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Abstract. In this article, we are interested in the question whether any complete contractible 3-
manifold of positive scalar curvature is homeomorphic to R3. We study the fundamental group at
infinity, 7°, and its relationship to the existence of complete metrics of positive scalar curvature.
We prove that a complete contractible 3-manifold with positive scalar curvature and trivial 7{° is
homeomorphic to R3.
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1. Introduction

This paper is the sequel of [30] and is also devoted to the study of contractible 3-manifolds
which carry complete metrics of positive scalar curvature. We are mainly concerned with
the following question:

Question. Is any complete contractible 3-manifold of positive scalar curvature homeo-
morphic to R3?

Gromov—Lawson [11] and Chang—Weinberger—Yu [4] independently proved that a
complete contractible 3-manifold with uniformly positive scalar curvature (i.e. the scalar
curvature is bounded away from zero) is homeomorphic to R3. The proof of Gromov and
Lawson uses minimal surfaces theory, while Chang, Weinberger and Yu use K-theory.

The topological structure of contractible 3-manifolds is quite complicated. For ex-
ample, Whitehead [31] and McMillan [15] showed that there are infinitely many mutually
non-diffeomorphic contractible 3-manifolds, such as the Whitehead manifold.

The Geometrization Conjecture which was confirmed by Perelman [21-23] and a
result of McMillan [14] tell us that a contractible 3-manifold can be written as an ascend-
ing union of handlebodies. Note that if there are infinitely many handlebodies of genus
zero (i.e. 3-balls), the 3-manifold is homeomorphic to R3.
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In [30], we consider a contractible genus 3-manifold, an ascending union of solid tori.
As mentioned above, R3 is not genus one but genus zero, since it is an increasing union of
3-balls. In [30], it is proved that no contractible genus one 3-manifold admits a complete
metric of non-negative scalar curvature.

In the present paper, we study the existence of complete metrics of positive scalar
curvature and its relationship to the fundamental group at infinity.

The fundamental group at infinity, w7°, of a path-connected space is the inverse limit
of the fundamental groups of complements of compact subsets (see Definition 2.3). The
triviality of the fundamental group at infinity is not equivalent to simply-connectedness at
infinity. For example, the Whitehead manifold is not simply-connected at infinity but its
fundamental group at infinity is trivial.

We prove the following theorem:

Theorem 1.1. A complete contractible 3-manifold with positive scalar curvature and
trivial w{° is homeomorphic to R3.

However, there are uncountably many mutually non-homeomorphic contractible
3-manifolds with non-trivial 7{°. In Appendix C, we construct such a manifold and show
that it has no complete metric of positive scalar curvature.

1.1. Handlebodies and Property (H)

Let (M, g) be a complete contractible 3-manifold of positive scalar curvature. It is an
increasing union of closed handlebodies { Ny } (see Theorem 2.7).

In the following, we suppose that M is not homeomorphic to R3. We may assume
that none of the Ny is contained in a 3-ball (i.e. homeomorphic to a unit ball in R3) (see
Remark 2.2). This plays a crucial role in our argument.

In the genus one case, the family {Ny} has several good properties. For example,
the maps 71 (0Ng) — w1 (M \ Ng) and 71(0Ng) — 71 (N \ Np) are both injective (see
[30, Lemma 2.10]). These properties are crucial and necessary in the study of the existence
of complete metrics of positive scalar curvature. Generally, the family { N } may not have
the above properties.

For example, the map 771 (dNg) — 71(M \ Ny) may not be injective. To overcome it,
we use topological surgeries on Ny and find a new handlebody to replace it. Roughly, we
use the loop lemma to find an embedded disc (D, dD) C (M \ Ny, dNg) whose bound-
ary is a non-nullhomotopic circle in dNy. The new handlebody is obtained from Ny by
attaching a closed tubular neighborhood N¢(D) of D in M \ Nj.

We repeatedly use topological surgeries on each Ny to obtain a new family { Ry} of
closed handlebodies with the following properties, called Property (H):

(1) the map 71 (dR;) — 71 (Rk \ Ro) is injective for k > 0;
(2) the map 71 (0Ry) — 71 (M \ Ry) is injective for k > 0;

(3) each Ry is homotopically trivial in Ry but not contained in a 3-ball in M
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(4) there exists an increasing sequence {ji }x of integers such that 7 (0R; N ON;, ) —
71(0Ry) is surjective.

Remark. If M is not homeomorphic to R3, the existence of such a family is ensured by
Theorem 4.6. It is not unique. In addition, the union of such a family may not be equal
to M.

For example, if M := | J; Nk is a contractible genus one 3-manifold, the family { N}
(as above) satisfies Property (H) (see [30, Lemma 2.10]).

1.2. The vanishing property

It is classical that the geometry of minimal surfaces gives topological information on
3-manifolds. This was exhibited in Schoen—Yau’s works [27, 28] as well as in Gromov—
Lawson’s [11].

In the genus one case, the geometry of a stable minimal surface is constrained by the
geometric index (see Property P in [30]). In the higher genus case, the geometry of stable
minimal surfaces is related to the fundamental group at infinity.

In order to clarify that relationship, let us introduce a geometric property, called the
vanishing property. Consider a complete contractible 3-manifold (M, g) of positive scalar
curvature which is not homeomorphic to R>. As indicated above, there is an increasing
family { Ry }# of closed handlebodies with Property (H) (see Theorem 4.6).

A complete embedded stable minimal surface ¥ C (M, g) is said to satisfy the van-
ishing property with respect to the family { Ry } if there is a positive integer k(%) such
that for k > k(X), any circle in ¥ N dRy is nullhomotopic in IR (see Definition 6.1).

If a complete stable minimal surface does not satisfy the vanishing property with
respect to { Rg }x, it gives a non-trivial element in the fundamental group at infinity (see
Lemma 6.2). As a consequence, if 77° is trivial, each complete stable minimal surface in
M has the vanishing property with respect to { Ry }x (see Corollary 6.3).

1.3. The idea of the proof of Theorem 1.1

Our main strategy is to argue by contradiction. Suppose that a complete contractible
3-manifold (M, g) with positive scalar curvature and trivial 7{°(M ) is not homeomorphic
to R3.

Before constructing minimal surfaces, let us introduce two notions from 3-dimen-
sional topology. For a closed handlebody N of genus g > 0, a meridian y C dN of N is
an embedded circle which is nullhomotopic in N but not contractible in dN (see Defini-
tion 3.1).

A system of meridians of N is a collection {y' }Zg:1 of g distinct meridians with the
property that N \ ]_[lg=1 y! is homeomorphic to an open disc with some punctures. Its
existence is ensured by Lemma 3.9.

Let { Ny} and { Ry }x be as above. Since Ny is not contained in a 3-ball (see Remark
2.2), the genus of Ny is greater than zero. The handlebody Ny has a system of meridians
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{)/,lC ‘ff;’k’. Roughly speaking, there are g (N ) disjoint area-minimizing discs {Qi}l with

8525c = y,lc. Their existence is ensured by the works of Meeks and Yau [17, 18] when the
boundary dNy is mean convex, as we now explain.

We construct these discs by induction on /.

When [ = 1, there is an embedded area-minimizing disc Q}C C Ny with boundary y]i
(see [17,18] or [7, Theorem 6.28]).

Suppose that there are [ disjointly embedded stable minimal discs {Q}'{}gzl with

BQ;'{ = y,i. Our target is to construct a stable minimal surface Qf{“ with boundary y,i“.

Consider the Riemannian manifold (7 s, gl ,), where Ty ; := Ni \ ]_[5=1 Qf{ Itis
a handlebody of genus g(Ny) — [; for an example, see Figure 1.

(T 1+ 8kl 1)

Fig. 1

The boundary of (T, g|r; ;) consists of dNg \ ]_[f:1 y,i and some disjoint discs
{Q};‘}le and {Q?_}f:r The two discs Q}.c_ and Q}j both come from the same minimal
disc €2} . Therefore, the mean curvature of the boundary of (T s, g|r; ,) is non-negative
(see Section 5.1).

In addition, {y,i }i>1 is a system of meridians of the handlebody (7% s, g|7; ;). Then,
we use the result of Meeks and Yau to find an embedded stable minimal surface ijl -
Ty, with boundary y; *'. The discs {2} }/ 1] are disjoint in N. This finishes the inductive
construction.

If ANy, is not mean convex, we can deform the metric in a small neighborhood of Ny
so that for the new metric, it becomes mean convex. As constructed above, each Qi is
stable minimal for this new metric and for the original one away from a neighborhood of
dN} (near Ni_q, for example). This is sufficient for our proof.
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Define the lamination %% := [], Qi (i.e. a disjoint union of embedded surfaces).
We show that each lamination ., intersects the compact set Ry (from Corollary 3.10).
According to Colding—Minicozzi’s theory (see [6, Appendix B]), the sequence {-Z% }x
subconverges to a lamination % := | J,c, L: in (M, g). Note that each leaf L, is a
complete (non-compact) stable minimal surface (see Theorem 5.4).

As indicated above, since (M, g) has positive scalar curvature and 7{°(M) is trivial,
each leaf L, in .Z has the vanishing property with respect to { Ry }x (see Lemma 6.2 and
Corollary 6.3). Furthermore, the lamination .Z also satisfies the vanishing property (see
Corollary 6.5). That is,

o there exists a positive integer ko such that for any k > kg and any t € A, any circle in
L; N Ry is nullhomotopic in ORy.

The reason for this can be described as follows. We argue by contradiction. Suppose that
there exists a sequence {k, }, of increasing integers and a sequence {L;,, } of leaves in .Z
such that L;, N dRy, has at least one non-nullhomotopic circle in dRy,, for each n.

The sequence {L;, } smoothly subconverges to some leaf in .Z. For our convenience,
we may assume that {L, } converges to the leaf L. The leaf L,__ satisfies the vanishing
property (see Lemma 6.2). That is, there is a positive integer k(L. ) such that for k >
k(L¢..), any circle in L;._ N dRy is homotopically trivial in 0R.

However, since L;, N dRg, has some non-nullhomotopic circle in dRy,, we show
that for k,, > k(L) Ly, N 0Rk(L,_ ) has a meridian of Rg(z,_ ) (see Remark 4.7 and
Corollary 3.8). These meridians of Rg(z,_ ) will converge to a meridian of Rz, ) which
is contained in L, N dRk(z,_ ). This is in contradiction with the previous paragraph.

Let us explain how to deduce a contradiction from the vanishing property of .Z.

We can show that if Ny contains Ry, (for k large enough), then % N Ry, contains
at least one meridian(s) of Ry, (see Corollary 3.10). Since .%; subconverges to ., these
meridians of Ry, will subconverge to a non-contractible circle in £ N 9Ry,. That is,
some leaf L; in .Z contains this non-nullhomotopic circle in dRy,. This contradicts the
vanishing property of .Z.

1.4. The plan of this paper

In the first part of the paper, we describe the topological properties of contractible 3-
manifolds. In Section 2, we recall some notions, such as simply-connectedness at infinity,
fundamental group at infinity and handlebodies. In Section 3, we introduce meridian
curves and meridian discs in a handlebody. In Section 4, we introduce two types of surg-
eries on handlebodies. Using these surgeries, we show the existence of an increasing
family of handlebodies with good properties, called Property (H).

In the second part, we deal with minimal surfaces and related problems. In Section 5,
we construct minimal laminations and consider their convergence. In Section 6, we intro-
duce the vanishing property and study its relation to the fundamental group at infinity.
This relation is clarified by Lemma 6.2.
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In the third part, we give the complete proof of Theorem 1.1. In Sections 7 and 8§,
our proof is similar to the genus one case. In Appendix C, we construct a contractible
3-manifold with non-trivial 777°. In addition, we prove that this manifold has no complete
metric of positive scalar curvature.

2. Background

2.1. Simply-connectedness at infinity and w{°

Definition 2.1. A topological space M is simply-connected at infinity if for any com-
pact set K C M, there exists a compact set K’ containing K such that the induced map
7 (M \ K'Y = m1(M \ K) is trivial.

The Poincaré conjecture (see [2,3, 19]) shows that any contractible 3-manifold is irre-
ducible (i.e. any embedded 2-sphere in the 3-manifold bounds a closed 3-ball). A result
of Stallings [29] tells us that the only contractible 3-manifold that is simply-connected at
infinity is R3.

Remark 2.2. If a contractible 3-manifold M is not homeomorphic to R3, it is not simply-
connected at infinity. That is, there is a compact set K C M such that for any compact
set K/ C M containing K, the induced map 71 (M \ K') — 71(M \ K) is not trivial.
We also know that the set K is not contained in a 3-ball in M. Indeed, if a closed 3-
ball B (i.e. a closed set homeomorphic to a closed unit ball in R3) contains K, then van
Kampen’s Theorem shows that w1 (M) = (M \ B) *,3p) 71(B). In addition, 71 (B)
and 1 (dB) are both trivial. Therefore, 71 (M \ B) = 71 (M) is trivial. That is, the map
w1 (M \ B) = m1(M \ K) is trivial, a contradiction.

Definition 2.3. The fundamental group at infinity w{° of a path-connected space is the
inverse limit of the fundamental groups of complements of compact subsets.

Remark 2.4. Let M be a contractible 3-manifold. Then 7 7° (M) is non-trivial if and only
if there is a compact set K and a family {yx }x of circles in M \ K going to infinity with
the property that for each k,

® i is not nullhomotopic in M \ K,

e i is homotopic to Y41 in M \ K.

Such a family of circles gives a non-trivial element in 7°(M).

A contractible n-manifold M™ with n > 4 is simply-connected at infinity if and only
if w°(M™) is trivial (see [4]). However, this result is not true in dimension 3.

Remark 2.5. Let M be a contractible genus one 3-manifold. Then M is not homeomor-
phic to R3. It is not simply-connected at infinity but its fundamental group at infinity is
trivial. Indeed, let M be an increasing union of solid tori {Ng}72 ;. Lemma 2.10 in [30]
shows that the induced maps 1 (0Ng) — 71 (N \ No) and 711 (ONg) — w1 (M \ Ni) are
both injective for k > 0, that is, the family { N} is excellent (see [20, Section 2]).
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Lemma 4.1 of [20, p. 33] shows that if a closed curve y C M \ Nj4; is homotopic to
y' C N \ Ny in M \ Ny, then y is contractible in M \ Ny where 0 < m < k.

Remark 2.4 shows that an element in 7{°(M) gives a family {y;}°2, of circles going
to infinity and a compact set K. We may assume that K is equal to Ny. Each y; is homo-
topic to y1 in M \ Nj.

Let y; be a subset of some Ny \ Ng. We choose i large enough so that y; is a subset
of M \ Ni41. We use the above statement to find that y; is contractible in M \ Np.

Consequently, 7{° (M) is trivial.

2.2. Handlebodies

Definition 2.6 ([24, p. 46]). A closed handlebody is any space obtained from the closed
3-ball D3 (a 0-handle) by attaching g distinct copies of D? x [—1, 1] (1-handles) with
the homeomorphisms identifying the 2g discs D? x {#£1} to 2g disjoint 2-discs on D3,
all to be done in such a way that the resulting 3-manifold is orientable. The integer g is
called the genus of the handlebody.

Let us remark that a handlebody of genus g is homeomorphic to a boundary connected
sum of g solid tori. Therefore, its boundary is a compact surface of genus g (see [24,
p- 46]).

From a result of McMillan [14] and the Poincaré conjecture (see [2, 3, 19]), we know
the following:

Theorem 2.7 ([14, Theorem 1, p. 511]). Any contractible 3-manifold can be written as
an ascending union of handlebodies.

Remark 2.8. Let M be a contractible 3-manifold. If it is not homeomorphic to R3, it can
be written as an increasing family { Ny } of handlebodies such that

e Ny is homotopically trivial in N4 for each k;
e none of the Ng is contained in a 3-ball (by Remark 2.2).

3. Meridians

In this section, we consider a closed handlebody N.

Definition 3.1. An embedded circle y C 9N is called a meridian if y is nullhomotopic in
N, but not contractible in IN .

An embedded closed disc (D, dD) C (N, dN) is called a meridian disc if its boundary
is a meridian of V.

The disc D is a separating meridian disc if N \ D is not connected. Its boundary is
called a separating meridian.

The disc D is a non-separating disc if N \ D is connected. Its boundary is called a
non-separating meridian.
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Remark. Let y be a meridian of N. If y is a separating meridian, it cuts dN into two
components. The class [y] is equal to zero in H;(dN).

If y is a non-separating meridian, then dN \ y is connected. The class [y] is a non-
trivial element in H; (dN).

3.1. Effective meridians
Consider two closed handlebodies N’ and N with N’ C Int N.

Definition 3.2. A meridian y of N is called an effective meridian relative to N’ if any
meridian disc with boundary y intersects the core of N’, i.e. a deformation retraction
of N’ which is a 1-dimensional CW complex.

The handlebody N is called an effective handlebody relative to N’ if any meridian of
N is an effective meridian relative to N'.

Note that if N’ is contained in a 3-ball B C Int N, there is no effective meridian
relative to N'.
In the following, we will repeatedly use the loop lemma.

Lemma 3.3 ([13, Theorem 3.1, p. 54]). Let M be an orientable 3-manifold with bound-
ary M, not necessarily compact. If there is amap f : (D?,dD?) — (M, M) such that
[flap2 is not nullhomotopic in OM, then there is an embedding h with the same property.

Remark 3.4. We may assume that 2(Int D?) C Int M. Indeed, consider a 1-sided open
neighborhood M, =~ dM x [0, ) of dM in M. Shrinking the image of f into M(e) :=
M\ Mg, we find amap f; : (D?,0D?) — (M(g), dM(g)) with the property that f,(dD?)
is not nullhomotopic in dM(g). We use Lemma 3.3 to find an embedding /. with the
same property. Its image stays in (M (g), dM (¢)). Therefore, the image of A, is contained
inInt M.

In addition, there is an embedded circle y C M which is homotopic to h,(9D?)
in M. There is an embedded annulus A, C M, joining y and /.(dD?). We find a map
h:(D? 3dD?) — (M, dM) whose image is an embedded disc (the union of A, and the
image of /). It has the same property as f and i (Int D?) C Int M.

Lemma 3.5. Let N’ and N be two closed handlebodies with N' C Int N. The handle-
body N is an effective handlebody relative to N' if and only if the map w(ON) —
w1 (N \ N') is injective.

Proof. If N is not an effective handlebody relative to N’, then there is a meridian disc
(D,0D) C (N,dN) with D N N’ = @. Therefore, the map 71 (IN) — w1 (N \ N’) is not
injective.

Conversely, if 71 (dN) — w1 (N \ N’) is not injective, we use Lemma 3.3 to find an
embedded disc (D’,dD’) C (N \ N’, dN) whose boundary is not contractible in dN. As
in Remark 3.4, we may assume that Int D’ C Int(N \ N’). We see that D’ is a meridian
disc with D’ N N’ = @. Therefore, N is not an effective handlebody relative to N’. This
finishes the proof. ]
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We now introduce some notations for circles in a disc.

Definition 3.6 (see [30, Definition 2.11]). Let C := {c;}ies be a finite set of pairwise
disjoint circles in the disc D? and D; C D? the unique disc with boundary c;. Consider
{D;}ier as a partially ordered set, ordered by inclusion. For each maximal element D;
in ({D;}ier, C), its boundary c; is called a maximal circle in C. For each minimal ele-
ment D;, its boundary c; is a minimal circle in C.

Lemma 3.7. Let N’ and N be two closed handlebodies such that N' C Int N and
71 (ON") = w1 (N \ N’) is injective. If N is an effective handlebody relative to N', then
any meridian disc (D, dD) C (N, dN) contains a meridian of N'.

Proof. The proof is the same as the proof of [30, Lemma 2.12]. Suppose that the closed
meridian disc D intersects N’ transversally where y := dD is a meridian of N. The
intersection D N dN' is a disjoint union of circles {c; }; . Each ¢; bounds a unique closed
disc D; C Int D.

Consider the sets

C™ :={c; | ¢; is not homotopically trivial in dIN"},

C™ = {c¢; | ¢; is a maximal circle in {c; };es}.

We will show that C™" is non-empty, and a minimal circle in C™" is the desired
meridian.

Suppose to the contrary that C™" is empty. Hence, each ¢; € C™ is contractible in
0N’ and bounds a disc D; C dN’. Consider the immersed disc

15:=<D\ U D,-)u( U D;)

cieCmax cieCmax

with boundary y. Since D NIntN’ = @, we see that y is contractible in N \ N’.

However, Lemma 3.5 shows that the map 73 (0N) — w1 (N \ N’) is injective. That
is, the circle y is nullhomotopic in N . This is in contradiction with our hypothesis that y
is non-trivial in 1 (N ). We conclude that C™" # .

In the following, we will prove that each minimal circle ¢; in C™" is a required merid-
ian. From Definition 3.1, it is sufficient to show that ¢; is homotopically trivial in N'. We
will construct an immersed disc D ;i C N’ with boundary c;.

Let Cj :={ci | ¢; CIntDj fori € I'} and C;™ be the set of maximal circles in Cj.
We now have two cases: C; = @ or C; # 0.

If C; is empty, we consider the set Z := Int D; and define ljj :=IntD;.

If Cj is not empty, then C;™* is also non-empty. From the minimality of ¢; in C™",
each ¢; € C;"™ is nullhomotopic in dN" and bounds a disc D}’ C IN'.

Define Z :=Int D; \ Uciecjmax D; and the new disc D; := Z U Uciecjmax D} with
boundary c;.
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Let us explain why D ; is contained in N'. In any case, N’ cuts N into two connected
components, N \ N’ and Int N’. The set Z is one of the components of Int D; \ dN’.
Therefore, it must be contained in Int N or N \ N’.

If Z is in N \ N’, then the disc D ; is contained in N \ N’, so ¢; is contractible
in N \ N’. However, since the induced map 71 (dN') — w1 (N \ N’) is injective, c; is
homotopically trivial in dN’, which contradicts the choice of ¢; € C"*". We conclude that
Z is contained in Int N”'.

Therefore, D ; is contained in N ' That is, ¢ ; is nullhomotopic in N ’. However, it is
non-trivial in 771 (ON”). From Definition 3.1, we conclude that ¢; C D is a meridian of N'.
This finishes the proof. ]

As a consequence, we have

Corollary 3.8. Let N’ and N be two closed handlebodies in a contractible 3-manifold M
such that N' C Int N and the map 7w1(ON') — 71 (M \ N’) is injective. If an embedded
circle y C dN is not nullhomotopic in M \ N’, then any embedded disc D C M with
boundary y contains a meridian of N'.

The proof is the same as that of Lemma 3.7.

3.2. Non-separating meridians

Lemma 3.9. For a closed handlebody N of genus g, there are g disjoint non-separating
meridians {yl}f”:1 such that N \ |[; N¢,(Dy) is a closed 3-ball, where Dy is a closed
meridian disc with boundary y* and Ng, (Dy) is an open neighborhood of Dy in N with
small radius ¢; .

The set {)/l}‘lg=1 of these meridians is called a system of meridians of the handle-
body N of genus g. It is not unique.

Proof of Lemma 3.9. Pick any non-separating meridian y! of N. We use Lemma 3.3 to
find an embedded disc D1 C N.

As in Remark 3.4, we may assume that Int D; C Int N. The set Ny := N \ N¢(D1)
is a closed handlebody of genus g — 1, where N, (D) is the open tubular neighborhood
of D; in N with small radius &;. In particular, the map 71 (0N N INy) — m1(dNy) is
surjective.

Choose a non-separating meridian y2 C N N dN; of N1. By Lemma 3.3, there exists
a meridian disc D, of Ny = N \ Ng, (D). The set

Ny := N\ (Ng, (D1) L N, (D2))

is a closed handlebody of genus g — 2, where N,, (D) is an open tubular neighborhood
of D, in N.

We repeat this process g — 2 times and obtain g disjointly embedded discs {D;} such
that N \ [ [; N, (D;) is a handlebody of genus zero (a 3-ball). The boundaries {y! }‘lg=1 of
these discs are g distinct meridians as required. ]
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Corollary 3.10. Let N C M, {y"} and {D;} be as in Lemma 3.9, where M is a 3-manifold
without boundary. If R C Int N is a closed handlebody that is not contained in a 3-ball
in M, and 7t1(0R) — 1 (M \ R) is injective, then 0R N | [; D; contains a meridian of R.

Proof. The proof is similar to the proof of [30, Lemma 2.12]. We may assume that dR
intersects | [; D; transversally. The intersection dR N [ [; D; := {y}ec has finitely many
components. Set C"™" := {y € C | y is not homotopically trivial in dR}.

Claim. C™" is non-empty.

Suppose that C"™" is empty. We see that any circle in D; N dR is nullhomotopic in dR.
As in the proof of Lemma 3.7, we get a new disc in N \ R with boundary y’. Therefore,
each y! is nullhomotopic in N \ R.

We use Lemma 3.3 to find a meridian disc D} C N \ R with boundary y!. As in
Remark 3.4, we may assume that Int D{ C Int N \ R (or D7 C N \ R). Choose an open
tubular neighborhood N (D7) of Di in N \ R with small radius &}. The set Nj :=
N\ Ne’l (D7) is a closed handlebody of genus g — 1 containing R.

In addition, for [ > 1, yl is a non-separating meridian of N{ but nullhomotopic in
N\ (N, (D)) L R).

Repeating this process g — 1 times, we obtain g embedded discs {D;}le such that
e the handlebody N \ []; Ng, (D)) is of genus zero (a closed 3-ball),
where N/ (Dy) is an open tubular neighborhood of D; in N with small radius &;.

Therefore, R is contained in the 3-ball N \ [ [; N, e (Dy). This contradicts our hypoth-
esis and finishes the proof of the claim.

As in the proof of Lemma 3.7, we use the injectivity assumption to show that each
minimal circle in C™" is a required meridian. ]

4. Effective handlebodies

4.1. Surgeries

Consider two closed handlebodies N’ and N in a contractible 3-manifold M with N’ C
Int N. We introduce two types of surgeries on handlebodies:

Type I If there exists a meridian disc D C N \ N’ of N, then we consider an open tubular
neighborhood Ng(D) C N \ N’ of D. We then have two cases:

If D is a separating meridian disc, then N \ N¢(D) has two components. The closed
handlebody W is defined as the component containing N'.

If D is a non-separating meridian disc, then N \ N (D) is connected. The closed
handlebody W is defined to be N \ N¢(D).

Type II: Let y be a non-contractible circle in 0N and Dy C M \ N an embedded disc
with boundary y C dN. We may assume that Int D1 C M \ N. Again we have two cases:
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If y is not homotopically trivial in N, we consider a closed tubular neighborhood
N, (D1) of Dy in M \ N. Define a new handlebody W, as N U N, (D).

If y is nullhomotopic in N, it is a meridian of N. Consider a meridian disc D, of N
with boundary y and the embedded sphere D; U, D,. The Poincaré conjecture (see [2,
3,19]) implies that this sphere bounds a 3-ball B.

We can conclude that D, is a separating meridian disc. (Otherwise, we find a circle
Yo C N such that the intersection number of the sphere D U, D5 and y, is £1. However,
since any sphere in M contractible, the intersection number must be zero, a contradiction.)
Therefore, B contains one of the components of N \ D, and the union B U N is also a
handlebody. The new handlebody W, is defined tobe B U N.

Remark 4.1. Fori = 1,2, the genus g(dW;) of dW; is less than g(dN). In addition, dW; is
a union of dW; N AN and some disjoint discs. This shows that the map 71 (dW; N IN) —
1(0W;) is surjective.

Lemma 4.2. If N’ is homotopically trivial in N, then N’ is also homotopically trivial
in W; for each i, where W; is obtained from the above surgeries.

Proof. For the type II surgery, N is contained in W,. Therefore, N’ is homotopically
trivial in W5.

For the type I surgery, it is sufficient to show that any circle ¢ C N’ bounds some
(immersed) disc D’ C W;.

The closed curve ¢ bounds an immersed disc D’ C Int N. We will construct the
required disc D’ C W, from D’.

We may assume that D’ intersects D~ LI D' :=Int N N dN,(D’) transversally. Each
component ¢; of D’ N (D 11 D7) is acircle in D’ and bounds a closed subdisc D} C D’.

Since DT and D~ are two disjoint discs, each c¢; is contractible in DT I D~. Tt also
bounds a disc D! C DT 11 D™. Let C™ be the set of maximal circles of {¢; }ies in D’.

We construct a disc
pr=(o\ J pi)u U by
c; eCmax c; eCmax

with boundary c. It lies in N \ Ng(D’). That is, c is contractible in W;. Therefore, N’ is
homotopically trivial in W;. ]

4.2. Existence of effective handlebodies
In the following, M is a contractible 3-manifold.

Theorem 4.3. Let N’ and N be two closed handlebodies in M such that N’ C Int N
and N’ is homotopically trivial in N. Then there exists a closed handlebody R C M
containing N’ and such that

(1) the map 71(0R) — 71 (R \ N’) is injective;

(2) the map 71(0R) — 7 (M \ R) is injective;
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(3) N’ is homotopically trivial in R;
(4) OR is a union of R N N and some disjoint discs.

Remark. From Lemma 3.5, R is an effective handlebody relative to N’.

Proof of Theorem 4.3. Suppose that either i; : w1 (ON) — w1 (N \ N’) orip : w1 (ON) —
m1(M \ N) is not injective. (If both are injective, R is defined to be N.)

If i1 is not injective, Lemma 3.3 shows that there exists a meridian disc D of N
with D1 N N’ = @. We do the type I surgery on N with the disc D; to obtain a new
handlebody W.

If i, is not injective, we use Lemma 3.3 to find an embedded circle y C dN and an
embedded disc D, C M \ N (Int D, C M \ N) where y = dD, is not nullhomotopic in
dN . We do the type II surgery with the disc D, to get a new handlebody W.

In any case, we have g(0W) < g(dN). The boundary oW is a union of W N dN and
some disjoint discs { D} };. Therefore, 7r1 (W N IN) — 71 (dW) is surjective. In addition,
Lemma 4.2 implies that N’ is contractible in W.

When picking a circle Y’ C dW which is not nullhomotopic in W, we may assume
that y’ is an embedded circle in dW N dN. Therefore, when repeating these two types of
surgeries, we may assume that the new surgeries are performed away from these disjoint
discs {D;}.

We iterate this process until we find a handlebody R satisfying (1) and (2). At each
step, the genus of the handlebody obtained from the surgery is less than the original one.
Therefore, this process stops in no more than g(N) steps.

As above, N/ is homotopically trivial in R, and dR is a union of dR N dN and some
disjoint discs. |

Remark. If N’ is not contained in a 3-ball in M, then the genus of R is greater than zero.

Lemma 4.4. Let R C M be a closed effective handlebody relative to the closed handle-
body N’ C Int R and such that w1 (0R) — 71 (M \ R) is injective. If a closed handlebody
N is an effective handlebody relative to R C Int N, then N is an effective handlebody
relative to N'.

Proof. From Lemma 3.5, it is sufficient to show that the map 71 (ON) — (N \ N’) is
injective.

We use Lemma 3.5 to show that the induced map 71 (dR) — 71 (R \ N’) is injective.
Since 71 (dR) — 71 (M \ R) is injective, so is 71 (dR) — w1 (N \ R).

Van Kampen’s Theorem gives an isomorphism between 71 (N \ N’) and

71 (N \ R) *5,r) T1(R\ N').

A classical result (see [25, Theorem 11.67, p. 404]) shows that the induced map
71(N \ R) — w1 (N \ N’) is injective.

Lemma 3.5 shows that 71 (ON) — 71 (N \ R) is injective, hence so is the composition
m1(ON) = w1 (N \ R) — 71 (N \ N’). This finishes the proof. |
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4.3. Property (H)

In the following, M is a contractible 3-manifold which is not homeomorphic to R3.

By Theorem 2.7, M can be written as an ascending union of handlebodies { Ny }72 ;.
Each Ng is homotopically trivial in Ng;. As in Section 2, we can assume that Ny is not
contained in a 3-ball in M (because M is not homeomorphic to R3; see Remark 2.2).

In the genus one case, the family { Ny } has several good properties. For example, each
Ny is an effective handlebody relative to Ny and the map w1 (dNg) — (M \ Ni) is
injective (see [30, Lemma 2.10]). These properties are necessary and crucial in our proof.
In general, the family { N; } may not have these properties. To overcome this difficulty, we
introduce a topological property, called Property (H).

Definition 4.5. A family {R;}; of handlebodies in a contractible 3-manifold M :=

Uk Nk is said to have Property (H) if

(1) the map 71 (0Ry;) — 71 (Rk \ Ro) is injective for k > 0;

(2) the map 71 (dRy) — 71 (M \ Ry) is injective for k > 0;

(3) each Ry is contractible in Ry but not contained in a 3-ball in M;

(4) there exists an increasing sequence { i }x of integers such that 1 (0Rg N ON;, ) —
1(0Ry) is surjective.

where { Nt} is a fixed family of handlebodies as in Section 2.

For example, in a contractible genus one 3-manifold M = (_J; Nk, the family {Ny}
satisfies Property (H) (see [30, Lemma 2.11]).

In the following, we will prove that if a contractible 3-manifold M is not homeomor-
phic to R3, then there is a family of handlebodies with Property (H). However, such a
family is not unique.

Theorem 4.6. If a contractible 3-manifold M :=\_J, Ny (as above) is not homeomorphic
to R3, then there is a family { Ry }x of handlebodies with Property (H).

Remark 4.7. e The union | J; Rx may not be equal to M.

e For k > 0, van Kampen’s Theorem gives an isomorphism between m1(M \ Ry) and
(M \ Ri) *x,R;) T1(Rk \ Ro). By conditions (1) and (2) of Property (H), we can
use [25, Theorem 11.67, p. 404] to show that the map 71 (dRy) — w1 (M \ Ryp) is
injective.

o Asin Theorem 4.3 (4), Ry is the union of dR; N dN;, and disjoint discs.

Proof of Theorem 4.6. First, we construct Ry. We repeatedly apply the type II surgery
to Np, until we find a handlebody Ry containing Ny and such that 7;(dRg) —
m1(M \ Ry) is injective.

From Remark 4.1, we know that, at each step, the genus of the handlebody obtained
from the surgery is less than the original one. Therefore, this process stops in no more
than g(Ny) steps.
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In addition, since Ny is not contained in a 3-ball in M, neither is Ry.

In the following, we construct the sequence { Ry }; inductively.

When k = 1, we pick a handlebody N;, containing Rg such that R is homotopically
trivial in Nj, . Its existence is ensured by the following fact:

Because Ry is compact, there is some handlebody N;, _; containing Rg. Since N, 1
is homotopically trivial in N;,, Ry is contained in N;, and contractible in N, .

By Theorem 4.3, there exists a handlebody R; containing Ry such that

® T (8R1) —> 1T (R] \ R()) is injective;
e 711(dRy) — m (M \ Rp) is injective;
e Ry is contractible in Ry;

e 0R; is a union of dR; N dN;, and some disjoint closed discs. Therefore, the map
m1(0Ry N AN;,) — m1(dR,) is surjective.

In particular, since Ry is not contained in a 3-ball in M, neither is R;.

Suppose that there exists a handlebody Ri_; and a positive integer ji_; satisfying
(1)-(4) of Property (H).

Just as in the case of Nj,, there exists a handlebody Nj, containing Rx_; such that
Rji—1 is homotopically trivial in N;, . We use Theorem 4.3 to find an effective handle-
body Ry relative to Ri_; satisfying (2)—(4).

Since the map 71 (0Rx—1) — 71 (Rg—1 \ Ro) is injective, Ry is an effective handle-
body relative to Ry (by Lemma 3.5). Lemma 4.4 shows that Ry is an effective handlebody
relative to Ry. We apply Lemma 3.5 again and conclude that Ry also satisfies (1). This
finishes the proof. ]

5. Minimal surfaces and laminations

In Sections 5 and 6, we will talk about minimal surfaces in contractible 3-manifolds. In
the following two sections, we make the following assumptions:

e (M, g) is a complete 3-manifold which is not homeomorphic to R3;
e M is an increasing union of handlebodies { Ny }77 .

e Ny is homotopically trivial in Ny for each k and Ny is not contained in a 3-ball in M
(see Remark 2.2).

In addition, for each k, the genus of Nj is greater than zero. (If not, there is some
handlebody Ny of genus zero, so a 3-ball, contrary to assumption.)

5.1. Minimal laminations

From Lemma 3.9, each Ni has a system of meridians {y,i}fg;]k ), where g(Ng) is the

genus of Ni. Our target is to construct a lamination %% := |, Qf{ C Ng (i.e. a disjoint
union of embedded surfaces) with E)S‘ZfC = Vli and “good” properties.
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As in [30], we use a result of Meeks and Yau (see [7, Theorem 6.26, p. 244]) to
construct them. However, it requires a geometric condition that the boundary of Ni is
mean convex. Therefore we construct a new metric gz over Ni such that

® gklne_ = &lne_ys
e 0Ny is mean convex for gy.

As in [30, Section 5.1], the metric g is constructed as follows:

o Let h(t) be a positive smooth function on R such that h(t) = 1, foranyt € R\ [—e¢, ¢€].
Consider the function f(x) := h(d(x,dNy)) and the metric g := f?g|n,. For the
metric gx, the mean curvature H (x) of Ny is

H(x) = b (0)(H (x) + 27/ (0)h~1(0)).

Choosing & small enough and h with h(0) = 2 and h'(0) > 2 max,eyn, |H(x)| + 2,
one gets the required metric gy.

Let us describe the inductive construction of { Q;{}fg;’k ),

When I = 1, there is an embedded area-minimizing disc € C Nj with boundary y;!
for the metric g (see [7, Theorem 6.28]).

Suppose that there are / disjointly embedded stable minimal discs {92}5=1 with
Q. = v;-

Consider the Riemannian manifold (T ;, gk|m, ;). where Ty ; := N \ ]_[5:1 Q;{ It
is a handlebody of genus g(Ny) — I (for an example, see Figure 1).

The boundary of (7%, gk |1y ,) consists of two different parts. One is dNj \ ]_[f=1 yli.
The mean curvature is non-negative on this part. The other consists of 2/ disjoint discs
{QZ‘}LI and {ij }f —1- The two discs QZ_ and Q;f are two sides of the same minimal
disc €2} . The mean curvature vanishes on these discs.

Therefore, the mean curvature of the boundary of (7%, gk |H, ,) is non-negative. In
addition, {y,i}i>1 is a system of meridians of the handlebody (7%, gk |7y ,)-

Then, we use the result of Meeks and Yau (see [7, Theorem 6.28]) to find an embedded
stable minimal surface ij’l in the closure of (Ty,;, gk |7, ,) with boundary y,i“. The disc
SZ;(‘H intersects the boundary of (T ;, gk |1, ;) transversally. Hence, Int Qi‘“ is contained
in Int Ty ;. That is, {Qjc }f :% are disjoint stable minimal surfaces for gy.

This finishes the inductive construction.

To sum up, there exist g(Ng) disjointly embedded meridian discs {Qi}fﬁ 1 Define
the lamination % by [ |, Qf{ It is a stable minimal lamination for the new metric g and
for the original one away from 0N (near Nj_1, for example).

The set £ N Ni_1 is a stable minimal lamination in (M, g). Each leaf has its bound-
ary contained in dNg_;.

We know that each lamination .%% intersects Ny. Indeed, if .Z; N Ny = @, we choose a
tubular neighborhood N (%) in N with small radius so that N(£%) N Ny is also empty.
That is, Ny lies in the handlebody Ni \ N(Zk) of genus zero (i.e. a 3-ball), contrary to
assumption.
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5.2. Limits of laminations
First, we recall a classical convergence theorem for minimal surfaces.

Definition 5.1. In a complete Riemannian 3-manifold (M, g), a sequence {¥,} of
immersed minimal surfaces converges smoothly with finite multiplicity (at most m) to
an immersed minimal surface X if for each point p of X, there is a disc neighborhood
D in ¥ of p, an integer m and a neighborhood U of D in M (consisting of geodesics
of M orthogonal to D and centered at such points of D) such that for n large enough,
each ¥, intersects U in at most m connected components. Each component is a graph
over D in the geodesic coordinates. Moreover, each component converges to D in the
C%%_topology as n — oo.

Note that if each X, is embedded, the surface ¥ is also embedded. The multiplicity
at p is equal to the number of connected components of 3, N U for n large enough. It
remains constant on each component of X.

Remark 5.2. Let {¥,}, be a family of properly embedded minimal surfaces converging
to a minimal surface ¥ with finite multiplicity. Fix a compact simply-connected subset
D C 3. Let U be the tubular neighborhood of D in M with radius e and 7 : U — D be
the projection from U onto D. It follows that 7|s,nv : £, N U — D is an m-sheeted
covering map for ¢ small enough and » large enough, where m is the multiplicity.

Therefore, the restriction of 7 to each component of ¥, N U is also a covering map.
Since D is simply-connected, the restriction is bijective. Therefore, each component of
¥, N U is a normal graph over D.

Theorem 5.3 (see [1, Compactness Theorem, p. 96] and [16, Theorem 4.37, p. 49]). Let
{Zkken be a family of properly embedded minimal surfaces in a 3-manifold M3 such
that each Xy intersects a given compact set Ko and for any compact set K in M, there
are three constants C; = C1(K) > 0, C; = C2(K) > 0 and jo = jo(K) € N such that
foreach k > jo,

(1) |As, |2 < Cy on K N g, where |As, |2 is the square length of the second fundamen-
tal form of Xy

(2) Area(X; N K) < C,.

Then, after passing to a subsequence, Xy converges to a properly embedded minimal
surface with finite multiplicity in the C *°-topology.

Note that the limit surface may be disconnected.

Let us consider the sequence {-%%} and its limit. However, this sequence may not
satisfy condition (2) in Theorem 5.3 (see [30, Section 5.2]).

Therefore, {-Z% } may not subconverge with finite multiplicity. To overcome this, we
consider the convergence to a lamination. Colding—Minicozzi’s theory [6] shows that
the sequence {.Z% } subconverges. More precisely, from [6, Proposition B.1, p. 610], this
sequence subconverges to a minimal lamination .Z in (M, g). Furthermore, we have
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Theorem 5.4 ([30, Theorems 5.8 and 5.9, p. 18]). If (M, g) has positive scalar curvature,
then each leaf in £ is a complete (non-compact) stable minimal surface.

5.3. Properness of the limit surfaces

To sum up, there is a family {-Z%}; of laminations subconverging to a lamination .Z.
Each leaf in .Z is a complete (non-compact) embedded stable minimal surface in (M, g)
(see Theorem 5.4).

The remaining question is whether each leaf is properly embedded. The following
theorem gives an answer.

Theorem 5.5 ([30, Theorem 5.10, p. 18]). Let (M, g) be a complete oriented 3-manifold
with positive scalar curvature k(x). Assume that X is a complete non-compact stable
minimal surface in M. Then

/ k(x)dv < 2m,
b))

where dv is the volume form of the induced metric ds* over X. Moreover, if 3 is an
embedded surface, then X is proper.

We will prove this in Appendix B.

6. The vanishing property

Let (M, g) be a complete contractible Riemannian 3-manifold of positive scalar curvature
and ¥ C (M, g) a complete (non-compact) embedded stable minimal surface. From [28,
Theorem 2, p. 211] and Theorem 5.5, the surface ¥ is a properly embedded plane (i.e.
diffeomorphic to R?).

In the genus one case, the geometry of such a stable minimal surface is constrained by
Property P (see [30, Theorem 4.2]). In general, its geometry is related to the fundamental
group at infinity.

Let (M, g) and { Ny} be as in Section 5. Theorem 4.6 gives an increasing family { R }x
of closed handlebodies with Property (H).

Definition 6.1. A complete embedded stable minimal surface ¥ C (M, g) is said to sat-
isty the vanishing property with respect to { R} if there exists a positive integer k(%)
such that for any k > k(X), any circle in ¥ N dRy, is contractible in dRy.

Let £ C (M, g) be a stable minimal lamination where each leaf is a complete (non-
compact) stable minimal surface. Then .Z is said to have the vanishing property with
respect to { Ry} if there is a positive integer k¢ such that for any k > k¢ and each leaf L,
in %, any circle in L, N dRy is contractible in dRy.

We will prove in Corollary 6.3 and Theorem 6.4 that if 7#°(M) is trivial, then any
stable minimal lamination has the vanishing property with respect to { Ry }.
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Lemma 6.2. Let (M, g) be a complete contractible Riemannian 3-manifold with positive
scalar curvature k(x) > 0 and { Ry }x a family of handlebodies with Property (H). If there
is a complete embedded stable minimal surface 3 which does not satisfy the vanishing
property with respect to { Ry }x, then w{°(M) is non-trivial.

Roughly, there is a sequence of non-trivial circles in ¥ going to infinity. This sequence
gives a non-trivial element in 7{°(M).

Proof. Since ¥ does not satisfy the vanishing property with respect to { Ry}, there is
an increasing sequence {k,}, of integers such that for each k,, there is a circle y, C
> N dRg,, which is not nullhomotopic in dRy,, . By [28, Theorem 2, p. 211], X is diffeo-
morphic to R2. Each y, bounds a unique closed disc D,, C X.

Remark. The circle y, may not be a meridian of Ry,. Property (H) implies that the map
m1(0Rk,) = m1(M \ Ry,) is injective (see Definition 4.5). Corollary 3.8 implies that D,
contains at least one meridian of Ry,,.

Without loss of generality, we may assume that y, is a meridian of Ry, and Int D,
contains no meridian of Ry, . (If not, we can replace y, by the meridian in Int D).

Since {y, }» is a collection of disjointly embedded circles in X, for each n and n’ one
of the following holds:

(1) Dy, C Dy; (2)Dy CDy; (3)DyN Dy =0
Based on our assumption, we know that
(%) foranyn’ >n, D, C Dy or D, N Dy = @.

Indeed, if not, D, is a subset of D, . We use the argument in the above remark to find a
meridian curve in D,y N dRg, C Int D,, in contradiction with the above assumption.

We will first show that there is an increasing subsequence of { D} and use the subse-
quence to find a non-trivial element in 7 {°(M).

Step 1: The existence of an ascending subsequence of {Dy}. Suppose that there is no
ascending subsequence of { D, }. Consider the partially ordered set ({Dy},, C). Let Ciyin
be the set of minimal elements in ({ Dy, },, C). The discs in Cpy, are disjoint in 2.

If Crin is finite, set no := max {n | D, € Cuin}. From (%) above, {D,},>n, is an
increasing subsequence, which contradicts our hypothesis. Thus, Cy, is infinite, so there
is a subsequence {D,, }s of disjointly embedded discs.

From Remark 4.7, the map 71 (3R, ) — 71(M \ Ry) is injective. Then the disc Dy,
intersects Ry. Choose x; € Ro N D, and ry = %min {io,r}, where r := d™ (3R, 0R})
and iy := infyeR, Inja,(x). Hence, the geodesic ball B(xy, rp) C M liesin R;.

We apply [17, Lemma 1, p. 445] to the minimal surface D,, N R; in (R;, dR;) and
obtain

Area(Dp, N B(xs,10)) > C1(K, i, ro),
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where C; is a constant independent of ns and K is the bound of the sectional curvature
on R;. By Theorem 5.5 this leads to a contradiction:

27[2//(0’1)2/ Kkdv > k dv
b RINZ XS:

Dns r\B()CSJ'O)

> Y C Area(Dy, N B(x5.19)) = Y CCy = oo,
N s

where C := infyepg, k(x) > 0.
Thus there is an ascending subsequence of {D,},. From now on, we abuse the nota-
tion and write { D, } for an ascending subsequence.

Step 2: w° (M) is non-trivial.
Claim. There is an integer ng such that for n > ng, (D, \ Dn—1) N Ry is empty.

Towards a contradiction, suppose that there exists an increasing sequence {n; } of inte-
gers such that D, \ D,,_, intersects Ry.

Choose x; € (Dpn; \ Dn,_,) N Ro. Hence, the geodesic ball B(x;, rg) C M is con-
tained in R;, where r is as above. We again apply [17, Lemma 1, p. 445] to the minimal
surface (D, \ Dy,_,) N Ry in (R1, 0R1) to get

Area((Dy, \ Dy,—1) N B(x1,10)) = C1(K, ig, ro).

From Theorem 5.5, one gets a contradiction:

ZJTZ/KdUZf KdeZ/
) RiNX I (Dn]\Dnl_l)mB(xler)

> Y " C Area((Dy; \ Dn,_,) N B(x;.70)) = C Y Cy = o0.
1 l

Kk dv

This completes the proof of the claim.

Therefore, for n > ny, y, is homotopic to y,, in M \ R and is not nullhomotopic in
M\ Ry.

Because | J; Rx may not be equal to M, the sequence {y, }n>n, of circles may not
go to infinity. In order to overcome it, we replace it by a new family {y,,},>n, Of circles
going to infinity.

The map 71(dRg, N INj, ) — m1(IRy,) is surjective (see Theorem 4.6 and Defi-
nition 4.5). Hence, we can find a circle y,, C dNj, N Ry, which is homotopic to yy,
in dRg,, . The sequence {y; }n>n, goes to infinity.

The sequence {y;,} also has the property that for n > ny,

e y, is homotopic to y, , ; in M \ Ro;
e y, is not nullhomotopic in M \ R.

From Remark 2.4, 7{°(M) is not trivial. |

As a corollary, we have
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Corollary 6.3. Let (M, g) be a complete Riemannian 3-manifold of positive scalar cur-
vature and { Ry }i a family of handlebodies with Property (H). If n{°(M) is trivial, then
any complete stable minimal surface in (M, g) has the vanishing property with respect
10 { Ry}

Theorem 6.4. Let (M, g) be a complete Riemannian 3-manifold of positive scalar cur-
vature and { Ry }x a family of handlebodies with Property (H). If each leaf in a lamination
&L is a complete (non-compact) stable minimal surface satisfying the vanishing property
with respect to { Ry}, then £ also has the vanishing property with respect to { Ry }i.

Proof. Suppose for contradiction that there exists a sequence {L;, } of leaves in %’ and an
increasing sequence {k, }, of integers such that for each n some circle y, C L;, N dR,
is not homotopically trivial in dRy, .

The leaf L;, is a complete (non-compact) stable minimal surface. From [28, The-
orem 2, p. 211], it is diffeomorphic to R2. The circle y, bounds a unique closed disc
D, C L,,.Since y, is not nullhomotopic in M \ Ry (see Remark 4.7), the disc D,, inter-
sects Ry.

Step 1: The sequence {L;, }n subconverges smoothly with finite multiplicity. Since each
L, is a stable minimal surface, we use [26, Theorem 3, p. 122] to show that, for a fixed

n

compact set K C M, there exists a constant C; = C1(K, M, g) such that
|ALtn |2 <C; onKnNL,,

where [Af, |? is the squared norm of the second fundamental form of L, .
From Theorem 5.5, th k dv < 2w, hence

-1
Area(K N L;,) < 27r< inlf{/((x)) .
X€

From Theorem 5.3, {L;,}, smoothly subconverges to a sublamination .£” of .£ with
finite multiplicity. In addition, .#” is also properly embedded (see Theorem 5.3).

The lamination .¢”’ may have infinitely many components. Let .£” C ¥’ be a set of
leaves intersecting Ry. Since .’ is properly embedded, %" has finitely many leaves.

Since each leaf L, in %’ is homeomorphic to R?, an embedded circle y C R N L;
bounds a unique disc D C L; for k > 0.

If Ly isin £\ £”, the intersection D N Ry is empty, so y is homotopically trivial in
M \ Ry. Since the map 71 (dRy) — m1(M \ Ryp) is injective for k > 0 (see Remark 4.7),
y is nullhomotopic in dRy.

Therefore, for any k > 0 and any leaf L, € £’ \ .£”, any circle in L, N Ry, is
homotopically trivial in dRy.

Step 2: The vanishing property gives a contradiction. From now on, we abuse the nota-
tion and write { L, } for a convergent sequence. In addition, we assume the lamination .#"
equals [ [f=; L, (£ has finitely many leaves).
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The vanishing property gives an integer k(L;,) for L. For k > >""" | k(Ly,), any
circle in .£” N dRy is contractible in dR. From the above fact, for k > 0, any closed
curve in (£’ \ £”) N 0Ry is also homotopically trivial in dR.

Therefore, for any k > Y -, k(L;,), any circle in £’ N Ry, is homotopically trivial
in 8Rk.

We fix the integer k > Y {_; k(L;,) and have the following:

Claim. For n large enough, any circle in L;, 0 0Ry is homotopically trivial in OR.

We may assume that .#” intersects OR transversally. Since .#” is properly embedded,
" N ARy, has finitely many components. Each component of .#” N dRy, is an embedded
circle. From the above fact, it is homotopically trivial in dRy. That is,

w1 (&' N ORy) — m1(0Ry) is the trivial map.

Choose an open tubular neighborhood U of .’ N dRy in dRy. It is homotopy equiv-
alent to £’ N 0Ry, in dRy. Thus, the map 71 (U) — 71 (dRy) is also trivial.

Since {L;, } converges to .£’, L;, N dRy is contained in U for n large enough. Hence,
1 (L, NORg) — m1(0Ng) is trivial, so any circle in L;, N dRy is homotopically trivial
in ORy. The claim follows.

The boundary y, C dRg,, of Dy is non-contractible in dRy,, . It is also non-contractible
in M \ Ry (see Remark 4.7). If k,, > k, we use Corollary 3.8 to find a meridian y’ C
Ly, N ORy of Ry. This is in contradiction with the above claim. [

As a consequence, we have

Corollary 6.5. Let (M, g) be a complete contractible Riemannian manifold of positive
scalar curvature and {Ry }x a family of handlebodies with Property (H). If w{°(M) is
trivial, then any complete stable minimal lamination in (M, g) has the vanishing property
with respect to { Ry } .

7. Proof of main theorems

In Sections 7 and 8, we will complete the proof of Theorem 1.1. We make the following
assumptions:

e (M, g) is a complete contractible 3-manifold with trivial 77°(M) and with positive
scalar curvature.

e M is an increasing union of closed handlebodies { Ny }«.

e M is not homeomorphic to R3.

e Asin Remark 2.2, we may assume that each Ny is homotopically trivial in N4 ; and
none of the Ni is contained in a 3-ball (see Remark 2.2). In addition, the genus of N
is greater than zero for k > 0.
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e Each N has a system of meridians {y,i}f;’i’}’k ). There is a lamination 2 = 1], ch

C Ng, where each leaf Qi is a disc with boundary )/,lc C ONg.

e Asin Section 5, %% subconverges to a lamination .2 := | J,c L:, where each leaf L,
is a complete (non-compact) stable minimal surface.

Towards a contradiction, we suppose that (M, g) has positive scalar curvature. Each
leaf in . is a properly embedded plane (see Theorem 5.5 and a result of Schoen and
Yau [28]).

We now study the lamination . and its relationship to the vanishing property.

We now prove that there is an ascending family {Ry}; of handlebodies satisfying
Property (H) and such that

(a) the lamination % has the vanishing property with respect to { R };

(b) for each k and any N; containing Ry, the intersection .£; N dRy contains at least one
meridian of Ry.

Indeed, since M is not homeomorphic to R3, we use Theorem 4.6 to find { Ry }. Since
m{°(M) is trivial, Corollary 6.5 shows that . has the vanishing property with respect to
this family.

None of the Rj is contained in a 3-ball (see Definition 4.5). Together with Prop-
erty (H), we use Corollary 3.10 to show that if N; contains R, then .Z; N dRy contains
at least one meridian of Rj.

Remark 7.1. In Section 8, our proof requires that dRy, intersects some leaf L, transver-
sally. In order to overcome it, we will deform the handlebody Rj in a small tubular
neighborhood of dRj so that the boundary of the new handlebody intersects L, transver-
sally.

This new handlebody also satisfies (a) and (b). Indeed, for any handlebody R;c
obtained by deforming Rg, the maps m1(dR}) — 71 (R} \ Ro) and 7;(dR;) —
(M \ R;() are both injective. The proofs of items (a) and (b) just depend on that injec-
tivity. Hence, items (a) and (b) are also true for R;{.

We use item (a) to show that there is an integer ko > 0 such that for any k > k¢ and
any leaf L; in %, any circle in L; N dRy is nullhomotopic in dR.
This fact implies a covering lemma that we will prove in Section 8.

Lemma 7.2. Foranyk > ko, £ N 0Ry (¢) is contained in a disjoint union of finitely many
closed discs in ORy(g), where Ry () := Ry \ N¢(0Ry), and N¢(0Ry) is some tubular
neighborhood of ORy. in Ry.

We now use the covering lemma to finish the proof of Theorem 1.1.

Proof of Theorem 1.1. Suppose that a complete contractible 3-manifold (M, g), with pos-
itive scalar curvature and trivial 7{° is not homeomorphic to R3. As above, there is an
ascending family { Ry }; of handlebodies with Property (H) such that

(a) the lamination . has the vanishing property with respect to { Ry }«;
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(b) for each k and any N; containing Ry (¢), the intersection .£; N dR (¢) contains at
least one meridian of Ry (g).

The vanishing property implies Lemma 7.2 (we will show this in Section 8). That is,
Z N Ry (¢) is in the union of the disjoint closed discs {D; }_, for k > ko.

Choose an open neighborhood U of the closed set .2 N Ry 41 such that U N dRg(¢) is
contained in a disjoint union [ [;_; D}, where D! is an open tubular neighborhood of D;
in 0Rk (¢). Each D/ is an open disc in Ry (¢).

Since % subconverges to .7, there exists an integer j, large enough, satisfying

(1) 4 N Rgy1 CU;  (2) Re(e) is contained in N;.

Therefore, .Z; N 0Rk () is contained in U N 0Rx(¢) C [[; D;. Then the induced map
71(Z; N ORk(e)) = mi(L]; D}) — m1(dRk (g)) is trivial. We conclude that any circle in
Z; N R (¢) is homotopically trivial in IRy (¢).

However, from (b), there exists a meridian y C .£; N 0Ry(¢) of R (¢). This contra-
dicts the previous paragraph and finishes the proof of Theorem 1.1. ]

8. The proof of Lemma 7.2

This section is the same as Section 7 of [30]. In order to prove Lemma 7.2, we introduce a
set S and prove its finiteness, which will imply Lemma 7.2. We begin with two topological
lemmas.

Lemma 8.1. Let (2,092) C (N, dN) be a 2-sided embedded disc with some closed sub-
discs removed, where N is a closed handlebody of genus g > 0. Assume that each circle y;
is contractible in N, where 92 = [, yi. Then N \ Q has two connected components.
Moreover, there is a unique component B such that the induced map 7wy (B) — m1(N) is
trivial.

We will show the lemma in Appendix A.

Lemma 8.2. Let (21, 021) and (23, 0R23) be two disjoint surfaces as in Lemma 8.1.
Assume that for each t = 1,2, N \ Q; has a unique component B; such that the map
w1(B) — w1 (N) is trivial. Then one of the following holds:

(1) BN B, =0, (2) By C B2, (3) B, C B;.

The proof is the same as the proof of [30, Lemma 7.2].

8.1. Definition of the set S

Let (M, g), {Ni}x and .Z :=[],c o L be as at the beginning of Section 7. As in Section 7,
there is a family { Ry }; of handlebodies such that
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e there is a positive integer ko such that for each k > ko and eacht € A, each circle in
L; N ORy, is homotopically trivial in ORy.

In the following, we will work on the open handlebody Int R and construct the set S,
for a fixed integer k > ky.

8.1.1. Set-up for defining S. Let {X%};c;, be the set of components of L; N Int Ry for
eacht € A. (It may be empty.) We will show that for each component X%, Ry \ E_f has a
unique component B such that 771 (B}) — 71 (Ry) is trivial.

If L, intersects dRy transversally, the boundary dX! C L; N dRy is the union of
some disjointly embedded circles. From the vanishing property, any circle in the boundary
90Xt C L; N dRy is homotopically trivial in dRy.

In addition, since L; is homeomorphic to R2, > is homeomorphic to an open disc
with finitely many punctures. By Lemma 8.1, Ry \E_§ has a unique component B such
that 771 (B}) — 1 (Rg) is trivial.

In general, L; may not intersect dRj transversally. To overcome it, we will deform
the surface dRy. More precisely, for the leaf L, there is a new handlebody Ry [e;] con-
taining Ry such that L, intersects d R[¢,] transversally, where Ry[e,] is a closed tubular
neighborhood of Ry in M.

We consider the component f]f of L, N Int Ry [e;] containing X!. As above,
Ri[e:]\ £¢ has a unique component B! such that the map 771 (B!) — 71 (R [¢.]) is trivial.

Choose the component B! of B! N Ry whose boundary contains X:. It is a component
of Ry \2_5. In addition, the map 71 (B}) — m(él.’) — 711 (Ry [e7]) is trivial. Since R and
Ry [e:] are homotopy equivalent, the map m1(B}) — m1(Rk) is also trivial. This finishes
the construction of B}.

8.1.2. The properties of S. From Lemma 8.2, for any B} and Bl’f , one of the following
holds:
() BN B!, =@; (2 B! C B,; (3) Bl C B,

where 7,1 € A,i € I; and i’ € Ir. Then ({B}};en,ic1,, C) is a partially ordered set.
We now consider the set {B;};es of maximal elements. However, this set may be
infinite.

Definition 8.3. Set
S :={B; | B N Rx(e/2) # @ forany j € J},

where Ry (e/2) is Ri \ Ng/2(0R) and Ngj»(dRy) is a 2-sided tubular neighborhood of
dRy, with radius /2.

Proposition 8.4. Let X! be a component of L; N Int Ry and let B} be as above. If B! is
an element in S, then X% N Ry (¢/2) is non-empty.

The proof is the same as that of [30, Proposition 6.5].
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Proposition 8.5. R;(s)N.Z C UBj - Ej N Ry (). Moreover, £ NORy (¢) C UBjeS Ej
N ORy ().

The proof is the same as that of [30, Proposition 6.6].

8.2. The finiteness of S

The set dB; NInt Ry equals some X! C L, forr € A. Set S;:={B; € S|dB;NInt R C L,}.
Then S = [[,c4 S:. Note that each B; € S; is a B} for some i € ;.

In this subsection, we first show that each S; is finite. Then, we argue that {S;};ea
contains at most finitely many non-empty sets. These imply the finiteness of .S

Lemma 8.6. Each S; is finite.

Proof. Suppose that S; is infinite for some #.

For each B; € S, there exists an i € I, such that B; is equal to B}, where B! is
a component of Ry \ E_f and X! is a component of L; N Int R. By Proposition 8.4,
X! N R (g/2) is non-empty.

Choose xj € £t N Ri(g/2) and ro = %min {e/2,io}, where ig := infyepr, Injs, (x).
Then the geodesic ball B(x;,7p) in M is contained in R.

We apply [17, Lemma 1, p. 445] to the minimal surface (X, 9X?) C (R, dRy) to find
that

Area(Z! N B(xj,r0)) > C(ro,io, K)

where K = sup,cg, |Knm|- By Theorem 5.5, this leads to a contradiction:
2712/ k(x)dv > Z / k(x)dv > Z / k(x)dv
L; BjGSz Zf BjES[ Z?ﬂB(xj,ro)

> inf «(x)- Z Area(Z! N B(xj, o))

XERy B S,
> C - inf k(x)-|S;| = oo.
XE€Ry
This finishes the proof. ]
Lemma 8.7. {S;};eca contains at most finitely many non-empty sets.

Proof. Suppose that there exists a sequence {S;,}nen of non-empty sets. For any
Bj,, € Sy,, there is some i, € I, such that Bj, equals B::: where B:;’ is a compo-

nent of Ry \ Efz and Efz is component of L;, N Int Rx. Note that 7} (Blt":) — m1(Ry) is
trivial.
By Proposition 8.4, Ef: N Ry (¢/2) is not empty. Pick a point p;, in Efz N Ry (g/2).

Step 1: {L,,} subconverges to a lamination £ C £ with finite multiplicity. Since L, is
a stable minimal surface, by [26, Theorem 3, p. 122], for any compact set K C M, there
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is a constant C; := C1(K, M, g) such that
|AL,, > <Ci onKNLy,.

From Theorem 5.5, th k(x)dv < 2m. Hence,

—1
Area(K N L;,) < 271( in}"{/c(x)) .
X€E

We use Theorem 5.3 to find a subsequence of {L,,} subconverging to a properly
embedded lamination .’ with finite multiplicity. Since £ is a closed setin M, ¥’ C ¥
is a sublamination.

From now on, we abuse notation and write {L,, } and {p;, } for the convergent subse-
quence.

Step 2: {EfZ} converges with multiplicity 1. Let L, be the unique component of £’
passing through poo, Where poo = limy o0 py, . The limit of {Ef:} is the component ¥,
of L;., N Ry passing through p,, where Ef: is the unique component of Ry N Ly,
passing through py,,.

oo

71 (BE (pog)) N E}!

Fig. 2

Let D C L, be a simply-connected subset satisfying ¥, C D. (Its existence is
ensured by the fact that Lo, is homeomorphic to R2.) Since {L,, } smoothly converges
to L. with finite multiplicity, there exists £; > 0 and an integer n such that

E;’; C D(e1) forn > ny,

where D(g1) is the tubular neighborhood of D with radius &; in M (see Definition 5.1).
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Let = : D(e;) — D be the projection. From Remark 5.2, we know that for n large
enough, the restriction of 7 to each component of L, N D(ey) is injective.
Hence, 7| : Efz — D is injective. That is, Ef”; is a normal graph over a subset
in

of D. Therefore, {Eﬁz} converges to ¥, with multiplicity 1 (see Definition 5.1). That is,
there is a geodesic disc B¥>(ps) C oo centered at poo with small radius such that

(%) the set 771 (BT (pso)) N Ef: is connected and a normal graph over B> (pqo),
for large n.

Step 3: Getting a contradiction. There exists a neighborhood U of po, and a coordi-
nate map ® such that each component of ®(Z N U) is R? x {x} N ®(U) for some
x € R (see the definition of the lamination in [6, Appendix B, 609-612]). Choose the disc
B¥>(pso) and &; small enough such that 771 (B¥>(ps)) C U. We may assume that
U = 17 (B¥*(peo)).

(U N B;,) o . m
/ N 7 \
[ | [ \

00 Xoo

o) U N Bj,,)
Fig. 3

From (%), Efz NU C Ly, is connected and a graph over B¥><(ps), for n
large enough. Since dBj, N U C L;, equals Efz N U, it is also connected. Therefore
®(0Bj,, N U) equals R2 x {x,,} N ®(U) for some x;, € R. In addition, ®(Zs, N V)
equals R? x {xo0o} N ®(U) for some xo € R. Since lim, o0 pr, = Poo, We have
limy 00 X1, = Xoo-

The set U \ dB;,, has two components. Therefore, ®(B;, N U) is either ®(U) N {x |
X3 > Xy, } or ®(U) N{x | x3 < x4, }. For n large enough, there exists some n’ # n such
that R? x {x1,,} N®WU) C ®(Bj,, NU). This implies that B;, N Bj, , is non-empty.

Since S consists of maximal elements in ({B}}, C), the set Bjtnnﬂ Bj, & must be
empty, which leads to a contradiction. This finishes the proof. ! ]

8.3. The finiteness of S implies Lemma 7.2

We will now explain how to deduce Lemma 7.2 from the finiteness of S.

Proof of Lemma 7.2. Since S is finite, we may assume that 0B; intersects dR(e)
transversally for each B; € S. Note that each B; is equal to some B} and dB; N 0R(¢)
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equals X! N dRk (). Since each X! is properly embedded, {c;}ier := Usp;es 9Bj N
dR (¢) has finitely many components. Each component is an embedded circle.

The vanishing property of .2 and Remark 7.1 show that each c¢; is contractible in
dRy (¢) and bounds a unique closed disc D; C dRy(¢) (since k > k¢). The set (D;, C) is
partially ordered. Let { D’ };c’ be the set of maximal elements. The set 7’ is finite .

Since the boundary of B; N dR () is a subset of dB; N IRk (e) C [ ;s cis it is
contained in | [;/<;, Dy for each Bj € S.

Next we show that for any B; € S, B; N Ry (e) is contained in | [;/c; D

If not, 3Ry (¢) \ | [;s<;+ Di’ is contained in B; N Ry (¢) for some B; € S. This implies
that the composition 71 (0Rk (¢) \ [ [;:c;» Dir) — m1(B;) — m1(Rg) is not the zero map,
which contradicts the fact that the induced map 7, (B i) — 1 (Ry) is trivial. We conclude
that for each B; € S, B; N 3R (¢) is contained in [ [;/c;s Dir.

Therefore, Up, cs B; N 3Rk (e) is contained in [ [;,c; Di. From Proposition 8.5,
% N dR (e) is contained in a disjoint union of finitely many discs {D;’};/ey’. This com-
pletes the proof. ]

Appendix A

Lemma 8.1. Let (2,09) C (N, dN) be a 2-sided embedded disc with some closed sub-
discs removed, where N is a closed handlebody of genus g > 0. Assume that each circle
Yi is contractible in ON, where 0Q2 = |[; yi. Then N \ @ has two connected components.
Moreover, there is a unique component B such that the induced map 7wy (B) — w1(N) is
trivial.

Proof. As in [30, proof of Lemma 7.1], we find that €2 cuts N into two components, B
and B,.

Note that each embedded circle y; is contractible in dN and bounds a unique closed
disc D; C dN. Consider the surface Q := Q U \U; D;. It is an immersed 2-sphere in N,
so that the map 71 (2) — m; (fZ) is trivial. Therefore, 71 (2) — 71 (N) is trivial.

In the following, we show the existence of B.

Consider the set {D;} to be partially ordered by inclusion. Then | J; D; is equal to
a disjoint union of maximal elements in ({D;}, C). The set IN \ | J; D; is a compact
surface with some punctures.

Therefore, the induced map 71 (ON \ | J; D;) — 71 (9N) is surjective. In addition, the
induced map 71 (dN) — 71 (N) is also surjective. We can conclude that the composition
m1(ON \ U; D;i) — m1(N) of these two maps is also surjective.

The set dN \ |J; D; is contained in one of the two components, B; or B, of N \ Q.
Without loss of generality, we may assume that B; contains dN \ | J; D;. From the above,
the induced map 71 (B1) — m1(N) is surjective.

Let G; be the image of m1(B;) — m1(N). Van Kampen’s Theorem gives an iso-
morphism between 71(N) and 71(B1) *x, (@) 71(B2). Since the image of 7;(R2) —
1(N) is trivial, 71 (N) is isomorphic to G * G,. Grushko’s Theorem [12] shows that
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rank(G1) + rank(G,) = rank(;r1(N)). (The rank of a group is the smallest cardinality
of a generating set for the group.) From the last paragraph, the image, G, of the map
1(B1) = 71 (N) is isomorphic to 71 (N). That is, rank(G;) = rank(sr1 (N)). Therefore,
rank(G,) is zero, so G is a trivial group. We find that B := B, is as required.

The uniqueness is proved as in the genus one case (see [30, proof of Lemma 7.1]). =

Appendix B

Theorem 5.5. Let (M, g) be a complete oriented 3-manifold with positive scalar cur-
vature k(x). Assume that % is a complete (non-compact) stable minimal surface in M.
Then

/ k(x)dv < 2m,
b))

where dv is the volume form of the induced metric ds* over X. Moreover, if ¥ is an
embedded surface, then X is proper.

Proof. By [28, Theorem 2, p. 211], ¥ is conformally diffeomorphic to R2.

Consider the Jacobi operator L := Ay — Ky + (k(x) + %|A|2), where Ky is the
Gaussian curvature of the metric ds? and Ay is the Laplace—Beltrami operator of
(=, dsz). From [9, Theorem 1, p. 201], there exists a positive function u on X satisfying
L(u) = 0, since X is a stable minimal surface.

Consider the metric d52 := u2ds2. Let K, be its sectional curvature and d 9 its vol-
ume form. We know that

Ky = u3(Ks — As logu) and dov = u?dv.

By Fischer-Colbrie’s work [8, Theorem 1, p. 126], (£, d5?) is a complete surface with
non-negative sectional curvature Ky > 0. By the Cohn-Vossen inequality [5],

[ Ksdit < 2y (%),
=

where y(X) is the Euler characteristic of X.
Since L(u) = 0, one has fBE(o R) Lu)u~'dv = 0, where BZ(0, R) is the geodesic
ball in (X, ds?) centered at 0 € ¥ with radius R. We deduce that

/ (k(x) + 3|A]?) dv = / (Kz —u"'Asu)dv
BX(0,R) BX(0,R)

= [ (Kz — (Axglogu + u~?|Vul)) dv
BZ(0,R)

< / u?(Kx — Ax logu)u? dv
B=(0,R)

:/ Iézdz;g/ Ks db.
BZ(0,R)) =
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We know that y(X) = 1, since ¥ is diffeomorphic to R2. Combining the two inequalities
above and letting R — oo, we obtain

/E(K(x) + %|A|2) dv <2m.

Suppose that X is not proper. There is an accumulation point p of 3 such that the
set B(p.,r/2) N X is a non-compact closed set in . Hence, it is unbounded in (X, ds?).
Thus, there is a sequence { py } of points in ¥ N B(p, r/2) going to infinity in (X, ds?).

Therefore, we may assume that the geodesic discs {B*(px.7/2)}x in X are disjoint.

Setrg:= % min{r,io} and K := sup,ep(,,r) | Knm (x)| where i := infxep(p,r) Injps (x)
and Ky is the sectional curvature. The geodesic disc BZ(py, ro/2) is in B(p, r).

Applying [10, Appendix, Theorem 3, p. 139] to the geodesic disc BZ(py.ro/2) C
B(p,r), we have

Area(B¥ (pi.r0/2)) = Clio. ro. K).

This leads to a contradiction:

/ k(x)dv z/ k(x)dv > Z/ K (x)
= B(p,r)NXT % Y BEpk.ro/2)

inf k(x)- Y Area(B(px.70/2))
k

2

v

IV

xeB(p,r)

\Y

inf . C =oo0.
o xell'?rép,r)K(X) ; o0 .

Appendix C: Example

There are infinitely many contractible 3-manifolds with non-trivial fundamental group at
infinity. In this Appendix, we construct such a 3-manifold M and analyse its topology.
We will prove that this 3-manifold has no complete metric of positive scalar curvature.

C.1. The construction of M

Before constructing the 3-manifold, let us introduce a definition. A handlebody N C S3 of
genus g is said to be unknotted in S* if its complement in S* is a handlebody of genus g.

Choose an unknotted handlebody Wy C S* of genus 2. Take a second handlebody
W1 C Int Wy of genus 2 which is a tubular neighborhood of the curve in Figure 4. Then,
embed another handlebody W, of genus 2 inside W) in the same way as W lies in Wy, and
so on infinitely many times. Thus, we obtain a decreasing family {IW} of handlebodies
of genus 2.

The manifold M is defined as M := S3 \ (7=, Wk. It is an open manifold.

We see that each W is unknotted in S3, so the complement Ny of Wy in S3 is a
handlebody of genus 2. Therefore, M can be written as an increasing union of handle-
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Fig. 4

Fig. 5

bodies { Ni }x of genus 2. Furthermore, each Nj lies in N as in Figure 5. (The set Kj
is the core of Ny.)

Each Nj is homotopically trivial in Ng4;. We can conclude that M is a contractible
3-manifold.

C.2. The topological property of M

In this part, we first show that the fundamental group at infinity of M is non-trivial. As
a consequence, M is not homeomorphic to R3. In the manifold M, there is a properly
embedded plane. This plane cuts M into two Whitehead manifolds.

First, we see from Figure 4 that Wy is an effective handlebody relative to Wy for
each k. From Lemma 3.5, the map 71 (0Wy) — w1 (Wi \ Wy 1) is injective. In addition,
the set Wy \ Wi is equal to Ng4q \ Ng. Therefore, we conclude that for each k, the
map 71 (0Ng) — 71 (Nig41 \ Ng) is injective.

Second, from Figure 5, we see that each N, is an effective handlebody relative
to Ni. By Lemma 3.5, the map 71 (0Ng+1) — 71 (Ng+1 \ Ng) is injective.

As in the genus 1 case, for each k, the maps w1 (0Ny) — w1(M \ Ni) and 71 (INg)
— 11 (Ng \ No) are both injective. That is, the family { Vg } has Property (H).

Pick the separating meridian y; C 0Ny as in Figure 5 . From Figure 5, for each k, yy is
homotopic to Yg 41 in N1 \ Ng. Since { N} satisfies Property (H), the map w1 (dNg) —
m1(M \ Np) is injective (see Remark 4.7). That is, for k > 0, yx is non-contractible in
M \ Nj.
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From Remark 2.4, the sequence {yx} gives a non-trivial element in 7{°(M). Since
w{°(M) is non-trivial, M is not simply-connected at infinity. In particular, M is not
homeomorphic to R3.

Next, we construct the properly embedded plane in M from the sequence {yy }.

Choose an embedded annulus Ay C Ngyq \ N with boundary yi LI yriq. Let
Dy C Ny be a meridian disc with boundary y,. We define the plane P as

P = U Ax U Dy.
k>0

The plane P cuts M into two contractible 3-manifolds M’ and M”. In addition, the
intersection P N Ny is a separating meridian disc of N with boundary y.

From the sequence { Ny}, we obtain two increasing families, { N, } and { N}, of solid
tori in M satisfying
o M' =g N, and M" = J; N/
e Ni \ (N/ LI N') is a tubular neighborhood of the meridian disc P N Ng.

Fig. 6

Furthermore, each N,é is embedded into N,é 41 as in Figure 6. We see that M " is
homeomorphic to the Whitehead manifold. Similarly, the contractible 3-manifold M” is
also homeomorphic to the Whitehead manifold. Therefore, P cuts M into two Whitehead
manifolds.

C.3. Non-existence of PSC metrics

In this subsection, we show that the manifold M has no complete metric of positive scalar
curvature.

Suppose for contradiction that M has a complete metric of positive scalar curvature.
As in Section 5.1, there is a family {%% } of laminations subconverging to a stable mini-
mal lamination .2 := | J,cp L.

Since 7{°(M) is non-trivial, some leaf in .’ may not satisfy the vanishing property
for { Ni }x. To overcome it, we attempt to find a new family of handlebodies with Prop-
erty (H).
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We know that M’ = | J, N; is homeomorphic to the Whitehead manifold. The geo-
metric index I(N,, Nlé+1) is equal to 2 (see [30, Section 2]). From [30, Lemma 2.10], the
maps 71 (0N;) — 1 (M \ Ng) and 71 (ON;) — 1 (N, \ Ny) are both injective. There-
fore, the family {N; } satisfies Property (H).

In addition, each leaf L; in . satisfies Property P (see [30, Definition 3.3]). That is,
for any circle y C L; N ANy, one of the following holds:

e y is homotopically trivial in N ;
e for/ <k, D NInt N; has at least /(N/, N,é) components intersecting N,

where D C L, is the unique disc with boundary y and the geometric index I(N/, N[) is
equal to 25~

In the following, we consider the geometry of the leaves intersecting M’. We have the
following claim.

Claim. & satisfies the vanishing property with respect to { N }.

The proof of this claim is the same as that of [30, Lemma 6.1]. Towards a contradic-
tion, suppose that there exists an increasing sequence {k, }, of integers such that

e for each ky, there exists a minimal surface Ly, in {L;};cp and an embedded curve
Ck, C Ly, NON Ién which is not contractible in ON. ,én.
Since limy, o k;, = 00, we have lim, o0 1(N], N,én) = 00.

Since (M, g) has positive scalar curvature, L,, is homeomorphic to R?. Then there
exists a unique disc D, C L;, with boundary cg,,. From the above property, we see that
D, N N{ has at least I(N7, N,én) components intersecting N, denoted by {X;}7_,.

Define r := dM(dN§, dN]), C := infyeny k(x), K := sup,cy; |[Ky| and ig :=
inf, ¢ N} Inja, (x) , where Kjps is the sectional curvature of (M, g) and Inj,, (x) is the
injectivity radius of (M, g) at x.

Choose o = 2 min {ip, 7} and x; € ¥; N N{§. Then B(x;, ro) is in N{. We apply

2
[17, Lemma 1, p. 445] to the minimal surface (X;,0X;) C (N, dN). Hence,

Area(Z; N B(x;,r0)) = C1(K,ig, 19).

From Theorem 5.5, we have

27 2/L k(x)dv E;L./K(x)dv 22[2 k(x)dv

jNB(x;,r0)
m
> ZCArea(Z_i N B(xj,r0)) = CCiym > CCI(Ny, N ).
j=1

In

This contradicts the fact that lim,—.o I(N{, N, ]é”) = 0o and completes the proof of the
claim.

In addition, since none of the N ,é is contained in a 3-ball, we use Corollary 3.10 to
find that if N; contains N, ,é, then .%; N 0N lé contains at least one meridian of Ry.
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To sum up, the family { N/ }; satisfies (a) and (b) of Section 7. That is,
(a) Z satisfies the vanishing property for {N; };
(b) if N; contains N, then Z; N 0N, contains at least one meridian of N, .
The remaining proof is the same as the proof of Theorem 1.1 in Sections 7 and 8.
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