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Hochschild and cyclic (co)homology of the Fomin—Kirillov
algebra on 3 generators

Estanislao Herscovich and Ziling Li

Abstract. The goal of this article is to explicitly compute the Hochschild (co)homology of the
Fomin—Kirillov algebra on three generators over a field of characteristic different from 2 and 3. We
also obtain the cyclic (co)homology of the Fomin—Kirillov algebra in case the characteristic of the
field is zero. Moreover, we compute the algebra structure of the Hochschild cohomology.

1. Introduction

In their study of the Schubert calculus of flag manifolds, S. Fomin and A. Kirillov intro-
duced a family of quadratic algebras over a field k of characteristic zero, now called the
Fomin—Kirillov algebras FK(n), indexed by the positive integers n € N (see [4,8,9]). In
case the index n takes the values 3, 4 or 5, the Fomin—Kirillov algebras are also Nichols
algebras (see [6,11]), which appear in the classification of finite dimensional pointed Hopf
algebras (see [1]). Their (co)homological properties have gained some importance, in par-
ticular in relation to the conjecture by P. Etingof and V. Ostrik that claims that the Yoneda
algebra of every finite dimensional Hopf algebra is finitely generated. In particular, the
Yoneda algebra of the Fomin—Kirillov algebra FK(3) was first computed by D. Stefan
and C. Vay in [12] using several calculations involving spectral sequences. The Yoneda
algebra of FK(3) was more recently obtained in [7] by more direct methods, namely by
explicitly computing the minimal projective resolution of the trivial module k in the cat-
egory of bounded below graded modules. The aim of this article is to explicitly compute
the Hochschild (co)homology of FK(3) over a field k of characteristic different from 2
and 3, and the cyclic (co)homology if the field k has characteristic zero.

The contents of the article are as follows. After recalling some basic facts about the
Fomin—Kirillov algebra A = FK(3) on three generators in Section 2, we explicitly con-
struct in Section 3 the minimal projective resolution of the standard bimodule A in the
category of bounded below graded bimodules (see Proposition 3.7), building upon the
minimal projective resolution of the trivial module k in the category of bounded below
graded modules of [7]. Using this resolution we then compute in Section 4 explicit bases
for the Hochschild homology groups of A. In particular, we prove the following result.
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Proposition (see Proposition 4.7). The dimension of HH, (A) is given by

6, ifn =0,

%n—i—S, ifn =4r forr e N,
dimHH,(A4) = 5”—“2”3, ifn =4r + 1 forr € Ny,
%n+6, ifn =4r + 2 forr € Ny,

—5"2+9, ifn = 4r + 3 forr € Np.

We also compute their full Hilbert series with respect to the internal degree of A
(see Corollary 4.8). Moreover, (the Hilbert series of) the cyclic homology is immedi-
ately obtained from the Hochschild homology by means of Goodwillie’s theorem (see
Corollary 4.10) in case the characteristic of the field is zero.

Analogously, using again the minimal projective resolution of A in the category
of bounded below graded bimodules, we compute in Section 5 explicit bases for the
Hochschild cohomology groups of A. In particular, we prove the following result.

Proposition (see Proposition 5.8). The dimension of HH" (A) is given by

%n+4, ifn = 4r forr € Ny,
dimHH"(A) = %n—i—S, ifn = 4r + 2 forr € Ny,
#, ifn =2r + 1 forr € Ny.

We also compute the full Hilbert series of the Hochschild cohomology with respect
to the internal degree of A (see Corollary 5.9). Finally, using techniques from Grobner
bases, we prove in Section 6 the main results of this article, Theorem 6.7 and Corol-
lary 6.11, which explicitly describe the algebra structure of the Hochschild cohomology
of A by generators and relations. Namely, HH®(A4) is given as a quotient of a free graded-
commutative algebra (for the cohomological degree) with 14 homogeneous generators
(see Proposition 6.5) modulo the homogeneous ideal generated by the 63 relations listed
in (6.5).

2. Generalities

In this section, we will review the basic definitions of quadratic algebras, in particular
applied to Fomin—Kirillov algebras.

We will denote by N (resp., Ny) the set of positive (resp., nonnegative) integers. Given
i € Z, we will denote by Z; the set {m € Z | m < i}. Given i, j € Z withi < j, we
will denote by [i, j] ={m € Z | i < m < j} the integer interval, and we define y, = 0
if n is an odd integer and y, = 1 if n is an even integer. Moreover, given r € R, we set
lr] =sup{n € Z |n <r}.

From now on, k will be a field of characteristic different from 2 and 3. All maps
between k-vector spaces will be k-linear. Given an integer N = 2, recall that an algebra
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A is said to be N -homogeneous if it is of the form T V' /(R), where V' is a k-vector space,
TV = @nENo V'®" is the tensor algebra on ¥ and R € V®V. An N-homogeneous
algebra with N = 2 is called gquadratic. The grading of an N-homogeneous algebra
A= @neNo A, induced by setting V' to be concentrated in degree 1 is called the Adams
grading or the internal grading of A. Asusual, we consider A to be Z-graded with A, =0
ifn € Z \ Np.

Let V* be the dual vector space of V and define y : (V*)®2 @ V®2 — k by
Y(f1® f2,v1 ®vz) = f1(v1) f2(v2), forall vy, v, € V and f1, f> € V*. Given a quad-
ratic algebra A = TV/(R),let A' = T(V*)/(RY) = EBneNo Ain be the quadratic dual
of A, where

RY ={a e (V*®? | y(a,r) = Oforall r € R}.

Note that A!_n is concentrated in Adams degree —n for n € Ny, and we consider A' to be
Z-graded with A}, = 0 forn € N.

Recall that, given a k-algebra A, denote by A°P the opposite algebra of A, which is
the k-module 4 with multiplication x -4o» y = yx for x, y € A. The algebra A itself is an
A-bimodule under left and right multiplications. We also recall that an A-bimodule M can
also be viewed as a left A°-module, where A° = A ® A°P and the action is (x ® y)m =
xmy for x,y € Aand m € M. Analogously, it can also be regarded as a right A°-module,
where the actionis m(x ® y) = ymx forx,y € Aandm € M.

We recall that the Fomin—Kirillov algebra on 3 generators is the k-algebra FK(3)
generated by the k-vector space V' spanned by three elements a, b, ¢, modulo the ideal
generated by the vector space R € V®2 spanned by

{a®,b%,¢%,ab + bc + ca,ba + ac + cb}.

As usual, we will omit the tensor symbol ® when denoting the product of the elements
of TV. We refer the reader to [4, 11] for more information on Fomin—Kirillov algebras.
For simplicity, from now on we will denote the Fomin—Kirillov algebra FK(3) simply
by A. Note that the algebra A is quadratic and that A = @me[[oA]] Ap. It is easy to see
that

{l,a,b,c,ab,bc,ba,ac,aba,abc,bac,abac} 2.1
is a basis of A (see [4]). Given, m € [0, 4], we will denote by B, the subset of (2.1) that
is a basis of A4,,.

We will denote by {4, B, €} the basis of IV* dual to the basis {a, b, ¢} of V. Then, it
is easy to see that

A = k(A, B.€)/(Bh — AC, Ch — AB, AB — BE,CB — BA).

Note that AE) =k and A!_1 >~ V*. We recall that %;l = {A", B", €, A1 B, A"LE,
A""28B2} is a basis of A", for all integers n > 2, where we follow the convention that
AV B? = B2 (see [12, Lemma 4.4]).

Let (A’_n)* be the dual space of A’_n and 93;,* ={tn, Bns Ynrtn—1B,0n—1y,tn—2P2}\
{0} the dual basis of 93;, for n € N, where we will follow the convention that if the index
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of some letter in an element of the previous sets is less than or equal to zero, this element
is zero 0. We will omit the index 1 for the elements of the previous bases and write &'
for the basis of (AE))*. The previous bases for the homogeneous components of A, A' or
(AY* = Pyen, (AL,)* will be called usual.

Recall that (4')* is a graded bimodule over A' via (ufv)(w) = f(vwu) for u,v,w €
A'and f e (A")*. Using this definition of action of A' together with [7, Fact 3.6], and the
clear identities of A' given by

A" X, ifniseven,

XY" = A"X and X A" =
A"Y, ifnisodd,

forn € N and {X, Y} = {8, €}, we immediately get that

Ao = BB =Cy=aA=p8=yC=¢"
A=Ay =Ba=8By =€a =€ =FA=yA=aB =yB =a€ =€ =0.

Moreover, for n = 2, we have

Aty = tph = otp—1,
ABn = PnA = Ayn = yahA =0,
Acn—1B = YnVn—1 + Cn—2Y,
p—1PA = YnPn-1 + an—2p,
Atn—1Y = xnPn-1+ an—2p,
Un—1YA = YnVn—1 + tn—2Y,
Adn—2B2 = Yn+1(Bn—1 + Yn-1) + otn—3P2,
n—2B2h = xnt+1(Bu—1 + Yu—1) + an—3P2,
Bfn = pnB = Pun-1,
Baoy =0y, B =By, =y B =0,
Bay—18 = an—1 + xn+1Yn—1 + tn—3P2,
n-1BB = Yn—1 + Ynn—2y + fn+1(etn—1 + n—3P2),
Ban—1y = Yn¥n—1 + -2y,
n—17B = Yn+10n—2f + Yn(@n—1 + an—352),
Bop—282 = an—p,
n—2P28B = ynn—2f + Xn+10n—2Y,
Cyn = ynC = Yn-1,
Ca, = a,€ =€, = ,€ =0,
Can—1B = fnPn-1 + an-2p,
n—1BC = fu+10n—2y + fn(@n—1 + an—362),
Cap_1y = dn—1 + fnt+1Pn—-1 + an—3p2,
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1Y€ = Pn—1 + nn—2B + xn+1(@n—1 + an—3p2),
Can2fs = an—2y,
n—2f2C = Ynt10n—2B + xntn—2y.
Finally, the following elementary result, whose proof is immediate, will be useful

in the sequel to establish the linear independence of several sets of (co)boundaries and
(co)cycles.

Fact 2.1. Let V be a k-vector space of dimension n € N and {vy, ..., v,} a basis of V.
Let r < n be a positive integer and U = {Z;;l c;-‘vj eV | cJ’-c ek, k € [l,r]} a set
of r elements. If there is an injective map ¢ : [1,r] — [1,n] such that for all k € [1,r],
c](;(k) #0, but cé(k) =0fori € [1,k — 1], then the elements in U are linearly independent.

Instead of writing the specific map ¢, in the cases of (ordered) sets U we will consider
in the sequel we will simply underline the corresponding term c](; (k) Vo k)- This will be the
case in particular in Sections 4.3—4.5 and 5.3-5.5. In that situation, the basis {vy, ..., v,}
of the larger vector space will be an usual basis and the condition on ¢ is tantamount to
the fact that the underlined term of an element does not appear (with nonzero coefficient)
in the expressions of the previous elements of the same set.

3. The projective bimodule resolution of the Fomin—Kirillov algebra
on 3 generators

In this section, we will explicitly construct the minimal projective resolution of the stand-
ard bimodule A in the category of bounded below graded A-bimodules.

3.1. The bimodule Koszul complex

In article [2], R. Berger and N. Marconnet introduced the bimodule Koszul complex for
any N-homogeneous algebra. We will recall this for the special case of the Fomin—Kirillov
algebra (so N = 2). Given n € Ny, let K2 = 4 ® (4",))* ® A be the bimodule over 4
for the outer action. Define the maps

igi, AR (A @A > Ax (A @A
given by
(X RQUK®Y)=xaQUARY +XbRUB XY+ xc QUE R Y,
LHLxQURY)=xQRAURAY + X QR BuURby +x@Cu®cy
for x,y € A and u € (A')*. Note that i? = 0, i> = 0 and i¢i, = i,i¢. Indeed, the first
identity follows from the fact that
@®A+PRB+cR®C)> =ba® BA+ca®CA+ab AB
+chQREB +ac @ AC + bc ® BC
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is trivially zero by applying the relations in A and A' and the fact that i 62 xRQuUYy) =
xRU®)@RARI+bIRB®1+c® € ® 1)2 The identity i? = 0 is proved in
the same way. Since the left and right actions of A' on (4')* are compatible, the maps i¢
and i,, commute.

Fact 3.1. Take x,y € A. To reduce space, we will typically use vertical bars instead
of the tensor product symbols ®. The map i¢ |A®(AL1)*®A TA® (ALI)* RA—> AR

(Az,)* ® A sends x|a|y to xalg'|y, x|B|y to xb|e'|y, and x|y|y to xc|e'|y. Forn = 2,
it gpal, s AR (AL)* ®A—> A® (A’_(n_l))* ® A is given by

X|an|y = xalon—1ly, x|Bnly = xb|Bn-1ly. x|ynly = xclyn—1ly,

xlon—1Bly = xal(xnPn—1 + an—2p)|y
+ Xb|(Yn—1 + tnttn—2Y + Xn+1(@n-1 + an-3pB2))|y
+ xc|(xn+10n—27 + xn(an—1 + an—362))|y,

X|an—1y1y > xal(Xnyn—1 + an—2y)y + xb|(Ynt10n—2B + xn(n—1 + an—362))|y
+ xc|(Bn—1 + xnn—2B + xn+1(@n-1 + an_3p62))|y,

X|an—2B2|y = xa|(Xn+1(Bn-1 + Yn—1) + an—3B2)|y

+ xb|(xnon—2B + xn+10n—2y)|y
+ xc|(xn+10n—2f + xnQn—2¥)|y.

The map iV|A®(AL1)*®A AR (AL )*®A— AR (A))* ® A sends x|a|y to x|e'|ay,
x|B|y to x|g'|by, and x|y|y to x|&'|cy. Forn =2, Irlagal,yr@a  A® A~ )" ®A4—
A® (A!—(n—l))* ® A is given by

xlanly = xlap—ilay,  x|Bnly = x[Bu-1lby.  X|ynly = X[ya-1lcy.
Xlan—1Bly = x|(xn¥n—1 + an—2y)lay + x[(@n—1 + Xn+1¥n—1 + an—3B2)|by
+ X[(XnBn-1 + an—2p)lcy,
xlotn-1y1y = X[(XnPn-1 + an—2B)lay + x|(Ynyn-1 + cta—2y)|by
+ x[(@n—1 + xn+1Bn—1 + an—3p2)|cy,
Xlan—2B2|y = x|(xn+1(Bn—1 + Yn—1) + an—3p2)|ay + x|an—2B1by + x|an—2y|cy.
Following [2], we now set d,ll’ : K,ll’ — KnILI by d,l,’ = (—1D)"i¢ +1i, forn € N. Itis
easy to see that a’ba’,{’+1 = —ig +i2 = 0 for n € N. Then (K2, d}) is a complex in

n

the category of bounded below graded A-bimodules, called the bimodule Koszul complex
over A. Itis clear thatk ®4 (Kf, df’) =~ (K, ds), where (K, d,), considered in [7], is the
Koszul complex of the trivial right A-module k in the category of graded right A-modules.

Remark 3.2. The bimodule Koszul complex (K2, d?) is minimal, since the complex
k @qe (K2, db) =~k ®4 (Kb, dP) ®4 k = (K., ds) ®4 k has zero differentials.

We recall the following result.
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Proposition 3.3 ([2, Proposition 4.1]). Let B be a nonnegatively graded connected k-
algebra, and let

VARG VALY VA
be a sequence of graded-free B-modules, with My bounded below and g f = 0. Then this

sequence is exact if

) )
k®BM1M>k®BM2M>k®BM3

is exact.

Corollary 3.4. We have H,,(K?,d?) = 0 for n different from 0 and 3.

Proof. Recall that H, (K., do) = 0 for n # 0, 3, by [7, Proposition 3.1]. Applying Pro-
position 3.3, we get the result. ]

3.2. The minimal projective bimodule resolution

In this subsection, we will explicitly describe the minimal projective resolution of A in
the category of bounded below graded bimodules. We recall the following result (see
[7, Proposition 3.3]).

Proposition 3.5. Let (K., ds) be the Koszul complex of the trivial right A-module Kk in
the category of graded right A-modules. The minimal projective resolution (P.,8s) of k
in the category of bounded below graded A-modules is given as follows. For n € Ny, set

P, = @ w; Kp—a;,
i€f0,ln/4]]

where w; is a symbol of internal degree 6i for all i € Ny, and the differential §, : P, —
P,_, forn € N is given by

5n( > wiPn—4i)= Y (@idn—ai(pn-ai) + i1 fr—si(Pn-4i)),
ie[0,ln/4]] ie[0.ln/4]]

where p; € Kj for j € No, wo_1 =0and f; : K; — Kj3 are morphisms of graded right
A-modules of internal degree 6 such that d; 4 fj+1 = — fjd; 41 for j € Ny, d3 fo =0and
Im( fo) € Im(dy). This gives a minimal projective resolution of the trivial right A-module
k by means of the augmentation ¢ . Py = Ko — k of the Koszul complex. We usually omit
wy for simplicity.

We further provide an explicit family of morphisms { fe}een, satisfying the above
conditions, since we will need it for the calculations. Indeed, a lengthy but straightforward
computation shows that

fo(e'11) = 2as|bac + 2B3labc — 2ys|laba — azBlabe + azylaba — af,|bac,
Jn(anll) = Qonys — ant1B2)|bac + xnPn+slabe — ynyn+slaba,
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Jn(Bull) = 2Bn+3 — Xn@n42B — Yn+10n41B2)|abe + ynoni3|bac
— Xn¥n+3laba, (3.1
Jnn|1) = (=2Vn+3 + XnOnt2V + tn+10n+1B2)|aba + ynanislbac
+ XnBn+3labe,
Jn(an—1BI1) = (n = 1) xnt1Bn+3labe,
Jn(@n—1y[l) = —(n — 1) Yn41Yn+3laba,
Jn(@n—2B2|1) = ((n = 2) + yn+1)nt3lbac + (n —2) xnPp+3labe
— (n = 2) tnyn+3laba,
for n € N, satisfy the conditions of Proposition 3.5. Note that f; already appeared in [7].
Given n € Ny, we now define the morphisms of A-bimodules fnb : K,f — K,l; 13 by
fob(l le'[1) = 2|as|bac + 2|Bslabe — 2|yslaba — 1|azflabe + 1|azy|aba
— l|laBzlbac + alazB|(ba + ac) — clazflab — alazy|be
— blagylac + blaBz|(ab + bc) — clafaz|ba — 2blas|(ab + bc)
+ 2c|as|ba — 2a|B3|(ba + ac) + 2¢|Bs|ab + 2alys|bc
+ 2b|yslac — belaaBla — balasBlc + (ab + be)|any|b
+ (ba + ac)|azyla — ablaBsz|c —aclaBaz|b + 2ablas]c
+ 2ac|as|b 4+ 2bc|Bsla + 2ba|Bslc —2(ab + bc)|ys|b
—2(ba 4+ ac)|ysla + 2bac|az|1 + 2abc|B3|1 — 2abalys|1
—abc|azB|1 + abal|azy|1 — bac|aBa|1,
S (Nan|1) = 2|antslbac + xu|Butslabe — xulyntslaba — 1|any1Balbac
— XnClant2Blab — yubloni2ylac + ynt1blont1Balac
+ tnti1¢lant1B2lab — yublontsl(ab + be) + ynclantslba
+ (=1)"2c¢|Bn+3lab — xnal|Bn+slac — ynalynyslab
+ (=1)"2b|yn+3lac — ynbaloni2Blc + xn(ab + be)lan42y|b
+ Xn+1(ab + be)|ant1B21b — xn+1balant1Bale + xnaclonyslb
+ xnablanislc + 2balBpyslc + xn(ab + be)|Bpysla
— Jnbalyaysla —2(ab + bc)|yns3lb + (—1)"2bac|an 3|1
+ xnabc|Buys|l — ynabalynys|l + (—1)"* ' baclan 1121,
L2 UBal1) = 2|Burslabe — xulynislaba + xulenyslbac — ynloni2Blabe
— Jn+1l@nt1B2labe — ynalan 2y |be + (=1)" ' clant1B2lba
+ Xn+1alont1B2lbe + ync|Bntslab — xnal|Bn+3l(ba + ac)
+ (=1)"2alyn+3|bc — xnblyn+3lba — ynblotnt3lbe
+ (=D)"2¢clant3lba + xn(ba + ac)|ant2yla — abloy+1B2lc
+ Xn+1(ba + ac)lant1B2la + xnbal|Bntslc + xnbc|Pnisla
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fElyall) =

£r(tan-1 1) =

£ on—1y|l) =

£ (Uan—apall) =

—2(ba + ac)lyn+sla — xnablyn+3lb + xn(ba + ac)loni3|b

+ 2ablaptslc + (=1)"2abc|But3]1 — xnabalynys|1

+ xnbaclant3|l — ynabclon+2B|1 + ynt1abclantiB2|l,
—2|yn+3laba + xnlanyslbac + xn|Bn+3labe

+ Xnlon+2ylaba + ynilony1P2laba + xnalon2p[(ba + ac)
— n+1aldns1B2|(ba + ac) + (=1)"blant1B2](ab + be)

+ tn@|ynt3lbe + gnblyntalac + (=1)""12bjay13|(ab + be)
+ xnclants|(ba +ac) + xnc|Bn+3|(ab + be)

+ (=1)"*"'2a|Buy3l(ba + ac) — yubclaniafla

— Xnt1bclant1Bala —aclant1B2|b — yn(ba + ac)lynysla  (3.2)
— Xn(@b + bc)|ynt3lb + 2acloni3|b — xnbc|anyslc

— xnac|Buysle + 2bc|Buysla + (=1)" "1 2abalyn 3|1

+ ynbaclopys|l + xnabc|Bn+3|1 + ynabaloyay|1

— Xn+1abalon 1 B2l

Xnt+1[(n = D)|Buyslabe + alapi3lab — (n — 2)c|ay13|ba

+ clantslac —alBnyslab + c|Bny3|(ba + ac) — alyni3lab
—C|yn+3l(ba + ac) — (n — Dalyn+s|bc — baloy+3|a

+ (n — Dablapyslc + belanysle + balBpyzla + belBnslc

— (n—2)balyntsla — (n — Dac|yntsla — belynsle

— (n — Dabc|Bn+3l1],

Xn1] = (1 = Dlynsalaba + b|Bnyslbe + (n — 1)a|Bn43lba
+ (n —2)a|Bn+slac — blynt3lbc — alypyslac + alanislac

+ (n — Db|anyslab + (n — 2)blany3lbe + (ba + ac)|fn3|b
+ (n —2)bc|Bpy3la — ab|Bnsla — (ba + ac)|yn+3|b

—(ab + be)lyntsla + (n = 2)ac|an43]b — balon 4310

+ (ab + be)|ay+3la + (n — 1)aba|y,,+3|l],

Xn+1[(n = Dlangslbac — c|yns3|(ab + be) — (n — 1)b|yn43lac
—blyn+3lba + clanys|(ab + be) — blanyslba + b|Bn3lba

— (n = 2)c|Bn+3ladb + c|Bny3lbe — aclyntslc — (n — Dbc|yntslb
— (n—2)ablyn+3|b + aclanyslc + ablants|b + ac|Bn+3lc

+ (n — V)ba|Bn+3|c —ab|Bpy3|b — (n — l)bac|an+3|1]

+ xn(n — ) Uangslbac + 11Bny3labe — 1|yny3laba
—blants|(ab + be) + clants|ba + ¢|Bntslad
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—a|Bn+3l(ba + ac) + alyn43lbe + blyny3lac + aclany3|b
+ ablanslc + balBnslc + belBnysla — (ba + ac)lynsla
— (ab + bc)|yn+43lb + bac|ay+3|1 + abe|Bn+3|1 — aba|y,,+3|l],

where n € N.
The proof of the following result is a tedious but straightforward computation, that we
leave to the reader.

Lemma 3.6. The A-bimodule morphisms fnb : K,l,’ — Knb 13 defined above are homogen-
eous morphisms of internal degree 6, such that d.f fob =0, d,ll’+4 nb+1 + fnbdfl’Jrl =0and
idx ®4 fnb = fu forn € Ny, where f, are the specific morphisms given in (3.1).

Using the previous lemma, we can now prove the main result of this section.

Proposition 3.7. The minimal projective resolution (P, 88) of A in the category of
bounded below graded A-bimodules is given as follows. For n € Ny, set

Pnb = @ wj K5—4i = @ wiA® (A!—(n—4i))* ® A,
i€f0,ln/4]] i€f0,ln/4]]
where w; is a symbol of internal degree 6i for all i € Ny, the A-bimodule structure of
P! is given by X' (0ix @ u ® y)y' = 0ixX'x @u ® yy' forall x,x',y,y’ € Aand u €
(A!—(n—4i))*’ and the differential 8% : PP — P,f’_lforn € N is given by

53( Z wipn—4i) = Z (wid,lf_u (Pn—ai) + wi—lfnb_4i(/)n—4i)),
i€[0,|n/4]] i€f0,|n/4]]
where p; € KJI-’ for j € No, w—1 = 0 and fjb : KJI.’ — KJI-’+3 are the morphisms in (3.2).
This gives a minimal projective resolution of A by means of the augmentation ” : Pé’ =
A® (AE))* ® A — A, where P (x|e'|y) = xy forx,y € A.

Proof. 1t is clear that P? — A — 0 is a complex of graded-free (left) A-modules by
Lemma 3.6, (k ®4 P,b, idx ®4 8{’) =~ (P, 8.) and idx ®4 el ~ ¢ Proposition 3.5 tells
us thatk ®4 P2 — k ®4 A — 0 is exact. Proposition 3.3 in turn shows that the complex
Pb — A — 0is also exact. Moreover, the bimodule resolution (P2, §2) is minimal since
idk ®4 82 ®4 idk = 0. n

We follow the convention that P? = 0, K2 = 0 forn € Z \ Ng,and 82 = 0,d? =0
forn € Z \ N in the following sections.

4. Hochschild and cyclic homology of FK(3)

Using the minimal projective bimodule resolution (P2, §2) of 4 in Proposition 3.7, we
will compute the linear structure of the Hochschild homology HHe(A) = Tord (4, A) =
He(A ®4¢ P2). For further information about Hochschild and cyclic homology, we refer
the reader to [10].



Hochschild and cyclic (co)homology of the Fomin—Kirillov algebra on 3 generators 153

4.1. Recursive description of the spaces

LetK, = A® (A o) forn € Ny and K, —Oforn € Z \ Ny. We have A Qe ,f’ ~ P,
as k-vector spaces, where P, = @16[0 ln/4]] w; K,,_4; for n € Ny and Pn =0forn €
Z \ Ny. We will denote by 9, P — P,, 1 the differential id4 ® 4 8 8 K — K,, 1
the differential id4 ® 4¢ d,’f forn € Z, and f,, the map idg ®g4e fnb for n € Ng. Then the
differential d,, for n € N is given by

3n( Z wi,On—4i)= Z (i On—ai (Pn—ai) + i1 fu—ai (Pn—4:)).

i€f0,|ln/4]] i€f0,ln/4]]

where p;j € Ej for j € Ny. Note that 9, = 5,, =0forn € Z\ N.

The aim of this section is to compute the homology of the complex (f’., de). Let
Kum _Am®(A_n)*for(n m) € No x [0, 4] and K, = 0 for (n,m) € 7%\ (Np x
[0, 4]). Let an = @ze[[o Ln/4”]w,Kn 4i,m—2i form,n € Ny and P, wm = 0 for (n,m) €
72 \ N2, where the symbol w; has homological degree 4i and internal degree 6i for
i € Ny, and we usually omit wq for simplicity. The spaces K,, m and Pn m are concen-
trated in homological degree # and internal degree /m +- n. We have Py = EBmeNo Pom.
Letanm—8|P Zan—>Pn 1m+1,and8nm—8|K :Knm_>Kn 1,m+1- Let
D, m = Ker(9, m) Bym = Im(0y41,m—1) form,n € N, and Dn m = Ker(an m)s Bn m

Im(8n+1 m—1) for (n m) € Ny x [0, 4]. Notice that Dy, = By m = 0 for (n,m) €
Z2\ N2, and D, nm = = B, wm = 0 for (n,m) € Z2\ (Ng x [0, 4]).

Proposition 4.1. For integers m = 3 and n € Ny, we have

Wmn=3Bp_2m+163 if mis odd
Bym = 2 ’ T ’ “.1)
w%,an_2m+g,4, if m is even,
and
Wm=3Dy_om+6,3, ifmisodd
D,y = 2 ’ . . ’ “4.2)
w%_an_2m+g’4, if m is even,

where we follow the convention that w;w; = w;y j fori, j € Ngand w; =0 fori € Z \ Ny.

Proof. Consider ﬁn,m = @iGHO,LnMJ]] w; En_“,m_z,- for m,n € Ny. For the index m — 2i
of Ky—4im—2i, we have m — 2i € [0,4]. If m is odd, then m —2i =1 or 3, ie., i =
(m—1)/2o0r (m —3)/2.Since n — 4i € Ny, we have

wn3Kn 2mi63® 0ma1 Ky omi0,1, ifn=2m—2,
2 2

Py, = Wm=3 Kn—2m+6,3, if2m—-6<n<2m-—2,

0, if0<n<2m-—6.
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If miseven, thenm —2i = 0,2 o0r4,i.e.,i =m/2,m/2—1orm/2 —2. Then

wn_2Kn—omis4 ® wn_1Knomia2 ® 0nKpomo. ifn=2m,
wn 2 Kn2mis4 ® wn_1Kn2maz. if2m—4<n
~ <2m,
Pn,m = ~ .
w%_an_2m+8’4, if2m—-8<n
<2m —4,
0, if0<n<2m-28.
“4.3)
Hence,
~ Wm—3 Pn—2m+6,3 if m = 31is odd,
Pom = z T (4.4)
w%—an—2m+8,4» if m = 4 1is even.

Since the identities (4.1) and (4.2) for m = 3 are immediate, we suppose m = 4 from now
on.
Assume that m is even. Then (4.4) tells us that the sequence

~ on+1,m—1 ~ Onm o~
Pn+1m 1—)an—)Pn 1,m+1

of graded k-vector spaces is of the form

8n-*—lm 1 ~ an,m ~
wm_zpn —2m+93 — > Wn 2 Promygs —> 0n_1 Ppomy33.

Since ]3,,_2m+7,5 = w ﬁn_2m+3,3 by (4.4), the above sequence is of the form

3n+1m 1 8nm
wm—zpn 2m+9,3 ———> Wn 2P 2m+8,4 —> Om 2P 2m+7,5-

Note further that 9, , = w%_2an_2m+8,4 and 0, 41,m—1 = w%_zan_2m+9,3, where the

(ﬁfferential ®;j0p/ v * 0 Pyt — @ Ppy—1 /1 Maps @jX to0 ;0p p(x) for all x €

Py g and j,m’,n’ € Ng. Hence, By, ;n = wn_3Buomig4aand Dpm=wn_»Dyn_2mis.a4.
Assume that m is odd (so m = 5). Then (4.4) tells us that the sequence

~ 3n+1,m—] ~ 3n,m ~
Pn+1,m—1 n,m Pn—l,m+1

of graded k-vector spaces is of the form

~ On+1,m—1 On
Wmzs Pn—am+11,4 ——> Wnm m3 Py —2m+6,3 —>wm m3s Py —2m+5,4-

Note that 9, ,, = Wms On—2m+6,3 and 0y 41,m—1 = Wms On—2m+11,4. Since
Py oomii1,4a = 0oKnomi11,4 ® 01 Pu2m172
by (4.3),

In—2m+11,4(@0x + ®1Y) = @00n—2m+11,4(X) + ©10n-2m+72())
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forallx € Ky omi114andy € Py_opmi72,a0d 0y—2mi11,4(Kn—2m+11,4) = 0, itis suf-
ficient to consider the following sequence

©m3 On—2m+17,2 ®m=3 On—2m+6,3

~ ~ 3 ~
C‘)L2—3 n—2m+72 ———— wL2—3 Pn—2m+6,3 —_———— w7m2—3 Pn—2m+5,4-

Hence, By, m = wm=3 By_sm+e6,3 and Dy, y = wm=—3 Dy_2m16,3, as was to be shown. m
2 2
Proposition 4.2. Forn € Ny, we have Dy, 4 = K; 4 ® w1 Dp—4.

Proof. This follows directly from the facts that 13,,,4 = I?,,A @wlﬁn_4,2, P15 =
w1 Py—s3 and 0,,4(Ky 4) = 0. L]

In order to compute By, and Dy, ., it is sufficient to compute the case m € [0, 4]
according to Proposition 4.1. First, we will compute the boundaries, and then we will
compute the cycles. Since this will require handling elements of K n,m and ﬁn,m forn € Ny
and m € [0, 4], we will use the basis {x ® y | x € By, y € BL*} of K, m and the basis
{wix®y|ie[0,[n/4]].x € Bmi,y € B ,;}of Py m, both of which will be called
usual bases, constructed from the usual bases of the homogeneous components of A and
(AY*, introduced in Section 2.

4.2. Explicit description of the differentials

Recall the isomorphism A ®4¢ (A ® (4',)* ® A) > A® (AL,)* givenby x ®4e (y|u|z)
> zxy|u, and its inverse A ® (4",)* — 4 ®4¢ (A ® (A',)* ® A) given by x|u —
X ®qe (u|l) forallx,y,ze A,u e (A_n)* and n € Ny. We will use them together with
Proposition 3.7 to explicitly describe 8 and fn, which were defined at the beginning of
Section 4.1.

Let x € A. It is then straightforward to see that the differential I :AQ (A!_l)* —
AR (AB)* is given by 51(x|ot) (ax — xa)|e', 81(x|,3) (bx — xb)|¢' and 51(x|)/)
(cx — xc)|¢'. Analogously, for n = 2 and n even, I A® (A_n)* > A® 4" (n— 1)) is
given by

xlay = (xa + ax)lap—1,  Xx|Bn = (xb +bx)|Bp—1. X|yn > (xc + cX)|Yn-1.
X|otp—1B = (xa + cx)|(Bn—1 + an—2B) + (xb + ax)|(yn—1 + tn—2Y)
+ (xc + bx)[(an-1 + an—3p2),
xlap—1y = (xa + bx)|(Yn—1 + on—2y) + (xb + cx)|(an-1 + on—352)
+ (x¢ 4+ ax)|(Bn—1 + an—28),
X|op—2P2 > (xa + ax)|on—3B2 + (xb + bx)|ey—2B + (x¢ + cx)|on—2Y,
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whereas, for n = 3 and 7 0dd, 9, : 4 ® (AL)* - A® (A!_(n_l))* is given by

Xlay = (ax — xa)|an—1, X|Bn > (bx —xb)|Bn-1, X|yn = (cx —xC)|Yn-1,
Xlon—1B > (cx — xa)|ap—2p + (ax — xc)|an—2y
+ (bx — xb)|(an—1 + Yn—1 + an—3p2),
Xlop—1y > (ax — xb)|an—2p + (bx — xa)|an—2y
+ (cx — x0)|(atn—1 + Bn—1 + atpn—_3B2),
xlon—2 B2 = (ax — xa)|(Bn—-1 + Yn—1 + an—3B2) + (bx — xc)|on—2p
+ (cx — xb)|op—2y.

For the reader’s convenience, we list the images of the differentials 5,, evaluated at
elements of the usual k-basis of the respective domain. In the following tables, 5n,m (x|y)
is the entry appearing in the column indexed by y and the row indexed by x, where m is
the internal degree of x and » is the internal degree of y. The differential 3y is given by
Table 4.1.

For n = 2 and n even, 5,7 is given by Table 4.2 together with Table 4.3 and Table 4.4
as well as Table 4.5.

Iy o p y
1 0 0 0

a 0 (ba — ab)|é' (—ab —bc —ac)|¢'

b (ab — ba)|¢' 0 (=ba —ac — bc)|¢'

c (ab + be + ac)|s' (ba + ac + bc)|é' 0

ab —abalg' abalg' (bac — abc)|s’
bc (aba + abc)|¢' bac|g' —bac|é'
ba abal¢' —abals' (abc — bac)|s'
ac abc|é’ (aba + bac)|¢' —abc|é’
aba 0 0 —2abac|¢'
abc 0 2abac|g’ 0
bac 2abac|e' 0 0
abac 0 0 0

Table 4.1. Images of 91.
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ey o P n
1 2a|oen_1 2b|,3n_1 2C|)/n_1
a 0 (ab + ba)|Bn-1 (ac —ab —be)|yn—1
b (ab + ba)|op—1 0 (bc —ba —ac)|yn—1
c (ac —ab —bc)loy—q (bc —ba —ac)|Bn-1 0
ab abaloy—1 aba|Bn-1 (abc + bac)|yn—1
bc (abc — aba)|oy—1 —bac|Bn-1 —bac|yn—1
ba abaloy—1 aba|Bn-1 (abc + bac)|yn—1
ac —abcloy—1 (bac — aba)|Bn-1 —abc|yn—1
aba 0 0 0
abc 0 0 0
bac 0 0 0
abac 0 0 0
Table 4.2. Images of 5,1 for n = 2 and n even.
M an—1P

ab
bc
ba
ac
aba
abc
bac
abac

(a+)|(Bn-1 +an—2pB) + (b + a)|(Yn-1 + an—2y)

+ (¢ + b)|(an—1 + an—3p2)

—(ab + bo)|(Bn-1 + an—2p) + ab|(yn—1 + an—2y)

+ (ba + ac)|(an—1 + an—3B2)

—ac|(Bp—1 + an—2B) + ab|(yn—1 + an—2y) + bcl(an—1 + an—352)
—(ab + bo)|(Bn-1 + an—2B) — ba|(yn—1 + an—2y)

+ bel(ap—1 + op—302)

(aba + bac)|(Bn-1 + an—2pB) + (aba + abc)|(an-1 + an—3p2)

(—aba —bac)|(Bn-1 + an—2B) + (abc — bac)|(yn—1 + an—2y)
abc|(Bn-1 + an—2B) + 2abal(yn-1 + an—2y) + bac|(an-1 + an—3p2)
—2abc|(Bn—1 + an—2B) —aba|(yn—1 + an-2y) + bac|(an—1 + an—352)
abac|(=Bn-1 — an—2f + an—1 + an—352)

abac|(=yn—1 — an—2y + dp—1 + an—3p2)

abac|(=Bn-1 — otn—2B + Yn—1 + tn—2y)

0

Table 4.3. Images of 5,, for n = 2 and n even.
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An—1Y

1 (@ +b)|(yn—1 + an—2y) + (b + ) [(@n—1 + an—3P2)

+ (¢ + &)|[(Bu—1 + an—2p)

a ba|(yn—1 + an—2y) — bel(an—1 + an—3B2) + ac|(Bn—1 + an—2p)

b bal(yn-1 + an—2y) — (ba + ac))|(an—1 + an—382)

+ (ab + bo)|(Bn-1 + an—2P)

¢ —ab|(yn—1 + an—2y) — (ba + ac)|(an-1 + an—3B2)

+ac|(Bn—1 + an—2p)

ab 2aba|(yn—1 + an—2y) + bac|(an—1 + an—3P2) + abc|(Bn-1 + an—2p)

be | —abal(yn-1 + an—2y) — 2bac|(on—1 + an—3B2) + abcl(Bp-1 + on—2P)

ba (aba + abc)|(an—1 + an—3p2) + (aba + bac)|(Bn—1 + an—2pB)

ac (bac — abc)|(yn—1 + an—2y) — (aba + abc)|(an—1 + an—352)

aba abac|(—ay—1 — an—3P2 + Pn—1 + an—2P)

abc abac|(yn—1 + an—2y — ap—1 — an—3p2)

bac abac|(=yn—1 — an—2y + Bn-1 + n—2pB)

abac 0
Table 4.4. Images of 5,, for n = 2 and n even.

22

=
o S Q = |/

S

a
bc
ba
ac

aba
abc
bac
abac

2a|0ln—3,32 + 2b|O‘n—2ﬁ + 2C|Oln_2]/

(ab + ba)|ap—2p + (ac —ab — be)|oan—2y

(ab + ba)|an—3p2 + (bc —ba —ac)|an—y

(ac —ab — be)|ay—3B2 + (bc — ba — ac)|opy—2p
abalan—3p2 + abalay—2f + (abc + bac)|oy—2y
(abc —aba)|an—3p2 — baclan—2p — baclon—2y
abalan—3p2 + abalay—2f + (abc + bac)|oy—2y
—abclan—3p2 + (bac — aba)lon—2f — abclap—2y
0

0
0
0

Table 4.5. Images of 5,, forn = 4 and n even.

Forn = 3 and n odd, 9, is given by Table 4.6 together with Table 4.7 and Table 4.8 as
well as Table 4.9.
Let us now turn to the maps f,,. Note first that the k-linear maps f, : 4 ® (4',)* —

A® A

—(n+3

))* are homogeneous of homological degree 3 and internal degree 6. By
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M Un Bn Vn

1 0 0 0

a 0 (ba —ab)|Bn—1 (—ab—bc —ac)|yn—1

b (ab —ba)|on—1 0 (=ba—ac—bc)|lyn—1

¢ | (ab+bcH+ac)|ay—1 (ba+ac + bc)|fu-1 0
ab —abala,— aba|Bn-1 (bac — abc)|yn—1
bc (aba + abc)|opy—1 bac|Bn-1 —bac|yn—1
ba abaloy—1 —aba|Bn—1 (abc — bac)|yn—1
ac abcloy—q (aba + bac)|Bn-1 —abc|yn—1
aba 0 0 —2abac|yp-1
abc 0 2abac|Bn-1 0
bac 2abac|oy—1 0 0
abac 0 0 0

Table 4.6. Images of dp forn = 3 and n odd.

M an—1B

1 (¢ —a)lan—2p + (a —c)|an—2y

a —(ab + be)|an—p —aclon—2y + (ba — ab)|(an—1 + yn—1 + an-3p2)

b (=2ba — ac)|an—p + (ab —be)|an—y

¢ (ab +be)|an—2B + aclan—y

+ (ba +ac + be)|(on—-1 + Yn—1 + an—3P2)

ab (bac —aba)|an—2f — abclan—2y + abal|(an—1 + yn—1 + an—382)
be (aba —bac)|ay—2B + abclay—ay + bac|(an—1 + yn—1 + an—3p2)
ba abclan—2pf + (aba — bac)|on—2y — aba|(an—1 + yn—1 + tn—3B2)
ac (aba + bac)|(an—1 + Yn—1 + an—382)
aba —abac|(on—2B + an—2y)
abc 2abac|(n—1 + Yn—1 + an—382)
bac abac|(an—2B + an—2y)
abac 0

Table 4.7. Images of 5,, forn = 3 and »n odd.

degree reasons we see that f,(x|y) = 0 forall x € A,,, y € (A-,)*, withm € [2, 4] and
n € Ny. A straightforward computation using (3.2) tells us that the map fj is given by
fo(l|8!) = 12baclas 4+ 12abc|B3 — 12abalys — 6abc|az B + 6abalazy — 6bac|afs,

foale') = fo(ble') = folcle) = 0.
4.5)
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M An—1Y
1 (a—Db)|lan—2p + (b —a)loan—y

a —ablap—2B + balan—2y — (ab + be + ac)|(on—1 + Bu—1 + an—3B2)

b ablay—2p — baloy—2y — (ba + ac + be)|(an—1 + Bn—1 + on—382)

c (2ac + ba)|ap—28 + (ab + 2bc)|ap—2y

ab (bac —abc)|(op—1 + Bn—1 + 0tn—382)
bc (abc + bac)|ay—2p + abaloy—2y — bac|(ap—1 + Bn—1 + on—382)
ba (abe — bac)| (@1 + 1 + tn_3)
ac abalan—p + (abc + bac)|an—2y — abe|(an-1 + Bu—1 + an—382)
aba —2abacl|(on—1 + Bn-1 + n—3P2)
abc abac|(an—2f + an—2y)
bac abac|(an—2f + an—2y)
abac 0

Table 4.8. Images of dp forn = 3 and n odd.

M an—2p2

1 (b —O)|an—2p + (¢ — b)|an—y

a (ba —ac)|an—2p — (2ab + bc)|on—2y

b (ab —ba)|(Bn-1 + Yn—1 + an—3B2) — bclan—2f — (ba + ac)|oy—2y

¢ (ab + be + ac)|(Bn—1 + Yn—1 + an—3B2) + bclap—2B

+ (ba + ac)lan—2y

ab —abal(Bn-1 + Yn—-1 + an—3p2) + (aba — abc)|ay—2B + bacloy—2y
be (aba + abc)|(Bn-1 + Yn-1 + on—3p2)
ba aba|(Bn—1 + yn—1 + an—3p2) — baclan—2p + (abc — aba)|on—2y
ac abel(Bn-1 + yn—1 + an—3B2) + baclan—p + (aba — abc)|an—2y
aba —abac|(ap—2B + an—2y)
abc abacl(an—2pf + an—2y)
bac 2abac|(Bn—-1 + Yn—1 + an—3pB2)
abac 0

Table 4.9. Images of 5,1 forn = 3 and n odd.

Analogously, if n € N is odd, then
fa(@lan) = fu®lBn) = fu(clyn)

= —4abac|oyy3 — 4abac|Bpy3 — 4abac|yy+3 + 6abac|ay+1 P2,

Ja@lan-1B) = fulclan-17) = fa(alon-2B2)
= —2(n — Dabac|ay+3z —2(n — abac|Bn+3 — 2(n — Dabac|yn+3,
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and f,,(x) = 0 for
x € {1atn. 1Bn. Uyn, Uatn—1 B, Netn—1. otn—2B2. blon, clan, alBn. ¢|Bn,
alYn.b|yn.alan—1B. clan—1B.alan—1y.blon—1y.b|an—2B2. clan—2B2}. (4.6)
Finally, if n = 2 is even, then
Jn(lew) = fu(UBn) = fu(llyn) = 8baclans + 8abe| s
— 8aba|yn+3 — 2abc|ay4+28 + 2abaloy+2y — 2bac|ay+1 B2,

Fn(lon-1B) = fa(llem-1y) = 0.

Fu(lan—2p2) = 6(n —2)(bacanss + abe|Buss — abalynis),
and fn(x) =0forxe 41 ® (A’_n)*.

4.3. Computation of the boundaries

In this subsection, we will explicitly construct bases B n,m and B, ,, of the k-vector spaces
En,m = Im(énH,m_l) and By, = Im(0p41,m—1) form € [0,4] and n € Ny respectively,
defined before Proposition 4.1. This will be done by simply applying the corresponding
differential 5n+1,m_1 Or 0p41,m—1 to the usual basis of its domain and extracting a linearly
independent generating subset.

4.3.1. Computation of %,, m. Recall that En m = Im(5n+1 m—1) and 5,, m . K ~n m =
Ap ® (A_n)* — K,, Lmt1 = Am1 ® (A4 (n— l))* was defined in Section 4.1. Obvi-
ously, B,, 0= Im(8n+1 —1) =0forn € NO Then we define EB,, o = @ forn € Nj.
Suppose m = 1. Table 4.1 shows that 31,0(K1,o) =0, so Bg,l = Im(al,o) =0. We
define By,; = 0. For n € N with n odd, Tables 4.2—4.5 show that
alan = (1/2)3n41,0(1|ctn41),
blBn = (1/2)3n41,0(11Bn+1),
clyn = (1/2)0n11,0(1ynt1).
(a+)|(Bn + an-1B) + (b + @)|(yn + an—17) + (¢ + b)|(otn + An—282)
= Ont1,0(1[anf) = Ops1,0(1@ny),
alan—2B2 + blap_1B + clan—1y
= (1/2)3n+1.0(1]om—1B2)-

These five elements are linearly independent if none of them vanishes, so they form a
k-basis of B,,1. If n = 1, we define a basis of By,; by

Bi1 = {alo.blB.cly.(@+)|B + (b +a)ly + (c + b)la}.
If n = 3 is odd, we define a basis of En,l by

Bt = {alom. blBu. clyn. (@ + OBy + an=1B) + (b + )| (yn + tn-17)
+ (¢ + D) |(an + an—2B2). alon—2p2 + blon—1B + clan—17}.
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0 = On+1,0(1|anr1) = Ins1,0(11But1) = Ins1,0(1[Vns1).
(¢ = a)|(@n—-1B — otn—1Y) = Ins1,0(1|ctn B).
(@ —b)|(@n-1B — en=17) = Ont1,0(Llany).
(b= O)|(@n-18 = an-17) = dns1,0(|an-182) = =dn+1,0(1enB) = Ins1.0(1etny).

Since the elements (¢ — a)|(@yp—18 — ay—1y) and (a — b)|(y—18 — ap—1y) are linearly

independent, we define a basis of B, ; by

B1 = {(c — @) (@18 — tn-17), (@ = D) (@n-18 — @n-17)}.

The dimension of En,l is then given by

dim En,l =

ifn =0,
ifn=1,

. . 4.7
if n = 2 is even,

ISARN S

if n = 3 is odd.

Suppose now m = 2. Table 4.1 shows that §0,2 is spanned by (ab — ba)|¢',
(ba + ac + be)|' and (ab + be + ac)|s'. Since (ab + ba)|s' and (ba + ac + bc)|e'
are linearly independent, and (ab + bc + ac)|e' = (ab — ba)|e' + (ba + ac + bc)|e',
we see that

Bo = {(ab —ba)|¢', (ba + ac + be)|e')

is a basis of 50,2. If n € N is odd, let

En2 = {e1n2 = (ab + ba)|a, = Int1.1(blotns).
exn2 = (bc —ba —ac)lay = ~Int1,1(Blotns+1) = dngr1(Clatns1),
e3n2 = (ab + ba)|Bn = On+1,1(alBus1),
eanp = (bc —ba—ac)|pn = In+1,1(c|But1).
esn2 = (ab + ba)|yn = ~nr1,1@@|Ynt1) = Int1,1(BlYnt1)s
¢on2 = (be —ba —ac)lyn = dps11(blyn+1),
e7n2 = bel(an + on—2f2) —acl(Bn + an-1B) + ab|(yn + on—1y)

= én+1,1(b|<>ln.3)}~

Then we define the set %1,2 = &1, and

Bz = Enz Ulesna = (ab + ba)lon_1y
= én+l,1(b|anﬂ) + 5n+1,1(a|0!n7/) —€5n,2,
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eon2 = (ab + ba)|(en—1f + an—2B2)
= 5n+1,1(a|0ln—1,32) + 5n+1,1(b|01n—1,32) + eg,n,2,
eron2 = (be —ba —ac)lan—2p>
= Ont1,1(clanB) — Int1.1(alanP) + egna + €sna —€an2s
e11,n2 = (ab + ba)lap—1p — (bc —ba —ac)|an—1y
= Ont1.1(alan-1B2) + esn 2.
e12,n,2 = (bc —ba —ac)|on—1B — (ab + ba)|an—2 B>
= 5n+1,1(C|05n—1ﬂ2) + elO,n,Z}

for n = 3 with n odd. We will show that ?g,,,z is a basis of En,z for n € N with n odd. As
noted before, B, » € By . Since

In+1,1(@ltns1) = Ont 1,101 Bnt1) = Int1,1(clyns1) = 0,
Int1,1(blon+1) = €102,

Int1,1(clomt1) = —€1m2 — €22,

Int1,1(alBnr1) = €32,

5n+1,1(C|I3n+1) = €4,n,2,

On+1,1@|Vns1) = —€sn2 — €62,

Int1,1(b]Ynt1) = €6n.2,

Ontr,1(alanB) = —€2n2—€3n2—€4n2+ €702 — €902 —€10n2 —€12,1,2
Ont+1,1(0lanB) = €70,
On+1,1(clanf) = —€3n2 —€an2 —€sn2+e€7n2—€8n2—€9n2— €122,

On+1,1(alany) = esno—ern2 + €sn2,

E~3n+1,1(b|0!n)/) = —5n+1,1(c|0ln,3) +e2n2 + €10n,2,
9

n+1,1(clany) = —5n+1,1(b|an,3) + e2.n,2 + €10,n,2,
Int1,1(@lon—1B2) = —egnz + €1102,
5n+1,1(b|06n—1,32) =€9.5n,2 —€11,n,2,
5n+1,1(C|Oln—1,32) = —e€10,n,2 + €12,n,2;

the elements in %n,Z span the space En,z. By Fact 2.1, the elements in %n’z are linearly
independent, so B, » is a basis of By, , as claimed. If n = 2 is even, let

G2 ={g1n2 = (ba —ab)|en = —On11,1(lotn 1),
822 = (be + ba + ac)|oy = Opi1.1(clont) — Ingr.1(blant).
83,n,2 = (b_a—ab)|ﬂ_n = 5n+1,1(a|,3n+1),
ganp = (b +ba+ac)|fn = Ont1.1(c|Bat1).
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gsn2 = (ba —ab)lyn = Ont1,1(@lynt1) — Int1.1(B1Yns1).
om2 = (be +ba +ac)lyn = —On11.1(b1Yas1).
go.n2 = abloy—1B — balan—1y
= (1/3)[On+1,1Qalonp + 2clanB + 3blany + blan—12 + clon—182)
— 2812+ 2m2 + 28302 + 284m2 — 386n2):
g1on,2 = balan_1p —ablop—1y = (1/3)5n+1,1(a|05n—1l32 —blanp),
gi1,n2 = aclan—1B + (ab + be)|an—1y
= —(1/3)dn+1,1(lan + 2aletn-1B2),
g12.n2 = (ab + be)|an—1B + aclop—1y
= (1/3)[8n+1,1(¢lotn f — 2alan = blotn—182 — ¢letn—-1B2)
+ 2812 — 822 — 2832 + Gam2]}-

Then we define %2,2 = %2, and
%n,Z =9, U {g7,n,2 = (ba —@NM
= (1/3)[n+1,1(@lanB + clonf — blon—182 = clan—152)
—&1n2—82n2 28302+ gan2 — 385.n.2];
8.2 = (b + ba + ac)lan—fs
= (1/3)[8n+1,1Qalanf + 2¢lanf + blan-12 + clan-152)
—281n2— 28202+ 283n2 — an2 — 3862}
for n = 4 with n even. We will sllow thaL %n,Z is a basis of En,z for n = 2 with n even.
From the definition, we see that 8, » C B, ». Since
Int1,1(@lotns1) = Ons1,101Bns1) = Ing1,1(clyns1) = 0,
Int1.1(D|Xnt1) = =102,
5n+1,1(c|‘¥n) = &2,n,2 — &81,n,2
In+1,1(a|Bnt1) = g3n2.
Int1,1(clBns1) = a2
Ont1.1(@lYnt1) = g5:n2 — Zoun .21
5n+1,1(b|1/n+1) = —&6,n,2>
én+1,l(a|anﬁ) =gin2+ &n2+ 8&n2—812.n,.2;
In+1,1(lonB) = —2g10.2 — &11.m.2.
5n+1,1(0|05nﬂ) =82n2 1+ 86n,2+ &8n2 + 812,02,

On+1,10alony) = g1n2 —82n2+ 8302~ gan2 + &7n2 — 8802 — &9.n.25

5n+1,1(b|01n)/) = —82n2—84n2—88n2 1+ &9.n,2,
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5n+1,1(C|anV) = g10.n,2 +2811,n,2,
Int1,1(@l@n—1P2) = gron2 — L1102,
5n+1,1(b|an—1,32) = —83n2 8512 87n2 T 89n,2 — 812,n,2,
g’n+1,1(C|Oln—1,32) =—83n21T 84n2—85n2+ 8602 —87n2+ 8802
—89n2t+ &12,n,2,

165

the elements in %n 2 span the space B,, 2. By Fact 2.1, the elements in %n 2 are linearly
independent, so %n » is a basis of B,, 5, as claimed. The dimension of Bn 2 is thus given

by
2, ifn=0,
L= 7, ifn=1,
dim B, » =
10, ifn =2,
12, ifn = 3.

(4.8)

Suppose now m = 3. Table 4.1 shows that 51,2 is surjective. We thus define a basis of

By.3 by the usual basis of E(),g,. If n € N is odd, let

En3 = {e1n,3 = abalay = dny12(ablanyr),

e2,n,3 = abclo, = —Int12(aclontr),
e3n3 = aba|Bn = Ont12(ab|Butr).

eans = bac|By = —0ns12(bc|Bus1).
esn,3 = abclyn = —~nt120@cyns1),
e6,n,3 = bacly, = —nt12(bC|Ynt1)s

€7,n,3 = &Kﬂ_n + an—1B) + abal|(yn + an-1y)
= (1/3)3n+1,2((ba — ac)|an ),
esn,3 = abal(yn + an—1y) + bac|(an + an—2p2)

= (1/3)dp+1,2((2ba + ac)lnB)}.
Then we define %1,3 = 81,3, and

Bz = En3 U{eons = abalan-1 + (abe + bac)|an—1y + abalan—2p2
= 5n+1,2(ba|06n—1ﬂ2),
e1o,n,3 = baclan—1f + baclan—ry + (aba — abc)lon—2p>
= —5n+1,2(bc|an71ﬂ2),
e11,n,3 = (aba + bac)lan—1p + (bac — abc)|an—1y

= —Opt12(bclanB) —e3n3 —eans +esn3z—esn3,
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€123 = (abe — bac)lan_1y + (aba + abe)|an—2ps

= Ont1.2((ab + bc)|anP) — €103 — €203 — €503 + €603}

for n = 3 with n odd. We now show that %n 3 is a basis of Bn 3 forn € N with n odd. As
noted before, %n,3 - B,,,3. Since

Ont1,2(abloni1) = Ong12(balaps1) = €143,

In+1,2(bclan1) = €203 — €103,

On+1,2(aclapr1) = —ezn.3,

Qo

n+1.2(ab|Bus1) = Ont12(balBut1) = e3n3.

Int1,2(b¢|Bns1) = —€an3,

5n+1,2(ac|/3n+1) = €4,n,3 — €33,

In+12(ab|yns1) = Ins12(balyns1) = €53 + €63,
In+1,2(bc|ynt1) = —€6n,3.

5n+1,2(acl)’n+l) = —€5n,3,

5n+1,2(61b|01n,3) =e1n3ternstesns+esns+eins+eizns,

Ont12(bclanB) = —e3n3 —€s4n3 + €543 —€6n3—€11,n,3,

Qo

n+1,2(balon ) = 5n+1,2(ab|05n)’) =e7,,3 1 €83,
Int12(aclanp) = —2e7.n3 + esn 3.
Ins12(0Clotny) = €703 — 2803,
én+1,2(ba|any) =ein3ternstesnstesnsternstenns,
én+1,2(aC|Oln)/) = —€1,n,3 —€2,n,3 — €553+ €6n,3 — €12,n,3,
Int1,2(ablan—1B2) = dnt12(balan—1B2) = €9 3,
5n+1,2(bC|05n—1,32) = —€10,n,3,
5n+1,2(ac|05n—1,32) = €10,n,3 — €9,n,3,
the elements in %n,:’, span the space En,3. By Fact 2.1, the elements ey ,, 3 for £ € [1, 8] are
linearly independent. The reader can easily verify that the elements ey , 5 for £ € [9, 12]
are linearly independent. Since the underlined terms of e; , 3 for £ € [1, 8ﬂ do not appear

in €¢n,3 for £ € [[9, 12], the elements in % ,3 are linearly independent. So Q% .3 s a basis
of Bn,3, as claimed. If n = 2 is even, let

B = {g1n3 = abaloy = 0py12(baloniy),
82,3 = abclay, = Int12(aclanr1),
30,3 = aba|Bn = Ont1.2(ab|Buir).
gan3 = bac|By = Ont1.2(bc|Buir).
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gsn3 = abclyn = —Onp12(aclynsr).
g6.n,3 = baclyn, = ~Int1.2(b¢|Ynt1)s
g7.n,3 = bac|(an + an—2f2) + aba|(yn + an—2p2)
= On+1.2((@b + bo)|onB) — g1m3 — gon.3e
g8.n,3 = abc|(Bn + an—2B2) + abal(yn + an—2p2)
= Ont1,2((ba + ac)|on—1B2) — §3.n.3 — &5.1,3+
89,3 = bac|(an—1B + an—1y — an —an—2p2) + abal(yn + an—2p2)
= én+1,2(ab|0!nl8 +acloyy) —e1n3 +ern3—e1n3 + egn3,
g1o.n,3 = abal(an—1f + dn—1y — 2yn — 20n—2B2)
= —Ont12(ablanB + balon—1B2) + 13 + &35,
811,03 = (bac —aba)|an—1p — abc|an—1y + aba|(yn + an—2p2)
= Ont1,2(ablanB) — g1n3,
gi2,n,3 = abclan—1f + (aba — bac)|on—1y — aba|(yn + tn—2pB2)
= én+1,2(bf1|05n/3) + gl,n,3}-
‘We then show that %n,:; is a basis of En,3. It follows from the definition that %n,f} C En,3.
Since
Int1,2(ablons1) = —Ons12(baloni1) = —g1n3.
Int1.2(bcloni1) = g1ns + 82,30
In+12(aclontr) = g2n3.
5n+1,2(ab|.3n+1) = —5n+1,2(ba|/3n+1) = &3,n,3
5n+1,2(b0|/3n+1) = 84,n,3;
Int1,20ac|Bus1) = g3m3 + a3,
In+1.2@blyns1) = —Ont12(balYns1) = Gon.3 — 851,34
Int1,2(b¢|yns1) = —gon 3.
5n+1,2(aC|Vn+1) = —85n,3,
EN’n+1,2(ab|0!nﬂ) = 81,n,3 + 811,13,
5n+1,2(b0|01nﬁ) = g6n,3 1+ &7n,3 — &11,n,3
Int1,2(balanB) = 12,3 — L1.0.3,
E~)n+1,2((lc|05n5) = &1,n,3 T 86,n,3 T &7,n,3;
5n+1,2(ab|05n)’) =—821,3 1+ 8413+ &7.n,3 — &8,n,3:
én+1,2(bc|0ln)/) = —84,n,3 + 89.n,3 + &12,1,3,

Ont12(balany) = 8203 — 8403 — 87,03 + &8.0,3
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On+12(aclany) = —g2n3 + 87,03 — 88.n,3 + &9.n,3 — 11,13
Int1.2(ablon—1B2) = —g3.0.3 + L1003 — &12.1.3,
5n+1,2(bf7|01n—1,32) = g31,3 1+ 85,3 + &8.n,3,
5n+1,2(ba|01n—1,32) = &3,n,3 — &10,n,3 — §11,n,3>
5n+1,2(ac|0ln—1,32) =g5n3 1+ 880,31+ &1on,3 + &11,n,3,
the elements in 535,,,3 span the space En,3. By Fact 2.1, the elements in %n,3~are linearly

independent, so B, 3 is a basis of B, 3, as claimed. Hence, the dimension of B, 3 is given
by

3, ifn=0,
dimB,3 =18, ifn=1, 4.9)
12, ifn=2.

Suppose now m = 4. Table 4.1 tells us that the usual basis of Eo,4 is a basis of
Bo4. If n € N is odd, Tables 4.2-4.5 show that B, 4 is spanned by 0,11,3(abalo,f),
On+1,3(abcloy ) and 9,41 3(bac|o, ). Since

In+1,3(baclonf) = dnt1,3(abalonf) — dni1,3(abelanB),

and the elements 5n+1,3(aba|an B) and 5n+1,3(abc|an B) are linearly independent, we
define a basis of B, 4 by

B4 = {Int1.3(abalanf) = abac|(@y + on—2P2 — Pu — an-1p).
5n+1,3(aba|anﬂ) = abac|(an + Oln—2,32 —Vn— an—l)’)}~

If n = 2, by Tables 4.6—4.9, we define a basis of §2’4 by

B4 = {abac|as, abac|Ba, abac|ys, abac|(ap +ay)}.

If n = 4 is even, we note that
abaclon—2f> = (1/2)0n41,3(@bclanf — baclant1 + abalyni1).
So we can define a basis of En,‘; by

B4 = {abac|ay, abac|By, abac|y,, abac|(an—1B + an_1y), abacloy_2p2}.

In conclusion, the dimension of B 4 is given by

1, ifn=0,

2, ifn € Nis odd,
4, ifn=2,
5

. ifn = 41is even.

dim B, 4 = (4.10)
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4.3.2. Computation of B, ,,. Recall that B, ;, = Im(9,+1,m—1) and 0y, : ﬁn,m —
ﬁnfl’m+1. Since 0y, = Sn,m for either m = —1,0,1andn € N,orm = 2,3 and n =
1,2,3, we get By, = En,m for eitherm = 0,1,2andn € Ng,orm =3,4andn =0, 1, 2.
So we define a basis of By, by B, = %n,m for either m = 0, 1,2 and n € Ny, or
m=3,4andn =0,1,2.

Suppose m = 3. Consider dp+12 En+1,2 @D w1 En_3,0 — En,3 ® a)lf,,_m. If n =3,
the element

2bac|os + 2abc|B3 — 2abalys — abclaaf + abalazy — bac|afr = (1/6)04,2(w1 1le")
is not in the space §3,3. So we define a basis of B3 3 by

B3 = %3,3 U {2bac|oc3 + 2abc|B3 —2abalys — abclazf + abalazy — bac|oe,32}.
If n = 5, we define the set

Bs 3 = %5,3 U {4bac|a5 + 4abc|Bs — 4abc|ys —abc|agf + abalagy
—baclazfz + wiala = (1/2)d6 2(w11]e2),
4bac|as + 4abc|Bs — dabc|ys — abc|agf + abal|agy
—baclazfz + w1b|B = (1/2)d6,2(011|B2),
4baclas + 4abc|Bs — dabelys — abe|aaf + abalogy
—baclazfs + wicly = (1/2)d6,2(w11]y2),
wil(@+ )l + (b +a)ly + (¢ +bla] = do2(11]ep)
= dg2 (w1 1]ay)}.

If n = 7 is odd, we define the set

B3 = %n’3 U {4bac|an + dabc|B, — dabc|y, —abc|ay—1B + abaloy—1y
—bacl|oy—2B2 + wialan—4
= (1/2)0n+41,2(w11]atn—3),
dbaclay, + 4abce|By — dabclyy, —abe|oy—1 B + abalan—1y
—baclap—2B2 + w1b|Bu—s
= (1/2)0n+1,2(@011]Br-3),
dbac|ay, + 4abc|By, — dabelyy, — abe|oy—1 B + abalan—1y
—baclay—2B> + wi1¢|yn-a
= (1/2)0p+1,2(011|yn—3),
w1[(@ + )|(Bn-a + tn—sp) + (b + a)[(Yn—4 + ctn—sY)
+ (¢ + D)[(an—4 + an—62)]

= Ont1.2(@11|@n-4B) = In+1.2(@11]n-a7),
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3(n —5)(bac|ay + abc|Byn — abalyy)
+ wi(alan—B2 + blan—sp + clon—sy)
= Ont12(w11on—sB2)}.
By Fact 2.1, the elements in 2B, 3 are linearly independent so B, 3 is a basis of By 3
for n = 5 with n odd. If n = 4 is even, then fn 3(K,, 3,0) = O since f vanishes on the

elements given by (4.6). Hence, B, 3 = B 3 @ w1 By—4,1. We define a basis of B4 3 by
B4,3 = By 3, and we define a basis of B, 3 by

Bz =Bz U{wi(c —a)(@n—sB — dnsy).1(@ — b)|(tn_sB — an_s)}

for n = 6 with n even. The dimension of By 3 is then given by

3, ifn=0,
8, ifn=1,
12, ifn =2,4,
dim B, 3 = 4 13, ifn =3, (4.11)
16, ifn =25,
14, ifn = 61iseven,
17, ifn = 7is odd.

Suppose m = 4. Consider
On+1,3: En+1,3 ® w; En—S,l — En,4 D w; En—4,2 ® wZEn—S,O-

If n =3, then B34 = B3 4 since fo(KO 1) = 0 by the second line of (4.5). So, we define
B34 = ?1334 If n = 4 is even, since fn 3(K,, 31) - B,,4, we have B, 4 = B,,4 ®
®1Bpn—42=B4® w1 B, 4,2- Ifn > 51is odd, since fn 3(Kn 3,1) = 0 by the last identity
of Section 4.2, we have B, 4 = B, 4 ® a)lB,, —4,2. Hence, for n > 4, we define a basis of
Buaby B, 4= %n’4 U a)l?gn_4,2. The dimension of By 4 is then given by

1, ifn=0,
2, ifn=1,3,
4, ifn =2,
dimB,, =1 =4 (4.12)
’ 9, ifn =235,
15, ifn =6,
14, ifn = 71is odd,
17, ifn = 8iseven.
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4.4. Computation of the cycles

As one can remark rather easily, from the computations in the previous subsection we
can already deduce the dimensions of the homogeneous components of the spaces of
cycles and thus of the Hochschild homology groups. However, since having specific rep-
resentatives of bases of homology classes is relevant for other computations involving the
Hochschild homology groups, we will proceed to do so. More precisely, in this subsec-
tion, we will explicitly construct bases f)n,m and O, ,, of the k-vector spaces 5,,,," =
Ker(i;n,m) and Dy, ,, = Ker(0,,,) form € [0,4] and n € Ny respectively, defined before
Proposition 4.1.

4.4.1. Computation of 5,,,,,,. Recall that 5,,,,,, = Ker({;n,m) and

8n,m : K~n,m =An ® (A!_n)* — En—l,m+l =Ant1 ® (A!—(n—l))*
was defined in Section 4.1. Since En,m/ﬁn,m ~ En_l,m.l,_l, we see that
dim Dy, = dim K, ;, —dim B,y 1.

Hence, from the dimension of En_],m.l,_l computed in Section 4.3.1 as well as the dimen-
sion of IZ,,,,,, (see the last paragraph of Section 4.1), we deduce the value of the dimension
of Dy, n,m- We will present them explicitly in the computations below.

For every (n, m) € Ny x [0, 4], we are gomg to provide a set fi),, m C D,, m such
that #5) nm_= = dim D, »,m and the elements in 5) nm are linearly independent. As a con-
sequence, 5),,,,,, is a basis of Dn,m. If Dn,m = K, m, we pick the usual basis of K,,,m,
defined at the end of Section 4.1. We leave to the reader the easy verification in each case
that the set f)n,m satisfies these conditions.

Obviously, ﬁo,m = 1?0,,,, for m € [0, 4]. Then we define the set f)o,m by the usual
basis of Eo,m-

Suppose m = 0. By (4.7), the dimension of 5,1,0 is given by

3, ifn=1,
dimDno = {1, ifn € Ny is even,
4, ifn = 3isodd.

If n = 1, then D19 = K 9 since dim Dy o = 3 = dim K. If n = 3 is odd, we define
the set

Do = {1|Oln, 1B, 1|)’nsl|(an—l,3 + op—1y + an—Z,BZ)}-

If n = 2 is even, we define the set

5n,O = {y(an—lﬁ - O‘n—l)/)}o
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Suppose m = 1. By (4.8), the dimension of 5n,1 is given by

3, ifn=0,
—— 7, ifn =1,
dim Dy, =

8, ifn =23,

6, ifn =>4.

We define the sets

D11 = {ale.blB,cly.alp + cla —c|B,aly + cla,bla —cla +c|B,bly +¢|B} < Di1,

D21 = {aloz. b|Ba.clya. (c — @) (@B — ). (a —b) (@B — ). (a + ¢)|B2 + alay
+cleB. (@ + b)lyz + alef + blay. (b + ¢)|ez + blay + clef} S Da .
and
D31 = {a|a3,b|,33,c|£,b|oz2,3 + clony + aleBa, al(B3 + a2p) + b|(y3 + a2y)
+ cl(az + af2). —al|(B3 + y3) + b|(203 + y3 — a2y)
+ cl(a2f — afz — 2a3), al(a2y — B3) + bl(az2y — a3) + 2¢|(as3 + B3).
2a|(B3 + y3) + bl(@fa — v3) + cl(@B2 — B3)} S Da.1.

Moreover, if n = 4 is even, we define

D1 = {alotn. b|Bn.clyn. (¢ —a)|(@n-1B — an_1Y). (@ — b)|(@n_1B — en_1¥).
@+ b+ ) @-1B+ an1y + n—2B2 + @ + fn + yu)} S D1,
and if n = 5 is odd, we set
Dn1 = {alon.b|Bu.clyn.blan_1B + clen—1y + alen—2p2.
a|(Bn + on=1B) + b|(yn + etn—17) + cl(@n + ctn—2P2),
|(Bn + an-1B) + al(¥n + an_17) + bl(@n + an—2B2)} € D 1.

Suppose m = 2. By (4.9), the dimension of ﬁn,z is given by

4, ifn =0,
dimD,, =149, ifn=1,
12, ifn>2.

‘We define the sets
Do = {(ab + ba)ly. (bc —ba —ac)|y,ac|(a +y),
(ba +ac)|(B + ). bele — aclp + ably, (ab + ba)|B,
(be — ba —ac)|B, (be —ba —ac)e, (ab + ba)|a} < Dy,
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and

D22 = {(ba — ab)|az. (bc + ba + ac)|az. (ba — ab)|B2. (bc + ba + ac) .
(ba — ab)|ya. (bc + ba + ac)|y2, ab|(af — 202 — B2) + bc|(B2 — @2),
ab|(B2 — y2) + bel(ef — P2 — 2y2), balaf — ablay,ablaf — ba|ay,
aclaf + (ab + be)|ay, (ab + be)lap + acley} S Do

Moreover, if n = 3 is odd, we define

f)n,z = {(@+ ba)|an, (bc —ba —ac)|an, (ab + ba)|Bn, (bc —ba —ac)|Bn.
(ab + ba)lyu. (be — ba — ac)lyy. (@b + ba)|(@n-1 + on-22).
(@b + ba)lon-1y. (be — ba — ac)lan-2P>.
(ab + ba)lan—1 — (be — ba — ac)lan1y.
bel(en + an-2B2) — acl(Bu + an1 ) + abl(ra + on-17).
(bc —ba — ac)|an—18 — (ab + ba)lan—2B2} S D2,

and if n = 4 is even, we set

Dz = {(ba —ab)|an, (bc + ba + ac)|an, (ba — ab)|Bn, (bc + ba + ac)|Ba,
(ba — ab)|yn, (bc + ba + ac)|yn, (ba — ab)|on—2B2,
(be + ba + ac)|on—2p2, balan—1B — abloy—1y,ablan—1 — baloy-1y,

aclan_1B + (ab + be)|an—1y. (@b + be)|an—1B + aclen—1y} S Dy

Suppose m = 3. By (4.10), the dimension of 5,,,3 is given by

3, ifn=0,
8, ifn=1,
dim 5,,,3 =413, ifn=2o0rn = 5isodd,
14, ifn =3,
16, ifn = 4iseven.

We define the sets

D15 = {abala,abcla, aba|B, bac|B,abely, bacly, bacla + abaly,abc|p + abaly)

- 51,3,
and

D33 = {abalas, abclas, aba|Bs, bac|Bs, abelys, baclys, abalasp + baclasp,

abaloy B + abclayy,abalay B + baclaszy, abalay B — abalafs,
abalax B + abel|afs, abelaaf — bac|az + abalys,

abal|ayy + bac|as + abce|B3, baclafy —abe|fz + aba|y3} C 53,3.
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Moreover, if n = 2 is even, let

Gn,3 = {abalan, abc|an, bac|an, aba|Bn, abe|Bn, bac|Bn, abaly,, abe|yn, bac|yn,
abalan—1B + (abc + bac)|on—1y, abc|(an—1 + an-1y),
bac|(@n—1B + an-1y). abal(en—1B + an-1y)}.

Then we define the set 5)2,3 = 9,3, and

D3 = Gn,3 U {abalan—Bz. abelan—spa. baclan—2p2} S Dn.3

for n = 4 with n even. If n = 5 is odd, then we define

5”,3 = {aba|an’abc|an»abawn»baclﬂn,abcwn»baclynvabamn—lﬂ +bac|an—1ﬂ,

abalay—1B + abclay—1y,abalay,—1 B + bac|o,—1y,
abalay—1 B — aba|ay—2B2, abaloy,—1 B + abcloy—2 B2,
abe|(Bn + 1) + abal(yn + an_1),

bac|(@n + an—2B2) — abel(Bn + tn-18)} € Dnss.

Finally, if m = 4, we immediately see that 5,,74 = I?,,A. So we define the set f)n,4
by the usual basis of K, 4. The dimension of D, 4 is given by

1, ifn=0,

T 3, ifn=1,
dim D, 4 =

5, ifn =2,

6, ifn = 3.

4.4.2. Computation of D, ;. Recall that D, ,, = Ker(9d, ) and

an,m : Pn,m - Pn—l,m+l-
The isomorphism ﬁn,m/Dn,m =~ B,_1,m+1 tells us that
dim Dy, = dim Py, — dim By g 1.

Hence, from the dimension of B,_; 41 computed in Section 4.3.2 as well as the dimen-
sion of ﬁn,m (see the last paragraph of Section 4.1), we deduce the value of the dimension
of D, ,,. We will present them explicitly in the computations below.

For integers (n,m) € Ny x [0,4], we are going to provide a set Dy, S Dy, such that
#9, m = dim Dy, , and the elements in ©, ,, are linearly independent. As a consequence,
Op.m 18 a basis of D, »,. We leave to the reader the easy verification in each case that the
set Dy, m satisfies these conditions.

For eitherm = 0,1andn € Ng,orm =2,3,4andn =0, 1,2, 3, note that 0, ,, = 5,,,,,,,
then Dy = 5,,,,,,. So we define the basis of Dy, s, by Dpm = .’g),,,m.
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Suppose m = 2. By (4.11), the dimension of D,  is given by

dim Dn,2 =

’

3

12,
15,
13,
16,

iftn =0,
ifn =1,
ifn =2,3,4,
ifn =25,

if n = 61is even,

if n = 7 is odd.

If n = 4, we define the set D4 = S~)4,2 C D4y If n = 6is even, we define

Onz = Do U{o1l](@n—sB — n—sy)} S Dy

Ifn = 5is odd, we define O, 2 = Dp 2 U w1 Dy—4,0 € Dy 2.
Suppose m = 3. By (4.12), the dimension of D, 3 is given by

dim Dn,3 =

We define the sets

3,

13,
14,
19,
20,
24,
21,
22,

ifn =0,
ifn =1,
ifn =2,
ifn =3,
ifn =4o0rn = 9is odd,
ifn =25,
ifn =6,
ifn =7,

if n > 8 is even.

Ds3 = Ds3U {5bac|as + 2abc|Bs — Sabalys — 3abclasf + wiala,
Sbac|as + 2abc|Bs — Saba|ys — 3abc|agf + w158,
Shaclas + 2abc|Bs — Sabalys — 3abclasf + wicly,

w1(a|p + cla —c|B), o1 (aly + cla), wi(bla —cla +c|p),

o1(bly +¢|B)} € Ds 3,

and

D73 = 5)7’3 u {5bac|a7 + 2abc|B7 — Sabaly; — 3abc|agB + wialas,
Sbaclag + 2abc|B7 — 5abaly; — 3abclasf + w1b| B3,
Shaclag 4+ 2abc|B7 — Sabaly; — 3abc|agB + wiclys,

6baclay + 6abc|B7 — 6abalys + w1(blazB + clazy + alafz),

w1[al(B3 + a2p) + b[(y3 + a2y) + cl(az + af2)].

175
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wi[—a|(B3 + y3) + b|(Qez + y3 —a2y) + c|(2 — af2 — 203)].
w1lal(eay — B3) + bl(e2y — a3) + 2¢|(az + B3)],
w1[2al(Bs + y3) + bl(@fa — y3) + c|(@B2 — B3)]} € D7.

Moreover, if n = 4 is even, we define the set D, 3 = Dy 3 U 01 Dy—4,1 € Dy 3, and if
n = 91is odd, we define the set

D3 = Du3 U {5haclay + 2abe|By — 5abaly, — 3abelon—1 B + o1alan_a,
Shaclay + 2abc|By — Sabaly, — 3abclan—18 + w1b|Bn—a4,
Shaclay + 2abc|Bn — 5abaly, — 3abclay—1 B + wic|yn—4.
3(n —5)(baclay, + abc|Bn — abalyy)
+ w1(blon—sB + clon—sy + alon—6p2),
1[a|(Bn—4 + tn—5P) + Dl(Yn—s + dtn—sy) + c|(@n—s + an—6P2)],
w1[c|(Bu-a + tn—sp) + a|(Yn—a + tn—sy) + b|(tn—a + cn—6f2)]}

C Dpy.

Suppose m = 4. The space D, 4 is given by Proposition 4.2. So ®, 4 is given by the
usual basis of K, 4 and w;®,_4>. The dimension of D, 4 is then given by

1, ifn=0,
3, ifn=1,
5, ifn =2,
6, ifn =23,
dim Dy.g = 10, ifn =4,
15, ifn =5,
18, ifn =26,7,8,
21, ifn=09,
19, ifn = 10is even,
22, ifn = 11is odd.

4.5. Hochschild homology

In this subsection, we will explicitly construct a subspace Hj, ,;, of Dy, s, such that D, ,, =
Hym ® By, form,n € Ny, and we define H, ,, = 0 for (n,m) € 72\ Ng. By Propos-
ition 4.1, we have the following similar recursive description.

Corollary 4.3. For integers m = 3 and n € Ny, we have

{a)mz—an_sz,_Q?,, lfn’l is Odd,

w%_an_2m+g,4, if m is even.
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So it is also sufficient to compute the case m € [0, 4]. Recall that
dim Hy, ,, = dim Dy, ,, — dim By, ,, = dim P,, ,, — dim By,_1 11 — dim By, .

Hence, from the dimension of D, , computed in Section 4.4.2 as well as the dimension
of By, computed in Section 4.3.2, we deduce the value of the dimension of H, ;. We
will present them explicitly in the computations below.

For every (n,m) € Ny x [0, 4], we are going to provide a set £, ,, € Dy n such
that #9, ,, = dim H, , and the elements in £, , U B, , are linearly independent. As a
consequence, the space Hy, ;,, spanned by ©, , satisfies D, , = Hy m @ Bn,m. We leave
to the reader the easy verification in each case that the set 9, ,, satisfies these conditions.
Note that, unless stated otherwise, the linear independence of the elements in $, , U B, m
is from Fact 2.1, where we put the elements in $, ,, before the elements in B, ;.

Suppose m = 0. We get immediately $,,0 = Dy, since B, ¢ = 0 for n € Ny. The
dimension of H, o is given by

—_—

, ifn € Ny is even,
dmH,o=143, ifn=1,
4, ifn = 3is odd.

Suppose m = 1. The dimension of H, ; is given by

ifn=0,1,3,

3,
. 6, ifn =2,
dim H,,; =
4, ifn = 41iseven,
I,

if n = 51is odd.
We define the sets 99,1 = Do,1,

H11 = {aly + cle. bl — cla + c|B. bly + c|B}.

al(y2 + af) + bl(y2 + ay), b|(ez + ay) + c|(@2 + af)},
and
93,1 = {al(Bs + @2B) + bl(ys + azy) + cl(@s + o),

al(eay — B3) + bl(eay — a3) + 2¢|(a3 + B3),
2a|(B3 + v3) + bl(aB2 — y3) + cl(aBz2 — B3)}.

Moreover, if n = 4 is even, we define the set

35n,1 = S)n,l \%n,l
= {alan.b|Bn.clyn. (@ + b+ ) |(@n-1B + tn1y + @n—2B2 + & + Bn + vu)}



and if n = 5 is odd, we define

55n,1 = {g|(ﬂn +an—18) + b|(ya
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+ap—1y) + cl(oy + an—2ﬂ2)}-

Suppose m = 2. The dimension of H, 5 is given by

)

’

2
0
dimH,, =13
1
4

We define the sets

ifn=0,1,2,
ifn =34,
ifn =25,

if n = 61s even,
if n = 7 is odd.

o0 = {able' bele'),  H15 = {(ba +ac)|(B + ). acl@ + )},
H2p = {@K&— y2) + bel(af — B2 — 2y2), ab|(af — 202 — B2) + bel(B2 — )},

178

and $3 5 = 94, = 0. Moreover, if n = 5 is odd, we define the set $, 5 = w1 D,—4,0, and

if n = 6 1is even, we define

g)n,Z = {w_11|(an

—sB — Oln—s)/)}-

Suppose m = 3. The dimension of H, 3 is given by

3

0
1
7
dim H, 3 = 4 4,
10,
8,

’

We define the sets 9,3 = H1,3 = 0,

ifn=0,1,
ifn=2,3,
ifn =4,
ifn=25,7,
ifn =6,

if n = 8 is even,

if n = 91is odd.

$o23 = {bac|a2}, H33 = {aba|a2,3 + bac|a2ﬁ},

354 3= bac|a4,abalazﬂz,abclazﬂz,baclazﬂz,w1a|8!,w1b|8!,a)lcls"},

356 3 = {baclag, abalag Pz, abclagfa, baclagfa, wralas, w1b| B2, wic|ya,

=1
= {(aba + bac)leap. w1(aly + cla). w1 (ble — cla + c|B). w1 (bly +c[B)}.
=1

wilal(B2 +ay) + c|(B2 + ap)],

wilal(y2 + af) + bl(y2 + ay)],

1[bl(az + ay) + cl(az + ap)l},
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and
97,3 = {(aba + bac)|asP, o1[al(Bs + @2B) + bl(ys + a2y) + c|(az + af2)],
wial(a2y — B3) + bl(a2y — a3) + 2¢|(as + B3)],
w1[2a|(B3 + y3) + bl(ef2 — v3) + cl(ef2 — B3)]}.-
Moreover, if n = 8 is even, we define

$n,3 = {bac|an, abalon_2B2. abclan—2B2. bacloan—2pa,

w1aloy_s, 01b|Bn—s, 01| Yn—4,
1(@ + b+ )|(@n-sP + dn-sy + n—6P2 + tn—s + Pn—s + Yn—a)}.

and if n = 9 is odd, we define

$n,3 = {(aba + bac)|an—1 .
ﬂ[c_l|(,3n—4 + an—sB) + b|(Yn—a + an—s7) + cl[(an-s + an—GIBZ)]}-

Moreover, the set $, 3 U B, 3 for n = 3 and n odd is linearly independent. Indeed, Fact 2.1
tells us that the elements containing underlined terms do form a linearly independent set.
It is then easy to prove that the elements of £, 3 U 28, 3 without any underlining are not
a linear combination of the remaining elements, proving the claim.

Suppose m = 4. The dimension of H,, 4 is given by

0, ifn=0,
1, ifn=1,2,8,
4, ifn =3,7,
dim H, 4 = 3, ifn =46,
6, ifn =25,
7, ifn=09,
2, ifn = 10is even,
8, ifn = 11isodd.

We define the sets 04 = 9,
$1,4 = {abac|a}, $2,4 = {abac|aB},

D34 = {abac|a3,abac|a2,8,abac|a2y,abac|aﬂ2},

$4,4 = {abaclasp, wiable', wibcle'},

D54 = {abac|a5,abac|a4ﬂ,abac|a4y,abac|a3ﬂ2,ﬂ(b_a +ac)|(B + ),
wiac|(@ + )},

96,4 = {abaclasf, wi[ab|(B2 — y2) + be|(@f — B2 — 272)],
wifab|(af — 202 — B2) + be|(B2 — a2)]},

$7.4 = {abacloy, abac|asB, abac|asy. abaclaspfs},
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and
Hg.4 = {abac|a7,3}.

Moreover, if n = 9 is odd, we define the set

$n.4 = {abaclay, abac|oy—1B,abaclo,_1y,abac|oy—2B2} U wrDu—sg.0,

and if n = 10 is even, we define

$n.a = {abaclon_1B. w21/(tn—9f — tn—oy)}.

The previous results can be restated as follows.

Corollary 4.4. Letm € [0,4] and n € Ny. Then Hy, m = Hpm ® w1 Hy—4 m—2 except for
(n,m) = (4 2). Moreover,  Hip = H4 » = 0. Here, H, n,m 18 the k-vector space spanned
by the set 85,, m- The set 55,, m 1s defined as follows. If m = 0 or 1, we define the set
35,,,,,, = Oumforn € No. If m = 2, we define the sets

$o2 = {able',bele'}),  B1a = {(ba +ac)|(B +y).acl(a + 7))},

$2.2 = {ab|(af — 20z — B2) + be|(Bz — a2). ab|(B2 — y2) + bel(af — B2 — 272)),
and&in 2 =@ forn = 3. If m = 3, we define the set&?)o3 =0, and

$n3 = {(aba + bac)|on—1B)
forn € N with n odd, together with
ns = {baclan. abalon—sp2. abelan—2fa. baclen—2p2)
forn = 2 with n even. If m = 4, we define the set 350 4 =10, and
S%n,4 = {abac|oz,,,abac|an_1,3,abac|a,,_1y, oe,,_z,Bz}
forn € N with n odd, together with
Sn,a = {abaclon-1}

forn =2 withn even. Furthermore, if we define H, ,, = 0 for (n,m) € Z2\(Nq x [0, 4]),
then Hy ; = Hp m ® w1 Hy—4a,m—2 holds for (n,m) € 72\ {(4,2)} by applying Corol-
lary 4.3.

Remark 4.5. The reader can easily check that ﬁn’m = ~n,m &) Enm except the case
m=n=3.

Recall that the Hochschild homology is decomposed as HH, (4) = @, o Hn,m for
n € Np.
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Proposition 4.6. Letn € N. Then

HH,(A) = @ w; 1‘~1n—4i,m

i€f0,ln/4]],
me[0,4]
for4 } n, and
HHn(A) = ( @ a)iﬁn4i,m) ©® ( @ wn/4ﬁ0,m)
ie[o,n/4—1], me[[1,4]
me[0,4]
for4 | n.

Proof. By Corollary 4.4, we have

Hyp = Hy2 ® w1 Hysp forn € No\ {4},

Hyp = ﬁ4,2,

Hy3=H,3®w H, 4, forne Ny, (4.13)
Hpg=Hya ®w1Hysp ®waH, g forne Ny {8},

Hgy = Hg 4 ® w1 Hyo.

If 4 } n, using Corollary 4.3 and (4.13), we get

HH, (4) = ¢ Hym = Hpo ® Hp,1 @ Hy2
me[0,2|n/4]+4]

[a) ( @ wj Hn—4i,3) () ( @ wj Hn—4i,4)
i€[0,|n/4]] i€[0,|n/4]]
= ~n,o 2] ﬁn,l @ (Hn,Z S wlﬁn—4,0)

® ( P oiHiuize wlﬁn—4i—4,1))
i€fo,|n/4]]

@ ( @ Wi (Hy—4ia ® 01 Hy_4i_42 ® wZﬁn—4i—8,0))

i€fo,|n/4]]

= Huo® Hyt & Hyo ® 01Hy a0 @ ( @ wiHn—4i,3)

i€fo,n/4]]
@ ( @ wi+1ﬁn—4i—4,l) ©® ( @ a)iﬁn—4i,4)
i€0,|n/4]] i€f0,|n/4]]

QB( @ wi+1ﬁn_4i_4,2)®( @ wi+21'~1n—4i—8,0)

i€fo,|n/4]] i€fo,|n/4]]
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= ﬁ @Hnl @Hn2€9a)1 . 40@( @ wiﬁn—4i,3)
i€0,n/4]]

n —4i l) (S5) ( @ wj ﬁn—4i,4)

iefl, |_n/4J]] i€fo,ln/4]]
( Hy—4i 2) @ ( @ wj Hn—4i,0)
ze[[l Ln/4J]] i€f2,ln/4]]
= wj Hn 4i,m-

i€fo, Ln/4J]]
me[0,4]

If 4 | n, the proof is similar to above. Note that if n = 4, there is no term wlﬁo’o
when decomposing Hj >, and if n = 8, there is no term wy/4Ho,0 when decomposing
Wn)a—2Hg 4. L

Table 4.10 shows the dimensions of Hy ,,, and HH,, (A4) for n € [0, 19] and m € [0, 12].

10 11 12 13 14 15 16 17 18 19

3

S
(e}
—
\S]
w
N
[9)]
[@)}
N
o0
O

ojr 3 1 4 1 41 41 4 1 41 4 1 41 41 4
1133 6 3 41 4 1 41 41 4 1 41 4 1 41
21222 0 0 3 1 41 41 41 41 41 41 4
3]0 0 1.1 7 410 4 8 2 8 2 8 2 8 2 8 2 8 2
40 1 1 4 3 6 3 4 1 7 2 8 2 8 2 8 2 8 2 8
5 0 011 7 410 4 8 2 8 2 8 2 8 2
6 01 1 4 3 6 3 41 7 2 8 2 8 2 8
7 0 0 1 1 7 410 4 8 2 8 2
8 01 1 4 3 6 3 4 1 7 2 8
9 0 0 I 1 7 410 4
10 01 1 4 3 6 3 4
11 0 0 1 1
12 0 1 1 4

HH,| 6 9 11 12 15 19 21 22 25 29 31 32 35 39 41 42 45 49 51 52

Table 4.10. Dimension of Hy ;,; and HHy (A4).
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Proposition 4.7. The dimension of HH,, (A) is given by

6, ifn =0,
%n—i—S, ifn =4r forr e N,
dimHH,(A4) = 5”—“2”3, ifn =4r + 1 forr € Ny,
%n+6, ifn =4r + 2 forr € Ny,
5"—;9, ifn = 4r + 3 forr € Ny.
The Hilbert series of HH, (A) is hn(t) = 3, cn, dim(Hy 1, )t™ ™ for n € Ny. Note
that m + n is the internal degree of Hj, ;.

Corollary 4.8. The Hilbert series hy,(t) of HH, (A) is given as follows. Let n = 6. Then

ha(t) = 1" |:1 +3xn+1+ Gxn + Dt + (1 + 3){n+l)l‘2

Mn
+ Y (@46 + 2+ 6xar ) ) + pa (t)},

i=0
where
8r2Lal—1 4 p2l5) 4 7,250+ 4 3.215]+2 ifn=0 (mod 4),
O = 202L5071 4 7p205) 42l o 6p2la042 21504 i =1 (mod 4),
P =\ jop2lai+1 43205042 4 205043 4 215 1+4) ifn =2 (mod 4),
40205040 1 4p205]F2 4 205143 4215044 ifn=3 (mod 4),
and
[/ =3, ifn=0,1 (mod 4)),
Iu =
g 2] =2, ifn=2,3 (mod 4).
Moreover,
ho(t) = 14 3t 4 212, hi(t) =3t +3t2 4263 + 17,
ha(t) =12+ 613 +2t* +15 +1°,  ha(t) =413 + 3t + 10+ 447,
ha(t) = t* + 415 + 717 + 38, hs(t) = 41> + 154+ 3t7 + 48 + 61° + 111,

Remark 4.9. As we mentioned at the beginning of Section 4.4, one can obtain Propos-
ition 4.7 and Corollary 4.8 directly from the computations in Section 4.3 together with
Corollary 4.3, but a specific choice of cycles for the Hochschild homology can be useful
for later computations.

4.6. Cyclic homology

In this subsection, we assume that the characteristic of the field k is zero. Recall that the
reduced Hochschild homology of A is given by
HHy(A)/k, ifn =0,

HH,(A) =
n(4) {HHn(A), ifn e N,
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and the reduced cyclic homology of A is given by

HC,(A)/k, ifn € Ny iseven,

HC,(4) =
n(4) {HC,,(A), ifn € N is odd,

where HC,,(A) for n € Ny is the cyclic homology of A4 (see [10]). As a consequence of
Goodwillie’s Theorem (see [15, Thm. 9.9.1]), we have the isomorphism of graded vector
spaces

HHy(A), ifn =0,

0 (4.14)
HH, (4)/HC,_1(4), ifn € N.

HC,(4) =~ {

Corollary 4.10. Assume that the characteristic of k is zero. Let g, (t) be the Hilbert series
of HC,,(A) for n € Ny. Then

go(1) =3t + 217, gq1(t) =12+ 20> + 15,
gat) =4 +21* +1%,  g3(t) =1 + 417,

and forn = 4,

L51-2
gn(t) = z"“[l 3+ Y (430 4+ (1 + 3 )>H) + zzti‘dqn(t)},
i=0
where
34 3¢, ifn=0 (mod 4),

1+6t+13 ifn=1 (mod4),
443t+13  ifn=2 (mod4),
144t +4t3, ifn=3 (mod4).

Qn(t) =

Proof. By (4.14), we have

" ho(t) — 1, ifn =0,
E = ha(6) = gus (1), ifn € N

Then we get the result by induction. ]

Remark 4.11. The cyclic cohomology of A is isomorphic to the dual space of the cyclic
homology of A, so their Hilbert series coincide (see [10]).

5. Hochschild cohomology of FK(3)

In this section, we will compute the linear structure of the Hochschild cohomology
HH®(A4) = Ext}. (A, A) by means of the complex H®* (Homge (Pl A)). We refer the reader
to [16] for further information about Hochschild cohomology.
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5.1. Recursive description of the spaces

Let K" = Homg((4-,)*, A) for n € Ny and K" = 0 for n € Z \ Ny. We have then
Homye (P2, A) = Q" as k-vector spaces, where Q" = Dicpo,in/an @F K"=* forn € Ny
and Q" = 0 forn € Z \ Ny. We will denote by 9" : Q" — Q"'! the differential

(SZ_H)* : HomAe(P,f’, A) — HomAe(P,f’H, A),
by d" : K* — K" the differential
(d,ll’H)* : Homye (K2, A) — Homye (KSH, A),
and by f" : K"*3 — K" the map
(f))* : Homye (K2, 5, A) — Homye (K2, A)
for n € Z. Then the differential 0" for n € Ny is given by
3"( >, o sn_4,-) = ) (@ d" e ol ST Ena). (52
i€fo,n/4]] i€f0,ln/4]]

where £; € K/ for j € Ny. Note that 9" = " =0forneZ \ Np.
Our aim is to compute the cohomology of (Q°, 3°). Let K}, = Homy ((Ain)*, Am)
for (n,m) € Ny x [0, 4] and K”, = 0 for (n,m) € Z? \ (Ng x [0, 4]). Let

Q;ln = @ wtka:ln:-42ii
i€[0,ln/4]]
for (n,m) € Ng x Z<q and Q7 = 0 for (n,m) € Z?* \ (Ng x Z<a), where the symbol wf
has cohomological degree 4/ and internal degree —6i for i € Ny, and we usually omit wg
for simplicity. The spaces K], and Q7 are concentrated in cohomological degree n and
internal degree m —n. We have Q" = @,, ., On,. Let 9, = 0"|on : O — Q;ﬁ_ll, and
dy=d"|gn : Ky — K,'Zlill Let D!, = Ker(37%,), B, =Im(3"_1 ) for (n,m) € Ny x Z<a,
and 5,’; = Ker(d}), E,’;l =1Im(d"}) for (n,m) € Ny x [0, 4]. Notice that D, = B, =0
for (n,m) € Z*\ (N X Z<4), and D" = B" = 0 for (n,m) € Z*\ (Ny x [0,4]).

Remark 5.1. We have Q" = €D,,c[—2(n/4),4) @ since the indices in
0= @D oK
i€0,ln/4]]

satisfy n — 4i € Ng and m + 2i € [0, 4].
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Proposition 5.2. For integers m < 1 and n € Ny, we have

¥ BT ifmis odd,

B! = 2 (5.2)
" a)me(')‘“m, if m is even,
and
., wt_, DY 2 ifmis odd,
D! = 2 (5.3)
" w* ., D6’+2m, if m is even,
2
where we follow the convention that a)lf"w] = wlﬂ fori,j € Ng and o = 0 fori €
Z \ No.
Proof. Consider Q) = @ze[[o Ln/41] © K4 ' for integers m < 4 and n € Ny. If m is

odd, thenm +2i = lor3,ie.,i = (1 —m)/2 or (3 —m)/2. We have

i, KT 2 @ oy, KA 6 ifn > 6—2m,
2 2
O =1 ot Kitam=2, if2—2m <n<6—2m,
2
0, if0<n<2-2m.

If m is even, thenm + 2i = 0,2 or4,ie.,i = —m/2,1 —m/2 or 2 —m/2. We have

Wy Kitam g W} _y Kptim—4 g W] KPH2m=8 ifp > 8 —2m,

o = a)i% Kytm g a)’f_% Kpt2am=4 if4—2m<n<8—2m,
m a)meg+2m, if —2m <n <4-2m,
0,2 if0<n<-2m.

5.4
Hence, G4
o — a)’f;m QUt?™=2 " if m < 1is odd, 55)

" w* n Qptam, if m < 01is even. '

Since the identities (5.2) and (5.3) for m = 1 are immediate, we suppose m < 0 from now
on.
Assume that m is even. Then (5.5) tells us that the sequence

n—1 O n O n+l1
m—1 Qm Qm+1
of graded k-vector spaces is of the form

o ’1 an
n+2m—5 n+2m "M * n+2m+1
w17m 01 2w m 0o — ®lm 01 .

Since Q" 12"~ = w} Q"™ by (5.5), the above sequence is of the form

i:)n—l1 on
m— m
w* an+2m 1
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Note further that 3%, = w* , 2™ and 9"~} = wi“_mi)'ﬁzm_s = w*, " T ! where
. . 2 2 2
the differential
! . ! /+l
W] Oy s 0f Oy = 0] O
maps ;X to w*B"/(x) for all x € Q) ', j.n’ € Ny and for all integers m’ < 4. Hence,
B =’y B"“m and D}, = o* Dytm,
Assume that 2 is odd (som < —1) Then (5.5) tells us that the sequence

1 I o +1
n— m— n m n
m—1 Qm Qm+1

of graded k-vector spaces is of the form

n— 1

o an
0)1 m Qn+2m 3 w? an+2m -2 w m+1 Qn+2m+3

Note that 3%~} = w¥_, 38 T2"73. Moreover, we also have
2

* n+2m—+3 _ , * Kn+2m+3 o w* n+2m—1 (5 6)

W_mi1 =W_m1 1-
2 0 2 0 2m2

by (5.4), and the image of w7}_, m Q"+2m=2 i5 contained in w?_, n QA +2m=1 by the explicit

expression of the differential (5 1). Furthermore, the compos1t10n of 0%, with the canonical
projection

n+2m+3
m+1 Q

induced by (5.6) is precisely w?_, 8'1’+2m 2 Ttis thus sufficient to consider the sequence
2

w* an+2m73 w»i an+2m72
l—m —
n+2m-3 * n+2m—2 2 * n+2m—1
(,()1 m Q > W1-m 1 > W1-m 2 .
Hence, B" = w*_ B"t2"72 and D" = w*_, D"T?"=2 a5 was to be shown. n
m 1-m =1 m 1-m 1
2 2

Throughout Sections 5 and 6 we will use the symbol y|x, where x € B, and y € B-*
to denote the k-linear map in K" = Homk((Afn)*, A), which maps y to x and sends
the other usual basis elements of (A!_n)* to zero. Even though one usually denotes the
previous map by y||x, we will use y|x for the sake of reducing space in the expressions
of the next subsection.

In order to compute B, and D7, it is sufficient to compute the case m € [0, 4]
according to Proposition 5.2. First, we will compute the coboundaries, and then we will
compute the cocycles. Since this will require handling elements of K, and O}, forn € Ny
and m € [0, 4], we will use the basis {y|x | x € By, y € B*} of K7 and the basis
{wfylx|i €[0,|n/4]], x € Bmiai,y € B ,;} of OF, both of which will be called
usual bases, constructed from the usual bases of the homogeneous components of A
and (A")*, introduced in Section 2.
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5.2. Explicit description of the differentials

Recall the isomorphism Homye (A ® (A!_n)* ® A, A) =~ Homy ((A!_n)*, A). We will use
it together with Proposition 3.7 to explicitly describe d” and f", which were defined at
the beginning of Section 5.1.

Let x € A. Itis then straightforward to see that the differential 4° : Homy ((A}))*, A)—
Homk((ALI)*, A) is given by d°(¢'|x) = a|(xa —ax) + B|(xb — bx) + y|(xc — cx).
Analogously, forn € N, d” : Homy ((Ain)*, A) — Homk((A!_(n+1))*, A) is given by

anx = a1 |[(=1)"ax + xa] + @nBl(fn+16x = fubx + xb)
+ any|(Xn+1bx — xncx + xc),
Balx = Bt |[(=1)"T'bx + xb] + ynt100](ax + xc)
+ oy (=) ex + yntr1xa + gnxcl + xn@n—1f2l(xa —ax),
Valx = yaat (D" lex + xe] + o BI[(=1)"1bx + xni1xa + gnxb]
+ xn+10nyl(ax + xb) + xnotn—1P2|(xa —ax),
-1 B1x = anBl[(=D)"ax + xc] + any|(Xnt16x — gnbx + xa)
+ an—1B2|(Xn+1bx — yncx + xb),
U171 > @ Bl(Xnr1bX = gnex + xa) + apy|[(=1)" ax + xb]
+ otn—1B2|(Xn+10X — Yubx + xc),
an—2P2|x = anBl(Xn+16X = xnbX + xb) + ony|(Yn+1bx — Yncx + xc)
+ ap—12|[(=1)"ax + xal.

The k-linear maps " : Homk((A!_(nH))*, A) — Homy ((A!_n)*, A) are homogeneous
of cohomological degree —3 and internal degree 6. The map f° is given by

as|x > &'|[2xbac — 2bx(ab + be) + 2¢xba + 2abxe + 2acxb + 2bacx),

Bslx — &'|[2xabc — 2ax(ba + ac) + 2cxab + 2bcxa + 2baxc + 2abcex],

y3lx = &'|[-2xaba + 2axbc + 2bxac — 2(ab + bc)xb — 2(ba + ac)xa — 2abax],
azB|x > &'|[-xabc + ax(ba + ac) — cxab — bexa — baxce — abex),
ayy|x > &'|[xaba — axbc — bxac + (ab + bc)xb + (ba + ac)xa + abax),

aBs|x — &'|[=xbac + bx(ab + bc) — cxba — abxc — acxb — bacx).
Forn € N, f" is given by

Up+3]|X = ay|[2xbac — ynbx(ab + bc) + yncxba + ypacxb + ynabxc
+ (—=D)"2bacx] + Bullxnxbac — ynbxbc + (—1)"2cxba
+ yn(ba + ac)xb + 2abxc + ypbacx] + yu|[ynxbac
+ (=D)" M 2bx(ab + be) + ynex(ba + ac) + 2acxb — yubexc
+ ynbacx] + yn+1n-1B|laxab — (n —2)cxba 4+ cxac — baxa
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+ (n — Dabxc + bexce] + yn+19n—1y|laxac + (n — 1)bxab
+ (n —2)bxbc + (n — 2)acxb — baxb + (ab + bc)xal
+ dpn—2B2l{yn+1[(n — Dxbac + cx(ab + bc) — bxba + acxc + abxb
— (n— Dbacx] + yn(n —2)[xbac —bx(ab + bc) + cxba + acxb
4+ abxc + bacx]},
Bn+3lx = anl|[xnxabc + (—1)"2¢cxab — ypaxac + 2baxc + yn(ab + bc)xa
+ ynabcex] + Bul[2xabc + yncxab — ypax(ba + ac) + ypbaxc
+ ynbexa + (—1)*2abex] + yullynxabe + ynex(ab + be)
+ (=)™ 2ax(ba + ac) — ypacxc + 2bexa + ypabcex]
+ yn+10n—1B|[(n — V)xabc — axab + cx(ba + ac) + baxa + bcxc
— (n — Dabcex] + yny10n—1y|[bxbe + (n — Daxba + (n —2)axac
+ (ba 4+ ac)xb 4+ (n — 2)bcxa — abxa] + an—2B2|{yn+1[bxba
— (n —2)cxab + cxbc + acxc + (n — 1)baxc — abxb]
+ yn(n —2)[xabc 4+ cxab — ax(ba + ac) + baxc + bcxa + abcex]},
Yn43|Xx = o |[—ynxaba — ypaxab + (—=1)"2bxac — ypbaxa — 2(ab + bc)xb
— ynabax) + Bu|[—xnxaba + (=1)"2axbc — ypbxba — 2(ba + ac)xa
— xnabxb — yyabax] + y,|[—2xaba + ynaxbc + ynbxac
— xn(ba + ac)xa — yn(ab + bc)xb + (1) 12abax]
4+ xn+19n—1B8|[—axab — cx(ba + ac) — (n — 1)axbc — (n — 2)baxa
— (n —Dacxa —bexcel + yn+19n—1y|[—(m — )xaba — bxbc — axac
— (ba +ac)xb — (ab + bc)xa + (n — 1)abax]
+ dpn—2B2l{)yn+1[—cx(ab + bc) — (n — 1)bxac —bxba — acxc
—(n—1)bcxb — (n —2)abxb] + xn(n — 2)[-xaba + axbc + bxac
— (ba + ac)xa — (ab + bc)xb — abax]},
Unt2B|x = an|(—xncxab — ypbaxc) + Bul(—ynxabc — xnabex)
+ Vullxnax(ba + ac) — ynbcxal,
Upt2V|X > ap|[—xnbxac + xn(ab + bc)xb] + Bul[—xnaxbc + yn(ba + ac)xal
+ Yul(xnxaba + ynabax),
Up+1P2|X = ay|[—xbac + ypy1bxac + yn+1cxab + yn+1(ab + bc)xb
— gna1baxc + (=) bacx] + Bull—xns1xabe + (1) lexba
4+ yny1axbc —abxc + yu+1(ba + ac)xa + yn+1abcx]
+ Yullxn+1xaba — yu41ax(ba + ac) + (—1)"bx(ab + bc)

— Ynt+1bcxa —acxb — yy4+1abax].
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For the reader’s convenience, we list the images of the differentials d” and the maps
f" evaluated at elements of the usual k-basis of the respective domain. In the following
tables, d) (y|x) is the entry appearing in the column indexed by x and the row indexed
by y, where m is the internal degree of x and # is the internal degree of y.
If n € N is odd, the differential d” is given by Table 5.1 together with Table 5.2 and
Table 5.3 as well as Table 5.4 and Table 5.5.

M abac aba abc bac
On 0 (any —anp)labac  (any —anp)labac 0

Bn 0 (anf —apy)labac 0 (anfB —apy)labac

Vn 0 0 (anB —any)labac (any —anf)labac
on—18 0 (anp —any)labac 0 (anp —any)labac
Op—1Y 0 0 (anB —any)labac (any —anp)labac
ap—2P2 0 (any —anP)labac  (any —anp)labac 0

Table 5.1. Images of d” for n € N and n odd, where the last three lines are for n = 3 and n odd.

M ab bc
oy An+1laba + oy Blbac dn+1|(abe —aba) — 2o, Blbac

+ apyl|(aba + abc)
Bn Bn+1laba + o, Blabe —Bu+1lbac + o, Blabe
+ apyl|(aba + bac) — apy|(aba + bac)
Vn Yn+1l(abe + bac) + 2a, flaba —Yn+1lbac — o Blaba
+ apyl(abc — bac)
ap—1PB apBlabe + apy|(aba + bac) apBlabec — ayy|(aba + bac)
+ op—1B2|aba — otp—1 B2|bac
On—1y | 2enPlaba + an—1B2|(abc + bac) —apflaba + ayy|(abc — bac)
— otp—1 B2|bac
ap—2P2 anBlbac + ayy|(aba + abc) —2a, Blbac
+ a1 B2laba + ay—1B82|(abc — aba)

Table 5.2. Images of d” for n € N and n odd, where the last three lines are for n = 3 and n odd.
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M ba ac
ay On+1laba + o, B|(aba + abc) —Qp+1labe — oy Bl(aba + abc)
+ anyl|bac + anyl|bac
Bn Bn+1laba + o, B|(aba + bac) Bun+1l(bac — aba) — 2a,y|labc
+ apylabc
Vn Yn+1|(abc + bac) + 2a,ylaba —VYn+1labc + anB|(bac — abc)
—apylaba
an-1p anBl(aba + bac) + ayylabec  —2ayylabe + ay—1B2|(bac —aba)
+ ap—1PB2laba
an—1y | 2apylaba + an—1B2|(abc + bac) aBl(bac —abc) — ayylaba
— ap—1PB2labc
Un—2B2 anBl(aba + abc) + ayy|bac —apBl(aba + abc) + ayy|bac
+ ap—1PB2laba — ap—1PB2labc

Table 5.3. Images of d” for n € N and n odd, where the last three lines are for n = 3 and n odd.

B

oy
Bn

Vn
an—1p
Un—1Y
an—2B2

a b

—anBlbc + apy|(ba +ac)  ap+1|(ab + ba) — o, B|(ba + ac)

+ apylbc

Bn+1l(ab + ba) + a, Blac ayBlab + bc) — ayylac
—ayy|(ab + be)

Yn+1l(ac —ab —bc) + anflba Yn+1l(be —ba —ac) + anflba

+ apylab + apylab

anfBlac —ayyl(ab + be) ayBlab + bc) — ayylac
+ an—12|(ab + ba)

anBlba + anylab anBlba + anylab

+ an-1P2|(ac —ab —bc) + an—1P2|(bc — ba —ac)

—anBlbc + any|(ba + ac) —ayBl(ba + ac) + apy|be

+ an-1P2/(ab + ba)

Table 5.4. Images of d” for n € N and n odd, where the last three lines are for n > 3 and n odd.

If n = 2 is even, the differential d” is given by Table 5.6 together with Table 5.7 and
Table 5.8 as well as Table 5.9 and Table 5.10.

Now we turn to the maps /. Note that /" (u) = 0 foru € K3, with m € [2,4] and
n € Ny by degree reasons. In the following tables, f”(y|x) is the entry appearing in the
column indexed by x and the row indexed by y, where #n is the internal degree of y. The
map £ is given by Table 5.11.
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B

c

1

Op

Bn

Vn
an—l,B
Op—1Y
an—2p2

ap+1|(ac —ab —bc)
—apBl(ba + ac) + any|bc
Bn+1|(bc —ba — ac)

+ apBlac —apy|(ab + bc)
—apBlab — ayylba
ayBlac —ayy|(ab + be)

+ an—1B2|(bc — ba —ac)
—apBlab — ayylba
—apBl(ba + ac) + any|bc
+ an-1P2|(ac —ab —bc)

20p+41la + (anB + any)|(b + )

2Bn+11b + (anB + any)l(a +c)

2Yn+1le + (@nB + any)l(a + b)
(anB + any)|(a + c) + 20,1 82|10

(anB + any)|(a + b) + 20,1 82]|c
(anB + any)|(b + ¢) + 20,-182|a

Table 5.5. Images of d” for n € N and n odd, where the last three lines are for n = 3 and n odd.

M abac aba abc bac
oy 0 20,y |abac —2a, Blabac —20ty41|abac

Bn 0 20,y |abac —2Bn+1labac —20,—1B2|abac

Vi 0 2Yn+1labac —2a, Blabac —20,—1B2|abac
ap—1PB 0 apBlabac —ay,y|abac —ay Blabac
+ a1 B2labac — a1 Balabac —ayylabac

Ap—1y 0 apBlabac —ayy|abac —ay Blabac
+ a1 Balabac — ay—1 B2labac —ayylabac

ap—2P2 0 20,y |abac —2a,Blabac —2a,—1 Balabac

Table 5.6. Images of d” for n = 2 and n even, where the last line is for n = 4 and n even.

If n € N is odd, the map f" is given by Table 5.12 where

M (anysla) = [4ay + 480 + 4y +2(n — )y 8 + 2(n — 2)aty—1y
+2(n — Day—2B2]|abac,
S (Bu3|b) = [dan + 4By + 4yn +2(n — Doty—18 + 2(n — 2)an—1y
+ 2(n —2)ay—2B2]|abac,
S (Yny3le) = [4an + 4Bn + dyn +2(n — Dap—18 + 2(n — Doty—1y
+ 2(n —2)ay—2B3]labac.

If n = 2 is even, the map f” is given by

S (@n43]|1) = 20| (2bac — aba + abc) + 28,|(2abe + bac) + 2y, |(bac — 2aba)

4+ 2(n —2)ay—2B2|(abc —aba + bac),
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M ab bc

ay Ap+1laba — oy, Blaba —ap+1l(aba + abc) — ay Blbac

+ any|(abc — bac) + any|bac

Bn —Bn+1laba + anyl(abe — bac) —Bn+1lbac + anylbac

+ an—1B2|aba — an—1P2[(aba + abc)

Vn Yn+1|(abc — bac) — a, Blaba Yn+1|bac — oy Blbac

+ ap—1PB2laba — ap—1B2|(aba + abc)

an-1p anBlabc — oy—1 B2lbac —apBlabe — ayylaba
Ap_1y anBl(aba — bac) aBl(bac — aba)
+ ap—1P2|(abc — aba) —apy|(abe + bac)

dn—2B2 —apflaba 4+ any|(abc — bac) —apflbac + ayy|bac
+ ap—1PB2laba — ap—1PB2|(aba + abc)

Table 5.7. Images of d” for n = 2 and n even, where the last line is for n = 4 and n even.

M ba ac

ay —0pt1laba + oy Blaba —tpt1|abe — ay Bl(aba + bac)

+ apy|(bac —abc) + apylabce

Bn Bn+1laba + any|(bac — abc) —Bn+1l(aba + bac) + anylabe

— tp—1P2laba — ap—1P2abc

Vn Yn+1l(bac —abc) + anBlaba Yn+1labe —anpBl(aba + bac)
—ap—1P2|aba —ap—1P2|abe

ap—1pP a,Bl(bac —aba) —ayy|(abe + bac)
~+ ap—1B82|(aba — abc) + ap—1B82|(abc — aba)

Ap—_1y —apflabe + ay—1B2|bac —apylaba — a1 B2|bac
an—2P2 ayBlaba + ayy|(bac — abc) —ap,Bl(aba + bac) + apylabe
— op—1B2laba — ap—1PB2]abc

Table 5.8. Images of d” for n = 2 and n even, where the last line is for n = 4 and n even.

S (Br+3ll) = 20, |(2bac + abe) + 28,|(2abc — aba + bac) + 2y, |(abe — 2aba)
+ 2(n — 2)ap—2B2|(abc — aba + bac),
S (Yn+3|l) = 2a,|(2bac — aba) + 2B,|(2abc — aba) + 2y,|(abc — 2aba + bac)
4+ 2(n —2)ay—2B2|(abc —aba + bac),
M (an42B8]1) = —2ap|bac — 2B, |abe + 2yy|aba,
S (@n42y[1) = =2an|bac — 2Bulabe + 2ynlaba,
M (an41B2]1) = —2ay|bac — 2B, labe + 2yy,|aba,

and f"(x) = 0 for x € K3
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M a b
an anpl(ab — ba) an+1|(ba —ab)

+ any|(ab + be + ac) + any|(ba + ac + be)

Bn Bn+1l(ab — ba) any|(ba +ac + be)

+ apyl(ab + be + ac) + ap—1B82|(ba — ab)

Yn Ya+1l(ab + be + ac) Yn+1l(ba + ac + bc)

+ anBl(ab — ba) + an—182|(ba — ab)

an-1p anBlac —ayy|ba ayBl(bc —ab) + a,y|ba

+ an-1P2|(2ab + bc) + an-182|(ba + ac)

Ap—_1y anBl(ab + be) + apylab anBl(2ba + ac) — a,y|ab

+ ap_1B2l(ac — ba) + ay—1B2|bc

Un—2B2 a,Bl(ab — ba) ayy|(ba + ac + bc)
+ anyl(ab + bc + ac) + an—182|(ba — ab)

Table 5.9. Images of d” for n = 2 and n even, where the last line is for n = 4 and n even.

M c 1

ap —tp1|(ab + be + ac) 0
—anB|(bc + ba + ac)

B —Bus1l(be + ba + ac) 0
—an-1B2|(ab + bc + ac)

Vn —ayB|(bc + ba + ac) 0
— ay—1B2|(ab + bc + ac)

an-1P —anflac —anyl(ab + 2bc) anPl(c —a) +anyl(a —b)

— dn—1P2[(ba + ac) + an—1B21(b —¢)

tn-1y | —onpl(ab +bc) —any|(ba + 2ac) anPlla —c) +any|(b —a)

— ay—1P2|be + an—1B2|(c — b)

Un—2P2 —ayBl(be + ba + ac) 0
— ap—1PB2|(ab + bc + ac)

Table 5.10. Images of d™ for n > 2 and n even, where the last line is for n = 4 and n even.

5.3. Computation of the coboundaries

In this subsection, we will explicitly construct bases %Z and B}, of the k-vector spaces
B! = Im(d"~}) and B = Im(9"_}) for m € [0, 4] and n € Ny respectively, defined
before Remark 5.1. This will be done by simply applying the corresponding differential

d,',’,:ll or 8:’,1__11 to the usual basis of its domain and extracting a linearly independent gen-
erating subset.
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N 1 a b ¢
a3 | 4&'|(bac —aba +abc) 0 0 0

B3 | 4&'|(bac —aba +abc) 0 0 0

ys | 4&'|(bac —aba +abc) 0 0 0

axf | 26'|(aba —abc —bac) 0 0 0O
ary | 2¢'|(aba —abc —bac) 0 0 0
aBy | 2¢'|(aba —abc —bac) 0 0 0

Table 5.11. Images of f©.

M 1 a b c

43 | 0 SMantsla)  2(an—1y —an—2B2)  2(cn—18 — an—2p2)

labac labac

Bn+z | 0 2(an—17 —an-1PB) S (Bntslb)  2(an—2B2 —an—18)

labac labac

Ynt3 | 0 2(n—1B —an—1¥)  2(en—2f2 — an-1¥) S (Yn+3lc)
labac labac

Oln+2,3 0 0 0 0

U2V 0 0 0 0

an1B2 | 0 —2(an + Bn + ¥n) —2(otn + Bn + ¥n) —2(otn + Bn + yn)

labac labac labac

Table 5.12. Images of f” forn € N and n odd.

5.3.1. Computation of ‘:f};'n Recall that E,’,’l = Im(d/’~}) and
dp - Ky, = Homy ((AL,)*, Am) — Kpt = Homy (AL, 1)", Amt1)

was defined in Section 5.1. Obviously, BS = Im(d,;1,) = 0 for m € [0, 4], and B} =
Im(a’fl_l) = 0 for n € N. Then we define B, = ¢ for m € [0, 4], and By =@ forn e N.
Suppose m = 4. If n = 1, since
ylabac = (1/2)d§(8!|aba),
Blabac = —(1/2)d2(¢'|abc),
alabac = —(1/2)d2(¢'|bac),

we have Ej = Kj. We define a basis of Ej by the usual basis of Ki. If n = 3 is odd,
Table 5.6 shows that

anlabac = —(1/2)d5 ™" (an—1lbac), Bulabac = —(1/2)d5 ™" (Ba—1labe),



yulabac = (1/2)dy™ (yn—1laba),
an—1ylabac = (1/2)dy " (an—1|aba),
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an—1Blabac = —(1/2)d}  (an—1]abe),
p—2PBalabac = —(1/2)d§1_1(/3,,_1|bac),

SO Ef{ = K. We define a basis of Ef{ by the usual basis of K}. If n = 2 is even, it is
easy to see that B} is spanned by the element (0,—1 8 — @y—1Y)|abac from Table 5.1, so

we define a basis of E"{ by

B = {(n—1 — an-1y)labac}.

The dimension of B % is then given by

dim §£‘ =

o~ W O

Suppose m = 3. If n = 1, since

(¢ — B)|aba + y|(abc — bac) =

ifn =0,
ifn =1,
if n = 2 1is even,

if n = 3 is odd.

(5.7)

d2(e'|ab) = —d2('|ba),

al(aba + abe) + (B — y)|bac = —d2(&'|bc),
—alabe — B|(aba + bac) + ylabe = d(¢'|ac) = d(s'|ab) + d2(&'|bc),

we define a basis of §31 by

B} = {al(aba + abc) + (B — y)|bac. (e — B)laba + y|(abc — bac)}.

If n = 2 is even, we define the set

90 = (gl = (a1 — an_1y)laba = (1/2)d2~ (ya_1|(ab — ba)),

¢85 = (@18 — tn1p)labe = (1/2)d2 (Buy|(ab + be + ac),
g5 = (@1 — anry)lbac = —(1/2)d5 @nna(be + ba +ac)),
843 = anlaba + an—1B|bac + an—1y|(aba + abc) = dy Yap—1|ab),
853 = anlabc —ay_1B|bac + an—1y|(aba + abc)

= d} " (an—1lab) + dJ " (an—1bc),
¢y = Bulaba + a1 flabe + ay_1y|(aba + bac) = d2~\(B,-1lab),
¢ = Bulbac — a1 Blabe + an_1yl(aba + bac) = —d3~\ (B lbe),
883 = Ynlabc + an_1Blaba + ay_1y|(abc — bac)

— & (s lab) + d2 (s bo),
g5 = yulbac + an_1Blaba + an_1y|(bac — abc) = —d2 = (y_|be)}.
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Then we define the set %% = ;€32, and

B = 95 U {ghys = anBalaba + an_1y|(aba + abc + bac)
= dj N(an-2plab) — g5 5,
2113 = tn—2f2labe + ay—1y|(aba + abc — bac)
= —d} Nan—aylac) — g5 5 + 833
€123 = tn—2f2lbac + ay_1y|(aba — abc + bac)
= —d} " (an—2Blbe) + g5 3

for n = 4 with n even. We will show that %'3’ is a basis of Eg’ for n = 2 with n even. From
the definition, we see that 8% C BY. Since

dy~Nan—1lab) = g} 5.

d;’_l(an_1|bc) = g2,3 - 82,3’

dy Y oy—1|ba) = 813+ 831843~ 834
dy Nap—1lac) = —813— 833833 853
A3 (Bu-1lab) = gt 5.

dy " (Bn-1lbe) = —g5 5.

dy 1 (Bu—i1lba) = g13— 8231853+ %63
dy " (Bu-tlac) = 2853 — 863+ 873

dy (yn—1lab) = 283 + &5.3

Ay (Yn—1lbc) = —g§ 5.

dy " (yn—1lba) = g83 + 803 — 2813

dy  (yn—1lac) = 813831853833

for n = 2 with n even, and

dé’_l(an—zﬁlab) = 83,3 + 8?0,3’

dy(an—2Blbc) = g3~ 8123

dy N (an—2flba) = g1a+ 833+ &l

dé’_l(an—zﬂlaC) = 8'112,3 - g70,3v

dy N an—aylab) = g3+ 8123 + 2813

dfil(an—zﬂbc) = —g?,3 - g?z,sv

dyNan-aylba) = gl 5 + gla3-

dy Nan—2ylac) = —83 853~ 8113
dy N (an—3Balab) = g5 5 + g1y 3,
d;_l(an—3,32|bc) = ng - g?0,3 - 282,37



E. Herscovich and Z. Li 198

dy ™ (on-3palba) = g1 5+ 835 + glo s
d;_l(an_3ﬂ2|ac) = —g'f,3 - g;,3 - g’111,3
for n = 4 with n even, the elements in %’3‘ span the space Eg’ By Fact 2.1, the elements

in %’3‘ are linearly independent, so %’3‘ is a basis of Eg‘ forn = 2 withn even. If n = 3 is
odd, we define the set

€5 = {ef 3 = (an — an—1B)laba + an_1y|(abc — bac) = d} ™" (an—1]ab).
€33 = an|(aba + abc) + (ay—1B — an—1y)|bac = —d N ap—1be),
e 3 = (an—2B2 — Pn)laba + an_1y|(abc — bac) = dj ™" (Bp-1ab),
€4 3 = (an—1y — Bn)lbac —an—2f2|(aba + abc) = d3 " (Bu-1lbc).
€53 = (ya — an—1B)|bac — an—zps|(aba + abe) = di ™" (ya-1]be),
€43 = Yal(abc — bac) + (an—2B2 — tn—1B)laba = dj ™" (yn—1lab).
)5 = apn_1Blabc — an_2Balbac = d} ' (an—2pBlab),
e{s’,3 = ay—1Blabc + ap_1ylaba = —df_l(an_zmbc),
e 3 = ap—1B|(bac — aba) + ay—2p2|(aba — abc) = —d} Y oy—2ylab),

€lo3 = n—1Y|(abc + bac) + an—zB2|(aba — abc)
= —d}  (an—2y|(ab + bc))}.

Then we define the set %g =& g‘, and
B = €4 U el 5 = (tn—2P2 — an_1B)laba + an_1y|(abc — bac)
= d} ™ (an—3p2lab).

els3 = (@n—1B — an—1y)|bac + ay—2p>|(aba + abc)
= —d} (an-3pB2lbc)}

for n = 5 with n odd. We will show that %g’ is a basis of Eg’ for n = 3 with n odd. By
definition, B% C BY. Since

dy Yap—1ba) = —el 5, a3 Yoy—1ac) = el 3 —e5 3,

dy ™! (Bu-1lba) = €3 5. dy ™! (Bu-tlac) = €5 5 + € 5.

d;_l(y,,_1|ba) = —62,3, d;_l(y,,_1|ac) = 62,3 + 8253,
3~ (an—2Blba) = €f 5, d3 ™ (an—aplac) = —ely 5,
dé"l(an—zylbc) = 6”91,3 - 6?0,3» d;’_l(an_zﬂba) = _63,3’

d;’_l(an,zﬂac) = e;’,3 - 93,3
for n = 3 with n odd, and

d;_l(an—3ﬁz|ba) = _3?1,37 d;_l(an—352|ac) = e?1,3 - 372,3
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for n = 5 with n odd, the elements in %” span the space E 2. By Fact 2.1, the elements eZ‘ 3
for £ € [1, 8] are linearly independent. The reader can easily verify that the elements e” .3
for £ € [9, 12] are linearly independent. Since the underlined terms of e , for £ € [1, 8]]
do not appear in e .3 for € € [9, IZH the elements in Q%” are linearly independent. So %"
is a basis of B" The dimension of Bg’ is thus given by

0, ifn=0,
2, ifn=1,

dimB? = 39, ifn =2, (5.8)
10, ifn =3,
12, ifn = 4.

Suppose m = 2. If n = 1, since

Bl(ab — ba) + y|(ab + bc + ac) = d{(&'|a).
(@+ B+ y)l(ab —ba) = d)('|(a — b)).
(@+ B+ y)l(ab + bc + ac) = d{(¢'|(a — ¢)).

and these three elements are linearly independent, we define a basis of Ezl by

B1 = {Bl(ab — ba) + y|(ab + be + ac). (e +  + y)|(ab — ba),
(¢ + B+ y)ab +bc + ac)}.

If n = 2, we define the set

B2 = {1, = aal(ab + ba) — af|(ba + ac) + ay|bc = d (a|b),
832 = Bal(ab + ba) + alac — ay|(ab + be) = d{ (Bla),
g3 = yal(be —ba —ac) + aplba + aylab = dj (y|b).
€32 = aflab + aylba = —d{ (ylc).
g3, = aBl(ab + be) —aylac = d{ (BIb).
8o = ®2|(2ab + be + ba —ac) = d{ (a|(b — ¢)),
872 = Pal(ab — be +2ba + ac) = dj (Bl(a — ¢)).
g3 = yal(ab + 2be — ba — 2ac) = d} (y|(b — a))}.
By definition, %% - Bg Since
di(ala) = g3, — &3,
the elements ~in %% span the space §22. By Fact 2.1, the elements in %% are linearly inde-
pendent, so B3 is a basis of B7. If n = 3 is odd, we define the set
By = {f, = an-1Bl(ab — ba) + an-1yl(@b + be + ac) = di' ™ (@n-1la).
€52 = (@n—1B + 1y + @u—2p2)|(ab — ba) = di ™ (an—1la = Bn-11b),
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€3, = (n—1B + an—1y + an—2f2)|(ab + bc + ac)
=di N an-1la — yailo),

ey, = 20p—1Blbc + ay—1y|(ab + ba) + 20,22 ac
= d " (on—2Blb + an-2ya),

€5, = ap—1Blac —ap—1ylba + ap—»B2|(2ab + bc) = dl Yon—2Bla),

€6, = an—1y|(ab + bc —ac) + an—zB2|(ac —ab — bc)
=e3, + d} Nan—2y|c — an—2pBla),
e5 5 = Bal(ab —ba) + ay_1yl(ab + be + ac) = df ' (Bp-1]a),

ehy = (Bu + tn1y + tn—2B2)|(ab + b + ac) = di ™ (Buoil(a — ).

€5, = ynl(ab + be + ac) + ap—1Bl(ab — ba) = d ™" (ya-1]a),
lon = Vn + 1B + an-2pa)l(ab — ba) = df " (ya—1|(a — b)),
o = (@ + Bn + ap1y)|(ab — ba) = di ™ (Bp-1la — ap-1|b),

elyn = (@ + Vn + an1B)(ab + be + ac) = df ™ (ya—1la — an—1lc)}.

By definition, %g - E;’ Since

forn =

forn =

df’_l(oén—zﬂ|a) = 62,27

d?an—2Blb) = elo—ey,—es, ey, +es,,

d1n_1(05n—2,3|c) = _e{l,z + 6’21,2 - eg’,z - eg,zv
dp Yan—ayla) = —el,tey,te3,—e5,,
dln_l(“n—zﬂb) = _267,2 + 26;,2 - 62,2 - eg,z’
dl N an—2ylc) = —e3, tes, +ess

3 with n odd, and

di " anspala) =€, di7 (anspalb) = €], — €5 5.

d Yan—3Balc) = e, —e3,

200

5 with n odd, the elements in ?B” span the space B . The reader can easily verify

that the elements e7 3 for £ € [1, 6] are linearly 1ndependent By Fact 2.1, the elements e7 3
for £ € [[7,12] are hnearly independent. Since the underlined terms of ey , for £ € [7, 12]]
do not appear in eé , for £ € [1, 6], the elements in %" are linearly 1ndependent So ?B” is

a basis of B;’. If n = 4 is even, we define the set

By =

{g'f,z = ap|(ab + ba) = di ™ Nan-1|b) + g2+ 8125

822 = anl(ab + bc —ac) = —d{ ™ (otn—1]c) — 8112~ 812,
g3, = Bul(ab + ba) = Ay (Bn-1la) — 812,2¢

€42 = Bulab + be —ac) = di ™ (Bu-1l(a + ¢)) — 28155,
g5, = Ynl(ab + ba) = —d} ™ (yu-1l(a + b)) + 28112+

g2 = Yal(ab + bc —ac) = —di ™ (ya-1la) + &1, 5.
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52 = n-afal(ab + ba) = (1/3)d{ ™ (an-2f(a — ¢) + an-3B2|(b — ¢)),
852 = an—2B2l(ab + bc —ac)
= (1/3)d]" ™" Qatn—3B2|(b — ¢) — an—2f|(a — ¢)).,
g6, = an_1Blab + an_r1ylba = —d ™ (yu-1lc).
glo2 = an1Bl(ab + be) — ap_yylac = df ™ (Bu-1|b).
812 = tn-1Blba + an_1ylab = di " (an-2yla) + g5 ,.
g2 = dn—1Blac —ay—1y[(ab + bc) = dfl_l(an—2ﬁ|a) - g’71,2}'

By definition, %g C B}’ Since

dl Nan—1la) = d} " (an—3B2la) = 292~ 8102
di N on—1]b) = 8128112 — 812,20
d Yan—1lc) = —822— 8112~ &12.2>
di N (Bu=tla) = 832+ 8120
di ™ (Bn-11b) = d " (an—2Blb) = g1y 5.
di ™ (Ba-ilc) = 842~ 832 T &2
di  (yn-1la) = —862 + &11.25
d? N (yn-11b) = —85, 1 8.2 T &11,25
AP (ya—1le) = di N an—2yle) = =5 ,.
d} N on—2Bla) = g7+ 8122
d} Han—2Blc) = —872 + 882+ &12.2>
di N ap—zyla) = g1 — 882
dl Nan—2y|b) = —87,+ 882 + 811,25
dln_l(an—3ﬂ2|b) = g'77,2 - g’111,2 - g?z,zv
d Nap—3Balc) = —882— 8112~ &12.2>

the elements in %” span the space B . By Fact 2.1, the elements in %" are linearly inde-
pendent, so %" is a basis of B % . Hence, the dimension of Bg is given by

0, ifn=0,

- 3, ifn=1,
dim B, = & ifn—2 (5.9)

12, ifn = 3.

Suppose finally m = 1. If n = 1, since dJ (' |1) =0, we have B! = 0. We define
EB% = @.If n = 3 is odd, by Table 5.10, the space B is spanned by the element

an-1Bl(c —a) + an-1y|(a —b) + an—2p2[(b —©).
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So we define a basis of E{’ by
Bl = {on-1Bl(c = @) + tn-1y1(@ = b) + an_afal(b = 0)}.
If n = 2, by Table 5.5, we define a basis of Elz by
B} = {202]a + (@B + ay)|(b + ¢).22|b + (@B + ay)|(a + ¢).
2yalc + (@B + ay)|(a + b)}.
If n = 4 is even, by Table 5.5, we define a basis of Ef by

B = {2anla + (@n-1B + an_19)(b + ¢).2Bnlb + (@n-1B + an_1y)l(@ + ©),
2ynlc + @n-1B + tn-1)|(@ + b)., (@n-1B + an—1)|(@ + ¢) + 2an_2B2|b.
(@n—1B + em-1)l(a + b) + 2o _2pac.

(@n—1B + an—19)|(b + ¢) + 20n—2B2a}.

In conclusion, the dimension of B 1 is given by

0, ifn=0,1,
. =y 3, ifn=2,
dim BY = ) ] (5.10)
1, ifn = 3isodd,

-
6, ifn = 4iseven.

5.3.2. Computation of B7%,. Recall that B”, = Im(3",_}) and 37, : 7, — Q211 Since
d? = 37, for either m = 3 and n = —1, or m,n € [—1,2], we get B?, = BZ. for either
m =4andn € Ny, orm,n € [0, 3]. So, we define a basis of B, by B7 = %;’n for either
m =4andn € Ny, orm,n € [0,3].

Suppose m = 3. The differential 33! : KZ~! @ wjK?™> — K% maps the space
0} K% to zero, so BY = Im(327!) = Im(d)~!) = Eg’ We define a basis of BY by
B = B

Suppose m = 2. Consider 371 : K1 @ 0} K2™° — K} ® ] K}~*.1fn > 4iseven,
we get B} = E;’ &) wi“gg’_“, since f"~*(K?~1) = 0 by the last identity of Section 5.2 for
n > 4and f°(K3) = 0 by the last three columns of Table 5.11, as well as f"~8(u) =0
foru € ng—s by degree reasons. If n > 5 is odd, we have B} = Eg ® a)ikB:’{_“, since
52_4 = K7~* as showed in the previous section. So, we define a basis of B} by B4 =
f’gg U wf %2_4 for all integers n > 4. The dimension of B is then given by

0, ifn=0,
3, ifn=1,
8, ifn=2,
dim B} = < 12, ifn =34, (5.11)
15, ifn =5,
13, ifn = 61iseven,
18, ifn = 7is odd.



Hochschild and cyclic (co)homology of the Fomin—Kirillov algebra on 3 generators 203

Suppose m = 1. Consider 07! : Kl ™' @ 0} K}~ & w; FKI70 — K" @ wf K4 If

= 5is odd, we have B} = B" ® wfBI ™ = B" P ] B" , since f"H(KA1) =0

by the second column of Table 5.12 and /™ (1) = 0 foru € K” '3 withm € [[2 4] and

n’ € Ny, by degree reasons. Then we define a basis of B} by B} = ?B” U a)f?B” —4If
n = 4, we define the set

‘B‘l‘ = {2%4— (a3 + azy)|(b +c¢) + wf48!|(bac —aba + abc) = d3(as|1),
2B4|b + (a3p + azy)l(a +¢) + a)f45!|(bac —aba + abc) = 8(3)(/33|1),
2yslc + (a3 + azy)|(a + b) + w4e'|(bac — aba + abe) = 33(y3|1),
(@3B + azy)|(a +¢) + 2022|0 + wf28!|(aba —abc — bac) = 3(3)(052,3|1),
(a3p + azy)l(a +b) + 2a2B2|c + a)f25!|(aba —abc — bac) = 33 (aay|1),
(a3B + azy)|(b +¢) + 202p2|a + a)f28!|(aba —abc — bac) = ag(aﬂzll)}.

Since these six elements are linearly independent by Fact 2.1, B is a basis of Bf. Ifn > 6
is even, we define the set

B = {20na + (@n—18 + @n—1Y)(b + ¢) + ] [2an—4|(2bac — aba + abc)
4+ 2Bn—4|(2abc + bac) + 2y,—4a|(bac — 2aba)
4+ 2(n — 6)ay—eP2|(bac —aba + abc)] = 88_1(an_1|1),
2Bulb + (n—1B + an-1y)|(@ + ¢) + @ [2an—4|(2bac + abc)
+ 2Bn—4|(2abc — aba + bac) 4 2y,—4|(abc — 2aba)
+2(n — 6)an—eP2|(bac — aba + abe)] = 957" (Ba-1|1).
2ynlc + (@n—1B + an—1y)|(a + b) + wf [20n—4](2bac — aba)
+ 2Bn—4|(2abc — aba) + 2yy—4|(bac — 2aba + abc)
+2(n — 6)an—cP2|(bac — aba + abe)] = 35~ (ya—1]1),
(n—1B + an—1y)|(a@ + ¢) + 20,2 B2|b
+ 0 2(yn—alaba — an_slbac — Bu_slabc) = 95~ (an—2B1).
(an—1B + an—17)|(a + b) + 2an—2B2|c
+ 0 2(Vn—alaba — an_slbac — Bu_slabc) = 95~ (an—2y|1).
(@n—1B + on—1Y)(D + ¢) + 200 —22]a
+ 0} 2(yn—slaba — an_slbac — Bu_slabe) = 3 (an—3B2|1)} U 0} B1~4.

Since f”/(u) =0forue K,’;Z/H, with m € [2,4] and n’ € Ny, by degree reasons, the
previous set is a system of generators of B{'. By Fact 2.1, the elements in 87 are linearly
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independent, so B is a basis of BY. The dimension of B} is then given by

0, ifn=0,1,

3, ifn=2,5,

1, ifn =23,

dgimpn = | & =4 (5.12)

15, ifn =6,

11, ifn=7,

18, ifn = 8iseven,

13, ifn = 9is odd.

Suppose finally m = 0. Consider
I oK @ 03K — KR @ o} KT @ 0y KT8,

Note that By € 0} K3™* & 3 K{™® and B = Im(07") = Im(w] 9] %) = ] B~ We
define a basis of Bf by B = w}B4~* for n = 4. The dimension of B is thus given by

0, ifn e [0,4],

3, ifn=25,

8, ifn =026,
dimB{} = {12, ifn=717,8,

15, ifn =09,

13, ifn = 101is even,
18, ifn > 111is odd.

5.4. Computation of the cocycles

As one can remark rather easily, from the computations in the previous subsection we
can already deduce the dimensions of the homogeneous components of the spaces of
cocycles and thus of the Hochschild cohomology groups. However, since we will need
specific representatives of the cohomology classes of bases of the Hochschild cohomo-
logy HH®(A) for computing its algebra structure, we will present them. More precisely,
in this subsection, we will explicitly construct bases f)fn and ®7, of the k-vector spaces
D = Ker(d) and D”, = Ker(3",) for m € [0, 4] and n € Ny, respectively, defined
before Remark 5.1.

5.4.1. Computation of 5):’” Recall that D" = Ker(d") and
dy : Ky, = Homg ((AL,)*, Am) — Kt = Homy (AL, 11)*. Amt1)
was defined in Section 5.1. Since K”. /D" = E,’,;ill, we see that

dim D?, = dim K7, — dim B//1}.
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Hence, from the dimension of Bm ‘1 computed in Section 5.3.1 as well as the dimension of
K7, (see the last paragraph of Section 5.1), we deduce the value of the dimension of D;’n.
We will present them explicitly in the computations below.

For every (n.m) € Ng x [0, 4], we are going to provide a set S)” C D? such that
#i)” = dim D" and the elements in S)” are linearly independent. As a consequence,
S)"m is a basis of D If D" = K", we pick the usual basis of K”., defined at the end
of Section 5.1. We leave to the reader the easy verification in each case that the set f)”m
satisfies these conditions.

Obviously, D? = K for n € No. Then we define the set f)ﬁ by the usual basis of K.
The dimension of 52 is given by

1, ifn=0,
o~ 3, ifn =1,
dim Dy = 5 ifn=2

6. ifn=>3.

Suppose m = 3. By (5.7), the dimension of 5;’ is given by

0, ifn=0,
8, ifn=1,
dimD? =39, ifn =2,
17, ifn = 3is odd,

12, ifn = 4iseven.

We define the sets 5(3’ =g,

f); = {oz|bac, Blabc,ylaba,a|(aba — abc), (e + B)laba, a|aba + B|bac,
alaba + ylabe, alaba — y|bac},

and
D3 = {(e2 — Bo)laba. (a2 — y2)labe. (B2 — y2)lbac,
aslabe + Balbac + 2aflaba, az|aba — Balbac + 2aB|abc,
az|(aba — abc) + 2aB|bac, azlabc + Balbac + 2ay|aba,
azlaba — Balbac + 2ay|abe, az|(aba —abc) + 2ay|bac}.
Moreover, if n = 3 is odd, we define
5)'3’ = {an|bac,,3n|abc,y,,|aba,a,,,1/3|abc,an,1y|aba,an72,32|bac,
a|(aba — abe). (e + fr)laba.alaba + Palbac.aylaba + yylabe.
anlaba — yn|bac, (an + an—1B)|aba, anlaba + an—1B|bac,

anlaba + an—yylabe, aylaba — an—1y|bac, (an — Oln—2,32)|@,

aplaba — ap—2B2 |abc},
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and if n = 4 is even, we set

D1 = {(@n — Bwlaba. (an — yu)labe. (Bn — yu)lbac,
aplabe + Bylbac + 2a,—1Blaba, aylaba — Bylbac + 20,1 Blabc,
ay|(aba —abc) + 20,1 Bl|bac, ay|abe + By|bac + 20,1y |aba,
anlaba — Bylbac 4+ 2a,—1y|abe, ay|(aba — abc) + 20,1y |bac,

(an—2B2 — an)laba, (an—2B2 — an)|abe, (tn—2B2 — ﬂn)Vﬂ}-

Suppose m = 2. By (5.8), the dimension of 5’21 is given by

2, ifn =0,
. =n 3, ifn=1,
dim D = 10, ifn=2
12, ifn=3.

We define the sets

E)g = {8_!|(ab +b_a),8_!|(ab + bc —g)},

D) = {Bl(ab —ba) + y|(ab + bc + ac). (@ + B + y)|(ab — ba).
a|(ab + be + ac) + B|(be + ba + ac)},

D3 = {a|(ab + ba). az|(ab + be — ac), Ba|(ab + ba). B2|(ab + be — ac),
y2l(ab + ba), y2|(ab + bc —ac),af|ba + aylab,aflab + ay|ba,
apl(ba + ac) —aylbc, ap|(ab + be) — aylacy,

and E)g = 53’2’ forn = 3.
Suppose m = 1. By (5.9), the dimension of DY is given by

0, ifn =0,
.= 1, ifn=1,
dim D} = )

3, ifn =2,

6, ifn=3.

We define the sets S~)(1’ = @, and
D} = {ala + Blb + ylc}.
Moreover, if n = 2 is even, we define f)’f = %’1’, and if n = 3 is odd, we define

57 = {an|a + Bulb + yule, (Bn — an—lﬂ)@v (Yn — an—lV)|£a (an — an—Z,BZ)lg,
an_1Blc + an_1y|a + an—2f2|b, an_1Bla + an_1y|b + an_2B2lc}.
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Suppose finally m = 0. By (5.10), the dimension of 56’ is given by

1, ifn=0,
L o= 0, ifn = 1isodd,
dim Dj =
4, ifn =2,
5, ifn = 4iseven.
We define the sets
D = {e'[1}.

and
D§ = {oa|1. Bo|1. 2|1, (@B + ay)|1}.

Moreover, if n € N is odd, we define f)g = @, and if n = 4 is even, we define
D = {anll. Ball. yall. (@18 + n—17)|1, en—2B2l1}.

5.4.2. Computation of ®},. Recall that D}, = Ker(d?) and 9}, : O — Q:’n*jrl]. The
isomorphism Q7 /D7 =~ B,"nill tells us that

dim D}, = dim Q) —dim B,* .

Hence, from the dimension of B}, computed in Section 5.3.2 as well as the dimension
of Q7 (see the last paragraph of Section 5.1), we deduce the value of the dimension
of D} . We will present them explicitly in the computations below.

For every (n,m) € Ny x [0, 4], we are going to provide a set D% C D! such that
#9! = dim Dj, and the elements in D}, are linearly independent. As a consequence,
D7 is a basis of D};,. We leave to the reader the easy verification in each case that the set
D7 satisfies these conditions.

For either m € [3,4] and n € Ny, or m,n € [0, 2], note that 0%, = d}}, then D}, = 5fn.
So we define the basis of D}, by O = 5",”

Suppose m = 2. By B} = Eg’ and (5.8), the dimension of DJ is given by

2, ifn =0,
3, ifn=1,
10, ifn =2,
dim DI = 12, ifn =3,
13, ifn =4,
15, ifn =5,
17, ifn =6,
18, ifn=>7.

We define the sets D3 = D3 and D2 = D2 U 0} D" * forn = 4.
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Suppose m = 1. By (5.11), the dimension of D7 is given by

0,
1,
3,
dim D} = 6.

14,
15,
23,

18,

ifn =0,
ifn =1,
ifn =2,
ifn =3,4,
ifn =235,
ifn =6,

if n = 7is odd,

if n = 8 is even.

208

We define the set 3)? = f)? Moreover, if n = 4 is even, we define ©7 = B, andifn =5

is odd, we define ] = 5’1’ u wff)’i“‘.

Suppose finally m = 0. By (5.12), the dimension of Dy is given by

1, ifn=0,
0, ifn=1,3,
4, ifn =2,
7, ifn =4,
dim D! = 3, ifn=35,
15, ifn=26,9,
12, ifn =717,
18, ifn =8ormn = 11isodd,
22, ifn =10,
23, ifn = 12iseven.

We define the set .’DS = (. Moreover, if n >

4 is even, we define the set Of =

0 D44, andif n = 5 is odd, we define D) = o D54

5.5. Hochschild cohomology

In this subsection, we will explicitly construct a subspace H,, € D;, such that D},

D1y

H" @ B! for (n,m) € Ng x Z<a, and we define H" = 0 for (n,m) € Z* \ (No X Z<a).
By Proposition 5.2, we have the following similar recursive description.

Corollary 5.3. For integers m < 1 and n € Ny, we have

*
w 1-m
H 2

n
m

I

n+2m—2
Hl

, ifmisodd,

w*, HYy™, if m is even.
2
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So it is also sufficient to compute the case m € [0, 4]. Recall that

dim H}, = dim D}, — dim B}, = dim Q7, — dim B}, —dim B..

Hence, from the dimension of D}, computed in Section 5.4.2 as well as the dimension
of B, computed in Section 5.3.2, we deduce the value of the dimension of H},. We will
present them explicitly in the computations below.

For every (n,m) € Ny x [0, 4], we are going to provide a set $7, C D such that
#97, = dim H,} and £, U 87, is linearly independent. As a consequence, the space H,
spanned by 97, satisfies D), = H], @ B],,. We leave to the reader the easy verification in
each case that the set $7,, satisfies these conditions. Note that, unless stated otherwise, the
linear independence of the elements in $7, U B7, follows from Fact 2.1, where we put the
elements in $7, before the elements in B,.

Suppose m = 4. The dimension of H} is given by

1, ifn=0,
. n 0, ifn € Nisodd,
R PR T

5, ifn = 4iseven.

We define the sets
852 = {8!|abac},

and
$3 = {azlabac, Balabac, ys|abac, aflabac}.

Moreover, if n € N is odd, we define $} = @, and if n = 4 is even, we define

$% = {anlabac, Bulabac, ynlabac, an_1Blabac, an_rfzlabac}.

Suppose m = 3. The dimension of HJ is given by

0, ifn € Ny iseven,
. . 6, ifn=1,
AT =00 =3

5

if n = 51is odd.

We define the sets

H) = {a|bac, Blabc,ylaba,al(aba — abc), (e + B)laba, alaba + /3|bac},

and

H3 = {oc3|bac,ﬂ3|abc, yslaba,azBlabe, az|(aba — abce), (a3 + B3)|aba,
aslaba + Bslbac}.
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Moreover, if n € Ny is even, we define $% = @, and if n = 5 is odd, we define the set
95 = {anlbac, Bulabe, ynlaba, on_1 Blabe, ay|(aba — abe)}.

The reader can easily verify that the set $% U B4 for n = 3 and n odd is linearly inde-
pendent.
Suppose m = 2. The dimension of H} is given by

, ifn=0,2,

, ifn € N is odd,
, ifn =4,

, ifn =26,

2
0
dimH} =41
4
5, ifn = 8iseven.

We define the sets
99 = {¢'l(@b + ba). &'|(ab + be — ac)},
and
93 = {oal(ab + ba). pa|(ab + ba)}.
Moreover, if n € N is odd, we define $% = @, and if n = 4 is even, we define &) =
wFHL4,

Suppose m = 1. The dimension of H{ is given by

0, if n € Ny is even,
1, ifn=1,
i 5, ifn =3,
dim H7' = 11, ifn =25,
12, ifn =71,
10, ifn = 9is odd.

We define the sets
H1 = {ala + Blb + ylc}.

and

97 = {azla + Bslb + yslc, (B3 — 22B)|b, (v3 — c2y)|c, (a3 — afa)|a,
a2Ble + azyla + apa|b}.

Moreover, if n € Ny is even, we define ] = @, and if n = 5 is odd, we define

S = {%"' Bnlb + ynlc, (Bn _M)lé» (Vn _MNE’ (an —Ol,,_—2,32)|g,
1Bl + an-1yla + an2falb} U of o3
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Suppose finally m = 0. The dimension of H{ is given by

1, ifn=0,

0, ifn e Nisodd,

4, ifn =2,
dimHf =47, ifn=4,6,

6, ifn =28,

9, ifn =10,

10, ifn = 12iseven.

We define the sets
9o = {e'l1}.

and
95 = {o2]1. a1, y2l1. (@B + ay)|1}.

Moreover, if n € N is odd, we define $7 = @, and if n > 4 is even, we set

oy = {an“’ﬂn“y Yull, (@n—1B +an—l)’)|lvan—2ﬁ2|l} UwT9§_4-

The previous results can be restated as follows.

Corollary 5.4. Let m € [0,4] and n € No. Then H}: = H & w} H!7%. Here, H} is
the k-vector space spanned by the set %, which is defined as follows. If m € [3, 4], we
define the set S, = 97 forn € Ny. If m = 2, we define the sets

89 = {'|(ab + ba), '|(ab + be —ac)},  H3 = {az|(ab + ba), B2|(ab + ba)},
andég =@ forn =1andn = 3. If m = 1, we define the set
&1 = {ala + BIb + ylc),
and 55'1’ = 0 for n € Ng with n even, together with

‘6’11 = {Oln|6z + Bulb + yule, (Bn — an—18)1b, (yn — an—1y)lc. (0tn — an—2B2)|a,
an—1Blc + an—1yla + an_2p2|b}

forn = 3 withn odd. If m = 0, we define the sets

S =111}, 85 = {aall, 2|1, 2|1, (@B + ap)|1},
and S = @ for n € N with n odd, together with

S = {anll. Bul L yall. (@n—1B + ctu17) |1, an—2fa| 1}

for n = 4 with n even. Moreover, if we define fl,’,’, =0 for (n,m) € Z2 \ (Np x [0, 4]),

then H) = ITI,’;l &) a)fH,’flfz holds for m,n € Z by applying Corollary 5.3.
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Remark 5.5. The reader can easily check that D" = H”" @ B” form € [0,4] and n € N.

Recall that the Hochschild cohomology is decomposed as HH" (A) = P, <, H,, for
n € Np.
Proposition 5.6. Forn € Ny,
HH"(A) = P ofHJ".

i€f0,ln/4]],
me[0,4]

Proof. By Corollary 5.4, we have

H} =H! @ wfH!™, H'=H'®oH™,
- 4 - (5.13)
H} =H} ®ofHy *®wsH}®

for n € Ny. Using Corollary 5.3 and (5.13), we get
HH"(4)= € Hp

me[-21n/4].4]
Hf (&) H;l ©® H; D ( @ a)i*Hln_‘”) @ ( @ Cl)i*H(;,_‘”)
i€[0,n/4]] iefo,n/4]]
=fire Mol ouilihe( @ oo )
ie[o,ln/4]]
® ( P oI eordy e w;ﬁg—‘*i—s))
ie[o,n/4]]

—Hl'oH'oH olH ™ ® ( $H a)i*ﬁl"—‘”)

i€f0,|n/4]]
o @ onmr)e( @ o)
i€0,|n/4]] i€[0,ln/4]]
o @ oo @ o)
i€0,|n/4]] i€f0,|n/4]]
—H'oH'©oH @0 H ™o ( b a);*ﬁ{’—‘“)
iefo,ln/4]]
ea( &y w;H§—4f)@( &y w;ﬁg-‘”)
i€[1,|n/4]] i€f0,ln/4]]

o @ wir)e( @ i)

i€1,|n/4]] i€[2,|n/4]]

= @ wfHIH L]
i€fo,[n/4]],
me[0,4]
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Remark 5.7. Let H" = Dmefo.a] H? . Proposition 5.6 shows that
HH'(A) = @ ofH"*.
i€fo,|n/4]]

Using Corollary 5.4, it is easy to compute that dim H® = 4, dim H! = 7, diim H? = 10,
dim H3 = 12 and dim H" = 10 forn = 4.

Using the previous remark, we get the dimension of HH" (A4).
Proposition 5.8. The dimension of HH" (A) is given by
2n+4, ifn=4rforr €Ny,

dimHH"(4) = { 2n +5, ifn =4r +2forr € Ny,
M ifn=2r+1forr € No.

The Hilbert series of HH" (A) is A" (t) = ) _,,<, dim(H,})t" " for n € Ny. Note that
m — n is the internal degree of H}}.

Corollary 5.9. The Hilbert series h™(t) of HH" (A) is given as follows. Let n = 8. Then

1213
W) =t [5;(,,#‘ + 5xns1t> + 5pat? + 10 42: pXne120 4 t‘zVin”(t)],
i=0
where
6t + 712 + 1, ifn =0 (mod 4),
) = 106> + 1113 +¢, ifn=1 (mod 4),
9t* + 712 + 4, ifn=2 (mod 4),
10£° 4+ 12¢3 +5¢t, ifn =3 (mod 4).
Moreover,
RO(t) = t* +21% + 1, (1) = 612 + 1,
h2(t) = 41> +2 4 4172, h3(t) =74 5t72,
W) =54+1t"24+7t74 4178, Ro(t) =572+ 114 4+ 176,

Wo(t) =572+ 474+ 77+ 4178, K@) =54+ 1278 + 578,

6. Algebraic structure of Hochschild cohomology

In this section, we will explicitly determine the algebra structure of the Hochschild coho-
mology of A given by the cup product —. To do so, we will first find a generating set
of the k-algebra HH®(A) = @neNo HH" (A) (see Proposition 6.4). Then, after extracting
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a minimal generating set from the previous set of generators, we will find an explicit
presentation of the algebra HH® (4) as a quotient of a free algebra F by the ideal generated
by an explicit set R of homogeneous relations. This is done by using a Grobner basis
of R, which allows us to compute the Hilbert series of the quotient F/(%R), and then
comparing the Hilbert series of the quotient and that of HH®(A). We refer the reader to
Sections 2.1 and 2.2 of the very nice book [16] for the usual method for computing the
cup product. However, to reduce the amount of signs appearing in the computations below
we will follow the original definition of cup product by M. Gerstenhaber in [5, Sect. 7]
(cf. [16, Def. 1.3.1 and Rk. 1.3.3]).

Remark 6.1. Itiseasy to see that f — g € H,':llli','nzz forall f € Hp', g € Hpy’. Moreover,

it is well known that the cup product on Hochschild cohomology is graded commutative,
ie., f—g=(=1)""g — f for f € HH"(A), g € HH"(A) (see [16, Thm. 1.4.6]).

Lemma 6.2. Let g = a)fe!|1 € wfﬁg = H*,. Then f — g = o} f forall f € HH*(A).
Proof. The map g can be extended to a chain map ge : P2 — P? with g, (w}x) = 0} x

for x € Kg+4_4i and i € [0, [n/4] + 1]. Hence, given f € HH™(A), we get [ — g =
fem=oif. u

By Lemma 6.2 and Proposition 5.6, the set

( U §fnu{wfs’|l})\{e’|l}
el

is a generating set of HH®(A) as k-algebra.

Fact 6.3. Assume x,y € A. Letn = 2 be even. The map o, |1 can be extended to the chain
map ge : P? — PP satisfying
go(xlanly) = xle'ly,
go(x1Bnly) = go(x|ynly) = go(xlotn-181y) = go(xlan-1¥]y)
= go(x|an—2p2]y) =0,
g1(xlont1ly) = x|aly,
g1(x[Bn+1ly) = g1(x[¥n+1ly) = g1(x|on—1B2]y) = 0,
g1(xlanfly) = x|Bly.
g1(xlanyly) = x|yly,
g2(x|an42]y) = xlazly,
82(x|Bni2ly) = g2(x|yn42ly) =0,
g2(xlen1Bly) = x|aply.
ga(x|ant1yly) = x|ayly,
g2(xlanf2ly) = x[(B2 + y2)|y.
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Moreover, if n = 2, the chain map g. satisfies

gz(a)lxls’ly) = x(2|aﬂ|ac + 1|aB|ba + al|af|b — blaB|c + blayla — c|lay|b
—blaz|b — 3claz|c + a|Bzla + aly2|la + 2b|y2|b — 2bc|ay|1
—ablay|1)y.

If n = 4, the chain map ge satisfies

go(w1x|e']y) = 0.

gi(wix|aly) = 2x(1|Blac + blalc + baly[1)y,

gi(wix|Bly) = —2x(c|Bla + a|Blc + blala + alyla + ala|b)y,
gi(wix|yly) = =2x(blyla + aly|b + a|Bla + ala|c + c|ala)y.

The map B |1 can be extended to the chain map go : P? — PP satisfying

go(x|Baly) = xle'ly.
go(xlan]y) = go(x|ynly) = go(xlan-1Bly) = go(x|etn-1y1y)
= go(x|ap—2p2]y) = 0,
g1(x|Bn+1ly) = x|Bly.
g1(x|an+11y) = g1(x|ya+1ly) = g1(x|anBly) =0,
g1(x|any|y) = xlyly,
g1(x|on—1B2]y) = x|a|y.
g2(x[Bn+21y) = x|B2ly,
g2(X|on42|y) = g2(X[yn+2ly) =0,
g2 (x|ant1Bly) = xlaBly,
g2(xlont1y|y) = xlay|y.
g2(xlanPaly) = x|(a2 + y2)ly.

Moreover, if n = 2, the chain map ge satisfies
g2(@1x|s'ly) = x(1|aplba — 1aBlac + blaplc — clapla + clay|b —alay|c —c|Balc
—3al|Bz|a + b|y21b + blaa|b + 2c|az|c + 2ablay|l + bc|ay|1)y.
If n = 4, the chain map g satisfies
go(w1x'[y) =0,
gi(wrxlaly) = =2x(blalc + cla|b + a|B|b + bly|b + b|Bla)y,

gi(@ix|Bly) = 2x(1]a|bc + alflc + ably|1)y,
gi(wix]yly) = =2x(aly|b + blyla + bla|b + b|f|c + c[B|b)y.
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The map yn|1 can be extended to the chain map ge : P? — PP satisfying

go(x|yaly) = x|&'ly,
go(xlanly) = go(x[Bn|y) = go(x|an—1B1y) = go(x|an—17]y)
= go(x|an—2B2]y) =0,
g1(x|Ynt1ly) = xlyly.
g1(x|on+11y) = g1(x[Bn+11y) = g1(x|any|y) =0,
gi1(xlanBly) = x|Bly,
g1(xan—1B2y) = x|y,
22(X|Ynt2|y) = x[y2|y,
g2(x|atn+2]y) = g2(x|Bn+2]y) = 0,
g2(x[ont1B[y) = x|y,
g2(x|any1y]y) = xlayly,
g2(x|anf2]y) = x[(az2 + B2)Iy.

Moreover, if n = 2, the chain map ge satisfies

g2(o1x|e'|y) = —x(1|aplac + 2laplba + 2alaplb + blayla + clay|b —a|psla

+ 2alyzla + 3b|y2|b + balaf|1 + ab|ay|1)y.
If n = 4, the chain map ge satisfies

go(w1x[e'ly) =0,

gi(w1x|aly) = 2x(a|Blb + bly|b + b|Bla)y,
gi1(o1x|B|y) = 2x(blala + alyla + ala|b)y,
gi(@1x]yly) = —2x(l|a|ba + a|Bla + abla|1)y.
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The map (ctn—1 B + an—1y)|1 can be extended to the chain map ge : P? — P! satisfying

go(xlan|y) = go(x|Bnly) = go(x|ynly) = go(x|an—2B2]y) =0,
go(xlan—1B1y) = go(xX|an-1yly) = x|&'|y,
g1(x|on+1ly) = g1(x[Bu+1ly) = g1(x[yn+1ly) =0,
gi1(xlenBly) = x|(c + y)|y.
g1(xlanyly) = x|(a + By,
g1(xlan—1821y) = x|(B + V)ly,
g2(x|ant2ly) = g2(x|Bn+2ly) = g2(x|yn+2ly) =0,
g2(xlan+1Bly) = x[(ay + a2 + B2 + y2)|y,
ga(x|ant+1y1y) = x[(af + a2 + B2 + v2)|y,
g2(x|anf2ly) = x|(@B + ay)|y.
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Moreover, if n = 2, the chain map g. satisfies

gz(a)lx|8!|y) = x(1|a2|(ba + ac) — lazlbe + 1|B2|(ab + be) — 1| B2lac — 1|y2]ab
—1ly2lba — blaz|c — claz|b — al|Ba|c — c|Bala — aly2|b — bly2la
+ (ba + ac)|az|1 — bel|az|1 —ac|B2|1 + (ab + bc)|B2]|1 —ab|y2|1
—balya|1)y.

If n = 4, the chain map g satisfies

go(wixle'ly) =0,
gi1(wix|aly) = g1(w1x|Bly) = g1(w1x]y|y) = 0.

Now let n = 4 be even, then the map a,—2P2|1 can be extended to the chain map g :
Pb — P} satisfying

go(xlan—2Baly) = x|é'|y,
go(xlan|y) = go(x|Bnly) = go(x|ynly) = go(x|an—18]y)
= go(xlen—17|y) =0,
g1(x|an+11y) = g1(x|Bn+1ly) = g1(x|yn+1ly) =0,
g1(xlanBly) = x|Bly,
g1(xlanyly) = x|yly,
g1(x|an—1B2]y) = x|aly.

Moreover, if n = 4, the chain map g. satisfies

go(wix|e'ly) = 0.

Let n € N be odd, then the map ay,|a + Bn|b + ynlc can be extended to the chain map
e : P.b — P,b satisfying

go(xlanly) = x|e'lay.  go(x|Baly) = xle'lby.  go(x|yaly) = x|e'lcy.

go(x|an—1Bly) = go(x|an—1y]y) = go(x|an—2p2]y) =0,

g1(xlant1ly) = —x|afay,  g1(x[Bat1ly) = —x|Blby,

g1(x[yn+1ly) = —x[ylcy. g1(xlanBly) = —x|a|by — x|Blcy — x|ylay,

g1(xleny|y) = —xlalcy — x|Blay — x|y|by, g1(xlen—1B2]y) = 0,

g2(xlant2|y) = x|azlay, g2(x[Bn+21y) = x|Balby,

&2(x[Yn+21y) = x|y2lcy,
g2(xlont1B1y) = xleBlcy + xlaylay + x|(a2 + y2)|by,
g2(xlent1y|y) = x|aflay + xlay|by + x|(a2 + B2)cy,

g2(x|anPaly) = xlaplby + xley|cy + x[(B2 + y2)lay.
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Moreover, if n = 3, the chain map g. satisfies

g1 (w1x|e'y) = 2x[1|a|bac + 1|Blabc — 1|y|aba + c|a|(ba + ac) — a|Blac
—bly|ba — (ba + ac)|yla + ac|a|b + ba|B|c]y.

g2(wrxlaly) = 2x[ = 2|az|bac + alaylab — clazlbe + c|palab — blyz|ba
— bclaB|c + ablayla —aclaz|c —2ba|Ba|c + ab|ya|b
— balys|c —abclay|1 + baclaz|1]y,

g2(w1x|Bly) = 2x[ = 2|B2labe + blay|be + alBal(ab + be) + alyalbe
+ claz|(ba + ac) + (ab + be)|aBla + belay|b — ba|Bala
+ 2(ba + ac)|yzla + bclaz|c + (ba + ac)|az|a + abalay|l
+abelBal1]y.

g2(o1x|y|y) = 2x[2ly2laba — clay|(ab + be) — blyzlab — blas|(ab + be)
—a|Balac —ablaB|b — (ab + be)|ay|c + (ba + ac)|yz|b
—2aclaz|b — (ab + be)|Bala — ac|B2|b — baclay|l — aba|y2|1]y.

Proposition 6.4. The set

s=( U 8 oferem)

me[0,4],
nefo,3]

is a generating set of the k-algebra HH® (A). Hence, HH®(A) is a finitely generated k-
algebra.

Proof. We will prove the proposition by induction on n. Let n = 4. Assume that Sg"m/ for
m € [0,4] and n” € [0,n — 1] is generated by the elements of 8. We check that $7, for
m € [0, 4] is generated by the elements of 8. First, we suppose that # is even. Note that
9% = A{anll, Bull, yull, (@n—1B8 + otn—17)|1, @n—2B2|1}. By Fact 6.3, we have

|l — apa|l €an|l +wf HY ™, Ball — Bu—a|l € Bull + 0 HY 4,

vall = ynall € yull + 0T HY ™%, 12|l — ap_a|l € an_afa|l + wi H} 4,
@B+ ay)|l — ans|l € (@—1B + an—1y)|1 + 0 HF 7%,
Hence, the elements in §)8 are generated by the elements in 8. Note that

=9l =51 =0.

Finally, we notice that S%ﬁ = {aylabac, Bylabac, y,labac, a,—1 Blabac, ay—2B2|abac}.
Since

'labac — ay|l = aylabac, e'labac — Bn|1 = Bulabac,

&'labac — yu|1 = yalabac,
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g'labac — (an-1B + @n—1y)|1 = 20,1 Blabac,
e'labac — an_22|1 = an_sp>labac,

the elements in S%ﬁ are also generated by the elements of S.
Next, we suppose that 7 is odd. Note first that ] = $5 = $} = 0, and

S = {anla + Bulb + yulc, (B — tn-1B)b, (yn — tn_1y)lc. (ttn — tn—2P2)la,
ap—1Blc + ap—1yla + an_2ﬂ2|b}.
By Fact 6.3, we see that
(ala + Blb + y|c) — an_1|l € anla + an_1Blb + an_1y|c + 0] H 4,
(@la + BIb + ylc) — Bu—ill € Bulb + an_1lc + ansBala + 0} HF 4,
(la + Blb + y1c) = yn-1l1 € yulc + on_1Blb + an_zBala + o} HI ™,
(la + Blb + ylc) — (@n—2B + on—2y)|1 € 2(@n—1Blc + dn_1Yla + ctn—2P2|b)

+ 0l HI 4,
(ala + Blb + ylc) — an—3B2|l € ay—1B8|b + an—1v|c + an—2B2|a
+ a)TH~3”_4.
It is easy to see that the five elements
onla + an-1Blb + an—1y|c, Bnlb + an—1ylc + an—p2la,

Yulc + oan1Blb + anafala,  2(an-1Blc + an-1yla + an—2p2|b)
and
an-1Blb + an—17|c + an—2p2la
are linear Eombinations of Elements of 5'1’ Moreover, they form a basis of H . The ele-
ments in H{', so a fortiori $7, are thus generated by the elements of 8. Note finally that

5’; = {ay|bac, Bnlabc, yplaba, ay—1Blabce, ay|(aba — abc)}.
Since
albac — ap—1|1 = aylbac, Blabc — Bn—1|1 = Bylabc,
ylaba — yn—1|1 = ynlaba, Blabe — an—1|1 = an—1Blabe,
a|(aba — abc) — ay—1|1 = ay|(aba — abc),
the elements in 5’3’ are generated by the elements of S. ]
Proposition 6.5. The set of 14 elements given by
S = {&'|(ab + ba).€'|(ab + bc — ac), €' labac, ala + B|b + y|c, a|bac,
Blabe,ylaba,o|(aba — abc), az|1, B2|1, y2|1, (af + ay)|1,
asla + B3l + ysle. i€ |1} € HH®(A). ©.1)

is a minimal generating set of the k-algebra HH® (A).
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8§ = {8!|(ab + ba),&'|(ab + be + ac), €'|abac, a|bac, Blabe, ylaba, a|(aba — abc),
(o + B)laba, a|aba + Blbac,ala + B|b + y|c, az|labac, B2labac, y2labac,
afllabac,az|(ab + ba), B2|(ab + ba), az|1, B2|1, 2|1, (B + ay)|1, as|bac,
Bslabc, yslaba, oz Blabe, asz|(aba — abc), (asz + B3)|aba, azlaba + Bs|bac,
asla + B31b + yalc, (B3 —a2B)|b. (y3 — a2y)lc. (a3 — af2)la,
azfBlc +azyla + aﬂ2|b,wfs!|l}

is a generating set of HH®(A). By Fact 6.3 and the computation of coboundaries in Sec-

tions 5.3.1 and 5.3.2, we get

az|(ab + ba) = &'|(ab + ba) — a1,

Bal(ab + ba) = &'|(ab + ba) — a1,
azlabac = &'|labac — |1,
Balabac = &'|abac — Ba1,
valabac = 'labac — y,|1,
aflabac = (1/2)&'labac — (af + ay)|1,
azlbac = albac — a1,
Bslabc = Blabe — B1|1,
yaslaba = ylaba — y>|1,  axflabe = albac — Ball,

(3 —afiz)|a

(y3 —a2y)lc

as|(aba — abc)
(a3 + B3)|aba

= (1/2)[(ezla + B3]b + y3lc)

+ (a@la + B|b + yle) — (2|l — B2|1 — y2[D)],
(B3 —a2B)b = (1/2)[(azla + B3|b + y3lc)

+ (ala + Blb + yle) — (B2|1 — az|1 — y2[1)],
= (1/2)[(azla + B3|b + y3lc)

+ (a@la + Blb + yle) — (y2|1 —az|1 = B2[1)],
azBlc +anyla + afa|b = (1/2)(ala + Blb + ylc) — (af + ay)|l,

= «a|(aba — abc) — as|1,

= ylaba — (af + ay)|1,

6.2)

aslaba + Bslbac = a|(aba — abc) — (B2l + az|1)

—2ylaba — (af + ay)|1,

(a + B)|laba = (1/2)&"|(ab + be — ac) — (ala + Blb + y|c)
+ «a|(aba — abc),
alaba + Blbac = (1/2)['|(ab + ba) — (ala + B|b + y|c)

—&'|(ab + be —ac) — (ala + Blb + y|c)].
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Hence, the set § obtained from 8§ by removing the nineteen elements in (6.2) is still a
generating set. Similarly, it is easy to check that

'l(ab + ba) — €'|(ab + ba) = ¢'|(ab + bc — ac) — €'|(ab + bc — ac)

&'l(ab + ba) — &'|(ab + bc —ac) =0. (6.3)

By Remark 6.1, Fact 6.3 and (6.3), it is easy to check that any one of the fourteen
elements of § cannot be generated by the other thirteen elements, so the generating set §
is minimal. ]

Let us number the elements of the set S given in (6.1) by X; = &'|(ab + ba), X, =
e'|(ab + bc — ac), X3 = &'|labac, X4 = albac, Xs = Blabc, X¢ = ylaba, X7 =
a|(aba —abc), Xz = ala + Blb + ylc, Xo = az|l, X10 = B2[l, X11 = y2[l, X12 =
(B + ay)|l, X13 = asla + B3|b + y3|c and X14 = wf‘e!|1. We define the well-ordered
set {x; | i € [1,14]} with x; > x; foralli > j.Let F be the noncommutative associative
free k-algebra generated by x; fori € [1, 14], with length-lexicographic order. We endow
the algebra F with the unique grading over Z? given by setting the bidegree of x; to be
the same as that of X; fori € [1, 14]. Let &1 C F be the set consisting of the following
97 homogeneous elements:

X1X2 — X2X1,X1X3 — X3X1, X1X4 — X4X1, X1X5 — X5X1, X1X6 — XeX1,X1X7 — X7X]1,
X1Xg — XgX1,X1X9 — X9X1,X1X10 — X10X1, X1X11 — X11X1, X1X12 — X12X],

X1X13 — X13X1, X1X14 — X14X1, X2X3 — X3X2, XpXq4 — X4X2, X2X5 — X5X2, X2X6 — X6X2,
X2X7 — X7X2, X2Xg — XgX2, X2X9 — X9X2,X2X10 — X10X2, X2X11 — X11X2,

X2X12 — X12X2, X2X13 — X13X2, X2X14 — X14X2, X3X4 — X4X3, X3X5 — X5X3,

X3Xe — X6X3,X3X7 — X7X3, X3X8 — XgX3,X3X9 — X9X3,X3X10 — X10X3,X3X11 — X11X3,
X3X12 — X12X3, X3X13 — X13X3, X3X14 — X14X3, X4X5 + X5X4, X4Xe + XeX4,

X4X7 + X7X4, X4Xg + XgX4, X4X9 — X9X4, X4X10 — X10X4, X4X11 — X11X4,

X4X12 — X12X4, X4X13 + X13X4, X4X14 — X14X4, X5X6 + X6X5, X5X7 + X7X5, (6.4)
X5Xg + X8X5, X5X9 — X9X5,X5X10 — X10X5, X5X11 — X11X5, X5X12 — X12X5,

X5X13 + X13X5, X5X14 — X14X5, X6X7 + X7X6, X6X8 + X8X6, X6X9 — X9Xg,

X6X10 — X10X6, X6X11 — X11X6, X6X12 — X12X6, X6X13 + X13X6, X6X14 — X14X6,

X7X8 + X8X7,X7X9 — X9X7,X7X10 — X10X7, X7X11 — X11X7, X7X12 — X12X7,

X7X13 + X13X7, X7X14 — X14X7, XgX9 — X9Xg, XgX10 — X10X8, XgX11 — X11X8,

XgX12 — X12X8, Xg§X13 + X13X8, XgX14 — X14X8, X9X10 — X10X9, X9X11 — X11X9,

X9X12 — X12X9, X9X13 — X13X9, X9X14 — X14X9, X10X11 — X11X10, X10X12 — X12X10,
X10X13 — X13X10, X10X14 — X14X10, X11X12 — X12X11, X11X13 — X13X11,

X11X14 — X14X11, X12X13 — X13X12, X12X14 — X14X12, X13X14 — X14X13,X§,X§,X§,

2 .2 .2
X7,Xg,X13-
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Remark 6.6. Note that the quotient of the free algebra F generated by x; for i € [1, 14]
modulo the (homogeneous) ideal generated by the previous set R is precisely the free
graded-commutative (for the homological grading) algebra C generated by the same gen-
erators x; fori € [1, 14].

Let R, C F be the set consisting of the following 63 homogeneous elements:

)C12,X1X2,X1X3,X%,X2X3,X§,X1X4,X1X5,X1X6,xl)€7,X2X4,X2X5,X2X6,X2X7,X3X4,
X3X5,X3X6, X3X7, X3X8, X4X5, X4X6, X4X7, X5X6, X5X7, X6X7,X1X11 — 2X1X9 — 2X1X10,
X1X12 — X1X9 — X1X10, X2X9 + X1X9, X2X10 — 2X1X10, X2X11 — X1 X9 — X1X10,

X2X12 — X1X10, X3X9 + X8X4, X3X10 + XgX5, X3X1] — X§X6, X3X12 — XgX7,

X9X5 + X9X6, X9X5 — X10X4, X9X5 + X10X6, X9X5 — X11X4, X9X5 — X11X5,

x12X4 — (1/3)x9x7 + (4/3)x10x7, X12X5 + (1/3)x9x7 — X12X6 + (5/3)X10X7,

X10X7 — X11X7, X12X7 + 2x9x5 — (1/3)Xox7 — (2/3)X10X7, X9X10 — XoX11,

X9X10 — X10X11. X9X12 — X12X12 + 2X9X10 — 3X14X1 + 3X14X2, (6.5)
X10X12 — X12X12 + 2X9X10 — 3X14X2, X11X12 — X12X12 + 2X9X10 + 3X14X1,

X1X13 — 4X12X6 + 4X10X7, X2X13 + (4/3)x9X7 — 4x12X6 + (8/3)X10X7, X3X13,

XgX13 — 6X14X3, X13X4 + X9X9X3, X13X5 + X10X10X3, X13X6 — X11X11X3,

X13X7 — X12X12X3 + 2X9X10X3, X1XgX12 — 2X12X6 + 2X10X7,

X2xgX12 + (2/3)x9x7 — 2x12X6 + (4/3)X10X7, X9X13 — X9X9Xg + 6X14X4,

X10X13 — X10X10X8 + 6X14X5, X11X13 — X11X11X8 — 6X14X6,

X12X13 — X11X12X8 — 6X14X7 — 3X14X2X3.

By abuse of notation, we will also identify SR, with its image under the canonical projec-

tion F — F/(Rq) =C.
The following theorem is the main result of this article.

Theorem 6.7. Let I be the two-sided ideal of F generated by the set R = R1 U R, of
160 homogeneous elements and let D = F/I. Define the morphism ¢ : F — HH®(A)
of bigraded k-algebras by setting ¢(x;) = X; for i € [1, 14]. It is easy to check that ¢
is surjective and I C Ker(p), so ¢ induces the surjective morphism ¢ : D — HH®(A).
Moreover, ¢ is an isomorphism, i.e., Ker(¢) = I.

Before presenting the proof of the previous theorem, let us provide some auxiliary
results. We refer the reader to [13] (see also [14]) for the theory of Grobner bases, as well
as the usual terminology we will follow. Using GAP (see [3]), one shows that a Grobner
basis G of I is given by the following 184 elements:

2
X1, X1X2, X1X3, X1X4, X1X5, X1X6, X1X7, X1X11 — 2X1X10 — 2X1X9,
2
X1X12 — X1X10 — X1X9, X2X1 — X1X2, X5, X2X3, X2X4, X2X5, X2X6, X2X7, X2X9 + X1X9,

X2X10 — 2X1X10, X2X11 — X1X10 — X1X9, X2X12 — X1X10, X3X1 — X1X3, X3X2 — X2X3,
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ngX3x4,X3X5,X3X6,X3x7,X3X8,X3x13,X4X1 — X1X4, X4Xp — X2X4, X4X3 — X3X4,
Xz,x4xs,x4x6,x4x7,x4x8 — X3X9, X4X11 — X4X10, X5X1 — X1X5, X5X3 — X2X5,

X5X3 — X3X5, X5X4 + X4X5, ng X5X6, X5X7, X5X8 — X3X10, X5X9 — X4X10,

X5X11 — X4X10, X5X12 — XaX12 — (1/2)X2x13 + (1/4)X1X13, X6X1 — X1 X6,

X6X2 — X2X6, X6X3 — X3Xg, X6 X4 + X4X6, X6X5 + X5X6, xé, X6X7,X6Xg + X3X11,
X6X9 + X5X9,X6X10 + X4X10, X6X12 + (1/2)x5x12 + (1/2)x4x12 — (3/8)x1X13,
X7X1 — X1X7,X7X2 — X2X7,X7X3 — X3X7, X7X4 + X4X7,X7X5 + X5X7, X7X6 + X6X7, x%,
X7Xg + X3X12, X7X9 — 4X6X12 — 3X4X12 + X1X13, X7X10 — (1/4)X7Xx9 + (3/4)X4X12,
X7X11 — X7X10, X7X12 + X4X12 + 2X4X10 + (1/2)x2x13 — (1/2)X1X13, X8X1 — X1X3,
XgX2 — X2Xg, XgX3 — X3Xg, XgX4 + X4X8, XgX5 + X5Xg, Xg§X6 + X¢Xg, XgX7 + X7x8,x§,
XgX13 — 6X3X14, X9X1 — X1X9, X9X2 — X2X9, X9X3 — X3X9, X9X4 — X4X9, X9X5 — X5X9,
X9Xe — X6X9, X9X7 — X7X9, X9Xg — X8X9, X9X11 — X9X10,X10X1 — X1X10,

X10X2 — X2X10, X10X3 — X3X10, X10X4 — X9X5, X10X5 — X5X10, X10X6 + X9X5,

X10X7 — X7X10, X10X8 — X8X10, X10X9 — X9X10, X10X11 — X9X10,

X10X12 — X9X12 — 6X2X14 + 3X1X14, X11X1 — X1X11, X11X2 — X2X11, X11X3 — X3X11,
X11X4 — X9X5,X11X5 — X9X5, X11X6 — X6X11,X11X7 — X10X7, X11X8 — XgX11,

X11X9 — X9X11,X11X10 — X10X11, X11X12 — X10X12 + 3X2X14 + 3X1X14,

X12X1 — X1X12, X12X2 — X2X12, X12X3 — X3X12, X12X4 + (4/3)x10X7 — (1/3)X0X7,
X12X5 — X5X12, X12X6 — X6X12, X12X7 — X7X12, X12X8 — XgX12, X12X9 — X9X12,
X12X10 — X10X12, X12X11 — X11X12, X5 — X11X12 — 2X9X10 — 3X1X14, X13X] — X1X13,
X13X2 — X2X13, X13X3 — X3X13, X13X4 + X4X13, X13X5 + X5X13, X13X6 + X6X13,
X13X7 + X7X13, X13Xg + XgX13, X13X9 — X9X13, X13X10 — X10X13, X13X11 — X11X13,
X13X12 — X12X13,X%3,X14X1 — X1X14, X14X2 — X2X14, X14X3 — X3X14, X14X4 — X4X14,
X14X5 — X5X14, X14X6 — X6X14, X14X7 — X7X14, X14X8 — XgX14, X14X9 — X9X14,
X14X10 — X10X14, X14X11 — X11X14, X14X12 — X12X14, X14X13 — X13X14,

X1XgX12 — 2X12X6 + 2X10X7, X2XgX12 — 2X12X6 + (4/3)x10X7 + (2/3)x9x7,

X3X§ — X4X13,X3X9X12 + x7x13,X3xf0 - xsx13,X3xf1 + Xx¢x13,

szé — X9X13 — 6X4X14, XgX9X12 + 6X2XgX14 — 6X1XgX14 — X12X13 + 6X7X14,
XgXTp — X10X13 — 6X5X14, XgX7; — X11X13 + 6X6X14,

x1x8x9 + (1/2)x2x13 — (1/2)x1X13, X1X8X10 + X1X8X9 — (1/2)X1X13,

X1XgX11 — 2X1XgX10 — 2X1XgXg, X1Xg, X1X9X10 + 2X1X5, X1X9X12 + X1X3,
X1X9X13,xleo,xlxloxw,xzxsm + X1XgX9, X2XgX10 + 2X1XgX9 — X1X13,

2
x2xgx11 — (1/2)X1X13, X3X9X13, X3X10X13, X3X11X13, X3X12X13, X4X19 — X4X9X10,
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XgX9X13 — 6X3X9X14, XgX10X13 — 6X3X10X14, X8X11X13 — 6X3X11X14,

2 2
XgX12X13 — 6X3X12X14, X9X19 — X9X10, X3X9X10X13, X8X9X10X13 — 6X3X9X10X14.

We will now compute the standard words with respect to G, i.e., the monomials on
the letters x;, i € [1, 14], that are not divisible by the leading terms of the elements of G.
This is a direct but tedious computation. We recall that the set of standard words forms a
k-basis S of D. Obviously, 1 € S and x; € S fori € [[1, 14]. The elements in S generated
by 2 elements are given by the following 46 elements:

X1Xg8,X1X9, X1X10,X1X13, X1X14,

X2Xg, X2X13, X2X14,

X3X9,X3X10, X3X11, X3X12,X3X14,

X4X9,X4X10, X4X12, X4X13, X4X14,

X5X10, X5X13, X5X14,

X6X11,X6X13, X6X14,

X7X13, X7X14, 6.6)

XgX9, XgX10, XgX11, XgX12, XgX14,

X5, X9X10, XoX12, XoX13, XoX14,

x%o’x10x13ax10x14»

x%l,x11x13,x11x14,

X12X13, X12X14,

X13X14,

X2,

Analogously, the elements in S generated by 3 elements are given by the following 68
elements:

x1x8x14,x1x9x14,x1x10x14,x1x13x14,x1xf4,x2x3x14,x2x13x14,x2x%4,
X3x9xlo,x3x9x14,x3x1ox14,xax11x14,X3x12x14,X3Xf4,x4xg,x4x9x10,
X4X9X12,X4X9X13, X4X9X14, X4X10X13, X4X10X14, X4X12X13, X4X12X14,
X4X13X14, X4X14. X5X70, X5X10X13, X5X10X 14, X5X13X14, X5X]4, X6X 11,
X6X11X13, X6X11X14, X6X13X14, X6X14. X7X13X14, X7X14, X§XoX10, XgXoX14,  (6.7)
X8x10X14,X8x11X14,x8x12x14,xsxipxg,xgxlo,xglezsx§x13,x§x14,
X9x10x13,X9x10x14,x9x12x13,x9x12x14,x9x13x14,xgxf4,xf0,xfox13,
xf0x14,x10x13x14,x10x124,xf’1,x%lxn,xflxm,x11x13x14,x11x124,

2 2 3
X12X13X14, X12X14, X13X14, X14-
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Finally, the elements in S generated by 4 elements are given by the following 89 elements:

)C1Xg)€%4, )C1XQX%4, X1X10X%4, X1X13X%4, X1X%4, x2x8xf4, X2)C13X%4, x2xf4,
X3X9X10X14, X3X9.X%4, X3X10.X%4, X3X1 1X%4, X3X12X%4, X3X%4, X4Xg, X4X§X10,
x4x§x12,x4x§x13,X4x92x14,x4x9x10x13,x4x9x10x14,x4x9x12x13,

X4XoX12X14, X4X0X13X14, X4X0X14, X4X10X13X14, X4X10X14, X4X12X13X14,

X4X12X124,X4X13X124,X4X134,szfo,szfoxm,sz%oxm,xsxloxnxm,

X5X10X74. X5X13X74, X5X74, X6X11, X6X11X13, X6 X1, X14, X6X11X13X14, ©5)
X6X1 1X124, X6X13X124, X6X134, X7X13X%4, X7X?4, XgX9X10X14, X3X9X%4, .
x8x10x124, X8X11x%4, X8X12X%4, xgxf4, xg, XS)C](), xgxlz, xgxlz, )CS)C13,
x;’x14,x§x10x13,x§x10x14,x§x12x13,x§x12x14, X§X13X14,X§X%4,
x9x10x13x14,x9x10x124,x9x12x13x14,x9x12xf4,x9x13x124,x9x134,
xfo,xfoxm,xf0x14,xf0x13x14,xfoxf4,x10x13xf4,x10xf4,xi‘l,xflxm,
X131X14, X%1X13X14, X%1X%4, X11X13X%4, X11X134, X12X13X%4, X12X%4, X13X134, Xi‘4.

Lemma 6.8. Let x be a word generated by r elements, where r = 5. Then the following

statements are equivalent:

(1) xes§;
(2) y € S for any subword y < x;
(3) y € S for any subword y < x generated by r — 1 elements;
(4) y € S for any subword y < x generated by 4 elements.
Proof. The implications (1) = (2) = (3) = (4) follow immediately from the definition

of standard word. On the other hand, to prove the implication (4) = (1), it suffices to note
that the leading word of any element in G is generated by at most 4 elements. ]

Lemma 6.9. Let x be a word. Then x € S if and only if xx14 € S.

Proof. To prove the direct implication, suppose that x € S is generated by r elements. If
r € [0, 3], we get that xx14 € S directly from (6.6)—(6.8). If r = 4, write x = yz, where
v,z are words and z is generated by 3 elements. Obviously, z € S and zx14 € S. By
Lemma 6.8, xx14 = yzx14 € S. Finally, note that the converse follows from the definition
of standard word. n

The following result is a direct consequence of the previous lemma.

Corollary 6.10. Let S be the elements in S generated by x; for i € [1,13], and D the
subspace of D generated by the elements in S. Then

D =~ 5 ® k[x14]

as graded k-vector spaces.
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We are now ready to prove Theorem 6.7.

Proof of Theorem 6.7. Tt is easy to check that the morphism ¢ vanishes on the set R,
since the algebra HH® (A) is graded commutative, and it also vanishes on the set R, as the
reader can check using Remark 6.1, Fact 6.3, (6.3) and the coboundaries in Sections 5.3.1
and 5.3.2. Hence, I C Ker(¢). By Proposition 5.6, we have

HH®(4) =~ ( & ﬁ,’,’,) ® klw}e'|1]
me[0,4],
neNp

as graded k-vector spaces. Let S} be the elements in S with cohomological degree n € Ny
and internal degree m — n, where m € Z. To prove that @ is an isomorphism, it is sufficient
to prove that the cardinality of S}, is as same as the dimension of I—~I,’,’l

Take x € . Since the words x;x; fori > j are leading terms of elements in G, we
may assume that x is of the form xj'x5? - -+ x75*, where r; € Ny for i € [1, 13]. Since x7?
fori =1,2,3,4,5,6,7,8,12,13 are leading terms of elements in G, we assume r; € [0, 1]
fori =1,2,3,4,5,6,7,8,12,13. By degree reasons, we have

rg4 +r5 —|—r6 +r7 +7’8 +2r9 +2l’10 +27’11 ~|—2r12 +3V]3 =n, (69)
and
2r1 + 2rp +4r3 + 2rq + 2rs 4+ 2rg + 2r7 — 2r9 — 2r19 — 2r11 — 2r12 — 2r13
=m-—n.

Adding the two equations together, we get
2)’1 + 27‘2 + 4}"3 + 31”4 + 37‘5 + 37’6 + 37‘7 +rg +riz =m. (610)

Note that the previous identity tells us that m € Np.

First, we will prove thatm < 4.1fry = 1,thenr; =0fori =2,3,4,5,6,7,11, 12, since
x1x; is the leading term of an element of the Grobner basis G fori =2,3,4,5,6,7,11,12.
Equation (6.10) then shows that m = 2 + rg + r13 < 4. Assume for the rest of the para-
graphthatr; =0.Ifr, = 1,thenr; =0fori =3,4,5,6,7,9,10, 11, 12, since x,x; is the
leading term of an element of the Grobner basis G fori = 3,4,5,6,7,9,10, 11, 12. Equa-
tion (6.10) thus shows that m = 2 + rg + r13 < 4. Suppose for the rest of the paragraph
thatr, = 0.If r3 = 1,thenr; = 0fori = 4,5,6,7,8, 13, since x3x; is the leading term
of an element of the Grobner basis G fori = 4,5,6,7, 8, 13. Equation (6.10) hence shows
that m = 4. Assume for the rest of the paragraph that r3 = 0. If r4 = 1, then r; = 0 for
i =5,6,7,8,11, since x4Xx; is the leading term of an element of the Grobner basis G for
i =5,6,7,8,11. Then, equation (6.10) shows that m = 3 + r;3 < 4. Suppose for the rest
of the paragraph thatry = 0.If rs = 1, thenr; = 0fori = 6,7,8,9, 11, 12, since x5x; is
the leading term of an element of the Grobner basis G fori = 6,7, 8,9, 11, 12. Equation
(6.10) thus shows that m = 3 4 r13 < 4. Assume for the rest of the paragraph that rs = 0. If
re = 1,thenr; =0fori =7,8,9,10, 12, since x¢x; is the leading term of an element of the
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Grobner basis G fori = 7, 8,9, 10, 12. Equation (6.10) then shows that m = 3 + r3 < 4.

Suppose further that r¢ = 0. If r7 = 1, thenr; = 0fori = 8,9,10, 11, 12, since x7x; is the

leading term of an element of the Grobner basis G fori = 8,9, 10, 11, 12. Equation (6.10)

shows that m = 3 4 r;3 < 4. Finally, assume also thatr; = 0. Thenm =rg +r13 <2 < 4.
Then we suppose m = 4. Equation (6.10) then becomes

2r1 4+ 2rp + 4rz3 + 3rq4 + 315 + 3rg + 3r7 +rg + riz = 4. (6.11)

Ifry =1,thenr; =0fori =2,3,4,5,6,7,11,12, and equation (6.11) shows rg 4+ ri3 =2,
which gives rg = ry3 = 1. This is impossible since x;xg can only be followed by x4
by (6.7). Assume for the rest of the paragraph that r; = 0. If r, = 1, then r; = 0 for
i =3,4,56,7,9,10,11, 12, and equation (6.11) shows rg + r;3 = 2. In the same way
as before, this case is also impossible. Suppose for the rest of the paragraph that r, = 0.
If r3 = 1, then ri = 0 fori = 4, 5, 6, 7, 8, 13. Then x = X3, X3X9, X3X10, X3X11, X3X12
or x3Xx9Xi9. Suppose for the rest of the paragraph that r3 = 0. If r4 =1, thenr; =0
fori =5,6,7,8, 11, and equation (6.11) shows r;3 = 1. By (6.9), n is even. Moreover,
X = X4Xg'X13, X4Xg X10X13 OF XaXg X12X13 for ro € Ny. Suppose for the rest of the
paragraph thatry = 0.If rs = 1, thenr; =0fori =6,7,8,9,11, 12, and equation (6.11)
shows r13 = 1. Then n is even by (6.9), and x = xsxﬁ,"xm for r19 € Ny. Suppose for the
rest of the paragraph that rs = 0.If r¢ = 1, thenr; =0fori =7,8,9, 10, 12, and equation
(6.11) shows r;3 = 1. Then 7 is even by (6.9), and x = x6x?11x13 for r1; € Ny. Suppose
for the rest of the paragraph that r¢ = 0. If r; = 1, thenr; = 0fori =8,9,10,11, 12, and
equation (6.11) shows r;3 = 1, which implies that x = x7x;3. Finally, assume also that
r7 = 0. Then, equation (6.11) shows 4 = rg + ry3 < 2, which is impossible. To sum up,
we have

Sf;) = {x3}, Sf = {X3X9, X3X10, X3X11, X3X12},

4
Sy = {X4X13, X5X13, X6X13, X7X13, X3X9X 10},

Sy = {X4Xén_4)/2xl3,X4Xén_6)/2xloxl3,X4Xén_6)/23€12x13,X5X§Z_4)/2x13,
X6X§r{_4)/2x13}
ifn = 6iseven, and S = @ if n is odd.
Suppose m = 3. Then (6.10) becomes
2r1 4+ 2ry + 4r3 + 3rq4 + 3r5 + 3rg + 3r7 +rg + ri3 = 3. (6.12)

Ifry =1,thenr; =0fori =2,3,4,5,6,7,11,12, and equation (6.12) shows rg + ri3 = 1.
Then rg + ry3 is odd. We have thus either rg = 1 and r;3 = 0, or rg = 0 and r;3 = 1. Both
cases imply that n is odd by (6.9). If rg = 1 and r13 = 0, then r9 = 0 and r1o = 0 by (6.7),
so x = x1xg. If rs = 0 and ry3 = 1, then x has the form x;xg’x7¢’ x13. By (6.7), x1x9
and x1x10 can only be followed by x14, so X = x;x13. Now assume for the rest of the

paragraph thatr; = 0.If r, = 1, thenr; =0fori =3,4,5,6,7,9,10, 11, 12, and equation
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(6.12) shows rg + r;3 = 1. We have either rg = 1 and 713 = 0, or rg = 0 and r;3 = 1.
Moreover, n is odd. So, x = xpxg or x2x13. Suppose for the rest of the paragraph that
rp = 0. Thenrs = 0by (6.12). If ry = 1, thenr; = 0fori = 5,6,7,8, 11, and equation
(6.12) shows ri3 = 0. Hence, n is odd by (6.9), and x has the form x4xg xﬁ,"xﬁz. If
rg = 0, then x can only be x4, X4X19 Or x4x12. If r9 # 0, then x = X4x; s x4x9 X109 Or
x4x;9x12. Suppose for the rest of the paragraph that r4 = 0. If s = 1, then r; = 0 for
i =6,7,8,9,11, 12. Then, equation (6.12) shows ri3 = 0. Then » is odd by (6.9) and
x = xs5x74. Suppose for the rest of the paragraph that rs = 0. If r¢ = 1, then r; = 0
fori = 7,8,9,10, 12, and equation (6.12) shows r;3 = 0. So, n is odd by (6.9), and
x = x¢x7}'. Suppose for the rest of the paragraph that r¢ = 0. If 7 = 1, then r; = 0 for
i =8,9,10,11, 12, and equation (6.12) shows r;3 = 0. So, x = x7. Suppose for the rest
of the paragraph that r; = 0. If rg = 1, then r;3 = 0, and equation (6.12) shows 1 = 3,
which is impossible. Finally, assume also that rg = 0. Then equation (6.12) shows ry3 = 3,
which is impossible. To sum up, we have

1
S5 = {x4, X5, X6, X7, X1Xg, X2Xg},

3
S5 = {X1X13, X2X13, X4X9, X4X10, X4X12, X5X10, X6X11},

S2 = {xax8 2 xS 20 xgx 8T g, xsx T2 o (D/2y

ifn = 5is odd, and S§ = @ if n is even.
Suppose m = 2. Then (6.10) becomes

27‘1 ~|—2r2 —|—4l”3 +37’4 ~|—37‘5 ~|—3r6 +3V7 +rg+riz = 2. (613)

Then r; =0 fori =3,4,5,6,7.1f ry =1, thenr; =0fori =2,3,4,5,6,7,11,12,
and equation (6.13) shows rg = r;3 = 0. Hence, n is even by (6.9), and x = x1, X1X9 or
X1Xx10. Assume for the rest of the paragraph that r{y = 0.If r, = 1, thenr; =0 fori =
3,4,5,6,7,9,10,11, 12, and equation (6.13) shows rg = r13 = 0, so x = x». Suppose for
the rest of the paragraph that r, = 0. If rg = 1, (6.13) shows r;3 = 1, which is impossible.
Finally, if rg = 0, then r;3 = 2, which is also impossible. We thus have

Sg = {Xl,Xz}, S22 = {X1X9, x1x10}7

and §7 = @ifn =1landn = 3.
Suppose m = 1. Then (6.10) becomes
27‘1 +2V2+47’3 +3r4~|—3r5 +3r6+3r7+r8 +V13 = 1
Ifrg = 1,7‘13 = 0, then x = Xg, XgX9, XgX10, XgX11, XgX12 Or XgXgX10. If}"g = 0,}"13 = 1,
— r9 r9 r9 rio ri1
then x = x13, Xy X13, Xg X10X13, Xo X12X13, X1¢ X13, X X13 OF X12X13. We then get
1 _ 3 _
S = {xs}, S7 = {x13, XgX9, XgX10, XgX11, XgX12},
5
ST = {X0X13, X10X13, X11X13, X12X13, X§X0X 10},
n _ g.(n=3)/2 (n—5)/2 (n—5)/2 (n—3)/2 (n—3)/2
St = {xg X13, X9 X10X13, Xg X12X13, X1 X13, X171 X13}

ifn = 7is odd, and ST = @ if n is even.
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Suppose m = 0. Then (6.10) becomes
2r1 +2rpy +4r3 +3r4 + 315+ 3rg +3r7 +rs +r13 = 0.

Then r; =0 fori =1,2,3,4,5,6,7,8,13. If r; = 0 for all i € [1, 14], then x = 1.
Otherwise, X = xg°, Xg’ X10, Xo X12, X]» X1]" OF X12. We thus have

0 _ 2 _
So = {1}, So = {x9, X10, X11, X12},

n n/2 _(n—2)/2 (n—2)/2 n/2 _n/2
0= {X9 » Xg X10, X9 X12, X109 X711

ifn = 4iseven, and S§ = @ if n is odd.
Finally, we leave to the reader the easy task to check that the cardinality of S}, is as
same as the dimension of H,. m

As a direct consequence of Remark 6.6 and Theorem 6.7 we get the following result.

Corollary 6.11. Recall that C = F/(Ry) is precisely the free graded-commutative (for
the cohomological degree) algebra generated by the elements x; for i € [1, 14], where
R is the set given in (6.4). Let D' = C/J, where J is the two-sided ideal of C generated
by the elements in Ry given in (6.5). Define the morphism ¢’ : C — HH®(A) of bigraded
k-algebras by setting ¢'(x;) = X; fori € [1,14]. It is easy to check that ¢’ is surjective
and J C Ker(¢'), so ¢’ induces the surjective morphism ¢’ : D' — HH®(A). Moreover,
@' is an isomorphism, i.e., Ker(¢') = J.

References

[1] N. Andruskiewitsch and H.-J. Schneider, On the classification of finite-dimensional pointed
Hopf algebras. Ann. of Math. (2) 171 (2010), no. 1, 375-417 Zbl 1208.16028 MR 2630042

[2] R. Berger and N. Marconnet, Koszul and Gorenstein properties for homogeneous algebras.
Algebr. Represent. Theory 9 (2006), no. 1, 67-97 Zbl 1125.16017 MR 2233117

[3] A. M. Cohen and J. W. Knopper, Gbnp — a gap package Version 1.0.3 (2016)

[4] S. Fomin and A. N. Kirillov, Quadratic algebras, Dunkl elements, and Schubert calculus. In
Advances in geometry, pp. 147-182, Progr. Math. 172, Birkhduser Boston, Boston, MA, 1999
Zbl 0940.05070 MR 1667680

[5] M. Gerstenhaber, The cohomology structure of an associative ring. Ann. of Math. (2) 78
(1963),267-288 Zbl 0131.27302 MR 161898

[6] M. Grafia, Nichols algebras of non-abelian group type: zoo examples. 2016, http://mate.dm.
uba.ar/~lvendram/zoo/, visited on Aug 31, 2023

[7]1 E. Herscovich, An elementary computation of the cohomology of the Fomin—Kirillov algebra
with 3 generators. Homology Homotopy Appl. 22 (2020), no. 2, 367-386 Zbl 1454.16033
MR 4102553

[8] A. N. Kirillov, On some quadratic algebras. In L. D. Faddeev’s Seminar on Mathematical
Physics, pp. 91-113, Amer. Math. Soc. Transl. Ser. 2 201, American Mathematical Society,
Providence, RI, 2000 Zbl 0966.05080 MR 1772287


https://doi.org/10.4007/annals.2010.171.375
https://doi.org/10.4007/annals.2010.171.375
https://zbmath.org/?q=an:1208.16028
https://mathscinet.ams.org/mathscinet-getitem?mr=2630042
https://doi.org/10.1007/s10468-005-9002-1
https://zbmath.org/?q=an:1125.16017
https://mathscinet.ams.org/mathscinet-getitem?mr=2233117
https://zbmath.org/?q=an:0940.05070
https://mathscinet.ams.org/mathscinet-getitem?mr=1667680
https://doi.org/10.2307/1970343
https://zbmath.org/?q=an:0131.27302
https://mathscinet.ams.org/mathscinet-getitem?mr=161898
http://mate.dm.uba.ar/~lvendram/zoo/
http://mate.dm.uba.ar/~lvendram/zoo/
https://doi.org/10.4310/hha.2020.v22.n2.a22
https://doi.org/10.4310/hha.2020.v22.n2.a22
https://zbmath.org/?q=an:1454.16033
https://mathscinet.ams.org/mathscinet-getitem?mr=4102553
https://doi.org/10.1090/trans2/201/07
https://zbmath.org/?q=an:0966.05080
https://mathscinet.ams.org/mathscinet-getitem?mr=1772287

(9]

(10]

(11]

[12]
(13]

[14]

[15]

(16]

E. Herscovich and Z. Li 230

A. N. Kirillov, On some quadratic algebras [ %: combinatorics of Dunkl and Gaudin elements,
Schubert, Grothendieck, Fuss—Catalan, universal Tutte and reduced polynomials. SIGMA Sym-
metry Integrability Geom. Methods Appl. 12 (2016), article no. 002, 172 Zbl 1348.05213
MR 3439199

J.-L. Loday, Cyclic homology. Second edn., Grundlehren Math. Wiss. 301, Springer, Berlin,
1998 Zbl 0885.18007 MR 1600246

A. Milinski and H.-J. Schneider, Pointed indecomposable Hopf algebras over Coxeter groups.
In New trends in Hopf algebra theory (La Falda, 1999), pp. 215-236, Contemp. Math. 267,
American Mathematical Society, Providence, RI, 2000 Zbl 1093.16504 MR 1800714

D. Stefan and C. Vay, The cohomology ring of the 12-dimensional Fomin—Kirillov algebra.
Adv. Math. 291 (2016), 584-620 Zbl 1366.18015 MR 3459024

V. A. Ufnarovskij, Combinatorial and asymptotic methods in algebra. In Algebra, VI, pp. 1—-
196, Encyclopaedia Math. Sci. 57, Springer, Berlin, 1995 MR 1360005

V. S. Varadarajan, Supersymmetry for mathematicians: an introduction. Courant Lect. Notes
Math. 11, New York University, Courant Institute of Mathematical Sciences, New York; Amer-
ican Mathematical Society, Providence, RI, 2004 Zbl 1142.58009 MR 2069561

C. A. Weibel, An introduction to homological algebra. Cambridge Stud. Adv. Math. 38, Cam-
bridge University Press, Cambridge, 1994 Zbl 0797.18001 MR 1269324

S. J. Witherspoon, Hochschild cohomology for algebras. Grad. Stud. Math. 204, American
Mathematical Society, Providence, RI, 2019 Zbl 1462.16002 MR 3971234

Received 06 January 2022.

Estanislao Herscovich
Institut Fourier, UMR 5582, Laboratoire de Mathématiques, Université Grenoble Alpes,
38058 Grenoble, France; estanislao.herscovich@univ-grenoble-alpes.fr

Ziling Li
Institut Fourier, UMR 5582, Laboratoire de Mathématiques, Université Grenoble Alpes,
38058 Grenoble, France; ziling.li@univ-grenoble-alpes.fr


https://doi.org/10.3842/SIGMA.2016.002
https://doi.org/10.3842/SIGMA.2016.002
https://zbmath.org/?q=an:1348.05213
https://mathscinet.ams.org/mathscinet-getitem?mr=3439199
https://doi.org/10.1007/978-3-662-11389-9
https://zbmath.org/?q=an:0885.18007
https://mathscinet.ams.org/mathscinet-getitem?mr=1600246
https://doi.org/10.1090/conm/267/04272
https://zbmath.org/?q=an:1093.16504
https://mathscinet.ams.org/mathscinet-getitem?mr=1800714
https://doi.org/10.1016/j.aim.2016.01.001
https://zbmath.org/?q=an:1366.18015
https://mathscinet.ams.org/mathscinet-getitem?mr=3459024
https://doi.org/10.1007/978-3-662-06292-0_1
https://mathscinet.ams.org/mathscinet-getitem?mr=1360005
https://doi.org/10.1090/cln/011
https://zbmath.org/?q=an:1142.58009
https://mathscinet.ams.org/mathscinet-getitem?mr=2069561
https://doi.org/10.1017/CBO9781139644136
https://zbmath.org/?q=an:0797.18001
https://mathscinet.ams.org/mathscinet-getitem?mr=1269324
https://doi.org/10.1090/gsm/204
https://zbmath.org/?q=an:1462.16002
https://mathscinet.ams.org/mathscinet-getitem?mr=3971234
mailto:estanislao.herscovich@univ-grenoble-alpes.fr
mailto:ziling.li@univ-grenoble-alpes.fr

	1. Introduction
	2. Generalities
	3. The projective bimodule resolution of the Fomin–Kirillov algebra on 3 generators
	3.1. The bimodule Koszul complex
	3.2. The minimal projective bimodule resolution

	4. Hochschild and cyclic homology of FK(3)
	4.1. Recursive description of the spaces
	4.2. Explicit description of the differentials
	4.3. Computation of the boundaries
	4.3.1 Computation of Bnm
	4.3.2 Computation of Bnm

	4.4. Computation of the cycles
	4.4.1 Computation of Dnm
	4.4.2 Computation of Dnm

	4.5. Hochschild homology
	4.6. Cyclic homology

	5. Hochschild cohomology of FK(3)
	5.1. Recursive description of the spaces
	5.2. Explicit description of the differentials
	5.3. Computation of the coboundaries
	5.3.1 Computation of Bnm
	5.3.2 Computation of Bnm

	5.4. Computation of the cocycles
	5.4.1 Computation of Dnm
	5.4.2 Computation of Dnm

	5.5. Hochschild cohomology

	6. Algebraic structure of Hochschild cohomology
	References

