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Motivic cohomology of the Nisnevich classifying space
of even Clifford groups

Fabio Tanania

Abstract. In this paper, we consider the split even Clifford group 1";' and compute the mod 2
motivic cohomology ring of its Nisnevich classifying space. The description we obtain is quite
similar to the one provided for spin groups in [Math. Z. 301 (2022), no. 1, 41-74]. The fundamental
difference resides in the behaviour of the second subtle Stiefel-Whitney class that is non-trivial for
even Clifford groups, while it vanishes in the spin-case.

1. Introduction

Subtle characteristic classes were introduced by Smirnov and Vishik in [8] to approach the
classification of quadratic forms by using motivic homotopical techniques. In particular,
these characteristic classes arise as elements of the motivic cohomology ring of the Nis-
nevich classifying space BG of a linear algebraic group G over a field k. They naturally
provide invariants for Nisnevich locally trivial G-torsors, which take value in the motivic
cohomology of the base. What is probably more interesting is that they also provide invari-
ants for étale locally trivial G-torsors, which take value this time in a more complicated
and informative object, namely the motivic cohomology of the Cech simplicial scheme of
the torsor under study.

In [8], the authors compute the motivic cohomology ring with Z/2-coefficients of
BO,, i.e. the Nisnevich classifying space of the split orthogonal group. Similarly to the
topological picture, this cohomology ring is a polynomial algebra over the motivic coho-
mology of the ground field generated by certain classes uy, ..., u, called subtle Stiefel—
Whitney classes. These invariants detect the power /" of the fundamental ideal of the Witt
ring a quadratic form belongs to. In particular, the triviality of all subtle Stiefel-Whitney
classes implies the triviality of the quadratic form itself. Besides, from the computation
of H(BO,,) it follows that the mod 2 motivic cohomology of BSO,, is also a polynomial
algebra generated by all subtle Stiefel-Whitney classes but the first.

Following [8], we studied the motivic cohomology rings of the Nisnevich classify-
ing spaces of unitary groups in [9], of spin groups in [11] and of projective general
linear groups in [10]. This paper is a natural follow-up of [11]. In fact, we focus here
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on computing the motivic cohomology of the Nisnevich classifying space of even Clifford
groups. These algebraic groups are closely related to spin groups. On the level of torsors,
this is visible from the fact that a spin-torsor yields a quadratic form in /3 through a sur-
jective map with trivial kernel, while the torsors of the even Clifford groups are exactly
the quadratic forms in 3.

The topological counterpart of the even Clifford group I',f is the Lie group Spin® (n).
The singular cohomology of the classifying space of Spin®(n) was computed by Harada
and Kono in [3]. The main result we obtain in this article is a motivic version of [3,
Theorem 3.5]. More precisely, we prove the following.

Theorem 1.1. Let k be a field of characteristic different from 2 containing a square root
of —1. Then, for any n>2, there exists a cohomology class e,iw) in bidegree 2! (")_1)[21 (”)]
such that the natural homomorphism of H -algebras

H(BSO,)/ 1}, ®n1 Hleyw] — H(BT,")

is an isomorphism, where Il"(n) is the ideal generated by 01, . . ., 0;(y)—1 and l(n) = [”—;1]

The assumption on the characteristic of the ground field is necessary since the mod 2
motivic cohomology of the point and the mod 2 motivic Steenrod algebra are well under-
stood in characteristic different from 2 (see [13]). Moreover, we require also that k con-
tains a square root of —1, since in this case the action of the mod 2 motivic Steenrod
algebra on the mod 2 motivic cohomology of the point is trivial, making our computation
easier. Anyways, we suspect that a result similar to Theorem 1.1 would still hold after
dropping this last assumption, but with more complicated relations involving Steenrod
operations and p = S¢'z, where p is the class of —1 in mod 2 Milnor K-theory and T is
the generator of H%! =~ 7/2.

The similarity between Theorem 1.1 and the computation for the spin-case (see The-
orem 2.10) is clear. Nonetheless, a crucial difference is that, while u, is trivial in the
cohomology ring H (BSpin,,), itis notin H (BT;}") where the ideal of relations / l"(n) is gen-
erated by the action of the motivic Steenrod algebra over u3 = Sq'u,. This also explains
the gap between k(n) in Theorem 2.10 and /(n) in Theorem 1.1, which is due to discrep-
ancies in the maximal length of the regular sequences in H(BSO,,) obtained by applying
certain Steenrod operations to u, and u3, respectively.

We conclude by pointing out that understanding the motivic cohomology of Nisnevich
classifying spaces also helps in obtaining information about the structure of the Chow ring
of étale classifying spaces B G (see [12]), which is an interesting object of study that is
particularly challenging to fully grasp. For example, the Chow ring of B[,/ has been
recently investigated by Karpenko in [4] where he proves a conjecture that allows him, as
a consequence, to compute the exponent indexes of spin grassmannians. In our case, we
will show how to apply Theorem 1.1 to compute the subring generated by Chern classes of
the Chow ring mod 2 of B¢T',;7, modulo nilpotents, sheding new light on its complicated
structure.
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Outline. In Section 2, we report notations and preliminary results that we will use in
this paper. In particular, we recall the Thom isomorphism in the triangulated category of
motives over a simplicial base, which provides Gysin long exact sequences in motivic
cohomology. Besides, we recall definitions and properties of classifying spaces in motivic
homotopy theory, as well as the computation of the mod 2 motivic cohomology of BO,,,
BSO,, and BSpin,,. In Section 3, we investigate regular sequences in H(BSO,) construc-
ted starting from u3 by acting with specific Steenrod operations. Finally, in Section 4, we
exploit the Gysin sequence relating BI',S and BSpin,,, and the regular sequences studied
before, in order to fully compute the mod 2 motivic cohomology of BT, After that, we
also obtain a complete description of the reduced Chern subring of the Chow ring mod 2
of Bét r ,T .

2. Notation and preliminaries

We start by fixing some notation we will regularly use in this paper.

k field of characteristic different from 2 containing \/—_l
R commutative ring with identity
Y.  smooth simplicial scheme over k
Spc,.(Ye)  category of pointed motivic spaces over Yo
Hs(k)  simplicial homotopy category over k
DM_;(k, R) triangulated category of effective motives over k with R-coefficients
DM(Ye, R)  triangulated category of effective motives over Yo with R-coefficients
T  unit object in DM _(k, R)
Hio,(—=)  singular cohomology with Z /2-coefficients
H(—) motivic cohomology with Z /2-coefficients
H  motivic cohomology with Z /2-coefficients of Spec(k)
KM (k)/2  Milnor K-theory of k mod 2
w;  ith Stiefel-Whitney class in H,,p(BSO;)
u;  ith subtle Stiefel-Whitney class in H(BSO,,)
pj theelement S¢¥ ' S¢? .- §¢2Sq w, in H,4,(BSO,)
0;  the element Sq¥ ' '§q? ... S¢2Sq us in H(BSO,)
I',7  even Clifford group
The collection of results [13, Theorem 6.1, Corollaries 6.9 and 7.5] implies that H =
KM (k)/2[t], where 7 is the non-trivial class in H%! =~ Z /2 and H"" =~ KM (k)/2.
Note that, since we are working over a field containing the square root of —1, all
Steenrod squares S qi , as defined in [14], act trivially on H.
Since we will mainly work in the triangulated category of motives over a simplicial
scheme defined by Voevodsky in [15], we recall a few definitions and propositions about
it that will be useful later on to prove our main results.
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Definition 2.1. For any smooth simplicial scheme Y, over k, denote by ¢ : Yo — Spec(k)
the projection to the base. Then, we can define the Tate objects T'(¢)[p] in DM (Y., R)

as c*(T'(q)[pD-

Definition 2.2. A smooth morphism of smooth simplicial schemes 7 : Xo — Y, is called
coherent if there is a cartesian square

j
—

&

Xo

AR —

2
Se— &
N

for any simplicial map 6 : [i] — [J].

Denote by C C(Y,) the simplicial set obtained from Y, by applying the functor CC
that sends any connected scheme to the point and respects coproducts.
Proposition 2.3. Let w : Xo — Yo be a smooth coherent morphism of smooth simplicial
schemes over k and A a smooth k-scheme such that:

(1) Xo is isomorphic to Yy x A and, under this isomorphism, o becomes equal to the
projection map Yo x A — Yp;

(2) H'(CC(Y,), R*) = 0;
3) M(A) =T & T(r)[s — 1] in DM_(k, R) for arbitrary integers r and s.

Then, M(Cone(n)) = T(r)[s] in DM_;(Ye, R) where Cone(x) is the cone of m in
Spc,(Ye). Hence, we get a Thom isomorphism of H(Ye, R)-modules

H*7* 7 (Y,, R) — H** (Cone(n), R).
Proof. See [11, Proposition 4.2]. ]

Definition 2.4. We call Thom class of 7 and denote by « the image of 1 under the Thom
isomorphism of Proposition 2.3.

The following result guarantees that the Thom isomorphism from Proposition 2.3 is
functorial.

Proposition 2.5. Suppose there is a cartesian square

Xo -2 Y,

b4

such that Yy is connected, px and py are smooth, & and w' are smooth coherent with
fiber A satisfying all conditions from Proposition 2.3. Then, the induced homomorphism
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in motivic cohomology
H (Cone(n’), R) — H (Cone(r), R)
maps o' to o, where o' and a are the respective Thom classes.
Proof. See [11, Proposition 4.3 and Corollary 4.4]. ]

We now recall from [6] the definitions of the Nisnevich and étale classifying spaces of
linear algebraic groups.
Let G be a linear algebraic group over k and EG the simplicial scheme defined by

(EG)n — Gn+1 ,

with partial projections as face maps and partial diagonals as degeneracy maps. The space
EG is endowed with a right free G-action provided by the operation in G.
Definition 2.6. The Nisnevich classifying space of G is the quotient BG = EG/G.

The morphism of sites 7 : (Sm/k)s — (Sm/k)nis induces an adjunction between
simplicial homotopy categories

7s((Sm/k)e)
7" 4] R,
st ((Sm/ k)Nis) .
Definition 2.7. The étale classifying space of G is defined by B4G = Rn.7*BG.

Let H be an algebraic subgroup of G. Then, we can define the simplicial scheme
BH = EG/H with respect to the embedding H — G. Denote by j the induced morphism
BH — BH.

Proposition 2.8. Let H < G be such that all rationally trivial H -torsors and G-torsors
are Zariski-locally trivial. If the map

Homggs(k)(Spec(K), BétH) — Homy, (1) (Spec(K), Bé[G)

has trivial kernel for any finitely generated field extension K of k, then j is an isomorph-
ism in Hg(k).

Proof. See [11, Proposition 5.1, Corollary 5.2, and Proposition 5.3]. [

Remark 2.9. Note that the obvious map x : BH — BG is smooth coherent with fiber
G/H.

By using the Gysin sequence induced by the Thom isomorphism, one can compute by
induction the following motivic cohomology rings.
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Theorem 2.10. The motivic cohomology rings of BO,, BSO,, and BSpin,, are, respect-
ively, given by
H(BO,) =~ Hluy,...,uyl,
H(BSO,) =~ Hlus,...,u|,
H(BSpin,) = H(BSO»)/Ikm) ®n H[vakm],
where the ith subtle Stiefel-Whitney class u; is in bidegree ([’5])[1 ], the class vykw) is in

bidegree (2KM=1)[2k(m)], I (n) is the ideal generated by 0y, . . ., O n)—1 and k(n) depends
on n as in the following table.

n k(n)
8l +1 4]
81 +2 4l +1
81 +3 4/ +2
8l +4 4l +2
8 +5 41 +3
8l +6 41 +3
81 +7 4143
8 +8 41 +3

Proof. See [8, Theorem 3.1.1] and [11, Proposition 5.6 and Theorem 8.3]. [

3. Regular sequences in H(BSO,)

In this section, we want to use the techniques developed in [11, Section 7] to produce
other regular sequences in the motivic cohomology of BSO,, that will be relevant later to
deal with the case of even Clifford groups.
Let V be an n-dimensional Z /2-vector space, B a bilinear form over V and LV its
right radical, i.e.
LV ={yeV:B(x,y)=0foranyx € V}.

Fix a basis {e1,...,e,} for V and let x; and y; be the coordinates of x and y in V,

respectively. Then,
n

B(x,y) = Z B(ei,e;)xiyj

ij=1
is a homogeneous polynomial of degree 2 in Z/2[x1, ..., Xn, V1, ---> Vn]-

Proposition 3.1. The sequence B(x,y), B(x,y?)...., B(x, yzhfl) is a regular sequence
in the polynomial ring 7./2[x1, ..., Xn, Y1+ - -+ Ynl, Where h = n — dim(J-V).

Proof. See [11, Corollary 7.3]. [
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Recall from [11, Section 7] that there are commutative squares

H(BOm) 2" H(BO2)®™  H(BOzm41) =% H(BO,)®™ ® H(BO,)
Som — Rom Som+1 T Romt1
where

H(BO,) = Huy,...,uy],
H(BO2)®™ =~ H[x1,y1,.... Xms Ym),
H(BO,)®" @y H(BO1) = H[X1, Y1, -\ Xm, Ym> Xm+1),
Sp =7Z/2[uq, ..., uyl,
Rom = Z/2[x1, Y1, -+ Xm» Ym],
Rom+1 = Z/2[x1, Y1, s Xms Ym» Xm+1]s
x; is in bidegree (0)[1] and y; is in bidegree (1)[2] for any i, B, is obtained from «;, by

tensoring with Z /2 over H, y, and §, are the reduction homomorphisms along H — Z /2.
In particular the following formulas hold:

ﬂZm(VZj) = 0j()’1v~~~’ym),

m

Bam(Uzj+1) = inUj()m e Vil Yidtls -+ Ym),
i=1

ﬂ2m+1(u2j) = 0j (yl, ce Ym),
m

Bomy1(U2jr1) = ZXin(yl, s Vie s Yidls oo o5 Ym) + Xm4105 (V15 -5 Ym),
i=1
where o; is the jth elementary symmetric polynomial.

Lemma 3.2. Let f : A =7Z/2[a;,...,am] > B = Z/2[by, ..., by] be a ring homo-
morphism, where deg(b;) = 1 for any i and f(a;) is a homogeneous polynomial in B of

positive degree o for any j. Moreover, let r1, ..., ri be a sequence of elements of A. If
f(r1), ..., f(rr) is a regular sequence in B, then ry, ..., ry is a regular sequence in A.
Proof. See [11, Lemma 7.4]. [

Theorem 3.3. The sequence

I(n)—2 I(n)—3
Y1), Vu U3), Yu(Sq*us), ..., ya(Sq* " Sq* " ---Sq*us)

is regular in Sp, where I(n) = [%£1].
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Proof. By Lemma 3.2 it is enough to show the regularity of the sequence

:Bnyn(ul)v ﬂn)’n(”S)v .Bn)’n(S(IZUS)> s »ﬁnVn(Sq S([

in R,.
First, consider the case n = 2m. Then, B2, Vam (U1) = Bom (u1) = Z:"zl x;. Moreover,
since T is zero in Ry, we have Ba,Yom (U3) = Z;"#:l x;y; and

2](}1)—2 21(n)—3

- SqPu3)

1 1
BomVom(Sq* -+ Sq*u3) = Somam(Sq* -+ Sq*us)
= Som(Sq® -+ SqPctam (u3))

m
= Y Som(Sq¥ - Sq7(xivy)
i#j=1

m
= Z Xi yj2[
i#j=1

for [ > 1. Modulo B2 Vam(U1), BamYam(u3) = B(x,y) = Z:":_ll X;i (¥i + ym) is a bilin-
ear form over an m-dimensional Z/2-vector space V and B2, Y2m (Sq2l < Sq%usz) =
B(x, yzl) for any [ > 1.

From y; + ym = Bl(e;, y) for any i < m — 1, it follows that +V = ((1,...,1)) and
Proposition 3.1 implies that the sequence

21(2m)—2 (2m)-3

BamVam 1) BamVam (3). BamVam (Sq*u3).. ... Bam¥am(Sq S¢S qPus)

is regular in Ry, where [(2m) = m = [@].
Now, consider the case n = 2m + 1. Then,
m+1

,32m+1)/2m+1(141) = ,32m+1(141) = Z Xi.

i=1

Moreover, since t is zero in Ra,,41, we have
m m
Bam+1Vam+1(us) = Z XiYj + Xm+1 Zyj,
i#j=1 Jj=1
2! 2 2! 2
Bom+1V2m+1(Sq~ -+ Sq uz) = Som+102m+1(Sq~ -+~ Sq~u3)

1
= Sam+1(Sq% -+ Sq*o2my1(u3))

m
= Y Sams1(S¢% - S (xiy))
itj=1

m
+ Z5zm+1(5q21 - SG* (Xm+1Y5))
j=1

i 1 =~ !

2 2

= E XiYj +§ Xm+1Y;
i#j=1 j=1
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for [ > 1. Modulo Bom+1Y2am+1(U1), Bam+1Vem+1(uz) = B(x,y) = Y /L, xiy;i is a
bilinear form over an m-dimensional Z /2-vector space V' and

1 1
Bam+1Vom+1(Sq” -+ Sq'uz) = B(x,y*)

for any / > 1. In this case -V = 0, since y; = B(e;, y) for any i < m, and Proposition 3.1
implies that the sequence

Bam+1V2m+11), Bam+1V2m+1(U3), Bams1Vam+1(Sq*us), . ..,
Sl@m+1)-2 Sq21(2m+1)—3 )

Bam+1V2m+1(Sq - Sq*us)

is regular in Ry,,4+1 where ICm 4+ 1) =m 41 = [%]. This completes the proof. =

Corollary 3.4. The sequence t, 01, ..., 0ipn)—1 is regular in H(BSOy), where l(n) =
[,

Proof. Since ¢; is inductively computed from 6; = u3 by using only Wu formula (see [11,
Proposition 5.7]) and Cartan formula, we know that 6; is an element of Z /2[z, u>, ..., uy]
for any ;. The regularity of the sequence in Z/2[t,us, ..., u,] follows from Theorem 3.3
by noticing that, modulo  and u1, 6; = y,(S ¢? " ---Sq'u,) in S,. This clearly implies
also the regularity of the sequence in H(BSO,,). ]

Recall from [11, Section 7] the homomorphisms i : H,,(BSO,) — H(BSO,), h :
H,z(BSO,) — H(BSO,) and ¢ : H(BSO,) — H,,(BSO,), where i is the r1ng homo-
morphism defined by i (w;) = u;, h is the linear map defined by h(x) = r[ 7 —diwl; (x)
for any monomial x, where (¢;(x))[pi(x)] is the bidegree of i (x), and ¢ is the ring homo-
morphism defined by 7 (u;) = w;, t(z) = 1 and t(K}”(k)/Z) = 0 for any r > 0.

Lemma 3.5. For any homogeneous polynomials x and y in H,,(BSO,), we have that
h(xy) = t°h(x)h(y), where ¢ is 1 if pi(x) Pi(y) is odd and 0 otherwise.

Proof. See [11, Lemma 7.7]. [
Lemma 3.6. Forany j, t(68;) = pj and h(p;) = 0;.
Proof. See [11, Lemma 7.9]. [

Definition 3.7. Let I? be the ideal in H(BSO,) generated by 6y, ..., 6,1 and I} P the
ideal in Hi,,(BSO,) generated by p1,...,pj—1.

Theorem 3.8. The canonical homomorphism

Hiop(BSO,)/ 1))’ ® Z/2[e(An)] — Hiop(BSpin)

is an isomorphism, where [(n) = [%] and e(Ay) is the Euler class of the complex spin
representation A,,.

Proof. See [3, Theorem 3.5]. [



F. Tanania 200

The following is the main result of this section.

o

Theorem 3.9. The sequence 01, ..., On)—1 is regular in H(BSO,) and 0y € Il(n)’

where [(n) = [”—;1]

Proof. Corollary 3.4 immediately implies that 61, ..., 6;¢)—1 is a regular sequence in
H(BSO,).
By Theorem 3.8, we know that

I(n)—1
Pimy = S4° pimy—1
vanishes in H,q,(BSpin$), and so p;(;) € I l"(’,t(;p. It follows that

I(n)—1

Pl(n) = Z ®ipi

i=1
for some homogeneous ¢; € H,,p(BSO,) and, after applying /&, we obtain that

I(n)—1

Oy = Y, h(g)b:

i=1
by Lemmas 3.5 and 3.6. Thus, 0y, € [ f(n), which completes the proof. [

Remark 3.10. Note that either /(n) = k(n) or [(n) = k(n) + 1.If [(n) = k(n), then

ek(n) € Il:(n)'

On the other hand, if /(n) = k(n) + 1, then the sequence 64, ..., Ok, is regular in
H(BSOn), and so ek(n) ¢ Il:(n)'

4. The motivic cohomology ring of BT,

In this last section, we prove our main result that describes the structure of the motivic
cohomology of the Nisnevich classifying space of even Clifford groups.

Before proceeding, recall from [1, Section 3] that F,f -torsors are in one-to-one cor-
respondence with quadratic forms with trivial discriminant and Clifford invariant, i.e.
quadratic forms in /3, where [ is the fundamental ideal of the Witt ring. Moreover, for any
n > 2, we have the following short exact sequences of algebraic groups (see [5, Chapter VI,
Section 23.A))

1—-Gp—TF—80,—1, 1-Spin, > T} — G, — 1. 4.1)

Lemma 4.1. For any n > 2, BSpin,, = B Spin,, with respect to the embedding Spin,, —
T,
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Proof. First, note that, by [2,7], rationally trivial Spin,,-torsors and I, -torsors are locally
trivial. Moreover, recall from [6, Section 4.1] that

Homge, k) (Spec(K),B«G) = H (K, G)
for any Nisnevich sheaf of groups G. Therefore, it follows from [1, Section 3] that
Homg, (k) (Spec(K ), B Spin,,) — Homg, k) (Spec(K), B4T',)

is surjective with trivial kernel, for any finitely generated field extension K of k. Hence,
we can apply Proposition 2.8 to the case that G and H are, respectively, I,/ and Spin,,,
which provides the aimed result. ]

Proposition 4.2. For any n > 2, there exists a Gysin long exact sequence of H(BT,})-
modules

!/ h* / - ’ * !/
<o = H* ¥ (BSpin,) —> H* >*~1BI;}) 25 H**Br;}) <> H** (BSpin,) — - --

such that the homomorphism H>* (BSO,) — H>* (BT,"), induced by the map T;} —
SO, in (4.1), is injective.

Proof. Let M be M(BT',} — BSO,) and N be Cone(M — T)[—1] in DM _(BSO,).
From the motivic Serre spectral sequence [10, Theorem 5.12] associated to the sequence

BG,, — BT} — BSO, 4.2)
it follows that H'* (N) = 0. Therefore, the homomorphism
H?>* (BSO,) — H*>* (BT}

is injective. In particular, u5 is non-trivial in H%1(BT,}).
Now, consider the sequence

Gm — BSpin,, — BT,

By Proposition 2.3, Remark 2.9 and Lemma 4.1, it induces a Gysin long exact sequence
of H(BT,")-modules

h* * *
co-— HP~M4(BSpin,) — H? 247 V(BI;") L5 HP4(BT;") <5 HP4(BSpin,) — --- .

Since g* is an isomorphism in bidegree (1)[1], we have that f*(1) is the only non-trivial
class in H%!(BT,}) that vanishes in H%!1(BSpin,,). It follows that

f*(l) = Uz,

which completes the proof. ]
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Lemma 4.3. For any n > 2, H?* (BSO,)) — H?* (BT'F) is surjective for p < 2k,

Proof. We proceed by induction on p. For p = 0, the Serre spectral sequence associated
to (4.2) implies that H%* (BSO,) = H%* (BI;}), which provides the induction basis.
Now, suppose that H(BSO,) — H(BT,") is surjective in topological degrees less than
p < 2% and consider a class x in H?* (BT,}). Since by Theorem 2.10 the homo-
morphism H?* (BSO,) — H?* (BSpin,, ) that factors through H? *(B I',7) is surjective
for p < 2k™) we have that
gr(x) =g"(y)

for some y in the image of H?* (BSO,) — H?* (BT,"). Hence, by Proposition 4.2,
there exists a class z in H?~2*~1(B I',7) such that x = y + u»z. By induction hypothesis,
z is in the image of H?~2*~1(BSO,) — HP~2*~1 (BT,"), from which it follows that
x is in the image of HP?* (BSO,) - HP* (BT,") that is what we wanted to show. |

Definition 4.4. Denote by w, the class 7* (Vo)) in H K12k 1-1 g rh).

Remark 4.5. It follows from Lemma 4.3 that w, belongs to the image of H(BSO,) —
H(BT,}). Moreover, Proposition 4.2 implies that u,w, = 0in H(BT,").

Proposition 4.6. The motivic cohomology ring of BF2+ is given by
H(BTS) =~ Hus, €3],
where e is a lift of v, in H(BSpin,) under the homomorphism H(BF;) — H(BSpin,).

Proof. Consider the Gysin long exact sequence from Proposition 4.2

/ h* / . ’ * ’
oo = H* 2% (BSpiny) — H* 2*~1(BT}) 5 H** (BT ) > H** (BSpin,) — -+ .

Since H(BSpin,) = H [v,], with v, in bidegree (1)[2], g* is a ring homomorphism and
H 1’O(Bl"; ) == 0, we have that 2™ is zero, the multiplication by u5 is injective in H (Bl"zJr )
and the quotient of H(B 1"; ) modulo the ideal generated by u, is H [v;]. This concludes
the proof. ]

Lemma 4.7. Foranyn > 3, u3 = 0 in H(BT,|). Moreover; there exists a unique element
xy in H>Y(N) that maps to uz in H>1(BSO,).

Proof. By Proposition 4.2 we have a Gysin long exact sequence
/ h* ’ . ! * !/
<= H* ¥ (BSpin,) —> H* > 7I(BI}H) 5 H** (BT} ) £ H** (BSpin,) — --- .

Since u3 is trivial in H(BSpin,) and H%(BT,") = 0, we have that 3 is trivial also in
H(B Fn+ ). Moreover, note that, for n > 3,

H*'BT,)) = 7Z/2 - u,.
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Now, consider the long exact sequence
oo > H* V¥ (BI}F) > H* ' (N) > H** (BSO,) - H** (B[}) > --- .

The homomorphism
H*'(BSO,) — H*'(BT;")

is bijective. Since u3 is trivial in H(BT,"), we deduce that H*!(N) — H*!(BSO,) is
an isomorphism, which finishes the proof. ]

Definition 4.8. For any j > 2 and n > 3, let x; be the class in H 272771 (N) defined by
xj = Sq? " ... S¢*x; and denote by (x1.....x;_;) the H(BSO,)-submodule of H(N)
generated by x1,...,xj_1.

Lemma4.9. Forany j > 2andn > 3, x; ¢ (x1,...,Xj_1).

Proof. This follows by noticing that x; maps to the respective class defined for spin
groups in [11, Lemma 8.2]. ]

Proposition 4.10. Suppose there exists a class e in H(BT,}) such that g*(e) is a monic
homogeneous polynomial ¢ in Vykm with coefficients in H(BSOy,), and denote by p the
obvious homomorphism H(BSO,) ®y H[e] — H(BT,).

() Ifim(h*) = im(p) - w,, then

ker(p) = Ji) + (U20n),

where JZ,y is 12,y ®u Hle].
(2) If moreover ker(h*) = im(g™* p), then there is an isomorphism

H(BSO,)/(Igm + (U2w,)) @ Hle] - H(BT,).

Proof. We start by proving (1). It immediately follows from Remark 4.5 and Lemma 4.7
that J ]:(n) + (uwy) C ker(p). We show the opposite inclusion by induction on the topo-
logical degree. Proposition 4.2 provides the induction basis. Now, suppose that x is in
ker(p) and every class in ker(p) with topological degree less than the topological degree
of x belongs to J,:(n) + (4w, ). We can write x as Z;.”ZO ¢je’ for some ¢p; € H(BSO,).
Then,

m
> giel =g p(x) =0,
j=0
and so ¢; = 0 in H(BSpin,) for any j since by hypothesis ¢ is a monic polynomial

in vykem . Therefore, ¢pj € Iy = I]:(n) + (u2) by Theorem 2.10. Hence, there are ¥; €
H(BSO,) such that ¢; + u>v; € I,:(n), from which it follows that x + u,z € J,:(n) where

m
z= ije].
j=0
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Thus, u; p(z) = 0 which implies that p(z) € im(h*) = im(p) - w,, and so there exists an
element y in H(BSO,) ® g H [e] such that p(z) = p(ywy). Therefore, z + yw, € J,:(n) +
(u20,) by induction hypothesis. It follows that z € J2 » + (wn) and x € J2,» + (u205).

We now move to (2). We prove by induction on the topological degree that, if ker(h*)
= im(g* p), then im(p) = H(BT,). Lemma 4.3 provides the induction basis. Let x be a
class in H(BT,") and suppose that p is an epimorphism in topological degrees less than
the topological degree of x. From g*(x) € ker(h*) = im(g* p) it follows that there is an
element y in H(BSO,) ®g H [e] such that g*(x) = g* p()). Therefore,

x + p(y) = upz forsome z € H(BT,").

By induction hypothesis z = p(¢) for some element { € H(BSO,) ® g H[e], hence x =
p(x + uz{) that is what we aimed to show. |

Remark 4.11. Since H(BSpin,,) is generated by the powers v;k(n) as a H(BSO,)-module,

we have that im(h*) is generated by h*(v;k(n)) as a H(BSO,)-module.

Lemma 4.12. For any m > 0, we have
Sq"wy € (wy),
where {(wy) is the H(BSO,,)-submodule of H(BT',"") generated by wy.

Proof. We proceed by induction on m. For m = 0 we have that S¢°w, = w, and for
m > 2% _ 1 we have that S¢™ w, = 0 by [11, Corollary 5.8]. Suppose that Sq’w,, € (v,)
fori <m < 2K@® _ 1. Then, by Cartan formula, in H(BSO,,) we have that

m—1

Sq™ (U200) = U2Sq" 0 + TUu3Sq"™ 0 + u3Sq" 0.

Therefore, from Remark 4.5 and Lemma 4.7 we deduce that u,S¢"w, = 0in H (Bl",'l|r ),
since by induction hypothesis S¢™ 2w, € {w,). It follows that S¢™w, € im(h*). By
Remark 4.11, we know that S¢"w, = Zizl ¢>,~h*(v;k(n)) for some ¢; € H(BSO,,). But,
for any i > 2, the topological degree of h*(v;k(n)) is

i2km) 5 okm+1 5 5 4y 4 k() _ g

that is the topological degree of S¢”w,. Hence, Sq"w, = ¢1h* (vaem)) = Prwp that is
what we aimed to prove. ]

, : n i g 141 2040 .
Lemma 4.13. It exists an element 1, in H(BT,") such that Voky = & (n )vzk(n) in
H(BSpin,,)) for any j > 0.

Proof. For j = 0,1 the statement is tautological. For j = 2, by Cartan formula, we have
that

ok(n)

. k(”)i‘ .
(a)nOé)Z ZttmodZSqZ lCl)nSthl,
i=0

2k(n) 2k(n)

h*(02) = h*(Sq> " vyem) = Sq



Motivic cohomology of the Nisnevich classifying space of even Clifford groups 205

where « is the Thom class of the map BSpin,, — BT,/ Note that, by Proposition 4.2 and
Lemma 4.3, HP’Z’*/’I(BF;F) BN HP’*,(BF;F) is a monomorphism for p < 250" This
implies, in particular, that Sg'a = 0 and Sq?a = ua. Moreover, Sqg'a = 0 for i > 3,
since « is in bidegree (1)[2], and S qzk(n)a),, = 0. Therefore, we have that

k(n) _
h*(vgk(n)) = 8¢%" 2w =0

since, by Lemma 4.12, quk(")_z

im(g™*).
Let /1, be aclass in H(BT,") such that g* (14,) = vgk(n). Suppose the statement is true
fori < j, then

wy € (wy,) and urw, = 0 by Remark 4.5. Hence, ng(n) €

[4 [4
)UJZZT] J—2[51]

vék(n) = 2k(n)v2k(n) = g"(tn)g" (Hn 2k(n) =8 (Mn )Uzk(n)

that concludes the proof. ]

Remark 4.14. It immediately follows from Lemma 4.13 that

. 0, for j even;
h*(vék(n)) = i=1
Wn? oy, for j odd.

The following is the main result of this paper.

Theorem 4.15. Let k be a field of characteristic different from 2 containing ~/—1. Then,
for any n > 2, there exists a cohomology class eyim) in bidegree QID=12!M] sych that
the natural homomorphism of H -algebras

H(BSO,)/I},, ®# Hleym] — HBL,)
is an isomorphism, where 11( ) is the ideal generated by 01, . . ., 0)(y)—1 and [(n) = [”—;1]

Proof. For n = 2 this is given by Proposition 4.6, so suppose from now on that n > 3.
If w, = 0, then there is a class e,k in H(BT,) such that g*(exkm) = vk . Let p
be the homomorphism

H(BSO,) ®u Hlemm] — H(BT,)).

Then, im(4*) = 0 = im(p) - w, and ker(h*) = H(BSpin,) = im(g* p). Hence, Propos-
ition 4.10 implies that the homomorphism

H(BSO,)/ Iy ®u Hleww] — H(BTL,)

is an isomorphism. Since () vanishes in H(BT,") we have that O, € 1 ,:(n), which
means that k(n) = /(n) by Remark 3.10.

If w, # 0, then set p : H(BSO,) ®u H[w,] — H(BT,") where 1, is the class from
Lemma 4.13. It follows from Remarks 4.11 and 4.14 that im(h*) = im(p) - w,. Then, by
Proposition 4.10, we obtain that ker(p) = k(n) + (uawy).
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Since w, # 0, we can extend the result in Lemma 4.3 to the degree p = 2% ie. we

have that

2k(m) 2k(m)—1 k() pk(m—1

H (BSO,) — H (BL,))

is surjective. Hence, we deduce that the homomorphism
k(n) ~k(n)—1 k(n) ~k(n)—1
H*> 2" B — HZ 2 (N)

is zero and so the homomorphism H2*2*™7! (N) — g2V +1.2*" (850, ) is inject-
ive. It follows that Ok(,) ¢ I,?(n), since Xg(n) & (X1, ..., Xkm)—1) by Lemma 4.9, and
k(n) + 1 = I(n) by Remark 3.10. Observe that, as we have already shown, ker(p) =
Jemy T (2wn) and g () vanishes in H(BT,}). Therefore, O (y) + uzw, € I (> Which
implies that ker(p) = J,f(n)H = Jl‘zn).
Now, it remains to prove that ker(h*) = im(g* p). Obviously, im(g* p) C ker(h*), so
we only have to prove the other side inclusion. Let x be an element of ker(h*). We can
write x as Z;":O Vi vék(n) with y; € H(BSO,). Then, by Remark 4.14, we have that

" izl
> Yikn® @n=0.
j=1,0dd
j—1

Denote by o the element Z;":l,odd yj,u,j,T in H(BSO,) ®y H[un]. From p(cw,) =0
we deduce that ow,, € JI:(n)+1’ since we have shown that ker(p) = Jl?(n)+1' Thus, cw, =
ng’l) 0;0; for some 0; € H(BSO,) ®g H[i,] and, multiplying by u», we obtain that
U200, + U20% ) Okn) € J]:(n). On the other hand, Oy + usw, € I,:(n), from which it
follows by multiplying by o that 60k (,) + U200, € J,:(n). Hence, (0 + u20k(n))0kn) €

J}?(n)- Theorem 3.9 implies that o + u20x () € J,:(n), from which it follows that
o € J;?(,,) + (u2) = Jk(m)-
Therefore, g* p(0) = 0 in H(BSpin,,) and by Lemma 4.13

n i=1 il i
x= Y vg v + Y, vi& (1a)
Jj=1,0dd j=0,even

m . m .

A pA

=g p@)vnm + Y, Vg ) = Y vg )
Jj=0,even Jj=0,even

is an element of im(g* p).
Rename the class (, by e,im). Then, by Proposition 4.10 we have that the homo-
morphism
H(BSO,)/ 1,y ®u Hleyuw] — H(BT,)

is an isomorphism, and the proof is complete. ]

Definition 4.16. Denote by Chern(B4I',") the subring of the Chow ring Ch(BeI',") with
Z /2-coefficients generated by the Chern classes of the representation I — SO,,.
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For any 2 < i < n, let ; be the Stiefel-Whitney class in H* (B&SO,). Recall from
[8, Theorem 3.1.1] that the homomorphism H(BgSO,) — H(BSO,), induced by the

canonical map BSO,, — BSO,,, sends w; to r[i#]ui.
Lemma 4.17. The homomorphism H(B&SOy,) — H(BI',") maps Sq'w; to 0.

Proof. Note that the homomorphism H32(BI',}) — H?>?(BT,l) is injective, since the
change of topology

H32Bul,") — H?(Bal) = H)?(BT,)),

which factors through H32(BT,}), is a monomorphism by [13, Corollary 6.9].

On the other hand, the homomorphism H 32(BSO,,)— H*?(BSO,) maps Sq', to
Sq'(tuz) = tus that vanishes in H>?(BT,). Hence, Sq!, maps to 0 in H32?(BI',")
that completes the proof. ]

Remark 4.18. Asnoted in [11, Remark 11.3], the class r@iz belongs to the Chern subring
Chern(B¢SOy,) = Z/2[ca, ..., ¢y, forany i > 1.
Then, [11, Lemma 11.2] and Lemma 4.17 imply that

102 = 1Sq"0;11 = Sq'Sq® - Sq' s
vanishes in Chern(BI',") for all i > 1.

The following result provides a complete description of Chern(B¢I',”) modulo nilpo-
tents.

Corollary 4.19. There exists a ring isomorphism

Chern(B TN )red = Z/2]ca. .. . cn]/\/(fez, e 7O,
where ¢; = t' ™ Zui2 is the ith Chern class in H(BSOy,).

Proof. Let I be the kernel of the epimorphism Z/2[ca, . . ., ¢y] — Chern(BgI',). Then,
by Remark 4.18 we have that (6?,..., r@lz(n)_l) C I,.On the other hand, since the epi-
morphism Z/2[ca, .. .,cy] — Chern(BT,}) factors through Chern(BgI';"), Theorem 4.15
implies that I, C L_I(II"(n)), where ¢ : Z/2[ca, ..., cy] = H(BSO,) is the inclusion of
the Chern subring of H(BSO,,).

Now, observe that \/(192, e, r@lz(n)_l) = \/t_l ([l"(n)). Therefore, we obtain that

Chern(BétF,T)red =~ 7Z/2[ca,...,cnl/ VIS = Z)2]ca,..., Cn]/\/(fezv cees 77912(,,)_1)
that is what we aimed to show. [

Remark 4.20. Note that the relations appearing in Corollary 4.19 are also expressible
in terms of the action of some Steenrod operations on c¢,. More precisely, we have that
0?7 = Sq? §q% " -+ Sq*Sq?cs, forany j > 1.
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