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The equivariant coarse Baum—-Connes conjecture for
metric spaces with proper group actions

Jintao Deng, Benyin Fu, and Qin Wang

Abstract. The equivariant coarse Baum—Connes conjecture interpolates between the Baum—Connes
conjecture for a discrete group and the coarse Baum—Connes conjecture for a proper metric space. In
this paper, we study this conjecture under certain assumptions. More precisely, assume that a count-
able discrete group I' acts properly and isometrically on a discrete metric space X with bounded
geometry, not necessarily cocompact. We show that if the quotient space X/T" admits a coarse
embedding into Hilbert space and I" is amenable, and that the I"-orbits in X are uniformly equivari-
antly coarsely equivalent to each other, then the equivariant coarse Baum—Connes conjecture holds
for (X, T"). Along the way, we prove a K-theoretic amenability statement for the I'-space X under
the same assumptions as above; namely, the canonical quotient map from the maximal equivariant
Roe algebra of X to the reduced equivariant Roe algebra of X induces an isomorphism on K-theory.

1. Introduction

The Baum—Connes conjecture [2, 3] provides an algorithm to compute the K-theory of
reduced group C *-algebras, which has important applications in geometry, topology, and
analysis (see [2] for a survey). It has been verified for a large class of groups including
a-T-menable groups [17] and hyperbolic groups [23].

The coarse Baum—Connes conjecture [26,27] is a geometric analog of the Baum—
Connes conjecture, which also has significant applications in geometry and topology, such
as the Novikov conjecture and Gromov’s conjecture about Riemannian metric of positive
scalar curvature [9, 15, 19,36, 37]. Many results (cf. [5, 8, 12-14,20,21,25,30-32]) have
been achieved in recent years after Yu’s breakthrough to the coarse Baum—Connes con-
jecture for metric spaces which are coarsely embeddable into Hilbert space [35].

Let X be a discrete metric space. We say that X has bounded geometry if for any R >0,
there exists M > 0 such that any ball in X with radius R contains at most M elements.
Let I be a countable discrete group. Assume that I' acts properly and isometrically on
X with bounded geometry, not necessarily cocompact. In this case, we call X a I'-space.
There is an equivariant higher index map [10, 28]

Ind" : Jim KT (Pa(X)) — K«(C*(X)D),
—00
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where KL (P;(X)) is the T-equivariant K-homology group of the Rips complex P (X)
of X on scale d > 0, and K.(C*(X)V) is the K-theory group of the equivariant Roe
algebra of the I'-space X. The equivariant coarse Baum—Connes conjecture states that
the equivariant higher index map Ind" above is an isomorphism provided that X has
bounded geometry. When the I'-action is cocompact, C*(X)T is Morita equivalent to the
reduced group C *-algebra of T, so that the equivariant coarse Baum—Connes conjecture
is a reformulation of the Baum—Connes conjecture (cf. [33]). When the group is trivial,
the equivariant coarse Baum—Connes conjecture is plainly the coarse Baum—Connes con-
jecture.

In [28], Shan proved that the equivariant higher index map is injective when M is a
simply connected complete Riemannian manifold with non-positive sectional curvature
and I is a torsion-free group acting on M properly and isometrically. In [10], Fu and
Wang showed that the equivariant coarse Baum—Connes conjecture holds for a I'-space X
with bounded geometry which admits an equivariant coarse embedding into Hilbert space.
In [11], Fu, Wang, and Yu proved that if a discrete group I" acts properly and isometrically
on a discrete metric space X with bounded geometry, such that both X/T" and I" admit a
coarse embedding into Hilbert space, and that the action has bounded distortion, then the
equivariant higher index map is injective for the I"-space X.

In a recent work [1], Arzhantseva and Tessera answer in the negative the following
well-known question [7, 16]: does coarse embeddability into Hilbert space is preserved
under group extensions of finitely generated groups? Their constructions also provide the
first example of a finitely generated group which does not coarsely embed into Hilbert
space yet does not contain any weakly embedded expander, answering in the affirmative
another open problem [1,24]. Their examples are certain restricted permutational wreath

products
Znig H = (@Zz) % H
G

and
Lot (H xFy) i= (D 22) % (H x Fy),
G

where G is a Gromov monster group, i.e., a finitely generated group which contains an iso-
metrically embedded expander in its Cayley group, H is a Haagerup monster group, i.e.,
a finitely generated group with the Haagerup property but without Yu’s property A, and
[, is a finitely generated free group. Note that both examples are “abelian-by-Haagerup”
group extensions. The reason why they do not coarsely embed into Hilbert relies on the
fact that both groups contain a certain relative expanders [1]. If we take X = Z, ¢ H
or Zr g (H xFy),and I = @G Z,, then we come across with a situation that I" is a
torsion group, the I'-action on X does not have bounded distortion, and that the space X
does not even coarsely embed into Hilbert space, let alone admits a I"-equivariant coarse
embedding into Hilbert space, namely, a situation which does not satisfy the assumptions
in each of the main results in [10, 11, 28] mentioned above.
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In this paper, as motivated by these examples by Arzhantseva and Tessera, we will
further investigate the equivariant coarse Baum—Connes conjecture along this line. The
following is our main result.

Theorem 1.1. Let I" be a countable discrete group acting properly and isometrically on
a discrete metric space X with bounded geometry, not necessarily co-compact. Assume
that all T-orbits in X are uniformly equivariantly coarsely equivalent. If the quotient
space X /T admits a coarse embedding into Hilbert space and T is amenable, then the
equivariant higher index map

Ind" : Jim KT (Pa(X)) — Ki(C*(X)T)

is an isomorphism.

When the group I is trivial, Theorem 1.1 recovers Yu’s famous result in [35]. On the
other hand, when the I'-action is cocompact, Theorem 1.1 recovers the amenable group
case of the celebrated result of Higson and Kasparov in [17], where they proved the the-
orem for more general a-T-menable groups. Note that the examples X = Z, g H or
Zy (H xFy),and T = @G Z, by Arzhantseva and Tessera discussed above provide
us with nontrivial examples of non-cocompact group actions satisfying the assumptions
in Theorem 1.1. At this point, it is natural to expect that Theorem 1.1 be true for non-
cocompact actions with I' being a-T-menable. However, technically in our approach to
the main theorem, we have to establish an isomorphism between the maximal equivari-
ant twisted Roe algebra and the reduced equivariant twisted Roe algebra (see Proposition
3.12) in which the amenability of T" plays an essential role. Nevertheless, once we get this
isomorphism on the C *-algebra level, we are able to further get a K-theoretic amenability
statement for the I'-space X, in a way as the proof of Theorem 1.1 by using the idea of
an infinite-dimensional geometric Bott periodicity; see also [35]. More precisely, we have
the following result:

Theorem 1.2. With the same assumptions as Theorem 1.1, the map

max

Mt Ku(CL(XOT) > Ku(C*(X)T)

is an isomorphism, where A is the homomorphism induced by the canonical quotient map
A from the maximal equivariant Roe algebra C}, (X' to the reduced equivariant Roe
algebra C*(X)L.

When the group T is trivial, Theorem 1.2 recovers the main result in [30] by Spakula
and Willett. When the group action is co-compact, the statement of Theorem 1.2 actually
holds for a more general class of groups (see [6]), including all a-T-menable groups, as
proved by Higson and Kasparov in the same paper [17]. Unfortunately, due to limitation
of our approach, the amenability of the group I' is necessary in our proof to Theorem 1.2.
For the general case, where the group action is non-cocompact, we do not know whether
the conclusion of Theorem 1.2 is true or not for I' being a-T-menable.
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The paper is organized as follows. In Section 2, we recall the reduced and maximal
equivariant Roe algebras, and formulate the equivariant coarse Baum—Connes conjecture,
for a discrete metric space with bounded geometry which admits a proper and isometric
action, not necessarily co-compact, by a countable discrete group. In Section 3, we use the
coarse embedding of the quotient space X/ T into a Hilbert space to define the reduced
and maximal equivariant twisted Roe algebras, and their localization counterparts. We
prove that the K-theory of the equivariant twisted localization algebra is isomorphic to
the K-theory of the equivariant twisted Roe algebra. Moreover, we also prove that the
maximal equivariant twisted Roe algebra and the reduced equivariant twisted Roe algebra
are isomorphic. In Section 4, we complete the proof of the main theorems by using a
geometric analog of Higson—Kasparov—Trout’s infinite-dimensional Bott periodicity.

2. The equivariant coarse Baum-Connes conjecture

In this section, we will first recall several notions from coarse geometry, and then define
the reduced and maximal equivariant Roe algebras, so as to formulate the equivariant
coarse Baum—Connes conjecture for a discrete metric space with bounded geometry which
admits a proper and isometric action, not necessarily co-compact, by a countable discrete

group.
2.1. Roe algebras

In this subsection, we will recall the notions of the (maximal) equivariant Roe algebras.

Let Z be a proper metric space, which means that every closed ball of Z is compact.
Let I" be a countable discrete group acting on Z properly and isometrically. The I"-action
is proper if for any compact set K € Z, {y € ' : yK N K} # @ is a finite set. " acts on Z
isometrically if d(x, y) = d(yx,yy) forally € I" and x, y € Z. In this case, Z is called
a ['-space.

Recall that a Z-module is a separable Hilbert space H on which there is a faithful
and non-degenerate *-representation ¢ : Co(Z) — B(H) such that the range of ¢ has no
nonzero compact operators, where Co(Z) is the algebra of all complex-valued continuous
functions on Z vanishing at infinity.

Let Z be a I'-space. We define a ["-action on Cy(Z) by

y(H)) = fy~'x)
forally e ' and f € Cy(2).

Definition 2.1. Let H be a Z-module. We say that H is a covariant Z-module if there is
a unitary action p : I' — U(H) such that

(y()) = p()d(fIp(y)*

forve H,T € B(H) and y € ', where U(H ) is the set of unitary operators on H. We
call such a triple (Co(Z), T, ¢) a covariant system.
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Definition 2.2 ([21]). A covariant system (Co(Z), I, ¢) is admissible if there exist sepa-
rable and infinite-dimensional I'-Hilbert spaces Hz and H' such that

(1) the Z-module H is isomorphic to Hz ® H’,

(2) ¢ = ¢o ® I for some I'-equivariant x-homomorphism ¢g : Co(Z) — B(Hz) such
that ¢ (/') is not a compact operator on Hz for any nonzero function f € Cy(Z)
and ¢¢ is non-degenerate in the sense that {¢o(f)Hz : f € Co(Z)} is dense
in Hz,

(3) for each finite subgroup F' C I' and every F'-invariant Borel subset E of Z, there
exists a trivial F-representation Hr g such that

¢(xe)H = ¢o(xe)Hz ® I*(F) ® Hr E,
where ¢2(F) is endowed with the left regular representation of F.

Definition 2.3. Let (Co(Z), I, ¢) be an admissible covariant system.

(1) For T € B(H), the support Supp(T) is the complement of the set of points
(x,y) € Z x Z for which there exist f and f” in Co(Z) such that

p(fNT(f) =0, f(x)#0, f'(»)#0.
(2) The propagation of a bounded operator 7 : H — H is defined to be

propagation(7') := sup {d(x, y) : (x,y) € Supp(T)}.
We say that T has finite propagation if propagation(7T) < +oc.
(3) Forany f € Co(Z),if ¢(f)T and T¢(f) are compact, then T is called a locally
compact operator.
(4) Anoperator T € B(H) is I'-invariant if y(T) = T forally e T.

Now we are ready to define the equivariant Roe algebra.

Definition 2.4. Let (Cy(Z), T, ¢) be an admissible covariant system. The algebraic equiv-
]T is the *-subalgebra of B(H) consisting of all locally compact
and T-invariant operators with finite propagation. The equivariant Roe algebra C*(Z)"
is the closure of the -algebra C[Z]" under the operator norm in B(H).

ariant Roe algebra C[Z

A proper I'-space Z is said to have bounded geometry if there exists a discrete I'-
invariant subset X C Z such that

(1) X has bounded geometry as a discrete metric space,

(2) X isac-netin Z for some ¢ > 0 in the sense that
Z=Nc(X)={z€Z:d(z,X) <c}.

The *-algebra C[Z]T can be equipped with a C *-norm associated with any %-repre-
sentation ¢ : C[Z]'' — H,. To define the maximal norm C[Z], we need the following
result which is essentially proved in [13].
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Lemma 2.5. Let Z be a proper T-space with bounded geometry. For any T € C[Z]F,
there exists a constant Ct > 0 such that for any *-representation ¢ of C[Z]' on a Hilbert
space Hy, we have

|¢(T) ||B(J€¢) =Cr.

It follows from the above lemma that the maximal norm on the *-algebra C[Z]' is
well defined.

Definition 2.6 ([13]). Let Z be a proper I'-space. The maximal equivariant Roe algebra,
denoted by C*, (Z)'', is the completion of C[Z]" with respect to the C*-norm

|T || max := sup {||¢(T) ||B(]€¢) ¢ Ciz)]f - B(Hy) is a x-representation}.

We remark that the definition of the (maximal) equivariant Roe algebra does not
depend on the choice of admissible covariant systems. The (maximal) equivariant Roe
algebra C*(Z)!' is Morita equivalent to the (maximal) reduced group C *-algebra C*(T")
when the quotient space Z/I" is compact; i.e., Z admits a proper and cocompact I"-action
(cf. [27, Lemma 5.14]). Moreover, equivariant Roe algebras are invariant under the equiv-
ariant coarse equivalence in the sense of the following.

Definition 2.7. Let Z and Z’ be proper I'-spaces. A Borel map f : Z — Z' is said to be
an equivariantly coarse embedding if there exist non-decreasing functions p4, p— : Ry 1=
[0, +00) — R such that

(1) limy— 400 p£(r) = +o00,
(2) p-(d(x,y)) =d(f(x), f(y)) = p+(d(x,y)), forallx,y € Z,
3) f(yx)=yf(x)forallx € Zandy €T.

Moreover, the T'-spaces Z and Z’ are called equivariantly coarsely equivalent if there
is an equivariant coarse embedding f : Z — Z’ such that the image f(Z) is coarsely
dense in Z' in the sense that Z' = Ng(f(Z)) for some S > 0, where Ns(f(Z)) =
{y €Y :d(y, f(Z)) < S}. We say that a family of metric spaces {Z;};cs are said to
be uniformly equivariantly coarsely equivalent if any two metric spaces Z; and Z; are
equivariantly coarsely equivalent with the same functions p4, p— and constant S > 0 in
the above definitions. If the metric space Z' = H is a Hilbert space, and the spaces Z
and H are equipped with trivial actions, then the metric space Z is said to admit a coarse
embedding into Hilbert space.

The following proposition is just an equivariant version of the isomorphism of the Roe
algebras under the coarse equivalence property. So we omit the proof here.

Proposition 2.8. Let Z and Z' be proper I'-spaces. If there exists an equivariantly coarse
equivalence [ : Z — Z', then

C*(Z)F ~ C*(Z/)F,
Canx(2)F = Cro (2.
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By the universality of the maximal norm, the identity map on C[Z]' extends to a

canonical quotient map
A:Ch

max

)" - c*2)".
We then obtain a homomorphism

M Ku(CEL(Z)T) > Ku(CH(2)T)

max

induced by the map A at the K-theory level.

2.2. The assembly map

Let us briefly recall the definition of equivariant K-homology introduced by Kasparov [22,
38].

Definition 2.9. For i = 0, 1, the K-homology groups KiF (Z2) = KKZ-F (Co(2),C) (@ =
0, 1) are generated by certain cycles modulo a certain equivalence relation:
(1) each cycle for K(I;(Z) is atriple (H, ¢, F), where ¢ : Cy(Z) — B(H) is a covari-
ant x-representation and F € B(H) is I'-invariant such that ¢(f)F — F¢(f),
S )FF*—=1),and ¢p(f)(F*F — I) are compact forall f € Co(Z),y €T
(2) eachcycle for KT (Z)is atriple (H,$, F), where ¢ : Co(Z) — B(H) is a covari-
ant x-representation and F is a ['-invariant and self-adjoint operator on H such
that ¢(f)(F?> —I)and ¢(f)F — F¢(f) are compact forall f € Co(Z), y € T.

In both cases, the equivalence relation on cycles is given by homotopy of the operator F.
Let us now define the equivariant index map
Ind" : KL (Z) — K. (C*(2)T).

Note that every class in the group KI'(Z) can be represented by a cycle (H, ¢, F) such
that (Co(Z), T, ¢) is an admissible covariant system [21]. Let (H, ¢, F) be a cycle in
Kg (Z) such that (Co(Z), T, ¢) is an admissible covariant system.

Take a locally finite, I"-equivariant, and uniformly bounded open cover {U; }ies of X,
and let {{/; };es be a '-equivariant partition of unity subordinate to {U; };cy. Define

F'=3 ¢S Fe(V/ ).
iel
where the sum converges in strong topology. In fact, (H, ¢, F’) is equivalent to (H, ¢, F)
in K§'(Z) and F’ has finite propagation. So F’ is a multiplier of C*(Z) and it is invert-
ible modulo C*(Z)''. As a result, F’ gives rise to an element in Ko(C*(Z)"), denoted
by d([F’]). We define the equivariant index map

Ind" : K (Z) — Ko(C*(2)")

by
Ind" ([H. ¢, F]) = 3([F])
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for all [H, ¢, F] € Kg (Z), where F’ is defined as above. Similarly, we can define the
equivariant index map
Ind" : KT (Z2) — K (C*(2)").

2.3. The equivariant coarse Baum—Connes conjecture

In this subsection, we will recall the equivariant coarse Baum—Connes conjecture for a
discrete metric space with bounded geometry.

From now on, we always assume that X is a discrete metric space with bounded geom-
etry.

Definition 2.10. For d > 0, the Rips complex P;(X) with scale d is the simplicial poly-
hedron whose vertex set is X, and a finite subset ¥ = {x¢, x1,...,X,} € X spans a
simplex if and only if the diameter of ¥ is no more than d.

Endow P;(X) with the spherical metric defined by the following way. Identify a sim-
plex Y = {x¢, x1,..., X, } with

n
St = {(so,sl,...,sn) eR" 5 >0, Zsl? = 1}

i=0

through the map

" < to 5] In )
Z tlxl > s ey s
n n
i=0 \/Zi=0 tl‘z \/Zi:o tiz \/Z?=O tiz

where S is endowed with the standard Riemannian metric. For each path connected
component of Py (X), the spherical metric is the maximal metric whose restriction on
each simplex is the metric above, and the distance of two points in different connected
components of Py (X) is defined to be infinity. Obviously, each Rips complex Py (X)
admits a proper I'-action by isometries defined by

k k
y- Y cixi =y _ci(y-xi)

i=1 i=1

for all Zle ¢ixi € Pg(X)andy € T.
The following conjecture is called the equivariant coarse Baum—Connes conjecture.

Conjecture 2.11 (The equivariant coarse Baum—Connes conjecture). Let X be a discrete
metric space with bounded geometry and let I" be a countable discrete group acting on X
properly by isometries. Then the equivariant index map

ind": lim KI(Pg(X)) > lim K. (C*(Pa(X))") = Ku(C*(X)T)

is an isomorphism.
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2.4. Equivariant localization algebras and local index map

In this subsection, we will recall the notions of the localization algebras and the local
index map.

Definition 2.12. Let Z be a proper I'-space. The equivariant localization algebra C}'(Z )§r
is the supremum norm closure of the algebra of all bounded and uniformly norm-continu-
ous functions
f 1[0, +00) = C*(2)",
such that
propagation ( /(1)) — 0 as — oo.

There exists an equivariant local index map (cf. [34] or [11])
Ind" : KL(Z2) — K. (CH(2)T).

Moreover, we have the following result which is an equivariant analog of [34, Theo-
rem 3.2].

Theorem 2.13. Let X be a discrete metric space with bounded geometry and let T be
a countable discrete group acting on X properly and isometrically. Then the local index
map -
Indy, : K (Pa(X)) — K+(Cf(Pa(X))")

is an isomorphism.

For any d > 0, there is a natural evaluation map

r r
e: CL*(Pd(X)) — C*(Pa(X))
by
e(f) = f(0)
forall f € C/'(Pg(X )T This is a *-homomorphism, thus it induces a homomorphism
ew s Ku(CH(Pa(X))") > Ku(C*(Pa(X))")

on K-theory. Moreover, we have the following commutative diagram:
. r
limg o0 K« (C/ (Pa(X))")
y J/
— (%
. Indl .. « r
limg oo KL (Pg(X)) — limg 00 K+ (C*(Pa(X))").

As a result, in order to prove that the map Ind" is an isomorphism, it suffices to show
that the map

ex: lim K, (Cr(Pa(X))") — Jim K. (C*(Py x)")

induced by the evaluation map on K-theory is an isomorphism.
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3. Equivariant twisted Roe algebras and localization algebras

In this section, we will follow the constructions in [35] to define C *-algebras encoding
the geometry of the quotient space X/I". These algebras include maximal and reduced
equivariant twisted Roe algebras, and equivariant twisted localization algebras. We prove
that the K-theory of equivariant twisted localization algebras is isomorphic to the K-
theory of equivariant twisted Roe algebras under the assumptions on the geometry of
X /T and the orbits. We also prove that the canonical quotient map between the maximal
equivariant twisted Roe algebras and the reduced equivariant twisted Roe algebras is an
isomorphism under the same assumptions.

3.1. The equivariant twisted Roe algebras along the quotient space

Let I" be a countable discrete group, and let X be a I'-space with bounded geometry.
Assume that £ : X/T" — H is a coarse embedding of X into Hilbert space H.Let 7 : X —
X /T be the quotient map. We will first recall the C *-algebra associated to an infinite-
dimensional Euclidean space introduced by Higson—-Kasparov—Trout [18].

Let H be a real (countably infinite-dimensional) Hilbert space. We use V,, 1}, etc.
to denote the finite-dimensional affine subspaces of H. Let VaO be the finite-dimensional
linear subspaces of H consisting of differences of elements of V. Let Cliff(VaO) be the
complexified Clifford algebra of Vao, and let

€V, = {h V- Cliff(VaO) is continuous and vanishing at inﬁnity}
be the Z,-graded C *-algebra. Let
AVL) = S QE(Va)

be the graded tensor product, where § = Cy(R) is graded by odd and even functions. If
Va € Vp, then V; = V.2 + V,, where V} is the orthogonal complement of V2 in V0.
For each vy € 1}, there is a unique decomposition vy = vp, + V4, Where vy, € Vboa and
v, € V,.
If V, C Vp, we use Cp, to denote the function
Vy — Cliff(Vy),  vp > pg.

Let X(f) = xf(x) be the unbounded multiplier of § with degree one, where f € §. Note
that X ® 1 + 1 ® Cp, is an unbounded, essentially self-adjoint operator with degree one
[18]. So there is a x-homomorphism

Bra : AVa) — A(Vs)

defined by y
Bra(g ® M) = g(X @1+ 1&® Cpa)(1 ® h),

forg € §,h € €(V,), where I is an extension of & by
h(Vba + va) = h(va).
and g(X ® 1 + 1 ® Cp,) is obtained by functional calculus.
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Definition 3.1. Define the C *-algebra A(H) by
A(H) = lim A(V,),

where the inductive limit is taken over all finite-dimensional affine subspaces of H, using
the homomorphisms (845).

Endow R x H with the weakest topology such that the projection onto H is weakly
continuous and the function (¢,v) + t2 + ||v||? is continuous. With this topology, R+ x H
is a locally compact Hausdorff space. Note that for v € H and r > 0, the subset

B(v,r) = {(t,w) eRyxH 2+ v-—w|? < r2}

is an open subset of R x H . For each finite-dimensional subspaces V, C H, 4 (V) con-
tains Co (R x V) as its center. If V; C V},, then B, maps Co(R 4 x V) into Co (R4 x V}).
With the direct system over all finite-dimensional affine subspace of H and (8j,), we
obtain a C*-algebra lim_, Co(R+ x V) which is isomorphic to Co(R+ x H).

Definition 3.2. The support of an element a € A(H) is the complement of all (¢, v) €
R4+ x H such that there exists g € Co(R4+ x H) with g(¢,v) #0and g-a = 0, where g
acts on A(H) as a multiplier.

For each d > 0, the I"-action on X induces a proper and isometric ["-action on P;(X)
by

k k
Ve Zcix,- = Zci()’ “Xi)
i=1 i=1
for Zf:l cixi € Pg(X)andy €T
Note that the coarse embedding & : X/I" — H induces a coarse embedding

E:P;(X)/)T - H

by
é(ﬂ(zcixz')> = ZQE(?T(X:‘)),

for all Zf;l cix; € Py(X), where 7 : Pg(X) — Pyz(X)/T is the quotient map induced
by the I"-action on Py (X).
For any element x € P;(X), we define

Wk(n(x)) = é(n(x)) + span {E(n(y)) — S(n(x)) :y e X/T, d(n(x), n(y)) < kz}.

Since X has bounded geometry, so the subspace W (7r(x)) is a finite-dimensional affine
subspace of H. For k < k', let

Bi' k (n(x)) A (Wi (n(x))) — A(Wkr (n(x)))
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be the map defined by the inclusion of Wy (;r(x)) into Wi/ (7 (x)). Let

Bre (7 (x)) = A(Wi(m(x))) = A(H)
be the map defined by the definition of A(H ). We write ((x)) for
Bo(m(x)) : § = A(Wo(m(x))) = A(H).
For each d > 0, fix a countable and I'-invariant dense subset X; of Py (X) such that
Xd1 - Xd2 ifdy <d,.

Definition 3.3. The algebraic twisted equivariant Roe algebra CaTg(Pd (X), AH))T is

defined to be the set of all functions T : X4 x X4 — #4(H) ® K such that the following
hold.

(1) There exists M > 0O such that | T(x, y)|| < M forall x,y € X;.
(2) There exists an integer N such that
T(x,y) € B (7(x))(A(Wn (7(x)))) ® K € A(H) ® K

forall x,y € Xz, where By ((x)) : A(Wn (7 (x))) — A(H) is the *-homomor-
phism associated to the inclusion of Wy (r(x)) into H, and K is the algebra of
compact operators on the Hilbert space Hy & 12(T").

(3) There exists r; > 0 such that if d(x, y) > rq, then T'(x,y) = 0.
(4) There exists L > 0 such that for each y € Xy,
]i{x :T(x,y) # O} <L, ﬁ{x 2T (y,x) # 0} <L.
(5) For any bounded set B € Py (X), the set
{(x.y) € BxBNXyxXy:T(x,y) #0}
is finite.

(6) There exists r, > 0 such that
Supp (T(x,y)) C {(s,h) eRy x H :s5%+ ||h — é(n(x)) ||2 < r22}

forx,y € X.
(7) There exists ¢ >0 such thatif Y = (s, h) e R x Wy (7 (x)) with ||Y || = /s2+ || 2 ]|?
< 1andif T (x, y) satisfies that
(B () & 1)(T1(x. ) = T(x.),

then the derivative in the direction of Y, Dy (T7(x, y)), of the function T7(x, y) :
R x Wy ((x)) — Cliff(Wy (7(x))) ® K exists and

[ Dy (Tix. )| = ¢
forall x,y € X.
®) T(yx,yy)=T(x,y)forallx,y € Xandy €T.
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We define a multiplication on alg(Pd (X), ACH))T by

(TiT)(x.y) = Y Ti(x.2)Ta(z.y)

ZGXd

and an involution by T*(x, y) = (T(y, x))*. Then C*

e (Pa(X), ACH))' is a *-algebra.
Let

E = { Z ax[x] i ay € AH) ® K, Z ayay converge in norm}.

xEXd xGXd

Then E is a Hilbert module over A(H) ® K with

(> axlxl 3 bulel) = 3 alb,

xEXd xEXd xEXd

( Z ax[x])a Z axalx]

xGXd xEXd

foralla € A(H) ® K and > xex, ax[x] € E.

Now we can define a *-representation of C* (X, A(H))' on E by

alg
T(Y axlxl) = Y (X Tnvax )bl
x€Xy veX; xeXy4
forall T € Cyj,(Pa(X), A(H))" and 3,y ax[x] € E.

Definition 3.4. The reduced equivariant twisted Roe algebra C*(Pgz(X), A(H)) is the
operator norm closure of a]g(Pd (X), A(H))T in B(E), where B(E) is the algebra of all
bounded adjointable homomorphisms from E to E.

By the arguments as in Lemma 2.5, the maximal norm on the algebraic equivariant
twisted Roe algebra is also well defined. Thus, we can define the maximal equivariant
twisted Roe algebra.

Definition 3.5. The maximal equivariant twisted Roe algebra C*, (P;4(X), A(H))' is
defined to be the completion of the *-algebra C* (Py(X), A(H))T with respect to the
maximal norm

alg

IT || max = sup{HqS(T) “ TP d1g(Pd(X) A(H)) — B(Ey), a *—representation}.

Let C;

I al g(Pd (X), A(H))' be the set of all bounded, uniformly norm continuous

functions -
g: Ry — Cd]g(Pd (X), A(H))

such that the following hold.
(1) There exists N such that
g(0)(x,y) € (Bn(m(x)) ® 1)(A(Wn (7(x))) ® K) € AH) & K

forall x,y € X andt € R.
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(2) lim;_, o, propagation( f(¢)) — 0 as t — oo.

(3) There exists R > 0 such that Supp(g(?)(x, y)) € Br,xa(§(7w(x)), R) for all
x,y € Xgandt € R;.

(4) There exists L > 0 such that for any y € P;(X),
f{x:g(t)(x,y) #0} <L, #{x:gt)(y.x) #0} <L
forany t € Ry.

(5) There exists ¢ >0 such that if Y = (s,h) Ry x Wy (7 (x)) with || Y || = /52 + ||4]|?
< 1 andif g;(¢)(x, y) satisfies that

(B (7(x)) ® D(g(®)1(x,y)) = T(x, y),
then the derivative of the function
g1(t)(x,y) : R x Wy ((x)) — Cliff (Wy (7 (x))) ® K
in the direction of Y exists, denoted by Dy (g(¢)1(x, y)), and
| Dy (g1 (x.y)| <¢
forallx,y € X andt € R;.

Definition 3.6. The twisted equivariant localization algebra C['(Pg(X), A(H N is the

completion of C Z,a]g(Pd (X), A(H))T with respect to the norm

lgll = tsel];g l&@ ] e cpy ) cyr-

There is an evaluation map
e: CF(Pa(X), AH))" — C*(Py(X), AH)),
by
e(g) = g(0),
forall g € C/(Py(X), A(H))T. We have a homomorphism
* r " r
ex ! K*(CL(Pd(X),A(H)) ) — K*(C (Pa(X), A(H))" ),

induced by the evaluation map on K-theory.
In the rest of this subsection, we will prove the following result.

Proposition 3.7. Let I be a countable discrete group acting properly and isometrically
on a discrete metric space X with bounded geometry. Assume that all T"-orbits in X are
uniformly equivariantly coarsely equivalent. If the quotient space X /T admits a coarse
embedding into Hilbert space and 1" is amenable, then the map

et Jim Ku(CF(Pa(X), AH))") - Jim K. (C*(Pa(X), AH))")

is an isomorphism.
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To prove the above proposition, we need to analyze the ideals of the twisted Roe
algebras and localization algebras associated to the open subsets of Ry x H. Let O
be an open subset of R4 x H. Define Ca"l‘g(Pd(X), c>%(H))g to be a x-subalgebra of
C (Pa(X), ACH))T by

Cr(Pa(X), AH)) gy = {T € iy (Pa(X), AGH))" : Supp (T(x,)) € 0. Vx,y € X}.

We can define C(Py(X), A(H))B and C*(Py(X), A(H))g to be the norm closure of
Cos(Pa(X), ACH))g in Cpry (Pa(X), ACH))T and C*(Pg(X), A(H))", respectively.
We would like to point out that the norm on C ;' (P4 (X), A(H ))5 may not be the maximal
norm of the x-algebra CaTg(Pd (X), eA)(H))l(;.

Similarly, let

CF ae(Pa(X). A)y = {g € CF 4o (Pa(X), A)" < Supp (g(1)) € Xa x X4 x O}.

Define C; (P (X), A)l(; to be the norm closure of CL*,alg(Pd (X), A)g inC/ (Pg(X), AL,
Let

B(S(n(x)),r) = {(s,v) eRy x H 5%+ ||v —S(n(x)) < rZH},

where 7 : X — X/T is the quotient map and £ : X/T" — H is the coarse embedding.
Denote O, = |J,.cx B(§(7(x)), r), then we have

Coa(Pa (). AGH))" = lim €] (PatX). AGH)) .

C*(Pa(X), ACH))"

. * r
Jim € (Pa(X), AH)),

CH(Pa(X). AT = Tim _CF(Pa(X). AH))g,.

Recall that 7 : X — X /T is the natural quotient map associated to the I"-action on X .
For any r > 0, since X is discrete and with bounded geometry, so X/I" has bounded
geometry and there exists finitely many mutually disjoint subsets of X /T, say X x for
1 <k < kg, such that

[
1) X/T =2, Xk,
(2) for each X and forall z,z' € Xy, if z # z/, then

|&(2) - €@ = 2r,

where £ : X/T" — H is the coarse embedding.

Let Y C X be a I'-domain of X in the sense that each orbit intersects with ¥ at exactly
one point. For simplicity, we denote

Yi i= (nly) ' (Xp) C ¥
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fork =1,2,...,ko, where m|y : ¥ — X/T is the restriction of w : X — X/T to the
I'-domain Y C X.Foreachk = 1,2,...,k¢ and r > 0, denote

Ok = U B JT()C) )

X€Yy

Lemma 3.8. With the same assumptions as Proposition 3.7 and { O, }, . defined above,
the map

et Jim K*(Cz(Pd(X),,A)(H))Zr’k) - Jim K*(C*(Pd(X),A(H))gr’k)

induced by the evaluation map is an isomorphism for allr > 0 and 1 < k < k.
Proof. Foreach x € X, set O, = B(£(;r(x)), r) for brevity. Define
xeYy

to be the *-subalgebra of the product algebra [ |
each element

> (Py(X), A(H))O , such that for

x€Yy alg

[T 7 € T] Co(Pax). A, .

xX€Yy xX€Yy

the conditions in Definition 3.3 are satisfied for all 7 with x € Xj uniformly.
For each element a € #(H ) with support contained in O, k, it can be decomposed as

a sum
a = E dx,

X€Yy

where each a is a restriction of a to O, and can be viewed as a function supported in Oy
for all x € X. It is obvious that

Carg(Pa(X). AH)),, H Cre(Pa(X). AH)) o,
xX€Yy
We define l—[zeylc C*(Py(X), A(H))gx to be the norm closure of

{ [] T : T € C(Pa(X). ACH))S o sup [T < oo}

x€Yy xeXk

under the supremum norm.
Similarly, we define []%

XGYk

C/(Py(X), A(H))gx to be the C *-subalgebra of

{ []oc: []0:x0) € ]‘[ Coro(Pa(X), A(H))O , sup lbx|l < oo}

X€Yy X€Yy XEYy
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generated by elements [ | xe¥; by, such that
(1) the function
u
r
[6x:Re = [] Ca(Pa(X), AH))
xe€Yy x€Yy
is uniformly norm-continuous in t € R,
(2) there exists a bounded function ¢(¢) on Ry with lim;— o c(#) = 0 such that
bx(t)(y,y’) = 0 whenever d(y,y’) > c(t) forall x € Yy, y,y € X4,and t € R.
By the definition of the algebraic equivariant twisted Roe algebra, we can prove that

u

= Sli—>moo C*(Pd(Ns(F x)),A(H))
xX€Yy

r

C*(Pa(X), A(H)) g,

r
Oy’

. “ % r
Jim ]‘! C; (Pa(Ns(T - x)), AH)),
XEY)

[

CE (Pa(X), AH)) g,

where Ng (T - x) is the S-neighborhood of T" - x in X. So

. " r . . “ " r
Jim ¢ (Pa(X). ACH)) g, = Jim i xgkc (Pa(Ns(I - x)). AH))
u
= lim lim [ C*(Pa(Ns(T 1)), ACH)) .
—>00 %ooxeYk
u
. " r .. . « r
Jim. Cr (Pa(X), AH)) g, 1 = Jim Jim_ [] Ct(Pa(Ns(T - x)). ACH)) o,

x€Yy

u

e X ' r

~ Sli)moodlgr;oxg Cr (Pd (NS(F x)),A(H))Ox.
k

It suffices to show that

es : lim K*( l_[ CZ(Pd(NS(F‘x)),A(H))I(;x)

d—
*° X€Yy

d—o0

— lim K*( I C*(Pd(Ns(F-x)),eA(H))gx)

XEYk

induced by the evaluation map on K-theory is an isomorphism for each S > 0. It is easy
to know that the assumptions of this lemma satisfy the setting of [11, Theorem 4.9]. With
the same arguments as in the proof of [11, Theorem 4.9], together with the geometric
Dirac-dual-Dirac method, we know that e, above is an isomorphism. [

To prove Proposition 3.7, we also need the following lemma, which can be proved by
the same arguments in [35, Lemma 6.3].
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Lemma 3.9. Let X| and X5 be T-invariant subsets of X, and let

= U B]R+><H( n(x) , U BR+xH n(x)),r),

x€X, x€X>

Then we have that

im  C*(Pg(X). A(H)) gy + _lim  C*(Pa(X). A(H))pa

r<ro,r—>ro r<ro,r—>ro

= lim C*(Pa(X). AT

1,02
r<ro,r—ro rUO:”

lim  Cf(Pa(X). A(H))py + _lim L CE(Pa(X), AH)) g

r<ro,r—ro r<ro,r—

= _Jim_CF(Pa(X). AH)) o,

r<ro,r —>ro

oluo?’

lim | C*(Pa(X), AG)) gy N _lim C*(Pa(X), AH))

r<ro,r—ro r <ro,r—ro

= lim  C*(Py(X), A(H))"

r<ro,r—>ro

lim cg(P,j,(X),UAD(H))Z1 n,_lim  C7(Pa(X). AH)) o2

r<ro,r—>ro

= lim G} (Pa(X), ACH)),

1n02*
r<ro,r —ro 0rno;

10029

Proof of Proposition 3.7. Since
* r r
C (Pd(X),A(H)) = hm Cc* (Pd(X),A(H))Or,

r—>—+

r . r
CH(Py(X), AH =1 C/(P;(X), AH
P (Pa (O AM)" = Tim  C}f(Pa(X). AG)) g,
where O, =, <k<ko O, k., following the similar arguments in [29] we obtain that

lim lim K. (C*(Pa(X), A(H))p ) = Jlimlim K. (C*(Pa(X). A(H)) g, ).

d—ocol—>

lim lim K. (C}(Pa(X), A(H))p ) = lim im Ko (G} (Pa(X). ACH)) g, ).

d—ocol—>

We get the commuting diagram

im Ko (C}(Pa(X), AGH))") #dnm Ko (C*(Pa(X), AGH))")

| |

lim lim K. (C}(Pa(X), ACH))y, )—> lim lim K. (C*(Pa(X). A(H))y )

d—o0 r—>00 d—oor—>00

| |

lim lim K. (Cf(Pa(X), AH))y ) —— lim lim K. (C*(Pq(X). A(H))y, ).

r—>00 d—o00 r—00 d—>o00

The conclusion follows that the bottom horizon map is an isomorphism by using
Lemma 3.8, Lemma 3.9, and the Mayer—Vietoris sequence argument. ]



The equivariant coarse Baum—Connes conjecture for metric spaces 79

3.2. The maximal and reduced equivariant twisted Roe algebras

In this subsection, we will prove that the canonical quotient map

X CE(Pa(X), ACH))T — C*(Py(X), ACH))

max

is an isomorphism.
Recall that in Section 3.1 we have defined a *x-subalgebra C* (P;(X), A(H ))g of
alg(Pd (X), A(H))" consisting of the operators with entries supported in O for each
open subset O in R4 x H, and the C*-subalgebras C; (P4 (X), A(H))F and C*(Py(X),
A(H))y, are the operator norm closure of Cji, (Py (X) A(H))E in Cl (Pg(X), ACH))T

max
and C*(Py(X), A(H))T, respectively. Recall that

Ork = | ) B(E(x(x)).r) C Ry x H.

x€Yy

alg

Lemma 3.10. Let X be a discrete metric space with bounded geometry, and let I" be a
countable discrete amenable group. Assume that T" acts on X properly and isometrically
such that the T-orbits are uniformly equivariantly coarsely equivalent. If the quotient
space X /T admits a coarse embedding into Hilbert space, then the canonical quotient
map

A CH(Py(X), ACH)),, C*(Pa(X), A(H))E,k

Oy

extended from the identity map on alg(Pd (X), AH ))F is an isomorphism.

Proof. For brevity, we denote by O the open subset O, x and denote Ox = B(§(r(x)),r).
Let ]_[;eyk alg(Pd (X), AH ))g be the x-algebra consisting of the operators

[T 7 € TT CaulPatx). AGH)Y,.

X€Yy X€E€Yy

such that the family of operators {7 }xcy, satisfies conditions in Definition 3.3 with uni-

form constants. Since O = | |,cy, Ox, we have

Core(Pa(X), A(H) ]‘[ Coo(Pa(X), A(H))

x€Yy

By the definition of each alg(Pd (X), A(H))F , we have

[T Cie(PaCO). AED) o, = Jim [T Ca(Na(T - x). AGH))
X€Yy _)OO)CEYk

where the inductive limit can be viewed as the union of these x-algebras. If we use

u,p u
[T C*(Nr( - x). A(H)) . and [T C*(Nr(T-x). AH))y,

X€Yy x€Yy
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to denote the norm closure of HZGY;C alg(NR (I~ x), A(H)) _in CJ(Pa(X), A(H))I(;rk
and C*(Py(X), A(H))gr . respectively, then

u,p
. r
Jim ] €*(NR(T - x), AGD)p,

X€Yy

C; (Pa(X). ACH)) g,

CH(PaX). AU, = fim [T C*(Na(T- 0. ACH),

xeYy

So to prove the conclusion, we only need to show that for any R > 0,

u,p
[T ¢*(Wr(@-x). ,A,(H) ]‘[ C*(Ngr(T - x), ,A,(H))
xEYk xGYk

Denote by |I'| the metric space of I" endowed with a proper word-length metric. Let
I alg(|1"| A(H))g be the C*-algebra of all the operators

x€Yy

[1 7 e [] CaiTl A,

x€Y¥y xeYy
satisfying that
(1) each Ty is a I' x I'-matrix and Ty (g, h) = Tx(yg,yh) forg,h,y € T,
(2) there exists a constant M > 0, such that sup, ey, o per |Tx(g, D)l = M,
(3) sup,y propagation(7y) < oo,
(4) there exists r > 0 such that

Supp (Tx (g, 1)) € {(s,h) € Ry x H : 5% + |h — &(x(x)) |* < r?}

forg,h e,

(5) there exists ¢ >0 such thatif ¥ = (s,v) e Ry x Wy (7 (x)) with || Y || = /52 + || v]|?
< landif T.(g, h) is an element satisfying

(BN (m(x2)) ® 1)(T1(g. b)) = T(g.h),
then the derivative of the function
T.(g.h) : R x Wy (7 (x)) — CIiff (Wy (7(x))) ® K

in the direction of Y exists, denoted by Dy (T,(g, h)), and || Dy (T.(g. h))| < c
forallg,h e T.

Since the I'-orbits are uniformly equivariantly coarsely equivalent, so all the metric
spaces Nr(I" - x) with x € Y} are uniformly equivariantly coarsely equivalent to |T"|. It
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follows that

]_[ Ch(NR(T - x), ACH)),, ]‘[ Cr,(IT, A(H))

x€Yy xX€Yy

Let erY C*(IT|, A(H)),, _ and ]_[Zeyk C*(|F|,=A)(H))5x be the norm closure of

[T Ca(ITI. ACH)) G,

xeYk

as subalgebras in CJ(Pg(X), A(H))o and C*(P4(X), A(H))o, respectively. Then we
have

u,p u
[T C*(Na(@ - x). A(H)) . = [T C*(TLAH)),..
x€Yy x€Yy

lle

[T C*(N(T - x). A(H)) G 2= [T C*(TL AH)),,

xeYy X€Yy

Since I' is amenable, there exists a sequence of finitely supported positive-type func-
tions ¢, : I' — C such that ¢, converge pointwise to 1 (cf. [4, Theorem 2.6.8]). Denote

kn(g. 1) = du(g™"h)

for all g, h € T'. It is obvious that each k,, is a positive definite kernel k,, : I’ x ' — [0, 1]
such that

kn(yg.vh) = kn(g.h),

for all y, g, h € T'. Therefore, one can define a sequence of linear maps

ME H Ch(ITL ACH))Y, H Ca(ITLAH)) .

X€Yy X€E€Yy

by
ME((Te}) (8. h) = {kn(g. )T (g. h)}

forall T = {Ty} € l_[xeYk dlg(|F| A(H)) and g, h € T. It is not difficult to check
that M ,? £ is a un1tal completely map for each ky, above. We claim that, for each k,, the
multiplier M is bounded for any norm || - ||~ on erYk dlg(|F| eA)(H))F

In fact, for each n, ¢, is finitely supported, so we can assume that k;, has finite prop-
agation no more than R. Then M Zig(T) has finite propagation no more than R too. With
the same proof as Lemma 2.5, there exists a constant Cg, > 0 such that

| M| < Cr, - sup |Tx(. )|
X,8,
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where the norm of Ty (g, /) is unique since each coefficient T (g, /) is in the nuclear C *-
algebra A(H) o, ® K(H). Let || - | ea be the norm by representing mekaaTg(|F [, A(H))gx
on the Hilbert module @, y, (/*(T') ® A(H)o, ® K(H)), then we have

M= Chy - sup | Tl = Chy Tl = Ciy <
X8,

So we know that each operator M ;lg can be continuously extended to unital completely
positive maps, denoted by

H C*(IT]. AH)) H C*(IT]. ACH)),, .

X€Yy x€¥y

]‘[ c*(Ir|, A(H) ]‘[ c*(Ir|, A(H))

xX€Yy xX€Yy

By the definition of k,, we know that M ,f” and My, converge in point-norm to identity
maps on erYk c*(|r|, A(H))gx and ]_[Zeyk c*(|r|, A(H))Fx, respectively.
Now we have the commutative diagram

P
kn

M, u T
— [148y, C* (T ACH))

X€E€Yy

[T4y, C*(ITLAH)) g,
|
[Ty, C* (T AH))G, 25 [T ey, C*(IT] AH))
For each operator T € Ker(1), we have
(ML (T)) = My, (M(T)) =

Since Mp (T) e alg(|I‘| l—[xeyk A(H)) . and the restriction of A on the *x-subalgebra
H;eYk alg(|I‘| <A)(H)) _ is the identity map, we have that M,fn (T) = 0. It follows that

— i 14 _
T = lim M{ (T)=0.

Therefore, A is injective. This means that

Il

u,p u
[T c*(r1 AW, = [T C*(TL AH)), .
xEYk xEYk

and hence

u,p u
[T C*(Ne(T - x). AH)) 2= [] C*(Nr(T - x). ACH))y, - "

XEYy x€Yy

[
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We will glue all the isomorphisms between ideals together using the following result.

Lemma 3.11. Let A, A’ be C*-algebras and ¢ : A — A’ a *-homomorphism. Assume
that A=1+J, A =1+ J', where I, J are 2-sided ideals of A, and ', J' are 2-sided
ideals of A’. If the restrictionmaps ¢y - I — 1', o5 :J — J and ojny: I NJ —1'NJ’
are all isomorphisms, then ¢ : A — A’ is an isomorphism.

Proof. Since A/I =1+ J/I = J/I N J,so the quotient map @4/ : A/ — A’/ is
an isomorphism. We have the commutative diagram

0 I A AJl 0
lwz lw l‘/’A /1
0 I A A'J I ——0.
As a consequence of diagram-chasing, we obtain that ¢ is an isomorphism. ]

Proposition 3.12. Let X be a discrete metric space with bounded geometry and let I be
a countable discrete group. Assume T acts on X properly and isometrically with the T -
orbits uniformly equivariantly coarsely equivalent. If the quotient space X /T is coarsely
embeddable into Hilbert space and I is amenable, then the homomorphism

A CE(Pa(X), ACH)) — C*(Pg(X), AH))"

max

is an isomorphism.

Proof. Denote

0, = U B(n(x),r).

n(x)eX/T
Note that C;(P4(X), A(H))p, and C*(Pg(X), A(H))g, are 2-sided ideals of

*
Cmax

r * r
(Pa(X), A(H))" and C*(Ps(X), A(H))",
respectively. Moreover, we have that

C o (Pa(X), ACH))

max

Jim Cy(Pa(X), A(H))g,’
C*(Pat0 AGD)" = lip, € (Pa(X). AUHD)o,.

Foreachr > 0, O, = UI;‘;I O, . By Lemmas 3.9, 3.10, and 3.11, we have that the
canonical quotient

A Cx(Pa(X), A(H))gr — C*(Py(X), A(H))E,,

extended from the identity map on C

we(Pa(X), A(H)), , is an isomorphism. As a result,
the homomorphism

X CE(Pa(X), AH)) — C*(Pa(X), AH))

is an isomorphism. ]
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4. Proof of the main results

In this section, we will show that the maps
¢t lim Ko (CL(P2(X))") = Ku(C*(X)T),
—>00

Mt K (CEL(XOT) > Ku(C*(X)T)

max

are isomorphisms under the assumptions in Theorem 1.1. The tool to prove these two
results is the geometric Dirac-dual-Dirac method constructed by Yu in [35]. The difference
here is that we use the coarse embedding of the quotient space X/ T to construct the Bott
map (Definition 4.5) and the Dirac map (Definition 4.4) for the (maximal) Roe algebra of
the metric space X. In this setting, the Bott map and the Dirac map are still asymptotic
morphisms by the very similar proof. For the completeness, we just list some necessary
definitions and conclusions. More details can be found in [35] or [10].

Recall that H is a separable infinite-dimensional real Hilbert space and that V € H is
a finite-dimensional affine subspace of H. Use V° to denote the finite-dimensional linear
subspace consisting of differences of elements in V. Let £2(V) = L2(V, Cliff(V'?)) be
the graded infinite-dimensional Hilbert space of L2-maps from V to the complexified
Clifford algebra of V0. Let V,, C V}, be finite-dimensional affine subspaces of H. There
is an algebraic decomposition

Vp = Vboa @ Va,

where V2 is the orthogonal complement of V2 in V0. Take a unit vector & € £2(V,)) :

_dim(Vpg) 1
folu) = x5 exp (= Zu?)

for all w € V;2 . Then we can regard £2(V,) as a subspace of £2(V}) via an isometric
inclusion

ipa 1 L2(Va) = L2(V) @ £2(Va) = L2(Vp), £ £ ®E. 4.1)
IfV, CV, C V., wehave
ica = icb o iba~

So we obtain an inductive limit
£2(H) = lim £*(V),
—

over all the finite-dimensional affine subspaces V € H together with the maps {ip, }.

Let 8(V) € £2(H) be the subspace of Schwartz class functions from V to Cliff(V?).
Choose an orthonormal basis {e1, e, ..., e,} for VO, and let {x1, X2, ..., X, } be the dual
coordinates to {e1, ez, ..., e, }. We define the Dirac operator Dy, an unbounded operator
on £2(H) with domain $(V), by the formula

- degé 9§
DyE =Y (1) oy €
i=1 !
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where e; is the Clifford multiplication by e; € V° C Cliff(V?). Define the Clifford oper-
ator Cy,, with domain 8§(V), by

(Cyp§)(w) = (w —v)-§(w),

where v € V is a fixed base point, and the multiplication is the Clifford multiplication by
the vector w — v € V0.

Now fix x € P;(X). Let Wy (7t (x)) be the finite-dimensional subspace as in Defini-
tion 3.2, and identify £2 (W ((x))) as a subspace of £2(Wj.41(r(x))) via the isometric
inclusion

L2 (Wi (m(x))) = £> (W1 ((x)))

defined in (4.1). Note that these inclusions preserve the Schwartz subspaces S(Wy (7 (x))).
Define a Schwartz subspace of £2(H ) by taking the algebraic direct limit

$((x)) = li_r)nS(Wk (m(x))).

Let Vo(r(x)) = Wi(m(x)) and Vi (7 (x)) = Wir1(m(x)) © Wi (m(x)) if k > 1, where
x € Pg(X). We consider the Dirac operator Dy defined by

Dy = Dy (x(x))
and Clifford operators Cg r(x) defined by
Conx) = Cvoe(x). f(xx)):  Chnx) = Cvpnxy,00 k= 1,

associated to each Vi (m(x)). For each n € N and ¢t > 1, define an unbounded operator
Byt (7(x)) on £2(H) by

n—1 oo
Bui(m(x)) =D (1 +kt ™D + > (1 +kt ™) (Dr + Cronx))
k=0 k=n

associated to the decomposition
Vo(m(x)) & Vi(m(x)) @+ @ Va(m(x)) &+ .

Note that the operator By, ;(7r(x)) is well defined on the Schwartz space S(7(x)).

Let X be the algebra of compact operators on # = £2(H). We can define the x-
algebra Ca’fg (X, X)T similarly to C*(X)T by changing the coefficients of T € Ca”l‘g X)r
from K to X ® K. Let Cx, (X, X) and C*(X, KX)T be the maximal and reduced Roe
algebras which are the completions of Ca’[g (X, X)T under the maximal and reduced norms,
respectively.

Recall that in Section 2 we choose a I"-invariant countable dense subset Xy C P;(X)

for each d > 0.
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Definition 4.1. Let Cj,

S ® X ® K such that
(1) there exists M > 0 such that || T (x, y)|| < M for any (x, y) € Xz x Xg4,
(2) there exists r; > 0 such that T'(x,y) = 0if d(x, y) > ry,

(P7(X),8 ® X)T be the set of all functions T from Xz x X4 to

(3) there exists L > 0 such that for each y € Xy,

f{x:T(x.y) #0} <L, #{x:T(y.x)#0} <L,
(4) for any bounded set B C P;(X), the set {(x,y)e BxBNXyxXy : T(x,y)#0}
is finite,

(5) there exists rp > 0 such that if |¢| > rp, then T'(x, y)(t) = 0 forall (x,y) € X x X,
where T(x,y) € S ® X &® K can be viewed as a X ® K-valued function on R,

(6) there exists ¢ > 0 such that ||%T(x, V)| <cforall (x,y) e X x X;
(D) y(T) =Tiie. T(y 'x.y7y) = T(x.y).
Following Definition 3.3, we can view Ca’]*g(Pd (X),8 ® X)T as a *-algebra acting on
the graded Hilbert module
E=LCX)®PMO®S®K®K
over § ® X ® K, where the Z,-grading on £2(Xy), £>(T'), and K is trivial and § is

graded by the odd and even functions.

Definition 4.2. (1) The C*-algebra C*(Py(X), S ® K)T is defined to be the operator

norm closure of Ca’fg(Pd (X),$ ® X)T in B(8), where B(8) is the C*-algebra of all

adjointable module homomorphisms from & to &.
(2) The C*-algebra C.}, (Py(X),S ® K)T is the completion of Ca"l‘g(Pd (X),8§R®K)T
with respect to the C *-norm

IT || max := sup{“qﬁ(T) || YOI CaTg(Pd(X), $S® JC)F — B(&y), a *-representation},
where &, is a Hilbert module over the C *-algebra § ® X & K.

Naturally, we have the canonical quotient map

A:Cr(Pa(X),8 & K) — C*(Pa(X), S ® X)

max

extended from the identity map on the *-algebra Cj,(Pq(X), $ ® X).
We can similarly define the localization algebra, denoted by C L*,alg(Pd (X),8 ® X)L,
to be the x-algebra of all uniformly bounded and uniformly continuous functions

£ 110.00) = Ciy(Pa(X). 8 & X)"

alg

such that
(1) propagation( f(¢)) — O ast — oo,
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(2) the constants in conditions (3), (4), (5), and (6) of Definition 4.1 are independent
ont € [0, 00).

Definition 4.3. The localization algebra, denoted by C;*(Py(X), K )T, is the completion
of the *-algebra C* (P4(X), X)' under the norm

(Al = sup lf@)].

alg

From the definition of C* (Pz(X),$ & X)I and the nuclearity of §, we have

alg
C*(Py(X). S ® X) =8 & C*(Py(X). %),
CH(Ps(X). S ® K) =8 &Cr(PaX). %),

Cra(Pa(X), 8@ K) =8&C;

max max

(Pa(X), X)".

For every non-negative integer n and x € X, we define
(67 (x)) : AWy (r(x))) ®K—>S®K(L*(H))®K
by
(Or))(g®h®k) =g(X &1+ 1® Bps(m(x)))(1 & M) @ k
forallg € 8, h € Co(W, (n(x)), Cliff(W, (7 (x)))), k € K, x € X4, where g;(s) = g(t™s)
fors € R, hy(v) = h(§(m(x)) + 1 (v — £(w(x)))) for v € Wy((x)), Mp, is the point-
wise multiplication operator on £2(V') (where W, (;r(x)) C V is an affine subspace of H)

via the formula
(Mp,§)(v +w) = h (v)§(v + w)

forall§ € £2(V), v € Wy (m(x)),and w € V © W, (r(x)). Forevery T € dlg(X AH)T,
let n be a non-negative integer such that for every (x, y) € Xg x Xy, there exists 71 (x,y) €
AW, (m(x))) & K satisfying B, (x)(T1(x,y)) = T(x, y). We define

(@ (D))(x, ) = (07 () (T (x. »))

forevery T € Calg(Pd (X), A(H))T. By [18, Lemma 5.8], we know that (a;(T))(x, y) €

K(£?*(H)® K.
Definition 4.4. For each t > 1, we define
oy a]g(Pd(X) A(H)) alg(Pd(X) S ®JC)

via the formula

(@ (7)) (x. y) = (67 () (T1(x, )
forevery T € alg(Pd (X), A(H))T, where n is a non-negative integer such that for every
(x.y) € Xg x Xy, there exists T (x, y) € AW, (r(x))) ® K satisfying

Bn(w())(T1(x,»)) = T(x, y).
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By the same arguments as in [35, Lemma 7.2] and Proposition 3.12, we have the
asymptotic morphisms

(PaX). 8@ X) =s®C

max

(Pa(X), AH))" — C”

max

s (Pa(X), X)",
ar: C*(Pg(X), AH)) — C*(Py(X), 8 ® X)' = § & C*(Pa(X), X)"

. *
Qmax,t - C

for all + > 1. Then we have the induced homomorphisms
s * Ku(C (Pa(X), AH)) ") = Ku(S ® CF, (Pa(X), X)),
e Ku(C*(Pa(X), ACH))") = Ku(S & C*(Pa(X), X))

on K-theory.
Moreover, we can define an asymptotic morphism

aps: CE(Pa(X), ACH)) — 8§ & CF (Pa(X), X)"

by
ar(Ts)(1) = o (T)
for all path (Ts)sef0,00) € C[ (P (X), A(H))T and all > 1. In addition, we have the
homomorphism
ar st Ki(CF(Pa(X), ACH))) — Ki(S ® CF (Pa(X). X))
induced by the asymptotic morphism (B81.1)e[0,00)-

Definition 4.5. For each ¢t > 1, define a map

B8 & Ch(Pa(X)" — Cly(Pa(X). ACH))"
by
(B:(g ® T))(x,y) = (B(m(x)))(g:) & T(x, )
forallges, T € Ca"l‘g(X)F, and x,y € X, where g;(s) = g(t~'s) for all s € R, and
B(x(x)): 8 = A(f(7(x))) - A(H) is the x-homomorphism defined in Section 3.

Following the arguments in [35, Lemma 7.6], we know that §; extends to asymptotic
morphisms

Bras = S ® Cr (Pa(X)) — Cl(Pa(X), AH))T,
Bi:8&C*(Pa(X))" — C*(Pu(X). A(H))"
for all ¢+ > 0. Then we have the induced homomorphisms
Bunasr * Ku(8 @ Coy(Pa(X))") = K (Gl (Pa(X). AUH))").
Bu: Ku(S ® C*(Pa(X))") > Ku(C*(Pa(X), AH)))

on K-theory.
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Applying the map

Be:§&Ch(PaX) —Cy

alg

(Pa(X), ACH))"
point-wise gives rise to an asymptotic morphism
Bri:8 & CE(Pa() — CF (Pa(X), 4)"
for all # > 1. Then we have a homomorphism
Bt Ku(8 & CF (Pa(X))") = Ku(CF(Pa(X), ACH))")

induced by the asymptotic morphism (8L ¢ )e[0,00) O K-theory. The proof of the follow-
ing proposition is very similar to [35, Proposition 7.7]; we omit the proof here.

Proposition 4.6. The compositions
0w 0 Ba : Ku(S & C*(Pa(X))") = Ku(C*(Pa(X).8 & X)T).
Gmaxn 0 Brnan © Ku(S ® Co (Pa(X))") = Ku(CE(Pa(X). 5 & K)T),
AL 0 B Ku(8 & CF (Pa(X))") > Ke(CF (Pa(X),§ & X))
are identity maps, respectively.
Finally, we are ready to complete the proofs of the main results in this paper.

Proof of Theorem 1.1. We have the commutative diagram
lim Ke(S ® CF (Pa(X))") —=— 1im K.(S ® C*(Py(X))")
d—o00 d—o00
.BL,* /3*
lim Ku(CF(Pa(X), A(H))') —= lim K. (C*(Pa(X), AH))")
d—o00 = d-oo

oL [0 7%

lim K. (S & Cf (Pa(X)") —"— lim Ku($ ® C*(Pa(X))").

d—o00

By Proposition 4.6, we know that oy o B4« and (af, )« o (81 )« are identity maps, respec-
tively. It follows immediately from the diagram chasing that the map

ex: Jim K. (CH(Pa(X))T) — Jlim Ko (C*(Pa(X))")

induced by evaluation-at-zero map between the localization algebra and Roe algebra is an
isomorphism on K -theory. ]
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Proof of Theorem 1.2. For any d > 0, we have the commutative diagram

Ko($ & G (Pa(X))") =2 Ko (8 & C*(Pa())")

ﬁmax,*l lﬂ*

Ko (ol (Pa (), AHD)") 2 Ko (C* (Pa(X), ACH))")

max

Omax, * J/ la*

Ku(8 & € (Pa(X))T) —2 K (8 & C*(Pa (X)),

max
By Proposition 4.6, we know that 0max,« © Bmax,+ and o o By are identity maps,
respectively. By Theorem 3.12 and the diagram chasing, we have that the map

hut Ka( Gt (Pa(X0)T) = K (C*(Pa (X))

max

induced by the canonical quotient is an isomorphism on K -theory. Consequently, we have
that
At K (Cr (X)) = Ko (C*(X)T)

max

is an isomorphism since Py (X) is ['-equivariantly coarsely equivalent to X for a suitably
large d. |

Acknowledgments. The authors wish to thank the referees for many valuable comments.
They also would like to thank Professor Guoliang Yu for helpful conversations. The first
author thanks Professor Matthew Kennedy for his support.

Funding. Benyin Fu is partially supported by NSFC (no. 11871342). Qin Wang is par-
tially supported by NSFC (nos. 11831006 and 12171156), and the Science and Technol-
ogy Commission of Shanghai Municipality (no. 22DZ2229014).

References

[1] G. Arzhantseva and R. Tessera, Admitting a coarse embedding is not preserved under group
extensions. Int. Math. Res. Not. IMRN 2019 (2019), no. 20, 6480-6498 Zbl 07144224
MR 4031245

[2] P. Baum and A. Connes, K-theory for discrete groups. In Operator algebras and applications,
Vol. 1, edited by M. Takesaki and D. Evens, pp. 1-20, London Math. Soc. Lecture Note Ser.
135, Cambridge University Press, Cambridge, 1988 Zbl 0685.46041 MR 996437

[3] P. Baum, A. Connes, and N. Higson, Classifying space for proper actions and K-theory of
group C*-algebras. In C*-algebras: 1943-1993 (San Antonio, TX, 1993), pp. 240-291, Con-
temp. Math. 167, American Mathematical Society, Providence, RI, 1994 Zbl 0830.46061
MR 1292018

[4] N.P.Brown and N. Ozawa, C *-algebras and finite-dimensional approximations. Grad. Stud.
Math. 88, American Mathematical Society, Providence, RI, 2008 Zbl 1160.46001
MR 2391387


https://doi.org/10.1093/imrn/rny017
https://doi.org/10.1093/imrn/rny017
https://zbmath.org/?q=an:07144224
https://mathscinet.ams.org/mathscinet-getitem?mr=4031245
https://doi.org/10.1007/978-1-4612-3762-4_1
https://zbmath.org/?q=an:0685.46041
https://mathscinet.ams.org/mathscinet-getitem?mr=996437
https://doi.org/10.1090/conm/167/1292018
https://doi.org/10.1090/conm/167/1292018
https://zbmath.org/?q=an:0830.46061
https://mathscinet.ams.org/mathscinet-getitem?mr=1292018
https://doi.org/10.1090/gsm/088
https://zbmath.org/?q=an:1160.46001
https://mathscinet.ams.org/mathscinet-getitem?mr=2391387

(5]

(6]

(71

(8]

(9]

(10]

(11]
(12]
(13]

(14]

(15]

(16]

(17]
(18]

(19]

[20]
(21]
(22]

(23]

The equivariant coarse Baum—Connes conjecture for metric spaces 91

X. Chen, Q. Wang, and G. Yu, The maximal coarse Baum—Connes conjecture for spaces which
admit a fibred coarse embedding into Hilbert space. Adv. Math. 249 (2013), 88-130

Zbl 1292.46014 MR 3116568

J. Cuntz, K-theoretic amenability for discrete groups. J. Reine Angew. Math. 344 (1983), 180-
195 Zbl 0511.46066 MR 716254

M. Dadarlat and E. Guentner, Constructions preserving Hilbert space uniform embeddability
of discrete groups. Trans. Amer. Math. Soc. 355 (2003), no. 8, 3253-3275 Zbl 1028.46104
MR 1974686

J. Deng, The Novikov conjecture and extensions of coarsely embeddable groups. J. Noncom-
mut. Geom. 16 (2022), no. 1, 265-310 Zbl 1498.19005 MR 4422220

S. C. Ferry and S. Weinberger, A coarse approach to the Novikov conjecture. In Novikov
conjectures, index theorems and rigidity, Vol. 1 (Oberwolfach, 1993), edited by S. Ferry,
A. Ranicki, and J. Rosenberg, pp. 147-163, London Math. Soc. Lecture Note Ser. 226, Cam-
bridge University Press, Cambridge, 1995 Zbl 0954.57006 MR 1388300

B. Fu and X. Wang, The equivariant coarse Baum—Connes conjecture for spaces which admit
an equivariant coarse embedding into Hilbert space. J. Funct. Anal. 271 (2016), no. 4, 799-832
Zbl 1346.19008 MR 3507991

B. Fu, X. Wang, and G. Yu, The equivariant coarse Novikov conjecture and coarse embedding.
Comm. Math. Phys. 380 (2020), no. 1, 245-272 Zbl 1468.46074 MR 4166628

T. Fukaya and S.-i. Oguni, The coarse Baum—Connes conjecture for relatively hyperbolic
groups. J. Topol. Anal. 4 (2012), no. 1, 99-113 Zbl 1251.58008 MR 2914875

G. Gong, Q. Wang, and G. Yu, Geometrization of the strong Novikov conjecture for residually
finite groups. J. Reine Angew. Math. 621 (2008), 159-189 Zbl 1154.46042 MR 2431253

S. Gong, J. Wu, and G. Yu, The Novikov conjecture, the group of volume preserving diffeo-
morphisms and Hilbert—-Hadamard spaces. Geom. Funct. Anal. 31 (2021), no. 2, 206-267
Zbl 1468.19009 MR 4268302

M. Gromov, Asymptotic invariants of infinite groups. In Geometric group theory, Vol. 2 (Sus-
sex, 1991), edited by G. A. Niblo and M. A. Roller, pp. 1-295, London Math. Soc. Lecture
Note Ser. 182, Cambridge University Press, Cambridge, 1993 Zbl 0841.20039 MR 1253544
E. Guentner and J. Kaminker, Geometric and analytic properties of groups. In Noncommutative
geometry, edited by S. Doplicher and R. Longo, pp. 253-262, Lecture Notes in Math. 1831,
Springer, Berlin, 2004 Zbl 1055.46046 MR 2058475

N. Higson and G. Kasparov, £-theory and K K-theory for groups which act properly and iso-
metrically on Hilbert space. Invent. Math. 144 (2001), 23-74 Zbl 0988.19003 MR 1821144
N. Higson, G. Kasparov, and J. Trout, A Bott periodicity theorem for infinite-dimensional
Euclidean space. Adv. Math. 135 (1998), no. 1, 1-40 Zbl 0911.46040 MR 1617411

N. Higson and J. Roe, On the coarse Baum—Connes conjecture. In Novikov conjectures, index
theorems and rigidity, Vol. 2 (Oberwolfach, 1993), pp. 227-254, London Math. Soc. Lecture
Note Ser. 227, Cambridge University Press, Cambridge, 1995 Zbl 0957.58019 MR 1388312
G. Kasparov and G. Yu, The coarse geometric Novikov conjecture and uniform convexity.
Adv. Math. 206 (2006), no. 1, 1-56 Zbl 1102.19003 MR 2261750

G. Kasparov and G. Yu, The Novikov conjecture and geometry of Banach spaces. Geom.
Topol. 16 (2012), no. 3, 1859-1880 Zbl 1257.19003 MR 2980001

G. G. Kasparov, Equivariant K K -theory and the Novikov conjecture. Invent. Math. 91 (1988),
no. 1, 147-201 Zbl 0647.46053 MR 918241

V. Lafforgue, La conjecture de Baum—Connes a coefficients pour les groupes hyperboliques.
J. Noncommut. Geom. 6 (2012), no. 1, 1-197 Zbl 1328.19010 MR 2874956


https://doi.org/10.1016/j.aim.2013.09.003
https://doi.org/10.1016/j.aim.2013.09.003
https://zbmath.org/?q=an:1292.46014
https://mathscinet.ams.org/mathscinet-getitem?mr=3116568
https://doi.org/10.1515/crll.1983.344.180
https://zbmath.org/?q=an:0511.46066
https://mathscinet.ams.org/mathscinet-getitem?mr=716254
https://doi.org/10.1090/S0002-9947-03-03284-7
https://doi.org/10.1090/S0002-9947-03-03284-7
https://zbmath.org/?q=an:1028.46104
https://mathscinet.ams.org/mathscinet-getitem?mr=1974686
https://doi.org/10.4171/jncg/437
https://zbmath.org/?q=an:1498.19005
https://mathscinet.ams.org/mathscinet-getitem?mr=4422220
https://doi.org/10.1017/CBO9780511662676.008
https://zbmath.org/?q=an:0954.57006
https://mathscinet.ams.org/mathscinet-getitem?mr=1388300
https://doi.org/10.1016/j.jfa.2016.05.005
https://doi.org/10.1016/j.jfa.2016.05.005
https://zbmath.org/?q=an:1346.19008
https://mathscinet.ams.org/mathscinet-getitem?mr=3507991
https://doi.org/10.1007/s00220-020-03754-9
https://zbmath.org/?q=an:1468.46074
https://mathscinet.ams.org/mathscinet-getitem?mr=4166628
https://doi.org/10.1142/S1793525312500021
https://doi.org/10.1142/S1793525312500021
https://zbmath.org/?q=an:1251.58008
https://mathscinet.ams.org/mathscinet-getitem?mr=2914875
https://doi.org/10.1515/CRELLE.2008.061
https://doi.org/10.1515/CRELLE.2008.061
https://zbmath.org/?q=an:1154.46042
https://mathscinet.ams.org/mathscinet-getitem?mr=2431253
https://doi.org/10.1007/s00039-021-00563-7
https://doi.org/10.1007/s00039-021-00563-7
https://zbmath.org/?q=an:1468.19009
https://mathscinet.ams.org/mathscinet-getitem?mr=4268302
https://zbmath.org/?q=an:0841.20039
https://mathscinet.ams.org/mathscinet-getitem?mr=1253544
https://doi.org/10.1007/978-3-540-39702-1_4
https://zbmath.org/?q=an:1055.46046
https://mathscinet.ams.org/mathscinet-getitem?mr=2058475
https://doi.org/10.1007/s002220000118
https://doi.org/10.1007/s002220000118
https://zbmath.org/?q=an:0988.19003
https://mathscinet.ams.org/mathscinet-getitem?mr=1821144
https://doi.org/10.1006/aima.1997.1706
https://doi.org/10.1006/aima.1997.1706
https://zbmath.org/?q=an:0911.46040
https://mathscinet.ams.org/mathscinet-getitem?mr=1617411
https://doi.org/10.1017/CBO9780511629365.008
https://zbmath.org/?q=an:0957.58019
https://mathscinet.ams.org/mathscinet-getitem?mr=1388312
https://doi.org/10.1016/j.aim.2005.08.004
https://zbmath.org/?q=an:1102.19003
https://mathscinet.ams.org/mathscinet-getitem?mr=2261750
https://doi.org/10.2140/gt.2012.16.1859
https://zbmath.org/?q=an:1257.19003
https://mathscinet.ams.org/mathscinet-getitem?mr=2980001
https://doi.org/10.1007/BF01404917
https://zbmath.org/?q=an:0647.46053
https://mathscinet.ams.org/mathscinet-getitem?mr=918241
https://doi.org/10.4171/JNCG/89
https://zbmath.org/?q=an:1328.19010
https://mathscinet.ams.org/mathscinet-getitem?mr=2874956

(24]
[25]
[26]

(27]

(28]

(29]

(30]
(31]
(32]
(33]
(34]
(35]

(36]

(37]

(38]

J. Deng, B. Fu, and Q. Wang 92

P. W. Nowak and G. Yu, Large scale geometry. EMS Textbk. Math., European Mathematical
Society (EMS), Ziirich, 2012 Zbl 1264.53051 MR 2986138

H. Oyono-Oyono and G. Yu, K-theory for the maximal Roe algebra of certain expanders. J.
Funct. Anal. 257 (2009), no. 10, 3239-3292 Zbl 1185.46047 MR 2568691

J. Roe, Coarse cohomology and index theory on complete Riemannian manifolds. Mem. Amer.
Math. Soc. 104 (1993), no. 497, x+90 Zbl 0780.58043 MR 1147350

J. Roe, Index theory, coarse geometry, and topology of manifolds. CBMS Reg. Conf. Ser. Math.
90, Published for the Conference Board of the Mathematical Sciences, Washington, DC; by
the American Mathematical Society, Providence, RI, 1996 Zbl 0853.58003 MR 1399087

L. Shan, An equivariant higher index theory and nonpositively curved manifolds. J. Funct.
Anal. 255 (2008), no. 6, 1480-1496 Zbl 1151.58014 MR 2565716

L. Shan and Q. Wang, The coarse geometric Novikov conjecture for subspaces of non-
positively curved manifolds. J. Funct. Anal. 248 (2007), no. 2, 448-471 Zbl 1125.58002

MR 2335582

J. Spakula and R. Willett, Maximal and reduced Roe algebras of coarsely embeddable spaces.
J. Reine Angew. Math. 678 (2013), 35-68 Zbl 1279.46054 MR 3056102

R. Willett and G. Yu, Higher index theory for certain expanders and Gromov monster groups,
I. Adv. Math. 229 (2012), no. 3, 1380-1416 Zbl 1243.46060 MR 2871145

R. Willett and G. Yu, Higher index theory for certain expanders and Gromov monster groups,
11. Adv. Math. 229 (2012), no. 3, 1762-1803 Zbl 1243.46061 MR 2871156

R. Willett and G. Yu, Higher index theory. Cambridge Stud. Adv. Math. 189, Cambridge Uni-
versity Press, Cambridge, 2020 Zbl 1471.19001 MR 4411373

G. Yu, Localization algebras and the coarse Baum—Connes conjecture. K-Theory 11 (1997),
no. 4, 307-318 Zbl 0888.46047 MR 1451759

G. Yu, The coarse Baum—Connes conjecture for spaces which admit a uniform embedding into
Hilbert space. Invent. Math. 139 (2000), no. 1, 201-240 Zbl 0956.19004 MR 1728880

G. Yu, Higher index theory of elliptic operators and geometry of groups. In International
Congress of Mathematicians. Vol. I, pp. 1623-1639, European Mathematical Society, Ziirich,
2006 Zbl 1104.46044 MR 2275662

G. Yu, The Novikov conjecture. Uspekhi Mat. Nauk 74 (2019), no. 3, 167-184

Zbl 1439.19009 MR 3954330

G. L. Yu, Coarse Baum—Connes conjecture. K-Theory 9 (1995), no. 3, 199-221

Zbl 0829.19004 MR 1344138

Received 17 November 2021; revised 25 March 2022.

Jintao Deng
Department of Mathematics, SUNY at Buffalo, 4321 Chestnut Ridge Rd, Buffalo, NY 14228,
USA; jintaode @buffalo.edu

Benyin Fu (corresponding author)
College of Statistics and Mathematics, Shanghai Lixin University of Accounting and Finance,
Shanghai 201209, China; fuby@lixin.edu.cn

Qin Wang

Research Center for Operator Algebras, School of Mathematical Sciences; Key Laboratory of
MEA, Ministry of Education, and Shanghai Key Laboratory of PMMP, East China Normal
University, 200241 Shanghai, China; qwang@math.ecnu.edu.cn


https://doi.org/10.4171/112
https://zbmath.org/?q=an:1264.53051
https://mathscinet.ams.org/mathscinet-getitem?mr=2986138
https://doi.org/10.1016/j.jfa.2009.04.017
https://zbmath.org/?q=an:1185.46047
https://mathscinet.ams.org/mathscinet-getitem?mr=2568691
https://doi.org/10.1090/memo/0497
https://zbmath.org/?q=an:0780.58043
https://mathscinet.ams.org/mathscinet-getitem?mr=1147350
https://doi.org/10.1090/cbms/090
https://zbmath.org/?q=an:0853.58003
https://mathscinet.ams.org/mathscinet-getitem?mr=1399087
https://doi.org/10.1016/j.jfa.2008.06.025
https://zbmath.org/?q=an:1151.58014
https://mathscinet.ams.org/mathscinet-getitem?mr=2565716
https://doi.org/10.1016/j.jfa.2007.01.006
https://doi.org/10.1016/j.jfa.2007.01.006
https://zbmath.org/?q=an:1125.58002
https://mathscinet.ams.org/mathscinet-getitem?mr=2335582
https://doi.org/10.1515/crelle.2012.019
https://zbmath.org/?q=an:1279.46054
https://mathscinet.ams.org/mathscinet-getitem?mr=3056102
https://doi.org/10.1016/j.aim.2011.10.024
https://doi.org/10.1016/j.aim.2011.10.024
https://zbmath.org/?q=an:1243.46060
https://mathscinet.ams.org/mathscinet-getitem?mr=2871145
https://doi.org/10.1016/j.aim.2011.12.016
https://doi.org/10.1016/j.aim.2011.12.016
https://zbmath.org/?q=an:1243.46061
https://mathscinet.ams.org/mathscinet-getitem?mr=2871156
https://doi.org/10.1017/9781108867351
https://zbmath.org/?q=an:1471.19001
https://mathscinet.ams.org/mathscinet-getitem?mr=4411373
https://doi.org/10.1023/a:1007766031161
https://zbmath.org/?q=an:0888.46047
https://mathscinet.ams.org/mathscinet-getitem?mr=1451759
https://doi.org/10.1007/s002229900032
https://doi.org/10.1007/s002229900032
https://zbmath.org/?q=an:0956.19004
https://mathscinet.ams.org/mathscinet-getitem?mr=1728880
https://doi.org/10.4171/022-2/77
https://zbmath.org/?q=an:1104.46044
https://mathscinet.ams.org/mathscinet-getitem?mr=2275662
https://doi.org/10.4213/rm9882
https://zbmath.org/?q=an:1439.19009
https://mathscinet.ams.org/mathscinet-getitem?mr=3954330
https://doi.org/10.1007/BF00961664
https://zbmath.org/?q=an:0829.19004
https://mathscinet.ams.org/mathscinet-getitem?mr=1344138
mailto:jintaode@buffalo.edu
mailto:fuby@lixin.edu.cn
mailto:qwang@math.ecnu.edu.cn

	1. Introduction
	2. The equivariant coarse Baum–Connes conjecture
	2.1. Roe algebras
	2.2. The assembly map
	2.3. The equivariant coarse Baum–Connes conjecture
	2.4. Equivariant localization algebras and local index map

	3. Equivariant twisted Roe algebras and localization algebras
	3.1. The equivariant twisted Roe algebras along the quotient space
	3.2. The maximal and reduced equivariant twisted Roe algebras

	4. Proof of the main results
	References

