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Splittings of triangle Artin groups
Kasia Jankiewicz

Abstract. We show that a triangle Artin group Artpsyp, where M < N < P, splits as an amalga-
mated product or an HNN extension of finite rank free groups, provided that either M > 2 or N > 3.
We also prove that all even 3-generator Artin groups are residually finite.

A triangle Artin group is given by the presentation
Artynp = {(a,b,c | (a,D)m = (b,a)m, (b,c)N = (¢, b)n, (c,a)p = (a,c)p),

where (a, b)) denote the alternating word aba ... of length M. Squier showed that the
Euclidean triangle Artin group, i.e., Arta36, Artaq4 and Artszs, split as amalgamated prod-
uct or an HNN extension of finite rank free groups along finite index subgroups [25].
We generalize that result to other triangle Artin groups.

Theorem A. Suppose that M < N < P, where either M > 2 or N > 3. Then the Artin
group Artyrnp splits as an amalgamated product or an HNN extension of finite rank free
groups.

The assumptions of the above theorem are satisfied for all triples of numbers except
for (2,2, P) and (2, 3, P). An Artin group is spherical, if the associated Coxeter group
is finite. A 3-generator Artin group Artynp is spherical exactly when 37 + & + 5 > 1,
ie., (M,N,P)=(2,2,P)or(2,3,3),(2,3,4), (2,3,5). None of 3-generator spherical
Artin groups splits as a graph of finite rank free groups (see Proposition 2.10). The remain-
ing cases are (2, 3, P), where P > 6. The above theorem holds for triple (2, 3, 6) by [25].
It remains unknown for (2, 3, P) with P > 7. The cases where M > 2 were considered
in [18, Theorem B], and it was proven that they all split as amalgamated products of finite
rank free groups.

Graphs of free groups form an important family of examples in geometric group the-
ory. Graphs of free groups with cyclic edge groups that contain no Baumslag—Solitar
subgroups are virtually special [15], and contain quasiconvex surface subgroups [27].
Graphs of free groups with arbitrary edge groups can exhibit various behaviors. For exam-
ple, an amalgamated product A *¢ B of finite rank free groups, where C is malnormal
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in A and B, is hyperbolic [1], and virtually special [16]. On the other hand, there are exam-
ples of amalgamated products of finite rank free groups that are not residually finite [2,28],
and even simple [8]. The last two arise as lattices in the automorphism group of a product
of two trees.

By further analysis of the splitting, we are also able to show that some of the consid-
ered Artin groups are residually finite.

Theorem B. The Artin group Artaprn, where M, N > 4 and at least one of M, N is even,
is residually finite.

An Artin group Artpyp is even if all M, N, P are even. The above theorem com-
bined with our result in [18] (and the fact that Arto, p = Z X Artp is linear) gives us the
following.

Corollary C. All even Artin groups on three generators are residually finite.

All linear groups are residually finite [21], so residual finiteness can be viewed as
testing for linearity. Spherical Artin groups are known to be linear ([3, 19] for braid
groups, and [9, 11] for other spherical Artin groups). The right-angled Artin groups are
also well known to be linear, but not much more is known about linearity of Artin groups.
In last years, a successful approach in proving that groups are linear is by showing that
they are virtually special. Artin groups whose defining graphs are forests are the fun-
damental groups of graph manifolds with boundary [7, 14], and so they are virtually
special [20, 23]. Many Artin groups in certain classes (including 2-dimensional, or 3-
generator) are not cocompactly cubulated even virtually, unless they are sufficiently simi-
lar to RAAGs [12, 17]. In particular, the only (virtually) cocompactly cubulated 3-genera-
tor Artin groups are Artyopy = Z X Artpys, Artyrnoo, Where M and N are both even,
Artpfooco = Z * Artys, and Artooooco = F3. Some triangle-free Artin groups act properly
but not cocompactly on locally finite, finite-dimensional CAT(0) cube complexes [13].

In [18], we showed that Artpsyp are residually finite when M, N, P > 3, except for
the cases where (M, N, P) = (3,3,2p + 1) with p > 2. Few more families of Artin
groups are known to be residually finite, e.g., even FC type Artin groups [5], and certain
triangle-free Artin groups [4].

Organization

In Section 1, we provide some background. In Section 2, we prove Theorem A as Propo-
sition 2.5 and Corollary 2.9. We also show that the only irreducible spherical Artin groups
splitting as graph of finite rank free groups are dihedral. In Section 3, we recall a crite-
rion for residual finiteness of amalgamated products and HNN extensions of free groups
from [18] and prove Theorem B.
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1. Background

1.1. Graphs

Let X be a finite graph with directed edges. We denote the vertex set of X by V(X) and
the edge set of X by E(X). The vertices incident to an edge e are denoted by e™ and e™.
A map of graphs f: X1 — X, sends vertices to vertices, and edges to concatenations
of edges. A map f is a combinatorial map if single edges are mapped to single edges.
A combinatorial map f is a combinatorial immersion if given two edges e;, e, such that
e] =e,,wehave f(e;) = f(e») (as oriented edges) if and only if e; = e». Consider two
edges ey, e, with e = e5 . A fold is the natural combinatorial map X — X, where

V(X)=V(X)/e} ~ef and E(X)/e; ~ es.

Stallings showed that every combinatorial map X — X’ factors as X — X — X', where
X — X is a composition of finitely many folds, and X — X’ is a combinatorial immer-
sion [26]. We refer to X — X as a folding map.

1.2. Maps between free groups

Let H, G be finite rank free groups. Let Y be a bouquet of n = rk G circles. We can
identify w1 Y ~ F, with G by orienting and labeling edges of ¥ with the generators of G.
Every homomorphism ¢: H — G can be represented by a combinatorial immersion of
graphs. Indeed, start with a map of graphs X — Y, where X is a bouquet of m = rk H
circles. We think of each circle in X as subdivided with edges oriented and labeled by
the generators of G, so that each circle is labeled by a word from a generating set of H.
By Stallings, the map X — Y factors as X — X — Y, where X — X is a folding map,
and X — Y is a combinatorial immersion. Indeed, X is obtained by identifying two edges
with the same orientation and label that share an endpoint.

Note that the rank of ¢(H) is equal to tk 7; X = 1 — y(X), where y denotes the Euler
characteristic. In particular, a homomorphism g is injective if and only if the folding map
X — X is a homotopy equivalence. In that case, X is a precover of ¥ which can be
completed to a cover of Y corresponding to the subgroup H of G via the Galois corre-
spondence. In particular, every subgroup of G is uniquely represented by a combinatorial
immersion (X, x) — (Y, y), where y is the unique vertex of Y, and X is a folded graph
with basepoint x. We refer to [26] for more details.

1.3. Intersections of subgroups of a free group

Let Y be a graph, and let p;: (X;, x;) — (Y, y) be a combinatorial immersion for i =
1, 2. The fiber product of X, and X, over Y, denoted by X; ®y X» is a graph with the
vertex set

V(X1 ®y X2) = {(v1,v2) € V(X1) x V(X2): p1(v1) = p2(v2)},
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and the edge set
E(X1 ®y X2) = {(e1.e2) € E(X1) X E(X2): p1(e1) = p2(e2)}.

The graph X| ®y X often has several connected components. There is a natural combina-
torial immersion X; ®y X, — Y, and it induces an embedding 7 (X7 ®y X2, (x1,X2)) =
1(Y, y). We have the following.

Theorem 1.1 ([26, Theorem 5.5]). Let Hy, H» be two subgroups of G = m1Y, and fori =
1,2, let (X;, x;) — (Y, y) be a combinatorial immersion of graphs inducing the inclusion
H; < G. The intersection Hy N H, is represented by a combinatorial immersion (X1 Qy
X2, (x1,x2)) = (¥, y).

In particular, when Y is a bouquet of circles with 7Y = G, and (X, x) — (¥, y) is
a combinatorial immersion inducing H = m; X < G, then for every pair of (not nec-
essarily distinct) vertices x1, x € X, the group 71 (X ®y X, (x1, x2)) is an intersection
H&' N H&2 forsome g1, g> € G. In fact, every non-trivial intersection H N H ¢ is equal to
m1(X ®y X, (x1,x2)), where x; = x, and x; is some (possibly the same) vertex in X . The
connected component of X ®y X containing (x, x) is a copy of X, which we refer to as
a diagonal component. The group 1 (X ®y X, (x, x)) is the intersection H N Hé = H,
i.e., where g € H. A connected component of X ®y X that has no edges is called #rivial.

1.4. Graph of groups and spaces
We recall the definitions of a graph of groups and a graph of spaces, following [24].

A graph of spaces consists of
* agraph I, called the underlying graph,
* acollection of CW-complexes X, for each v € V(I), called vertex spaces,
* acollection of CW-complexes X, for each e € E(I"), called edge spaces,
* acollection of continuous 7 -injective maps f(e,+): Xe — X, = foreache € E(T').
The total space X(I") is defined as

xO= || Xxou || Xex[-1.1]/~
veV(T) ecE ()

where (x, 1) ~ f(e,+)(x) for x € Xe.

Similarly, a graph of groups consists of
» the underlying graph T,
» acollection of vertex groups G, for each v € V(I'),
* acollection of edge groups G, for each e € E(I'),

* acollection of injective homomorphisms ¢ +): G — G+ foreach e € E(T).
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The fundamental group of a graph of groups is defined as the fundamental group of the
graph of spaces X(I"), where X, = K(G, 1) foreachv € V(I'), X, = K(G,, 1) for each
edge e € E(I'), and f(, +) induces homomorphism ¢ +) on the fundamental groups.
Note that the fundamental group ;I is a subgroup of G.

1.5. HNN extensions and doubles

We will denote the HNN extension of A relative to B: B — A, where B C A, by Axp g,
that is,

Axpg = (A, t] t~lxt = B(x) forall x € B).
The generator ¢ is called the stable letter. Note that A*p g can be viewed as a graph of
group G(I'), where I' is a single vertex v with a single loop e, G, = A4, G, = B, ¢(¢,—)
is the inclusion of B in 4, and ¢ 4+) = B.

A double of A along C twisted by an automorphism 3: C — C,denoted by D(A, C, B),
is an amalgamated product A *¢ A, where C is mapped to the first factor via the standard
inclusion, and to the second via the standard inclusion precomposed with 8. As usual,
D(A, C, B) depends only on the outer automorphism class of 8, and not a particular rep-
resentative. A double D(A, C, B) can be viewed as a graph of groups G(I"), where T is
a single edge e with distinct endpoints, G,+ = A, G, = C, and ¢, is the inclusion
of C in A, and @ 4) is the inclusion precomposed with 8. Note that an amalgamated
product A x¢ B with [B : C] = 2 has an index 2 subgroup D(A4, C, §). The homomor-
phism §: C — C is conjugation by some (any) representative g € B of the non-trivial
coset of B/C.

In both situations where there is unique edge in the underlying graph I', we will skip
the label e and denote ¢ +) simply by ¢ . Similarly, in a graph of spaces with a unique
edge e, we will write f% instead of f(¢ +).

1.6. Triangle groups

A triangle (Coxeter) group is given by the presentation
Wunp = {a.b,c | a®,b%, % (ab)™, (be)N, (ca)?).
The group Wisnp acts as a reflection group on
* the sphereif 47 + & + % > 1,
» the Euclidean plane if ﬁ + % + % =1,
» the hyperbolic plane if ﬁ + % + % < 1.
Hyperbolic triangle groups are commensurable with the fundamental groups of nega-
tively curved surfaces, and therefore they are locally quasiconvex, virtually special, and

Gromov-hyperbolic. A von Dyck triangle group is an index 2 subgroup of Wy np with
the presentation

(e y Moy TP
obtained by setting x = ba and y = bc.
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2. Splittings

The goal of this section is to prove Theorem A. In [18], we proved the following.

Theorem 2.1 ([18, Theorem B]). The Artin group Artaysyp with M, N, P > 3 splits as an
amalgamated product or an HNN extension of finite rank free groups.

The remaining cases in Theorem A are Artypsn, where M, N > 4. The case where
M, N are both even is Proposition 2.5, and the other case is Corollary 2.9. We start
with considering a non-standard presentation of Artpprny. In the next two subsections,
we construct the splittings. Then we show that the only spherical Artin groups that split as
graphs of free groups are dihedral Artin groups. Spherical Artin groups on three generators
Artpyrnp correspond to one of the following triples: (2,2, P) for any P > 2, (2, 3, 3),
(2,3,4) or (2, 3,5). For completeness, in the last subsection we include the proof that the
3-generator Artin groups with at least one oo label admit splittings as HNN extensions or
amalgamated products of finite rank free groups.

The Artin group Artase splits as F3 g, F4 by Squier [25]. The only remaining 3-
generator Artin groups are Artpsps, where M > 7, and the following remains unanswered.

Question 2.2. Does the Artin group Arttaspr, where M > 7, splits as a graph of finite rank
free groups?

We conjecture that the answer is positive. More generally, we ask the following.

Question 2.3. Do all 2-dimensional Artin groups split as a graph of finite rank free
groups?

2.1. Presentations of Artyn

Here is the standard presentation of Artin group Artapsn:
{a,b,c | (a,b)yy = (b,a)y,(b,c)ny = (c,b)y,ac = ca).

Letx =ab and y = cb, and consider a new presentation of Art, sy with generators b,
x, y. The relation (a, b)) = (b, a)p is replaced by bx™b~! = x™ when M = 2m, and
by bx™b = x™*! when M = 2m + 1. We denote this relation by rjs (b, x). Note that
yx~ ! =ca™!, sorelation ac = ca canbe replaced by yx~! =bx~1yb~!. See Figure 1(a).
This gives us the following presentation:

Artoyn = (b, x,y | raa(b,x), ry (b, y),bx ' yb™! = yx71). (%)

Let X, n be the presentation complex associated to presentation (). Let X4 be the
bouquet of two loops labeled by x and y. The complex X,3sx can be viewed as a union
of the graph X4 and for each relation in (), a cylinder (for relations bx~1yb~! = yx~!
and each rys (b, x) with M even) or a Mdbius strip (for each relation rps (b, x) with M
odd) with boundary cycles are glued to X4. We can metrize them so that the height of
each cylinder/Mobius strip equals 2.
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X X X X X y
------- f_’_"_’_\ ) 1
@ » b by \b b b > }o
— ... > e \ 1

X X X X y X

Figure 1. (a) The relation Rps (b, x), where M is even (left) and odd (middle), and the relation
bx~1yb~! = yx~! (right) with the projection p of the cells onto the interval [0, 1]. The horizontal
graphs X4, Xp, X are the preimages p~1(1), p~1(0), p~! (%), respectively. (b) Graphs X4, Xp
and two versions of X¢ depending on whether M, N are both odd (left green), or one of M, N is
even (right green).

We now define a map p: Xopny — [0, 1] by describing the restriction of p to each
cylinder/Mobius strip of X, n. Each point of the cylinder/Mbius strip is mapped to its
distance from the center circle of that cylinder/Mobius strip. In particular, the center circle
of each cylinder or Mobius strip is mapped to 0, and the boundary circles of the cylinder
or Mobius strip are mapped to 1. See Figure 1 (a).

We can identify X4 with the preimage p~!(1). We define a graph X as the union of
all the center circles, i.e., the preimage p~!(0). We also define a subgraph X¢ of Xopn
as the preimage p_l(%). The graphs X4, Xp and X¢ are illustrated in Figure 1(b). The
graph X¢ has two vertices, which are its intersections with the edge b. We denote them
by b_, by, so that b_, the midpoint of the edge b, by are ordered consistently with the
orientation of the edge . When M, N are both even, then the graph X¢ is not connected.
Indeed, each of its connected components is a copy of Xp. We denote the connected
component containing the vertex b_ by Xz, and the component containing the vertex b
by X ; . Otherwise, if at least one M, N is odd, then X¢ is a connected double cover
of Xp. In the next two sections, we describe the graph of spaces decomposition of X,
associated to the map p, and the induced graph of groups decomposition of Artyasn. We
consider separately the case where M, N are both even, and the case where at least one
of them is odd.

2.2. Both even

In the case where both M, N are even and > 4, presentation () of Art, s is the standard
presentation of an HNN-extension.

Proposition 2.4. Let M = 2m, N = 2n and both > 4. Then Artypn splits as an HNN-
extension Axp g, where A = (x,y) ~ F and B = (x™, y",x"'y) ~ F3,and B: B — A
is an injective homomorphism given by B(x™) = x™, B(y"™) = y" and B(x~'y) = yx~L.
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Proposition 2.4 follows from the following.

Proposition 2.5. Let M = 2m, N = 2n and both > 4. Then Xopn is a graph of spaces
X(T), where T is a single vertex with a single loop. The vertex space is the graph X4, the
edge space is the graph Xp, and the two maps Xp — X4 are given in the Figure 2.

Proof. Indeed, the map p factors as

Xoun B> S = [~1.1]/(=1 ~ 1) > [0. 1],

where the second map is the absolute value, and where p sends the loop b isometrically
onto S' and is extended linearly. By construction, the preimage p~!(¢) is homeomorphic
to Xp when t € (—1,1), and to X4 when ¢ = 1. In particular, X,psn can be expressed
as a graph of spaces, induced by p, where the cellular structure of S! consists of a single
vertex v = 1 and a single edge e. Indeed,

Xomn = Xa U Xp x [-1.1]/(x, =1) ~ fo(x). (x. 1) ~ f4(x),

where f_, f4: Xp — X4 are the two maps obtained by “pushing” the graph Xp in Fig-
ure 1 (a) “upwards” and “downwards”, respectively. See Figure 2 for f_, f} expressed as
a composition of Stallings fold and a combinatorial immersion. ]

Remark 2.6. The subgroups B and B(B) are conjugate. See Figure 2. Indeed, the graphs
Xpand X ;‘ are identical (but have different basepoints).

Example 2.7 (Group Arty44). In the case where M = N = 4, Proposition 2.5 provides
the splitting of Arty44 = A*p g, where

A={(x,y) and B = (xz,yz,x_ly),

and B: B — B is given by B(x?) = x2, B(y?) = y2, B(x"1y) = yx~!. In particular,
B has index 2 in A. This splitting was first proven by Squier [25].

W0 =
. W% - %

Figure 2. The map f—: Xp — X5 — )?E — X4 (top), and the map f4: Xp — X;' — )?;' — Xy
(bottom).
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2.3. At least one odd

We now assume that at least one M, N is odd. We have the following description of the
complex Xopmn -

Proposition 2.8. The complex Xopn is a graph of spaces whose underlying graph is
an interval, the vertex spaces are graphs X4 and Xp, and the edge space is Xc. The
attaching map X¢c — Xp is a double cover, and the attaching map Xc — X4 factors as
Xc — Xc¢ — Xy, illustrated in Figure 3, where the first map is a homotopy equivalence
and the second map is a combinatorial immersion.

Proof. Indeed, Xppn can be obtained as a union of X4, Xp and X¢ x [0, 1], where
Xc x {1}is glued to X4, and X¢ x {0} is glued to X 5. Note that the preimage p~1 ([0, %])
is a union of cylinders and Mobius strips, and its boundary is the graph X ¢ . The projection
onto the center circle of the boundary of each cylinder or Mobius strip is a (connected or
not) double cover of the center circle. It follows that X¢ — Xp is a double cover. The map
Xc — X4 is induced by “pushing” X¢ “downwards” and “upwards” onto X4, and it can
be described by the labeling of the right graphs in Figure 3. The factorization X¢ — X¢
is obtained by performing Stallings folds. Note that the middle graphs in Figure 3 are
fully folded, provided that m — 1,n — 1 > 0, which is equivalent to the condition that
M, N > 4. 1t follows that the map X ¢ — X4 is a combinatorial immersion. Since the
ranks of 71 X¢ and 71 X¢ are both equal to 5, the folding map is a homotopy equiva-
lence. ]

Corollary 2.9. Suppose at most one of M, N is even and M, N > 4. Then Artypn splits
as a free product with amalgamation A x¢c B, where A = F, and B = F3, and C = Fs.

Proof. This directly follows from Proposition 2.8. We get that
Aromy = m1XomN = A *c B,

where A = m1 X4, B = m1Xp and C = w1 X¢. From Figure 1, we see that tk A = 2,

kB =3andrkC = 5. [
n n
m
@) ¢ Yy e O Yy — Q
n—+ 1

n n—1 n—1

v SHE L Bl Q)

n

Figure 3. The maps X¢ — X¢c — X4 when(a): M =2m + 1, N =2n+ l;and (b): M =2m + 1,
N =2n.
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2.4. Splittings of spherical Artin groups

All spherical Artin groups have non-trivial center and their cohomological dimension is
equal to the number of standard generators [6, 10]. We now give a characterization of
graph of finite rank free groups with non-trivial center. This allows us to deduce that the
only spherical Artin groups that split as graphs of finite rank free groups are the dihedral
Artin groups (i.e., on two generators).

Proposition 2.10. The only irreducible spherical Artin groups that split as non-trivial
graphs of free groups are the dihedral Artin groups and 7.

Proof. Clearly, Z is an HNN-extension of a trivial group. Let Artys be a dihedral Artin
group with the presentation (a,b | (a,b)y = (b,a)y). Let M = 2m, and let x = ab.
Then Artpys =~ (a, x | ax™a™! = x™). In particular, Artyy = (X)*(ymy = Zx*z. Now if
M =2m+1,letx =abandy = (a,b)y. Then Artyy ~ (x,y | x™ = y2). In particu-
lar, Artps = (x) *(my (y) = Z *z Z. Conversely, non-trivial graphs of free groups have
cohomological dimension at most 2 since the corresponding graphs of spaces are aspher-
ical. The only irreducible spherical Artin groups of cohomological dimension at most 2
are dihedral Artin groups and Z. ]

2.5. Splittings of 3-generator Artin groups with oo labels

To complete the picture, we prove that the remaining 3-generator Artin groups, i.e., those
with at least one oo label, also split as graphs of finite rank free groups. The Artin group
Artoosoco 18 the free group on three generators. The group Artaseoco = Artys * Z can be
described as

(x,c) *xM—y2 (y) =Fx*z Z,

where x = ab and y = (a, b)p. Finally, for the Artin group Artpsyoo, We can use pre-

sentation () skipping the relation bx~'yb~! = yx~1,ie.,

ArtMNoo = ()C,y,b | rM(b,x),rN(b,y)).

We get that Artysn oo splits as
* Axpg, where A = (x,y) = F5, B = (x",y") @~ F>, B =idc, when M =2m
and N = 2n,

e Asxc B,where A = (x,y) >~ F,, B~ F, and C >~ F3, when at least one of M, N
is odd. The splitting is obtained in the same way as in the case of Artyprn -

3. Residual finiteness
In the section, we prove Theorem B. We do so separately in the case where M, N are both

even (Theorem 3.6), and where exactly one of M, N is odd (Theorem 3.7). We start with
recalling a criterion for residual finiteness of amalgamated products and HNN extensions
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of finite rank free groups, proven in [18], which relies on Wise’s result on residual finite-
ness of algebraically clean graphs of free groups [29]. In Section 3.2, we compute the
intersections of conjugates of the amalgamating subgroup in the factor groups. Finally,
we give proofs of the main theorems.

We start with a motivating example.

Example 3.1 (Group Arty44). By Example 2.7, the group Artpg4 fits in the short exact
sequence of groups
1 > C — Artygy > Z/27Z x 7. — 1.

In particular, Artp44 is a (finite rank free group)-by-(virtually free group), and so it is
virtually (finite rank free group)-by-(free group). The residual finiteness of Arty44 follows
from the fact that every split extension of a finitely generated residually finite group by
residually finite group is residually finite [22].

3.1. Criteria for residual finiteness

Recall that a subgroup C is malnormal in a group A, if C N g71Cg = {1} for every g €
A — C. Similarly, C is almost malnormal in A, if |C N g~1Cg| < oo foreveryge A—C.
More generally, a collection of subgroup {C;}ics is an almost malnormal collection, if
|Ci N gCjg™!| < co whenever g ¢ C; ori # j.

Assume that the inclusion of free groups C — A is induced by a map f: X¢ — X4
of graphs, and the automorphism 8: C — C is induced by some graph automorphism
Xc — Xc. The following theorem was proven in [18].

Theorem 3.2 ([18, Theorem 2.9]). Let f: )?C — )?A be a map of 2-complexes that re-
stricted to the 1-skeletons is equal to f, and let w: A — A be the natural quotient induced
by the inclusion X4 — X4 of the 1-skeleton. Suppose that the following conditions hold:
) Aisa locally quasiconvex, virtually special hyperbolic group.
2) n(C)=m X, c and the lift of f to the universal covers is an embedding.
(3) n(C) is almost malnormal in A
(4) B projects to an isomorphism w(C) — w(C).
Then D(A, C, B) is residually finite.

The theorem above is a combination of Theorem 2.9 and Lemma 2.6 from [18]. Con-
dition (2) in the statement of [18, Theorem 2.9] is that 77 (C) is malnormal in A. However,
the proof is identical when we replace it with almost malnormal. Indeed, the Bestvina—
Feighn combination theorem [1], as well as the Hsu—Wise combination theorem [16] only
require almost malnormality.

We now state a version for HNN extension. Similarly as above, combining Theo-
rem 2.12 and Lemma 2.6 from [18], we obtain the following.

Theorem 3.3 ([18, Theorem 2.12]). Let f_, f+: X B — X 4 be two maps of 2-complexes
that restricted to the 1-skeletons are equal to f—, f4, respectively, and let m: A — A
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be the natural quotient induced by the inclusion X4 — X4 Suppose that the following
conditions hold:

D Aisa locally quasiconvex, virtually special hyperbolic group.

2) n(B) = f_*(m)?B), and w(B(B)) = f;*(m)?g) and the lifts off_, f; to the
universal covers are both embeddings.

(3) The collection {w(B), w(B(B))} is almost malnormal in A.
4) B: B — B(B) projects to an isomorphism w(B) — w(B(B)).
Then Axp g is residually finite.

3.2. Intersection of the conjugates of the amalgamating subgroup

Let G = Artoprn, where M, N > 4 and at least one of them is odd. Let 4, B, C be free
groups of ranks 2, 3, 5, respectively, provided by Corollary 2.9. In this section, we describe
intersections C N g~ 'Cg, where g € A.

Proposition 3.4. Let M = 2m + 1 be odd, N = 2n even, and let A, B, C be as in
Corollary 2.9. Let g € A — C. Then the intersection C N g~ 'Cg is one of the sets:
<x2m+1 yn x—1y>, <x2m+1 yn yx—l>’ (x2m+l yn)’ (x2m+1)’ (yn>.

Proof. Let X4, Xc be as in Figure 3 (b). By Theorem 1.1, the conjugates C N g~ 'Cg can

be represented by the connected components of the fiber product X¢ ®x, Xc.Let x1, x2,

X3, x4 be the four vertices of valence 4 in X¢ such that x;, x, belong to the same y-

cycle and x3, x4 belong to the same y-cycle, and so that the ordering of the indices is

consistent with the order of the vertices on the x-cycle. Then the connected component

of Xc ®x, Xc containing one of (x;, x;) is

s the graph in Figure 4 (a), if |i — j| = 2, in which case CNg~1Cgis (x2™F1 y" x~1y)
or <x2m+1’ yn,yx—l)’ or

* a bouquet of two circles, labeled by x
g—lcg is (x2m+l, yn)'

Every other non-diagonal connected component of X¢ ®y ” X is either trivial or a single

circle, which is labeled by either x2”*! or ", in which case C N g71Cg is (x2™*1)

or (y"), respectively. L]

2m+1 and y™ otherwise, in which case C N

n—1 n

Figure 4. A connected component of X¢ ®x, Xc when (a): M =2m + 1, N = 2n , and (b):
M=2m+1,N =2n+1.



Splittings of triangle Artin groups 103

We finish with the following observation regarding the case where M and N are
both odd.

Remark 3.5. Let M =2m + 1, N = 2n + 1, and let A, B, C be as in Corollary 2.9.
Let g € A — C. Then the intersection C N g~!Cg is one of the sets: (x2 1, y" x~1y),
(x2mF1 yny (x2mEly (ym) Let X4, Xc be as in Figure 3. Let x1, X2, X3, X4 be the
four vertices of valence 4 in X¢ ordered consistently with the orientation of the x-cycle
such that x; and x4 are at distance m in the x-cycle. Then the connected component of
Xc ®x, Xc containing vertices (x1, x3), (X2, x4), (x4, x1) (or vertices (x3, x1), (x4, X2),
(x1, x4)) looks like the graph in Figure 4 (b).

3.3. Proof of residual finiteness

We now use Theorem 3.3 to prove that Artyprn, where M, N are even and at least 4, is
residually finite.

Theorem 3.6. Let M = 2m, N = 2n and both > 4. Then Artypn is residually finite.

Proof. The case where M = N = 4 is proven in Example 3.1, so we assume that at least
one of M, N, say M, is at least 6. By Proposition 2.5, Art, s splits as an HNN-extension
Axp g, where A = (x,y) and B = (x’",y",x_ly), and f: B — A is given by x - x™,
y" > y™ and x "1y > yx~!. We deduce residual finiteness of Arty 375 from Theorem 3.3.
We now check that all its assumptions are satisfied.

Let A = (x,y | x™, y", (x~1y)?), where p > 7, and let X4 be the presentation com-
plex of A.Let r: A — A be the natural quotient. Since m > 3, the group Aisa hyperbolic
von Dyck triangle group, and in particular, condition (1) of Theorem 3.3 is satisfied.

The image 7 (B) is a finite cyclic group Z/ p of order p generated by x~!y, and the
image 7(B(B)) is a copy of Z/p generated by yx~!. Since 7 (B), m(B(B)) are finite
groups, they form an almost malnormal collection in A, so condition (3) in Theorem 3.3 is
satisfied. Let X B be obtained from X by attaching a 2-cell to each of the left and the right
loop of Xp (left and right in Figure 2) via a 1-to-1 map (corresponding to the relations
x™, y™), and one 2-cell to the middle loop via a p-to-1 map (corresponding to the relation
(x~1y)P). It is immediate that conditions (2) and (4) of Theorem 3.3 hold. See Figure 5.
The proof is complete. u

Similarly, we use Theorem 3.2 to prove that Art, sy, where one of M, N is odd, is
residually finite.

Theorem 3.7. Let M = 2m + 1 and N = 2n be both > 4. Then Artypn is residually
finite.

Proof. By Corollary 2.9, Artyprn splits as A xc B, and therefore Artypsn has an index 2

subgroup D(A, C, B). We use Theorem 3.2 to prove that D(A, C, B) is residually finite.
Let A = (x,y | x2™+1 yn (x~1y)P), where p > 6, is even, and let X4 be its pre-

sentation 2-complex. Since n > 2 and 2m + 1 > 5, the group Aisa hyperbolic von Dyck
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Q - (Q% ) —O
. Z)% ) p

Figure 5. The maps f;: }?B — )?E — )?A (top) and f+: )?B — }?; — }?A (bottom). White nodes
are contained in the 2-cells whose boundary is mapped p-to-1.

n

S

n

2

Figure 6. The maps X, c — )? c — X 4. White nodes are in the 2-cells whose boundary is mapped
p-to-1.

triangle group, and in partlcular A satisfies condition (1) of Theorem 3.2. Let 7: A — A be
the natural quotient. Let X¢ be a 2-complex obtained from X¢ by attaching five 2-cells:
one along the unique cycle labeled x2”*!, one along each of the two cycles labeled by y”,
and one along each of two cycles xy~! via a p-to-one map. See Figure 6. In Lemma 3.8
(below), we verify that condition (2) of Theorem 3.2 is satisfied.

By Proposition 3.4, the intersection of distinct conjugates of 7 (C) in A is either Z /p
or trivial. In particular, 7 (C) is almost malnormal in A , so condition (3) of Theorem 3.2
is satisfied. Finally, we note that the 2-cells of Xc can be pulled back via X¢ — Xc,
and are preserved under the (unique) non-trivial deck transformation of X¢ — Xp. See
Figure 6. Condition (4) of Theorem 3.2 follows. This proves that D (A, C, ), and therefore
Artaprn, 1s residually finite. [

Lemma 3.8. The image 7w (C) is isomorphicto Z/ p * Z./ p. In particular, 7 (C) = m4 Xc.
Moreover, f lifts to an embedding in the universal covers.

Proof. For simplicity, we set z = xy~!. The image 7 (C) is generated by z, and z’ =
x™zx~™. The universal cover of the complex X4 can be identified with the hyperbolic
plane. Consider the tiling of H? by a triangle with angles 5 T ’; , £. Each vertex of the
tiling is a fixed point of a conjugate of one of x, y, z, and the actlon of A preserves the
type of a vertex (i.e., whether it is fixed by a conjugate of x, y or z). We abuse the notation
and identify each vertex v with the conjugate x&, y& or z& which generates the stabilizer
of v (where g is some element of //1\). The tiling is the dual of the universal cover of the
complex X4, in the way that the vertices of types x, y, z correspond to the 2-cells with

boundary words x2™ 1, y* (xy~1)?, respectively.
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21 Z3 z5

)3 zs . X0, Y1 \X2, Y3 \X4, Y5 \¥6

. X2 X4
"z y1 Vs

X6 q0 S0 41 S1 42 S2 43 $3 {44 S4 45 S5 (6

X0

Figure 7. The vertices z1, z5 are 7 (C)-conjugates of z, and the vertex z3 is a 77(C)-conjugate of z’.
Thick edges are in the image of the tree 7. Odd vertices q1, g3, ¢5 are either green or red, depending
on parity of n. Even vertices qo, g2, 44, q¢ are either blue or red, depending on parity of m. Note
that the orange segments are not necessarily edges in the tiling.

Consider the Bass—Serre tree T of the free product Z/p x Z/ p, i.e., a regular tree
of valence p, where each vertex is stabilized by a conjugate of one of two Z/ p factors.
In order to prove that 7 (C) splits as a free product and that f lifts to embedding of the
universal covers, we show that there is Z/p * 7/ p-equivariant embedding of 7 in H?
where the action of Z/ p * Z/ p on H? is the action of the group (z, z’).

First consider the union of the orbits of z and z’ under the action of 7(C). Note that
it is a collection of vertices of type z. We join z€ and (z)# by a path consisting of two
edges of the tiling meeting at a vertex of type x. See Figure 7. Note that the image of the
orbits of z and z’ under the action of subgroup (z?/2, (z/)?/?) ~ Z/2  Z,/2 is contained
in a geodesic line in H? (which is the line stabilized by (z?/2, (z/)?/2)).

The map from T to H? is locally injective at every vertex. In order to see that T is
embedded in H?, we verify that any bi-infinite path y always turning rightmost in the
image of T never crosses itself. Indeed, if 7 were not embedded, then a closed path in
the image of T could be tracked by following a path turning rightmost in 7". In Figure 7,
a part of that path is presented as the path with vertices x¢, z1, X2, 23, X4, Z5, X¢. We
will construct another path y’ (whose part is labeled by qo, So, ¢1, 51, - - - » g5, 55, g6 in
Figure 7) that stays at a finite distance from y. We will think of )’ as an oriented path
(where g arises before ¢; etc.). By construction (describe below), y’ never intersects the
image of 7. Since the image of 7" contains a geodesic line and lies in the region on the
left side of p’ with respect to its orientation, the region of H? on the left side of y’ is
unbounded. It suffices to show that the region of H? on the right side of )’ is unbounded.
We will do it by showing that the region on the right side of )’ is a union of halfspaces.

Let us explain how the vertices g;, s; are defined. The vertex s; with odd i is the unique
vertex other than z; that forms a triangle with y; and x; 1. The vertex s; with even i is
the unique vertex other than z;; that forms a triangle with x; and y; 4. In particular,
vertices s; are always of type z. The vertices g; with odd i are images of a z; under the
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s-rotation at y;, i.e., the vertex y; is a midpoint of the segment [z;, ¢;]. The vertices ¢;
with even i are chosen so that the angles /s;_1x;¢q; and Zs;x;q; are equal. The path y’
is obtained by joining each pair s;_1, ¢; and g;, s; be a geodesic segment (which are not
necessarily edges of the tiling).

The vertices s;_1, g;, §; are not necessarily distinct. [f n = 2, then s;_1 = q; = s; for
eachoddi. Also, if 2m + 1 = 5, then s;_1 = ¢q; = s; fori = 4k + 2. In that extreme case,
y’ is a geodesic line, as long as p > 6. In more general case, the “left-side” angle between
the segments of )’ at each vertex g; or s; (i.e., the angle of the sector containing y; or x;
depending on the parity of i) is always at most &. Thus the “right-side” angle at each
vertex g;, s; is always at least 7. Consequently, the subspace of H? bounded by y’ which
is on the right side of y’ is a union of halfspaces. This proves our claim. ]

Our approach in the last two theorems fails in the case where M = 2m + 1, N =
2n + 1. Indeed, the fiber product X¢ ®x, Xc is too “large”. The fiber product was
computed in Remark 3.5. After attaching 2-cells along x2™*1, 271 and (x~1y)?, the
resulting 2-complex has fundamental group Z * Z/ p.

3.4. Summary of residual finiteness of 3-generator Artin groups

To summarize, the only 3-generator Artin groups that are not known to be residually finite
are Artzz2m41) for m > 2, Artyam+1)(2n+1) for m +n > 4 and Arty3(2,,) for m > 4.
Indeed, if at least one label is oo, then the defining graph is a tree, and hence virtually
special [7, 14, 20, 23]. Artin groups Artyops for any M > 2, and Artyzps, where M €
{3, 4, 5} are spherical, and so linear [9, 11]. The cases (3, 3, 3), (2,4, 4) and (2, 3, 6)
follow from [25]. The cases where M, N, P > 3, except the case of (3, 3,2m + 1), were
covered by [18].
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