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Simplicity of twisted C*-algebras of Deaconu–Renault
groupoids

Becky Armstrong, Nathan Brownlowe, and Aidan Sims

Abstract. We consider Deaconu–Renault groupoids associated to actions of finite-rank free abelian
monoids by local homeomorphisms of locally compact Hausdorff spaces. We study simplicity of
the twisted C*-algebra of such a groupoid determined by a continuous circle-valued groupoid 2-
cocycle. When the groupoid is not minimal, this C*-algebra is never simple, so we focus on minimal
groupoids. We describe an action of the quotient of the groupoid by the interior of its isotropy on
the spectrum of the twisted C*-algebra of the interior of the isotropy. We prove that the twisted
groupoid C*-algebra is simple if and only if this action is minimal. We describe applications to
crossed products of topological-graph C*-algebras by quasi-free actions.

1. Introduction

The purpose of this paper is to characterise simplicity of twisted C*-algebras arising
from continuous 2-cocycles on Deaconu–Renault groupoids of actions of Nk on second-
countable locally compact Hausdorff spaces. The study of twisted C*-algebras associated
to continuous groupoid 2-cocycles dates back to Renault’s seminal work [36]. They serve
both as a very flexible C*-algebraic framework for modelling dynamical systems, and as
a source of tractable models for classifiable C*-algebras [8, 20, 32, 34]. So it is important
to be able to determine when a given twisted groupoid C*-algebra is simple; but this is in
general a complicated question.

Deaconu–Renault groupoids encode actions of submonoids of abelian groups by local
homeomorphisms of locally compact Hausdorff spaces. In hindsight, the first example of
such a groupoid was the one associated to the one-sided full shift on n letters, introduced
by Renault in [36] as a model for the Cuntz algebra. However groupoids of this type for
generic local homeomorphisms (that is, actions of N) were first studied by Deaconu [12],
and have come to be known as (rank-1) Deaconu–Renault groupoids. Shortly afterwards
they were used as models for graph C*-algebras in [24, 25], and later still, Yeend [43]
showed that rank-1 Deaconu–Renault groupoids provide models for the topological-graph
C*-algebras of Katsura [21].
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For the dual reasons that most of the key examples studied had been related to 0-
dimensional spaces, and that N embeds in Z, which has trivial cohomology, no work was
done on twisted C*-algebras associated to Deaconu–Renault groupoids for many years.
However, in 2000, Kumjian and Pask [23] introduced higher-rank graphs (or k-graphs)
and demonstrated that the associated C*-algebras can be described as the C*-algebras of
Deaconu–Renault groupoids of actions of Nk . This led to the development [26–28] of
twisted k-graph C*-algebras. Kumjian, Pask, and Sims showed that from a 2-cocycle on
a k-graph, one can construct a 2-cocycle on the associated Deaconu–Renault groupoid so
that the twisted C*-algebras coincide, and they used this model to characterise simplicity
of twisted k-graph C*-algebras [29], as well as to describe applications of this character-
isation to the study of crossed products of graph algebras by quasi-free actions.

Here we build substantially on elements of the analysis of [29] to describe precisely
when the twisted C*-algebra of a Deaconu–Renault groupoid for an action of Nk by
local homeomorphisms is simple (Theorem 6.1). To demonstrate the applicability of our
main theorem, we use this result to investigate simplicity of crossed products of C*-
algebras associated to rank-1 Deaconu–Renault groupoids by actions of Z induced by
T -valued 1-cocycles (Theorem 7.4), and we specialise to the Deaconu–Renault groupoids
of topological graphs to characterise simplicity of crossed products of topological-graph
C*-algebras by quasi-free automorphisms (Corollaries 7.6 and 7.7).

The paper is organised as follows. In Section 2 we establish background and notation.
In Section 3 we describe the periodicity group PT of a minimal action T of Nk on a
second-countable locally compact Hausdorff space X , and we show that the interior of
the isotropy of GT is isomorphic to the group bundle X � PT . In Section 4 we show that
every 2-cocycle on GT is cohomologous to one whose restriction toX �PT is determined
by a fixed bicharacter ! of PT that vanishes on its own centre Z! , and we use this to give
a concrete description of the spectral action � of GT =	T on X � yZ! . Then in Section 6
we state and prove our main theorem. We finish in Section 7 by describing an application
to crossed products of rank-1 Deaconu–Renault groupoid C*-algebras by automorphisms
induced by continuous 1-cocycles. We provide two appendices—one on group cohomo-
logy and one on twisted group C*-algebras—to provide a handy reference to some key
results on these two topics that we need in the body of the paper, and have found difficult
to locate explicitly in the literature.

2. Background

2.1. Group 2-cocycles and bicharacters

Here we briefly recall some key facts about second cohomology for discrete groups. For
more detail see [9, Chapter IV] and [6, 22] (or [3, Chapter 2] for the key points relevant
here collected in one place).

Let G be a discrete group and let A be a multiplicative abelian group. We write
Z2.G;A/ for the group of normalised A-valued 2-cocycles on G, B2.G;A/ for the sub-
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group of coboundaries, ı1 for the coboundary map, andH 2.G;A/ for the second cohomo-
logy group Z2.G;A/=B2.G;A/. Given � 2 Z2.G; A/, we write �� for the 2-cocycle
.g; h/ 7! �.h; g/�1. We call � antisymmetric if � D ��.

A bicharacter of G is a map !WG � G ! T such that !.�; g/ and !.g; �/ are homo-
morphisms from G! T for each g 2 G. Every bicharacter is a T -valued 2-cocycle. If G
is a discrete abelian group, then � 7! ��� is a homomorphism fromZ2.G;T / to the group
of antisymmetric bicharacters ofG, which descends to an isomorphism ofH 2.G;T / onto
the same group [33, Proposition 3.2].

In this paper, the centre Z� of a 2-cocycle � on G is the joint kernel of the associated
antisymmetric bicharacter: Z� WD ¹g 2 G W .���/.g; h/ D 1 for all h 2 Gº. If �.g; h/ D
1 D �.h; g/ for all g 2 Z� and h 2 G, then we say that � vanishes on its centre. An
adaptation of the argument of [33, Proposition 3.2] (see [3, Theorem 2.2.8] for details)
shows that every 2-cocycle on a finitely generated discrete abelian group is cohomologous
to a bicharacter that vanishes on its centre.

2.2. Hausdorff étale groupoids

We refer to a topological groupoid G with a locally compact Hausdorff topology under
which multiplication and inversion are continuous as a Hausdorff groupoid. We write G .0/

for the unit space of G , and G .2/ for the set of composable pairs in G . Given subsetsA;B �
G , we write AB WD ¹˛ˇ W .˛; ˇ/ 2 .A � B/ \ G .2/º and A�1 WD ¹˛�1 W ˛ 2 Aº, and for
 2G , we write A WD ¹ºA andA WDA¹º. We say that G is étale if the range and source
maps r; sWG ! G .0/ are local homeomorphisms. We call a subsetB of G a bisection ifB is
contained in an open subset U of G such that r jU and sjU are homeomorphisms onto open
subsets of G .0/. Every second-countable Hausdorff étale groupoid has a countable basis
of open bisections. For each x 2 G .0/, we define Gx WD s

�1.x/ and G x WD r�1.x/; and
G xx WD Gx \ G x . We say that G is minimal if r.Gx/ is dense in G .0/ for every x 2 G .0/. The
isotropy subgroupoid of G is the groupoid Iso.G / WD

S
x2G .0/ G

x
x D ¹ 2 G W r./D s./º.

The interior 	 of the isotropy of a Hausdorff étale groupoid G is itself a Hausdorff étale
groupoid with unit space 	.0/ D G .0/. We say that G is effective if 	 D G .0/, and we
say that G is topologically principal if ¹x 2 G .0/ W G xx D ¹xºº is dense in G .0/. By [7,
Lemma 3.1], every topologically principal Hausdorff étale groupoid is effective, and every
effective second-countable Hausdorff étale groupoid is topologically principal.

The following definition of a groupoid action comes from [18, Definition 1.60].

Definition 2.1. Suppose that G is a topological groupoid andX is a topological space. We
say that G acts continuously on (the left of)X , and thatX is a continuous (left) G -space, if
there is a continuous surjective map RWX ! G .0/ and a continuous map � W .; x/ 7!  � x

from G ? X WD ¹.; x/ 2 G �X W s./ D R.x/º to X , satisfying

(A1) if .˛; ˇ/ 2 G .2/ and .ˇ; x/ 2 G ? X , then .˛ˇ; x/; .˛; ˇ � x/ 2 G ? X , and we
have ˛ � .ˇ � x/ D .˛ˇ/ � x; and

(A2) for all x 2 X , we have .R.x/; x/ 2 G ? X , and R.x/ � x D x.
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We refer to the map � as a continuous (left) action of G on X . For each x 2 X , the orbit
of x under � is the set

Œx�� WD ¹ � x W .; x/ 2 G ? Xº:

2.3. Cohomology of groupoids

We now recall the relevant cohomology theory for groupoids from [36, Section I.1].

Definition 2.2. Let G be a topological groupoid, and let A be a topological abelian group
with identity eA.

(i) A continuous A-valued 1-cochain on G is a continuous map bW G ! A. We say
that b is normalised if b.r.// D b.s.// D eA for all  2 G .

(ii) A continuous A-valued 1-cocycle on G is a continuous 1-cochain cWG ! A sat-
isfying c.˛ˇ/ D c.˛/c.ˇ/ for all .˛; ˇ/ 2 G .2/.

(iii) A continuous A-valued 2-cocycle on G is a continuous map � W G .2/ ! A that
satisfies the 2-cocycle identity: �.˛; ˇ/�.˛ˇ; / D �.˛; ˇ/�.ˇ; / for all ˛; ˇ;
 2 G such that s.˛/ D r.ˇ/ and s.ˇ/ D r./, and is normalised, in the sense
that �.r./; /D �.; s.//D eA for all  2 G . We writeZ2.G ;A/ for the group
of continuous A-valued 2-cocycles on G .

(iv) The continuous 2-coboundary associated to a continuous normalised A-valued
1-cochain bWG ! A is the map ı1bWG .2/ ! A given by

ı1b.˛; ˇ/ WD b.˛/b.ˇ/b.˛ˇ/�1:

(v) We say that two continuous 2-cocycles �; � WG .2/! A are cohomologous if there
exists a continuous normalised 1-cochain such that ı1b.˛;ˇ/D �.˛;ˇ/�1�.˛;ˇ/
for all .˛; ˇ/ 2 G .2/.

We write T for the multiplicative group of complex numbers of modulus 1. Suppose
that G is a Hausdorff groupoid and take � 2 Z2.G ;T /. Let G �� T be the set G � T
endowed with the product topology, and equipped with the multiplication operation

.˛; w/.ˇ; z/ WD
�
˛ˇ; �.˛; ˇ/wz

�
; (2.1)

defined for all .˛; ˇ/ 2 G .2/ and w; z 2 T , and the inversion operation

.˛; w/�1 WD
�
˛�1; �.˛; ˛�1/w

�
; (2.2)

defined for all .˛; w/ 2 G � T . Then G �� T is a Hausdorff groupoid.

2.4. Twisted groupoid C*-algebras

We now recall Renault’s construction of the full twisted groupoid C*-algebra C �.G ; �/
associated to a Hausdorff étale groupoid G and a continuous T -valued 2-cocycle � on G .
Note that Renault gives this construction for groupoids that are not necessarily étale, but
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we specialise to the étale case since we will primarily be dealing with Deaconu–Renault
groupoids, which are étale. Renault also defines reduced twisted groupoid C*-algebras,
but we will only be working with amenable groupoids, and in this setting, the full and
reduced C*-algebras coincide. Let Cc.G ; �/ denote the complex vector space of continu-
ous compactly supported complex-valued functions on G , equipped with multiplication
given by the twisted convolution formula

.f � g/./ WD
X

.˛;ˇ/2G .2/;
˛ˇD

�.˛; ˇ/f .˛/g.ˇ/ D
X

�2G r./

�.�; ��1/f .�/g.��1/;

and involution given by
f �./ WD �.; �1/f .�1/:

Then Cc.G ; �/ is a �-algebra. We write fg for the twisted convolution product f � g
when the intended meaning is clear. The full twisted groupoid C*-algebra C �.G ; �/ is the
completion of Cc.G ; �/ with respect to the full C*-norm, which is given by

kf k WD sup
®
k�.f /k W � is a �-representation of Cc.G ; �/

¯
:

Given a locally compact Hausdorff space Y and a function f 2 Cc.Y /, we define the
open support of f to be the set osupp.f / WD f �1.Cn¹0º/, and the support of f to be the
set supp.f / WD osupp.f /.

2.5. Deaconu–Renault groupoids

We recall the definition of the Deaconu–Renault groupoid associated to an action of Nk

by local homeomorphisms. Details appear in [40, Proposition 3.1].
Fix k 2 Nn¹0º. Let T W n 7! T n be an action of Nk on a locally compact Hausdorff

space X by local homeomorphisms. We call the pair .X; T / a rank-k Deaconu–Renault
system. Define

GT WD
®
.x;m � n; y/ 2 X � Zk �X W m; n 2 Nk ; Tm.x/ D T n.y/

¯
;

and
G
.2/
T
WD
®
..x;m; y/; .w; n; z// 2 GT � GT W y D w

¯
:

If ..x;m; y/; .y; n; z// 2 G
.2/
T , then .x;mC n; z/; .y;�m;x/ 2 GT . We define multiplic-

ation from G
.2/
T to GT by .x; m; y/.y; n; z/ WD .x; m C n; z/, and inversion on GT by

.x;m; y/�1 WD .y;�m; x/. Then GT is a groupoid, called a Deaconu–Renault groupoid.
The unit space of GT is G

.0/
T D ¹.x; 0; x/ W x 2 Xº, and we identify it with X . The range

and source maps of GT are given by r.x; m; y/ WD x and s.x; m; y/ WD y. For open sets
U; V � X and for m; n 2 Nk , we define

Z.U;m; n; V / WD
®
.x;m � n; y/ W x 2 U; y 2 V; and Tm.x/ D T n.y/

¯
:
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The collection ¹Z.U;m;n;V / WU;V �X are open, and m;n 2Nkº is a basis for a locally
compact Hausdorff topology on GT . The sets Z.U; m; n; V / such that TmjU and T njV
are homeomorphisms onto their ranges and Tm.U / D T n.V / form a basis for the same
topology. Under this topology, GT is a locally compact Hausdorff étale groupoid. If X is
second-countable, then GT is also second-countable.

Remark 2.3. The action of Nk in the above definition of a Deaconu–Renault system can
be replaced with an action of a more general monoid P contained in a group G, and this
gives rise to a G-graded Deaconu–Renault groupoid. Such groupoids are studied in [15],
but we do not investigate them here.

Lemma 2.4. Let .X; T / be a rank-k Deaconu–Renault system. The map cW .x; n; y/ 7! n

is a continuous Zk-valued 1-cocycle on GT , and for each x 2 X , the restriction of c to
.GT /

x
x is injective.

Proof. Fix ˛ D .x; p; y/ and ˇ D .y; q; z/ 2 GT . Then c.˛ˇ/ D p C q D c.˛/C c.ˇ/,
and so c is a 1-cocycle. Since each cjZ.U;m;n;V / is constant, c is locally constant and hence
continuous.

Definition 2.5. Let .X; T / be a rank-k Deaconu–Renault system. The orbit under T of
x 2 X is

Œx�T WD
[

m;n2Nk

.Tm/�1.T n.x// D
®
y 2 X W Tm.y/ D T n.x/ for some m; n 2 Nk

¯
:

We say that .X; T / is minimal if Œx�T is dense in X for each x 2 X . We frequently just
write Œx� for Œx�T .

Remark 2.6. We have Œx�D r.s�1.x//� G
.0/
T , and so GT is minimal if and only if .X;T /

is minimal.

Remark 2.7. By [40, Lemma 3.5], every Deaconu–Renault groupoid is amenable, and so
we can discuss the twisted C*-algebra associated to a Deaconu–Renault groupoid and a
continuous 2-cocycle without any ambiguity as to whether we mean the full or reduced
C*-algebra.

Remark 2.8. The C*-algebras studied here are related to previous work. Suppose that ƒ
is a proper, source-free topological k-graph with infinite-path space ƒ1 (as defined in
[5, Section 3]). For each n 2 Nk , let T nWƒ1 ! ƒ1 be the shift map. Then .ƒ1; T / is
a rank-k Deaconu–Renault system, and the associated Deaconu–Renault groupoid Gƒ WD

GT is called the boundary-path groupoid of the topological k-graph. The twisted C*-
algebrasC �.Gƒ;�/ associated to continuous 2-cocycles �2Z2.Gƒ;T / on proper, source-
free topological k-graphs generalise the twisted C*-algebras of discrete k-graphs studied
in [26–29], and are studied in the first-named author’s Ph.D. thesis [3]. In [5], the first- and
second-named authors study an alternative notion of a twisted C*-algebra of a topological
k-graph associated to a continuous 2-cocycle on the topological k-graph itself, which is
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constructed using a product system of Hilbert bimodules. In the case whereƒ is a discrete
k-graph, it is known (see [2, Theorem 7.2.2]) that these two constructions give the same
C*-algebra, but in the more general topological setting, the relationship is unknown.

3. The interior of the isotropy of a Deaconu–Renault groupoid

In this section, we introduce the periodicity group PT of a minimal Deaconu–Renault
groupoid .X; T /, and we show that the interior 	T of the isotropy of GT can be identified
with X � PT .

Definition 3.1. Let .X; T / be a rank-k Deaconu–Renault system. For each nonempty
precompact open set U � X , we define

PT .U / WD
®
m � n W m; n 2 Nk ; and TmjU D T njU is injective

¯
:

We define
PT WD

[
¿¤U�X precompact open

PT .U /:

Remark 3.2. When k D 1, the set PT .U / is related to the group Stabess.x/ from [11,
page 29]. Specifically, Stabess.x/ contains PT .U / for any precompact open set U contain-
ing x; but also, since Stabess.x/ is a subgroup of Zk , and hence finitely generated, it is not
too hard to check that there is an open cover ofX by sets U such that PT .U /D Stabess.x/

for each x in U .

In addition to being needed for our own arguments, our next result, Proposition 3.5,
plugs a gap in the literature—it is mentioned without proof in [11, Page 30].

Proposition 3.3. Let .X; T / be a minimal rank-k Deaconu–Renault system. Then

PT D ¹p 2 Zk W .x; p; x/ 2 GT for all x 2 Xº;

and PT is a subgroup of Zk .

In order to prove Proposition 3.3, we need the following lemma.

Lemma 3.4. Let .X; T / be a minimal rank-k Deaconu–Renault system. Suppose that
m;n 2 Nk and y 2 X satisfy Tm.y/ ¤ T n.y/. Then there exists an open neighbourhood
W � X of y such that TmjW and T njW are injective and Tm.W / \ T n.W / D ¿.

Proof. Since X is Hausdorff, we can choose open neighbourhoods U � X of Tm.y/ and
V � X of T n.y/ such that U \ V D ¿. Define A WD .Tm/�1.U / \ .T n/�1.V /. Then
y 2 A. Since Tm and T n are local homeomorphisms, there is an open neighbourhood
W � A of y such that TmjW and T njW are injective, and we have Tm.W / \ T n.W / �
U \ V D ¿.
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Proof of Proposition 3.3. Fix p 2 PT . Then there exist m; n 2 Nk and a nonempty open
set U �X such that p Dm� n, and TmjU D T njU is injective. Fix z 2X . We claim that
.z; p; z/ 2 GT . Since Œz� is dense in X , we have U \ Œz� ¤ ¿, and so there exist y 2 U
and a; b 2 Nk such that T a.y/ D T b.z/. Thus,

T bCm.z/ D Tm.T b.z// D Tm.T a.y// D T a.Tm.y//;

and
T bCn.z/ D T n.T b.z// D T n.T a.y// D T a.T n.y//:

Since y 2 U , we have Tm.y/ D T n.y/, and hence T bCm.z/ D T bCn.z/. Therefore,
.z; p; z/ D .z; .b Cm/ � .b C n/; z/ 2 GT , and so

PT � ¹p 2 Zk W .x; p; x/ 2 GT for all x 2 Xº:

We now show that Zk n PT � ¹p 2 Zk W .x; p; x/ … GT for some x 2 Xº. To see this,
fix p 2 Zk nPT . Let .mi ; ni /1iD1 be an enumeration of ¹.m;n/ 2Nk �Nk Wm� nD pº.
We must find x 2 X such that Tmi .x/ ¤ T ni .x/ for all i � 1. We claim that there exist
nonempty precompact open subsets V0; V1; V2; : : : of X satisfying

(1) Vi � Vi�1 for all i � 1,

(2) Tmi jVi�1 and T ni jVi�1 are injective for all i � 1, and

(3) Tmi .Vi / \ T ni .Vi / D ¿ for all i � 1.

To start, let V0 be a nonempty precompact open subset of X such that Tm1 jV0 and T n1 jV0
are injective. Now fix i � 1 and suppose that V0; : : : ;Vi�1 satisfy (1)–(3). Sincemi � ni D
p … PT , we have Tmi jVi�1 ¤ T

ni jVi�1 , and so there exists y 2 Vi�1 such that Tmi .y/ ¤
T ni .y/. Thus, by Lemma 3.4, there exists an open neighbourhoodW �Vi�1 of y such that
Tmi .W /\ T ni .W /D¿. SinceX is locally compact and Hausdorff and TmiC1 and T niC1

are local homeomorphisms, there is an open neighbourhood Vi of y such that Vi �W and
TmiC1 jVi and T niC1 jVi are injective. So induction gives the desired sets Vi . Each Vi is
contained in the compact set V0, and so the descending intersection

T1
iD1 Vi is nonempty.

Any x 2
T1
iD1 Vi satisfies Tmi .x/ ¤ T ni .x/ for all i � 1.

We conclude by showing that PT is a subgroup of Zk . For all x 2 X , we have
.x; 0; x/ 2 G

.0/
T � GT , and so 0 2 PT . Suppose that p; q 2 PT . For all x 2 X , we have

.x; p; x/; .x; q; x/ 2 GT , and hence .x; p � q; x/ D .x; p; x/.x; q; x/�1 2 GT . Thus
p � q 2 PT , and so PT is a subgroup of Zk .

Given a rank-k Deaconu–Renault system .X; T /, we write 	T for the topological
interior of Iso.GT /. Since GT is a locally compact Hausdorff étale groupoid, so is 	T .
From this point forward, we will assume that X is second-countable (and hence so are GT
and 	T ). We know from [40, Lemma 3.5] that GT is amenable, and hence [1, Proposi-
tion 5.1.1] implies that 	T is amenable.
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Proposition 3.5. Let .X; T / be a minimal rank-k Deaconu–Renault system such that X
is second-countable. Let PT be as in Definition 3.1. Then

	T D ¹.x; p; x/ W x 2 X; p 2 PT º Š X � PT :

Proof. For �, fix  2 	T . Let cWGT ! Zk be the continuous 1-cocycle defined in Lem-
ma 2.4. Let p WD c./ so that  D .x; p; x/ for some x 2 X . We claim that p 2 PT . By
Remark 2.6, GT is minimal, and hence [29, Proposition 2.1] implies that for all y 2 X ,

c
�
	T \ .GT /

y
y

�
D c

�
	T \ .GT /

x
x

�
;

and thus
p D c.x; p; x/ 2 c

�
	T \ .GT /

x
x

�
D c

�
	T \ .GT /

y
y

�
:

So Proposition 3.3 gives p 2 PT .
For �, fix x 2 X and p 2 PT . By the definition of PT , there exist m; n 2 Nk and

a nonempty precompact open set U � X such that p D m � n and TmjU D T njU is
injective. This injectivity forces Z.U;m; n; U / D ¹.y; p; y/ W y 2 U º � 	T . Fix y 2 U .
Then .y; p; y/ 2 	T , and so [29, Proposition 2.1] implies that

p D c.y; p; y/ 2 c
�
	T \ .GT /

y
y

�
D c

�
	T \ .GT /

x
x

�
;

and hence .x; p; x/ 2 	T .

Remark 3.6. Proposition 3.5 is related to the sets †X and H.T / of [40] as follows. Let
.X;T / be a minimal rank-k Deaconu–Renault system such thatX is second-countable. In
the notation of [40, Section 3], suppose that † D †X . Then T is an irreducible action of
Nk on X , and [40, Proposition 3.10] implies that

	T D ¹.x; p; x/ W x 2 X; p 2 H.T /º Š X �H.T /:

Thus Proposition 3.5 implies that PT D H.T /.

We now present two corollaries of Proposition 3.5.

Corollary 3.7. Let .X; T / be a minimal rank-k Deaconu–Renault system such that X is
second-countable. Then GT is effective if and only if PT D ¹0º.

Proof. By Proposition 3.5, 	T D ¹.x; p; x/ W x 2 X; p 2 PT º. Hence

GT is effective ” 	T D G
.0/
T ” PT D ¹0º:

Corollary 3.8. Let .X; T / be a minimal rank-k Deaconu–Renault system such that X is
second-countable. Let cWGT ! Zk be as in Lemma 2.4. Then for each p 2 PT , we have
.cj	T /

�1.p/ D ¹.x; p; x/ W x 2 Xº, and ¹cj�1
	T
.p/ W p 2 PT º is a collection of mutually

disjoint clopen bisections whose union is 	T .
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Proof. Fix p 2PT . Since c is continuous and Zk is discrete, cj�1
	T
.p/ is clopen. Fix x 2X .

If ˛; ˇ 2 cj�1
	T
.p/ and r.˛/ D x D r.ˇ/, then s.˛/ D x D s.ˇ/ because ˛; ˇ 2 Iso.GT /,

and hence ˛ D .x; p; x/ D ˇ. So r jcj�1
	T
.p/ is injective, and a similar argument shows

that sjcj�1
	T
.p/ is also injective. Consequently cj�1

	T
.p/ is a bisection. By Proposition 3.5,

we have c.	T / D PT , and the result follows.

We now prove that when GT is minimal, we can form the quotient groupoid GT =	T .
As the anonymous referee correctly points out, a more general result is possible—the
salient point is that 	T is a closed normal subgroupoid of the isotropy—but our application
is to simplicity of twisted C*-algebras associated to GT , for which minimality of GT is a
necessary condition (see Theorem 6.1(a)).

Proposition 3.9. Let .X;T / be a minimal rank-k Deaconu–Renault system such thatX is
second-countable. Then 	T is a closed subgroupoid of GT and acts freely and properly on
GT by right-multiplication. The set HT WD GT =	T is a locally compact Hausdorff étale
groupoid, with multiplication given by Œ˛�Œˇ� WD Œ˛ˇ� for .˛; ˇ/ 2 G

.2/
T , inversion given

by Œ��1 WD Œ�1� for  2 GT , and range and source maps given by r.Œ�/ D Œr./� and
s.Œ�/ D Œs./�.

Proof. Together, Remark 2.6 and Lemma 2.4 allow us to apply [29, Proposition 2.1] to
see that 	T is a closed subgroupoid of GT . Therefore, [40, Proposition 2.5(d)] implies that
HT is a locally compact Hausdorff étale groupoid under the given operations.

We conclude this section with two technical lemmas that we use in the proof of our
characterisation of simplicity of C �.GT ; �/ in Section 6.

Lemma 3.10. Let .X; T / be a minimal rank-k Deaconu–Renault system such that X is
second-countable. Let cW GT ! Zk be as in Lemma 2.4. Fix m; n 2 Zk , and let U and
V be precompact open bisections of GT such that U � c�1.m/ and V � c�1.n/. Then
	TU \ V � 	TU and 	T V \ U � 	T V .

Proof. Define K WD r.U / � ¹n �mº � r.U / and W WD K \ 	T . Since r is continuous,
K is compact, and hence closed. Since 	T is closed by Proposition 3.9, W is closed, and
hence is a compact subset of K and of 	T . We claim that 	TU \ V � WU . For this,
suppose that  2 	TU \ V . Then there exist � 2 	T and � 2 U � c�1.m/ such that
 D �� 2 V � c�1.n/. Hence � D ��1 � c�1.n � m/. We also have r.�/ D s.�/ D

r.�/ 2 r.U /, and so � 2 K \ 	T D W . Hence  D �� 2 WU , and so 	TU \ V � WU .
SinceW and U are compact,WU is compact, and hence closed. Thus 	TU \ V � 	TU .
A symmetric argument shows that 	T V \ U � 	T V .

Lemma 3.11. Let .X; T / be a minimal rank-k Deaconu–Renault system such that X is
second-countable. Let cW GT ! Zk be as in Lemma 2.4. Fix m; n 2 Zk , and let U and
V be precompact open bisections of GT such that U � c�1.m/ and V � c�1.n/. Then
s.	TU \ V /D s.	T V \U/. Moreover, if .V �1	TU/\	T ¤¿, then n�m 2 PT , and
for each  2 .V �1	TU/ \ 	T , we have s./ 2 s.	TU \ V /.
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Proof. We first show that s.	TU \ V /D s.	T V \U/. By symmetry, it suffices to show
that s.	TU \ V /� s.	T V \U/. Suppose that x 2 s.	TU \ V /. Then there exist � 2	T
and �2U such that ��2V and xD s.��/D s.�/. Since ��1 2	T , we have �D ��1.��/2
	T V \ U , and hence x D s.�/ 2 s.	T V \ U/. Thus s.	TU \ V / � s.	T V \ U/, as
required.

For the second statement, suppose that  2 .V �1	TU/\	T . Then there exist ˛ 2 U ,
ˇ 2 V , and � 2 	T such that  D ˇ�1�˛, and hence c./D �nC c.�/Cm. Since ; � 2
	T , we have c./; c.�/ 2 PT by Proposition 3.5, and hence n �m D c.�/ � c./ 2 PT ,
because PT is a group by Proposition 3.3. Since  2 	T , we have s.ˇ/ D r./ D s./ D
r.˛�1/, and hence .ˇ; ˛�1/ 2 G

.2/
T . Since � 2 	T , we have r.ˇ˛�1/ D s.ˇ�1/ D r.�/ D

s.�/ D r.˛/ D s.ˇ˛�1/. We also have c.ˇ˛�1/ D n�m 2 PT , and thus Proposition 3.5
implies that ˇ˛�1 2 	T . Hence ˇ D .ˇ˛�1/˛ 2 	TU \ V , and so s./D r./D s.ˇ/ 2
s.	TU \ V /.

4. Cohomology of Deaconu–Renault groupoids

In this section, we show that every continuous T -valued 2-cocycle on a minimal Deaconu–
Renault groupoid GT is cohomologous to a continuous T -valued 2-cocycle � on GT that
is constant on 	T (in the sense of Definition 4.1). We also introduce the spectral action �
of HT WD GT =	T , analogous to [29, Lemma 3.6].

Definition 4.1. Let .X; T / be a minimal rank-k Deaconu–Renault system such that X is
second-countable. Suppose that � 2 Z2.GT ;T /. We say that � is constant on 	T if

�
�
.x;m; x/; .x; n; x/

�
D �

�
.y;m; y/; .y; n; y/

�
for all x; y 2 X and m; n 2 PT :

If ! 2 Z2.PT ;T / is the 2-cocycle satisfying �..x;m;x/; .x; n; x//D !.m;n/ for all x 2
X andm;n 2 PT , then we say that � is !-constant on 	T , and we write �

ˇ̌
	
.2/
T

D 1X � !.

The following proposition and the lemmas used in its proof are extensions of cohomo-
logical results from [29, Section 3] about boundary-path groupoids of cofinal, row-finite,
source-free k-graphs to the more general setting of Deaconu–Renault groupoids. Propos-
ition 4.2 is a generalisation of [29, Proposition 3.1], but we have adapted it slightly to
prove that the bicharacter ! 2 Z2.PT ;T / can be chosen in such a way that it vanishes on
its centre, and hence descends to a bicharacter z! 2 Z2.PT =Z! ;T /.

Proposition 4.2. Let .X;T / be a minimal rank-k Deaconu–Renault system such thatX is
second-countable. Suppose that � 2Z2.GT ;T /. For each x 2X , define �x WPT �PT !T
by

�x.m; n/ WD �
�
.x;m; x/; .x; n; x/

�
:

Then �x 2Z2.PT ;T /. There exists a bicharacter ! 2Z2.PT ;T / such that ! vanishes on
Z! in each coordinate, and! is cohomologous to �x for every x 2X . For any such bichar-
acter !, there exists � 2 Z2.GT ;T / such that � is cohomologous to � and is !-constant
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on 	T (in the sense of Definition 4.1), and there exists a bicharacter z! 2 Z2.PT =Z! ;T /
such that

z!.p CZ! ; q CZ!/ D !.p; q/ for all p; q 2 PT :

In order to prove Proposition 4.2, we need the following two results. The first of these
results is an extension of [29, Lemma 3.2] to the setting of Deaconu–Renault groupoids.

Lemma 4.3. Let .X; T / be a minimal rank-k Deaconu–Renault system such that X is
second-countable. Fix � 2 Z2.GT ;T /. For each x 2 X , define �x WPT � PT ! T by

�x.m; n/ WD �
�
.x;m; x/; .x; n; x/

�
:

Then �x 2 Z2.PT ;T /. For  2 GT and y WD s./ 2 X , define �� WPT ! T by

�� .p/ WD �
�
; .y; p; y/

�
�
�
.y; p; y/; �1

�
�.; �1/: (4.1)

(a) For all m; n 2 PT , the map x 7! �x.m; n/ from X to T is continuous.

(b) For each p 2 PT , the map  7! �� .p/ from GT to T is continuous.

(c) Fix  D .x; m; y/ 2 GT , p 2 PT , and w; z 2 T . Under the multiplication and
inversion operations on GT �� T (as defined in equations (2.1) and (2.2)), we
have

.; w/
�
.y; p; y/; z

�
.; w/�1 D

�
.x; p; x/; �� .p/z

�
: (4.2)

(d) For all  2 GT and p; q 2 PT , we have

�� .p C q/ D �r./.p; q/�s./.p; q/�
�
 .p/�

�
 .q/: (4.3)

(e) If ! is a bicharacter of PT such that � is !-constant on 	T , then �x D �y for all
x; y 2 X , and  7! �� is a continuous yPT -valued 1-cocycle on GT .

Proof. Routine calculations show that since � is normalised and satisfies the 2-cocycle
identity, we have �x 2 Z2.PT ;T / for each x 2 X .

For part (a), note that for each m; n 2 PT , the map x 7! �x.m; n/ is the composition
of the continuous maps x 7! ..x;m; x/; .x; n; x// and � .

For part (b), fix p 2 PT . For  2 GT ,

�� .p/ D �
�
; .s./; p; s.//

�
�
�
.s./; p; s.//; �1

�
�
�
; �1

�
:

Thus the map  7! �� .p/ from GT to T is continuous because it is a product of continuous
functions.

For part (c), fix  D .x;m; y/ 2 GT , p 2 PT , and w; z 2 T . We have

.y; p; y/�1 D .x;m; y/.y; p; y/.y;�m; x/ D .x; p; x/;

and hence

.; w/
�
.y; p; y/; z

�
.; w/�1

D
�
.y; p; y/; �.; .y; p; y//wz

��
�1; �.; �1/w

�
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D
�
.y; p; y/�1; �.y; p; y/; �1/�.; .y; p; y//�.; �1/z

�
D
�
.x; p; x/; �� .p/z

�
:

For part (d), fix  D .x;m; y/ 2 GT and p; q 2 PT . For all z 2 T , we have�
.y; p; y/; 1

��
.y; q; y/; z

�
D
�
.y; p; y/.y; q; y/; �

�
.y; p; y/; .y; q; y/

�
z
�

D
�
.y; p C q; y/; �y.p; q/z

�
;

and so, taking z D �y.p; q/, we see that�
.y; p; y/; 1

��
.y; q; y/; �y.p; q/

�
D
�
.y; p C q; y/; 1

�
: (4.4)

Together, equations (4.2) and (4.4) imply that�
.x; p C q; x/; �� .p C q/

�
D .; 1/

�
.y; p C q; y/; 1

�
.; 1/�1

D .; 1/
�
.y; p; y/; 1

��
.y; q; y/; �y.p; q/

�
.; 1/�1

D .; 1/
�
.y; p; y/; 1

�
.; 1/�1.; 1/

�
.y; q; y/; �y.p; q/

�
.; 1/�1

D
�
.x; p; x/; �� .p/

��
.x; q; x/; �� .q/�y.p; q/

�
D
�
.x; p C q; x/; �x.p; q/�y.p; q/�

�
 .p/�

�
 .q/

�
;

and hence
�� .p C q/ D �r./.p; q/�s./.p; q/�

�
 .p/�

�
 .q/:

For part (e), since � is !-constant on 	T , for all x; y 2 X and p; q 2 PT , we have

�x.p; q/ D �
�
.x; p; x/; .x; q; x/

�
D !.p; q/ D �

�
.y; p; y/; .y; q; y/

�
D �y.p; q/:

So �x D �y , and for each  2 GT , equation (4.3) reduces to

�� .p C q/ D �
�
 .p/�

�
 .q/:

Thus �� WPT ! T is a homomorphism, and so �� 2 yPT for each  2 GT .
We now show that the map  7! �� is multiplicative. Fix ˛D .x;m;u/;ˇD .u;n;y/2

GT , and p 2 PT . Using equation (4.2), we compute�
.x; p; x/; ��˛ .p/�

�
ˇ .p/

�
D .˛; 1/

�
.u; p; u/; ��ˇ .p/

�
.˛; 1/�1

D .˛; 1/.ˇ; 1/
�
.y; p; y/; 1

�
.ˇ; 1/�1.˛; 1/�1

D
�
˛ˇ; �.˛; ˇ/

��
.y; p; y/; 1

��
˛ˇ; �.˛; ˇ/

��1
D
�
.x; p; x/; ��˛ˇ .p/

�
:

Hence ��˛ �
�
ˇ
D ��

˛ˇ
, and so  7! �� is a yPT -valued 1-cocycle on GT .
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We conclude by showing that the map  7! �� is continuous. Fix a finite subset F �
PT and an open subset U � T . The set

S yPT
.F; U / D ¹� 2 yPT W �.F / � U º

is a typical subbasis element for the compact-open topology on yPT , and so it suffices to
show that ¹ 2 GT W �

�
 2 S yPT

.F; U /º is an open subset of GT . We have®
 2 GT W �

�
 .F / � U

¯
D

\
p2F

®
 2 GT W �

�
 .p/ 2 U

¯
;

which is open by part (b).

The following lemma is an extension of [29, Lemma 3.3] to the setting of Deaconu–
Renault groupoids.

Lemma 4.4. Let .X; T / be a minimal rank-k Deaconu–Renault system such that X is
second-countable. Fix � 2 Z2.GT ;T /. As in Lemma 4.3, for each x 2 X , define �x 2
Z2.PT ;T / by

�x.m; n/ WD �
�
.x;m; x/; .x; n; x/

�
:

Then the cohomology class of �x does not depend on x.

Proof. By [33, Proposition 3.2], it suffices to show that �x��x D �y�
�
y for all x; y 2 X .

By Proposition 3.3, PT is a subgroup of the finitely generated free abelian group Zk , and
so PT Š Zl for some l � k. Fix free abelian generators g1; : : : ; gl of PT . Since each
�x�

�
x is a bicharacter (by [33, Proposition 3.2]), it suffices to show that .�x��x /.gi ; gj / D

.�y�
�
y /.gi ; gj / for all i; j 2 ¹1; : : : ; lº and x; y 2 X . To see this, we first show that

�r./�
�
r./

.gi ; gj / D �s./�
�
s./

.gi ; gj /, for all  2 GT and i; j 2 ¹1; : : : ; lº.
Let PT �� T WD PT � T be the semidirect product group, which is equal to PT � T

as a set, but has group operation

.p;w/.q; z/ D
�
p C q; �.p; q/wz

�
:

Define i� WT ! PT �� T by i� .z/ D .0; z/ and q� WPT �� T ! PT by q� .p; z/ D p.
Consider the bijection M WH 2.PT ;T /! Ext.PT ;T / that maps the cohomology class of
a 2-cocycle � 2 Z2.PT ;T / to the congruence class of the central extension

1! T
i�
�! PT �� T

q�
�! PT ! 0

(see [9, Theorem IV.3.12]). Fix  2 GT . We aim to prove that �s./ and �r./ are cohomo-
logous by showing that their cohomology classes have the same image under M . So we
must find a homomorphism

' WPT ��s./ T ! PT ��r./ T
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that makes the diagram

PT ��s./ T

T PT

PT ��r./ T

'

q�s./i�s./

i�r./ q�r./

(4.5)

commute. Let �� W PT ! T be the map of Lemma 4.3, and define ' W PT ��s./ T !
PT ��r./ T by ' .m; z/ WD .m; �� .m/z/. Fix .m; z/; .n; w/ 2 PT ��s./ T . Recalling
from Lemma 4.3(d) that

�� .mC n/ D �r./.m; n/�s./.m; n/�
�
 .m/�

�
 .n/;

we obtain

'
�
.m; z/.n;w/

�
D '

�
mC n; �s./.m; n/zw

�
D
�
mC n; �� .mC n/�s./.m; n/zw

�
D
�
mC n; �r./.m; n/�

�
 .m/�

�
 .n/zw

�
D
�
m; �� .m/z

��
n; �� .n/w

�
D ' .m; z/' .n; w/;

and thus ' is a homomorphism. Since � is normalised, the formula (4.1) from Lemma 4.3
gives �� .0/ D 1, and it follows that the diagram (4.5) commutes. Therefore, �r./ is
cohomologous to �s./, and so [33, Proposition 3.2] implies that�

�r./�
�
r./

�
.gi ; gj / D

�
�s./�

�
s./

�
.gi ; gj / for all i; j 2 ¹1; : : : ; lº; (4.6)

as claimed.
Now fix x;y 2X . Since .X;T / is minimal, there is a sequence .n/n2N in GT such that

s.n/D x for all n 2N, and r.n/! y as n!1. Fix i; j 2 ¹1; : : : ; lº. By Lemma 4.3(a),
the map u 7! �u.gi ; gj / is continuous, and hence the map u 7! .�u�

�
u /.gi ; gj / is continu-

ous. So .�y��y /.gi ; gj / D limn!1.�r.n/�
�
r.n/

/.gi ; gj /. Equation (4.6) gives�
�r.n/�

�
r.n/

�
.gi ; gj / D

�
�x�

�
x

�
.gi ; gj /

for each n 2 N, and so .�y��y /.gi ; gj / D .�x�
�
x /.gi ; gj /.

Proof of Proposition 4.2. Lemma 4.4 shows that �x is a T -valued 2-cocycle on PT whose
cohomology class is independent of x. So there exists a 2-cocycle ! 2 Z2.PT ;T / whose
cohomology class agrees with that of each �x . As discussed in Section 2.1 (see [3, The-
orem 2.2.8]), we may assume that ! is a bicharacter that vanishes on Z! in each coordin-
ate, and that there is a bicharacter z! 2 Z2.PT =Z! ;T / such that

z!.p CZ! ; q CZ!/ D !.p; q/ for all p; q 2 PT :
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We now construct � 2 Z2.GT ; T / such that � is cohomologous to �, and � is !-
constant on 	T . For each x 2 X , the 2-cocycles �x and ! are cohomologous, and so the
map zcx WPT � PT ! T defined by

zcx.p; q/ WD !.p; q/�x.p; q/

is a 2-coboundary on PT . Since PT is a subgroup of Zk (by Proposition 3.3), there is an
integer l 2 ¹1; : : : ; kº such that PT Š Zl . Fix free abelian generators g1; : : : ; gl for PT .
For m 2 PT , let m1; : : : ; ml be the unique integers such that m D

Pl
iD1migi . For each

i 2 ¹1; : : : ; lº, we write hgj W j � ii for the group generated by the set ¹gj W 1 � j � iº.
We claim that there are maps bx WPT ! T , indexed by x 2 X , such that x 7! bx.m/ is
continuous for each m 2 PT , and for each i 2 ¹1; : : : ; lº, we have

bx.m/bx.mC gi / D zcx.gi ; m/; whenever m 2 hgj W j � ii: (4.7)

To see this, for each x 2 X define bx.0/ WD 1 2 T . The map x 7! bx.0/ is trivially con-
tinuous. Fix i 2 ¹1; : : : ; lº. Suppose inductively that the maps bx have been defined on
hgj W j < ii, and that x 7! bx.m/ is continuous for each m 2 hgj W j < ii. To extend
bx to hgj W j � ii, first observe that bx.m/ is already defined when m D

Pi
jD1 mjgj

and mi D 0. Now suppose inductively that bx.m/ is defined and x 7! bx.m/ is continu-
ous whenever jmi j � a for some a 2 N, and that bx satisfies equation (4.7) whenever
jmi j; jmi C 1j � a. Fix m 2 hgj W j � ii such that jmi j D aC 1. Define

bx.m/ WD

´
bx.m � gi /zcx.gi ; m � gi / if mi > 0;

bx.mC gi /zcx.gi ; m/ if mi < 0:

Since Lemma 4.3(a) implies that the maps x 7! zcx.p; q/ are continuous for all p;q 2 PT ,
the inductive hypothesis guarantees that x 7! bx.m/ is continuous. Moreover, rearranging
each of the cases in the definition of bx.m/ shows that equation (4.7) is satisfied. So the
claim follows by induction.

Recall the coboundary map ı1 of Definition 2.2(iv). We claim that ı1bx D zcx . To
see this, first choose a normalised 1-cochain zbx WPT ! T such that ı1zbx D zcx . (This is
possible because zcx is a 2-coboundary on PT .) Define ax WPT ! T by

ax.m/ WD

lY
iD1

zbx.gi /mi :

A straightforward calculation shows that ax is a 1-cocycle, and so ı1ax is trivial. Hence
ı1.ax zbx/D ı

1zbx D zcx . PuttingmD 0 in equation (4.7), we see that for each i 2 ¹1; : : : ; lº,
bx.gi / D 1. Hence

.ax zbx/.0/ D

 
lY
iD1

zbx.gi /0

!
zbx.0/ D 1 D bx.0/;
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and for each i 2 ¹1; : : : ; lº,

.ax zbx/.gi / D

 
lY

jD1;
j¤i

zbx.gj /0

!�
zbx.gi /1

�
zbx.gi / D 1 D bx.gi /:

Thus, for all i 2 ¹1; : : : ; lº and m 2 hgj W j � ii, we have

.ax zbx/.m/.ax zbx/.mC gi / D .ax zbx/.gi /.ax zbx/.m/.ax zbx/.gi Cm/

D ı1.ax zbx/.gi ; m/

D zcx.gi ; m/

D bx.m/bx.mC gi /:

So bx and ax zbx both map 0 and each generator gi to 1, and they also both satisfy equa-
tion (4.7). Hence ax zbx D bx , and thus ı1bx D ı1.ax zbx/ D zcx , as claimed.

Since the maps .x; p; x/ 7! x and x 7! bx.p/ are both continuous for each fixed
p 2 PT , the map zbW 	T ! T given by zb.x; p; x/ WD bx.p/ is a continuous 1-cochain
on 	T . We extend zb to a map bWGT ! T by setting b./ WD 1 for all  2 GT n	T . Since
	T is a clopen subset of GT (by Proposition 3.9), this map b is a continuous 1-cochain
on GT . We have b.x;0;x/D bx.0/D 1 for all x 2X , and so b is normalised. Thus the map
ı1bW G

.2/
T ! T given by ı1b.˛; ˇ/ WD b.˛/b.ˇ/b.˛ˇ/�1 is a continuous 2-coboundary

on GT . Define � 2 Z2.GT ;T / by �.˛; ˇ/ WD �.˛; ˇ/ı1b.˛; ˇ/. Since � and � differ by
the 2-coboundary ı1b, they are cohomologous, and so [36, Proposition II.1.2] implies that
C �.GT ; �/ Š C

�.GT ; �/. Finally, fix x 2 X and p; q 2 PT . Since ı1bx D zcx D �x!, we
have

�
�
.x; p; x/; .x; q; x/

�
D �x.p; q/ı1bx.p; q/ D !.p; q/;

and so � is !-constant on 	T .

The following result is an extension of [29, Lemma 3.6] to the setting of Deaconu–
Renault groupoids.

Proposition 4.5. Let .X; T / be a minimal rank-k Deaconu–Renault system such that X
is second-countable. Suppose that � 2 Z2.GT ;T /, and that ! 2 Z2.PT ;T / is a bichar-
acter that vanishes on Z! in each coordinate such that � is !-constant on 	T , as in
Proposition 4.2. Let  7! �� be the continuous yPT -valued 1-cocycle on GT defined in
Lemma 4.3(e). For all  2 	T and p 2 Z! , we have �� .p/ D 1. Let HT D GT =	T
be the quotient groupoid of Proposition 3.9. There is a continuous yZ!-valued 1-cocycle
Œ� 7! Q��

Œ�
on HT such that Q��

Œ�
.p/ D �� .p/ for all  2 GT and p 2 Z! . There is a

continuous action � of HT on X � yZ! such that

�Œ�.s./; �/ D .r./; Q�
�
Œ��/ for all  2 GT and � 2 yZ! :

We call the action � of Proposition 4.5 the spectral action associated to .T; �/. We
denote the orbit of .x; �/ 2 X � yZ! under � by Œx; ��� .
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Proof of Proposition 4.5. Fix  2 	T . Proposition 3.5 implies that there exist y 2 X and
m 2 PT such that  D .y; m; y/. We claim that �� .Z!/ D ¹1º. Fix p 2 Z! . Using for-
mula (4.1) from Lemma 4.3, and that ! is a bicharacter satisfying �

ˇ̌
	
.2/
T

D 1X � !, and
that !!� is an antisymmetric bicharacter, we see that

�� .p/ D �
�
; .y; p; y/

�
�
�
.y; p; y/; �1

�
�
�
; �1

�
D �

�
.y;m; y/; .y; p; y/

�
�
�
.y;mC p; y/; .y;�m; y/

�
�
�
.y;m; y/; .y;�m; y/

�
D !.m; p/!.mC p;�m/!.m;�m/

D !.m; p/!.p;m/

D .!!�/.p;m/;

which is 1 because p 2 Z! . Thus �� .Z!/ D ¹1º, as claimed.
For any  2 GT , we have �� 2 yPT by Lemma 4.3(e), and so �� jZ! 2 yZ! . Suppose

that ˛; ˇ 2 GT satisfy Œ˛� D Œˇ�. Then � D ˇ�1˛ 2 	T satisfies ˛ D ˇ�. For p 2 Z! , we
have ��� .p/ D 1, and thus, since  7! �� is a 1-cocycle,

��˛ .p/ D �
�
ˇ�.p/ D �

�
ˇ .p/�

�
� .p/ D �

�
ˇ .p/:

Therefore, there is a map Œ� 7! Q��
Œ�

from HT to yZ! such that Q��
Œ�
.p/ D �� .p/ for all

 2 GT and p 2 Z! . For ˛; ˇ 2 GT and p 2 Z! ,

Q��Œ˛�Œˇ�.p/ D Q�
�
Œ˛ˇ�.p/ D �

�
˛ˇ .p/ D �

�
˛ .p/�

�
ˇ .p/ D Q�

�
Œ˛�.p/ Q�

�
Œˇ�.p/;

and so Q��
Œ˛�Œˇ�

D Q��
Œ˛�
Q��
Œˇ�

. Thus Œ� 7! Q��
Œ�

is a yZ!-valued 1-cocycle on HT .
We claim that Œ� 7! Q��

Œ�
is continuous on HT . Fix a finite subset F �Z! and an open

subset U � T , so that S yZ! .F; U / WD ¹� 2
yZ! W �.F / � U º is a typical subbasis element

for the topology on yZ! . It suffices to show that ¹Œ� 2 HT W Q�
�
Œ�
2 S yZ! .F;U /º is open in

HT . Since F is finite,

S yPT
.F; U / WD ¹� 2 yPT W �.F / � U º

is open in yPT . By Lemma 4.3(e), the map  7! �� is continuous on GT , and hence ¹ 2
GT W �

�
 2 S yPT

.F; U /º is open in GT . Let �T W GT ! HT denote the quotient map  7!
Œ�. Then ��1T .¹Œ� W Q��

Œ�
2 S yZ! .F; U /º/ D ¹ 2 GT W �

�
 .F / � U º is open. Thus, by the

definition of the quotient topology, ¹Œ� W Q��
Œ�
2 S yZ! .F; U /º is open in HT .

It remains to show that � is a continuous action of HT on X � yZ! . For ˛; ˇ 2 GT
such that Œ˛�D Œˇ�, we have ˛ˇ�1 2 	T , and hence r.˛/D r.ˇ/ and s.˛/D s.ˇ/. Define
RWX � yZ! ! H

.0/
T by R.x; �/ WD Œx�. Then R is continuous and surjective. Recall from

Definition 2.1 that the fibred product HT ? .X � yZ!/ is defined by

HT ? .X � yZ!/ D
®�
Œ�; .x; �/

�
W x 2 X; � 2 yZ! ;  2 .GT /x

¯
:

Since Œ� 7! Q��
Œ�

is a continuous map from HT to yZ! and r WHT ! X is continuous, the
map .Œ�; .s./; �// 7! �Œ�.s./; �/ D .r./; Q�

�
Œ�
�/ from HT ? .X � yZ!/ to X � yZ! is
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continuous. To see that � is an action, we must show that conditions (A1) and (A2) of
Definition 2.1 are satisfied.

For (A1), fix .x; �/ 2 X � yZ! and .Œ˛�; Œˇ�/ 2 H
.2/
T such that .Œˇ�; .x; �// 2 HT ?

.X � yZ!/. Then s.Œ˛�/D r.Œˇ�/, and s.Œˇ�/DR.x;�/D Œx�. Hence s.Œ˛�Œˇ�/D s.Œˇ�/D
R.x; �/, and so .Œ˛�Œˇ�; .x; �// 2 HT ? .X � yZ!/. Since s.ˇ/ D x,

�Œˇ�.x; �/ D �Œˇ�
�
s.ˇ/; �

�
D
�
r.ˇ/; Q��Œˇ��

�
:

Thus
R
�
�Œˇ�.x; �/

�
D R

�
r.ˇ/; Q��Œˇ��

�
D Œr.ˇ/� D r.Œˇ�/ D s.Œ˛�/;

and so .Œ˛�; �Œˇ�.x; �// 2 HT ? .X � yZ!/. Finally, since Œ� 7! Q��
Œ�

is a yZ!-valued 1-
cocycle on HT , we have Q��

Œ˛�
Q��
Œˇ�
D Q��

Œ˛�Œˇ�
D Q��

Œ˛ˇ�
, and hence

�Œ˛�
�
�Œˇ�.x; �/

�
D �Œ˛�

�
�Œˇ�.s.ˇ/; �/

�
D �Œ˛�

�
r.ˇ/; Q��Œˇ��

�
D �Œ˛�

�
s.˛/; Q��Œˇ��

�
D
�
r.˛/; Q��Œ˛�. Q�

�
Œˇ��/

�
D
�
r.˛ˇ/; Q��Œ˛ˇ��

�
D �Œ˛ˇ�

�
s.˛ˇ/; �

�
D �Œ˛�Œˇ�.x; �/:

Thus, (A1) is satisfied.
For (A2), fix .x; �/ 2 X � yZ! . Then s.R.x; �// D s.Œx�/ D Œx� D R.x; �/, and so

.R.x; �/; .x; �// 2 HT ? .X � yZ!/. Since x 2 	T , we have ��x .Z!/D ¹1º. Thus, for all
p 2 Z! , we have Q��

Œx�
.p/ D ��x .p/ D 1, and so Q��

Œx�
� D �. Hence

�R.x;�/.x; �/ D �Œx�
�
s.x/; �

�
D
�
r.x/; Q��Œx��

�
D .x; �/:

5. Realising C �.	T ; � / as an induced algebra

In this section, we realise the twisted C*-algebra associated to the interior 	T of the
isotropy of a Deaconu–Renault groupoid GT and a continuous 2-cocycle � 2 Z2.GT ;T /
as an induced algebra. We then describe the ideals of this induced algebra. We begin by
introducing a spanning set BT forCc.GT / and then giving a tensor-product decomposition
of C �.	T ; �/.

Lemma 5.1. Let .X; T / be a minimal rank-k Deaconu–Renault system such that X is
second-countable. Let cWGT ! Zk be as in Lemma 2.4. Let

BT WD
®
f 2 Cc.GT / W supp.f / is a bisection contained in c�1.n/; for some n 2 Zk

¯
:

Then Cc.GT / D span BT .

Proof. Fix f 2 Cc.GT /. Since supp.f / is compact, there is a finite set F of precom-
pact open bisections that cover supp.f /. Since each U 2 F is precompact, there are only
finitely many n 2 Zk such that U \ c�1.n/ ¤ ¿. Since each c�1.n/ \ U is open, it is a
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precompact open bisection, so we can assume that c is constant on eachU 2F . Now, as in
the proof of [39, Lemma 9.1.3], fix a partition of unity ¹gU WU 2F º on supp.f / subordin-
ate to F . By the Tietze extension theorem, each gU extends to an element zgU of Cc.GT /.
Now the pointwise products fU WD zgU � f satisfy supp.fU /�U , and

P
U2F fU D f .

Lemma 5.2. Let .X; T / be a minimal rank-k Deaconu–Renault system such that X is
second-countable. For each h 2 Cc.X/ and p 2 PT , define h � 1pW	T ! C by

.h � 1p/.x;m; x/ WD ıp;mh.x/:

Then h � 1p 2 Cc.	T / for each p 2 PT , and Cc.	T /D span¹h � 1p W h 2 Cc.X/;p 2 PT º.

Proof. For each h 2 Cc.X/ and p 2 PT , we have

osupp.h � 1p/ D
�
osupp.h/ � ¹pº � osupp.h/

�
\ 	T ;

and hence h � 1p 2Cc.	T /. Fix f 2Cc.	T /. Since supp.f / is compact, there is a finite set
F � PT such that supp.f / �

S
p2F cj

�1
	T
.p/. For p 2 F , define hpWX ! C by hp.x/ WD

f .x;p;x/. Then osupp.hp/D r.cj�1	T
.p/\ osupp.f //, and hence hp 2Cc.X/. Moreover,

f D
P
p2F hp � 1p .

Proposition 5.3. Let .X; T / be a minimal rank-k Deaconu–Renault system such that
X is second-countable. Suppose that � 2 Z2.GT ; T /, and that ! 2 Z2.PT ; T / is a
bicharacter that vanishes on Z! in each coordinate and satisfies �

ˇ̌
	
.2/
T

D 1X � !, as
in Proposition 4.2. Let ¹up W p 2 PT º be the canonical family of generating unitaries
for the twisted group C*-algebra C �.PT ; !/. There is an isomorphism ‡ WC �.	T ; �/!

C0.X/˝ C
�.PT ; !/ such that ‡.h � 1p/ D h˝ up for all h 2 Cc.X/ and p 2 PT .

Proof. The argument used to prove [29, Lemma 4.1] works here—for more detail and an
alternative approach to proving injectivity, see [3, Proposition 8.1.3].

Before stating the next theorem, we recall the following facts relating to twisted group
C*-algebras. Define B WD PT =Z! . There is a right action of yB on yPT such that

.� � �/.p/ D �.p/�.p CZ!/ for all � 2 yPT ; � 2 yB; and p 2 PT :

This action induces a continuous, free, proper, right action of yB on X � yPT given by
.x; �/ � � WD .x; � � �/. By [17, Theorem 4.40], the map � � yB 7! �jZ! is an isomorphism
yPT = yB Š yZ! . Thus � 7! �jZ! is a quotient map from yPT to yZ! , and so [13, The-

orem 3.3.17] implies that QW .x; �/ 7! .x; �jZ! / is a quotient map from X � yPT to
X � yZ! .

Let ¹UpCZ! W p C Z! 2 Bº be the canonical family of generating unitaries for the
twisted group C*-algebra C �.B; z!/. By the universal property of C �.B; z!/, there is a
strongly continuous action ˇB of yB on C �.B; z!/ such that

ˇB� .UpCZ! / D �.p CZ!/UpCZ! for all � 2 yB and p 2 PT :
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(See [3, Theorem 4.3.1] for proofs of the existence of these two actions of yB .) Recall from
Definition A.1 the definition of the induced algebra IndX�

yPT
yB

.C �.B; z!/; ˇB/ associated
to the dynamical system .C �.B; z!/; yB; ˇB/.

Theorem 5.4. Let .X; T / be a minimal rank-k Deaconu–Renault system such that X is
second-countable. Fix � 2 Z2.GT ;T /, and let ! 2 Z2.PT ;T / and z! 2 Z2.PT =Z! ;T /
be bicharacters chosen as in Proposition 4.2. Define

X!
T WD IndX�

yPT
yB

�
C �.B; z!/; ˇB

�
D

°
f 2 C0

�
X � yPT ; C

�.B; z!/
�
W f .x; � � �/ D .ˇB� /

�1
�
f .x; �/

�
for all .x; �/ 2 X � yPT and � 2 yB

±
:

There is an isomorphism  T WC
�.	T ; �/! X!

T such that

 T .h � 1p/.x; �/ D h.x/�.p/UpCZ!

for all h 2 Cc.X/, p 2 PT , and .x; �/ 2 X � yPT .

Proof. For brevity, define Y!T WD Ind
yPT
yB
.C �.B; z!/; ˇB/. Recall from Proposition 5.3 and

Theorem A.2 the definitions of the isomorphisms

‡ WC �.	T ; �/! C0.X/˝ C
�.PT ; !/ and �WC �.PT ; !/! Y!T :

By [35, Propositions B.13 and B.16], there is an isomorphism

�WC0.X/˝ C
�.PT ; !/! C0.X;Y

!
T /

such that �.f ˝ a/.x/ D f .x/�.a/ for all f 2 C0.X/, a 2 C �.PT ; !/, and x 2 X .
Hence

�
�
‡.h � 1p/

�
.x/ D �.h˝ up/.x/ D h.x/�.up/; (5.1)

for all h 2 C0.X/, p 2 PT , and x 2 X . Applications of [35, Propositions B.13, B.15(b),
and B.16, and Corollary B.17] show that there is an isomorphism

ƒWC0
�
X;C

�
yPT ; C

�.B; z!/
��
! C0

�
X � yPT ; C

�.B; z!/
�

given by ƒ.g/.x; �/ D g.x/.�/. (See the proof of [3, Proposition 8.2.2] for details.) We
claim that for each g 2 C0.X; C. yPT ; C �.B; z!///,

ƒ.g/ 2 XT;! if and only if g.x/ 2 YT;! for all x 2 X: (5.2)

To see this, fix g 2 C0.X; C. yPT ; C �.B; z!///. For all x 2X , � 2 yPT , and � 2 yB , we have

ƒ.g/.x; � � �/ D g.x/.� � �/ and
�
ˇB�
��1�

ƒ.g/.x; �/
�
D
�
ˇB�
��1�

g.x/.�/
�
;



B. Armstrong, N. Brownlowe, and A. Sims 286

and hence

ƒ.g/.x;� ��/D
�
ˇB�
��1�

ƒ.g/.x;�/
�

if and only if g.x/.� ��/D
�
ˇB�
��1�

g.x/.�/
�
:

It is now clear from the definitions of XT;! and YT;! that claim (5.2) holds. Therefore, ƒ
restricts to an isomorphism zƒWC0.X;YT;!/! XT;! , and so

 T WD zƒ ı � ı ‡ WC
�.	T ; �/! XT;!

is an isomorphism. Using equation (5.1) and the definitions of zƒ and �, we see that for
all h 2 Cc.X/, p 2 PT , and .x; �/ 2 X � yPT ,

 T .h � 1p/.x; �/ D �
�
‡.h � 1p/

�
.x/.�/ D h.x/�.up/.�/ D h.x/�.p/UpCZ! :

We now give a useful description of the ideals of the induced algebra X!
T .

Proposition 5.5. Let .X;T / be a minimal rank-k Deaconu–Renault system such thatX is
second-countable. Fix � 2 Z2.GT ;T /, and let ! 2 Z2.PT ;T / and z! 2 Z2.PT =Z! ;T /
be bicharacters chosen as in Proposition 4.2. Define X!

T
WD IndX�

yPT
yB

.C �.B; z!/; ˇB/. If
I is an ideal of X!

T , then

KI WD
®
.x; �/ 2 X � yPT W f .x; �/ D 0 for all f 2 I

¯
is a closed subset of X � yPT , and we have

I D
®
f 2 X!

T W f jKI � 0
¯
:

In order to prove Proposition 5.5, we need the following special case of [19, Proposi-
tion 32], which Green in turn attributes to a preprint of Kleppner.

Lemma 5.6. Let G be a countable discrete abelian group with identity e, and let & 2
Z2.G;T / be a bicharacter. Let ¹ug W g 2 Gº be the canonical family of generating unit-
aries for the twisted group C*-algebra C �.G; &/. Suppose that for all g 2 G, we have
.&&�/.¹gº �G/ D ¹1º if and only if g D e. Then C �.G; &/ is a simple C*-algebra with a
unique trace �eWC �.G; &/! C, which satisfies �e.ug/ D ıg;e for all g 2 G.

Proof. This is a special case of [19, Proposition 32], but is also proved directly in [3,
Proposition 8.2.4].

Proof of Proposition 5.5. We have KI D
T
f 2I f

�1.0/, which is closed because each
f 2 I is continuous. It is well known that if C �.B; z!/ is simple, then I D ¹f 2 X!

T W

f jKI � 0º (see [3, Proposition 4.2.1] for a proof). We will use Lemma 5.6 to show that
C �.B; z!/ is simple. Fix p 2 PT . Proposition 4.2 implies that for all q 2 PT , we have

.z! z!�/.p CZ! ; q CZ!/ D !.p; q/!.q; p/ D .!!
�/.p; q/: (5.3)

By the definition of Z! , we have p 2 Z! if and only if .!!�/.p; q/ D 1 for all q 2
PT . Thus, equation (5.3) implies that p C Z! is the identity element of B if and only if
.z! z!�/.¹p CZ!º � B/ D ¹1º, and so Lemma 5.6 implies that C �.B; z!/ is simple.
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6. Simplicity of twisted C*-algebras of Deaconu–Renault groupoids

In this section, we characterise simplicity of twisted C*-algebras of Deaconu–Renault
groupoids in terms of the underlying data, using the spectral action defined in Proposi-
tion 4.5.

Theorem 6.1. Let .X; T / be a rank-k Deaconu–Renault system such that X is second-
countable. Fix � 2 Z2.GT ;T /.

(a) If .X; T / is not minimal, then C �.GT ; �/ is not simple.

(b) Suppose that .X; T / is minimal. Let ! 2 Z2.PT ;T / and z! 2 Z2.PT =Z! ;T / be
bicharacters chosen as in Proposition 4.2. Let � be the spectral action associated
to .T; �/ as in Proposition 4.5. Then C �.GT ; �/ is simple if and only if � is
minimal.

Proof of Theorem 6.1(a). This follows from [37, Corollary 4.9] applied to the groupoid
dynamical system .GT ;GT �� T ; C0.G

.0/
T //, but it is easy to provide a short direct proof.

Since .X; T / is not minimal, there exists x 2 X such that Œx� is a proper closed invari-
ant set. Let H WD GT jŒx� D ¹ 2 GT W s./ 2 Œx�º, and let � be the restriction of � to
H .2/. Then the restriction map f 7! f jH is a �-homomorphism from Cc.GT ; �/ to
C �.H ; �/, and so it extends to a homomorphism RW C �.GT ; �/ ! C �.H ; �/. Since
ker.R/ \ C0.G

.0/
T / D C0.XnŒx�/ is neither ¹0º nor all of C0.G

.0/
T /, we see that ker.R/

is a nonzero proper ideal of C �.GT ; �/.

In order to prove part (b) of Theorem 6.1, we need several preliminary results. Let
! 2 Z2.PT ;T / and z! 2 Z2.PT =Z! ;T / be bicharacters chosen as in Proposition 4.2.
Define B WD PT =Z! , and recall from Theorem 5.4 the definition of the isomorphism

 T WC
�.	T ; �/! X!

T D IndX�
yPT

yB

�
C �.B; z!/; ˇB

�
:

Let �WC �.	T ; �/! C �.GT ; �/ be the homomorphism of [4, Proposition 6.1], so

�.f /./ D

´
f ./ if  2 	T ;

0 if  … 	T ;
for all f 2 Cc.	T ; �/ and  2 GT :

Since 	T is amenable (by [40, Lemma 3.5] and [1, Proposition 5.1.1]), � is injective by
[4, Proposition 6.1]. Define M �

T
WD �.C �.	T ; �// � C

�.GT ; �/.
We begin by showing that there is a bounded linear map on M �

T given by conjugation
in C �.GT ; �/ by a fixed element of Cc.GT ; Œ0; 1�/ that is supported on a bisection.

Lemma 6.2. Let .X; T / be a minimal rank-k Deaconu–Renault system such that X is
second-countable, and fix � 2 Z2.GT ;T /. Let U be an open bisection of GT . Suppose
that g 2 Cc.GT ; Œ0; 1�/ satisfies supp.g/� U . For all f 2 Cc.	T ; �/, we have g��.f /g 2
�.Cc.	T ; �//. There is a linear contraction „g WM �

T !M �
T given by „g.a/ WD g�ag.
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Proof. Fix f 2 Cc.	T ; �/. Since U is a bisection containing supp.g/, we have

supp
�
g��.f /g

�
� U�1	TU � 	T ;

and hence g��.f /g 2 �.Cc.	T ; �//. Since g has range in Œ0; 1� and is supported on a
bisection, kgk D kgk1 � 1, and thus

kg��.f /gk � kg�kk�.f /kkgk � k�.f /k:

Therefore, �.f / 7! g��.f /g extends to a linear contraction „g WM �
T !M �

T .

In the next lemma we introduce a bounded linear map ‚U;g on the induced algebra
XT;! that is reminiscent of the spectral action � associated to the pair .T; �/. This map
‚U;g is defined in terms of a fixed element g of Cc.GT ; Œ0; 1�/ that is supported on an open
bisection U of GT , and as we show in Proposition 6.5(a), it simply amounts to conjugation
of elements of M �

T Š XT;! by g.

Lemma 6.3. Let .X; T / be a minimal rank-k Deaconu–Renault system such that X is
second-countable, and fix � 2 Z2.GT ;T /. Let U be an open bisection of GT . Suppose
that g 2 Cc.GT ; �/ satisfies supp.g/ � U and that g.U / � Œ0; 1�. For each x 2 s.U /, let
˛U;x denote the unique element of U with source x. Let  7! �� be the continuous yPT -
valued 1-cocycle of Lemma 4.3(e). For f 2 X!

T , define ‚U;g.f /WX � yPT ! C �.B; z!/

by

‚U;g.f /.x; �/ WD

´
jg.˛U;x/j

2f
�
r.˛U;x/; �

�
˛U;x

�
�

if x 2 s.U /;

0 if x … s.U /:

Then ‚U;g.f / 2 X!
T , and ‚U;g WX!

T ! X!
T is a bounded linear map.

Proof. Fix f 2 X!
T . Then

f .x; � � �/ D
�
ˇB�
��1�

f .x; �/
�

for all .x; �/ 2 X � yPT and � 2 yB: (6.1)

We first show that ‚U;g.f / 2 C0.X � yPT ; C �.B; z!//. The map ‚U;g.f / is continu-
ous because x 7! ˛U;x is continuous. We have supp.‚U;g.f // � s.supp.g// � yPT , and
so ‚U;g.f / has compact support. Hence ‚U;g.f / 2 C0.X � yPT ; C �.B; z!//. We must
show that‚U;g.f / satisfies equation (6.1). Fix .x; �/ 2 X � yPT and � 2 yB . If x … s.U /,
then

‚U;g.f /.x; � � �/ D 0 D
�
ˇB�
��1

.0/ D
�
ˇB�
��1�

‚U;g.f /.x; �/
�
:

Suppose that x 2 s.U /. Since f 2 X!
T , equation (6.1) implies that

‚U;g.f /.x; � � �/ D jg.˛U;x/j
2f
�
r.˛U;x/; .�

�
˛U;x

�/ � �
�

D jg.˛U;x/j
2
�
ˇB�
��1�

f
�
r.˛U;x/; �

�
˛U;x

�
��

D
�
ˇB�
��1�

‚U;g.f /.x; �/
�
:

Therefore,‚U;g.f / 2 X!
T . Since the range of g is contained in Œ0; 1�, routine calculations

show that ‚U;g WX!
T ! X!

T is a bounded linear map.
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In the next lemma we show that the set of functions of the form �.h � 1p/ (as defined
in Lemma 5.2) is invariant under conjugation in C �.GT ; �/ by a fixed element of
Cc.GT ; Œ0; 1�/ that is supported on a bisection.

Lemma 6.4. Let .X; T / be a minimal rank-k Deaconu–Renault system such that X is
second-countable, and fix � 2 Z2.GT ;T /. Let U be an open bisection of GT . Suppose
that g 2 Cc.GT ; �/ satisfies supp.g/ � U and that g.U / � Œ0; 1�. For each x 2 s.U /, let
˛U;x denote the unique element of U with source x. Let „g WM �

T !M �
T and  7! �� be

as in Lemmas 6.2 and 4.3(e). For each x 2 s.U /, let ˛U;x denote the unique element of U
with source x. Fix h 2 Cc.X/ and p 2 PT , and define Hg;pWX ! C by

Hg;p.x/ WD

´
jg.˛U;x/j

2��˛U;x .p/h.r.˛U;x// if x 2 s.U /;

0 if x … s.U /:

Then Hg;p 2 Cc.X/, and we have „g.�.h � 1p// D �.Hg;p � 1p/.

Proof. Since x 7! ˛U;x is continuous on s.U /, and since  7! �� .p/ is continuous by
Lemma 4.3(b), the map Hg;p is continuous. Since supp.Hg;p/ � s.supp.g//, we have
Hg;p 2 Cc.X/.

By Lemma 6.2, we have „g.�.h � 1p// 2 �.Cc.	T ; �//. Thus, for all  2 GT n	T , we
have

„g.�.h � 1p//./ D 0 D �.Hg;p � 1p/./:

Suppose that  2 	T . Then by Proposition 3.5, there exist x 2 X and m 2 PT such that
 D .x;m; x/. We have

supp
�
„g.�.h � 1p//

�
� supp.g�/ supp.�.h � 1p// supp.g/ � U�1	TU:

Thus, if x … s.U /, then  … supp.„g.�.h � 1p/// and Hg;p.x/ D 0, and hence

„g.�.h � 1p//.x;m; x/ D 0 D �.Hg;p � 1p/.x;m; x/:

Suppose that x 2 s.U /. Since g is supported on the bisection U ,

„g.�.h � 1p//.x;m; x/ D �
�
.˛U;x/�1

.m/g�.˛U;x/�.h � 1p/
�
r.˛U;x/;m; r.˛U;x/

�
g.˛U;x/

D jg.˛U;x/j
2��˛U;x .m/ıp;mh.r.˛U;x//

D ıp;mHg;p.x/

D �.Hg;p � 1p/.x;m; x/:

Therefore, „g.�.h � 1p// D �.Hg;p � 1p/.

In the following proposition we describe exactly how the map ‚U;g defined in Lem-
ma 6.3. relates to the conjugation map„g defined in Lemma 6.2. We also show that ideals
of XT;! induced by ideals of C �.GT ; �/ are invariant under ‚U;g , which is a key result
used in the proof of Theorem 6.1(b).
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Proposition 6.5. Let .X; T / be a minimal rank-k Deaconu–Renault system such that X
is second-countable, and fix � 2 Z2.GT ;T /. Let U be an open bisection of GT . Suppose
that g 2 Cc.GT ; Œ0; 1�/ satisfies supp.g/ � U . Recall the definitions of the bounded linear
maps „g WM �

T !M �
T from Lemma 6.2 and ‚U;g WX!

T ! X!
T from Lemma 6.3.

(a) For all a 2 C �.	T ; �/, we have

‚U;g. T .a// D  T
�
��1
�
„g.�.a//

��
:

(b) Suppose that I is an ideal of C �.GT ; �/, and that J is an ideal of C �.	T ; �/
such that �.J / D I \M �

T . Then the ideal  T .J / is invariant under ‚U;g .

Proof. For part (a), fix h 2 Cc.X/ and p 2 PT . Since all the maps involved are bounded
and linear, Lemma 5.2 implies that it suffices to show that

‚U;g. T .h � 1p// D  T
�
��1
�
„g.�.h � 1p//

��
:

Recall from Lemma 6.4 that there is a function Hg;p 2 Cc.X/ given by

Hg;p.x/ D

´
jg.˛U;x/j

2��˛U;x .p/h.r.˛U;x// if x 2 s.U /;

0 if x … s.U /;

which satisfies „g.�.h � 1p// D �.Hg;p � 1p/. Thus, for all .x; �/ 2 X � PT , we have

‚U;g. T .h � 1p//.x; �/ D

´
jg.˛U;x/j

2 T .h � 1p/
�
r.˛U;x/; �

�
˛U;x

�
�

if x 2 s.U /;

0 if x … s.U /;

D

´
jg.˛U;x/j

2h.r.˛U;x//��˛U;x .p/�.p/UpCZ! if x 2 s.U /;

0 if x … s.U /;

D Hg;p.x/�.p/UpCZ!

D  T .Hg;p � 1p/.x; �/

D  T
�
��1
�
„g.�.h � 1p//

��
.x; �/:

For part (b), fix a 2 J . Then �.a/ 2 I \M �
T . Since I is an ideal of C �.GT ; �/ and the

range of „g is contained in M �
T , we have „g.�.a// D g��.a/g 2 I \M �

T D �.J /, and
so ��1.„g.�.a/// 2 J . Hence part (a) implies that

‚U;g. T .a// D  T
�
��1
�
„g.�.a//

��
2  T .J /;

and thus ‚U;g. T .J // �  T .J /.

We now use Proposition 6.5(b) to show that the closed subsets of X � yPT charac-
terising the ideals of the induced algebra XT;! are invariant under the spectral action �
associated to the pair .T; �/.
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Proposition 6.6. Let .X; T / be a minimal rank-k Deaconu–Renault system such that X
is second-countable, and fix � 2Z2.GT ;T /. Suppose that I is an ideal of C �.GT ; �/, and
that J is an ideal of C �.	T ; �/ such that �.J / D I \M �

T . Define

KJ WD
®
.x; �/ 2 X � yPT W f .x; �/ D 0 for all f 2  T .J /

¯
:

LetQWX � yPT !X � yZ! be the quotient map .x;�/ 7! .x;�jZ! /. ThenQ�1.Q.KJ //D
KJ , and Q.KJ / is closed and invariant under the spectral action � of Proposition 4.5.

Proof. We trivially have KJ � Q�1.Q.KJ //. We must show that Q�1.Q.KJ // � KJ .
Fix .x; �/ 2 Q�1.Q.KJ //. Then .x; �jZ! / D Q.x; �/ 2 Q.KJ /, and so there exists
.y;�/ 2KJ such that .x;�jZ! /DQ.y;�/D .y;�jZ! /. We have x D y and �jZ! D �jZ! ,
and hence [17, Theorem 4.40] implies that � � yB D � � yB . So there exists � 2 yB such
that � � � D � � 1 yB D �. Since .x; � � �/ D .y; �/ 2 KJ , we have f .x; � � �/ D 0 for
all f 2  T .J /. Thus, since  T .J / � X!

T , we have f .x; �/ D ˇB� .f .x; � � �// D 0 for
all f 2  T .J /. Hence .x; �/ 2 KJ , and so Q�1.Q.KJ // D KJ . Since Q is a quotient
map, [13, Proposition 2.4.3] implies that C � X � yZ! is closed if and only if Q�1.C / �
X � yPT is closed. Since Q�1.Q.KJ // D KJ is closed in X � yPT (by Proposition 5.5),
we deduce that Q.KJ / is closed.

We now show that Q.KJ / is invariant under � . Fix .x; �/ 2 Q.KJ / and  2 .GT /x .
Then there exists � 2 yPT such that .x; �/ 2 KJ and �jZ! D �. We must show that
�Œ�.x; �/ 2 Q.KJ /. Proposition 4.5 implies that �� jZ! D Q�

�
Œ�

, and so

�Œ�.x; �/ D .r./; Q�
�
Œ��/ D Q.r./; �

�
 �/:

Hence it suffices to show that .r./; �� �/ 2 KJ . Fix f 2  T .J /. We must show that
f .r./; �� �/ D 0. Let U � GT be an open bisection containing  . By Urysohn’s lemma
there exists g 2 Cc.GT ; Œ0; 1�/ such that supp.g/�U and g./D 1. Let‚U;g WX!

T !X!
T

be as in Lemma 6.3. Since sj�1U .x/ D  and g./ D 1,

‚U;g.f /.x; �/ D f .r./; �
�
 �/: (6.2)

Since f 2  T .J /, Proposition 6.5(b) implies that ‚U;g.f / 2  T .J /. Since  T .J / is an
ideal of X!

T , Proposition 5.5 implies that

 T .J / D
®
f 2 X!

T W f jKJ � 0
¯
:

Thus, since .x; �/ 2 KJ and ‚U;g.f / 2  T .J /, we have

‚U;g.f /.x; �/ D 0: (6.3)

Together, equations (6.2) and (6.3) imply that f .r./; �� �/ D 0, as required.

We now prove several technical results that we use in the proof of Theorem 6.1(b)
to show that when the spectral action � is not minimal, the twisted groupoid C*-algebra
C �.GT ; �/ is not simple. We first show that, given an element .x; �/ 2 X � yPT with non-
dense orbit under � , there is a nonzero element of XT;! Š M

�
T that is supported off the

orbit of .x; �/.
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Lemma 6.7. Let .X; T / be a minimal rank-k Deaconu–Renault system such that X is
second-countable, and fix � 2 Z2.GT ;T /. Let QWX � yPT ! X � yZ! be the quotient
map .x; �/ 7! .x; �jZ! /. Suppose that .x; �/ 2 X � yPT satisfies Œx; �jZ! �� ¤ X � yZ! .
ThenQ�1.Œx; �jZ! �� / is a proper closed subset ofX � yPT , and there exists f 2M �

T n¹0º

such that
supp

�
. T ı �

�1/.f /
�
� .X � yPT / nQ

�1
�
Œx; �jZ! ��

�
:

Proof. Let C.x;�/ WD Q�1.Œx; �jZ! �� /. Since Œx; �jZ! �� ¤ X � yZ! and Q is surjective,
C.x;�/ ¤ X � yPT . Since Q is continuous, C.x;�/ is closed. By Urysohn’s lemma there
exists h 2 Cc.X � yPT ; Œ0; 1�/ n ¹0º such that supp.h/� .X � yPT / nC.x;�/. Define gWX �
yPT ! C �.B; z!/ by

g.y; �/ WD

Z
yB

h.y; � � �/ˇB� .U0CZ! / d� D
Z
yB

h.y; � � �/U0CZ! d�:

By [35, Lemma 6.17], we have g 2 X!
T . Since h ¤ 0 and h.y; �/ � 0 for all .y; �/ 2

supp.h/, we have g ¤ 0. We claim that supp.g/� .X � yPT / nC.x;�/. Fix .y; �/ 2 C.x;�/.
ThenQ.y;�/ 2 Œx; �jZ! �� . It suffices to show that g.y;�/D 0. Fix � 2 yB . For allm 2Z! ,
we have �.mCZ!/ D 1, and hence .� � �/.m/ D �.m/�.mCZ!/ D �.m/. Thus

Q.y; � � �/ D
�
y; .� � �/jZ!

�
D
�
y; �jZ!

�
D Q.y; �/ 2 Œx; �jZ! �� ;

and hence .y;� ��/ 2C.x;�/. Since supp.h/ � .X � yPT / n C.x;�/, we have h.y;� ��/D 0
for all � 2 yB , and therefore,

g.y; �/ D

Z
yB

h.y; � � �/U0CZ! d� D 0:

Define f WD .� ı  �1T /.g/ 2 M �
T . Since g ¤ 0 and � ı  �1T is injective, we have f ¤ 0.

Since . T ı ��1/.f / D g, we have

supp
�
. T ı �

�1/.f /
�
D supp.g/ � .X � yPT / n C.x;�/:

Recall from [4, Lemma 6.2(b)] that since 	T is closed in GT (by Proposition 3.9) and
amenable, there is a conditional expectationˆWC �.GT ; �/!M �

T satisfyingˆ ı �D � and
ˆ.f / D �.f j	T / for all f 2 Cc.GT ; �/.

Lemma 6.8. Let .X; T / be a minimal rank-k Deaconu–Renault system such that X is
second-countable, and fix � 2 Z2.GT ;T /. Recall from Lemma 5.1 the definition of the
spanning set BT for Cc.GT ; �/. Given a; b 2 BT and f 2M �

T , there exist p; q; g 2 BT

such that gq�; pg� 2 �.Cc.	T ; �//, the range of g is contained in Œ0; 1�, and the map „g
of Lemma 6.2 satisfies ˆ.b�fa/ D „g.gq�fpg�/.

Proof. Define U WD osupp.a/ and V WD osupp.b/. Since a; b 2 BT , both U and V are
compact bisections, and there exist m; n 2 Zk such that U � c�1.m/ and V � c�1.n/.
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Define X WD 	T V \ U and Y WD 	TU \ V . Define p; qWGT ! C by

p./ WD

´
a./ if  2 X;

0 if  … X;
and q./ WD

´
b./ if  2 Y ;

0 if  … Y :

Since supp.p/ � X � U and supp.q/ � Y � V , we have p; q 2 BT . Let W be an open
bisection of GT such that V � W � c�1.n/. By Urysohn’s lemma there exists g 2
Cc.GT ; Œ0; 1�/ such that supp.g/ � W and gjV � 1. Then g 2 BT , and gq�; pg� 2
Cc.GT ; �/. We claim that gq�; pg� 2 �.Cc.	T ; �//. To see this, it suffices to show that
osupp.gq�/ [ osupp.pg�/ � 	T . Since q and g are supported on bisections, we have

osupp.gq�/ D osupp.g/.osupp.q//�1 � W V �1 � WW �1 D r.W / � 	T :

By Lemma 3.10, X D 	T V \ U � 	T V � 	TW , and since p and g are supported on
bisections, we deduce that

osupp.pg�/ D osupp.p/.osupp.g//�1 � XW �1 � 	TWW
�1
D 	T r.W / � 	T :

Therefore, gq�; pg� 2 �.Cc.	T ; �//, and Lemma 6.2 implies that

osupp
�
„g.gq

�fpg�/
�
� 	T : (6.4)

We conclude by showing thatˆ.b�fa/D„g.gq�fpg�/. Since �,ˆ, and„g are bounded
linear maps, Lemma 5.2 implies that it suffices to consider f D �.h � 1p/ for some h 2
Cc.X/ and p 2 PT . Define D WD osupp.f / � cj�1

	T
.p/. Then osupp.g�g/ � s.W /, and

so

osupp
�
„g.gq

�fpg�/
�
D osupp

�
g�gq�fpg�g

�
� s.W /.V �1DU/s.W / � V �1DU:

(6.5)
Together, equations (6.4) and (6.5) imply that

osupp
�
„g.gq

�fpg�/
�
� .V �1DU/ \ 	T D osupp.b�fa/ \ 	T D osupp

�
ˆ.b�fa/

�
:

Thus, if ˆ.b�fa/./ D 0 for some  2 GT , then „g.gq�fpg�/./ D 0. Suppose that
 2 GT satisfies ˆ.b�fa/./ ¤ 0. Then  2 	T , and equation (6.5) implies that there
exist ˛ 2 U , ˇ 2 V , and � 2 D � 	T such that  D ˇ�1�˛ 2 	T . A routine calculation
gives

ˆ.b�fa/./D .b�fa/.ˇ�1�˛/D �.ˇ�1�;˛/�.ˇ�1; �/�.ˇ�1; ˇ/b.ˇ/f .�/a.˛/: (6.6)

Define y WD s./. Since  2 	T , we have s.ˇ/ D r./ D y. Since ˇ 2 V and gjV � 1,

.g�g/.y/ D .g�g/.s.ˇ// D jg.ˇ/j2 D 1: (6.7)

A routine calculation using equation (6.7) and that � is normalised gives

„g.gq
�fpg�/./ D .g�gq�fpg�g/.yy/

D �.y; y/�.; y/.g�g/.y/.q�fp/./.g�g/.y/
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D .q�fp/.ˇ�1�˛/

D �.ˇ�1�; ˛/�.ˇ�1; �/�.ˇ�1; ˇ/q.ˇ/f .�/p.˛/: (6.8)

We claim that p.˛/ D a.˛/ and q.ˇ/ D b.ˇ/. Since  2 .V �1	TU/\ 	T , Lemma 3.11
implies that

y D s./ 2 s.	TU \ V / D s.	T V \ U/:

So there exist � 2 	T V \ U D X � U and � 2 	TU \ V D Y � V such that s.�/ D
y D s.�/. Since sjU and sjV are homeomorphisms onto their ranges and

s.�/ D s.˛/ D y D s.ˇ/ D s.�/;

we deduce that ˛D �2X and ˇD � 2 Y . Hence p.˛/D a.˛/ and q.ˇ/D b.ˇ/. Together,
equations (6.6) and (6.8) now give

ˆ.b�fa/./ D �.ˇ�1�; ˛/�.ˇ�1; �/�.ˇ�1; ˇ/b.ˇ/f .�/a.˛/ D „g.gq
�fpg�/./:

Proposition 6.9. Let .X; T / be a minimal rank-k Deaconu–Renault system such that X
is second-countable, and fix � 2 Z2.GT ;T /. Let QWX � yPT ! X � yZ! be the quotient
map .x; �/ 7! .x; �jZ! /, and let ˆW C �.GT ; �/ ! M �

T be the conditional expectation
of [4, Lemma 6.2(b)] that extends restriction of functions to 	T . Fix .x; �/ 2 X � yPT .
Suppose that f 2M �

T satisfies

supp
�
. T ı �

�1/.f /
�
� .X � yPT / nQ

�1
�
Œx; �jZ! ��

�
:

Then for all a; b 2 C �.GT ; �/, we have�
 T ı �

�1
ıˆ

�
.b�fa/.x; �/ D 0:

Proof. Let ev.x;�/WX!
T ! C �.B; z!/ denote the evaluation map f 7! f .x; �/. Recall

from Lemma 5.1 the definition of the spanning set BT for Cc.GT ; �/. Let C.x;�/ WD
Q�1.Œx; �jZ! �� /. Fix a; b 2 BT , and suppose that f 2M �

T satisfies

supp
�
. T ı �

�1/.f /
�
� .X � yPT / n C.x;�/:

Since ev.x;�/,  T , ��1, and ˆ are all bounded linear maps, it suffices to show that�
ev.x;�/ ı T ı ��1 ıˆ

�
.b�fa/ D 0:

Let „g be the bounded linear map defined in Lemma 6.2. By Lemma 6.8 there exist
p; q; g 2BT such that gq�; pg� 2 �.Cc.	T ; �//, the range of g is contained in Œ0; 1�, and

ˆ.b�fa/ D „g.gq
�fpg�/: (6.9)

Let U be an open bisection of GT containing supp.g/. For y 2 s.U /, let ˛U;y denote the
unique element ofU with source y. Define hq WD T .��1.gq�// and hp WD T .��1.pg�//.
Then

 T
�
��1.gq�fpg�/

�
D hq T

�
��1.f /

�
hp: (6.10)
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By Proposition 6.5(a),

 T
�
��1
�
„g.gq

�fpg�/
��
D ‚U;g

�
 T
�
��1.gq�fpg�/

��
: (6.11)

Together, equations (6.9) and (6.11) imply that�
ev.x;�/ ı  T ı ��1 ıˆ

�
.b�fa/

D  T
�
��1
�
„g.gq

�fpg�/
��
.x; �/

D ‚U;g
�
 T
�
��1.gq�fpg�/

��
.x; �/

D

´
jg.˛U;x/j

2 T
�
��1.gq�fpg�/

��
r.˛U;x/; �

�
˛U;x

�
�

if x 2 s.U /;

0 if x … s.U /:

Thus, to see that .ev.x;�/ ı T ı ��1 ıˆ/.b�fa/D 0, it suffices to show that if x 2 s.U /,
then

 T
�
��1.gq�fpg�/

��
r.˛U;x/; �

�
˛U;x

�
�
D 0:

If x 2 s.U /, then

Q
�
r.˛U;x/; �

�
˛U;x

�
�
D
�
r.˛U;x/; Q�

�
Œ˛U;x �

�jZ!
�
D �Œ˛U;x �.x; �jZ! /;

and hence �
r.˛U;x/; �

�
˛U;x

�
�
2 Q�1

�
�Œ˛U;x �.x; �jZ! /

�
� C.x;�/:

Since supp.. T ı ��1/.f // � .X � yPT / n C.x;�/, we obtain

 T
�
��1.f /

��
r.˛U;x/; �

�
˛U;x

�
�
D 0:

Combining this with equation (6.10) gives

 T
�
��1.gq�fpg�/

��
r.˛U;x/; �

�
˛U;x

�
�
D
�
hq T

�
��1.f /

�
hp
��
r.˛U;x/; �

�
˛U;x

�
�
D 0:

We now construct a state �.x;�/ of C �.GT ; �/ defined in terms of a fixed element
.x; �/ 2 X � yPT . In the proof of Theorem 6.1(b), we show that if some point .x; �/ has
non-dense orbit under � (so that � is not minimal), then the GNS representation associated
to �.x;�/ is nonzero and has nontrivial kernel, and thus C �.GT ; �/ is not simple.

Lemma 6.10. Let .X; T / be a minimal rank-k Deaconu–Renault system such that X is
second-countable, and fix � 2Z2.GT ;T /. Fix .x;�/ 2X � yPT . LetˆWC �.GT ; �/!M �

T

be the conditional expectation of [4, Lemma 6.2(b)] that extends restriction of functions
to 	T , and let ev.x;�/WX!

T ! C �.B; z!/ be the evaluation map f 7! f .x; �/. Let Tr!T
denote the canonical trace on C �.B; z!/ (as defined in Lemma 5.6). Let

�.x;�/ WD Tr!T ı ev.x;�/ ı  T ı ��1 ıˆWC �.GT ; �/! C:

For all h 2 Cc.X/ such that h.x/ D 1, we have �.x;�/.�.h � 10// D 1. Moreover, �.x;�/ is
a state of C �.GT ; �/.
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Proof. Suppose that h 2 Cc.X/ satisfies h.x/ D 1. Since ˆ ı � D �, we have�
ev.x;�/ ı  T ı ��1 ıˆ

��
�.h � 10/

�
D  T .h � 10/.x; �/ D h.x/�.0/U0CZ! D U0CZ! ;

and hence
�.x;�/

�
�.h � 10/

�
D Tr!T .U0CZ! / D 1: (6.12)

Sinceˆ, ��1,  T , ev.x;�/, and Tr!T are all positive norm-decreasing linear maps, �.x;�/ is a
positive linear functional, and k�.x;�/k � 1. By Urysohn’s lemma there exists h 2 Cc.X/
such that h.x/ D 1. Then equation (6.12) implies that k�.x;�/k � 1, and thus �.x;�/ is a
state of C �.GT ; �/.

We conclude this section by proving Theorem 6.1(b), which says that if .X; T / is
minimal, then C �.GT ; �/ is simple if and only if the spectral action � is minimal.

Proof of Theorem 6.1(b). Suppose that � is minimal. Let I be a nontrivial ideal of
C �.GT ; �/. Then there exists a non-injective homomorphism ‰ of C �.GT ; �/ such that
I D ker.‰/. By [4, Theorem 6.3], J WD ker.‰ ı �/ is a nontrivial ideal of C �.	T ; �/. We
have

�.J / D
®
�.a/ W a 2 C �.	T ; �/; ‰.�.a// D 0

¯
D
®
b 2M �

T W ‰.b/ D 0
¯
D I \M �

T � I:

Thus, to see that C �.GT ; �/ is simple, it suffices to show that J D C �.	T ; �/, because
then �.C0.X// � �.J / � I , and (as argued in [3, Theorem 5.3.13]) [14, Proposition 3.18]
implies that I D C �.GT ; �/. Define

KJ WD
®
.x; �/ 2 X � yPT W f .x; �/ D 0 for all f 2  T .J /

¯
:

Since  T .J / is an ideal of X!
T , Proposition 5.5 implies that KJ is a closed subset of

X � yPT , and
 T .J / D

®
f 2 X!

T W f jKJ � 0
¯
:

LetQT WX � yPT !X � yZ! be the quotient map .x;�/ 7! .x;�jZ! /. Suppose thatQ.KJ /
is nonempty, and fix .x; �/ 2 Q.KJ /. By Proposition 6.6, Q.KJ / is closed and invariant
under � , and hence

Œx; ��� D
®
�Œ�.x; �/ W  2 .GT /x

¯
� Q.KJ /:

Since � is minimal by assumption,Q.KJ / D X � yZ! . Thus, Proposition 6.6 implies that

KJ D Q
�1.Q.KJ // D Q

�1.X � yZ!/ D X � yPT :

Hence
 T .J / D

®
f 2 X!

T W f jKJ � 0
¯
D ¹0º;

which contradicts that J is nontrivial, because  T is injective. Therefore, Q.KJ / D ¿,
forcingKJ D¿, and hence  T .J /DX!

T . Since  T is an isomorphism, J D C �.	T ; �/,
and hence C �.GT ; �/ is simple.
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For the converse, we prove the contrapositive. Suppose that � is not minimal. Then
there exists .x; �/ 2 X � yPT such that

Œx; �jZ! �� D
®
�Œ�.x; �jZ! / W  2 .GT /x

¯
¤ X � yZ! :

Let
�.x;�/ WD Tr!T ı ev.x;�/ ı  T ı ��1 ıˆWC �.GT ; �/! C

be the state of C �.GT ; �/ defined in Lemma 6.10. Let � WD �.x;�/, let

N� WD
®
f 2 C �.GT ; �/ W �.f

�f / D 0
¯

be the null space for �, and let �� WC �.GT ; �/! B.H�/ be the GNS representation asso-
ciated to �. To see that C �.GT ; �/ is not simple, it suffices to prove that

¹0º ¤ ker.��/ ¤ C �.GT ; �/:

Since � ¤ 0, we have H� ¤ ¹0º. So since �� is nondegenerate, ker.��/ ¤ C �.GT ; �/.
We now show that ker.��/ ¤ ¹0º. Define C.x;�/ WDQ�1.Œx; �jZ! �� /. Since Œx; �jZ! �� ¤
X � yZ! , Lemma 6.7 shows that C.x;�/ is a proper closed subset of X � yPT , and there
exists f 2M �

T n¹0º such that

supp
�
. T ı �

�1/.f /
�
� .X � yPT / n C.x;�/:

Fix a; b 2 C �.GT ; �/. To see that ��.f / D 0, it suffices to show that�
��.f /.aCNk/ j b CNk

�
D 0:

Since �� is the GNS representation associated to �, we have�
��.f /.aCNk/ j b CNk

�
D
�
faCNk j b CNk

�
D �.b�fa/:

By Proposition 6.9, we have . T ı ��1 ıˆ/.b�fa/.x; �/ D 0, and hence

�.b�fa/ D
�
Tr!T ı ev.x;�/ ı  T ı ��1 ıˆ

�
.b�fa/ D Tr!T .0/ D 0:

Hence .��.f /.aCNk/ j b CNk/ D 0, giving ker.��/ ¤ ¹0º.

Remark 6.11. If X is the infinite-path space of a cofinal, row-finite k-graph with no
sources, and each T n is the degree-n shift map, then Theorem 6.1 coincides with the
simplicity characterisation given in [29, Corollary 4.8].

Remark 6.12. Theorem 5.1 of [7] shows that C �.GT / is simple if and only if GT is
minimal and effective. We claim that [7, Theorem 5.1], in the special case of Deaconu–
Renault groupoids, is equivalent to Theorem 6.1 when � is trivial. In this case, ! and each
Q�� are also trivial, and Z! D PT . So Theorem 6.1 says that C �.GT ; �/ D C �.GT / is
simple if and only if the set

Œx; ��� D
®�
r./; Q��Œ��

�
W  2 .GT /x

¯
D r

�
.GT /x

�
� ¹�º

is dense in X � yPT for all .x; �/ 2 X � yPT . Since r..GT /x/ is dense in X and X � ¹�º is
closed, we deduce that � is minimal if and only if PT D ¹0º. By Corollary 3.7, this occurs
precisely when GT is effective.
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7. An application to some crossed products by Z

In this section, we apply our theorem to characterise simplicity of crossed products of
C*-algebras of rank-1 Deaconu–Renault groupoids arising from continuous T -valued
functions on the underlying spaces. We then specialise this to the analogue of quasi-free
actions on topological-graph C*-algebras.

7.1. Crossed products as twisted groupoid C*-algebras

To apply our main theorem to understand crossed products of C*-algebras of Deaconu–
Renault groupoids, we need to realise the latter as twisted groupoid C*-algebras. This
follows from a more general result about crossed products of étale groupoids by actions
of Z induced by T -valued 1-cocycles that may be of independent interest; so we record
the general result first. We thank the referee for suggesting the more general formulation.

We will first need the following folklore result about multipliers of the C*-algebras of
Hausdorff étale groupoids. We write Cb.Y / for the set of continuous, bounded, complex-
valued functions on a locally compact Hausdorff space Y .

Lemma 7.1. Let G be a Hausdorff étale groupoid, and fix � 2 Z2.G ;T /. Suppose that
B � G is a clopen bisection of G such that s.B/ and r.B/ are closed, and fix f 2 Cb.B/.
For g 2 Cc.G ; �/, the convolution product f � g given by

.f � g/./ D
X

˛2G r./

�.˛; ˛�1/f .˛/g.˛�1/

belongs to Cc.G ; �/. There is a multiplier Mf of C �.G ; �/ such that for g 2 Cc.G ; �/
we have Mf .g/ D f � g. If s.B/ D r.B/ D G .0/ and f .B/ � T , then Mf is a unitary
multiplier of C �.G ; �/. If B1 and B2 are two clopen bisections such that r.Bi / and s.Bi /
are closed for each i , and fi 2 Cb.Bi / for each i , then the convolution product f1 � f2
belongs to Cb.B1B2/, and we have Mf1 ıMf2 D Mf1�f2 ; likewise, f �1 2 Cb.B

�1
1 / and

M �
f1
DMf �1 .

Proof. Fix g 2 Cc.G ; �/. Since supp.g/ is compact, its image r.supp.g// under the con-
tinuous range map is also compact. Use Urysohn’s lemma to fix a compactly supported
function h 2 Cc.G .0/; Œ0; 1�/ such that hjr.supp.g// � 1. Then f � g D f � .h � g/ D

.f � h/ � g. The function f � h is given by .f � h/./ D f ./h.s.//, and since
supp.f � h/ � sj�1B .supp.h/\ s.B// � B , it follows that f � h 2 Cc.G ; �/. So f � g D
.f � h/ � g 2 Cc.G ; �/.

Using the same function h as above, we see that

kf � gk2 D k..f � h/ � g/� � ..f � h/ � g/k D kg� � .h � f � � f � h/ � gk:

In C �.G ; �/, we have

g� � .h � f � � f � h/ � g � kh � f � � f � hk1g
�g � kf k21g

�g;
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and so we deduce that kf � gk � kf k1kgk. So the map g 7! f � g on Cc.G ; �/ extends
to a bounded linear mapMf of norm at most kf k1 on C �.G ; �/. Defining f �WB�1!C
by f �./ D �.�1; /f .�1/ as usual, associativity of multiplication shows that for
g;h 2Cc.G ; �/, we haveMf .g/� � hD g� � f � � hD g� �Mf �.h/. ThusMf is adjoint-
able with respect to the standard inner product on C �.G ; �/, with adjoint Mf � . So Mf is
a multiplier, as claimed. If s.B/ D r.B/ D G .0/ and f .B/ � T , then for g 2 Cc.G ; �/
we have M �

f
.Mf .g// D f

� � f � g D 1G .0/ � g D g, and similarly, Mf .M �f .g// D g.
So continuity gives M �

f
Mf DMfM

�
f
D 1M.C�.G ;�//, and thus Mf is a unitary.

For the final statement, we already saw that Mf � D M �f for all f , so we just have to
establish the multiplicativity. If B1 and B2 are clopen bisections and fi 2 Cb.Bi /, then
B1B2 is an open bisection because multiplication is open. To see that B1B2 is also closed,
suppose that i !  and each i 2 B1B2. Then each i can be written as ˛iˇi with each
˛i in B1 and each ˇi in B2. Since i !  , we have r.˛i /D r.i /! r./, and then since
r jB1 is a homeomorphism, ˛i ! ˛ for some ˛ 2 B1. Similarly (using s in place of r), we
have ˇi ! ˇ for some ˇ 2 B2. Since each s.˛i / D r.ˇi /, continuity gives s.˛/ D r.ˇ/,
and since ˛iˇi D i !  , continuity also gives ˛ˇ D  . So  2 B1B2. The convolution
formula shows that supp.f1 � f2/ � B1B2 and that kf1 � f2k1 � kf1k1kf2k1. For
g 2 Cc.G ; �/ we have Mf1.Mf2.g// D f1 � .f2 � g/ D .f1 � f2/ � g DMf1�f2.g/, and
then continuity gives Mf1Mf2 DMf1�f2 .

We can now discuss how to realise certain crossed products of étale-groupoid C*-
algebras as twisted groupoid C*-algebras.

Let G be a locally compact Hausdorff groupoid with a Haar system and let cWG ! T
be a continuous 1-cocycle. By [36, Proposition II.5.1] there is an action ˛ D ˛c of Z on
C �.G / such that

˛n.f /./ D c./
nf ./ for all n 2 Z; f 2 Cc.G /; and  2 G : (7.1)

Proposition 7.2. Let G be a second-countable Hausdorff étale groupoid. Suppose that
cW G ! T is a continuous 1-cocycle, and let ˛ D ˛c be the corresponding action of Z
on C �.G / as in equation (7.1). There is a continuous T -valued 2-cocycle ! D !c on
G �Z given by !..ˇ;m/; .;n// WD c.ˇ/n, and there is an isomorphism �WC �.G /Ì˛ Z!
C �.G � Z; !/ such that

�
�
iC�.G /.f /iZ.n/

�
.; p/ D ı�n;pf ./;

for f 2 Cc.G /, n 2 Z, and .; p/ 2 G � Z.

Proof. First note that! is normalised because c.r.//nDc./0D1 for all 2G and n2Z.
To see that ! satisfies the 2-cocycle identity, fix a composable triple ..ˇ;m/; .;n/; .�;p//
in G � Z. Then

!
�
.ˇ;m/; .; n/

�
!
�
.ˇ;m/.; n/; .�; p/

�
D c.ˇ/nc.ˇ/p D c.ˇ/nCpc./p

D !
�
.ˇ;m/; .; n/.�; p/

�
!
�
.; n/; .�; p/

�
:
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For the final statement, first note that for n 2Z, the set G .0/ � ¹nº is a clopen bisection
of G � Z with range and source equal to .G � Z/.0/. Hence Lemma 7.1 shows that there
is a unitary multiplier Un of C �.G � Z; !/ that acts on Cc.G � Z; !/ by convolution
with the characteristic function 1G .0/�¹�nº. Since c vanishes on G .0/, the final statement
of Lemma 7.1 shows that n 7! Un is a unitary representation of Z.

Since G � ¹0º is isomorphic to G and ! is trivial on G � ¹0º, the universal property
of C �.G / yields a homomorphism � WC �.G /! C �.G � Z; !/ such that �.f /.; m/ D
ım;0f ./ for all f 2 Cc.G / and .; m/ 2 G � Z. We claim that � is nondegenerate. To
see this, fix g 2 Cc.G � Z; !/, and use Urysohn’s lemma to choose f 2 Cc.G / such that
supp.f /� G .0/ and f j�1.r.supp.g/// � 1, where �1 is the projection of G �Z onto the first
coordinate. A routine calculation shows that �.f /g D g, and hence � is nondegenerate.

We claim that .�; U / is a covariant representation of .C �.G /;Z; ˛/. To see this, fix
f 2 Cc.G / and n 2 Z. For all .;m/ 2 G � Z, we have

.Un�.f /U
�
n /.;m/

D .Un�.f /U�n/.;m/

D

X
.�;p/.ˇ;q/.�;l/D.;m/

c.�/qClc.ˇ/l1G .0/�¹�nº.�; p/�.f /.ˇ; q/1G .0/�¹nº.�; l/:

If .�; p/.ˇ; q/.�; l/ D .; m/ contributes a nonzero term, then .�; p/ 2 G .0/ � ¹�nº and
.�; l/ 2 G .0/ � ¹nº; thus .�; p/ D .r./;�n/ and .�; l/ D .s./; n/, and hence .ˇ; q/ D
.;m/. So we obtain

.Un�.f /U
�
n /.;m/ D c./

n�.f /.;m/ D ım;0c./
nf ./ D �.˛n.f //.;m/:

Therefore, .�; U / is a nondegenerate covariant representation of .C �.G /;Z; ˛/, and so
the universal property of the crossed product gives a homomorphism �WC �.G / Ì˛ Z!
C �.G � Z; !/ such that �.iC�.G /.f /iZ.n//.; p/ D .�.f /Un/.; p/ D ı�n;pf ./.

To see that � is injective, it suffices by [10, Proposition 4.5.1] to show that � is inject-
ive and that there is a strongly continuous action ˇ of T on C �.G � Z; !/ such that for
each z 2 T , we have ˇz.�.f // D �.f / for all f 2 Cc.G /, and the extension ˇz of ˇz to
the multiplier algebra M.C �.G � Z; !// satisfies ˇz.Un/ D z

nUn for all n 2 Z.
We first show that � is injective. Let Y denote the right-C �.G /-module direct sumL
n2Z C

�.G /. For f 2 Cc.G � Z; !/ and n 2 Z, we write fn 2 Cc.G / for the function
such that f .; n/D fn./ for all  2 G . For f 2 Cc.G �Z/ and � 2 Cc.Z; C �.G // � Y ,
define f � � 2 Cc.Z; C �.G // by .f � �/.n/ WD

P
pCqDn p̨.fq/�.p/, where the product

p̨.fq/�.p/ is computed in C �.G /.
We claim that f 7! .� 7! f � �/ is a �-homomorphism fromCc.G �Z;!/ to L.Y /. To

see that it is multiplicative, fix f 2 Cc.G � ¹aº/ � Cc.G �Z; !/ and g 2 Cc.G � ¹bº/ �
Cc.G � Z; !/. Then fg 2 Cc.G � ¹aC bº/, and for  2 G , we have

.fg/aCb./ D
X

.ˇ;p/.�;q/D.;aCb/

!
�
.ˇ; p/; .�; q/

�
f .ˇ; p/g.�; q/
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D

X
ˇ�D

!
�
.ˇ; a/; .�; b/

�
fa.ˇ/gb.�/ D

X
ˇ�D

c.ˇ/bfa.ˇ/gb.�/

D .˛b.fa/gb/./:

Thus, for � 2 Cc.Z; C �.G // and n 2 Z, we have

.f � .g � �//.n/ D ˛n�a.fa/.g � �/.n � a/ D ˛n�a.fa/˛n�.aCb/.gb/�.n � .aC b//

D ˛n�.aCb/.˛b.fa/gb/�.n � .aC b//

D ˛n�.aCb/..fg/aCb/�.n � .aC b//

D

X
pCqDn

p̨..fg/q/�.p/ D ..fg/ � �/.n/:

Hence f 7! .� 7! f � �/ is multiplicative.
To see that it preserves adjoints, fix f 2 Cc.G � ¹mº/ � Cc.G � Z; !/, and � 2

Cc.¹pº; C
�.G // � Y and � 2 Cc.¹qº; C �.G // � Y . Then

hf � �; �iC�.G / D .f � �/.q/
��.q/ D ıpCm;q�.p/

�
p̨.fm/

��.q/:

Since!..;�m/;.;�m/�1/Dc./m for  2G , a computation shows that ˛m..f �/�m/D
.fm/

�. Hence f � 2 Cc.G � ¹�mº/, and

h�; f � � �iC�.G / D �.p/
�.f � � �/.p/ D ıq�m;p�.p/

�
p̨Cm..f

�/�m/�.q/

D hf � �; �iC�.G /:

So f 7! .� 7! f � �/ preserves adjoints, and hence is a �-homomorphism.
The universal property of C �.G �Z; !/ therefore implies that there is a homomorph-

ism  WC �.G �Z;!/!L.Y / such that  .f /� D f � � for f 2 Cc.G �Z;!/ and � 2 Y .
Let i0WC �.G /C�.G / ! Y be the inclusion as the 0-submodule. A quick calculation

shows that for a; b 2 Cc.G /, we have  .�.a//i0.b/ D i0.ab/. Since i0 is isometric and
since the left action of C �.G / on itself by multiplication is isometric, we deduce that
 ı � is injective, and hence � is injective.

So we just need to construct the action ˇ. For z 2 T , the map ˇz WCc.G � Z; !/!
C �.G � Z; !/ given by ˇz.f /.; n/ WD znf .; n/ is a �-homomorphism, and hence the
universal property of C �.G � Z; !/ implies that it extends to an endomorphism ˇz of
C �.G � Z; !/. Since ˇz ı ˇz is the identity map on Cc.G � Z; !/, each ˇz is an auto-
morphism, and since ˇz ı ˇw agrees with ˇzw on Cc.G � Z; !/, we see that z 7! ˇz is a
homomorphism. For f 2 Cc.G � ¹nº/, the map z 7! ˇz.f / is clearly continuous, and an
"
3

-argument then shows that ˇ is a strongly continuous action of T .
We claim that the extension of each ˇz to the multiplier algebra M.C �.G � Z; !//

satisfies ˇz.Un/ D z
nUn for each n 2Z. To see this, fix n 2Z and an increasing sequence

Ki � G .0/ of compact sets with
S
i2N Ki D G .0/, and for each i 2N, fix hi 2 Cc.G .0/ �

¹nº; Œ0; 1�/ such that hi jKi�¹nº � 1. For f 2 Cc.G �Z/ there exists N 2 N large enough
so that r.supp.f // � KN � ¹0º, and then hi � f D Unf for all i � N . So the sequence
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.hi /i2N converges strictly to Un, and since ˇz.hi / D znhi for all z 2 T , this establishes
the claim. Thus � is injective.

It remains only to prove that � is surjective. For this, fix an open bisection B of G �Z
and distinct points ˇ; 2B . ThenB DB 0 � ¹nº for some open bisectionB 0 of G and some
n 2 Z, and so ˇ D .ˇ0; n/ and  D . 0; n/ for distinct ˇ0;  0 2 G . Fix f 2 Cc.G / such that
supp.f / � B 0, f .ˇ0/ D 1, and f . 0/ D 0. Then the support of �.iC�.G /.f /iZ.�n// D
�.f /U�n is contained in B , and we have �.iC�.G /.f /iZ.�n//.ˇ0; n/ D f .ˇ0/ D 1 and
�.iC�.G /.f /iZ.�n//.

0; n/D f . 0/D 0. So [39, Corollary 9.3.5] shows that � is surject-
ive.

7.2. An application of Theorem 6.1 to crossed products

We now make use of Theorem 6.1 and Proposition 7.2 to study simplicity of certain
crossed products of C*-algebras of Deaconu–Renault groupoids.

The following is an immediate corollary of results of Renault [38, Section 4.1] (see
also [16]) together with Proposition 7.2; we have written it out primarily to establish our
set-up for the rest of the section.

Corollary 7.3. Let .X; T / be a rank-1 Deaconu–Renault system such that X is second-
countable, and let hWX ! T be a continuous function.

(a) For each .x; p; y/ 2 GT � X � Z �X , the sequence� NY
iD0

h.T i .x//

N�pY
iD0

h.T i .y//

�1
NDjpj

is eventually constant.

(b) There is a continuous 1-cocycle zhWGT ! T such that

zh.x; p; y/ D

NY
iD0

h.T i .x//

N�pY
iD0

h.T i .y//

for large N 2 N.

(c) There is an action ˛hWZ! Aut.C �.GT // such that ˛hn.f /./ D zh./
nf ./ for

all f 2 Cc.GT / and  2 GT .

(d) There is a continuous 2-cocycle chW .GT � Z/.2/ ! T given by

ch..˛;m/; .ˇ; n// WD zh.˛/
n;

and there is an isomorphism �WC �.GT / Ì˛h Z! C �.GT � Z; ch/ such that

�
�
iC�.GT /.f /iZ.n/

�
.; p/ D ı�n;pf ./;

for f 2 Cc.GT /, n 2 Z, and .; p/ 2 GT � Z.
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Proof. Statements (a) and (b) follow from the arguments of [38, Section 4.1] or [16, Pro-
position 3.10]. The action (c) is the one described in equation (7.1). The final statement is
a special case of Proposition 7.2.

Theorem 7.4. Let .X; T / be a rank-1 Deaconu–Renault system such that X is second-
countable, and let hWX ! T be a continuous function. Let zhWGT ! T be the 1-cocycle of
Corollary 7.3(b), and let ˛hWZ! Aut.C �.GT // be the action of Corollary 7.3(c). Write
� for the action of GT on X � T given by � .s./; z/ WD .r./; zh./z/. Suppose that X
is an uncountable space. Then the crossed product C �.GT / Ì˛h Z is simple if and only if
� is minimal.

In order to prove Theorem 7.4, we need the following lemma.

Lemma 7.5. Let .X; T / be a minimal rank-1 Deaconu–Renault system such that X is
second-countable. If X is uncountable, then GT is topologically principal.

Proof. Since GT is second-countable, it suffices by [7, Lemma 3.1] to show that 	T D

G
.0/
T . To see this, we suppose that 	T ¤ G

.0/
T and derive a contradiction. Recall from

Proposition 3.5 that 	T D ¹.x; p; x/ W p 2 PT º. Since 	T is nontrivial, there exists p 2
Zn¹0º such that .x; p; x/ 2 GT for all x. By definition of the topology on GT , it follows
that for each x 2 X there is an open neighbourhood U of x and a pair m > n 2 N such
that Tm.x/ D T n.x/ for all x 2 U . Since the pairs m > n 2 N are countable and X is
not countable, that GT is second-countable implies that there exist x; U;m; n as above so
that U is not countable. Since X is second-countable and T n is a local homeomorphism,
.T n/�1.x/ is countable for every x 2 X , and so V D T n.U / is an uncountable open set
and p Dm� n > 0 satisfies T p.x/D x for all x 2 V . Fix x 2 V . Since V is uncountable,
there exists y 2 V such that

T q.x/ ¤ y for all q 2 N: (7.2)

Since GT is minimal, there is a sequence .zi ; mi ; x/1iD1 in GT such that zi ! y. Write
each mi D ai � bi with ai ; bi � 0 so that T ai .zi / D T bi .x/. For each i 2 N, there exists
k > 0 such that kp > bi ; and then T aiC.kp�bi /.zi /D T kp.x/D x. So we can assume that
each mi > 0 and that Tmi .zi / D x for all i 2 N. By passing to a subsequence, we may
assume that eachmi �m1 is divisible by p. Fix l > 0 such that lp >m1, let d WD lp �m1,
let z WD T d .x/, and let ni WD mi C d for all i 2 N. Then T ni .zi / D z for all i 2 N, and
each ni is divisible by p. Since zi ! y, we eventually have zi 2 V , and so we eventually
have z D T ni .zi /D zi . But this forces y D z D T d .x/, which contradicts condition (7.2).
Thus 	T is trivial, as claimed.

Proof of Theorem 7.4. By Corollary 7.3(d), the crossed product C �.GT / Ì˛h Z is iso-
morphic to the twisted groupoid C*-algebra C �.GT � Z; ch/, to which we aim to apply
Theorem 6.1. For this, observe first that if T is the action of N2 given by T

.m;n/
D Tm,

then GT � Z Š GT .
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First suppose that .X; T / is not minimal. Then GT is also not minimal, and the action
� is not minimal. So .X; T / is not minimal, and hence Theorem 6.1(a) implies that
C �.GT / Ì˛h Z Š C �.GT ; ch/ is not simple. So it suffices to prove the result when .X;T /
is minimal.

Now suppose that .X;T / is minimal. Since X is uncountable, Lemma 7.5 implies that
	T D G

.0/
T . The isomorphism GT �Z! GT is given by ..x;m;y/;n/ 7! .x; .m;n/;y/. So

the interior 	T of the isotropy of GT is precisely ¹.x; .m; n/; x/ W .x;m; x/ 2 	T ; n 2 Zº.
So the preceding paragraph implies that 	T D ¹.x; .0; n/; x/ W x 2 X; n 2 Zº. The iso-
morphism GT � Z! GT intertwines ch with the 2-cocycle � 2 Z2.GT ;T / given by
�..x; .m; n/; y/; .y; .p; q/; z// WD zh.x;m; y/q . The restriction of this � to 	

.2/

T
satisfies

�
�
.x; .0;m/; x/; .x; .0; n/; x/

�
D zh.x; 0; x/n D 1:

Hence � is !-constant on 	T with ! D 1. It follows that Z! D PT D ¹0º � Z Š Z.
The yZ-valued 1-cocycle �� obtained from Lemma 4.3(e) satisfies

��.x;.m;n/;y/.p/ D �
�
.x; .m; n/; y/; .y; .0; p/; y/

�
� �
�
.x; .m; nC p/; y/; .y; .�m;�n/; x/

�
� �
�
.x; .m; n/; y/; .y; .�m;�n/; x/

�
D zh.x;m; y/p zh.x;m; y/�nzh.x;m; y/�n

D zh.x;m; y/p:

So the isomorphism � 7! �.1/ from yZ to T carries ��
.x;.m;n/;y/

to zh.x;m; y/ 2 T .
We have

HT WD GT =	T Š .GT � Z/=.G .0/T � Z/ Š GT

and the isomorphism is the map Œ.x; .m; n/; y/� 7! .x; m; y/. So the spectral action � of
HT on X � yZ! of Proposition 4.5 is identified with the action of GT on X � T given by
�.x;m;y/.y; z/ WD .x; zh.x;m; y/z/, which is precisely the action �. So Theorem 6.1 shows
that C �.GT ; ch/ is simple if and only if � is minimal.

In the following result, we write t and o for the terminus (range) and origin (source)
map in a topological graph, so as to avoid confusion with the range and source maps r
and s in the associated groupoid. We write X.E/ for the graph correspondence associated
to a topological graph E D .E0; E1; t; o/, and we write OX.E/ for the associated Cuntz–
Pimsner algebra. We write .jC0.E0/; jX.E// for the universal Cuntz–Pimsner-covariant
representation of X.E/ that generates OX.E/. See [21, 31, 42] for background on topolo-
gical graphs and their C*-algebras.

Corollary 7.6. Let E D .E0; E1; t; o/ be a second-countable topological graph such
that the terminus map t WE1 ! E0 is proper and surjective, and the infinite-path space
E1 is uncountable. Suppose that `WE1 ! T is a continuous function. There is an action
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ˇ`WZ Õ C �.E/ such that ˇ`n.jX.E/.�// D jX.E/.`
n � �/ for all � 2 Cc.E1/. Extend ` to

a continuous function `WE� ! T by defining `.e1 � � � en/ WD
Qn
iD1 `.ei / and `jE0 � 1,

and let T WE1! E1 be the shift map T .x1x2x3 � � � / D x2x3 � � � . Then C �.E/ Ìˇ` Z is
simple if and only if for every infinite path x 2 E1, the set®�

�T n.x/; `.�/`.x.0; n//
�
W n 2 N; � 2 E�t .T n.x//

¯
(7.3)

is dense in E1 � T .

Proof. The map � 7! ` � � is a unitary operator U` on the graph correspondence X.E/.
If � 2 Cc.E1/ is a positive-valued function such that o is injective on supp.�/, then a
quick calculation shows that conjugation by U` fixes the rank-1 operator ‚�;� . Using
this, it is routine to see that if . ; �/ is a covariant Toeplitz representation of E as
in [31, Definitions 2.2 and 2.10], then so is . ı U`; �/. So the universal property of
C �.E/ Š OX.E/ described by [31, Theorem 2.13] yields a unique automorphism ˇ` that
fixes jC0.E0/.C0.E

0// and satisfies ˇ`.jX.E/.�//D jX.E/.` � �/ for � 2 Cc.E1/. The for-
mula ˇ`n WD .ˇ

`/n then gives the desired action.1

Since t WE1! E0 is proper, [5, Propositions 3.11 and 3.16] show that E1 is a locally
compact Hausdorff space and T is a local homeomorphism. By [42, Theorem 5.2], there
is an isomorphism �WC �.E/! C �.GT / such that

�.jC0.E0/.f //.x;m; y/ D ıx;yım;0f .t.x//

for f 2 C0.E0/ and

�.jX.E/.�//.x;m; y/ D ıT.x/;yım;1�.x1/

for � 2 Cc.E1/.
Define hWE1 ! T by h.x/ WD `.x1/. Then h is continuous. Let ˛h 2 Aut.C �.GT //

be the automorphism ˛h1 of Corollary 7.3(c). A routine calculation shows that ˛h ı �
agrees with � ı ˇ` on jC0.E0/.C0.E

0// [ jX.E/.Cc.E
1//, and hence the uniqueness of

the automorphism ˇ` discussed in the first paragraph shows that ˛h ı � D � ı ˇ`. It
therefore suffices to show that C �.GT / Ì˛h Z is simple if and only if the set described in
equation (7.3) is dense for each x 2 E1.

Fix x 2 E1. Let zhW GT ! T be the 1-cocycle of Corollary 7.3(b). We claim that
the set described in equation (7.3) is precisely the orbit of .x; 1/ under the action � of
Theorem 7.4. We have

.GT /x D
®
.�T n.x/; j�j � n; x/ W n 2 N; � 2 E�t .T n.x//

¯
;

and so for each  2 .GT /x , we have

� .x; 1/ D
�
�T n.x/; zh.�T n.x/; j�j � n; x/

�
; (7.4)

1We could also appeal to the fourth paragraph of [30, page 462].
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for some n 2 N and � 2 E�t .T n.x//. Direct calculation shows that

zh.�x; j�j � j�j; �x/ D `.�/`.�/; (7.5)

for all x 2 E1 and �; � 2 E�t .x/. Together, equations (7.4) and (7.5) imply that the
set described in equation (7.3) is the orbit of .x; 1/ under �. Since � commutes with the
action of T on E1 � T by translation in the second coordinate, the orbit of .x; 1/ is
dense if and only if the orbit of .x; z/ is dense for every z 2 T . That is, the set described
in equation (7.3) is dense for each x 2 E1 if and only if every �-orbit is dense. So the
result follows from Theorem 7.4.

To conclude, for the class of topological graphs appearing in Corollary 7.6, we give
a sufficient condition phrased purely in terms of the graph without reference to the shift
map on its infinite-path space, for simplicity of the crossed product described there. (The
hypothesis that E1 is uncountable is quite weak, and follows from a number of element-
ary conditions on the graph: for example, that E0 is uncountable, or that E has at least
one vertex that supports at least two distinct cycles.)

Corollary 7.7. LetE D .E0;E1; t; o/ be a second-countable topological graph such that
the terminus map t WE1 ! E0 is proper and surjective, and the infinite-path space E1

is uncountable. Let `WE1 ! T be a continuous function. Extend ` to E� by defining
`.e1 � � � en/ WD

Qn
iD1 `.ei / and `jE0 � 1. For each v 2 E0, define

OrbC.v/ WD
[

�2E�v

.t.�/; `.�// � E0 � T :

If OrbC.v/ is dense in E0 � T for each v 2 E0, then the crossed product C �.E/ Ìˇ` Z
of Corollary 7.6 is simple.

Proof. Suppose that OrbC.v/ is dense inE0 �T for each v 2 E0. We aim to invoke The-
orem 7.4. Fix .x;w/; .y; z/ 2E1 �T . Recall from [5, Proposition 3.11 and Lemma 3.13]
that for n 2 N and an open neighbourhood U � En of y.0; n/ such that ojU is injective,
the set Z.U / D ¹y0 2 E1 W y0.0; n/ 2 U º is a basic open neighbourhood of y. Let d be
the metric on T induced by the usual metric on R via the local homeomorphism t 7! eit

from R to T . Let � be the action of GT on E1 � T from Theorem 7.4. It suffices to fix a
neighbourhood U as above and an " > 0 and show that there exists  2 .GT /x such that
� .x;w/ 2 Z.U / �Bd .zI "/. Let �y WD y.0; n/ 2 U . Since ` is continuous, by shrinking
U if necessary, we may assume that

d
�
`.�/; `.�y/

�
<
"

2
for all � 2 U: (7.6)

Since oWE1 ! E0 is a local homeomorphism, it is an open map, and so o.U / is open.
Since OrbC.t.x// is dense in E0 � T , we can find � 2 E�t .x/ such that

.t.�/; `.�// 2 o.U / � Bd

�
z`.�y/wI

"

2

�
:
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Let �t.�/ be the unique element of U such that o.�t.�// D t .�/. Since d is rotation-
invariant, condition (7.6) implies that

d
�
`.�t.�/�/w; `.�y/`.�/w

�
D d

�
`.�t.�//`.�/w; `.�y/`.�/w

�
D d

�
`.�t.�//; `.�y/

�
<
"

2
: (7.7)

Moreover, since d is rotation-invariant and `.�/ 2 Bd .z`.�y/wI "2 /, we have

d
�
`.�y/`.�/w; z

�
D d

�
`.�/; z`.�y/w

�
<
"

2
: (7.8)

Together, equations (7.7) and (7.8) imply that

d
�
`.�t.�/�/w; z

�
� d

�
`.�t.�/�/w; `.�y/`.�/w

�
C d

�
`.�y/`.�/w; z

�
<
"

2
C
"

2
D ": (7.9)

Now equations (7.5) and (7.9) imply that

�.�t.�/�x;nCj�j;x/.x; w/ D
�
�t.�/�x; `.�t.�/�/w

�
2 Z.U / � Bd .zI "/;

as required.

A. Realising twisted group C*-algebras as induced algebras

In this appendix we describe how to realise twisted group C*-algebras as induced algebras,
which is a key step in the proof of Theorem 5.4. These results are fairly well known
and a detailed treatment is given in [3, Theorem 4.3.1], so we give relatively little detail
here. We assume knowledge of C.X/-algebras (or, more generally, C0.X/-algebras). See
[41, Section C.1] for the definition and relevant results.

We first recall the definition of the induced algebra of a dynamical system. (See [35,
Section 6.3] for more details.)

Definition A.1. Let G be a compact Hausdorff group acting continuously on the right of
a locally compact Hausdorff space X , and let ˛ be a strongly continuous action of G on a
C*-algebra D. The induced algebra of the dynamical system .D;G; ˛/ is defined by

IndXG .D; ˛/ WD ¹f 2 C0.X;D/ W f .x � g/ D ˛
�1
g .f .x// for all x 2 X and g 2 Gº:

Theorem A.2. LetA be a countable discrete abelian group. Suppose that! 2Z2.A;T / is
a bicharacter that vanishes on Z! , in the sense that !.Z! ; A/[ !.A;Z!/ D ¹1º. Define
B WD A=Z! , and let z! 2 Z2.B;T / be the bicharacter satisfying z!.p C Z! ; q C Z!/
D !.p; q/ for all p; q 2 A. Let ¹up W p 2 Aº be the canonical family of generating unit-
aries for the twisted group C*-algebra C �.A; !/, and let ¹UpCZ! W p CZ! 2 Bº be the
canonical family of generating unitaries for the twisted group C*-algebra C �.B; z!/.
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(a) There is a continuous, free, proper right action of yB on yA given by

.� � �/.p/ WD �.p/�.p CZ!/ for all � 2 yA; � 2 yB; and p 2 A:

The orbit space yA= yB is compact.

(b) There is a strongly continuous action ˇB of yB on C �.B; z!/ such that

ˇB� .UpCZ! / D �.p CZ!/UpCZ! for all � 2 yB and p 2 A:

(c) There is an isomorphism �WC �.A; !/! Ind yA
yB
.C �.B; z!/; ˇB/ such that

�.up/.�/ D �.p/UpCZ! for all p 2 A and � 2 yA:

In particular, C �.A; !/ is a C. yA= yB/-algebra.

A detailed proof of Theorem A.2 can be found in [3, Theorem 4.3.1]. Parts (a) and (b)
are routine, but we reproduce some of the details of part (c) below. For this, we need the
following preliminary result.

Lemma A.3. Let A be a countable discrete abelian group, and let ! 2 Z2.A;T / be a
bicharacter.

(a) There is a strongly continuous action ˇA of yA on C �.A; !/ such that ˇA� .up/ D
�.p/up for all � 2 yA and p 2 A.

(b) There is a faithful conditional expectationˆAWC �.A;!/! C1C�.A;!/ such that

ˆA.x/ D

Z
yA

ˇA� .x/ d� for all x 2 C �.A; !/:

(c) Suppose that Y is a nonzero unital C*-algebra and ‰WC �.A;!/! Y is a unital
homomorphism. If x 2 C �.A; !/ satisfies ‰.ˇA� .x// D 0 for all � 2 yA, then
x D 0.

Proof. Parts (a) and (b) follow from standard arguments (see [3, Lemmas 4.3.2 and 4.3.4]).
For part (c), fix x 2 C �.A; !/ such that ‰.ˇA� .x// D 0 for all � 2 yA. Then

‰
�
ˇA� .x

�x/
�
D ‰

�
ˇA� .x/

��
‰
�
ˇA� .x/

�
D 0;

and [35, Lemma C.3] implies that

‰
�
ˆA.x�x/

�
D ‰

�Z
yA

ˇA� .x
�x/ d�

�
D

Z
yA

‰
�
ˇA� .x

�x/
�

d� D 0:

Since‰ is unital, it is injective on C1C�.A;!/, and so we deduce thatˆA.x�x/D 0. Hence
x D 0, because ˆA is faithful.
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Proof of Theorem A.2(c). Let YA;! WD Ind yA
yB
.C �.B; z!/; ˇB/. We aim to use the universal

property ofC �.A;!/ to find a homomorphism�WC �.A;!/!YA;! such that�.up/.�/D
�.p/UpCZ! for all p 2 A and � 2 yA. For each p 2 A, define vpW yA ! C �.B; z!/ by
vp.�/ WD �.p/UpCZ! . A routine argument shows that each vp is continuous and that
vp.� � �/D .ˇ

B
� /
�1.vp.�// for all � 2 yA and � 2 yB , and hence vp 2 YA;! . It is clear that

each vp is a unitary. For all p; q 2 A, we have

UpCZ!UqCZ! D z!.p CZ! ; q CZ!/UpCqCZ! D !.p; q/UpCqCZ! ;

and hence for all � 2 yA, we have

.vpvq/.�/ D �.p/UpCZ!�.q/UqCZ! D !.p; q/�.p C q/UpCqCZ! D !.p; q/vpCq.�/:

Therefore, vpvq D !.p; q/vpCq , and so the universal property of C �.A; !/ implies that
there is a homomorphism �WC �.A; !/! YA;! such that �.up/ D vp for each p 2 A.

We first show that � is surjective. Let Z.YA;!/ denote the centre of YA;! . By [41,
Proposition 3.49], the unital C*-algebra YA;! is a C. yA= yB/-algebra with respect to the
nondegenerate homomorphism ˆYA;! WC.

yA= yB/! Z.YA;!/ given by

ˆYA;! .f /.�/ D f .� �
yB/1C�.B;z!/:

For each � 2 yA, the set

I
�� yB
WD span

®
ˆYA;! .f /g W f 2 C.

yA= yB/; g 2 YA;! ; f .� � yB/ D 0
¯

is an ideal of YA;! . Define
A WD

G
�� yB2 yA= yB

YA;!=I�� yB ;

and let �WA! yA= yB be the surjective map given by �.g C I
�� yB
/ WD � � yB . An application

of [41, Proposition C.10(a) and Theorem C.25] shows that there is a unique topology on A

such that .A; �; yA= yB/ is an upper semicontinuous C*-bundle, and that for each g 2 YA;! ,
the section � � yB 7! g C I

�� yB
is continuous. Define

�.A/ WD
®
hW yA= yB ! A W h is continuous, and �

�
h.� � yB/

�
D � � yB for all � 2 yA

¯
;

and let F W YA;! ! �.A/ be the map given by F.g/.� � yB/ WD g C I
�� yB

, for all g 2
YA;! and � 2 yA. By [41, Theorem C.26], F is a C. yA= yB/-linear isomorphism of YA;!
onto the C. yA= yB/-algebra �.A/. An application of [41, Proposition C.24] shows that
F.�.C �.A; !/// is a dense subspace of �.A/. Since F is an isomorphism, it follows
that �.C �.A; !// is dense in YA;! , and hence � is surjective.

To see that � is injective, let ˇA be the strongly continuous action of Lemma A.3(a).
For each � 2 yA, the map vp 7! �.p/vp extends to an automorphism ˛A� of YA;! satisfy-
ing ˛A� ı� D � ı ˇ

A
� . If x 2 C �.A; !/ satisfies �.x/ D 0, then for all � 2 yA, we have

�.ˇA� .x// D ˛A� .�.x// D 0, and then Lemma A.3(c) gives x D 0. Hence � is inject-
ive. Thus � is an isomorphism, and C �.A; !/ is a C. yA= yB/-algebra with respect to the
homomorphism ��1 ıˆYA;! .
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