(A) If u : S x [0, 00[ — R is a smooth solution of (3.3) such that, for some A > 0,
u(x.0l = 0™™). [D*u(x.y)| =0(1) Vk=1, (3.9)

then u is an element of A.

(B) There exists a neighbourhood U of 0 in C*®°(S') and an operator S : U — #4 which
is smooth in the Fréchet sense such that, for all v € U,

(1) RS[v] = v,
(2) PS[v] = 0.

(C) Upon reducing U if necessary, we may suppose that S is unique.

Remark 3.1.1. Part (A) of Theorem 3.1.1 follows from Lemma 3.6.4. Parts (B) and (C)
follow from Theorem 3.6.2 and the subsequent remark.

Theorem 3.1.1 applies to k-ends as follows. Let e : S' x [0, oo[ — H? be a k-end
which, for ease of presentation, we take to be of winding number 1. Up to reparametriza-
tion, we may suppose that e = ®[u] where ® is as in (2.24) and u : S x [0, 00 — R
solves (2.43) for some suitable analytic function F. In Lemma 3.6.5 we verify that u
satisfies the hypotheses of part (A) of Theorem 3.1.1 and therefore has a well-defined
asymptotic series of the form (3.6). We will show in Chapter 4 that two well-chosen coef-
ficients of this asymptotic series are eliminated upon applying a unique translation of the
form (2.8). Expressed in geometric terms, this corresponds precisely to the existence of
the Steiner geodesic, thus proving Theorem 1.2.1.

However, Theorem 3.1.1 says a good deal more. Indeed, part (B) of this theorem
tells us that every coefficient of the asymptotic series of u locally depends only on the
restriction of this function to the boundary curve S L x {0} and that, furthermore, this
dependence is smooth. Consider now a finite-type k-surface. Upon applying a suitable
cut-off, as in (1.10), we see that each of its ends has a well-defined asymptotic series.
Furthermore, the coefficients of these series, and thus, in particular, the Steiner geodesics
and Steiner points, depend locally, and in a smooth manner, only on the compact part So
of this surface, which immediately yields the smoothness of the immersions studied in
Theorem 1.5.1.

3.2. The one-dimensional linear problem

We begin by studying the case where u is constant in x. We first recall the formalism of
weighted Holder spaces. Let £ be a Banach space. For a weight w € R and for all (k, «),
define the w-weighted C**-norm for k-times differentiable functions u : R — E by

”u”CCﬁ,a = ||M€w(y)||ck,a, (3.10)

where || - || ck.o denotes the standard Holder norm (see Appendix A) and

(y) = V14 y2 (3.11)
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For all w and for all (k, ), the Banach space of k-times differentiable functions u : R — E

with finite Ca]f’a-norm will be denoted by C!,f “*(R, E). For the sake of computations, we
k,a . . .

observe that the Cy,”" -norm is uniformly equivalent to

k
Il = > e Diufico + [eP D ul,. (3.12)
i=0

In what follows, we will use without comment the more appropriate of these norms
depending on the context in which we are working.

For all " € R, let i, denote the operator of multiplication by the function e~ @)
By definition, for all w, ' and for all (k, &), (e defines a linear isomorphism from
Ca]f’a (R, E) into C:ffw,(R, E). In particular, p_, defines a linear isomorphism from
C,ﬁ “(R, E) into C**(R, E). It follows that norm estimates for any given linear opera-
tor L : C£ te R, E) —> Calﬁ’“ (R, E) are equivalent to norm estimates for the conjugate
operator ji_, L Ly, viewed as a linear map from C¥+5%(R | E) into C*%(R, E). In other
words, the study of the analytic properties of families of weighted functional norms is
equivalent to the study of the analytic properties of corresponding families of conjugates
of operators. Since it is often easier to study conjugated operators than it is to study func-
tional norms, this perspective will often be used implicitly throughout the sequel.

For a real constant a, consider now the linear operator

Lou := 0%u — a’u. (3.13)

Lemma 3.2.1. Foralla,w € R, L, defines a bounded linear map from c2" R, E) onto
Co*(R,E).

Proof. Indeed, we verify by inspection that jt_,La e is a second-order linear operator
with coefficients bounded in C%%(R, E). It therefore defines a bounded linear map from
CO*t2.%(R, E) into C®¥(R, E), and the result follows. n

We use potential theory to study the invertibility properties of this operator over dif-
ferent function spaces. For all a > 0, the Green’s function of L, is

= 1
Ka(y) := ——e 9P, (3.14)
2a
and its Green’s operator is
~ oo ~
Rl = [ Raly =2 dz. (3.15)
—00

Lemma 3.2.2. For all |w| < a, the operator K, defines a bounded linear map from
CO(R, E) 10 itself.

Proof. The exponential decay of u ensures that the integral (3.15) exists and varies con-
tinuously with y. A straightforward calculation then yields, for all u € CI(R, E) and all
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y e R,

IKa[u](y)e? || <

luligg + e @M | .

w
a? — w2 a(a? — w?)
Since a — w > 0, the coefficient of the second term is bounded and the result follows. m

Lemma 3.2.3. For all |w| < a, the operator K, defines a bounded linear map from
CY(R, E) into CX*(R, E) such that

L.K, = 1d. (3.16)

Proof. Indeed, for all u,

_ Y1 > 1
K [u](y) = —/ %e“(z_wu(z) dz —/ ge“(y_z)u(z) dz.
—oo 5

Differentiating this equation under the integral yields, for all u,

~ y
ayKa [u](y) = /

—00

o
le"(zﬂ’)u(z) dz —/ le"(yfz)u(z) dz,
2 L 2

and differentiating a second time yields, for all u,
PKa[u](y) = u(y) + a®Ka[ul(y).

In particular, bearing in mind Lemma 3.2.2, for allu € Co* (R, E), Ka[u] € C2* (R, E),
and

L.K;[u] = u.

However, it is straightforward to verify that there exists A; > 0 such that, for all v €
Co* (R, E),
lolleze < Ar(vlley + 1Lavll o).

so that, by Lemma 3.2.2 again, there exists A, > 0 such that, for all ¥ € C,S’“ R, E),
IRattl ez < Aallul coe,
and the result follows. [

Theorem 3.2.4. For all 0 < w < a, L, defines a linear isomorphism from c2” R, E)
into C3 (R, E) with inverse K,,.

Proof. Indeed, by Lemma 3.2.3, K, defines a right inverse of L,. By the maximum prin-

ciple, L, is injective, and the result follows. ]

The preceding results adapt to the Dirichlet problem as follows. First, for all @ and
for all (k, «), the Banach space Cali’a([O, oo[, E) is defined in the natural manner and its
closed subspace C c{fg ([0, oo, E) is defined to consist of those functions which vanish at
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zero. We verify that the Green’s operator of L, for the Dirichlet problem is

o] 0
Roold)i= [ Kol =2u@dz = [ Rav-2u-2dz Ga7)
0 —00
Proceeding as before, we obtain

Theorem 3.2.5. Forall0 < w < a, L, defines a linear isomorphism from Cj:g ([0,00[, E)
into Co ([0, oo[, E) with inverse Kg.

We now consider the case where the weight w is greater than a. This setting yields
the richer structure underlying the asymptotic series described in Section 3.1. Consider a
finite vector w := (wy, . .., wy) of real weights, where

a=wy<-+<Wp. (3.18)
Define the spaces
tka . g ,— — W — k,
AQO‘ = (e, ... e Om 1Y Cw”‘:‘([O,oo[),

AL = (f e Ak | f(0) = 0}, (3.19)

AR = (e71Y L eTOm=1Y) @ CE([0, 00]).
Observe that L, maps A% into Ag%.

Theorem 3.2.6. For all w satisfying (3.18), IN(a,o defines a bounded linear map from a‘ig‘i
into Ai”% such that

L.Kao =1d.
In particular, L, defines a linear isomorphism from fi;% into efigofk with inverse I~(a,0.
Proof. Indeed, we verify that, for 1 <i <m —1,

_ 1
e~V

e i,
w? —a? w? —a?

IZa,O[e_wiy] = -

On the other hand, for u € Cg;ff ([0, o0,

Ka,o[u] = V1 + V2,

where | o
v1(y) = ——e_“y/ sinh(az)u(z) dz,
a
1 [ ’
va(y) = —;/ sinh(a(z — y)u(z) dz.
y
We verity that
1
=< [l

1 [
'—E/O sinh(az)u(z)dz| <

/
v
loalzg
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Finally, since ]:a vy = U,
lvall ez < Clull o

for a suitable constant C, and the result follows. [

3.3. The two-dimensional linear problem

For all m € Z, define I, : L>(S') - Rand L, : R — L?(S') by
1 2w ) .
O fu] := —/ u(x)e " dx, Iu[A] =A™, (3.20)
2r 0

The operators I1,,[u] and I, I1,,[u] yield respectively the mth Fourier coefficient of u and
the orthogonal projection of u onto the mth Fourier mode with respect to the standard L2
inner product of S'. We denote also by IT,, : L2(S' x R) — L?(R) and I, : L?>(R) —
L?(S! x R) the natural extensions of these operators. For all m, denote

Ppi= Y 1,0, Py :=Id—Py. (3.21)
|n|<m

As before, let E be a Banach space and, for all w and for all (k, «), define the w-weighted
Ck2_norm for k-times differentiable functions u : S' x R — R by

luell o 2= e cra. (3.22)
Let w := (wo, ..., wy) be a vector of m + 1 real weights. For all (k, @), define the
w-weighted C*®-norm by
Il = 32 IMaldlgge + 1Pl e (3.23)
N In|<m !

and let Cg “(§1 x R, E) denote the Banach space of k-times differentiable functions
u: S' xR — E for which this norm is finite.
Consider now the second-order, linear partial differential operator

Lou:=0%u + aiu —a’u. (3.24)

By classical Fourier analysis (see [4]), its Green’s function is

Ka(x.y) =) Kam(x.), (3.25)
meZ
where, for all m,
1 .
Kam(x,y) = — eimxgmVm*+aZly, (3.26)

4 /m? + a?

and its Green’s operator is

27 o0
Ka[ul(r. y) = /0 [_ Ka(x — £y — yu(E. n) d& dn. (3.27)
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For all m > 0, denote
Kyp(x.9) =Y Kan(x.y). (3.28)

In|=m
and denote by Kf; o the integral operator that it defines. Trivially,

Ka,m = Ki"m + Z I, KWH,,, (3.29)

|n|<m

where, for each n, K JaZin? is the operator defined in Section 3.2. It follows from ele-
mentary Fourier analysis that the function Kf;,m is locally of class L? and therefore also
locally of class L!. In addition, since the sum (3.28) is close to being a geometric series,
we obtain

Lemma 3.3.1. Forall m and for all Y > 0, there exists B > 0 such that, for all |y| > Y,
K&, (x,y) < BemVmitazlyl, (3.30)

This in turn yields

Lemma 3.3.2. For all m and for all || < vm? + a2, Ksz_,m defines a bounded linear
map from che (S' xR, E) into c2” (S' x R, E) such that

LoKg,, =1d— Z I, I1,. (3.31)

|n|<m

Proof. Indeed, using Lemma 3.3.1, we show as in Lemma 3.2.2 that ij defines a
bounded linear map from C2(S! x R, E) into C2(S! x R, E). Differentiating under the
integral, we verify that, for all u € C3(S' x R, E), ij [u] is twice differentiable and
satisfies

Lo Kpplul =u— )" I, Ty[ul.

|n|<m

By the interior Schauder estimates (see, for example, [10, Chapter 6]), it follows that
K, defines a bounded linear map from CI¥(S! xR, E) into CZ*(S! x R, E). This
completes the proof. ]

Lemma 3.3.3. For all w such that, forall 0 <i < m,
lwi| < va? +m?2, (3.32)
K, defines a bounded linear map from Co® (S' x R, E) into Cg**(S' x R, E) such that
LK, =1d.

Proof. This follows from Lemmas 3.2.3 and 3.3.2 together with (3.29). ]
This yields
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Theorem 3.3.4. For all a > 0 and for all @ such that, for all 0 <i < m,

0<w; <va?+i?, (3.33)

L, defines a linear isomorphism from Ca®(S' x R, E) into CY*(S' x R, E) with
inverse K.

Proof. Indeed, by Lemma 3.3.3, K, defines a right inverse of L,. By the maximum prin-
ciple, L, is injective, and the result follows. [

We now consider the Dirichlet problem. For all @ and for all (k, @), the Banach
space Cﬁ’“ (S! x [0, 00[, E) is defined in the natural manner, and its closed subspace
Cf:g (S x [0, 0o[, E) is defined to consist of those functions which vanish along the
boundary S! x {0}. We verify that the Green’s operator of L, for the Dirichlet problem is

21 o0
mﬁM@Jo:iﬁ A Ka(x — £,y — (e, ) d€ dy

27 0
—A [ Ka(x — 6.y —mu(-E.mydedy.  (334)

Proceeding as before, we obtain

Theorem 3.3.5. For all a > 0 and for all @ such that, for all 0 <i < m,

0<aw < Va2 +i2, (3.35)

L, defines a linear isomorphism from C;:g(Sl x R, E) into Co*(S' x R, E) with
inverse Kg .

We now consider the case where the weight in each Fourier mode is permitted to be
greater than the corresponding constant term. Recall the subsets M and M of R? defined
in Section 3.1. For (A, i) € M, define

UG (X, ) 1= e *¥e (3.36)
For all w > 0 and for all (k, o), define
A= UGy | () € M, 1< w) ®CEY(ST x [0, 00]),
A = {1 € AL | u(x,0) = 0 ¥x}, (3.37)
AL = (U | (A ) € M\ Mo, < ) & CE(S! x [0, 00]).
We now define

A= ) ALY (3.38)

0>0

A=) AR (3.39)
k,a
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Since 4K and A are defined as intersections of families of Banach spaces, they carry
natural Fréchet structures given by the families of all norms of these spaces. Observe, in
addition, that » is none other than the space defined in (3.7). In particular, for all (k, &),
every function u € 4% has a unique asymptotic expansion of the form

U~ A, (3.40)
(R )EM

where, for all (A, u) € M, a, , is a complex coefficient. The derivatives of all such
functions up to and including order k also have unique asymptotic expansions of the same
form, which are determined by differentiating (3.40) term by term. Finally, combining
Theorem 3.2.6 and Lemma 3.3.2 yields

Theorem 3.3.6. For all a > 0 and for all > 0, K, o defines a bounded linear map from
Ag,’fi into Afo’% such that
L Kgo =1d.

. . . . 2.0 . 0, o
In particular, L, defines a linear isomorphism from Aw,‘é into Aw"i with inverse Kg.0.

3.4. Products

Let Eq, E; and F be Banach spaces. Let b : E1 & E, — F be a bounded bilinear map,
and define the operator

Blu,v](x,y) := b(u(x, y),v(x, y)). (3.41)

Let X be a manifold locally isometric to R¢ x [0, oo[ for some d > 0. Recall (see
Appendix A) that B defines a bounded bilinear map from C**(X, E|) @ C*%(X, E)
into C**(X, F). We now extend this property to weighted spaces.

Lemma 3.4.1. (1) If w1 > w», then the canonical embedding Jy, o, : Ccl,f;a (X,E) >
C,,Iff (X, E) is continuous.

(2) If ;i > w for all 0 < i < m, then the canonical embedding Jy « : Cé’“(X, E) —
C!;’a (X, E) is continuous.

Q) If w; < w for all 0 <i < m, then the canonical embedding Jy.,« : Ca]f’a(X, E) —

Cg “*(X, E) is continuous.

Proof. Tt suffices to prove (1) as the proofs of (2) and (3) are almost identical. Since
e@2=0{X) s ap element of C**(R), the operator Mo —ao, defines a bounded linear map
from C*% (X, E) to itself. Since Ju,.o; = fwn o —ws H—w, » the result follows. [

Lemma 3.4.2. For all wy, w;, w3 € R such that w1 + w2 > w3, B defines a bounded
bilinear map from Ca]f;“ (X,E)® Ca]féa (X, E) into Calf;a (X, F).

Proof. Indeed, B = J ;3 (0; +02) H(w;+w2) B(l—w; *» ll—w, ), and the result follows. |
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Lemma 3.4.3. If w is such that, forall 0 < i, j < m,
Wi + Wj = OminGi+j,m) (3.42)

then B defines a continuous bilinear map from Cgk’“(X, E)) & CQk’a(X, E») into
k,a
Co (X, F).

Proof. Tndeed, for u € CE* (X, Ey) and v € CX*(X. E»),
B[u,v] = By[u, v] + Ba[u, v] + Bs[u, v],

where
Bl[u,v] = Z Ii+j B[Hiu,va],

lil.ljl<m
Bo[u.v]:= Y B[l iu. Py v]+ Y B[Py u. L Tv].
li|<m li|<m

Bs[u, v] := B[P} u, PL v].

By definition, for all |i| < m, I1; defines a continuous linear map from CQk’a (X, E;) into
Ca]f;a (R, E;), and continuity of B; follows by Lemma 3.4.2. By Lemma 3.4.1 (2), for all
0 < |i| < m, I;T1; defines a continuous linear map from Cgk’“ (X, E;) into Calf(’)“ (X, E)).
By definition, P;. defines a continuous linear map from Cg’“ (X, E;) into Ca]fnf‘ (X, E).
By Lemma 3.4.2 and (3.42), B defines a continuous bilinear map from C‘]Lf(’)“ (X,E)) @
Ca]f,f (X, E,) into Ca]f,f (X, F), and continuity of B, follows by Lemma 3.4.1 (3). Finally,
by Lemma 3.4.2, B defines a continuous bilinear map from Ca]f,f (X,E1) & Ca]fn‘f (X, E»)
into Ca]f;f‘ (X, F), and continuity of B3 follows by Lemma 3.4.1 (3). This completes the
proof. ]

A similar reasoning yields

Lemma 3.4.4. For all v > 0, B defines a continuous bilinear map from Af;“ <) :Auf,,’a
into AZ’,‘T*, where

o' = minQw,w + a). (3.43)
Remark 3.4.1. In particular, the operator B defines a bilinear map which is continuous
in the Fréchet sense from 4 @ 4 into #. Furthermore, the argument used in the proof of
Lemma 3.4.3 shows that, for any two u, v € #4, the asymptotic series of the product uv is
obtained by formal multiplication of the asymptotic series of each of u and v.

3.5. Non-linear operators

Let E and F now be finite-dimensional vector spaces. Let €2 be an open subset of E. Let
® : Q — F be a smooth function. Let Ce denote the operator of composition by P, that
is,

Colu] := ®ou. (3.44)
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Let w := (wy, ..., wy) be a finite vector of real weights such that, forall 0 < i, j < m,
Wi + W = Omin(i+j,m)-

By Lemma 3.4.3, upon rescaling the norm of Cﬁ “*(S1 x R) if necessary, we may suppose
that, for u,v € CX*(S! x R),

||MU||C£.05 < Jlu ||C£sot ||U||CL’;~°‘ :

It then follows that if @ is analytic with radius of convergence R about 0, then C¢ is also
analytic with the same radius of convergence about 0. This in itself would be sufficient
for our purposes since the functions of interest to us are all analytic. However, for com-
pleteness, we consider also the case where @ is an arbitrary smooth function. To this end,
define
0L (S' xR, Q) := | ] 05%(S' xR, K). (3.45)
KCQ

where K varies over all compact subsets of €2 and, for all such K,
Ok(ST xR, K) == {f € CE(S" xR) | Im(f) € K}. (3.46)

Observe that, if wy > 0, then this set is open in Cﬁ’a (S' x R, E). It is the natural domain
over which Cg is defined.

Lemma 3.5.1. If wg > 0, then for all (k,«), Co defines a continuous function from
05 (ST xR, Q) into CE*(S! x R).

Proof. 1Tt suffices to prove the case where £ = F = R; the general case is similar. Let
M > 0 be such that
MC()() > Wy .

There exists a polynomial P of order M — 1 and a smooth function ¥ : 2 — R such that,
forall x € €,
d(x) = P(x) + ¥(x)xM.

In particular, for all u,
Colu] = Cplu] + Cyfulu™. (3.47)

Since P(0) = ®(0) = 0, Lemma 3.4.3 shows that Cp defines a continuous function from
CQk “*(S§1 x R) to itself. Recall now (see Appendix A) that Cy defines a continuous func-
tion from C**(S! x R) to itself. Furthermore, by Lemma 3.4.2, multiplication defines a
continuous function from C**(S! x R) @& CCI:(’)“ (S' x R)M into C]{(,I’Z)O (S! x R). Thus,
since

Cylulu™ = Jo.Mwy [(C\P 0Jo.0)[u] JwO,Q[M]M]’

the result follows by Lemma 3.4.1. ]
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Lemma 3.5.2. If wg > O, then for all (k,«), Co defines a differentiable function from
(92’“ (S! x R) into Cﬁ’a (S x R) with derivative at u € (92’“ (S! x R) given by

(D Colu]v)(x,y) = Cpo[u](x, y)v(x, y). (3.48)
Proof. Choose u € (92“ (S x R). For sufficiently small v € C5#(S! x R), denote
Y[v] := Cpolu + v] — Cpelu].
By the fundamental theorem of calculus, for all (x, y),

1
Colu +v](x.y) — Colul(x. y) — Cpolu](x. y)v(x, y) = /0 Wsv](x, y) dsv(x, y).

Choose ¢ > 0. By Lemma 3.5.1, W is continuous. Since W[0] = 0, there therefore exists
8 > 0 such that, for ||v|| ke <6,

19l gre <.

Furthermore, by continuity, the function s — W[sv] is integrable as a function taking
values in the Banach space Cé “(S1 x R). It follows by convexity of the norm that, for

lollgra <8,
o 1
/ W([sv]ds
0

Consequently, for [[v]| ok« <6,
.

1
= / [Wsv]ll oxo ds < e.
cke 0 o

ICo[u + v] = Colu] = Cpofulv|cra <efv]cra-
Since ¢ > 0 is arbitrary, the result follows. [

Applying Lemma 3.5.2 inductively yields

Theorem 3.5.3. If wy > 0 and ®[0] = O then, for all (k,w), Co defines a smooth function
from (92’0‘(Sl x R, Q) into Cé’a(S1 xR, Q).

Finally, for @ > 0 and for all (k, &) define
UL Q) = J UL (s' xR, K). (3.49)
KcQ
where K varies over all compact subsets of €2 and, for all such K,
k, — k,
Ug®(S' xR, K) :={u € AG® | Im(u) € K}. (3.50)
Repeating the proof of Theorem 3.5.3 yields

Lemma 3.54. (1) If v > 0 and ®(0) = 0, then Co defines a smooth function from
UL (Q) into Ak

(2) If in addition D®(0) = 0, then Cg defines a smooth function from ‘Uf,’a () into
Ak,oz

w+a,**
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Remark 3.5.1. When ®(0) = 0 and D®(0) = 0, the MacLaurin series of this function
involves only terms of quadratic or higher order, so that the stronger result of (2) follows
from Lemma 3.4.4.

Remark 3.5.2. In particular, when ®(0) = 0, Cs defines a map from a neighbourhood
of 0 in # into # which is smooth in the Fréchet sense. Furthermore, bearing in mind
(3.47), we see that, for any u € #, the asymptotic series of Cq[u] is determined by sub-
stituting the asymptotic series of u formally into the MacLaurin series of ®.

3.6. The Dirichlet solution operator

Recall that R : Cﬁ’“ (S x [0, 00]) = C**(S") denotes the operator of restriction onto
St x {0}.

Theorem 3.6.1. Ifa > 0 and w := (wy, ..., wy) is such that, for all 0 <i < m,

0<aw; <va?+i2, (3.51)

and, for all 0 <i < m,

Wi + Wj = OminGi+j,m) (3.52)
then there exists a neighbourhood U of 0 in C*>%(S') and a smooth map S : U —
CQZ’O‘(S1 x [0, oo[) such that, for all v € U,

(1) RS[v] = v,
(2) PS[v] =0.

Furthermore, upon reducing U if necessary, S is unique.

Remark 3.6.1. We show in the usual manner that for all k + 8 > 2 4+ «, S maps
U N C*B(S1) smoothly into C&# (S x [0, 0o[). In addition, the same function S maps
U N kA (S1) smoothly into Calf,’ﬁ (S x [0, oo|) for any other ' satisfying the hypothe-
ses of Theorem 3.6.1. B

Proof of Theorem 3.6.1. Indeed, by Theorem 3.3.5, (R, L,) defines a linear isomorphism
from C2% (S x [0, ocl) into the product C2¥(S1) x Co*(S! x [0, o). By the inverse
function theorem, there exists a neighbourhood U of 0 in C2%(S') x Cﬁ’a (ST x [0, 00])
and a smooth map S such that, for all (v, w) € U, (Rg[v, w], Pé[v, w]) = (v, w). Existence
follows upon setting S[v] := S[v, 0] and uniqueness follows by the uniqueness part of the
inverse function theorem. ]

For all w and for all (k, @), let Al(f,’a be the Banach space defined in (3.38).

Theorem 3.6.2. Let U and S be as in Theorem 3.6.1. For all w > 0, S defines a smooth
map from U into AS®.

Remark 3.6.2. A suitable refinement of Theorem 3.6.1 shows that, forallk + 8 >2 4+ «
and for all w, S defines a smooth map from U N C k.p (S1) into Ai’ﬁ , so that S defines
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a Fréchet smooth map from U N C*(S1') into »A. In particular, for smooth initial data,
the asymptotic series constructed by Theorem 3.6.2 are differentiable to all orders.

Proof of Theorem 3.6.2. Indeed, for w < a, the result follows by Theorem 3.6.1. Let W C
10, ool be the set of all weights for which the assertion is true. Since, for " < w, the
canonical embedding J : Azja — Ai’,a is a bounded linear map, it follows that W is an
interval with lower extremity 0. Let wg := sup(W) and suppose that wy < oo. Denote
w = wo —a/2. By Lemma 3.5.4 (2), foru € U5*(Q),
Cr(S[u], D S[u], D?S[u]) € A%

w+a,*"

By Theorem 3.3.6, (R, L,) defines a linear isomorphism from A2 into C2(S!) @

o w-+a
o
*A‘w+a,*~ However, for all u,

(R,Lq) S[u] = (0, Cr (S[ul, D S[ul, D S[u])),

so that S maps U smoothly into Aii - This is absurd, by definition of wg. It follows that
wo = 00, and this completes the proof. ]

It remains only to verify part (A) of Theorem 3.1.1. We first require the following
technical result.

Lemma 3.6.3. Let u : S! x [0, 0o — C be a smooth function whose derivatives to all
orders are bounded over S' x [0, 00[. For A > 0, ifu(x, y) = O(e™*) then, for all k > 1
and for all ¢ > 0,

1D u(x, y)l| = O(e™*797). (3.53)

Proof. Tt suffices to prove the result for functions defined over R x [0, co[. Let y €
C§°(R?) be such that y = 1 over B;(0) and Supp(y) < B»(0). For all (£, ), define

ugp(x,y) :i=ulx, y)x(x =&y —n).

Trivially, [|ug | co = O(e™*") and, for all k > 1, || D¥u(&,n)| co = O(1). By the inter-
polation inequalities of [10, Chapter 6.8], forall 0 < k < [,

| D*ue Il < 1D%ux yllco = Ollxy lga™ " - 1D uxy 1gs) = Oe™7OM7h),
and the result follows upon choosing / sufficiently large. ]
This yields
Lemma 3.6.4. If u : S' x [0, 00[ — C is a solution of (3.3) such that, for some A > 0,
u(x, y)l = 0@™), [D*u(x,y) =0(1) Vk=1, (3.54)

then u is an element of A.

Proof. Indeed, by Lemma 3.6.3, u € C2Y(S! x [0, o) for all 0 < w < A. Upon truncat-
ing u to S! x [Yp, oo[ and reparametrizing y, we may suppose that ||u [ c2.e is as small as
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we wish so that, by Theorem 3.6.1, u is in the image of S and, by uniqueness, ¥ = SR[u].
It then follows by Theorem 3.6.2 and the subsequent remark that u = SR[u] is an element
of +4A, and this completes the proof. |

We conclude by verifying that Theorem 3.1.1 applies in particular to k-ends.

Lemma 3.6.5. If u : S! x [0, oo is a bounded solution of (2.43), then u satisfies the
hypotheses of part (A) of Theorem 3.1.1.

Proof. Indeed, by (1.8) and (2.25),
w? <u? +ut = O(e_zmy).
By [30, Theorem 1.2], for all k > 1,
| D u(x. y) | = 0(1),

and the result follows. u

4. The asymptotic geometry of k-ends

4.1. Overview

By the results of the preceding section, every k-end has an asymptotic series which is
well-defined up to a choice of Weinstein coordinates. We now show how this asymptotic
series is used to study the geometry of the end. Consider firsta k-end e : S x [0, o[ — H3
which, for ease of presentation, we take for the moment to be of winding number 1.
Up to reparametrization, we may suppose that e = ®[u], where ® is as in (2.25) and
u: St x[0,00[ — R solves (2.43). Observe now that, for all (a, b)" € R?,

Tla,b] o e = Olu + ola, b]], “4.1)

where T|a, b] and o|a, b] are respectively as in (2.8) and (2.9). In particular, u 4 o|a, b]
is also a solution of (2.43), which we call the translate of u by the vector (a, b)".
More generally, for m € N, we denote

mS' :=R/2xmZ, 4.2)

and we define an abstract k-end of order m to be a smooth, exponentially decaying solu-
tion u : mS! x [0, oo[ — R of the equation

kuxx +uyy — (1 —k)u = F(u, Du, D*u), (4.3)
where F is a smooth function of its arguments satisfying
F(0,0,0) =0, DF(0,0,0)=0,
and for all » and for all (a, b)’ € R?,
F(u + ola,b], Du + Dola,b], D*>u + D?cla,b]) = F(u, Du, D*u). 4.4)
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Observe that, upon substituting x’ := x/m and y’ := vk y /m, we recover (3.1) with a2 =
m?(1 —k)/k, and the results of Section 3 may therefore be applied. Observe, furthermore,
that, by the second condition, whenever u is an abstract k-end, so too is the function

u+ola,b] 4.5)

for all (a,b)’ € R2. As before, we call (4.5) the translate of u by the vector (a, b)".
For m € N, let M, denote the subsemigroup of R? generated by

M0 := {i(n Vn2k +m?(1 —k))
m

For every weight w > 0, define the Banach space A’,‘,,Oﬁ,, as in (3.37) with M, instead of
M and define the Fréchet space #4,, by

Am =) [) A 4.7

0>0 k,a

ne Z}. (4.6)

By Theorem 3.1.1(A), every abstract k-end of order m is an element of #,,. Since
(0,+/1 — k) and (%1, 1) are elements of M, o for all m, we define

ri=aq g ©= @an Facnn.aa —aen). (4.8)

where, for all (A, u), ay ,, is as in Section 3.1. We call r and c respectively the radius
and centroid operators. In the next section, we will show that every abstract k-end has
a unique translate whose centroid vanishes. With the preceding discussion in mind, this
result, expressed in geometric terms, corresponds exactly to the existence of the Steiner
geodesic, thus proving Theorem 1.2.1. The remaining sections of this chapter will then be
devoted to deriving asymptotic expressions for various geometric quantities which will be
of use in the sequel.

4.2. Properties of the radius and centroid operators

We first observe that the radius and centroid operators are equivariant under rotations,
dilatations and translations in the sense that, for every abstract k-end u, for all £, € R
and for all (a, b)’ € R?,

u(- +§.)] = ru],

clu(-+§&.-)] = R[g] c[u].

uC,-+m)] = e F 01,

4.9
clu(.-+mnl =e"clul,
rfu + ola, b]] = r[u],
clu + ala, b]] = Tla, b] c[u],
where the linear maps R[£] and T|[a, b] are defined by
R[E](x, y) := (cos(§)x + sin(§)y, —sin(§)x + cos(§)y). 4.10)

Tla, b](x,y) :== (x +a,y + b).
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Recall from Section 2.4 that, for all u € A, ®[u] defines a smooth map from mS! x
[0, oo[ into HI3. Since

U+ Uy = tfule VIR 4oo(emVI7RY), 4.11)
it follows from (2.32) that ®[u] is immersed for sufficiently large y provided that
r[u] # 0. (4.12)

This property will be important, above all, in the study of families of smooth deformations
of k-surfaces (see the proof of Lemma 5.2.1). In particular, we will verify in Lemma 4.3.3
that every k-end has non-vanishing radius.

We now turn our attention to the geometric meaning of the centroid operator.

Lemma 4.2.1. Forallu € A,,,
/ (acos(x) 4+ bsin(x))u(x, y)dx = e Ymn{(a,b),c[u])e + O(e Y473y (4.13)
mS!

as y — oo. Furthermore, the coefficient of the remainder term is locally uniformly
bounded as u varies in Ay,.

Proof. Indeed, for all y, the Fourier series of u(-, y) is

u(r, y) = —ao(y>+2an(y)cos( “)+ Zﬁn(ymn( 5.

Consider now the subset X of M, \ M, o given by

X ={A.pAr=1j}

and order the elements of this set by their y-components. Observe that the least element
of this set is obtained by adding two elements of M so that, by (4.6), its y-component is

equal to
1 1
0= —v/n2k + m2(1 —k) + —/(m —n)%k + m2(1 — k) (4.14)
m m

for some 0 < n < m. Observe, however, that the right-hand side of (4.14), being the sum
of two convex functions of #, is itself also convex. In addition, by symmetry, it attains its
unique minimum at ng := m/2, so that

yo > V4 —3k.

Finally, since u € #A,,, it follows that

a1 (y) = crfule™ +0(e™V*H), B1(y) = cafule™ + O(e™V4H),

where ¢; and ¢, denote the two components of c¢. Furthermore, the coefficients of the
remainder terms are locally bounded as u varies in #,,. The result now follows by the
Fourier integral formula. u
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In particular, this yields Theorem 1.2.1.

Theorem 1.2.1. Foreveryk-end e :mS' x [0, 00] — H?3, there exists a unique unit-speed
geodesic y : R — H3 such that

d(y(y),s(y)) = 0(e™?V43k) asy — o0 (4.15)

Proof. Choose an upper half-space parametrization of H?3 such that the extremity of e
coincides with the point at co. Upon reparametrizing e, we may suppose that e = ®[u] for
some function u : mS! x [0, co[ — R solving (2.43). There exists a unique translate of u,
namely the translate by — c[u], for which the first term on the right-hand side of (4.13)
vanishes. However, by (1.13), for each y, the integral on the left-hand side of (4.13) is
none other than the inner product of the vector (a, b)! with the Steiner curvature centroid
of the intersection ®”[u] of this end with the horosphere at height y. The vertical half-line
passing through the point (c[u], 1)’ is therefore the desired geodesic, and this completes
the proof. ]

Lemma 4.2.1 also guarantees convergence of the integrals that will be studied in the
sequel. We thus conclude this section by establishing elementary conditions for the cen-
troid of a given element of #,, to vanish. To this end, define

Amax = {U € Ay | ay ,[u] =0VY(A, 1) € Mo}, 4.16)
Am.c = {U € Ay | c[u] = (0,0)}. ’

Observe that
vA’m,* - fA’m,c - v“‘“m»

and that both A, s and A, . are ideals of the multiplicative Fréchet algebra +4,, which
are closed under the action of differentiation.

Lemma 4.2.2. Forallu € A,,,
U+ Uxy € Ame, UFU, € Ay 4.17)

Proof. Indeed, the asymptotic series of u,, and u, are obtained by differentiating term
by term the asymptotic series of u. The result follows. ]

4.3. The geometry of k-ends

Let u : mS! x [0, 00[ — R be an abstract k-end. By (4.11) we may suppose that ®[u]
defines a smooth immersion from mS! x [0, oo[ into H3. We now use the notation of
Sections 2.4 and 2.5.

Lemma 4.3.1. The form
H[u] dAreau] — dxdy

is integrable over mS! x [0, oo[. Furthermore, its L'-norm is locally uniformly bounded
as u varies in Ayy,.
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Proof. Indeed, by (2.30) and (2.41),
H[u] dArealu] — dxdy = fdxdy,
where f € A,,. Since

[ =rlfle VIR £ o(e V1R,

the result follows. u

Lemma 4.3.2. The length of ®,[u] satisfies
Lu](y) = 2emrule V17 4 o(e V1I7kY). (4.18)

Furthermore, the coefficient of the remainder term is locally uniformly bounded as u
varies in y,.

Proof. Indeed, by (2.31) and (4.11) the length element of &, [u] satisfies
difu] = (r[u]e™™ 1=ky 4 (e 1_ky))alx,
and the result follows upon integrating this form over mS'!. ]

In particular, we obtain

Lemma 4.3.3. Every k-end has non-zero radius.

Proof. Choose a half-space parametrization of H3. Let e : mS! x [0, co[ — H? be a k-
end with respect to the Busemann function i(x, y, z) := —log(z). Let I := I[e] denote
the first fundamental form of e and observe that this metric is complete and of constant
curvature equal to k — 1. Let h be a Busemann function of this cusp centred at the unique
point at infinity.

Consider now the curve

y 10,00 = mS' x [0,00], y > (x0,¥),

for some fixed point xo of mS!. By (2.27) and Lemma 3.6.4, the norm of 9, (e o y) tends
to 1 as + — oo. Likewise, the geodesic curvature of e o y tends to zero as t — oo. It
follows that the geodesic curvature of y with respect to I also tends to zero as t — oo.
By classical hyperbolic geometry, since y terminates at the unique point at infinity of
mS! x [0, ool, for all & > 0, upon suitably modifying e and h, we may suppose that, for
allt > 0,

(1—¢/2)y < —(hoe)(y) < (1 +¢/2)y.

We may likewise suppose that, for all y, the length of the curve mS! x {y} with respect
to Iis less than ¢/2 so that, for all (x, y),

(1—e)y < —h(x,y) < (1 +e)y.
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In particular, for all y, the length of mS! x {y} with respect to I is bounded below by the
length of the level set of / at height —(1 4 ¢)y. Consequently, for all y,

—v/1—k (1+¢)y

Llelsixiyy] = ce

for some constant ¢ > 0. Observe now that, since M, is discrete, the second term on the
right-hand side of (4.18) may be replaced with o(e™V1~%(1+8)¥) for some § > 0. The
result now follows upon choosing ¢ < 8. ]

Lemma 4.3.4. When u has strictly positive radius, the geodesic curvature of ®” [u] with
respect to the normal v[u] satisfies

ku] = =1 —k + o(1). (4.19)

Furthermore, the coefficient of the remainder term is locally uniformly bounded as u
varies in Ay,.

Remark 4.3.1. In the case where u solves the gaussian curvature equation (2.43), the
intrinsic curvature of the immersion ®[u] is constant and equal to k — 1. In particu-
lar, horocircles in this surface have constant geodesic curvature equal to —+/1 — k with
respect to their inward-pointing normals. Since ®”[u] is the intersection of ®[u] with
the horizontal horosphere at height e”, Lemma 4.3.4 confirms our expectation that the
intersections of k-ends with horoballs are asymptotic to horodisks in the surface.

Proof of Lemma 4.3.4. Indeed, by (2.44),
€ (U —
K [u] = M =—vV1—k+o(l),
U+ Uxx

and the result follows. [

4.4. Killing vector fields

The Mobius group SO(3, 1) acts by orientation-preserving isometries on H?3. Its Lie
algebra s0(3, 1) therefore defines a 6-dimensional family of vector fields over H® whose
flows preserve the metric. These vector fields are known as Killing vector fields of H?>. In
what follows, we will be particularly interested in the field

Xa,b ‘= Mua,

where M : H® — H? is the orientation-reversing hyperbolic isometry given by
X

xi= =, (4.20)
l1x]12

and a := (a, b, 0)’ is a constant horizontal vector.
The field X, p, is given explicitly by

Xap(x) = ||lx]I2a — 2(x. a)ex. 4.21)
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By (2.25), (2.33) and (2.34), for all u € Ay,

(a, Plu])g = ae ™ ucos(x) —ae Y uy sin(x) + be uy cos(x) + be”?u sin(x),
(a,N[u])g = €ae™ cos(x) + €be™” sin(x), (4.22)

{a,v[ul)g = Sae™ cos(x) + She™” sin(x),
so that, by (2.37) and (2.38),

(Xa.p(@u]),N[u])g = a(l + f1)e” cos(x) + afre” sin(x)
+ bfse? cos(x) + b(1 + fy)e? sin(x), (4.23)

where f1, f2, f3, fa € An,. Likewise, by (2.34), (2.37), (2.38) and (4.17),

(Xap(@u]), v[ul)e = —2a(u + g1)e” cos(x) + 2a(ux + g2)e” sin(x)
—2b(ux + g3)e’ cos(x) —2b(u + g4)e” sin(x), (4.24)

where g1, g2, g3, 84 € Am . This yields

Lemma 4.4.1. For every abstract k-end u, the limit

T
lim / (Xa.p(Pu]), N[u])g dArealu]
0 JmS!

T—o00

exists. Furthermore, this convergence is locally uniform as u varies in A,.

Proof. Indeed, since A,  is an ideal in A, it follows by (2.30), (4.17) and (4.23) that
(Xq.p(P[u]), N[u]) g dAreaJu] = (fie” cos(x) + f2e” sin(x))dxdy,

where f1, f2 € A, . The result now follows by Lemma 4.2.1. [ ]

Lemma 4.4.2. For every abstract k-end u,

/ H{ul( X, 5(®[u]), v[u])g dlju] = —4mm{(a, b),c[u])e + O(e” ™" 4—3ky) (4.25)
mS'1

as y — oo. Furthermore, the coefficient of the remainder term is locally uniformly
bounded as u varies in Ay,.

Proof. Since Ay, ¢ is an ideal in o,y,, it follows by (2.31), (2.41) and (4.24) that
H[u](X a6 (®[u]), vu]) e difu]

= —2aue’ cos(x)dx + 2auye” sin(x)dx — 2buye” cos(x)dx
—2bue? sin(x)dx + fie? cos(x)dx + fre” sin(x)dx,

where f1, f2 € Am,c. Since
Calux] = —cqu], ciux] = calul,

the result now follows by Lemma 4.2.1. ]
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Let d, denote the derivative in the direction of v.

Lemma 4.4.3. For every abstract k-end u,
/ 00 (Xa,p(Pu]), v[ul)e dlfu] = O(e?™V473kY) 45y — 0. (4.26)
mS!

Furthermore, the coefficient of the term on the right-hand side is locally uniformly
bounded as u varies in #y,.

Proof. By (2.31) and (2.36), for arbitrary f : mS! x [0, oo[ — R,
Ay f dlfu] = (€U + uxx) fx — Cuxy + ux) fy)dx.
Since #A, ¢ is an ideal which is closed under differentiation, it follows by (4.17) that
oy fdl[u] = (g1 fx + g2./y)dx,
where g1, g2 € A, c. It now follows by (4.24) that
0y (Xg.p(Pu]), v[ul)g dlfu] = gze” cos(x)dx + gae” sin(x)dx,
where g3, g4 € A, . The result now follows by Lemma 4.2.1. [

Finally, consider the form a, defined over H? by
) 1
Qoo (= —gdx Ady.

The geometric significance of this form will become clear presently. For the moment, it
will be sufficient to show

Lemma 4.4.4. For every abstract k-end u,
/ ix, 0o = O(e?™V43KY) 45y - o0 (4.27)
mS1 ’

Furthermore, the coefficient of the term on the right-hand side is locally uniformly
bounded as u varies in #y,.

Proof. Indeed, by (2.33), (2.34) and (5.14),
oo NUL. TRD) 1= 1 + fi.  oo(W[ul, Tlu]) := fo,
where f1 € Ap,« and fo € A,y It follows by (4.23) and (4.24) that
oo (Xap (Pu]). Tlu]) = —(1 4 f3)ae” cos(x) — (1 + fa)be” sin(x),
where f3, f4 € Ay. Since Ay, ¢ is an ideal in Ay, it follows by (2.31) and (4.17) that
Ooo(Xap(Pu]), T[u]) dl[u] = fsae” cos(x) + febe” sin(x),

where f5, f6 € A, . The result now follows by Lemma 4.2.1. [ ]
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5. Area, generalized volume and renormalized energy

5.1. Overview

We now study the local geometry of the space S of k-surfaces. Recall from Section 1.4
that every stratum of S has a natural holomorphic structure given by the unordered vector
of extremities. We first determine how variations of these extremities affect the surfaces.
This is the content of Theorem 5.2.5: we show that smooth variations along the strata yield
variations of the corresponding surfaces which are smooth in the space of immersions. In
particular, given a point (x, y) of the stratum, corresponding to the immersed surface
(S, e), every tangent vector (Q_, b) of the stratum at this point corresponds to a vector field
Xla, b] over the immersion e which is asymptotic over every end to some Killing field.
The proof of Theorem 5.2.5 is a more or less standard application of the implicit func-
tion theorem for functions defined over Banach spaces. However, we draw the reader’s
attention to the small but important role played in the proof by the non-vanishing of the
radii of the ends, proven in Lemma 4.3.3 (see Lemma 5.2.1). Finally, having established
these preliminaries, our main results readily follow upon applying the asymptotic anal-
ysis developed in the preceding chapters. We first verify that area, generalized volume
and renormalized energy are indeed well-defined and smooth over every stratum. Next,
we verify an approximate Schlifli type formula over truncated surfaces. Finally, upon
letting the locus of truncation tend to infinity, we obtain the Schlifli-type formula of The-
orem [.1.2, and the identity of Theorem 1.1.1 is obtained upon substituting the Killing
fields of H?3 into this formula.

5.2. Perturbations of finite-type k-surfaces

Let (S, e) be a finite-type k-surface in H3, let # denote the number of ends of this surface
and, for 1 <i < n, let m; denote the winding number of the ith end. Choose an explicit
upper half-space parametrization of H? as in Section 2.2 and suppose that none of the
extremities z1[e], . . ., z,[e] of (S, e) lie at infinity. For all i, let #; be a Busemann function
of H? centred on z; [e]. As in Section 1.4, for all T € R and for all i, denote

Sri={xeS|(hioe)(x)>TVi}, Sri={xeS|(hioe)(x)=<T}. (5.1)

Upon modifying A1, ..., h, if necessary, we may assume that S is smooth and that the
complement of its interior in S consists of n distinct k-ends, So,1, ..., So,,. For each i,
identify So; with m; St x [0, oo[, let M; be the hyperbolic isometry

x
M x := —— +ze], (5.2)
[lx]l
and let u; € s,;,; be an abstract k-end such that

e|SO,i = M,‘ o (D[u,-], (5.3)

where @ is the operator defined in Section 2.4.
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In order to use the asymptotic theory of the previous sections to determine the deriva-
tives of the generalized volume and the renormalized energy, we will show in this section
how nearby immersions in the stratum of (S, e) in S depend smoothly on their extrem-
ities. To this end, we first construct an infinite-dimensional family of perturbations of e
in C*(S, H3). This construction is carried out in two stages. In the first, we construct a
finite-dimensional family of perturbations which are large at infinity and, in the second,
we extend this finite-dimensional family by an infinite-dimensional family of perturba-
tions which are small at infinity. The finite-dimensional family is constructed as follows.
Let & : Rk — C°(S, H?) be such that
(1) the function &[a, b](p) : R%* x § — H?3 is smooth,

(2) forall p € S,
e[0.0](p) = e(p).

(3) forall (a,b) € R* andforall p € Sy,

ela. bl(p) = e(p).
(4) forall 1 <i <n,forall (a,b) € R2k and for all P € So,i,

€la, b](p) = Tla;, bile(p),

where T[a;, b;] is the hyperbolic isometry defined in (2.8).

For all § > 0, let Bszk (0) denote the ball of radius § about the origin in R?* and choose
8 > 0 such that, for all (g, d) € B52k (0), €[a, b] is a complete, locally strictly convex
immersion. The function € is the desired finite-dimensional family.

The infinite-dimensional extension of € is constructed as follows. Let y : S — [0, 1]
be a smooth function such that

(1) forall p € Sy,
x(p) =0,

(2) foralll <i <mandforall p e S_;;,
x(p) =1
Define € : H? x H? x R — H? such that, for all X,y € H3 and for all ¢ € R,

G(x.y.1) = y(),

where y : R — H?3 is the unique geodesic such that y(0) = x and y(1) = y. Let N :
Bgzk(O) — C®(S,UH?) be such that, for all (a, b) and for all p € S, N[a, b](p) is
the outward-pointing unit normal vector of the immersion €[a, b] at the point p. Define
&: B2(0) x C°(S) — C°(S.H?) such that

(1) forall (a,b,v) € BZ¥(0) x C°(S) and for all p € So,

ela.b.v](p) := Exp(v(p) N[a. b](p)). (5.4)
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(2) forall1 <i <n,forall (a,b,v) € B(gzk(O) x C%(S) and for all p € Sy,
€la. b, v](p) := & (Exp(v(p) Nla.bl(p)). M; o ®lu; + v])(p). x(p)).  (5.5)

where, for each i, M; and u; are the hyperbolic isometry and abstract k-end given by
(5.2) and (5.3) respectively.

This yields the desired infinite-dimensional extension.

Significantly, since u; decays rapidly over S; o for all 7, it is not clear that €[a, b, v] is
an immersion even when v itself has rapid decay. In particular, there is no neighbourhood
of 0 in BSZI‘ (0) x C?(S) over which the extrinsic curvature operator can be meaningfully
defined. For this reason, we introduce the operator

K[Q» 27 U] —k
Hla.b.v]

where, for all (a,b) € R?* and for all v € C2(S), K[a, b, v] and H[a, b, v] are respectively
the extrinsic and mean curvature functions of the immersion €[a, b, v]. It follows from
(2.41) and (2.42) that this operator is well-defined for all sufficiently small v even when
€[a, b, v] is not an immersion.

For w > 0 and for all (k, @), define the Ca]f **_norm of functions over S by

Fla.b,v] := (5.6)

n
el o = Nuls, gk + ) lutlsg, ll s (5.7)
i=1

and let Calf **(S) denote the Banach space of k-times differentiable functions u : § — R
whose Calf **_norm is finite. Observe that, for all (a, b) € BSZk (0), Fla, b, 0] is supported
in Sp. It is then straightforward to show that, upon reducing § if necessary, there exists
a neighbourhood V2o (S) of zero in c2” (S) over which F defines a smooth function
taking values in Co™*(S).

Lemma 5.2.1. After reducing § and V2 (S) ifnecessary, if (a,b,v) € ng (0) x V2 (S)
solves

Fla,b,v] =0,
then €[a, b, v] is a complete, locally strictly convex immersion of constant extrinsic cur-
vature equal to k.

Proof. Tt suffices to prove that these properties are satisfied over each end of S. However,
for 1 <i <n,over S_;; = m;S' x [1, oo[, the function u; + v is an abstract k-end. In
particular, it is an element of A,,; so that, by (4.11),

(i 4 v) + (Ui + V)xx = 1l + v]e” VI po(emVITRY),

where the coefficient of the remainder term is locally uniformly bounded as the k-end
varies in #,,. Since r is continuous, upon reducing § and V(S if necessary, there exists
T < 0 such that, for every triple (a.b.v) € B2 (0) x V2%(S) which satisfies Fla, b, v] =
0,forall 1 <i <n,andforall p € St;,

(ui +v)(p) + (u; +v)xx(p) >0,
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so that, by (2.32), €[a, b, v] restricts to an immersion over S7;. Upon reducing § and
'Vuz)k (S) further if necessary, we may then suppose that, for all such (a, b, v), €[a, b, v] is
an immersion over the whole of S. By a similar reasoning, for all such (a, b, v), €[a, b, v]
may also be taken to be locally strictly convex so that, by (2.41) and (2.42), H[a, b, v] and
K]Ja, b, v] are well-defined positive functions over S. In particular,

Kla, b,v] = Hla, b, v]Fla,b,v] + k =k,
and the result follows. u

We now study the derivatives of F. Define the positive function ¢ : S — |0, oo[ by
setting, for all p € So,

é(p) =1,

and forall 1 <7 <n,andforall p € Sy,

¢(p) =1+ (€ -1,

where
1

v 1+ (u; + ui,y)z

is the function introduced in (2.5). Let ug denote the operator of multiplication by ¢.
Since, for all (k, «), ¢ is an element of Ccko (S), by Lemma 3.4.3, for all w, the operator
Ie defines a linear isomorphism from Calf *(8S) to itself.

i =

Lemma 5.2.2. The partial derivative of F with respect to the third component at (0,0, 0)
is given by

1
D3 F[0,0,0]-v = EJ;%U,

where H := HJ0, 0, 0] denotes the mean curvature function of e and J denotes the Jacobi
operator of extrinsic curvature for e.

Proof. Indeed, choose v € C2(S). Define the function w : S — R by

9400,0, 10]
w:.:={—¢ v
5, €10.0,

,N[e]> .

t=0 g

By (5.4), over S,
w = v.

On the other hand, by (2.25) and (2.33), over each end

a
<E<I>[u + tv]

N[u]> = €v,
t=0 g
so that, by (5.5),

W= [gV.
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Since the extrinsic curvature of (S, e) is constant, the first-order variation of K only
depends on the normal component of the first-order variation of e, so that

0
— K]0, 0, tv] =Jw =1Tpgsv.
ot =0

The result now follows by the product rule, since the numerator in (5.6) vanishes at
(0,0,0). |

In [20, Proposition 3.1.1] it is shown that the Jacobi operator of extrinsic curvature of
(S, e) is given by

Jv = %H(l —k)v — Tr(A~! Hess(v)), (5.8)

where A := Ale] is the shape operator of e and Hess(v) is the hessian matrix of v with
respect to the metric e* g.

Lemma 5.2.3. The Jacobi operator of extrinsic curvature of (S, e) satisfies
£J¢> = (1 —k)v— Av, (5.9)
H
where A is the Laplace—Beltrami operator of the metric 1[e] + 1[e].
Proof. Indeed, the metric I[e] + III[e] is given by
&= (" @)((Ad+(1/k)A%)-.").

Since e has constant extrinsic curvature equal to k, the Codazzi—Mainardi equations
together with the Koszul formula yield

A k
Av = I Tr(A™! Hess(v)),

and the result follows. u

Lemma 5.2.4. For 0 < w < ~/1 —k, the operator L := (1 — k) — A defines a linear
isomorphism from c2” (S) into co® (S).

Proof. The asymptotic properties of this operator over each end of S are studied in Sec-
tion 3.3. Together with the classical theory of elliptic operators (see [10]), these properties
show that L defines a Fredholm map from c2” (S) into C2%(S). Since L is formally self-
adjoint, it has Fredholm index equal to zero. Finally, by the maximum principle, L has
trivial kernel in C2® (S), and invertibility follows. |

Lemmas 5.2.2 and 5.2.4 together with the implicit function theorem now yield

Theorem 5.2.5. Upon reducing 8§ if necessary, there exists a smooth function U :
B2¥(0) — C2*(S) such that, for all (a,b) € BZ*(0),

Kla.b,Ula,b]] = k.

Furthermore, we may suppose that U is unique.
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For all (a,b) € 382k (0), we define the immersion e[a, b] : S — H?3 by

ela,b] := ¢€[a, b, Ula, b]]. (5.10)
For all (a, b) € R?*, we define the vector field X[a,b] : S — TH? by

Xia,b) = o clia1b]| . o
t=0

and we define

¢la.b] := (Xa.b]. Nle]),. (5.12)

The vector field X[a, b] is the first-order variation of the immersion e resulting from a first-
order variation of the end point of the ith end by the vector (a;, b;). The function ¢|[a, b]
is the normal component of this first-order variation. By the preceding construction, for
all i, over So,

Xla.b] = ¢; Nle] + Mi, Xg, 5, 0. (5.13)

where ¢; € Ay, , M; is the hyperbolic isometry defined in (5.2) and X, p, is the Killing
vector field defined in (4.21).

5.3. Area and generalized volume

Let (S, e) be a finite-type k-surface in H3. We continue to use the notation of Section 5.2.
We first re-prove the following elementary result of classical surface theory, which we
believe provides a nice illustration of the estimates developed in the previous sections.

Theorem 5.3.1. The area of (S, e) is given by

=2 x[S]

Areale] = T

where x[S] denotes the Euler characteristic of S.

Proof. Indeed, since (S, e) has constant intrisic curvature equal to k — 1, by the Gauss—
Bonnet Theorem, for all 7,

—(1 —k) Areale|s,] + / k[e]dl[e] = 27 x[S],
St

where k denotes the geodesic curvature of dS7 with respect to the outward-pointing unit
normal. However, by (4.18) and (4.19),

lim kle]dle] = 0,
T—o0 ST

and the result follows. [

The volume contained by (S, e) is a slightly more subtle concept. Indeed, as (S, e) is
not necessarily embedded, it does not necessarily have a well-defined interior. However,
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since H?3 is contractible, its volume form dVol is exact so that, by Stokes’ Theorem, the
volume contained within (S, ) can be defined by integrating primitives of dVol over this
surface. Nonetheless, since S itself is non-compact, there is no reason that two primitives
should yield the same volume or even that an arbitrary primitive should be integrable over
this surface. For this reason, we restrict attention to a special family of primitives. The
horospherical primitive of dVol centred at infinity is defined by

1
U = —gdxdy. (5.14)

Observe that, at each point, oo is the pull-back under the orthogonal projection of —(1/2)
times the area form of the horizontal horosphere passing through that point. In particular,
it is invariant under the action of those isometries of H3 which preserve the point at
infinity. For any ideal point w € dH?, the horospherical primitive of dVol centred at w is
now defined by

Ay = M* 0o,

where M is any isometry of H3 sending w to co. By the preceding observation, for all w,
lowllg < 3 (5.15)

so that, since (S, e) has finite area, the form e*w,, has absolutely convergent integral
over S. We now verify that this integral is independent of the horospherical primitive
chosen. It suffices to compare oo, and .

Lemma 5.3.2. The difference between oo and o is given by
Qoo — @9 = d log(cosh(r))do, (5.16)

where 1 denotes the distance in H? from the geodesic Ty o and 0 denotes the angle
parameter of Fermi coordinates around this geodesic.

Remark 5.3.1. In fact,

d log(cosh(r))do = B, (5.17)

cosh(r)
where f is the pull-back through the orthogonal projection of the area form of totally
geodesic planes orthogonal to the geodesic I'p oo.

Proof of Lemma 5.3.1. Indeed, let M : H3 — H?3 be the isometry given by

M X
X = .
= Ixl?
Since M reverses orientation,
1 1
g = —M" 0 = —dxdy — d(p*)(xdy — ydx),
0 o = Ay =555 (p7)(xdy — ydx)

where p? := x2 + y? 4 z2. A straightforward calculation then yields

1 72
Ooo — 0lg = Ed log(;) AdO.
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However, by elementary hyperbolic geometry,
cosh(r) = p/z,
and the result follows. ]

Lemma 5.3.3. Forall z,w € 0,ocH?,

/e*oez =/e*aw.
S S

Proof. Indeed, there exists a constant C > 0 such that
[[log(cosh(r))df|s < C.

It follows that, for all 7',

[ -

and the result now follows by Lemma 4.3.2. ]

:/ e* log(cosh(r)) d6 §C/ dl,
St

St

The generalized volume contained by (S, e) is defined by
Vol[e] := / e*ay, (5.18)
s

where z is any ideal point of o H?> and e is the horospherical primitive of dVol centred
at this point. Since the restriction of this integral to each end of (S, e) varies smoothly
with the end, it follows that Vol restricts to a smooth function over every stratum of Sg.
Finally, the reader may readily verify that when (S, e) is embedded, Vol[e] coincides with
the volume of the convex body in H?3 that this embedding bounds.

5.4. Renormalized energy

Let (S, e) be a finite-type k-surface. As in Section 1.4, leté : S — UH? denote the unit
normal vector field over S, considered as an immersion in its own right in the total space
of UH3. The area form of the pull-back through this map of a suitable rescaling of the
Sasaki metric is

dE[e] := H[e] dAreale], (5.19)

where H[e] : S — R denotes the mean curvature function of e. By Lemma 4.3.1, although
the area of S with respect to this form is infinite, the area of the truncated surface St
grows linearly with the absolute value of T as T tends to —oo. The residue obtained upon
subtracting this linear term yields a function over the space of k-surfaces which is well-
defined up to a constant. More precisely, the renormalized energy of (S, e) with respect
to the Busemann functions A1, . .., &, is defined by

n
Ele;hy, ... hy]:= lim Hle] dAreale] + 27T ) " m;. (5.20)

T——o00
St i=1
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Trivially, if A}, ..., h) are other Busemann functions centred respectively on
z1le], ..., zy[e], then
n
Ele:hy.....h,)—Elechy.....hy) =21 mi(h; — h}).
i=1

which is constant since, for all i, h; — h;- is constant over H?.

The dependence of the renormalized energy on the Busemann functions is reduced
as follows. Given another Busemann function /., the Busemann functions /iy, ..., hy,
are normalized in such a way that, for all i, the horospheres A} ({0}) and hi_1 ({0}) meet
tangentially at a single point. Given that we are working in the upper half-space, it makes
sense to choose

hoo(x) = —log(2).

so that, for each 7, the Busemann function /; is normalized by
hi(zi[e], 1) = 0.
With these normalizations we set
Ele] := Ele: hy, ..., hal, (5.21)

so that I:Z[e] is uniquely defined by a choice of Busemann function at co or, equivalently,
given an explicit upper half-space parametrization of H>. As with the generalized volume,
the renormalized energy defines a function over each end of (S, e) which varies smoothly
with the end, so that E restricts to a smooth function over an open, dense subset of each
stratum of Sg.

5.5. The Schlifli formula

Let (S, e) be a finite-type k-surface. Let X denote the stratum of S in which it lies. Using
the notation of Section 5.2, for all real T', define

Volr[e] :=/S X oo (5.22)
T

Using the local parametrization of X given by (5.10), we identify every tangent vector of
this stratum at (S, e) with a vector (a, b) € R?*. Since we work with an explicit upper half-
space parametrization of H3, it will be useful to recall the definition of Steiner vectors (cf.
Section 1.6). For all i, let z; [¢] and {; [e] denote respectively the i th extremity and Steiner
point of (S, e), and define the ith Steiner vector by

1
N G

Lemma 5.5.1. For sufficiently large, negative T, the derivative of Volr at (S, e) satisfies

(5.23)

D Volz[e] - (a,b) = f ¢la. b dAreale] + O(eV17*T). (5.24)
St
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Proof. Indeed, denoting X := X{a, b], we have

D Volr[e] - (a,b) = / Lxtoo = (ixdoso + dixas)
St St

=/ (X,N[u])dArea[e]+/ ixa.
St

ST
However, by (5.13), for 1 <i < n, over So,,
X =¢;Nle] + M; X oe,
where ¢; € Ap; and X; := X, 5. is the Killing vector field defined in (4.21). Since

lallg =1/2,
lig; Nl < 51l

so that, since ¢; € Ay, ,

/ i¢i N[e]®oo = O(e" 1=k T).
LAY

On the other hand, by Lemma 4.4.4,

(M; o e)*inm;, x; 00 = / e*ixioeMi_l o = O(eVITRTy,

St ST

and the result follows. u

Theorem 5.5.2. The derivative of Vol at (S, e) is given by
D Volle] - (a,b) = lim / ¢la, b] dAreale]. (5.25)
T——o0 Js,

Proof. By (5.13) and Lemma 4.4.1, the limit on the right-hand side of (5.25) exists and is
locally uniform as (S, e) varies along its stratum in S;. The result follows. |

For all 7', define
Erle] := / Hle] dAreale]. (5.26)
St

Lemma 5.5.3. For sufficiently large, negative T, the derivative of Er ar (S, e) is given
by

DErle] - (a.b) = / 201+ Rgla. aAseale] - [ 2,¢la.plalfe]
ST
—Z / T g: Hleldlle]
iy / a0y (le]). vie) Hle] dife], (5.27)

i=1

where, for each 1 <i < n, ¢; and X,, p, are as in (5.13).
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Proof. Choose (a,b) € R?*. For all sufficiently small 7, let e, := e[ta,b] be as in (5.10).
For f : H? x ]—&, [ — R smooth and of compact support, consider the function

}::f () := /S(f, o e;) Hle;] dAreale;].

Since the integrand of E ¢ is a smoothly varying family supported in a compact subset of S,
the tangential component of X[a, b] does not contribute to its derivative. We therefore
work as if it were equal to zero, so that

X[a,b] = ¢[a, b]N[e].

The first-order variation of the area form is given by (cf. [8])

ad
— dAreale;]

at = Hle]¢[a, b] dAreale].

t=0

The first-order variation of the mean curvature is given by (cf. [8])

0
o Hledd| =0 +k) —Hle])gla.b] - Adla. b].
=0
Finally, the first-order variation of f; o e; is given by

af

d
g(ft oer) =57 °¢ + (V fo,Nle]) g ¢la, b].

t=0
It follows by the product rule that

3
ar

t=0

=21+ k) fs (f, o e)pla. b] dAreale] - /S (f; 0 ) Ala, b] dAreale]
) e) H[e] dAreale]
t=0

WACHH

+ [ (9% fo.Nlel) s . b Hie] dAele]. (5.28)
S

Now, forall 1 <i < n, let z; ; be the ith extremity of (S, e;) and let h; ; : H3 - Rbea
Busemann function centred on z; ; and normalized in such a way that, for all 7,

hi,t(Zi,t’ 1) =0.
By definition, forall 1 <i <n,
0
5 2 » = (ai, b;).
Define f : H3 x ]—&,¢[ — R by
1 ifhjs(x)>T Vi,
fi(x) = o
0 otherwise.

Observe that f is an element of BV, (H? x ]—¢, £[), the space of functions of locally
bounded total variation over H3 x ]—e, e[ (cf. [29]). By approximating f by smooth,
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compactly supported functions, we find that (5.28) continues to hold with the derivatives
of f now being interpreted in the distributional sense. In particular,

G

and

oe) [e] dAreale] = Z f Xa. 1, (P[e]), VER; o 0 e), Hle] dle],
t=0 ad

i=1705T.i

/S (V¥ fo. Nle]) g bla. b] Hle] dAreale]

_ —Z / “UN[el. V¥hi o 0 e) g fla. b] Hle] dl[e],

aST.i
where, for each i, V& h; o denotes the gradient with respect to g of the function 4; o. Since
V&higoe =—Cvle] + S Nle],
the result now follows upon substituting these relations into (5.28) and applying Stokes’

Theorem. [

Lemma 5.5.4. For all sufficiently large, negative T, the derivatives of Volr and Er ar
(S, e) are related by

2(1 + k) D Volr[e] - (a, b) — DErle] - (a. b)

= > dmmil(ai.bi).cilele + OEVIET), (5.29)

i=1
where, for each i, m; denotes the winding number of the i th end of (S, e) and c;[e] denotes
its Steiner vector given by (5.23).

Proof. Ttsuffices to analyse the last three terms of (5.27) over each end. Choose 1 <i <k.
By (5.13), over St,,

X[Q?Q] = ¢N[€] + Mi*Xai,bi oe,
where ¢ € A, and X, 5. is the vector field given in (4.21). Since ¢ € Ay, , by (2.5),
(2.31), (2.36) and (2.41),

/ B dlle] = O(>Y1¥T), / Hle]S ¢ dife] = O(e2V1*T),
BST,[

by Lemma 4.4.3,
/ 0v(Xg; b, Nle]) dlfe] = O(e—T-i-MT)’
aST.i
and, by Lemma 4.4.2,
HIel€(X, vie]) dile] = —dmm; ((ai,b:),cile]) + O(e T HV43kT),

3ST’,'

The result follows. u
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Theorem 5.5.5. The derivatives of Vol and E at (S, e) are related by

2(1 4 k)D Volle] - (a.b) — DE[e] - (a.b) = Y _ 4mm;((ai. bi).cilel)e.  (5.30)

i=1

where, for each i, m; denotes the winding number of the i th end of (S, e) and c;[e] denotes
its Steiner vector given by (5.23).

Remark 5.5.1. Theorem 1.1.2 follows immediately upon expressing (5.30) in Mobius
invariant form.

Proof. The formula follows immediately from (5.29) since convergence here is locally
uniform as (S, e) varies along its stratum in Sg. |

Theorem 5.5.6. The extremities and Steiner vectors of (S, e) satisfy

Zm,- cile] =0, (5.31)
i=1
Zm, cile]zile] = —= Zm,, (5.32)
i=1
Y micilelzi[e] = — Zmiz [e], (5.33)
i=1 i=1

where, for each i, m; denotes the winding number of the ith extremity of (S, e).

Remark 5.5.2. Theorem 1.1.1 follows immediately upon expressing (5.31)—(5.33) in
Mobius invariant form.

Proof. The above relations are obtained by applying Killing vector fields to the Schlifli
formula (5.30). It suffices to prove the real part of (5.32), as the proofs of the remaining
formulae are identical. Consider the family of hyperbolic isometries given by

M, x =e'x.

The Killing vector field of this family is

X(x) = x.
Consequently,

ad

3 z;[M; o e] o = zile],
i
— Vol[M; o ¢] =0,
ot =0

a n
EE[Mt oe] . =2r Zmi.
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Substituting these values into (5.30) yields the real part of (5.32). The imaginary part
is obtained in the same manner using rotations. Translations yield (5.31), and parabolic
transformations about the origin yield (5.33). This completes the proof. |

Appendix A. Smooth functions over Holder spaces

For the reader’s convenience, we review the smoothness properties of composition opera-
tors over Holder spaces. Although similar properties are studied in [12,34], it is not clear
to us where a straightforward treatment of the difficulties particular to the Holder space
case may be found in the literature. Let X be a metric space and let E be a Banach space.
For « € [0, 1], the -Holder seminorm of a function f : X — FE is defined by

._ I f(x) = fODWl
[fla := jl;é;; PR (A1)

Observe that the 1-Holder seminorm is the Lipschitz seminorm whilst the 0-Holder semi-
norm is the total oscillation. The C%%*-norm is then defined by

Ifllco.e = N1 llco + [f]e- (A2)

More generally, when X is a riemannian manifold, which for convenience we take to be
locally isometric to R™ for some m, for all (k,a), the C**-norm of a k-times differen-
tiable function f : X — FE is defined by

k
1f ke ==Y _IID' flico + [D* fla (A.3)

i=0

Observe, in particular, that for all k > 1,

I lcke = [1flco + I1Df llcr-t.a- (A4)

This recurrence relation will be useful for the induction arguments that we will invoke
presently. For all (k, @), let C¥*(X, E) denote the Banach space of functions with finite
Ck2_norm. We readily obtain

Lemma A.1.1. For f.g € C%%(X, E),

Ifglicow < lIfllcowlglcoe: (A.5)

An induction argument, starting with Lemma A.1.1 and using (A.4), then yields
Lemma A.1.2. Forall f,g € Ck*(X,E),
Ifgllcra < @ =Dl f llcrelglcra- (A.6)
Now let €2 be an open subset of E. Define

ok (x.Q) = ] ok x. Q). (A7)

>0
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where, for all ¢ > 0,
Ok (X, Q) == {f € CH¥(X.E) | d(f(x).Q°) > & ¥x}, (A8)

Observe that %% (X, Q) is an open subset of CK*(X, E). Given another Banach space
F and a suitably regular function ® : 2 — F, define the composition operator Cg :
0k (X, Q) - Ck*(X, F) by

Colf]:=®o [ (A.9)

Smoothness of composition operators over Holder spaces is subtle for low regularity.
First, we have

Lemma A.13. If ® € CHY(Q, F), then Cg defines a continuous function from
0%*(X,Q) into CO%(X, F).

Proof. Without loss of generality, we may suppose that 2 is convex. Then, for all
fif+ge0%(X Q) andforall x € X,

1
Colf + g](x) — Calf](x) = /0 Cpalf + sg)(x)g(x) dx.
Thus, forall x,y € X,
Colf + 1) — Col£1(x) — Calf + gl) + Col 10|

1
/0 Coolf +sgl(0)g(x) — Cpoalf + sgl(1)g () ds

1
< /0 [Coolf + sglgla ds d(x. )*

1
5[0 ([DRLLf + sglallglico + 1D Pllcolgla) ds d(x. y).

so that
[Colf + &l = Colflla = [Plicra([fe + [gla)llglcoa-
Since
ICalf + &l = Calfllco = [ @lcorligllco.
continuity now follows. ]

Lemma A.14. If® € C>1(Q, F), then Co defines a continuously differentiable function
from O%%(X, Q) into C%*(X, F) with derivative given by

(D Co[f1g)(x) = Cpa[f](x)g(x). (A.10)

Proof. Without loss of generality, we may suppose again that Q2 is convex. Define W :
0%%(X,Q)%> - C%(X, F) by

V[f. gl :=Cpolg]l —Cpalf].
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By Lemma A.1.3, W is continuous. By the fundamental theorem of calculus, for all
fif+g€0%(X,Q)andforall x € X,

1
Colf + £](x) — Colf](x) = [0 Cpalf +sg1(x) ds g(x)

1
- /0 WIS, f + sg](x) ds g(x) + Cpolf1()g ().

By continuity, the curve s — W[ f, f + sg] is integrable as a curve taking values in the
Banach space C%%(X, F). Furthermore, by convexity of the norm,

1
3 S/O IWLf. f +sglllcowds < sup W[, [+ sgllcoa.

s€lo0,1]

1
H/(; W[f, f +sglds

CO.

Since W vanishes when g = £, this tends to 0 as g tends to f, and the result now follows
by Lemma A.1.1. ]

Lemma A.1.5. If ® € CkTL1(Q, F), then Co defines a continuous function from
Ok (X, Q) into the space C*2(X, F).

Proof. We prove this by induction on k. By Lemma A.1.3, the result holds when k = 0.
Moreover, by the chain rule, for all f € Oktle (X, Q),

D(Co[f]) = Cpo[f]Df.

It follows by Lemma A.1.2 and the induction hypothesis that the operator f +— D Co|[ f]
defines a continuous function from O*¥*1-%(X, E) into CK*(X, Lin(R”, F)). Since Co
trivially defines a continuous function from @¥+1%(X, E) into C°(X, F), the result now
follows by (A.4). ]

In the same manner, we obtain

Lemma A.1.6. If ® € CKt2:1(Q, F), then Co defines a continuously differentiable func-
tion from OF (X, Q) into C** (X, F) with derivative given by (A.10).

Finally, by induction on /, we obtain

Lemma A.1.7. If ® € CKH+L1(Q | F), then Co defines a C! function from O%%(X, Q)
into Ck* (X, F).

We leave the reader to verify that when k > 1, a more straightforward argument shows
that Cg is of class C ! whenever @ is of class CKt18 for some B > «. Furthermore,
this condition is sharp in the sense that there exist functions ®, of class C k'”’“, for
which Cg is not /-times continuously differentiable. However, when k = 0, we do not
know whether the hypotheses of Lemma A.1.3 may be relaxed or whether the technical
arguments of this appendix may be bypassed. This merely formal concern is moot for
geometric applications where we rarely, if ever, are concerned with functions which are
not smooth. That said, when studying curvature problems, it is generally more elegant to
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work with functions of class C %%, being the minimal Holder regularity required to apply
analytic techniques. The arguments presented in this appendix then become necessary
when the curvature problems in question involve totally non-linear, second-order, partial
differential operators, since the second derivatives of such functions are of class C 0.2 and
compositions of these derivatives by smooth functions could not otherwise be assumed to
define smooth operations over function spaces. There is not a single situation we know
of where this subtlety cannot be easily bypassed by working with functions of greater
regularity. Nevertheless, it is clearly important to be formally correct.
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