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Hochschild and cyclic (co)homology of the Fomin–Kirillov
algebra on 3 generators

Estanislao Herscovich and Ziling Li

Abstract. The goal of this article is to explicitly compute the Hochschild (co)homology of the
Fomin–Kirillov algebra on three generators over a field of characteristic different from 2 and 3. We
also obtain the cyclic (co)homology of the Fomin–Kirillov algebra in case the characteristic of the
field is zero. Moreover, we compute the algebra structure of the Hochschild cohomology.

1. Introduction

In their study of the Schubert calculus of flag manifolds, S. Fomin and A. Kirillov intro-
duced a family of quadratic algebras over a field k of characteristic zero, now called the
Fomin–Kirillov algebras FK.n/, indexed by the positive integers n 2 N (see [4, 8, 9]). In
case the index n takes the values 3, 4 or 5, the Fomin–Kirillov algebras are also Nichols
algebras (see [6,11]), which appear in the classification of finite dimensional pointed Hopf
algebras (see [1]). Their (co)homological properties have gained some importance, in par-
ticular in relation to the conjecture by P. Etingof and V. Ostrik that claims that the Yoneda
algebra of every finite dimensional Hopf algebra is finitely generated. In particular, the
Yoneda algebra of the Fomin–Kirillov algebra FK.3/ was first computed by D. Ştefan
and C. Vay in [12] using several calculations involving spectral sequences. The Yoneda
algebra of FK.3/ was more recently obtained in [7] by more direct methods, namely by
explicitly computing the minimal projective resolution of the trivial module k in the cat-
egory of bounded below graded modules. The aim of this article is to explicitly compute
the Hochschild (co)homology of FK.3/ over a field k of characteristic different from 2

and 3, and the cyclic (co)homology if the field k has characteristic zero.
The contents of the article are as follows. After recalling some basic facts about the

Fomin–Kirillov algebra A D FK.3/ on three generators in Section 2, we explicitly con-
struct in Section 3 the minimal projective resolution of the standard bimodule A in the
category of bounded below graded bimodules (see Proposition 3.7), building upon the
minimal projective resolution of the trivial module k in the category of bounded below
graded modules of [7]. Using this resolution we then compute in Section 4 explicit bases
for the Hochschild homology groups of A. In particular, we prove the following result.
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Proposition (see Proposition 4.7). The dimension of HHn.A/ is given by

dim HHn.A/ D

8̂̂̂̂
ˆ̂̂<̂
ˆ̂̂̂̂̂:

6; if n D 0;
5
2
nC 5; if n D 4r for r 2 N;
5nC13
2

; if n D 4r C 1 for r 2 N0;
5
2
nC 6; if n D 4r C 2 for r 2 N0;
5nC9
2
; if n D 4r C 3 for r 2 N0:

We also compute their full Hilbert series with respect to the internal degree of A
(see Corollary 4.8). Moreover, (the Hilbert series of) the cyclic homology is immedi-
ately obtained from the Hochschild homology by means of Goodwillie’s theorem (see
Corollary 4.10) in case the characteristic of the field is zero.

Analogously, using again the minimal projective resolution of A in the category
of bounded below graded bimodules, we compute in Section 5 explicit bases for the
Hochschild cohomology groups of A. In particular, we prove the following result.

Proposition (see Proposition 5.8). The dimension of HHn.A/ is given by

dim HHn.A/ D

8̂̂<̂
:̂
5
2
nC 4; if n D 4r for r 2 N0;
5
2
nC 5; if n D 4r C 2 for r 2 N0;
5nC9
2
; if n D 2r C 1 for r 2 N0:

We also compute the full Hilbert series of the Hochschild cohomology with respect
to the internal degree of A (see Corollary 5.9). Finally, using techniques from Gröbner
bases, we prove in Section 6 the main results of this article, Theorem 6.7 and Corol-
lary 6.11, which explicitly describe the algebra structure of the Hochschild cohomology
of A by generators and relations. Namely, HH�.A/ is given as a quotient of a free graded-
commutative algebra (for the cohomological degree) with 14 homogeneous generators
(see Proposition 6.5) modulo the homogeneous ideal generated by the 63 relations listed
in (6.5).

2. Generalities

In this section, we will review the basic definitions of quadratic algebras, in particular
applied to Fomin–Kirillov algebras.

We will denote by N (resp., N0) the set of positive (resp., nonnegative) integers. Given
i 2 Z, we will denote by Z6i the set ¹m 2 Z j m 6 iº. Given i; j 2 Z with i 6 j , we
will denote by Ji; j K D ¹m 2 Z j i 6 m 6 j º the integer interval, and we define �n D 0
if n is an odd integer and �n D 1 if n is an even integer. Moreover, given r 2 R, we set
brc D sup¹n 2 Z j n 6 rº.

From now on, k will be a field of characteristic different from 2 and 3. All maps
between k-vector spaces will be k-linear. Given an integer N > 2, recall that an algebra
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A is said to be N -homogeneous if it is of the form TV=.R/, where V is a k-vector space,
TV D

L
n2N0

V ˝n is the tensor algebra on V and R � V ˝N . An N -homogeneous
algebra with N D 2 is called quadratic. The grading of an N -homogeneous algebra
A D

L
n2N0

An induced by setting V to be concentrated in degree 1 is called the Adams
grading or the internal grading ofA. As usual, we considerA to be Z-graded withAn D 0
if n 2 Z nN0.

Let V � be the dual vector space of V and define 
 W .V �/˝2 ˝ V ˝2 ! k by

.f1 ˝ f2; v1 ˝ v2/ D f1.v1/f2.v2/, for all v1; v2 2 V and f1; f2 2 V �. Given a quad-
ratic algebra A D TV=.R/, let AŠ D T .V �/=.R?/ D

L
n2N0

AŠ�n be the quadratic dual
of A, where

R? D ¹˛ 2 .V �/˝2 j 
.˛; r/ D 0 for all r 2 Rº:

Note that AŠ�n is concentrated in Adams degree �n for n 2 N0, and we consider AŠ to be
Z-graded with AŠn D 0 for n 2 N.

Recall that, given a k-algebra A, denote by Aop the opposite algebra of A, which is
the k-module A with multiplication x �Aop y D yx for x; y 2 A. The algebra A itself is an
A-bimodule under left and right multiplications. We also recall that anA-bimoduleM can
also be viewed as a left Ae-module, where Ae D A˝ Aop and the action is .x ˝ y/m D
xmy for x; y 2 A andm 2M . Analogously, it can also be regarded as a right Ae-module,
where the action is m.x ˝ y/ D ymx for x; y 2 A and m 2M .

We recall that the Fomin–Kirillov algebra on 3 generators is the k-algebra FK.3/
generated by the k-vector space V spanned by three elements a; b; c, modulo the ideal
generated by the vector space R � V ˝2 spanned by

¹a2; b2; c2; ab C bc C ca; baC ac C cbº:

As usual, we will omit the tensor symbol ˝ when denoting the product of the elements
of TV . We refer the reader to [4, 11] for more information on Fomin–Kirillov algebras.
For simplicity, from now on we will denote the Fomin–Kirillov algebra FK.3/ simply
by A. Note that the algebra A is quadratic and that A D

L
m2J0;4K Am. It is easy to see

that
¹1; a; b; c; ab; bc; ba; ac; aba; abc; bac; abacº (2.1)

is a basis of A (see [4]). Given, m 2 J0; 4K, we will denote by Bm the subset of (2.1) that
is a basis of Am.

We will denote by ¹A;B;Cº the basis of V � dual to the basis ¹a; b; cº of V . Then, it
is easy to see that

AŠ D khA;B;Ci=.BA �AC ;CA �AB;AB �BC ;CB �BA/:

Note that AŠ0 D k and AŠ�1 Š V
�. We recall that BŠ

n D ¹A
n;Bn;Cn;An�1B;An�1C ;

An�2B2º is a basis of AŠ�n for all integers n > 2, where we follow the convention that
A0B2 D B2 (see [12, Lemma 4.4]).

Let .AŠ�n/
� be the dual space ofAŠ�n and BŠ�

n D ¹˛n;ˇn; 
n;˛n�1ˇ;˛n�1
;˛n�2ˇ2º n

¹0º the dual basis of BŠ
n for n 2 N, where we will follow the convention that if the index
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of some letter in an element of the previous sets is less than or equal to zero, this element
is zero 0. We will omit the index 1 for the elements of the previous bases and write "Š

for the basis of .AŠ0/
�. The previous bases for the homogeneous components of A, AŠ or

.AŠ/# D
L
n2N0

.AŠ�n/
� will be called usual.

Recall that .AŠ/# is a graded bimodule over AŠ via .uf v/.w/D f .vwu/ for u; v;w 2
AŠ and f 2 .AŠ/#. Using this definition of action of AŠ together with [7, Fact 3.6], and the
clear identities of AŠ given by

XY n D AnX and XAn
D

´
AnX; if n is even,

AnY; if n is odd,

for n 2 N and ¹X; Y º D ¹B;Cº, we immediately get that

A˛ D Bˇ D C
 D ˛A D ˇB D 
C D "Š;

Aˇ D A
 D B˛ D B
 D C˛ D Cˇ D ˇA D 
A D ˛B D 
B D ˛C D ˇC D 0:

Moreover, for n > 2, we have

A˛n D ˛nA D ˛n�1;

Aˇn D ˇnA D A
n D 
nA D 0;

A˛n�1ˇ D �n
n�1 C ˛n�2
;

˛n�1ˇA D �nˇn�1 C ˛n�2ˇ;

A˛n�1
 D �nˇn�1 C ˛n�2ˇ;

˛n�1
A D �n
n�1 C ˛n�2
;

A˛n�2ˇ2 D �nC1.ˇn�1 C 
n�1/C ˛n�3ˇ2;

˛n�2ˇ2A D �nC1.ˇn�1 C 
n�1/C ˛n�3ˇ2;

Bˇn D ˇnB D ˇn�1;

B˛n D ˛nB D B
n D 
nB D 0;

B˛n�1ˇ D ˛n�1 C �nC1
n�1 C ˛n�3ˇ2;

˛n�1ˇB D 
n�1 C �n˛n�2
 C �nC1.˛n�1 C ˛n�3ˇ2/;

B˛n�1
 D �n
n�1 C ˛n�2
;

˛n�1
B D �nC1˛n�2ˇ C �n.˛n�1 C ˛n�3ˇ2/;

B˛n�2ˇ2 D ˛n�2ˇ;

˛n�2ˇ2B D �n˛n�2ˇ C �nC1˛n�2
;

C
n D 
nC D 
n�1;

C˛n D ˛nC D Cˇn D ˇnC D 0;

C˛n�1ˇ D �nˇn�1 C ˛n�2ˇ;

˛n�1ˇC D �nC1˛n�2
 C �n.˛n�1 C ˛n�3ˇ2/;

C˛n�1
 D ˛n�1 C �nC1ˇn�1 C ˛n�3ˇ2;
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˛n�1
C D ˇn�1 C �n˛n�2ˇ C �nC1.˛n�1 C ˛n�3ˇ2/;

C˛n�2ˇ2 D ˛n�2
;

˛n�2ˇ2C D �nC1˛n�2ˇ C �n˛n�2
:

Finally, the following elementary result, whose proof is immediate, will be useful
in the sequel to establish the linear independence of several sets of (co)boundaries and
(co)cycles.

Fact 2.1. Let V be a k-vector space of dimension n 2 N and ¹v1; : : : ; vnº a basis of V .
Let r 6 n be a positive integer and U D ¹

Pn
jD1 c

k
j vj 2 V j c

k
j 2 k; k 2 J1; rKº a set

of r elements. If there is an injective map ' W J1; rK! J1; nK such that for all k 2 J1; rK,
ck
'.k/
¤ 0, but ci

'.k/
D 0 for i 2 J1;k � 1K, then the elements inU are linearly independent.

Instead of writing the specific map ', in the cases of (ordered) sets U we will consider
in the sequel we will simply underline the corresponding term ck

'.k/
v'.k/. This will be the

case in particular in Sections 4.3–4.5 and 5.3–5.5. In that situation, the basis ¹v1; : : : ; vnº
of the larger vector space will be an usual basis and the condition on ' is tantamount to
the fact that the underlined term of an element does not appear (with nonzero coefficient)
in the expressions of the previous elements of the same set.

3. The projective bimodule resolution of the Fomin–Kirillov algebra
on 3 generators

In this section, we will explicitly construct the minimal projective resolution of the stand-
ard bimodule A in the category of bounded below graded A-bimodules.

3.1. The bimodule Koszul complex

In article [2], R. Berger and N. Marconnet introduced the bimodule Koszul complex for
anyN -homogeneous algebra. We will recall this for the special case of the Fomin–Kirillov
algebra (so N D 2). Given n 2 N0, let Kbn D A˝ .A

Š
�n/
� ˝ A be the bimodule over A

for the outer action. Define the maps

il; ir W A˝ .A
Š/# ˝ A! A˝ .AŠ/# ˝ A

given by

il.x ˝ u˝ y/ D xa˝ uA˝ y C xb ˝ uB ˝ y C xc ˝ uC ˝ y;

ir.x ˝ u˝ y/ D x ˝Au˝ ay C x ˝Bu˝ by C x ˝ Cu˝ cy

for x; y 2 A and u 2 .AŠ/#. Note that i2l D 0, i2r D 0 and ilir D iril. Indeed, the first
identity follows from the fact that

.a˝AC b ˝B C c ˝ C/2 D ba˝BAC ca˝ CAC ab ˝AB

C cb ˝ CB C ac ˝AC C bc ˝BC
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is trivially zero by applying the relations in A and AŠ and the fact that i2l.x ˝ u˝ y/ D
.x ˝ u˝ y/.a˝A˝ 1C b ˝B ˝ 1C c ˝ C ˝ 1/2. The identity i2r D 0 is proved in
the same way. Since the left and right actions of AŠ on .AŠ/# are compatible, the maps il
and ir commute.

Fact 3.1. Take x; y 2 A. To reduce space, we will typically use vertical bars instead
of the tensor product symbols ˝. The map iljA˝.AŠ�1/�˝A W A ˝ .A

Š
�1/
� ˝ A ! A ˝

.AŠ0/
� ˝ A sends xj˛jy to xaj"Šjy, xjˇjy to xbj"Šjy, and xj
 jy to xcj"Šjy. For n > 2,

iljA˝.AŠ�n/�˝A W A˝ .A
Š
�n/
� ˝ A! A˝ .AŠ

�.n�1/
/� ˝ A is given by

xj˛njy 7! xaj˛n�1jy; xjˇnjy 7! xbjˇn�1jy; xj
njy 7! xcj
n�1jy;

xj˛n�1ˇjy 7! xaj.�nˇn�1 C ˛n�2ˇ/jy

C xbj.
n�1 C �n˛n�2
 C �nC1.˛n�1 C ˛n�3ˇ2//jy

C xcj.�nC1˛n�2
 C �n.˛n�1 C ˛n�3ˇ2//jy;

xj˛n�1
 jy 7! xaj.�n
n�1 C ˛n�2
/jy C xbj.�nC1˛n�2ˇ C �n.˛n�1 C ˛n�3ˇ2//jy

C xcj.ˇn�1 C �n˛n�2ˇ C �nC1.˛n�1 C ˛n�3ˇ2//jy;

xj˛n�2ˇ2jy 7! xaj.�nC1.ˇn�1 C 
n�1/C ˛n�3ˇ2/jy

C xbj.�n˛n�2ˇ C �nC1˛n�2
/jy

C xcj.�nC1˛n�2ˇ C �n˛n�2
/jy:

The map irjA˝.AŠ�1/�˝A WA˝ .A
Š
�1/
�˝A!A˝ .AŠ0/

�˝A sends xj˛jy to xj"Šjay,

xjˇjy to xj"Šjby, and xj
 jy to xj"Šjcy. For n > 2, irjA˝.AŠ�n/�˝A W A˝ .A
Š
�n/
� ˝ A!

A˝ .AŠ
�.n�1/

/� ˝ A is given by

xj˛njy 7! xj˛n�1jay; xjˇnjy 7! xjˇn�1jby; xj
njy 7! xj
n�1jcy;

xj˛n�1ˇjy 7! xj.�n
n�1 C ˛n�2
/jay C xj.˛n�1 C �nC1
n�1 C ˛n�3ˇ2/jby

C xj.�nˇn�1 C ˛n�2ˇ/jcy;

xj˛n�1
 jy 7! xj.�nˇn�1 C ˛n�2ˇ/jay C xj.�n
n�1 C ˛n�2
/jby

C xj.˛n�1 C �nC1ˇn�1 C ˛n�3ˇ2/jcy;

xj˛n�2ˇ2jy 7! xj.�nC1.ˇn�1 C 
n�1/C ˛n�3ˇ2/jay C xj˛n�2ˇjby C xj˛n�2
 jcy:

Following [2], we now set dbn W K
b
n ! Kbn�1 by dbn D .�1/

nilC ir for n 2 N. It is
easy to see that dbnd

b
nC1 D �i

2
l C i

2
r D 0 for n 2 N. Then .Kb� ; d

b
� / is a complex in

the category of bounded below graded A-bimodules, called the bimodule Koszul complex
over A. It is clear that k˝A .Kb� ; d

b
� /Š .K�; d�/, where .K�; d�/, considered in [7], is the

Koszul complex of the trivial rightA-module k in the category of graded rightA-modules.

Remark 3.2. The bimodule Koszul complex .Kb� ; d
b
� / is minimal, since the complex

k˝Ae .Kb� ; d
b
� / Š k˝A .Kb� ; d

b
� /˝A k Š .K�; d�/˝A k has zero differentials.

We recall the following result.
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Proposition 3.3 ([2, Proposition 4.1]). Let B be a nonnegatively graded connected k-
algebra, and let

M1

f
�!M2

g
�!M3

be a sequence of graded-free B-modules, with M1 bounded below and gf D 0. Then this
sequence is exact if

k˝B M1

idk˝Bf
�����! k˝B M2

idk˝Bg
�����! k˝B M3

is exact.

Corollary 3.4. We have Hn.Kb� ; d
b
� / D 0 for n different from 0 and 3.

Proof. Recall that Hn.K�; d�/ D 0 for n ¤ 0; 3, by [7, Proposition 3.1]. Applying Pro-
position 3.3, we get the result.

3.2. The minimal projective bimodule resolution

In this subsection, we will explicitly describe the minimal projective resolution of A in
the category of bounded below graded bimodules. We recall the following result (see
[7, Proposition 3.3]).

Proposition 3.5. Let .K�; d�/ be the Koszul complex of the trivial right A-module k in
the category of graded right A-modules. The minimal projective resolution .P�; ı�/ of k
in the category of bounded below graded A-modules is given as follows. For n 2 N0, set

Pn D
M

i2J0;bn=4cK

!iKn�4i ;

where !i is a symbol of internal degree 6i for all i 2 N0, and the differential ın W Pn !
Pn�1 for n 2 N is given by

ın

� X
i2J0;bn=4cK

!i�n�4i

�
D

X
i2J0;bn=4cK

�
!idn�4i .�n�4i /C !i�1fn�4i .�n�4i /

�
;

where �j 2 Kj for j 2 N0, !�1 D 0 and fj W Kj ! KjC3 are morphisms of graded right
A-modules of internal degree 6 such that djC4fjC1D�fjdjC1 for j 2N0, d3f0D 0 and
Im.f0/ ª Im.d4/. This gives a minimal projective resolution of the trivial right A-module
k by means of the augmentation " W P0 D K0 ! k of the Koszul complex. We usually omit
!0 for simplicity.

We further provide an explicit family of morphisms ¹f�º�2N0 satisfying the above
conditions, since we will need it for the calculations. Indeed, a lengthy but straightforward
computation shows that

f0."
Š
j1/ D 2˛3jbac C 2ˇ3jabc � 2
3jaba � ˛2ˇjabc C ˛2
 jaba � ˛ˇ2jbac;

fn.˛nj1/ D .2˛nC3 � ˛nC1ˇ2/jbac C �nˇnC3jabc � �n
nC3jaba;
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fn.ˇnj1/ D .2ˇnC3 � �n˛nC2ˇ � �nC1˛nC1ˇ2/jabc C �n˛nC3jbac

� �n
nC3jaba; (3.1)

fn.
nj1/ D .�2
nC3 C �n˛nC2
 C �nC1˛nC1ˇ2/jabaC �n˛nC3jbac

C �nˇnC3jabc;

fn.˛n�1ˇj1/ D .n � 1/�nC1ˇnC3jabc;

fn.˛n�1
 j1/ D �.n � 1/�nC1
nC3jaba;

fn.˛n�2ˇ2j1/ D ..n � 2/C �nC1/˛nC3jbac C .n � 2/�nˇnC3jabc

� .n � 2/�n
nC3jaba;

for n 2 N, satisfy the conditions of Proposition 3.5. Note that f0 already appeared in [7].
Given n 2 N0, we now define the morphisms of A-bimodules f bn W K

b
n ! KbnC3 by

f b0 .1j"
Š
j1/ D 2j˛3jbac C 2jˇ3jabc � 2j
3jaba � 1j˛2ˇjabc C 1j˛2
 jaba

� 1j˛ˇ2jbac C aj˛2ˇj.baC ac/ � cj˛2ˇjab � aj˛2
 jbc

� bj˛2
 jac C bj˛ˇ2j.ab C bc/ � cj˛ˇ2jba � 2bj˛3j.ab C bc/

C 2cj˛3jba � 2ajˇ3j.baC ac/C 2cjˇ3jab C 2aj
3jbc

C 2bj
3jac � bcj˛2ˇja � baj˛2ˇjc C .ab C bc/j˛2
 jb

C .baC ac/j˛2
 ja � abj˛ˇ2jc � acj˛ˇ2jb C 2abj˛3jc

C 2acj˛3jb C 2bcjˇ3jaC 2bajˇ3jc � 2.ab C bc/j
3jb

� 2.baC ac/j
3jaC 2bacj˛3j1C 2abcjˇ3j1 � 2abaj
3j1

� abcj˛2ˇj1C abaj˛2
 j1 � bacj˛ˇ2j1;

f bn .1j˛nj1/ D 2j˛nC3jbac C �njˇnC3jabc � �nj
nC3jaba � 1j˛nC1ˇ2jbac

� �ncj˛nC2ˇjab � �nbj˛nC2
 jac C �nC1bj˛nC1ˇ2jac

C �nC1cj˛nC1ˇ2jab � �nbj˛nC3j.ab C bc/C �ncj˛nC3jba

C .�1/n2cjˇnC3jab � �najˇnC3jac � �naj
nC3jab

C .�1/n2bj
nC3jac � �nbaj˛nC2ˇjc C �n.ab C bc/j˛nC2
 jb

C �nC1.ab C bc/j˛nC1ˇ2jb � �nC1baj˛nC1ˇ2jc C �nacj˛nC3jb

C �nabj˛nC3jc C 2bajˇnC3jc C �n.ab C bc/jˇnC3ja

� �nbaj
nC3ja � 2.ab C bc/j
nC3jb C .�1/
n2bacj˛nC3j1

C �nabcjˇnC3j1 � �nabaj
nC3j1C .�1/
nC1bacj˛nC1ˇ2j1;

f bn .1jˇnj1/ D 2jˇnC3jabc � �nj
nC3jabaC �nj˛nC3jbac � �nj˛nC2ˇjabc

� �nC1j˛nC1ˇ2jabc � �naj˛nC2
 jbc C .�1/
nC1cj˛nC1ˇ2jba

C �nC1aj˛nC1ˇ2jbc C �ncjˇnC3jab � �najˇnC3j.baC ac/

C .�1/n2aj
nC3jbc � �nbj
nC3jba � �nbj˛nC3jbc

C .�1/n2cj˛nC3jbaC �n.baC ac/j˛nC2
 ja � abj˛nC1ˇ2jc

C �nC1.baC ac/j˛nC1ˇ2jaC �nbajˇnC3jc C �nbcjˇnC3ja
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� 2.baC ac/j
nC3ja � �nabj
nC3jb C �n.baC ac/j˛nC3jb

C 2abj˛nC3jc C .�1/
n2abcjˇnC3j1 � �nabaj
nC3j1

C �nbacj˛nC3j1 � �nabcj˛nC2ˇj1C �nC1abcj˛nC1ˇ2j1;

f bn .1j
nj1/ D �2j
nC3jabaC �nj˛nC3jbac C �njˇnC3jabc

C �nj˛nC2
 jabaC �nC1j˛nC1ˇ2jabaC �naj˛nC2ˇj.baC ac/

� �nC1aj˛nC1ˇ2j.baC ac/C .�1/
nbj˛nC1ˇ2j.ab C bc/

C �naj
nC3jbc C �nbj
nC3jac C .�1/
nC12bj˛nC3j.ab C bc/

C �ncj˛nC3j.baC ac/C �ncjˇnC3j.ab C bc/

C .�1/nC12ajˇnC3j.baC ac/ � �nbcj˛nC2ˇja

� �nC1bcj˛nC1ˇ2ja � acj˛nC1ˇ2jb � �n.baC ac/j
nC3ja (3.2)

� �n.ab C bc/j
nC3jb C 2acj˛nC3jb � �nbcj˛nC3jc

� �nacjˇnC3jc C 2bcjˇnC3jaC .�1/
nC12abaj
nC3j1

C �nbacj˛nC3j1C �nabcjˇnC3j1C �nabaj˛nC2
 j1

� �nC1abaj˛nC1ˇ2j1;

f bn .1j˛n�1ˇj1/ D �nC1
�
.n � 1/jˇnC3jabc C aj˛nC3jab � .n � 2/cj˛nC3jba

C cj˛nC3jac � ajˇnC3jab C cjˇnC3j.baC ac/ � aj
nC3jab

� cj
nC3j.baC ac/ � .n � 1/aj
nC3jbc � baj˛nC3ja

C .n � 1/abj˛nC3jc C bcj˛nC3jc C bajˇnC3jaC bcjˇnC3jc

� .n � 2/baj
nC3ja � .n � 1/acj
nC3ja � bcj
nC3jc

� .n � 1/abcjˇnC3j1
�
;

f bn .1j˛n�1
 j1/ D �nC1
�
� .n � 1/j
nC3jabaC bjˇnC3jbc C .n � 1/ajˇnC3jba

C .n � 2/ajˇnC3jac � bj
nC3jbc � aj
nC3jac C aj˛nC3jac

C .n � 1/bj˛nC3jab C .n � 2/bj˛nC3jbc C .baC ac/jˇnC3jb

C .n � 2/bcjˇnC3ja � abjˇnC3ja � .baC ac/j
nC3jb

� .ab C bc/j
nC3jaC .n � 2/acj˛nC3jb � baj˛nC3jb

C .ab C bc/j˛nC3jaC .n � 1/abaj
nC3j1
�
;

f bn .1j˛n�2ˇ2j1/ D �nC1
�
.n � 1/j˛nC3jbac � cj
nC3j.ab C bc/ � .n � 1/bj
nC3jac

� bj
nC3jbaC cj˛nC3j.ab C bc/ � bj˛nC3jbaC bjˇnC3jba

� .n � 2/cjˇnC3jab C cjˇnC3jbc � acj
nC3jc � .n � 1/bcj
nC3jb

� .n � 2/abj
nC3jb C acj˛nC3jc C abj˛nC3jb C acjˇnC3jc

C .n � 1/bajˇnC3jc � abjˇnC3jb � .n � 1/bacj˛nC3j1
�

C �n.n � 2/
�
1j˛nC3jbac C 1jˇnC3jabc � 1j
nC3jaba

� bj˛nC3j.ab C bc/C cj˛nC3jbaC cjˇnC3jab
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� ajˇnC3j.baC ac/C aj
nC3jbc C bj
nC3jac C acj˛nC3jb

C abj˛nC3jc C bajˇnC3jc C bcjˇnC3ja � .baC ac/j
nC3ja

� .ab C bc/j
nC3jb C bacj˛nC3j1C abcjˇnC3j1 � abaj
nC3j1
�
;

where n 2 N.
The proof of the following result is a tedious but straightforward computation, that we

leave to the reader.

Lemma 3.6. The A-bimodule morphisms f bn W K
b
n ! KbnC3 defined above are homogen-

eous morphisms of internal degree 6, such that db3 f
b
0 D 0, dbnC4f

b
nC1C f

b
n d

b
nC1 D 0 and

idk ˝A f
b
n D fn for n 2 N0, where fn are the specific morphisms given in (3.1).

Using the previous lemma, we can now prove the main result of this section.

Proposition 3.7. The minimal projective resolution .P b� ; ı
b
� / of A in the category of

bounded below graded A-bimodules is given as follows. For n 2 N0, set

P bn D
M

i2J0;bn=4cK

!iK
b
n�4i D

M
i2J0;bn=4cK

!iA˝ .A
Š
�.n�4i//

�
˝ A;

where !i is a symbol of internal degree 6i for all i 2 N0, the A-bimodule structure of
P bn is given by x0.!ix ˝ u˝ y/y0 D !ix0x ˝ u˝ yy0 for all x; x0; y; y0 2 A and u 2
.AŠ
�.n�4i/

/�, and the differential ıbn W P
b
n ! P bn�1 for n 2 N is given by

ıbn

� X
i2J0;bn=4cK

!i�n�4i

�
D

X
i2J0;bn=4cK

�
!id

b
n�4i .�n�4i /C !i�1f

b
n�4i .�n�4i /

�
;

where �j 2 Kbj for j 2 N0, !�1 D 0 and f bj W K
b
j ! KbjC3 are the morphisms in (3.2).

This gives a minimal projective resolution of A by means of the augmentation "b W P b0 D
A˝ .AŠ0/

� ˝ A! A, where "b.xj"Šjy/ D xy for x; y 2 A.

Proof. It is clear that P b� ! A ! 0 is a complex of graded-free (left) A-modules by
Lemma 3.6, .k˝A P b� ; idk ˝A ı

b
� / Š .P�; ı�/ and idk ˝A "

b Š ". Proposition 3.5 tells
us that k˝A P b� ! k˝A A! 0 is exact. Proposition 3.3 in turn shows that the complex
P b� ! A! 0 is also exact. Moreover, the bimodule resolution .P b� ; ı

b
� / is minimal since

idk ˝A ı
b
� ˝A idk D 0.

We follow the convention that P bn D 0, Kbn D 0 for n 2 Z nN0, and ıbn D 0, dbn D 0
for n 2 Z nN in the following sections.

4. Hochschild and cyclic homology of FK.3/

Using the minimal projective bimodule resolution .P b� ; ı
b
� / of A in Proposition 3.7, we

will compute the linear structure of the Hochschild homology HH�.A/ D TorA
e

� .A;A/ D

H�.A˝Ae P b� /. For further information about Hochschild and cyclic homology, we refer
the reader to [10].
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4.1. Recursive description of the spaces

Let zKn D A˝ .AŠ�n/
� for n 2N0 and zKn D 0 for n 2 Z nN0. We have A˝Ae P bn Š zPn

as k-vector spaces, where zPn D
L
i2J0;bn=4cK !i

zKn�4i for n 2 N0 and zPn D 0 for n 2

Z nN0. We will denote by @n W zPn! zPn�1 the differential idA ˝Ae ıbn , Q@n W zKn! zKn�1
the differential idA ˝Ae dbn for n 2 Z, and Qfn the map idA ˝Ae f bn for n 2 N0. Then the
differential @n for n 2 N is given by

@n

� X
i2J0;bn=4cK

!i�n�4i

�
D

X
i2J0;bn=4cK

�
!i Q@n�4i .�n�4i /C !i�1 Qfn�4i .�n�4i /

�
;

where �j 2 zKj for j 2 N0. Note that @n D Q@n D 0 for n 2 Z nN.
The aim of this section is to compute the homology of the complex . zP�; @�/. Let

zKn;m D Am ˝ .A
Š
�n/
� for .n;m/ 2 N0 � J0; 4K and zKn;m D 0 for .n;m/ 2 Z2 n .N0 �

J0; 4K/. Let zPn;m D
L
i2J0;bn=4cK !i

zKn�4i;m�2i form;n 2 N0 and zPn;m D 0 for .n;m/ 2
Z2 n N2

0 , where the symbol !i has homological degree 4i and internal degree 6i for
i 2 N0, and we usually omit !0 for simplicity. The spaces zKn;m and zPn;m are concen-
trated in homological degree n and internal degree mC n. We have zPn D

L
m2N0

zPn;m.
Let @n;m D @nj zPn;m W

zPn;m ! zPn�1;mC1, and Q@n;m D Q@nj zKn;m W
zKn;m ! zKn�1;mC1. Let

Dn;m D Ker.@n;m/, Bn;m D Im.@nC1;m�1/ for m;n 2 N0, and zDn;m D Ker.Q@n;m/, zBn;m
D Im.Q@nC1;m�1/ for .n; m/ 2 N0 � J0; 4K. Notice that Dn;m D Bn;m D 0 for .n; m/ 2
Z2 nN2

0 , and zDn;m D zBn;m D 0 for .n;m/ 2 Z2 n .N0 � J0; 4K/.

Proposition 4.1. For integers m > 3 and n 2 N0, we have

Bn;m D

´
!m�3

2
Bn�2mC6;3; if m is odd;

!m
2 �2

Bn�2mC8;4; if m is even;
(4.1)

and

Dn;m D

´
!m�3

2
Dn�2mC6;3; if m is odd;

!m
2 �2

Dn�2mC8;4; if m is even;
(4.2)

where we follow the convention that !i!j D!iCj for i; j 2N0 and !i D 0 for i 2Z nN0.

Proof. Consider zPn;m D
L
i2J0;bn=4cK !i

zKn�4i;m�2i form;n 2N0. For the indexm� 2i
of zKn�4i;m�2i , we have m � 2i 2 J0; 4K. If m is odd, then m � 2i D 1 or 3, i.e., i D
.m � 1/=2 or .m � 3/=2. Since n � 4i 2 N0, we have

zPn;m D

8̂̂<̂
:̂
!m�3

2

zKn�2mC6;3 ˚ !m�1
2

zKn�2mC2;1; if n > 2m � 2;

!m�3
2

zKn�2mC6;3; if 2m � 6 6 n < 2m � 2;

0; if 0 6 n < 2m � 6:
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If m is even, then m � 2i D 0; 2 or 4, i.e., i D m=2, m=2 � 1 or m=2 � 2. Then

zPn;m D

8̂̂̂̂
ˆ̂̂̂̂<̂
ˆ̂̂̂̂̂̂
:̂

!m
2 �2
zKn�2mC8;4 ˚ !m

2 �1
zKn�2mC4;2 ˚ !m

2
zKn�2m;0; if n > 2m;

!m
2 �2
zKn�2mC8;4 ˚ !m

2 �1
zKn�2mC4;2; if 2m � 4 6 n

< 2m;

!m
2 �2
zKn�2mC8;4; if 2m � 8 6 n

< 2m � 4;

0; if 0 6 n < 2m � 8:

(4.3)
Hence,

zPn;m D

´
!m�3

2

zPn�2mC6;3; if m > 3 is odd;

!m
2 �2
zPn�2mC8;4; if m > 4 is even:

(4.4)

Since the identities (4.1) and (4.2) formD 3 are immediate, we supposem > 4 from now
on.

Assume that m is even. Then (4.4) tells us that the sequence

zPnC1;m�1
@nC1;m�1
�������! zPn;m

@n;m
���! zPn�1;mC1

of graded k-vector spaces is of the form

!m
2 �2
zPn�2mC9;3

@nC1;m�1
������! !m

2 �2
zPn�2mC8;4

@n;m
���! !m

2 �1
zPn�2mC3;3:

Since zPn�2mC7;5 D !1 zPn�2mC3;3 by (4.4), the above sequence is of the form

!m
2 �2
zPn�2mC9;3

@nC1;m�1
������! !m

2 �2
zPn�2mC8;4

@n;m
���! !m

2 �2
zPn�2mC7;5:

Note further that @n;m D !m
2 �2

@n�2mC8;4 and @nC1;m�1 D !m
2 �2

@n�2mC9;3, where the
differential !j @n0;m0 W !j zPn0;m0 ! !j zPn0�1;m0C1 maps !jx to !j @n0;m0.x/ for all x 2
zPn0;m0 and j;m0;n0 2N0. Hence,Bn;mD!m

2 �2
Bn�2mC8;4 andDn;mD!m

2 �2
Dn�2mC8;4.

Assume that m is odd (so m > 5). Then (4.4) tells us that the sequence

zPnC1;m�1
@nC1;m�1
������! zPn;m

@n;m
���! zPn�1;mC1

of graded k-vector spaces is of the form

!m�5
2

zPn�2mC11;4
@nC1;m�1
������! !m�3

2

zPn�2mC6;3
@n;m
���! !m�3

2

zPn�2mC5;4:

Note that @n;m D !m�3
2
@n�2mC6;3 and @nC1;m�1 D !m�5

2
@n�2mC11;4. Since

zPn�2mC11;4 D !0 zKn�2mC11;4 ˚ !1 zPn�2mC7;2

by (4.3),

@n�2mC11;4.!0x C !1y/ D !0 Q@n�2mC11;4.x/C !1@n�2mC7;2.y/
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for all x 2 zKn�2mC11;4 and y 2 zPn�2mC7;2, and Q@n�2mC11;4. zKn�2mC11;4/ D 0, it is suf-
ficient to consider the following sequence

!m�3
2

zPn�2mC7;2

!m�3
2
@n�2mC7;2

����������! !m�3
2

zPn�2mC6;3

!m�3
2
@n�2mC6;3

����������! !m�3
2

zPn�2mC5;4:

Hence, Bn;m D !m�3
2
Bn�2mC6;3 and Dn;m D !m�3

2
Dn�2mC6;3, as was to be shown.

Proposition 4.2. For n 2 N0, we have Dn;4 D zKn;4 ˚ !1Dn�4;2.

Proof. This follows directly from the facts that zPn;4 D zKn;4 ˚ !1 zPn�4;2, zPn�1;5 D
!1 zPn�5;3 and @n;4. zKn;4/ D 0.

In order to compute Bn;m and Dn;m, it is sufficient to compute the case m 2 J0; 4K
according to Proposition 4.1. First, we will compute the boundaries, and then we will
compute the cycles. Since this will require handling elements of zKn;m and zPn;m for n2N0

and m 2 J0; 4K, we will use the basis ¹x ˝ y j x 2 Bm; y 2 BŠ�
n º of zKn;m and the basis

¹!ix ˝ y j i 2 J0; bn=4cK; x 2Bm�2i ; y 2B
Š�
n�4iº of zPn;m, both of which will be called

usual bases, constructed from the usual bases of the homogeneous components of A and
.AŠ/#, introduced in Section 2.

4.2. Explicit description of the differentials

Recall the isomorphismA˝Ae .A˝ .A
Š
�n/
�˝A/!A˝ .AŠ�n/

� given by x˝Ae .yjujz/
7! zxyju, and its inverse A ˝ .AŠ�n/

� ! A ˝Ae .A ˝ .A
Š
�n/
� ˝ A/ given by xju 7!

x˝Ae .1juj1/ for all x;y; z 2 A, u 2 .AŠ�n/
� and n 2N0. We will use them together with

Proposition 3.7 to explicitly describe Q@n and Qfn, which were defined at the beginning of
Section 4.1.

Let x 2 A. It is then straightforward to see that the differential Q@1 W A˝ .AŠ�1/
� !

A˝ .AŠ0/
� is given by Q@1.xj˛/ D .ax � xa/j"Š, Q@1.xjˇ/ D .bx � xb/j"Š and Q@1.xj
/ D

.cx � xc/j"Š. Analogously, for n > 2 and n even, Q@n W A˝ .AŠ�n/
�! A˝ .AŠ

�.n�1/
/� is

given by

xj˛n 7! .xaC ax/j˛n�1; xjˇn 7! .xb C bx/jˇn�1; xj
n 7! .xc C cx/j
n�1;

xj˛n�1ˇ 7! .xaC cx/j.ˇn�1 C ˛n�2ˇ/C .xb C ax/j.
n�1 C ˛n�2
/

C .xc C bx/j.˛n�1 C ˛n�3ˇ2/;

xj˛n�1
 7! .xaC bx/j.
n�1 C ˛n�2
/C .xb C cx/j.˛n�1 C ˛n�3ˇ2/

C .xc C ax/j.ˇn�1 C ˛n�2ˇ/;

xj˛n�2ˇ2 7! .xaC ax/j˛n�3ˇ2 C .xb C bx/j˛n�2ˇ C .xc C cx/j˛n�2
;



E. Herscovich and Z. Li 156

whereas, for n > 3 and n odd, Q@n W A˝ .AŠ�n/
� ! A˝ .AŠ

�.n�1/
/� is given by

xj˛n 7! .ax � xa/j˛n�1; xjˇn 7! .bx � xb/jˇn�1; xj
n 7! .cx � xc/j
n�1;

xj˛n�1ˇ 7! .cx � xa/j˛n�2ˇ C .ax � xc/j˛n�2


C .bx � xb/j.˛n�1 C 
n�1 C ˛n�3ˇ2/;

xj˛n�1
 7! .ax � xb/j˛n�2ˇ C .bx � xa/j˛n�2


C .cx � xc/j.˛n�1 C ˇn�1 C ˛n�3ˇ2/;

xj˛n�2ˇ2 7! .ax � xa/j.ˇn�1 C 
n�1 C ˛n�3ˇ2/C .bx � xc/j˛n�2ˇ

C .cx � xb/j˛n�2
:

For the reader’s convenience, we list the images of the differentials Q@n evaluated at
elements of the usual k-basis of the respective domain. In the following tables, Q@n;m.xjy/
is the entry appearing in the column indexed by y and the row indexed by x, where m is
the internal degree of x and n is the internal degree of y. The differential Q@1 is given by
Table 4.1.

For n > 2 and n even, Q@n is given by Table 4.2 together with Table 4.3 and Table 4.4
as well as Table 4.5.

x y ˛ ˇ 


1 0 0 0

a 0 .ba � ab/j"Š .�ab � bc � ac/j"Š

b .ab � ba/j"Š 0 .�ba � ac � bc/j"Š

c .ab C bc C ac/j"Š .baC ac C bc/j"Š 0

ab �abaj"Š abaj"Š .bac � abc/j"Š

bc .abaC abc/j"Š bacj"Š �bacj"Š

ba abaj"Š �abaj"Š .abc � bac/j"Š

ac abcj"Š .abaC bac/j"Š �abcj"Š

aba 0 0 �2abacj"Š

abc 0 2abacj"Š 0

bac 2abacj"Š 0 0

abac 0 0 0

Table 4.1. Images of Q@1.
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x y ˛n ˇn 
n

1 2aj˛n�1 2bjˇn�1 2cj
n�1
a 0 .ab C ba/jˇn�1 .ac � ab � bc/j
n�1
b .ab C ba/j˛n�1 0 .bc � ba � ac/j
n�1
c .ac � ab � bc/j˛n�1 .bc � ba � ac/jˇn�1 0

ab abaj˛n�1 abajˇn�1 .abc C bac/j
n�1
bc .abc � aba/j˛n�1 �bacjˇn�1 �bacj
n�1
ba abaj˛n�1 abajˇn�1 .abc C bac/j
n�1
ac �abcj˛n�1 .bac � aba/jˇn�1 �abcj
n�1
aba 0 0 0

abc 0 0 0

bac 0 0 0

abac 0 0 0

Table 4.2. Images of Q@n for n > 2 and n even.

x y ˛n�1ˇ

1 .aC c/j.ˇn�1 C ˛n�2ˇ/C .b C a/j.
n�1 C ˛n�2
/

C .c C b/j.˛n�1 C ˛n�3ˇ2/

a �.ab C bc/j.ˇn�1 C ˛n�2ˇ/C abj.
n�1 C ˛n�2
/

C .baC ac/j.˛n�1 C ˛n�3ˇ2/

b �acj.ˇn�1 C ˛n�2ˇ/C abj.
n�1 C ˛n�2
/C bcj.˛n�1 C ˛n�3ˇ2/

c �.ab C bc/j.ˇn�1 C ˛n�2ˇ/ � baj.
n�1 C ˛n�2
/

C bcj.˛n�1 C ˛n�3ˇ2/

ab .abaC bac/j.ˇn�1 C ˛n�2ˇ/C .abaC abc/j.˛n�1 C ˛n�3ˇ2/

bc .�aba � bac/j.ˇn�1 C ˛n�2ˇ/C .abc � bac/j.
n�1 C ˛n�2
/

ba abcj.ˇn�1 C ˛n�2ˇ/C 2abaj.
n�1 C ˛n�2
/C bacj.˛n�1 C ˛n�3ˇ2/

ac �2abcj.ˇn�1 C ˛n�2ˇ/ � abaj.
n�1 C ˛n�2
/C bacj.˛n�1 C ˛n�3ˇ2/

aba abacj.�ˇn�1 � ˛n�2ˇ C ˛n�1 C ˛n�3ˇ2/

abc abacj.�
n�1 � ˛n�2
 C ˛n�1 C ˛n�3ˇ2/

bac abacj.�ˇn�1 � ˛n�2ˇ C 
n�1 C ˛n�2
/

abac 0

Table 4.3. Images of Q@n for n > 2 and n even.
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x y ˛n�1


1 .aC b/j.
n�1 C ˛n�2
/C .b C c/j.˛n�1 C ˛n�3ˇ2/

C .c C a/j.ˇn�1 C ˛n�2ˇ/

a baj.
n�1 C ˛n�2
/ � bcj.˛n�1 C ˛n�3ˇ2/C acj.ˇn�1 C ˛n�2ˇ/

b baj.
n�1 C ˛n�2
/ � .baC ac//j.˛n�1 C ˛n�3ˇ2/

C .ab C bc/j.ˇn�1 C ˛n�2ˇ/

c �abj.
n�1 C ˛n�2
/ � .baC ac/j.˛n�1 C ˛n�3ˇ2/

C acj.ˇn�1 C ˛n�2ˇ/

ab 2abaj.
n�1 C ˛n�2
/C bacj.˛n�1 C ˛n�3ˇ2/C abcj.ˇn�1 C ˛n�2ˇ/

bc �abaj.
n�1 C ˛n�2
/ � 2bacj.˛n�1 C ˛n�3ˇ2/C abcj.ˇn�1 C ˛n�2ˇ/

ba .abaC abc/j.˛n�1 C ˛n�3ˇ2/C .abaC bac/j.ˇn�1 C ˛n�2ˇ/

ac .bac � abc/j.
n�1 C ˛n�2
/ � .abaC abc/j.˛n�1 C ˛n�3ˇ2/

aba abacj.�˛n�1 � ˛n�3ˇ2 C ˇn�1 C ˛n�2ˇ/

abc abacj.
n�1 C ˛n�2
 � ˛n�1 � ˛n�3ˇ2/

bac abacj.�
n�1 � ˛n�2
 C ˇn�1 C ˛n�2ˇ/

abac 0

Table 4.4. Images of Q@n for n > 2 and n even.

x y ˛n�2ˇ2

1 2aj˛n�3ˇ2 C 2bj˛n�2ˇ C 2cj˛n�2


a .ab C ba/j˛n�2ˇ C .ac � ab � bc/j˛n�2


b .ab C ba/j˛n�3ˇ2 C .bc � ba � ac/j˛n�2


c .ac � ab � bc/j˛n�3ˇ2 C .bc � ba � ac/j˛n�2ˇ

ab abaj˛n�3ˇ2 C abaj˛n�2ˇ C .abc C bac/j˛n�2


bc .abc � aba/j˛n�3ˇ2 � bacj˛n�2ˇ � bacj˛n�2


ba abaj˛n�3ˇ2 C abaj˛n�2ˇ C .abc C bac/j˛n�2


ac �abcj˛n�3ˇ2 C .bac � aba/j˛n�2ˇ � abcj˛n�2


aba 0

abc 0

bac 0

abac 0

Table 4.5. Images of Q@n for n > 4 and n even.

For n > 3 and n odd, Q@n is given by Table 4.6 together with Table 4.7 and Table 4.8 as
well as Table 4.9.

Let us now turn to the maps Qfn. Note first that the k-linear maps Qfn W A˝ .AŠ�n/
� !

A ˝ .AŠ
�.nC3/

/� are homogeneous of homological degree 3 and internal degree 6. By
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x y ˛n ˇn 
n

1 0 0 0

a 0 .ba � ab/jˇn�1 .�ab � bc � ac/j
n�1
b .ab � ba/j˛n�1 0 .�ba � ac � bc/j
n�1
c .ab C bc C ac/j˛n�1 .baC ac C bc/jˇn�1 0

ab �abaj˛n�1 abajˇn�1 .bac � abc/j
n�1
bc .abaC abc/j˛n�1 bacjˇn�1 �bacj
n�1
ba abaj˛n�1 �abajˇn�1 .abc � bac/j
n�1
ac abcj˛n�1 .abaC bac/jˇn�1 �abcj
n�1
aba 0 0 �2abacj
n�1
abc 0 2abacjˇn�1 0

bac 2abacj˛n�1 0 0

abac 0 0 0

Table 4.6. Images of Q@n for n > 3 and n odd.

x y ˛n�1ˇ

1 .c � a/j˛n�2ˇ C .a � c/j˛n�2


a �.ab C bc/j˛n�2ˇ � acj˛n�2
 C .ba � ab/j.˛n�1 C 
n�1 C ˛n�3ˇ2/

b .�2ba � ac/j˛n�2ˇ C .ab � bc/j˛n�2


c .ab C bc/j˛n�2ˇ C acj˛n�2


C .baC ac C bc/j.˛n�1 C 
n�1 C ˛n�3ˇ2/

ab .bac � aba/j˛n�2ˇ � abcj˛n�2
 C abaj.˛n�1 C 
n�1 C ˛n�3ˇ2/

bc .aba � bac/j˛n�2ˇ C abcj˛n�2
 C bacj.˛n�1 C 
n�1 C ˛n�3ˇ2/

ba abcj˛n�2ˇ C .aba � bac/j˛n�2
 � abaj.˛n�1 C 
n�1 C ˛n�3ˇ2/

ac .abaC bac/j.˛n�1 C 
n�1 C ˛n�3ˇ2/

aba �abacj.˛n�2ˇ C ˛n�2
/

abc 2abacj.˛n�1 C 
n�1 C ˛n�3ˇ2/

bac abacj.˛n�2ˇ C ˛n�2
/

abac 0

Table 4.7. Images of Q@n for n > 3 and n odd.

degree reasons we see that Qfn.xjy/ D 0 for all x 2 Am, y 2 .AŠ�n/
�, with m 2 J2; 4K and

n 2 N0. A straightforward computation using (3.2) tells us that the map Qf0 is given by

Qf0.1j"
Š/ D 12bacj˛3 C 12abcjˇ3 � 12abaj
3 � 6abcj˛2ˇ C 6abaj˛2
 � 6bacj˛ˇ2;

Qf0.aj"
Š/ D Qf0.bj"

Š/ D Qf0.cj"
Š/ D 0:

(4.5)
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x y ˛n�1


1 .a � b/j˛n�2ˇ C .b � a/j˛n�2


a �abj˛n�2ˇ C baj˛n�2
 � .ab C bc C ac/j.˛n�1 C ˇn�1 C ˛n�3ˇ2/

b abj˛n�2ˇ � baj˛n�2
 � .baC ac C bc/j.˛n�1 C ˇn�1 C ˛n�3ˇ2/

c .2ac C ba/j˛n�2ˇ C .ab C 2bc/j˛n�2


ab .bac � abc/j.˛n�1 C ˇn�1 C ˛n�3ˇ2/

bc .abc C bac/j˛n�2ˇ C abaj˛n�2
 � bacj.˛n�1 C ˇn�1 C ˛n�3ˇ2/

ba .abc � bac/j.˛n�1 C ˇn�1 C ˛n�3ˇ2/

ac abaj˛n�2ˇ C .abc C bac/j˛n�2
 � abcj.˛n�1 C ˇn�1 C ˛n�3ˇ2/

aba �2abacj.˛n�1 C ˇn�1 C ˛n�3ˇ2/

abc abacj.˛n�2ˇ C ˛n�2
/

bac abacj.˛n�2ˇ C ˛n�2
/

abac 0

Table 4.8. Images of Q@n for n > 3 and n odd.

x y ˛n�2ˇ2

1 .b � c/j˛n�2ˇ C .c � b/j˛n�2


a .ba � ac/j˛n�2ˇ � .2ab C bc/j˛n�2


b .ab � ba/j.ˇn�1 C 
n�1 C ˛n�3ˇ2/ � bcj˛n�2ˇ � .baC ac/j˛n�2


c .ab C bc C ac/j.ˇn�1 C 
n�1 C ˛n�3ˇ2/C bcj˛n�2ˇ

C .baC ac/j˛n�2


ab �abaj.ˇn�1 C 
n�1 C ˛n�3ˇ2/C .aba � abc/j˛n�2ˇ C bacj˛n�2


bc .abaC abc/j.ˇn�1 C 
n�1 C ˛n�3ˇ2/

ba abaj.ˇn�1 C 
n�1 C ˛n�3ˇ2/ � bacj˛n�2ˇ C .abc � aba/j˛n�2


ac abcj.ˇn�1 C 
n�1 C ˛n�3ˇ2/C bacj˛n�2ˇ C .aba � abc/j˛n�2


aba �abacj.˛n�2ˇ C ˛n�2
/

abc abacj.˛n�2ˇ C ˛n�2
/

bac 2abacj.ˇn�1 C 
n�1 C ˛n�3ˇ2/

abac 0

Table 4.9. Images of Q@n for n > 3 and n odd.

Analogously, if n 2 N is odd, then

Qfn.aj˛n/ D Qfn.bjˇn/ D Qfn.cj
n/

D �4abacj˛nC3 � 4abacjˇnC3 � 4abacj
nC3 C 6abacj˛nC1ˇ2;

Qfn.bj˛n�1ˇ/ D Qfn.cj˛n�1
/ D Qfn.aj˛n�2ˇ2/

D �2.n � 1/abacj˛nC3 � 2.n � 1/abacjˇnC3 � 2.n � 1/abacj
nC3;
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and Qfn.x/ D 0 for

x 2
®
1j˛n; 1ˇn; 1j
n; 1j˛n�1ˇ; 1j˛n�1
; 1j˛n�2ˇ2; bj˛n; cj˛n; ajˇn; cjˇn;

aj
n; bj
n; aj˛n�1ˇ; cj˛n�1ˇ; aj˛n�1
; bj˛n�1
; bj˛n�2ˇ2; cj˛n�2ˇ2
¯
: (4.6)

Finally, if n > 2 is even, then

Qfn.1j˛n/ D Qfn.1jˇn/ D Qfn.1j
n/ D 8bacj˛nC3 C 8abcjˇnC3

� 8abaj
nC3 � 2abcj˛nC2ˇ C 2abaj˛nC2
 � 2bacj˛nC1ˇ2;

Qfn.1j˛n�1ˇ/ D Qfn.1j˛n�1
/ D 0;

Qfn.1j˛n�2ˇ2/ D 6.n � 2/.bacj˛nC3 C abcjˇnC3 � abaj
nC3/;

and Qfn.x/ D 0 for x 2 A1 ˝ .AŠ�n/
�.

4.3. Computation of the boundaries

In this subsection, we will explicitly construct bases zBn;m and Bn;m of the k-vector spaces
zBn;m D Im.Q@nC1;m�1/ and Bn;m D Im.@nC1;m�1/ form 2 J0; 4K and n 2N0 respectively,

defined before Proposition 4.1. This will be done by simply applying the corresponding
differential Q@nC1;m�1 or @nC1;m�1 to the usual basis of its domain and extracting a linearly
independent generating subset.

4.3.1. Computation of zBn;m. Recall that zBn;m D Im.Q@nC1;m�1/ and Q@n;m W zKn;m D
Am ˝ .A

Š
�n/
� ! zKn�1;mC1 D AmC1 ˝ .A

Š
�.n�1/

/� was defined in Section 4.1. Obvi-
ously, zBn;0 D Im.Q@nC1;�1/ D 0 for n 2 N0. Then we define zBn;0 D ; for n 2 N0.

Suppose m D 1. Table 4.1 shows that Q@1;0. zK1;0/ D 0, so zB0;1 D Im.Q@1;0/ D 0. We
define zB0;1 D ;. For n 2 N with n odd, Tables 4.2–4.5 show that

aj˛n D .1=2/Q@nC1;0.1j˛nC1/;

bjˇn D .1=2/Q@nC1;0.1jˇnC1/;

cj
n D .1=2/Q@nC1;0.1j
nC1/;

.aC c/j.ˇn C ˛n�1ˇ/C .b C a/j.
n C ˛n�1
/C .c C b/j.˛n C ˛n�2ˇ2/

D Q@nC1;0.1j˛nˇ/ D Q@nC1;0.1j˛n
/;

aj˛n�2ˇ2 C bj˛n�1ˇ C cj˛n�1


D .1=2/Q@nC1;0.1j˛n�1ˇ2/:

These five elements are linearly independent if none of them vanishes, so they form a
k-basis of zBn;1. If n D 1, we define a basis of zB1;1 by

zB1;1 D
®
aj˛; bjˇ; cj
; .aC c/jˇ C .b C a/j
 C .c C b/j˛

¯
:

If n > 3 is odd, we define a basis of zBn;1 by

zBn;1 D
®
aj˛n; bjˇn; cj
n; .aC c/j.ˇn C ˛n�1ˇ/C .b C a/j.
n C ˛n�1
/

C .c C b/j.˛n C ˛n�2ˇ2/; aj˛n�2ˇ2 C bj˛n�1ˇ C cj˛n�1

¯
:
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If n > 2 is even, Tables 4.6–4.9 show that

0 D Q@nC1;0.1j˛nC1/ D Q@nC1;0.1jˇnC1/ D Q@nC1;0.1j
nC1/;

.c � a/j.˛n�1ˇ � ˛n�1
/ D Q@nC1;0.1j˛nˇ/;

.a � b/j.˛n�1ˇ � ˛n�1
/ D Q@nC1;0.1j˛n
/;

.b � c/j.˛n�1ˇ � ˛n�1
/ D Q@nC1;0.1j˛n�1ˇ2/ D �Q@nC1;0.1j˛nˇ/ � Q@nC1;0.1j˛n
/:

Since the elements .c � a/j.˛n�1ˇ � ˛n�1
/ and .a � b/j.˛n�1ˇ � ˛n�1
/ are linearly
independent, we define a basis of zBn;1 by

zBn;1 D
®
.c � a/j.˛n�1ˇ � ˛n�1
/; .a � b/j.˛n�1ˇ � ˛n�1
/

¯
:

The dimension of zBn;1 is then given by

dim zBn;1 D

8̂̂̂̂
<̂
ˆ̂̂:
0; if n D 0;

4; if n D 1;

2; if n > 2 is even;

5; if n > 3 is odd:

(4.7)

Suppose now m D 2. Table 4.1 shows that zB0;2 is spanned by .ab � ba/j"Š,
.baC ac C bc/j"Š and .ab C bc C ac/j"Š. Since .ab C ba/j"Š and .ba C ac C bc/j"Š

are linearly independent, and .ab C bc C ac/j"Š D .ab � ba/j"Š C .ba C ac C bc/j"Š,
we see that

zB0;2 D
®
.ab � ba/j"Š; .baC ac C bc/j"Š

¯
is a basis of zB0;2. If n 2 N is odd, let

En;2 D
®
e1;n;2 D .ab C ba/j˛n D Q@nC1;1.bj˛nC1/;

e2;n;2 D .bc � ba � ac/j˛n D �Q@nC1;1.bj˛nC1/ � Q@nC1;1.cj˛nC1/;

e3;n;2 D .ab C ba/jˇn D Q@nC1;1.ajˇnC1/;

e4;n;2 D .bc � ba � ac/jˇn D Q@nC1;1.cjˇnC1/;

e5;n;2 D .ab C ba/j
n D �Q@nC1;1.aj
nC1/ � Q@nC1;1.bj
nC1/;

e6;n;2 D .bc � ba � ac/j
n D Q@nC1;1.bj
nC1/;

e7;n;2 D bcj.˛n C ˛n�2ˇ2/ � acj.ˇn C ˛n�1ˇ/C abj.
n C ˛n�1
/

D Q@nC1;1.bj˛nˇ/
¯
:

Then we define the set zB1;2 D E1;2, and

zBn;2 D En;2 [
®
e8;n;2 D .ab C ba/j˛n�1


D Q@nC1;1.bj˛nˇ/C Q@nC1;1.aj˛n
/ � e5;n;2;
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e9;n;2 D .ab C ba/j.˛n�1ˇ C ˛n�2ˇ2/

D Q@nC1;1.aj˛n�1ˇ2/C Q@nC1;1.bj˛n�1ˇ2/C e8;n;2;

e10;n;2 D .bc � ba � ac/j˛n�2ˇ2

D Q@nC1;1.cj˛nˇ/ � Q@nC1;1.aj˛nˇ/C e8;n;2 C e5;n;2 � e2;n;2;

e11;n;2 D .ab C ba/j˛n�1ˇ � .bc � ba � ac/j˛n�1


D Q@nC1;1.aj˛n�1ˇ2/C e8;n;2;

e12;n;2 D .bc � ba � ac/j˛n�1ˇ � .ab C ba/j˛n�2ˇ2

D Q@nC1;1.cj˛n�1ˇ2/C e10;n;2
¯

for n > 3 with n odd. We will show that zBn;2 is a basis of zBn;2 for n 2 N with n odd. As
noted before, zBn;2 � zBn;2. Since

Q@nC1;1.aj˛nC1/ D Q@nC1;1.bjˇnC1/ D Q@nC1;1.cj
nC1/ D 0;

Q@nC1;1.bj˛nC1/ D e1;n;2;

Q@nC1;1.cj˛nC1/ D �e1;n;2 � e2;n;2;

Q@nC1;1.ajˇnC1/ D e3;n;2;

Q@nC1;1.cjˇnC1/ D e4;n;2;

Q@nC1;1.aj
nC1/ D �e5;n;2 � e6;n;2;

Q@nC1;1.bj
nC1/ D e6;n;2;

Q@nC1;1.aj˛nˇ/ D �e2;n;2 � e3;n;2 � e4;n;2 C e7;n;2 � e9;n;2 � e10;n;2 � e12;n;2;

Q@nC1;1.bj˛nˇ/ D e7;n;2;

Q@nC1;1.cj˛nˇ/ D �e3;n;2 � e4;n;2 � e5;n;2 C e7;n;2 � e8;n;2 � e9;n;2 � e12;n;2;

Q@nC1;1.aj˛n
/ D e5;n;2 � e7;n;2 C e8;n;2;

Q@nC1;1.bj˛n
/ D �Q@nC1;1.cj˛nˇ/C e2;n;2 C e10;n;2;

Q@nC1;1.cj˛n
/ D �Q@nC1;1.bj˛nˇ/C e2;n;2 C e10;n;2;

Q@nC1;1.aj˛n�1ˇ2/ D �e8;n;2 C e11;n;2;

Q@nC1;1.bj˛n�1ˇ2/ D e9;n;2 � e11;n;2;

Q@nC1;1.cj˛n�1ˇ2/ D �e10;n;2 C e12;n;2;

the elements in zBn;2 span the space zBn;2. By Fact 2.1, the elements in zBn;2 are linearly
independent, so zBn;2 is a basis of zBn;2, as claimed. If n > 2 is even, let

Gn;2 D
®
g1;n;2 D .ba � ab/j˛n D �Q@nC1;1.bj˛nC1/;

g2;n;2 D .bc C baC ac/j˛n D Q@nC1;1.cj˛nC1/ � Q@nC1;1.bj˛nC1/;

g3;n;2 D .ba � ab/jˇn D Q@nC1;1.ajˇnC1/;

g4;n;2 D .bc C baC ac/jˇn D Q@nC1;1.cjˇnC1/;
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g5;n;2 D .ba � ab/j
n D Q@nC1;1.aj
nC1/ � Q@nC1;1.bj
nC1/;

g6;n;2 D .bc C baC ac/j
n D �Q@nC1;1.bj
nC1/;

g9;n;2 D abj˛n�1ˇ � baj˛n�1


D .1=3/
�
Q@nC1;1.2aj˛nˇ C 2cj˛nˇ C 3bj˛n
 C bj˛n�1ˇ2 C cj˛n�1ˇ2/

� 2g1;n;2 C g2;n;2 C 2g3;n;2 C 2g4;n;2 � 3g6;n;2
�
;

g10;n;2 D baj˛n�1ˇ � abj˛n�1
 D .1=3/Q@nC1;1.aj˛n�1ˇ2 � bj˛nˇ/;

g11;n;2 D acj˛n�1ˇ C .ab C bc/j˛n�1


D �.1=3/Q@nC1;1.bj˛nˇ C 2aj˛n�1ˇ2/;

g12;n;2 D .ab C bc/j˛n�1ˇ C acj˛n�1


D .1=3/
�
Q@nC1;1.cj˛nˇ � 2aj˛nˇ � bj˛n�1ˇ2 � cj˛n�1ˇ2/

C 2g1;n;2 � g2;n;2 � 2g3;n;2 C g4;n;2
�¯
:

Then we define zB2;2 D G2;2, and

zBn;2 D Gn;2 [
®
g7;n;2 D .ba � ab/j˛n�2ˇ2

D .1=3/ŒQ@nC1;1.aj˛nˇ C cj˛nˇ � bj˛n�1ˇ2 � cj˛n�1ˇ2/

� g1;n;2 � g2;n;2 � 2g3;n;2 C g4;n;2 � 3g5;n;2�;

g8;n;2 D .bc C baC ac/j˛n�2ˇ2

D .1=3/
�
Q@nC1;1.2aj˛nˇ C 2cj˛nˇ C bj˛n�1ˇ2 C cj˛n�1ˇ2/

� 2g1;n;2 � 2g2;n;2 C 2g3;n;2 � g4;n;2 � 3g6;n;2
�¯

for n > 4 with n even. We will show that zBn;2 is a basis of zBn;2 for n > 2 with n even.
From the definition, we see that zBn;2 � zBn;2. Since

Q@nC1;1.aj˛nC1/ D Q@nC1;1.bjˇnC1/ D Q@nC1;1.cj
nC1/ D 0;

Q@nC1;1.bj˛nC1/ D �g1;n;2;

Q@nC1;1.cj˛n/ D g2;n;2 � g1;n;2;

Q@nC1;1.ajˇnC1/ D g3;n;2;

Q@nC1;1.cjˇnC1/ D g4;n;2;

Q@nC1;1.aj
nC1/ D g5;n;2 � g6;n;2;

Q@nC1;1.bj
nC1/ D �g6;n;2;

Q@nC1;1.aj˛nˇ/ D g1;n;2 C g5;n;2 C g7;n;2 � g12;n;2;

Q@nC1;1.bj˛nˇ/ D �2g10;n;2 � g11;n;2;

Q@nC1;1.cj˛nˇ/ D g2;n;2 C g6;n;2 C g8;n;2 C g12;n;2;

Q@nC1;1.aj˛n
/ D g1;n;2 � g2;n;2 C g3;n;2 � g4;n;2 C g7;n;2 � g8;n;2 � g9;n;2;

Q@nC1;1.bj˛n
/ D �g2;n;2 � g4;n;2 � g8;n;2 C g9;n;2;
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Q@nC1;1.cj˛n
/ D g10;n;2 C 2g11;n;2;

Q@nC1;1.aj˛n�1ˇ2/ D g10;n;2 � g11;n;2;

Q@nC1;1.bj˛n�1ˇ2/ D �g3;n;2 � g5;n;2 � g7;n;2 C g9;n;2 � g12;n;2;

Q@nC1;1.cj˛n�1ˇ2/ D �g3;n;2 C g4;n;2 � g5;n;2 C g6;n;2 � g7;n;2 C g8;n;2

� g9;n;2 C g12;n;2;

the elements in zBn;2 span the space zBn;2. By Fact 2.1, the elements in zBn;2 are linearly
independent, so zBn;2 is a basis of zBn;2, as claimed. The dimension of zBn;2 is thus given
by

dim zBn;2 D

8̂̂̂̂
<̂
ˆ̂̂:
2; if n D 0;

7; if n D 1;

10; if n D 2;

12; if n > 3:

(4.8)

Suppose now m D 3. Table 4.1 shows that Q@1;2 is surjective. We thus define a basis of
zB0;3 by the usual basis of zK0;3. If n 2 N is odd, let

En;3 D
®
e1;n;3 D abaj˛n D Q@nC1;2.abj˛nC1/;

e2;n;3 D abcj˛n D �Q@nC1;2.acj˛nC1/;

e3;n;3 D abajˇn D Q@nC1;2.abjˇnC1/;

e4;n;3 D bacjˇn D �Q@nC1;2.bcjˇnC1/;

e5;n;3 D abcj
n D �Q@nC1;2.acj
nC1/;

e6;n;3 D bacj
n D �Q@nC1;2.bcj
nC1/;

e7;n;3 D abcj.ˇn C ˛n�1ˇ/C abaj.
n C ˛n�1
/

D .1=3/Q@nC1;2..ba � ac/j˛nˇ/;

e8;n;3 D abaj.
n C ˛n�1
/C bacj.˛n C ˛n�2ˇ2/

D .1=3/Q@nC1;2..2baC ac/j˛nˇ/
¯
:

Then we define zB1;3 D E1;3, and

zBn;3 D En;3 [
®
e9;n;3 D abaj˛n�1ˇ C .abc C bac/j˛n�1
 C abaj˛n�2ˇ2

D Q@nC1;2.baj˛n�1ˇ2/;

e10;n;3 D bacj˛n�1ˇ C bacj˛n�1
 C .aba � abc/j˛n�2ˇ2

D �Q@nC1;2.bcj˛n�1ˇ2/;

e11;n;3 D .abaC bac/j˛n�1ˇ C .bac � abc/j˛n�1


D �Q@nC1;2.bcj˛nˇ/ � e3;n;3 � e4;n;3 C e5;n;3 � e6;n;3;
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e12;n;3 D .abc � bac/j˛n�1
 C .abaC abc/j˛n�2ˇ2

D Q@nC1;2..ab C bc/j˛nˇ/ � e1;n;3 � e2;n;3 � e5;n;3 C e6;n;3
¯

for n > 3 with n odd. We now show that zBn;3 is a basis of zBn;3 for n 2 N with n odd. As
noted before, zBn;3 � zBn;3. Since

Q@nC1;2.abj˛nC1/ D Q@nC1;2.baj˛nC1/ D e1;n;3;

Q@nC1;2.bcj˛nC1/ D e2;n;3 � e1;n;3;

Q@nC1;2.acj˛nC1/ D �e2;n;3;

Q@nC1;2.abjˇnC1/ D Q@nC1;2.bajˇnC1/ D e3;n;3;

Q@nC1;2.bcjˇnC1/ D �e4;n;3;

Q@nC1;2.acjˇnC1/ D e4;n;3 � e3;n;3;

Q@nC1;2.abj
nC1/ D Q@nC1;2.baj
nC1/ D e5;n;3 C e6;n;3;

Q@nC1;2.bcj
nC1/ D �e6;n;3;

Q@nC1;2.acj
nC1/ D �e5;n;3;

Q@nC1;2.abj˛nˇ/ D e1;n;3 C e2;n;3 C e3;n;3 C e4;n;3 C e11;n;3 C e12;n;3;

Q@nC1;2.bcj˛nˇ/ D �e3;n;3 � e4;n;3 C e5;n;3 � e6;n;3 � e11;n;3;

Q@nC1;2.baj˛nˇ/ D Q@nC1;2.abj˛n
/ D e7;n;3 C e8;n;3;

Q@nC1;2.acj˛nˇ/ D �2e7;n;3 C e8;n;3;

Q@nC1;2.bcj˛n
/ D e7;n;3 � 2e8;n;3;

Q@nC1;2.baj˛n
/ D e1;n;3 C e2;n;3 C e3;n;3 C e4;n;3 C e11;n;3 C e12;n;3;

Q@nC1;2.acj˛n
/ D �e1;n;3 � e2;n;3 � e5;n;3 C e6;n;3 � e12;n;3;

Q@nC1;2.abj˛n�1ˇ2/ D Q@nC1;2.baj˛n�1ˇ2/ D e9;n;3;

Q@nC1;2.bcj˛n�1ˇ2/ D �e10;n;3;

Q@nC1;2.acj˛n�1ˇ2/ D e10;n;3 � e9;n;3;

the elements in zBn;3 span the space zBn;3. By Fact 2.1, the elements e`;n;3 for ` 2 J1;8K are
linearly independent. The reader can easily verify that the elements e`;n;3 for ` 2 J9; 12K
are linearly independent. Since the underlined terms of e`;n;3 for ` 2 J1; 8K do not appear
in e`;n;3 for ` 2 J9; 12K, the elements in zBn;3 are linearly independent. So zBn;3 is a basis
of zBn;3, as claimed. If n > 2 is even, let

zBn;3 D
®
g1;n;3 D abaj˛n D Q@nC1;2.baj˛nC1/;

g2;n;3 D abcj˛n D Q@nC1;2.acj˛nC1/;

g3;n;3 D abajˇn D Q@nC1;2.abjˇnC1/;

g4;n;3 D bacjˇn D Q@nC1;2.bcjˇnC1/;
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g5;n;3 D abcj
n D �Q@nC1;2.acj
nC1/;

g6;n;3 D bacj
n D �Q@nC1;2.bcj
nC1/;

g7;n;3 D bacj.˛n C ˛n�2ˇ2/C abaj.
n C ˛n�2ˇ2/

D Q@nC1;2..ab C bc/j˛nˇ/ � g1;n;3 � g6;n;3;

g8;n;3 D abcj.ˇn C ˛n�2ˇ2/C abaj.
n C ˛n�2ˇ2/

D Q@nC1;2..baC ac/j˛n�1ˇ2/ � g3;n;3 � g5;n;3;

g9;n;3 D bacj.˛n�1ˇ C ˛n�1
 � ˛n � ˛n�2ˇ2/C abaj.
n C ˛n�2ˇ2/

D Q@nC1;2.abj˛nˇ C acj˛n
/ � e1;n;3 C e2;n;3 � e7;n;3 C e8;n;3;

g10;n;3 D abaj.˛n�1ˇ C ˛n�1
 � 2
n � 2˛n�2ˇ2/

D �Q@nC1;2.abj˛nˇ C baj˛n�1ˇ2/C g1;n;3 C g3;n;3;

g11;n;3 D .bac � aba/j˛n�1ˇ � abcj˛n�1
 C abaj.
n C ˛n�2ˇ2/

D Q@nC1;2.abj˛nˇ/ � g1;n;3;

g12;n;3 D abcj˛n�1ˇ C .aba � bac/j˛n�1
 � abaj.
n C ˛n�2ˇ2/

D Q@nC1;2.baj˛nˇ/C g1;n;3
¯
:

We then show that zBn;3 is a basis of zBn;3. It follows from the definition that zBn;3 � zBn;3.
Since

Q@nC1;2.abj˛nC1/ D �Q@nC1;2.baj˛nC1/ D �g1;n;3;

Q@nC1;2.bcj˛nC1/ D g1;n;3 C g2;n;3;

Q@nC1;2.acj˛nC1/ D g2;n;3;

Q@nC1;2.abjˇnC1/ D �Q@nC1;2.bajˇnC1/ D g3;n;3;

Q@nC1;2.bcjˇnC1/ D g4;n;3;

Q@nC1;2.acjˇnC1/ D g3;n;3 C g4;n;3;

Q@nC1;2.abj
nC1/ D �Q@nC1;2.baj
nC1/ D g6;n;3 � g5;n;3;

Q@nC1;2.bcj
nC1/ D �g6;n;3;

Q@nC1;2.acj
nC1/ D �g5;n;3;

Q@nC1;2.abj˛nˇ/ D g1;n;3 C g11;n;3;

Q@nC1;2.bcj˛nˇ/ D g6;n;3 C g7;n;3 � g11;n;3;

Q@nC1;2.baj˛nˇ/ D g12;n;3 � g1;n;3;

Q@nC1;2.acj˛nˇ/ D g1;n;3 C g6;n;3 C g7;n;3;

Q@nC1;2.abj˛n
/ D �g2;n;3 C g4;n;3 C g7;n;3 � g8;n;3;

Q@nC1;2.bcj˛n
/ D �g4;n;3 C g9;n;3 C g12;n;3;

Q@nC1;2.baj˛n
/ D g2;n;3 � g4;n;3 � g7;n;3 C g8;n;3;
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Q@nC1;2.acj˛n
/ D �g2;n;3 C g7;n;3 � g8;n;3 C g9;n;3 � g11;n;3;

Q@nC1;2.abj˛n�1ˇ2/ D �g3;n;3 C g10;n;3 � g12;n;3;

Q@nC1;2.bcj˛n�1ˇ2/ D g3;n;3 C g5;n;3 C g8;n;3;

Q@nC1;2.baj˛n�1ˇ2/ D g3;n;3 � g10;n;3 � g11;n;3;

Q@nC1;2.acj˛n�1ˇ2/ D g5;n;3 C g8;n;3 C g10;n;3 C g11;n;3;

the elements in zBn;3 span the space zBn;3. By Fact 2.1, the elements in zBn;3 are linearly
independent, so zBn;3 is a basis of zBn;3, as claimed. Hence, the dimension of zBn;3 is given
by

dim zBn;3 D

8̂̂<̂
:̂
3; if n D 0;

8; if n D 1;

12; if n > 2:

(4.9)

Suppose now m D 4. Table 4.1 tells us that the usual basis of zK0;4 is a basis of
zB0;4. If n 2 N is odd, Tables 4.2–4.5 show that zBn;4 is spanned by Q@nC1;3.abaj˛nˇ/,
Q@nC1;3.abcj˛nˇ/ and Q@nC1;3.bacj˛nˇ/. Since

Q@nC1;3.bacj˛nˇ/ D Q@nC1;3.abaj˛nˇ/ � Q@nC1;3.abcj˛nˇ/;

and the elements Q@nC1;3.abaj˛nˇ/ and Q@nC1;3.abcj˛nˇ/ are linearly independent, we
define a basis of zBn;4 by

zBn;4 D
®
Q@nC1;3.abaj˛nˇ/ D abacj.˛n C ˛n�2ˇ2 � ˇn � ˛n�1ˇ/;

Q@nC1;3.abaj˛nˇ/ D abacj.˛n C ˛n�2ˇ2 � 
n � ˛n�1
/
¯
:

If n D 2, by Tables 4.6–4.9, we define a basis of zB2;4 by

zB2;4 D
®
abacj˛2; abacjˇ2; abacj
2; abacj.˛ˇ C ˛
/

¯
:

If n > 4 is even, we note that

abacj˛n�2ˇ2 D .1=2/Q@nC1;3.abcj˛nˇ � bacj˛nC1 C abaj
nC1/:

So we can define a basis of zBn;4 by

zBn;4 D
®
abacj˛n; abacjˇn; abacj
n; abacj.˛n�1ˇ C ˛n�1
/; abacj˛n�2ˇ2

¯
:

In conclusion, the dimension of zBn;4 is given by

dim zBn;4 D

8̂̂̂̂
<̂
ˆ̂̂:
1; if n D 0;

2; if n 2 N is odd;

4; if n D 2;

5; if n > 4 is even:

(4.10)
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4.3.2. Computation of Bn;m. Recall that Bn;m D Im.@nC1;m�1/ and @n;m W zPn;m !
zPn�1;mC1. Since @n;m D Q@n;m for either m D �1; 0; 1 and n 2 N, or m D 2; 3 and n D
1; 2; 3, we get Bn;m D zBn;m for eithermD 0; 1; 2 and n 2N0, ormD 3; 4 and nD 0; 1; 2.
So we define a basis of Bn;m by Bn;m D

zBn;m for either m D 0; 1; 2 and n 2 N0, or
m D 3; 4 and n D 0; 1; 2.

SupposemD 3. Consider @nC1;2 W zKnC1;2˚!1 zKn�3;0! zKn;3˚!1 zKn�4;1. If nD 3,
the element

2bacj˛3 C 2abcjˇ3 � 2abaj
3 � abcj˛2ˇ C abaj˛2
 � bacj˛ˇ2 D .1=6/@4;2.!11j"
Š/

is not in the space zB3;3. So we define a basis of B3;3 by

B3;3 D
zB3;3 [

®
2bacj˛3 C 2abcjˇ3 � 2abaj
3 � abcj˛2ˇ C abaj˛2
 � bacj˛ˇ2

¯
:

If n D 5, we define the set

B5;3 D
zB5;3 [

®
4bacj˛5 C 4abcjˇ5 � 4abcj
5 � abcj˛4ˇ C abaj˛4


� bacj˛3ˇ2 C !1aj˛ D .1=2/@6;2.!11j˛2/;

4bacj˛5 C 4abcjˇ5 � 4abcj
5 � abcj˛4ˇ C abaj˛4


� bacj˛3ˇ2 C !1bjˇ D .1=2/@6;2.!11jˇ2/;

4bacj˛5 C 4abcjˇ5 � 4abcj
5 � abcj˛4ˇ C abaj˛4


� bacj˛3ˇ2 C !1cj
 D .1=2/@6;2.!11j
2/;

!1Œ.aC c/jˇ C .b C a/j
 C .c C b/j˛� D @6;2.!11j˛ˇ/

D @6;2.!11j˛
/
¯
:

If n > 7 is odd, we define the set

Bn;3 D
zBn;3 [

®
4bacj˛n C 4abcjˇn � 4abcj
n � abcj˛n�1ˇ C abaj˛n�1


� bacj˛n�2ˇ2 C !1aj˛n�4

D .1=2/@nC1;2.!11j˛n�3/;

4bacj˛n C 4abcjˇn � 4abcj
n � abcj˛n�1ˇ C abaj˛n�1


� bacj˛n�2ˇ2 C !1bjˇn�4

D .1=2/@nC1;2.!11jˇn�3/;

4bacj˛n C 4abcjˇn � 4abcj
n � abcj˛n�1ˇ C abaj˛n�1


� bacj˛n�2ˇ2 C !1cj
n�4

D .1=2/@nC1;2.!11j
n�3/;

!1Œ.aC c/j.ˇn�4 C ˛n�5ˇ/C .b C a/j.
n�4 C ˛n�5
/

C .c C b/j.˛n�4 C ˛n�6ˇ2/�

D @nC1;2.!11j˛n�4ˇ/ D @nC1;2.!11j˛n�4
/;
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3.n � 5/.bacj˛n C abcjˇn � abaj
n/

C !1.aj˛n�6ˇ2 C bj˛n�5ˇ C cj˛n�5
/

D @nC1;2.!11j˛n�5ˇ2/
¯
:

By Fact 2.1, the elements in Bn;3 are linearly independent, so Bn;3 is a basis of Bn;3
for n > 5 with n odd. If n > 4 is even, then Qfn�3. zKn�3;0/ D 0 since Qf vanishes on the
elements given by (4.6). Hence, Bn;3 D zBn;3 ˚ !1 zBn�4;1. We define a basis of B4;3 by
B4;3 D

zB4;3, and we define a basis of Bn;3 by

Bn;3 D
zBn;3 [

®
!1.c � a/j.˛n�5ˇ � ˛n�5
/; !1.a � b/j.˛n�5ˇ � ˛n�5
/

¯
for n > 6 with n even. The dimension of Bn;3 is then given by

dimBn;3 D

8̂̂̂̂
ˆ̂̂̂̂̂̂
<̂̂
ˆ̂̂̂̂̂̂
ˆ̂̂̂:

3; if n D 0;

8; if n D 1;

12; if n D 2; 4;

13; if n D 3;

16; if n D 5;

14; if n > 6 is even;

17; if n > 7 is odd:

(4.11)

Suppose m D 4. Consider

@nC1;3 W zKnC1;3 ˚ !1 zKn�3;1 ! zKn;4 ˚ !1 zKn�4;2 ˚ !2 zKn�8;0:

If n D 3, then B3;4 D zB3;4 since Qf0. zK0;1/ D 0 by the second line of (4.5). So, we define
B3;4 D

zB3;4. If n > 4 is even, since Qfn�3. zKn�3;1/ � zBn;4, we have Bn;4 D zBn;4 ˚
!1Bn�4;2D zBn;4˚!1 zBn�4;2. If n> 5 is odd, since Qfn�3. zKn�3;1/D 0 by the last identity
of Section 4.2, we have Bn;4 D zBn;4 ˚ !1 zBn�4;2. Hence, for n > 4, we define a basis of
Bn;4 by Bn;4 D

zBn;4 [ !1 zBn�4;2. The dimension of Bn;4 is then given by

dimBn;4 D

8̂̂̂̂
ˆ̂̂̂̂̂̂
ˆ̂̂<̂
ˆ̂̂̂̂̂̂
ˆ̂̂̂̂̂:

1; if n D 0;

2; if n D 1; 3;

4; if n D 2;

7; if n D 4;

9; if n D 5;

15; if n D 6;

14; if n > 7 is odd;

17; if n > 8 is even:

(4.12)
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4.4. Computation of the cycles

As one can remark rather easily, from the computations in the previous subsection we
can already deduce the dimensions of the homogeneous components of the spaces of
cycles and thus of the Hochschild homology groups. However, since having specific rep-
resentatives of bases of homology classes is relevant for other computations involving the
Hochschild homology groups, we will proceed to do so. More precisely, in this subsec-
tion, we will explicitly construct bases zDn;m and Dn;m of the k-vector spaces zDn;m D
Ker.Q@n;m/ and Dn;m D Ker.@n;m/ for m 2 J0; 4K and n 2 N0 respectively, defined before
Proposition 4.1.

4.4.1. Computation of zDn;m. Recall that zDn;m D Ker.Q@n;m/ and

Q@n;m W zKn;m D Am ˝ .A
Š
�n/
�
! zKn�1;mC1 D AmC1 ˝ .A

Š
�.n�1//

�

was defined in Section 4.1. Since zKn;m= zDn;m Š zBn�1;mC1, we see that

dim zDn;m D dim zKn;m � dim zBn�1;mC1:

Hence, from the dimension of zBn�1;mC1 computed in Section 4.3.1 as well as the dimen-
sion of zKn;m (see the last paragraph of Section 4.1), we deduce the value of the dimension
of zDn;m. We will present them explicitly in the computations below.

For every .n; m/ 2 N0 � J0; 4K, we are going to provide a set zDn;m � zDn;m such
that # zDn;m D dim zDn;m and the elements in zDn;m are linearly independent. As a con-
sequence, zDn;m is a basis of zDn;m. If zDn;m D zKn;m, we pick the usual basis of zKn;m,
defined at the end of Section 4.1. We leave to the reader the easy verification in each case
that the set zDn;m satisfies these conditions.

Obviously, zD0;m D zK0;m for m 2 J0; 4K. Then we define the set zD0;m by the usual
basis of zK0;m.

Suppose m D 0. By (4.7), the dimension of zDn;0 is given by

dim zDn;0 D

8̂̂<̂
:̂
3; if n D 1;

1; if n 2 N0 is even;

4; if n > 3 is odd:

If n D 1, then zD1;0 D zK1;0 since dim zD1;0 D 3 D dim zK1;0. If n > 3 is odd, we define
the set

zDn;0 D
®
1j˛n; 1jˇn; 1j
n; 1j.˛n�1ˇ C ˛n�1
 C ˛n�2ˇ2/

¯
:

If n > 2 is even, we define the set

zDn;0 D
®
1j.˛n�1ˇ � ˛n�1
/

¯
:
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Suppose m D 1. By (4.8), the dimension of zDn;1 is given by

dim zDn;1 D

8̂̂̂̂
<̂
ˆ̂̂:
3; if n D 0;

7; if n D 1;

8; if n D 2; 3;

6; if n > 4:

We define the sets

zD1;1 D
®
aj˛;bjˇ;cj
;ajˇC cj˛ � cjˇ;aj
 C cj˛;bj˛ � cj˛C cjˇ;bj
 C cjˇ

¯
� zD1;1;

zD2;1 D
®
aj˛2; bjˇ2; cj
2; .c � a/j.˛ˇ � ˛
/; .a � b/j.˛ˇ � ˛
/; .aC c/jˇ2 C aj˛


C cj˛ˇ; .aC b/j
2 C aj˛ˇ C bj˛
; .b C c/j˛2 C bj˛
 C cj˛ˇ
¯
� zD2;1;

and

zD3;1 D
®
aj˛3; bjˇ3; cj
3; bj˛2ˇ C cj˛2
 C aj˛ˇ2; aj.ˇ3 C ˛2ˇ/C bj.
3 C ˛2
/

C cj.˛3 C ˛ˇ2/;�aj.ˇ3 C 
3/C bj.2˛3 C 
3 � ˛2
/

C cj.˛2ˇ � ˛ˇ2 � 2˛3/; aj.˛2
 � ˇ3/C bj.˛2
 � ˛3/C 2cj.˛3 C ˇ3/;

2aj.ˇ3 C 
3/C bj.˛ˇ2 � 
3/C cj.˛ˇ2 � ˇ3/
¯
� zD3;1:

Moreover, if n > 4 is even, we define

zDn;1 D
®
aj˛n; bjˇn; cj
n; .c � a/j.˛n�1ˇ � ˛n�1
/; .a � b/j.˛n�1ˇ � ˛n�1
/;

.aC b C c/j.˛n�1ˇ C ˛n�1
 C ˛n�2ˇ2 C ˛n C ˇn C 
n/
¯
� zDn;1;

and if n > 5 is odd, we set

zDn;1 D
®
aj˛n; bjˇn; cj
n; bj˛n�1ˇ C cj˛n�1
 C aj˛n�2ˇ2;

aj.ˇn C ˛n�1ˇ/C bj.
n C ˛n�1
/C cj.˛n C ˛n�2ˇ2/;

cj.ˇn C ˛n�1ˇ/C aj.
n C ˛n�1
/C bj.˛n C ˛n�2ˇ2/
¯
� zDn;1:

Suppose m D 2. By (4.9), the dimension of zDn;2 is given by

dim zDn;2 D

8̂̂<̂
:̂
4; if n D 0;

9; if n D 1;

12; if n > 2:

We define the sets

zD1;2 D
®
.ab C ba/j
; .bc � ba � ac/j
; acj.˛ C 
/;

.baC ac/j.ˇ C 
/; bcj˛ � acjˇ C abj
; .ab C ba/jˇ;

.bc � ba � ac/jˇ; .bc � ba � ac/j˛; .ab C ba/j˛
¯
� zD1;2;
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and

zD2;2 D
®
.ba � ab/j˛2; .bc C baC ac/j˛2; .ba � ab/jˇ2; .bc C baC ac/jˇ2;

.ba � ab/j
2; .bc C baC ac/j
2; abj.˛ˇ � 2˛2 � ˇ2/C bcj.ˇ2 � ˛2/;

abj.ˇ2 � 
2/C bcj.˛ˇ � ˇ2 � 2
2/; baj˛ˇ � abj˛
; abj˛ˇ � baj˛
;

acj˛ˇ C .ab C bc/j˛
; .ab C bc/j˛ˇ C acj˛

¯
� zD2;2:

Moreover, if n > 3 is odd, we define

zDn;2 D
®
.ab C ba/j˛n; .bc � ba � ac/j˛n; .ab C ba/jˇn; .bc � ba � ac/jˇn;

.ab C ba/j
n; .bc � ba � ac/j
n; .ab C ba/j.˛n�1ˇ C ˛n�2ˇ2/;

.ab C ba/j˛n�1
; .bc � ba � ac/j˛n�2ˇ2;

.ab C ba/j˛n�1ˇ � .bc � ba � ac/j˛n�1
;

bcj.˛n C ˛n�2ˇ2/ � acj.ˇn C ˛n�1ˇ/C abj.
n C ˛n�1
/;

.bc � ba � ac/j˛n�1ˇ � .ab C ba/j˛n�2ˇ2
¯
� zDn;2;

and if n > 4 is even, we set

zDn;2 D
®
.ba � ab/j˛n; .bc C baC ac/j˛n; .ba � ab/jˇn; .bc C baC ac/jˇn;

.ba � ab/j
n; .bc C baC ac/j
n; .ba � ab/j˛n�2ˇ2;

.bc C baC ac/j˛n�2ˇ2; baj˛n�1ˇ � abj˛n�1
; abj˛n�1ˇ � baj˛n�1
;

acj˛n�1ˇ C .ab C bc/j˛n�1
; .ab C bc/j˛n�1ˇ C acj˛n�1

¯
� zDn;2:

Suppose m D 3. By (4.10), the dimension of zDn;3 is given by

dim zDn;3 D

8̂̂̂̂
ˆ̂̂<̂
ˆ̂̂̂̂̂:

3; if n D 0;

8; if n D 1;

13; if n D 2 or n > 5 is odd;

14; if n D 3;

16; if n > 4 is even:

We define the sets

zD1;3 D
®
abaj˛; abcj˛; abajˇ; bacjˇ; abcj
; bacj
; bacj˛ C abaj
; abcjˇ C abaj


¯
� zD1;3;

and

zD3;3 D
®
abaj˛3; abcj˛3; abajˇ3; bacjˇ3; abcj
3; bacj
3; abaj˛2ˇ C bacj˛2ˇ;

abaj˛2ˇ C abcj˛2
; abaj˛2ˇ C bacj˛2
; abaj˛2ˇ � abaj˛ˇ2;

abaj˛2ˇ C abcj˛ˇ2; abcj˛2ˇ � bacj˛3 C abaj
3;

abaj˛2
 C bacj˛3 C abcjˇ3; bacj˛ˇ2 � abcjˇ3 C abaj
3
¯
� zD3;3:
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Moreover, if n > 2 is even, let

Gn;3 D
®
abaj˛n; abcj˛n; bacj˛n; abajˇn; abcjˇn; bacjˇn; abaj
n; abcj
n; bacj
n;

abaj˛n�1ˇ C .abc C bac/j˛n�1
; abcj.˛n�1ˇ C ˛n�1
/;

bacj.˛n�1ˇ C ˛n�1
/; abaj.˛n�1ˇ C ˛n�1
/
¯
:

Then we define the set zD2;3 D G2;3, and

zDn;3 D Gn;3 [
®
abaj˛n�2ˇ2; abcj˛n�2ˇ2; bacj˛n�2ˇ2

¯
� zDn;3

for n > 4 with n even. If n > 5 is odd, then we define

zDn;3 D
®
abaj˛n; abcj˛n; abajˇn; bacjˇn; abcj
n; bacj
n; abaj˛n�1ˇ C bacj˛n�1ˇ;

abaj˛n�1ˇ C abcj˛n�1
; abaj˛n�1ˇ C bacj˛n�1
;

abaj˛n�1ˇ � abaj˛n�2ˇ2; abaj˛n�1ˇ C abcj˛n�2ˇ2;

abcj.ˇn C ˛n�1ˇ/C abaj.
n C ˛n�1
/;

bacj.˛n C ˛n�2ˇ2/ � abcj.ˇn C ˛n�1ˇ/
¯
� zDn;3:

Finally, if m D 4, we immediately see that zDn;4 D zKn;4. So we define the set zDn;4

by the usual basis of zKn;4. The dimension of zDn;4 is given by

dim zDn;4 D

8̂̂̂̂
<̂
ˆ̂̂:
1; if n D 0;

3; if n D 1;

5; if n D 2;

6; if n > 3:

4.4.2. Computation of Dn;m. Recall that Dn;m D Ker.@n;m/ and

@n;m W zPn;m ! zPn�1;mC1:

The isomorphism zPn;m=Dn;m Š Bn�1;mC1 tells us that

dimDn;m D dim zPn;m � dimBn�1;mC1:

Hence, from the dimension of Bn�1;mC1 computed in Section 4.3.2 as well as the dimen-
sion of zPn;m (see the last paragraph of Section 4.1), we deduce the value of the dimension
of Dn;m. We will present them explicitly in the computations below.

For integers .n;m/2N0 � J0;4K, we are going to provide a set Dn;m�Dn;m such that
#Dn;mD dimDn;m and the elements in Dn;m are linearly independent. As a consequence,
Dn;m is a basis of Dn;m. We leave to the reader the easy verification in each case that the
set Dn;m satisfies these conditions.

For eithermD 0;1 and n 2N0, ormD 2;3;4 and nD 0;1;2;3, note that @n;mD Q@n;m,
then Dn;m D zDn;m. So we define the basis of Dn;m by Dn;m D

zDn;m.
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Suppose m D 2. By (4.11), the dimension of Dn;2 is given by

dimDn;2 D

8̂̂̂̂
ˆ̂̂̂̂<̂
ˆ̂̂̂̂̂̂
:̂

4; if n D 0;

9; if n D 1;

12; if n D 2; 3; 4;

15; if n D 5;

13; if n > 6 is even;

16; if n > 7 is odd:

If n D 4, we define the set D4;2 D
zD4;2 � D4;2. If n > 6 is even, we define

Dn;2 D
zDn;2 [

®
!11j.˛n�5ˇ � ˛n�5
/

¯
� Dn;2:

If n > 5 is odd, we define Dn;2 D
zDn;2 [ !1 zDn�4;0 � Dn;2.

Suppose m D 3. By (4.12), the dimension of Dn;3 is given by

dimDn;3 D

8̂̂̂̂
ˆ̂̂̂̂̂̂
ˆ̂̂̂̂̂<̂
ˆ̂̂̂̂̂̂
ˆ̂̂̂̂̂̂
ˆ̂:

3; if n D 0;

8; if n D 1;

13; if n D 2;

14; if n D 3;

19; if n D 4 or n > 9 is odd;

20; if n D 5;

24; if n D 6;

21; if n D 7;

22; if n > 8 is even:

We define the sets

D5;3 D
zD5;3 [

®
5bacj˛5 C 2abcjˇ5 � 5abaj
5 � 3abcj˛4ˇ C !1aj˛;

5bacj˛5 C 2abcjˇ5 � 5abaj
5 � 3abcj˛4ˇ C !1bjˇ;

5bacj˛5 C 2abcjˇ5 � 5abaj
5 � 3abcj˛4ˇ C !1cj
;

!1.ajˇ C cj˛ � cjˇ/; !1.aj
 C cj˛/; !1.bj˛ � cj˛ C cjˇ/;

!1.bj
 C cjˇ/
¯
� D5;3;

and

D7;3 D
zD7;3 [

®
5bacj˛7 C 2abcjˇ7 � 5abaj
7 � 3abcj˛6ˇ C !1aj˛3;

5bacj˛7 C 2abcjˇ7 � 5abaj
7 � 3abcj˛6ˇ C !1bjˇ3;

5bacj˛7 C 2abcjˇ7 � 5abaj
7 � 3abcj˛6ˇ C !1cj
3;

6bacj˛7 C 6abcjˇ7 � 6abaj
7 C !1.bj˛2ˇ C cj˛2
 C aj˛ˇ2/;

!1Œaj.ˇ3 C ˛2ˇ/C bj.
3 C ˛2
/C cj.˛3 C ˛ˇ2/�;
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!1Œ�aj.ˇ3 C 
3/C bj.2˛3 C 
3 � ˛2
/C cj.˛2ˇ � ˛ˇ2 � 2˛3/�;

!1Œaj.˛2
 � ˇ3/C bj.˛2
 � ˛3/C 2cj.˛3 C ˇ3/�;

!1Œ2aj.ˇ3 C 
3/C bj.˛ˇ2 � 
3/C cj.˛ˇ2 � ˇ3/�
¯
� D7;3:

Moreover, if n > 4 is even, we define the set Dn;3 D
zDn;3 [ !1 zDn�4;1 � Dn;3, and if

n > 9 is odd, we define the set

Dn;3 D
zDn;3 [

®
5bacj˛n C 2abcjˇn � 5abaj
n � 3abcj˛n�1ˇ C !1aj˛n�4;

5bacj˛n C 2abcjˇn � 5abaj
n � 3abcj˛n�1ˇ C !1bjˇn�4;

5bacj˛n C 2abcjˇn � 5abaj
n � 3abcj˛n�1ˇ C !1cj
n�4;

3.n � 5/.bacj˛n C abcjˇn � abaj
n/

C !1.bj˛n�5ˇ C cj˛n�5
 C aj˛n�6ˇ2/;

!1Œaj.ˇn�4 C ˛n�5ˇ/C bj.
n�4 C ˛n�5
/C cj.˛n�5 C ˛n�6ˇ2/�;

!1Œcj.ˇn�4 C ˛n�5ˇ/C aj.
n�4 C ˛n�5
/C bj.˛n�4 C ˛n�6ˇ2/�
¯

� Dn;3:

Suppose m D 4. The space Dn;4 is given by Proposition 4.2. So Dn;4 is given by the
usual basis of zKn;4 and !1Dn�4;2. The dimension of Dn;4 is then given by

dimDn;4 D

8̂̂̂̂
ˆ̂̂̂̂̂̂
ˆ̂̂̂̂̂̂
ˆ̂<̂
ˆ̂̂̂̂̂̂
ˆ̂̂̂̂̂̂
ˆ̂̂̂̂:

1; if n D 0;

3; if n D 1;

5; if n D 2;

6; if n D 3;

10; if n D 4;

15; if n D 5;

18; if n D 6; 7; 8;

21; if n D 9;

19; if n > 10 is even;

22; if n > 11 is odd:

4.5. Hochschild homology

In this subsection, we will explicitly construct a subspaceHn;m ofDn;m such thatDn;mD
Hn;m ˚ Bn;m for m;n 2 N0, and we define Hn;m D 0 for .n;m/ 2 Z2 nN2

0 . By Propos-
ition 4.1, we have the following similar recursive description.

Corollary 4.3. For integers m > 3 and n 2 N0, we have

Hn;m Š

´
!m�3

2
Hn�2mC6;3; if m is odd;

!m
2 �2

Hn�2mC8;4; if m is even:
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So it is also sufficient to compute the case m 2 J0; 4K. Recall that

dimHn;m D dimDn;m � dimBn;m D dim zPn;m � dimBn�1;mC1 � dimBn;m:

Hence, from the dimension of Dn;m computed in Section 4.4.2 as well as the dimension
of Bn;m computed in Section 4.3.2, we deduce the value of the dimension of Hn;m. We
will present them explicitly in the computations below.

For every .n; m/ 2 N0 � J0; 4K, we are going to provide a set Hn;m � Dn;m such
that #Hn;m D dimHn;m and the elements in Hn;m [Bn;m are linearly independent. As a
consequence, the space Hn;m spanned by Hn;m satisfies Dn;m D Hn;m ˚Bn;m. We leave
to the reader the easy verification in each case that the set Hn;m satisfies these conditions.
Note that, unless stated otherwise, the linear independence of the elements in Hn;m[Bn;m

is from Fact 2.1, where we put the elements in Hn;m before the elements in Bn;m.
Suppose m D 0. We get immediately Hn;0 D Dn;0 since Bn;0 D 0 for n 2 N0. The

dimension of Hn;0 is given by

dimHn;0 D

8̂̂<̂
:̂
1; if n 2 N0 is even;

3; if n D 1;

4; if n > 3 is odd:

Suppose m D 1. The dimension of Hn;1 is given by

dimHn;1 D

8̂̂̂̂
<̂
ˆ̂̂:
3; if n D 0; 1; 3;

6; if n D 2;

4; if n > 4 is even;

1; if n > 5 is odd:

We define the sets H0;1 DD0;1,

H1;1 D
®
aj
 C cj˛; bj˛ � cj˛ C cjˇ; bj
 C cjˇ

¯
;

H2;1 DD2;1 nB2;1 D
®
aj˛2; bjˇ2; cj
2; aj.ˇ2 C ˛
/C cj.ˇ2 C ˛ˇ/;

aj.
2 C ˛ˇ/C bj.
2 C ˛
/; bj.˛2 C ˛
/C cj.˛2 C ˛ˇ/
¯
;

and

H3;1 D
®
aj.ˇ3 C ˛2ˇ/C bj.
3 C ˛2
/C cj.˛3 C ˛ˇ2/;

aj.˛2
 � ˇ3/C bj.˛2
 � ˛3/C 2cj.˛3 C ˇ3/;

2aj.ˇ3 C 
3/C bj.˛ˇ2 � 
3/C cj.˛ˇ2 � ˇ3/
¯
:

Moreover, if n > 4 is even, we define the set

Hn;1 DDn;1 nBn;1

D
®
aj˛n; bjˇn; cj
n; .aC b C c/j.˛n�1ˇ C ˛n�1
 C ˛n�2ˇ2 C ˛n C ˇn C 
n/

¯
;
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and if n > 5 is odd, we define

Hn;1 D
®
aj.ˇn C ˛n�1ˇ/C bj.
n C ˛n�1
/C cj.˛n C ˛n�2ˇ2/

¯
:

Suppose m D 2. The dimension of Hn;2 is given by

dimHn;2 D

8̂̂̂̂
ˆ̂̂<̂
ˆ̂̂̂̂̂:

2; if n D 0; 1; 2;

0; if n D 3; 4;

3; if n D 5;

1; if n > 6 is even;

4; if n > 7 is odd:

We define the sets

H0;2 D
®
abj"Š; bcj"Š

¯
; H1;2 D

®
.baC ac/j.ˇ C 
/; acj.˛ C 
/

¯
;

H2;2 D
®
abj.ˇ2 � 
2/C bcj.˛ˇ � ˇ2 � 2
2/; abj.˛ˇ � 2˛2 � ˇ2/C bcj.ˇ2 � ˛2/

¯
;

and H3;2 D H4;2 D ;. Moreover, if n > 5 is odd, we define the set Hn;2 D !1Dn�4;0, and
if n > 6 is even, we define

Hn;2 D
®
!11j.˛n�5ˇ � ˛n�5
/

¯
:

Suppose m D 3. The dimension of Hn;3 is given by

dimHn;3 D

8̂̂̂̂
ˆ̂̂̂̂̂̂
<̂̂
ˆ̂̂̂̂̂̂
ˆ̂̂̂:

0; if n D 0; 1;

1; if n D 2; 3;

7; if n D 4;

4; if n D 5; 7;

10; if n D 6;

8; if n > 8 is even;

2; if n > 9 is odd:

We define the sets H0;3 D H1;3 D ;,

H2;3 D
®
bacj˛2

¯
; H3;3 D

®
abaj˛2ˇ C bacj˛2ˇ

¯
;

H4;3 D
®
bacj˛4; abaj˛2ˇ2; abcj˛2ˇ2; bacj˛2ˇ2; !1aj"

Š; !1bj"
Š; !1cj"

Š
¯
;

H5;3 D
®
.abaC bac/j˛4ˇ; !1.aj
 C cj˛/; !1.bj˛ � cj˛ C cjˇ/; !1.bj
 C cjˇ/

¯
;

H6;3 D
®
bacj˛6; abaj˛4ˇ2; abcj˛4ˇ2; bacj˛4ˇ2; !1aj˛2; !1bjˇ2; !1cj
2;

!1Œaj.ˇ2 C ˛
/C cj.ˇ2 C ˛ˇ/�; !1Œaj.
2 C ˛ˇ/C bj.
2 C ˛
/�;

!1Œbj.˛2 C ˛
/C cj.˛2 C ˛ˇ/�
¯
;
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and

H7;3 D
®
.abaC bac/j˛6ˇ; !1Œaj.ˇ3 C ˛2ˇ/C bj.
3 C ˛2
/C cj.˛3 C ˛ˇ2/�;

!1Œaj.˛2
 � ˇ3/C bj.˛2
 � ˛3/C 2cj.˛3 C ˇ3/�;

!1Œ2aj.ˇ3 C 
3/C bj.˛ˇ2 � 
3/C cj.˛ˇ2 � ˇ3/�
¯
:

Moreover, if n > 8 is even, we define

Hn;3 D
®
bacj˛n; abaj˛n�2ˇ2; abcj˛n�2ˇ2; bacj˛n�2ˇ2;

!1aj˛n�4; !1bjˇn�4; !1cj
n�4;

!1.aC b C c/j.˛n�5ˇ C ˛n�5
 C ˛n�6ˇ2 C ˛n�4 C ˇn�4 C 
n�4/
¯
;

and if n > 9 is odd, we define

Hn;3 D
®
.abaC bac/j˛n�1ˇ;

!1Œaj.ˇn�4 C ˛n�5ˇ/C bj.
n�4 C ˛n�5
/C cj.˛n�4 C ˛n�6ˇ2/�
¯
:

Moreover, the set Hn;3 [Bn;3 for n> 3 and n odd is linearly independent. Indeed, Fact 2.1
tells us that the elements containing underlined terms do form a linearly independent set.
It is then easy to prove that the elements of Hn;3 [Bn;3 without any underlining are not
a linear combination of the remaining elements, proving the claim.

Suppose m D 4. The dimension of Hn;4 is given by

dimHn;4 D

8̂̂̂̂
ˆ̂̂̂̂̂̂
ˆ̂̂<̂
ˆ̂̂̂̂̂̂
ˆ̂̂̂̂̂:

0; if n D 0;

1; if n D 1; 2; 8;

4; if n D 3; 7;

3; if n D 4; 6;

6; if n D 5;

7; if n D 9;

2; if n > 10 is even;

8; if n > 11 is odd:

We define the sets H0;4 D ;,

H1;4 D
®
abacj˛

¯
; H2;4 D

®
abacj˛ˇ

¯
;

H3;4 D
®
abacj˛3; abacj˛2ˇ; abacj˛2
; abacj˛ˇ2

¯
;

H4;4 D
®
abacj˛3ˇ; !1abj"

Š; !1bcj"
Š
¯
;

H5;4 D
®
abacj˛5; abacj˛4ˇ; abacj˛4
; abacj˛3ˇ2; !1.baC ac/j.ˇ C 
/;

!1acj.˛ C 
/
¯
;

H6;4 D
®
abacj˛5ˇ; !1Œabj.ˇ2 � 
2/C bcj.˛ˇ � ˇ2 � 2
2/�;

!1Œabj.˛ˇ � 2˛2 � ˇ2/C bcj.ˇ2 � ˛2/�
¯
;

H7;4 D
®
abacj˛7; abacj˛6ˇ; abacj˛6
; abacj˛5ˇ2

¯
;
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and
H8;4 D

®
abacj˛7ˇ

¯
:

Moreover, if n > 9 is odd, we define the set

Hn;4 D
®
abacj˛n; abacj˛n�1ˇ; abacj˛n�1
; abacj˛n�2ˇ2

¯
[ !2Dn�8;0;

and if n > 10 is even, we define

Hn;4 D
®
abacj˛n�1ˇ; !21j.˛n�9ˇ � ˛n�9
/

¯
:

The previous results can be restated as follows.

Corollary 4.4. Letm 2 J0;4K and n 2N0. ThenHn;m D zHn;m˚!1Hn�4;m�2 except for
.n;m/ D .4; 2/. Moreover, H4;2 D zH4;2 D 0. Here, zHn;m is the k-vector space spanned
by the set zHn;m. The set zHn;m is defined as follows. If m D 0 or 1, we define the set
zHn;m D Hn;m for n 2 N0. If m D 2, we define the sets

zH0;2 D
®
abj"Š; bcj"Š

¯
; zH1;2 D

®
.baC ac/j.ˇ C 
/; acj.˛ C 
/

¯
;

zH2;2 D
®
abj.˛ˇ � 2˛2 � ˇ2/C bcj.ˇ2 � ˛2/; abj.ˇ2 � 
2/C bcj.˛ˇ � ˇ2 � 2
2/

¯
;

and zHn;2 D ; for n > 3. If m D 3, we define the set zH0;3 D ;, and

zHn;3 D
®
.abaC bac/j˛n�1ˇ

¯
for n 2 N with n odd, together with

zHn;3 D
®
bacj˛n; abaj˛n�2ˇ2; abcj˛n�2ˇ2; bacj˛n�2ˇ2

¯
for n > 2 with n even. If m D 4, we define the set zH0;4 D ;, and

zHn;4 D
®
abacj˛n; abacj˛n�1ˇ; abacj˛n�1
; ˛n�2ˇ2

¯
for n 2 N with n odd, together with

zHn;4 D
®
abacj˛n�1ˇ

¯
for n> 2with n even. Furthermore, if we define zHn;m D 0 for .n;m/ 2 Z2n.N0 � J0; 4K/,
then Hn;m D zHn;m ˚ !1Hn�4;m�2 holds for .n; m/ 2 Z2 n ¹.4; 2/º by applying Corol-
lary 4.3.

Remark 4.5. The reader can easily check that zDn;m D zHn;m ˚ zBn;m except the case
m D n D 3.

Recall that the Hochschild homology is decomposed as HHn.A/ D
L
m2N0

Hn;m for
n 2 N0.



Hochschild and cyclic (co)homology of the Fomin–Kirillov algebra on 3 generators 181

Proposition 4.6. Let n 2 N. Then

HHn.A/ D
M

i2J0;bn=4cK;
m2J0;4K

!i zHn�4i;m

for 4 − n, and

HHn.A/ D
� M
i2J0;n=4�1K;
m2J0;4K

!i zHn�4i;m

�
˚

� M
m2J1;4K

!n=4 zH0;m

�

for 4 j n.

Proof. By Corollary 4.4, we have

Hn;2 D zHn;2 ˚ !1 zHn�4;0 for n 2 N0 n ¹4º;

H4;2 D zH4;2;

Hn;3 D zHn;3 ˚ !1 zHn�4;1 for n 2 N0;

Hn;4 D zHn;4 ˚ !1 zHn�4;2 ˚ !2 zHn�8;0 for n 2 N0 n ¹8º;

H8;4 D zH8;4 ˚ !1 zH4;2:

(4.13)

If 4 − n, using Corollary 4.3 and (4.13), we get

HHn.A/ D
M

m2J0;2bn=4cC4K

Hn;m D Hn;0 ˚Hn;1 ˚Hn;2

˚

� M
i2J0;bn=4cK

!iHn�4i;3

�
˚

� M
i2J0;bn=4cK

!iHn�4i;4

�
D zHn;0 ˚ zHn;1 ˚ . zHn;2 ˚ !1 zHn�4;0/

˚

� M
i2J0;bn=4cK

!i . zHn�4i;3 ˚ !1 zHn�4i�4;1/

�
˚

� M
i2J0;bn=4cK

!i . zHn�4i;4 ˚ !1 zHn�4i�4;2 ˚ !2 zHn�4i�8;0/

�
D zHn;0 ˚ zHn;1 ˚ zHn;2 ˚ !1 zHn�4;0 ˚

� M
i2J0;bn=4cK

!i zHn�4i;3

�
˚

� M
i2J0;bn=4cK

!iC1 zHn�4i�4;1

�
˚

� M
i2J0;bn=4cK

!i zHn�4i;4

�
˚

� M
i2J0;bn=4cK

!iC1 zHn�4i�4;2

�
˚

� M
i2J0;bn=4cK

!iC2 zHn�4i�8;0

�
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D zHn;0 ˚ zHn;1 ˚ zHn;2 ˚ !1 zHn�4;0 ˚

� M
i2J0;bn=4cK

!i zHn�4i;3

�
˚

� M
i2J1;bn=4cK

!i zHn�4i;1

�
˚

� M
i2J0;bn=4cK

!i zHn�4i;4

�
˚

� M
i2J1;bn=4cK

!i zHn�4i;2

�
˚

� M
i2J2;bn=4cK

!i zHn�4i;0

�
D

M
i2J0;bn=4cK;
m2J0;4K

!i zHn�4i;m:

If 4 j n, the proof is similar to above. Note that if n D 4, there is no term !1 zH0;0
when decomposing H4;2, and if n > 8, there is no term !n=4 zH0;0 when decomposing
!n=4�2H8;4.

Table 4.10 shows the dimensions ofHn;m and HHn.A/ for n 2 J0;19K andm 2 J0;12K.

m n 0 1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17 18 19

0 1 3 1 4 1 4 1 4 1 4 1 4 1 4 1 4 1 4 1 4

1 3 3 6 3 4 1 4 1 4 1 4 1 4 1 4 1 4 1 4 1

2 2 2 2 0 0 3 1 4 1 4 1 4 1 4 1 4 1 4 1 4

3 0 0 1 1 7 4 10 4 8 2 8 2 8 2 8 2 8 2 8 2

4 0 1 1 4 3 6 3 4 1 7 2 8 2 8 2 8 2 8 2 8

5 0 0 1 1 7 4 10 4 8 2 8 2 8 2 8 2

6 0 1 1 4 3 6 3 4 1 7 2 8 2 8 2 8

7 0 0 1 1 7 4 10 4 8 2 8 2

8 0 1 1 4 3 6 3 4 1 7 2 8

9 0 0 1 1 7 4 10 4

10 0 1 1 4 3 6 3 4

11 0 0 1 1

12 0 1 1 4

HHn 6 9 11 12 15 19 21 22 25 29 31 32 35 39 41 42 45 49 51 52

Table 4.10. Dimension of Hn;m and HHn.A/.
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Proposition 4.7. The dimension of HHn.A/ is given by

dim HHn.A/ D

8̂̂̂̂
ˆ̂̂<̂
ˆ̂̂̂̂̂:

6; if n D 0;
5
2
nC 5; if n D 4r for r 2 N;
5nC13
2

; if n D 4r C 1 for r 2 N0;
5
2
nC 6; if n D 4r C 2 for r 2 N0;
5nC9
2
; if n D 4r C 3 for r 2 N0:

The Hilbert series of HHn.A/ is hn.t/ D
P
m2N0

dim.Hn;m/tmCn for n 2 N0. Note
that mC n is the internal degree of Hn;m.

Corollary 4.8. The Hilbert series hn.t/ of HHn.A/ is given as follows. Let n > 6. Then

hn.t/ D t
n

�
1C 3�nC1 C .3�n C 1/t C .1C 3�nC1/t

2

C

�nX
iD0

�
.2C 6�n/t

3C2i
C .2C 6�nC1/t

4C2i
�
C pn.t/

�
;

where

pn.t/D

8̂̂̂̂
<̂
ˆ̂̂:
8t2b

n
4 c�1 C t2b

n
4 c C 7t2b

n
4 cC1 C 3t2b

n
4 cC2; if n � 0 .mod 4/;

2t2b
n
4 c�1 C 7t2b

n
4 c C 4t2b

n
4 cC1 C 6t2b

n
4 cC2 C t2b

n
4 cC4; if n � 1 .mod 4/;

10t2b
n
4 cC1 C 3t2b

n
4 cC2 C t2b

n
4 cC3 C t2b

n
4 cC4; if n � 2 .mod 4/;

4t2b
n
4 cC1 C 4t2b

n
4 cC2 C t2b

n
4 cC3 C 4t2b

n
4 cC4; if n � 3 .mod 4/;

and

�n D

´
b
n
4
c � 3; if n � 0; 1 .mod 4//;

b
n
4
c � 2; if n � 2; 3 .mod 4/:

Moreover,

h0.t/ D 1C 3t C 2t
2; h1.t/ D 3t C 3t

2
C 2t3 C t5;

h2.t/ D t
2
C 6t3 C 2t4 C t5 C t6; h3.t/ D 4t

3
C 3t4 C t6 C 4t7;

h4.t/ D t
4
C 4t5 C 7t7 C 3t8; h5.t/ D 4t

5
C t6 C 3t7 C 4t8 C 6t9 C t11:

Remark 4.9. As we mentioned at the beginning of Section 4.4, one can obtain Propos-
ition 4.7 and Corollary 4.8 directly from the computations in Section 4.3 together with
Corollary 4.3, but a specific choice of cycles for the Hochschild homology can be useful
for later computations.

4.6. Cyclic homology

In this subsection, we assume that the characteristic of the field k is zero. Recall that the
reduced Hochschild homology of A is given by

HHn.A/ D

´
HH0.A/=k; if n D 0;

HHn.A/; if n 2 N;
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and the reduced cyclic homology of A is given by

HCn.A/ D

´
HCn.A/=k; if n 2 N0 is even;

HCn.A/; if n 2 N is odd;

where HCn.A/ for n 2 N0 is the cyclic homology of A (see [10]). As a consequence of
Goodwillie’s Theorem (see [15, Thm. 9.9.1]), we have the isomorphism of graded vector
spaces

HCn.A/ Š

´
HH0.A/; if n D 0;

HHn.A/=HCn�1.A/; if n 2 N:
(4.14)

Corollary 4.10. Assume that the characteristic of k is zero. Let gn.t/ be the Hilbert series
of HCn.A/ for n 2 N0. Then

g0.t/ D 3t C 2t
2; g1.t/ D t

2
C 2t3 C t5;

g2.t/ D 4t
3
C 2t4 C t6; g3.t/ D t

4
C 4t7;

and for n > 4,

gn.t/ D t
nC1

�
1C 3�n C

b n4 c�2X
iD0

�
.1C 3�n/t

2C2i
C .1C 3�nC1/t

3C2i
�
C t2b

n
4 cqn.t/

�
;

where

qn.t/ D

8̂̂̂̂
<̂
ˆ̂̂:
3C 3t; if n � 0 .mod 4/;

1C 6t C t3; if n � 1 .mod 4/;

4C 3t C t3; if n � 2 .mod 4/;

1C 4t C 4t3; if n � 3 .mod 4/:

Proof. By (4.14), we have

gn.t/ D

´
h0.t/ � 1; if n D 0;

hn.t/ � gn�1.t/; if n 2 N:

Then we get the result by induction.

Remark 4.11. The cyclic cohomology of A is isomorphic to the dual space of the cyclic
homology of A, so their Hilbert series coincide (see [10]).

5. Hochschild cohomology of FK.3/

In this section, we will compute the linear structure of the Hochschild cohomology
HH�.A/D Ext�Ae .A;A/ by means of the complex H�.HomAe .P b� ;A//. We refer the reader
to [16] for further information about Hochschild cohomology.
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5.1. Recursive description of the spaces

Let Kn D Homk..A
Š
�n/
�; A/ for n 2 N0 and Kn D 0 for n 2 Z n N0. We have then

HomAe .P bn ;A/ŠQ
n as k-vector spaces, whereQn D

L
i2J0;bn=4cK!

�
i K

n�4i for n 2N0

and Qn D 0 for n 2 Z nN0. We will denote by @n W Qn ! QnC1 the differential

.ıbnC1/
�
W HomAe .P bn ; A/! HomAe .P bnC1; A/;

by dn W Kn ! KnC1 the differential

.dbnC1/
�
W HomAe .Kbn ; A/! HomAe .KbnC1; A/;

and by f n W KnC3 ! Kn the map

.f bn /
�
W HomAe .KbnC3; A/! HomAe .Kbn ; A/

for n 2 Z. Then the differential @n for n 2 N0 is given by

@n
� X
i2J0;bn=4cK

!�i �n�4i

�
D

X
i2J0;bn=4cK

�
!�i d

n�4i .�n�4i /C!
�
iC1f

n�4i�3.�n�4i /
�
; (5.1)

where �j 2 Kj for j 2 N0. Note that @n D Q@n D 0 for n 2 Z nN0.
Our aim is to compute the cohomology of .Q�; @�/. Let Knm D Homk..A

Š
�n/
�; Am/

for .n;m/ 2 N0 � J0; 4K and Knm D 0 for .n;m/ 2 Z2 n .N0 � J0; 4K/. Let

Qn
m D

M
i2J0;bn=4cK

!�i K
n�4i
mC2i

for .n;m/ 2N0 �Z64 andQn
m D 0 for .n;m/ 2 Z2 n .N0 �Z64/, where the symbol !�i

has cohomological degree 4i and internal degree �6i for i 2 N0, and we usually omit !�0
for simplicity. The spaces Knm and Qn

m are concentrated in cohomological degree n and
internal degree m� n. We have Qn D

L
m64Q

n
m. Let @nm D @

njQnm W Q
n
m ! QnC1

mC1, and
dnmD d

njKnm WK
n
m!KnC1mC1. LetDn

mDKer.@nm/,B
n
mD Im.@n�1m�1/ for .n;m/2N0 �Z64,

and zDn
m DKer.dnm/, zB

n
m D Im.dn�1m�1/ for .n;m/ 2N0 � J0;4K. Notice thatDn

m DB
n
m D 0

for .n;m/ 2 Z2 n .N0 � Z64/, and zDn
m D

zBnm D 0 for .n;m/ 2 Z2 n .N0 � J0; 4K/.

Remark 5.1. We have Qn D
L
m2J�2bn=4c;4KQ

n
m since the indices in

Qn
m D

M
i2J0;bn=4cK

!�i K
n�4i
mC2i

satisfy n � 4i 2 N0 and mC 2i 2 J0; 4K.
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Proposition 5.2. For integers m 6 1 and n 2 N0, we have

Bnm D

8<:!�1�m2 BnC2m�21 ; if m is odd;

!�
�m2
BnC2m0 ; if m is even;

(5.2)

and

Dn
m D

8<:!�1�m2 DnC2m�2
1 ; if m is odd;

!�
�m2
DnC2m
0 ; if m is even;

(5.3)

where we follow the convention that !�i !
�
j D !

�
iCj for i; j 2 N0 and !�i D 0 for i 2

Z nN0.

Proof. Consider Qn
m D

L
i2J0;bn=4cK !

�
i K

n�4i
mC2i for integers m 6 4 and n 2 N0. If m is

odd, then mC 2i D 1 or 3, i.e., i D .1 �m/=2 or .3 �m/=2. We have

Qn
m D

8̂̂<̂
:̂
!�1�m

2

KnC2m�21 ˚ !�3�m
2

KnC2m�63 ; if n > 6 � 2m;

!�1�m
2

KnC2m�21 ; if 2 � 2m 6 n < 6 � 2m;

0; if 0 6 n < 2 � 2m:

If m is even, then mC 2i D 0; 2 or 4, i.e., i D �m=2, 1 �m=2 or 2 �m=2. We have

Qn
mD

8̂̂̂̂
<̂̂
ˆ̂̂̂:
!�
�m2
KnC2m0 ˚ !�

1�m2
KnC2m�42 ˚ !�

2�m2
KnC2m�84 ; if n > 8 � 2m;

!�
�m2
KnC2m0 ˚ !�

1�m2
KnC2m�42 ; if 4 � 2m 6 n < 8 � 2m;

!�
�m2
KnC2m0 ; if �2m 6 n < 4 � 2m;

0; if 0 6 n < �2m:

(5.4)
Hence,

Qn
m D

8<:!�1�m2 QnC2m�2
1 ; if m 6 1 is odd;

!�
�m2
QnC2m
0 ; if m 6 0 is even:

(5.5)

Since the identities (5.2) and (5.3) formD 1 are immediate, we supposem 6 0 from now
on.

Assume that m is even. Then (5.5) tells us that the sequence

Qn�1
m�1

@n�1m�1
���! Qn

m

@nm
�! QnC1

mC1

of graded k-vector spaces is of the form

!�1�m2
QnC2m�5
1

@n�1m�1
���! !�

�m2
QnC2m
0

@nm
�! !�

�m2
QnC2mC1
1 :

Since QnC2m�1
�1 D !�1Q

nC2m�5
1 by (5.5), the above sequence is of the form

!�
�m2
QnC2m�1
�1

@n�1m�1
���! !�

�m2
QnC2m
0

@nm
�! !�

�m2
QnC2mC1
1 :
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Note further that @nm D !
�

�m2
@nC2m0 and @n�1m�1 D !

�

1�m2
@nC2m�51 D !�

�m2
@nC2m�1�1 , where

the differential
!�j @

n0

m0 W !
�
j Q

n0

m0 ! !�j Q
n0C1
m0C1

maps !�j x to !�j @
n0

m0.x/ for all x 2 Qn0

m0 , j; n
0 2 N0 and for all integers m0 6 4. Hence,

Bnm D !
�

�m2
BnC2m0 and Dn

m D !
�

�m2
DnC2m
0 .

Assume that m is odd (so m 6 �1). Then (5.5) tells us that the sequence

Qn�1
m�1

@n�1m�1
���! Qn

m

@nm
�! QnC1

mC1

of graded k-vector spaces is of the form

!�1�m
2

QnC2m�3
0

@n�1m�1
���! !�1�m

2

QnC2m�2
1

@nm
�! !�

�
mC1
2

QnC2mC3
0 :

Note that @n�1m�1 D !
�
1�m
2

@nC2m�30 . Moreover, we also have

!�
�
mC1
2

QnC2mC3
0 D !�

�
mC1
2

KnC2mC30 ˚ !�1�m
2

QnC2m�1
2 (5.6)

by (5.4), and the image of !�1�m
2

QnC2m�2
1 is contained in !�1�m

2

QnC2m�1
2 by the explicit

expression of the differential (5.1). Furthermore, the composition of @nm with the canonical
projection

!�
�
mC1
2

QnC2mC3
0 �! !�1�m

2

QnC2m�1
2

induced by (5.6) is precisely !�1�m
2

@nC2m�21 . It is thus sufficient to consider the sequence

!�1�m
2

QnC2m�3
0

!�1�m
2

@nC2m�30

���������! !�1�m
2

QnC2m�2
1

!�1�m
2

@nC2m�21

���������! !�1�m
2

QnC2m�1
2 :

Hence, Bnm D !
�
1�m
2

BnC2m�21 and Dn
m D !

�
1�m
2

DnC2m�2
1 , as was to be shown.

Throughout Sections 5 and 6 we will use the symbol yjx, where x 2Bm and y 2BŠ�
n ,

to denote the k-linear map in Kn D Homk..A
Š
�n/
�; A/, which maps y to x and sends

the other usual basis elements of .AŠ�n/
� to zero. Even though one usually denotes the

previous map by yjjx, we will use yjx for the sake of reducing space in the expressions
of the next subsection.

In order to compute Bnm and Dn
m, it is sufficient to compute the case m 2 J0; 4K

according to Proposition 5.2. First, we will compute the coboundaries, and then we will
compute the cocycles. Since this will require handling elements ofKnm andQn

m for n 2N0

and m 2 J0; 4K, we will use the basis ¹yjx j x 2 Bm; y 2 BŠ�
n º of Knm and the basis

¹!�i yjx j i 2 J0; bn=4cK; x 2 BmC2i ; y 2 BŠ�
n�4iº of Qn

m, both of which will be called
usual bases, constructed from the usual bases of the homogeneous components of A
and .AŠ/#, introduced in Section 2.
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5.2. Explicit description of the differentials

Recall the isomorphism HomAe .A˝ .AŠ�n/
� ˝ A;A/ Š Homk..A

Š
�n/
�; A/. We will use

it together with Proposition 3.7 to explicitly describe dn and f n, which were defined at
the beginning of Section 5.1.

Let x 2A. It is then straightforward to see that the differential d0 WHomk..A
Š
0/
�;A/!

Homk..A
Š
�1/
�; A/ is given by d0."Šjx/ D ˛j.xa � ax/C ˇj.xb � bx/C 
 j.xc � cx/.

Analogously, for n 2 N, dn W Homk..A
Š
�n/
�; A/! Homk..A

Š
�.nC1/

/�; A/ is given by

˛njx 7! ˛nC1jŒ.�1/
nC1ax C xa�C ˛nˇj.�nC1cx � �nbx C xb/

C ˛n
 j.�nC1bx � �ncx C xc/;

ˇnjx 7! ˇnC1jŒ.�1/
nC1bx C xb�C �nC1˛nˇj.ax C xc/

C ˛n
 jŒ.�1/
nC1cx C �nC1xaC �nxc�C �n˛n�1ˇ2j.xa � ax/;


njx 7! 
nC1jŒ.�1/
nC1cx C xc�C ˛nˇjŒ.�1/

nC1bx C �nC1xaC �nxb�

C �nC1˛n
 j.ax C xb/C �n˛n�1ˇ2j.xa � ax/;

˛n�1ˇjx 7! ˛nˇjŒ.�1/
nC1ax C xc�C ˛n
 j.�nC1cx � �nbx C xa/

C ˛n�1ˇ2j.�nC1bx � �ncx C xb/;

˛n�1
 jx 7! ˛nˇj.�nC1bx � �ncx C xa/C ˛n
 jŒ.�1/
nC1ax C xb�

C ˛n�1ˇ2j.�nC1cx � �nbx C xc/;

˛n�2ˇ2jx 7! ˛nˇj.�nC1cx � �nbx C xb/C ˛n
 j.�nC1bx � �ncx C xc/

C ˛n�1ˇ2jŒ.�1/
nC1ax C xa�:

The k-linear maps f n W Homk..A
Š
�.nC3/

/�; A/! Homk..A
Š
�n/
�; A/ are homogeneous

of cohomological degree �3 and internal degree 6. The map f 0 is given by

˛3jx 7! "ŠjŒ2xbac � 2bx.ab C bc/C 2cxbaC 2abxc C 2acxb C 2bacx�;

ˇ3jx 7! "ŠjŒ2xabc � 2ax.baC ac/C 2cxab C 2bcxaC 2baxc C 2abcx�;


3jx 7! "ŠjŒ�2xabaC 2axbc C 2bxac � 2.ab C bc/xb � 2.baC ac/xa � 2abax�;

˛2ˇjx 7! "ŠjŒ�xabc C ax.baC ac/ � cxab � bcxa � baxc � abcx�;

˛2
 jx 7! "ŠjŒxaba � axbc � bxac C .ab C bc/xb C .baC ac/xaC abax�;

˛ˇ2jx 7! "ŠjŒ�xbac C bx.ab C bc/ � cxba � abxc � acxb � bacx�:

For n 2 N, f n is given by

˛nC3jx 7! ˛njŒ2xbac � �nbx.ab C bc/C �ncxbaC �nacxb C �nabxc

C .�1/n2bacx�C ˇnjŒ�nxbac � �nbxbc C .�1/
n2cxba

C �n.baC ac/xb C 2abxc C �nbacx�C 
njŒ�nxbac

C .�1/nC12bx.ab C bc/C �ncx.baC ac/C 2acxb � �nbcxc

C �nbacx�C �nC1˛n�1ˇjŒaxab � .n � 2/cxbaC cxac � baxa
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C .n � 1/abxc C bcxc�C �nC1˛n�1
 jŒaxac C .n � 1/bxab

C .n � 2/bxbc C .n � 2/acxb � baxb C .ab C bc/xa�

C ˛n�2ˇ2j¹�nC1Œ.n � 1/xbac C cx.ab C bc/ � bxbaC acxc C abxb

� .n � 1/bacx�C �n.n � 2/Œxbac � bx.ab C bc/C cxbaC acxb

C abxc C bacx�º;

ˇnC3jx 7! ˛njŒ�nxabc C .�1/
n2cxab � �naxac C 2baxc C �n.ab C bc/xa

C �nabcx�C ˇnjŒ2xabc C �ncxab � �nax.baC ac/C �nbaxc

C �nbcxaC .�1/
n2abcx�C 
njŒ�nxabc C �ncx.ab C bc/

C .�1/nC12ax.baC ac/ � �nacxc C 2bcxaC �nabcx�

C �nC1˛n�1ˇjŒ.n � 1/xabc � axab C cx.baC ac/C baxaC bcxc

� .n � 1/abcx�C �nC1˛n�1
 jŒbxbc C .n � 1/axbaC .n � 2/axac

C .baC ac/xb C .n � 2/bcxa � abxa�C ˛n�2ˇ2j¹�nC1Œbxba

� .n � 2/cxab C cxbc C acxc C .n � 1/baxc � abxb�

C �n.n � 2/Œxabc C cxab � ax.baC ac/C baxc C bcxaC abcx�º;


nC3jx 7! ˛njŒ��nxaba � �naxab C .�1/
n2bxac � �nbaxa � 2.ab C bc/xb

� �nabax�C ˇnjŒ��nxabaC .�1/
n2axbc � �nbxba � 2.baC ac/xa

� �nabxb � �nabax�C 
njŒ�2xabaC �naxbc C �nbxac

� �n.baC ac/xa � �n.ab C bc/xb C .�1/
nC12abax�

C �nC1˛n�1ˇjŒ�axab � cx.baC ac/ � .n � 1/axbc � .n � 2/baxa

� .n � 1/acxa � bcxc�C �nC1˛n�1
 jŒ�.n � 1/xaba � bxbc � axac

� .baC ac/xb � .ab C bc/xaC .n � 1/abax�

C ˛n�2ˇ2j¹�nC1Œ�cx.ab C bc/ � .n � 1/bxac � bxba � acxc

� .n � 1/bcxb � .n � 2/abxb�C �n.n � 2/Œ�xabaC axbc C bxac

� .baC ac/xa � .ab C bc/xb � abax�º;

˛nC2ˇjx 7! ˛nj.��ncxab � �nbaxc/C ˇnj.��nxabc � �nabcx/

C 
njŒ�nax.baC ac/ � �nbcxa�;

˛nC2
 jx 7! ˛njŒ��nbxac C �n.ab C bc/xb�C ˇnjŒ��naxbc C �n.baC ac/xa�

C 
nj.�nxabaC �nabax/;

˛nC1ˇ2jx 7! ˛njŒ�xbac C �nC1bxac C �nC1cxab C �nC1.ab C bc/xb

� �nC1baxc C .�1/
nC1bacx�C ˇnjŒ��nC1xabc C .�1/

nC1cxba

C �nC1axbc � abxc C �nC1.baC ac/xaC �nC1abcx�

C 
njŒ�nC1xaba � �nC1ax.baC ac/C .�1/
nbx.ab C bc/

� �nC1bcxa � acxb � �nC1abax�:
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For the reader’s convenience, we list the images of the differentials dn and the maps
f n evaluated at elements of the usual k-basis of the respective domain. In the following
tables, dnm.yjx/ is the entry appearing in the column indexed by x and the row indexed
by y, where m is the internal degree of x and n is the internal degree of y.

If n 2 N is odd, the differential dn is given by Table 5.1 together with Table 5.2 and
Table 5.3 as well as Table 5.4 and Table 5.5.

y x abac aba abc bac

˛n 0 .˛n
 � ˛nˇ/jabac .˛n
 � ˛nˇ/jabac 0

ˇn 0 .˛nˇ � ˛n
/jabac 0 .˛nˇ � ˛n
/jabac


n 0 0 .˛nˇ � ˛n
/jabac .˛n
 � ˛nˇ/jabac

˛n�1ˇ 0 .˛nˇ � ˛n
/jabac 0 .˛nˇ � ˛n
/jabac

˛n�1
 0 0 .˛nˇ � ˛n
/jabac .˛n
 � ˛nˇ/jabac

˛n�2ˇ2 0 .˛n
 � ˛nˇ/jabac .˛n
 � ˛nˇ/jabac 0

Table 5.1. Images of dn for n 2 N and n odd, where the last three lines are for n > 3 and n odd.

y x ab bc

˛n ˛nC1jabaC ˛nˇjbac

C ˛n
 j.abaC abc/

˛nC1j.abc � aba/ � 2˛nˇjbac

ˇn ˇnC1jabaC ˛nˇjabc

C ˛n
 j.abaC bac/

�ˇnC1jbac C ˛nˇjabc

� ˛n
 j.abaC bac/


n 
nC1j.abc C bac/C 2˛nˇjaba �
nC1jbac � ˛nˇjaba

C ˛n
 j.abc � bac/

˛n�1ˇ ˛nˇjabc C ˛n
 j.abaC bac/

C ˛n�1ˇ2jaba

˛nˇjabc � ˛n
 j.abaC bac/

� ˛n�1ˇ2jbac

˛n�1
 2˛nˇjabaC ˛n�1ˇ2j.abc C bac/ �˛nˇjabaC ˛n
 j.abc � bac/

� ˛n�1ˇ2jbac

˛n�2ˇ2 ˛nˇjbac C ˛n
 j.abaC abc/

C ˛n�1ˇ2jaba

�2˛nˇjbac

C ˛n�1ˇ2j.abc � aba/

Table 5.2. Images of dn for n 2 N and n odd, where the last three lines are for n > 3 and n odd.
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y x ba ac

˛n ˛nC1jabaC ˛nˇj.abaC abc/

C ˛n
 jbac

�˛nC1jabc � ˛nˇj.abaC abc/

C ˛n
 jbac

ˇn ˇnC1jabaC ˛nˇj.abaC bac/

C ˛n
 jabc

ˇnC1j.bac � aba/ � 2˛n
 jabc


n 
nC1j.abc C bac/C 2˛n
 jaba �
nC1jabc C ˛nˇj.bac � abc/

� ˛n
 jaba

˛n�1ˇ ˛nˇj.abaC bac/C ˛n
 jabc

C ˛n�1ˇ2jaba

�2˛n
 jabcC ˛n�1ˇ2j.bac � aba/

˛n�1
 2˛n
 jabaC ˛n�1ˇ2j.abc C bac/ ˛nˇj.bac � abc/ � ˛n
 jaba

� ˛n�1ˇ2jabc

˛n�2ˇ2 ˛nˇj.abaC abc/C ˛n
 jbac

C ˛n�1ˇ2jaba

�˛nˇj.abaC abc/C ˛n
 jbac

� ˛n�1ˇ2jabc

Table 5.3. Images of dn for n 2 N and n odd, where the last three lines are for n > 3 and n odd.

y x a b

˛n �˛nˇjbc C ˛n
 j.baC ac/ ˛nC1j.ab C ba/ � ˛nˇj.baC ac/

C ˛n
 jbc

ˇn ˇnC1j.ab C ba/C ˛nˇjac

� ˛n
 j.ab C bc/

˛nˇj.ab C bc/ � ˛n
 jac


n 
nC1j.ac � ab � bc/C ˛nˇjba

C ˛n
 jab


nC1j.bc � ba � ac/C ˛nˇjba

C ˛n
 jab

˛n�1ˇ ˛nˇjac � ˛n
 j.ab C bc/

C ˛n�1ˇ2j.ab C ba/

˛nˇj.ab C bc/ � ˛n
 jac

˛n�1
 ˛nˇjbaC ˛n
 jab

C ˛n�1ˇ2j.ac � ab � bc/

˛nˇjbaC ˛n
 jab

C ˛n�1ˇ2j.bc � ba � ac/

˛n�2ˇ2 �˛nˇjbc C ˛n
 j.baC ac/ �˛nˇj.baC ac/C ˛n
 jbc

C ˛n�1ˇ2j.ab C ba/

Table 5.4. Images of dn for n 2 N and n odd, where the last three lines are for n > 3 and n odd.

If n > 2 is even, the differential dn is given by Table 5.6 together with Table 5.7 and
Table 5.8 as well as Table 5.9 and Table 5.10.

Now we turn to the maps f n. Note that f n.u/D 0 for u 2KnC3m , withm 2 J2; 4K and
n 2 N0 by degree reasons. In the following tables, f n.yjx/ is the entry appearing in the
column indexed by x and the row indexed by y, where n is the internal degree of y. The
map f 0 is given by Table 5.11.
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y x c 1

˛n ˛nC1j.ac � ab � bc/

� ˛nˇj.baC ac/C ˛n
 jbc

2˛nC1jaC .˛nˇ C ˛n
/j.b C c/

ˇn ˇnC1j.bc � ba � ac/

C ˛nˇjac � ˛n
 j.ab C bc/

2ˇnC1jb C .˛nˇ C ˛n
/j.aC c/


n �˛nˇjab � ˛n
 jba 2
nC1jc C .˛nˇ C ˛n
/j.aC b/

˛n�1ˇ ˛nˇjac � ˛n
 j.ab C bc/

C ˛n�1ˇ2j.bc � ba � ac/

.˛nˇ C ˛n
/j.aC c/C 2˛n�1ˇ2jb

˛n�1
 �˛nˇjab � ˛n
 jba .˛nˇ C ˛n
/j.aC b/C 2˛n�1ˇ2jc

˛n�2ˇ2 �˛nˇj.baC ac/C ˛n
 jbc

C ˛n�1ˇ2j.ac � ab � bc/

.˛nˇ C ˛n
/j.b C c/C 2˛n�1ˇ2ja

Table 5.5. Images of dn for n 2 N and n odd, where the last three lines are for n > 3 and n odd.

y x abac aba abc bac

˛n 0 2˛n
 jabac �2˛nˇjabac �2˛nC1jabac

ˇn 0 2˛n
 jabac �2ˇnC1jabac �2˛n�1ˇ2jabac


n 0 2
nC1jabac �2˛nˇjabac �2˛n�1ˇ2jabac

˛n�1ˇ 0 ˛nˇjabac

C ˛n�1ˇ2jabac

�˛n
 jabac

� ˛n�1ˇ2jabac

�˛nˇjabac

� ˛n
 jabac

˛n�1
 0 ˛nˇjabac

C ˛n�1ˇ2jabac

�˛n
 jabac

� ˛n�1ˇ2jabac

�˛nˇjabac

� ˛n
 jabac

˛n�2ˇ2 0 2˛n
 jabac �2˛nˇjabac �2˛n�1ˇ2jabac

Table 5.6. Images of dn for n > 2 and n even, where the last line is for n > 4 and n even.

If n 2 N is odd, the map f n is given by Table 5.12 where

f n.˛nC3ja/ D Œ4˛n C 4ˇn C 4
n C 2.n � 2/˛n�1ˇ C 2.n � 2/˛n�1


C 2.n � 1/˛n�2ˇ2�jabac;

f n.ˇnC3jb/ D Œ4˛n C 4ˇn C 4
n C 2.n � 1/˛n�1ˇ C 2.n � 2/˛n�1


C 2.n � 2/˛n�2ˇ2�jabac;

f n.
nC3jc/ D Œ4˛n C 4ˇn C 4
n C 2.n � 2/˛n�1ˇ C 2.n � 1/˛n�1


C 2.n � 2/˛n�2ˇ2�jabac:

If n > 2 is even, the map f n is given by

f n.˛nC3j1/ D 2˛nj.2bac � abaC abc/C 2ˇnj.2abc C bac/C 2
nj.bac � 2aba/

C 2.n � 2/˛n�2ˇ2j.abc � abaC bac/;
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y x ab bc

˛n ˛nC1jaba � ˛nˇjaba

C ˛n
 j.abc � bac/

�˛nC1j.abaC abc/ � ˛nˇjbac

C ˛n
 jbac

ˇn �ˇnC1jabaC ˛n
 j.abc � bac/

C ˛n�1ˇ2jaba

�ˇnC1jbac C ˛n
 jbac

� ˛n�1ˇ2j.abaC abc/


n 
nC1j.abc � bac/ � ˛nˇjaba

C ˛n�1ˇ2jaba


nC1jbac � ˛nˇjbac

� ˛n�1ˇ2j.abaC abc/

˛n�1ˇ ˛nˇjabc � ˛n�1ˇ2jbac �˛nˇjabc � ˛n
 jaba

˛n�1
 ˛nˇj.aba � bac/

C ˛n�1ˇ2j.abc � aba/

˛nˇj.bac � aba/

� ˛n
 j.abc C bac/

˛n�2ˇ2 �˛nˇjabaC ˛n
 j.abc � bac/

C ˛n�1ˇ2jaba

�˛nˇjbac C ˛n
 jbac

� ˛n�1ˇ2j.abaC abc/

Table 5.7. Images of dn for n > 2 and n even, where the last line is for n > 4 and n even.

y x ba ac

˛n �˛nC1jabaC ˛nˇjaba

C ˛n
 j.bac � abc/

�˛nC1jabc � ˛nˇj.abaC bac/

C ˛n
 jabc

ˇn ˇnC1jabaC ˛n
 j.bac � abc/

� ˛n�1ˇ2jaba

�ˇnC1j.abaC bac/C ˛n
 jabc

� ˛n�1ˇ2jabc


n 
nC1j.bac � abc/C ˛nˇjaba

� ˛n�1ˇ2jaba


nC1jabc � ˛nˇj.abaC bac/

� ˛n�1ˇ2jabc

˛n�1ˇ ˛nˇj.bac � aba/

C ˛n�1ˇ2j.aba � abc/

�˛n
 j.abc C bac/

C ˛n�1ˇ2j.abc � aba/

˛n�1
 �˛nˇjabc C ˛n�1ˇ2jbac �˛n
 jaba � ˛n�1ˇ2jbac

˛n�2ˇ2 ˛nˇjabaC ˛n
 j.bac � abc/

� ˛n�1ˇ2jaba

�˛nˇj.abaC bac/C ˛n
 jabc

� ˛n�1ˇ2jabc

Table 5.8. Images of dn for n > 2 and n even, where the last line is for n > 4 and n even.

f n.ˇnC3j1/ D 2˛nj.2bac C abc/C 2ˇnj.2abc � abaC bac/C 2
nj.abc � 2aba/

C 2.n � 2/˛n�2ˇ2j.abc � abaC bac/;

f n.
nC3j1/ D 2˛nj.2bac � aba/C 2ˇnj.2abc � aba/C 2
nj.abc � 2abaC bac/

C 2.n � 2/˛n�2ˇ2j.abc � abaC bac/;

f n.˛nC2ˇj1/ D �2˛njbac � 2ˇnjabc C 2
njaba;

f n.˛nC2
 j1/ D �2˛njbac � 2ˇnjabc C 2
njaba;

f n.˛nC1ˇ2j1/ D �2˛njbac � 2ˇnjabc C 2
njaba;

and f n.x/ D 0 for x 2 KnC31 .
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y x a b

˛n ˛nˇj.ab � ba/

C ˛n
 j.ab C bc C ac/

˛nC1j.ba � ab/

C ˛n
 j.baC ac C bc/

ˇn ˇnC1j.ab � ba/

C ˛n
 j.ab C bc C ac/

˛n
 j.baC ac C bc/

C ˛n�1ˇ2j.ba � ab/


n 
nC1j.ab C bc C ac/

C ˛nˇj.ab � ba/


nC1j.baC ac C bc/

C ˛n�1ˇ2j.ba � ab/

˛n�1ˇ ˛nˇjac � ˛n
 jba

C ˛n�1ˇ2j.2ab C bc/

˛nˇj.bc � ab/C ˛n
 jba

C ˛n�1ˇ2j.baC ac/

˛n�1
 ˛nˇj.ab C bc/C ˛n
 jab

C ˛n�1ˇ2j.ac � ba/

˛nˇj.2baC ac/ � ˛n
 jab

C ˛n�1ˇ2jbc

˛n�2ˇ2 ˛nˇj.ab � ba/

C ˛n
 j.ab C bc C ac/

˛n
 j.baC ac C bc/

C ˛n�1ˇ2j.ba � ab/

Table 5.9. Images of dn for n > 2 and n even, where the last line is for n > 4 and n even.

y x c 1

˛n �˛nC1j.ab C bc C ac/

� ˛nˇj.bc C baC ac/

0

ˇn �ˇnC1j.bc C baC ac/

� ˛n�1ˇ2j.ab C bc C ac/

0


n �˛nˇj.bc C baC ac/

� ˛n�1ˇ2j.ab C bc C ac/

0

˛n�1ˇ �˛nˇjac � ˛n
 j.ab C 2bc/

� ˛n�1ˇ2j.baC ac/

˛nˇj.c � a/C ˛n
 j.a � b/

C ˛n�1ˇ2j.b � c/

˛n�1
 �˛nˇj.abC bc/� ˛n
 j.baC 2ac/

� ˛n�1ˇ2jbc

˛nˇj.a � c/C ˛n
 j.b � a/

C ˛n�1ˇ2j.c � b/

˛n�2ˇ2 �˛nˇj.bc C baC ac/

� ˛n�1ˇ2j.ab C bc C ac/

0

Table 5.10. Images of dn for n > 2 and n even, where the last line is for n > 4 and n even.

5.3. Computation of the coboundaries

In this subsection, we will explicitly construct bases zBn
m and Bn

m of the k-vector spaces
zBnm D Im.dn�1m�1/ and Bnm D Im.@n�1m�1/ for m 2 J0; 4K and n 2 N0 respectively, defined

before Remark 5.1. This will be done by simply applying the corresponding differential
dn�1m�1 or @n�1m�1 to the usual basis of its domain and extracting a linearly independent gen-
erating subset.
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y x 1 a b c

˛3 4"Šj.bac � abaC abc/ 0 0 0

ˇ3 4"Šj.bac � abaC abc/ 0 0 0


3 4"Šj.bac � abaC abc/ 0 0 0

˛2ˇ 2"Šj.aba � abc � bac/ 0 0 0

˛2
 2"Šj.aba � abc � bac/ 0 0 0

˛ˇ2 2"Šj.aba � abc � bac/ 0 0 0

Table 5.11. Images of f 0.

y x 1 a b c

˛nC3 0 f n.˛nC3ja/ 2.˛n�1
 � ˛n�2ˇ2/

jabac

2.˛n�1ˇ � ˛n�2ˇ2/

jabac

ˇnC3 0 2.˛n�1
 � ˛n�1ˇ/

jabac

f n.ˇnC3jb/ 2.˛n�2ˇ2 � ˛n�1ˇ/

jabac


nC3 0 2.˛n�1ˇ � ˛n�1
/

jabac

2.˛n�2ˇ2 � ˛n�1
/

jabac

f n.
nC3jc/

˛nC2ˇ 0 0 0 0

˛nC2
 0 0 0 0

˛nC1ˇ2 0 �2.˛n C ˇn C 
n/

jabac

�2.˛n C ˇn C 
n/

jabac

�2.˛n C ˇn C 
n/

jabac

Table 5.12. Images of f n for n 2 N and n odd.

5.3.1. Computation of zBn
m. Recall that zBnm D Im.dn�1m�1/ and

dnm W K
n
m D Homk..A

Š
�n/
�; Am/! KnC1mC1 D Homk..A

Š
�.nC1//

�; AmC1/

was defined in Section 5.1. Obviously, zB0m D Im.d�1m�1/ D 0 for m 2 J0; 4K, and zBn0 D
Im.dn�1�1 /D 0 for n 2N. Then we define zB0

m D ; form 2 J0; 4K, and zBn
0 D ; for n 2N.

Suppose m D 4. If n D 1, since


 jabac D .1=2/d03 ."
Š
jaba/;

ˇjabac D �.1=2/d03 ."
Š
jabc/;

˛jabac D �.1=2/d03 ."
Š
jbac/;

we have zB14 D K
1
4 . We define a basis of zB14 by the usual basis of K14 . If n > 3 is odd,

Table 5.6 shows that

˛njabac D �.1=2/d
n�1
3 .˛n�1jbac/; ˇnjabac D �.1=2/d

n�1
3 .ˇn�1jabc/;
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njabac D .1=2/d
n�1
3 .
n�1jaba/; ˛n�1ˇjabac D �.1=2/d

n�1
3 .˛n�1jabc/;

˛n�1
 jabac D .1=2/d
n�1
3 .˛n�1jaba/; ˛n�2ˇ2jabac D �.1=2/d

n�1
3 .ˇn�1jbac/;

so zBn4 D K
n
4 . We define a basis of zBn4 by the usual basis of Kn4 . If n > 2 is even, it is

easy to see that zBn4 is spanned by the element .˛n�1ˇ � ˛n�1
/jabac from Table 5.1, so
we define a basis of zBn4 by

zBn
4 D

®
.˛n�1ˇ � ˛n�1
/jabac

¯
:

The dimension of zBn4 is then given by

dim zBn4 D

8̂̂̂̂
<̂
ˆ̂̂:
0; if n D 0;

3; if n D 1;

1; if n > 2 is even;

6; if n > 3 is odd:

(5.7)

Suppose m D 3. If n D 1, since

.˛ � ˇ/jabaC 
 j.abc � bac/ D d02 ."
Š
jab/ D �d02 ."

Š
jba/;

˛j.abaC abc/C .ˇ � 
/jbac D �d02 ."
Š
jbc/;

�˛jabc � ˇj.abaC bac/C 
 jabc D d02 ."
Š
jac/ D d02 ."

Š
jab/C d02 ."

Š
jbc/;

we define a basis of zB13 by

zB1
3 D

®
˛j.abaC abc/C .ˇ � 
/jbac; .˛ � ˇ/jabaC 
 j.abc � bac/

¯
:

If n > 2 is even, we define the set

G n3 D
®
gn1;3 D .˛n�1ˇ � ˛n�1
/jaba D .1=2/d

n�1
2 .
n�1j.ab � ba//;

gn2;3 D .˛n�1ˇ � ˛n�1
/jabc D .1=2/d
n�1
2 .ˇn�1j.ab C bc C ac//;

gn3;3 D .˛n�1ˇ � ˛n�1
/jbac D �.1=2/d
n�1
2 .˛n�1j.bc C baC ac//;

gn4;3 D ˛njabaC ˛n�1ˇjbac C ˛n�1
 j.abaC abc/ D d
n�1
2 .˛n�1jab/;

gn5;3 D ˛njabc � ˛n�1ˇjbac C ˛n�1
 j.abaC abc/

D dn�12 .˛n�1jab/C d
n�1
2 .˛n�1jbc/;

gn6;3 D ˇnjabaC ˛n�1ˇjabc C ˛n�1
 j.abaC bac/ D d
n�1
2 .ˇn�1jab/;

gn7;3 D ˇnjbac � ˛n�1ˇjabc C ˛n�1
 j.abaC bac/ D �d
n�1
2 .ˇn�1jbc/;

gn8;3 D 
njabc C ˛n�1ˇjabaC ˛n�1
 j.abc � bac/

D dn�12 .
n�1jab/C d
n�1
2 .
n�1jbc/;

gn9;3 D 
njbac C ˛n�1ˇjabaC ˛n�1
 j.bac � abc/ D �d
n�1
2 .
n�1jbc/

¯
:
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Then we define the set zB2
3 D G 23 , and

zBn
3 D G n3 [

®
gn10;3 D ˛n�2ˇ2jabaC ˛n�1
 j.abaC abc C bac/

D dn�12 .˛n�2ˇjab/ � g
n
2;3;

gn11;3 D ˛n�2ˇ2jabc C ˛n�1
 j.abaC abc � bac/

D �dn�12 .˛n�2
 jac/ � g
n
2;3 C g

n
3;3;

gn12;3 D ˛n�2ˇ2jbac C ˛n�1
 j.aba � abc C bac/

D �dn�12 .˛n�2ˇjbc/C g
n
2;3

¯
for n > 4 with n even. We will show that zBn

3 is a basis of zBn3 for n > 2 with n even. From
the definition, we see that zBn

3 �
zBn3 . Since

dn�12 .˛n�1jab/ D g
n
4;3;

dn�12 .˛n�1jbc/ D g
n
5;3 � g

n
4;3;

dn�12 .˛n�1jba/ D g
n
1;3 C g

n
2;3 C g

n
4;3 � g

n
3;3;

dn�12 .˛n�1jac/ D �g
n
1;3 � g

n
2;3 � g

n
3;3 � g

n
5;3;

dn�12 .ˇn�1jab/ D g
n
6;3;

dn�12 .ˇn�1jbc/ D �g
n
7;3;

dn�12 .ˇn�1jba/ D g
n
1;3 � g

n
2;3 C g

n
3;3 C g

n
6;3;

dn�12 .ˇn�1jac/ D 2g
n
2;3 � g

n
6;3 C g

n
7;3;

dn�12 .
n�1jab/ D g
n
8;3 C g

n
9;3;

dn�12 .
n�1jbc/ D �g
n
9;3;

dn�12 .
n�1jba/ D g
n
8;3 C g

n
9;3 � 2g

n
1;3;

dn�12 .
n�1jac/ D g
n
1;3 � g

n
2;3 C g

n
3;3 � g

n
8;3

for n > 2 with n even, and

dn�12 .˛n�2ˇjab/ D g
n
2;3 C g

n
10;3;

dn�12 .˛n�2ˇjbc/ D g
n
2;3 � g

n
12;3;

dn�12 .˛n�2ˇjba/ D g
n
1;3 C g

n
3;3 C g

n
10;3;

dn�12 .˛n�2ˇjac/ D g
n
12;3 � g

n
10;3;

dn�12 .˛n�2
 jab/ D g
n
11;3 C g

n
12;3 C 2g

n
1;3;

dn�12 .˛n�2
 jbc/ D �g
n
1;3 � g

n
12;3;

dn�12 .˛n�2
 jba/ D g
n
11;3 C g

n
12;3;

dn�12 .˛n�2
 jac/ D �g
n
2;3 C g

n
3;3 � g

n
11;3;

dn�12 .˛n�3ˇ2jab/ D g
n
3;3 C g

n
10;3;

dn�12 .˛n�3ˇ2jbc/ D g
n
11;3 � g

n
10;3 � 2g

n
3;3;
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dn�12 .˛n�3ˇ2jba/ D g
n
1;3 C g

n
2;3 C g

n
10;3;

dn�12 .˛n�3ˇ2jac/ D �g
n
1;3 � g

n
2;3 � g

n
11;3

for n > 4 with n even, the elements in zBn
3 span the space zBn3 . By Fact 2.1, the elements

in zBn
3 are linearly independent, so zBn

3 is a basis of zBn3 for n > 2 with n even. If n > 3 is
odd, we define the set

En3 D
®
en1;3 D .˛n � ˛n�1ˇ/jabaC ˛n�1
 j.abc � bac/ D d

n�1
2 .˛n�1jab/;

en2;3 D ˛nj.abaC abc/C .˛n�1ˇ � ˛n�1
/jbac D �d
n�1
2 .˛n�1jbc/;

en3;3 D .˛n�2ˇ2 � ˇn/jabaC ˛n�1
 j.abc � bac/ D d
n�1
2 .ˇn�1jab/;

en4;3 D .˛n�1
 � ˇn/jbac � ˛n�2ˇ2j.abaC abc/ D d
n�1
2 .ˇn�1jbc/;

en5;3 D .
n � ˛n�1ˇ/jbac � ˛n�2ˇ2j.abaC abc/ D d
n�1
2 .
n�1jbc/;

en6;3 D 
nj.abc � bac/C .˛n�2ˇ2 � ˛n�1ˇ/jaba D d
n�1
2 .
n�1jab/;

en7;3 D ˛n�1ˇjabc � ˛n�2ˇ2jbac D d
n�1
2 .˛n�2ˇjab/;

en8;3 D ˛n�1ˇjabc C ˛n�1
 jaba D �d
n�1
2 .˛n�2ˇjbc/;

en9;3 D ˛n�1ˇj.bac � aba/C ˛n�2ˇ2j.aba � abc/ D �d
n�1
2 .˛n�2
 jab/;

en10;3 D ˛n�1
 j.abc C bac/C ˛n�2ˇ2j.aba � abc/

D �dn�12 .˛n�2
 j.ab C bc//
¯
:

Then we define the set zB3
3 D E33 , and

zBn
3 D En3 [

®
en11;3 D .˛n�2ˇ2 � ˛n�1ˇ/jabaC ˛n�1
 j.abc � bac/

D dn�12 .˛n�3ˇ2jab/;

en12;3 D .˛n�1ˇ � ˛n�1
/jbac C ˛n�2ˇ2j.abaC abc/

D �dn�12 .˛n�3ˇ2jbc/
¯

for n > 5 with n odd. We will show that zBn
3 is a basis of zBn3 for n > 3 with n odd. By

definition, zBn
3 �
zBn3 . Since

dn�12 .˛n�1jba/ D �e
n
1;3; dn�12 .˛n�1jac/ D e

n
1;3 � e

n
2;3;

dn�12 .ˇn�1jba/ D �e
n
3;3; dn�12 .ˇn�1jac/ D e

n
3;3 C e

n
4;3;

dn�12 .
n�1jba/ D �e
n
6;3; dn�12 .
n�1jac/ D e

n
5;3 C e

n
6;3;

dn�12 .˛n�2ˇjba/ D e
n
9;3; dn�12 .˛n�2ˇjac/ D �e

n
10;3;

dn�12 .˛n�2
 jbc/ D e
n
9;3 � e

n
10;3; dn�12 .˛n�2
 jba/ D �e

n
7;3;

dn�12 .˛n�2
 jac/ D e
n
7;3 � e

n
8;3

for n > 3 with n odd, and

dn�12 .˛n�3ˇ2jba/ D �e
n
11;3; dn�12 .˛n�3ˇ2jac/ D e

n
11;3 � e

n
12;3
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for n> 5with n odd, the elements in zBn
3 span the space zBn3 . By Fact 2.1, the elements en

`;3

for ` 2 J1; 8K are linearly independent. The reader can easily verify that the elements en
`;3

for ` 2 J9; 12K are linearly independent. Since the underlined terms of en
`;3

for ` 2 J1; 8K
do not appear in en

`;3
for ` 2 J9; 12K, the elements in zBn

3 are linearly independent. So zBn
3

is a basis of zBn3 . The dimension of zBn3 is thus given by

dim zBn3 D

8̂̂̂̂
ˆ̂̂<̂
ˆ̂̂̂̂̂:

0; if n D 0;

2; if n D 1;

9; if n D 2;

10; if n D 3;

12; if n > 4:

(5.8)

Suppose m D 2. If n D 1, since

ˇj.ab � ba/C 
 j.ab C bc C ac/ D d01 ."
Š
ja/;

.˛ C ˇ C 
/j.ab � ba/ D d01 ."
Š
j.a � b//;

.˛ C ˇ C 
/j.ab C bc C ac/ D d01 ."
Š
j.a � c//;

and these three elements are linearly independent, we define a basis of zB12 by

zB1
2 D

®
ˇj.ab � ba/C 
 j.ab C bc C ac/; .˛ C ˇ C 
/j.ab � ba/;

.˛ C ˇ C 
/j.ab C bc C ac/
¯
:

If n D 2, we define the set

zB2
2 D

®
g21;2 D ˛2j.ab C ba/ � ˛ˇj.baC ac/C ˛
 jbc D d

1
1 .˛jb/;

g22;2 D ˇ2j.ab C ba/C ˛ˇjac � ˛
 j.ab C bc/ D d
1
1 .ˇja/;

g23;2 D 
2j.bc � ba � ac/C ˛ˇjbaC ˛
 jab D d
1
1 .
 jb/;

g24;2 D ˛ˇjab C ˛
 jba D �d
1
1 .
 jc/;

g25;2 D ˛ˇj.ab C bc/ � ˛
 jac D d
1
1 .ˇjb/;

g26;2 D ˛2j.2ab C bc C ba � ac/ D d
1
1 .˛j.b � c//;

g27;2 D ˇ2j.ab � bc C 2baC ac/ D d
1
1 .ˇj.a � c//;

g28;2 D 
2j.ab C 2bc � ba � 2ac/ D d
1
1 .
 j.b � a//

¯
:

By definition, zB2
2 �
zB22 . Since

d11 .˛ja/ D g
2
4;2 � g

2
5;2;

the elements in zB2
2 span the space zB22 . By Fact 2.1, the elements in zB2

2 are linearly inde-
pendent, so zB2

2 is a basis of zB22 . If n > 3 is odd, we define the set

zBn
2 D

®
en1;2 D ˛n�1ˇj.ab � ba/C ˛n�1
 j.ab C bc C ac/ D d

n�1
1 .˛n�1ja/;

en2;2 D .˛n�1ˇ C ˛n�1
 C ˛n�2ˇ2/j.ab � ba/ D d
n�1
1 .˛n�1ja � ˇn�1jb/;
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en3;2 D .˛n�1ˇ C ˛n�1
 C ˛n�2ˇ2/j.ab C bc C ac/

D dn�11 .˛n�1ja � 
n�1jc/;

en4;2 D 2˛n�1ˇjbc C ˛n�1
 j.ab C ba/C 2˛n�2ˇ2jac

D dn�11 .˛n�2ˇjb C ˛n�2
 ja/;

en5;2 D ˛n�1ˇjac � ˛n�1
 jbaC ˛n�2ˇ2j.2ab C bc/ D d
n�1
1 .˛n�2ˇja/;

en6;2 D ˛n�1
 j.ab C bc � ac/C ˛n�2ˇ2j.ac � ab � bc/

D en3;2 C d
n�1
1 .˛n�2
 jc � ˛n�2ˇja/;

en7;2 D ˇnj.ab � ba/C ˛n�1
 j.ab C bc C ac/ D d
n�1
1 .ˇn�1ja/;

en8;2 D .ˇn C ˛n�1
 C ˛n�2ˇ2/j.ab C bc C ac/ D d
n�1
1 .ˇn�1j.a � c//;

en9;2 D 
nj.ab C bc C ac/C ˛n�1ˇj.ab � ba/ D d
n�1
1 .
n�1ja/;

en10;2 D .
n C ˛n�1ˇ C ˛n�2ˇ2/j.ab � ba/ D d
n�1
1 .
n�1j.a � b//;

en11;2 D .˛n C ˇn C ˛n�1
/j.ab � ba/ D d
n�1
1 .ˇn�1ja � ˛n�1jb/;

en12;2 D .˛n C 
n C ˛n�1ˇ/j.ab C bc C ac/ D d
n�1
1 .
n�1ja � ˛n�1jc/

¯
:

By definition, zBn
2 �
zBn2 . Since

dn�11 .˛n�2ˇja/ D e
n
5;2;

dn�11 .˛n�2ˇjb/ D e
n
1;2 � e

n
2;2 � e

n
3;2 C e

n
4;2 C e

n
5;2;

dn�11 .˛n�2ˇjc/ D �e
n
1;2 C e

n
2;2 � e

n
5;2 � e

n
6;2;

dn�11 .˛n�2
 ja/ D �e
n
1;2 C e

n
2;2 C e

n
3;2 � e

n
5;2;

dn�11 .˛n�2
 jb/ D �2e
n
1;2 C 2e

n
3;2 � e

n
4;2 � e

n
5;2;

dn�11 .˛n�2
 jc/ D �e
n
3;2 C e

n
5;2 C e

n
6;2

for n > 3 with n odd, and

dn�11 .˛n�3ˇ2ja/ D e
n
1;2; dn�11 .˛n�3ˇ2jb/ D e

n
1;2 � e

n
2;2;

dn�11 .˛n�3ˇ2jc/ D e
n
1;2 � e

n
3;2

for n > 5 with n odd, the elements in zBn
2 span the space zBn2 . The reader can easily verify

that the elements en
`;3

for ` 2 J1;6K are linearly independent. By Fact 2.1, the elements en
`;3

for ` 2 J7; 12K are linearly independent. Since the underlined terms of en
`;3

for ` 2 J7; 12K
do not appear in en

`;3
for ` 2 J1; 6K, the elements in zBn

2 are linearly independent. So zBn
2 is

a basis of zBn2 . If n > 4 is even, we define the set

zBn
2 D

®
gn1;2 D ˛nj.ab C ba/ D d

n�1
1 .˛n�1jb/C g

n
11;2 C g

n
12;2;

gn2;2 D ˛nj.ab C bc � ac/ D �d
n�1
1 .˛n�1jc/ � g

n
11;2 � g

n
12;2;

gn3;2 D ˇnj.ab C ba/ D d
n�1
1 .ˇn�1ja/ � g

n
12;2;

gn4;2 D ˇnj.ab C bc � ac/ D d
n�1
1 .ˇn�1j.aC c// � 2g

n
12;2;

gn5;2 D 
nj.ab C ba/ D �d
n�1
1 .
n�1j.aC b//C 2g

n
11;2;

gn6;2 D 
nj.ab C bc � ac/ D �d
n�1
1 .
n�1ja/C g

n
11;2;
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gn7;2 D ˛n�2ˇ2j.ab C ba/ D .1=3/d
n�1
1 .˛n�2ˇj.a � c/C ˛n�3ˇ2j.b � c//;

gn8;2 D ˛n�2ˇ2j.ab C bc � ac/

D .1=3/dn�11 .2˛n�3ˇ2j.b � c/ � ˛n�2ˇj.a � c//;

gn9;2 D ˛n�1ˇjab C ˛n�1
 jba D �d
n�1
1 .
n�1jc/;

gn10;2 D ˛n�1ˇj.ab C bc/ � ˛n�1
 jac D d
n�1
1 .ˇn�1jb/;

gn11;2 D ˛n�1ˇjbaC ˛n�1
 jab D d
n�1
1 .˛n�2
 ja/C g

n
8;2;

gn12;2 D ˛n�1ˇjac � ˛n�1
 j.ab C bc/ D d
n�1
1 .˛n�2ˇja/ � g

n
7;2

¯
:

By definition, zBn
2 �
zBn2 . Since

dn�11 .˛n�1ja/ D d
n�1
1 .˛n�3ˇ2ja/ D g

n
9;2 � g

n
10;2;

dn�11 .˛n�1jb/ D g
n
1;2 � g

n
11;2 � g

n
12;2;

dn�11 .˛n�1jc/ D �g
n
2;2 � g

n
11;2 � g

n
12;2;

dn�11 .ˇn�1ja/ D g
n
3;2 C g

n
12;2;

dn�11 .ˇn�1jb/ D d
n�1
1 .˛n�2ˇjb/ D g

n
10;2;

dn�11 .ˇn�1jc/ D g
n
4;2 � g

n
3;2 C g

n
12;2;

dn�11 .
n�1ja/ D �g
n
6;2 C g

n
11;2;

dn�11 .
n�1jb/ D �g
n
5;2 C g

n
6;2 C g

n
11;2;

dn�11 .
n�1jc/ D d
n�1
1 .˛n�2
 jc/ D �g

n
9;2;

dn�11 .˛n�2ˇja/ D g
n
7;2 C g

n
12;2;

dn�11 .˛n�2ˇjc/ D �g
n
7;2 C g

n
8;2 C g

n
12;2;

dn�11 .˛n�2
 ja/ D g
n
11;2 � g

n
8;2;

dn�11 .˛n�2
 jb/ D �g
n
7;2 C g

n
8;2 C g

n
11;2;

dn�11 .˛n�3ˇ2jb/ D g
n
7;2 � g

n
11;2 � g

n
12;2;

dn�11 .˛n�3ˇ2jc/ D �g
n
8;2 � g

n
11;2 � g

n
12;2;

the elements in zBn
2 span the space zBn2 . By Fact 2.1, the elements in zBn

2 are linearly inde-
pendent, so zBn

2 is a basis of zBn2 . Hence, the dimension of zBn2 is given by

dim zBn2 D

8̂̂̂̂
<̂
ˆ̂̂:
0; if n D 0;

3; if n D 1;

8; if n D 2;

12; if n > 3:

(5.9)

Suppose finally m D 1. If n D 1, since d00 ."
Šj1/ D 0, we have zB11 D 0. We define

zB1
1 D ;. If n > 3 is odd, by Table 5.10, the space zBn1 is spanned by the element

˛n�1ˇj.c � a/C ˛n�1
 j.a � b/C ˛n�2ˇ2j.b � c/:
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So we define a basis of zBn1 by

zBn
1 D

®
˛n�1ˇj.c � a/C ˛n�1
 j.a � b/C ˛n�2ˇ2j.b � c/

¯
:

If n D 2, by Table 5.5, we define a basis of zB21 by

zB2
1 D

®
2˛2jaC .˛ˇ C ˛
/j.b C c/; 2ˇ2jb C .˛ˇ C ˛
/j.aC c/;

2
2jc C .˛ˇ C ˛
/j.aC b/
¯
:

If n > 4 is even, by Table 5.5, we define a basis of zBn1 by

zBn
1 D

®
2˛njaC .˛n�1ˇ C ˛n�1
/j.b C c/; 2ˇnjb C .˛n�1ˇ C ˛n�1
/j.aC c/;

2
njc C .˛n�1ˇ C ˛n�1
/j.aC b/; .˛n�1ˇ C ˛n�1
/j.aC c/C 2˛n�2ˇ2jb;

.˛n�1ˇ C ˛n�1
/j.aC b/C 2˛n�2ˇ2jc;

.˛n�1ˇ C ˛n�1
/j.b C c/C 2˛n�2ˇ2ja
¯
:

In conclusion, the dimension of zBn1 is given by

dim zBn1 D

8̂̂̂̂
<̂
ˆ̂̂:
0; if n D 0; 1;

3; if n D 2;

1; if n > 3 is odd;

6; if n > 4 is even:

(5.10)

5.3.2. Computation of Bn
m. Recall that Bnm D Im.@n�1m�1/ and @nm WQ

n
m!QnC1

mC1. Since
dnm D @

n
m for either m D 3 and n > �1, or m; n 2 J�1; 2K, we get Bnm D zB

n
m for either

m D 4 and n 2 N0, or m;n 2 J0; 3K. So, we define a basis of Bnm by Bn
m D

zBn
m for either

m D 4 and n 2 N0, or m; n 2 J0; 3K.
Suppose m D 3. The differential @n�12 W Kn�12 ˚ !�1K

n�5
4 ! Kn3 maps the space

!�1K
n�5
4 to zero, so Bn3 D Im.@n�12 / D Im.dn�12 / D zBn3 . We define a basis of Bn3 by

Bn
3 D
zBn
3 .

SupposemD 2. Consider @n�11 WKn�11 ˚!�1K
n�5
3 !Kn2 ˚!

�
1K

n�4
4 . If n> 4 is even,

we getBn2 D zB
n
2 ˚!

�
1
zBn�44 , since f n�4.Kn�11 /D 0 by the last identity of Section 5.2 for

n > 4 and f 0.K31 / D 0 by the last three columns of Table 5.11, as well as f n�8.u/ D 0
for u 2 Kn�53 by degree reasons. If n > 5 is odd, we have Bn2 D zB

n
2 ˚ !

�
1
zBn�44 , since

zBn�44 D Kn�44 as showed in the previous section. So, we define a basis of Bn2 by Bn
2 D

zBn
2 [ !

�
1
zBn�4
4 for all integers n > 4. The dimension of Bn2 is then given by

dimBn2 D

8̂̂̂̂
ˆ̂̂̂̂̂̂
<̂̂
ˆ̂̂̂̂̂̂
ˆ̂̂̂:

0; if n D 0;

3; if n D 1;

8; if n D 2;

12; if n D 3; 4;

15; if n D 5;

13; if n > 6 is even;

18; if n > 7 is odd:

(5.11)
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SupposemD 1. Consider @n�10 W Kn�10 ˚ !�1K
n�5
2 ˚ !�2K

n�9
4 ! Kn1 ˚ !

�
1K

n�4
3 . If

n > 5 is odd, we have Bn1 D zB
n
1 ˚ !

�
1B

n�4
3 D zBn1 ˚ !

�
1
zBn�43 , since f n�4.Kn�10 / D 0

by the second column of Table 5.12 and f n
0

.u/ D 0 for u 2 Kn
0C3
m , with m 2 J2; 4K and

n0 2 N0, by degree reasons. Then we define a basis of Bn1 by Bn
1 D

zBn
1 [ !

�
1
zBn�4
3 . If

n D 4, we define the set

B4
1 D

®
2˛4jaC .˛3ˇ C ˛3
/j.b C c/C !

�
14"

Š
j.bac � abaC abc/ D @30.˛3j1/;

2ˇ4jb C .˛3ˇ C ˛3
/j.aC c/C !
�
14"

Š
j.bac � abaC abc/ D @30.ˇ3j1/;

2
4jc C .˛3ˇ C ˛3
/j.aC b/C !
�
14"

Š
j.bac � abaC abc/ D @30.
3j1/;

.˛3ˇ C ˛3
/j.aC c/C 2˛2ˇ2jb C !
�
12"

Š
j.aba � abc � bac/ D @30.˛2ˇj1/;

.˛3ˇ C ˛3
/j.aC b/C 2˛2ˇ2jc C !
�
12"

Š
j.aba � abc � bac/ D @30.˛2
 j1/;

.˛3ˇ C ˛3
/j.b C c/C 2˛2ˇ2jaC !
�
12"

Š
j.aba � abc � bac/ D @30.˛ˇ2j1/

¯
:

Since these six elements are linearly independent by Fact 2.1, B4
1 is a basis of B41 . If n> 6

is even, we define the set

Bn
1 D

®
2˛njaC .˛n�1ˇ C ˛n�1
/j.b C c/C !

�
1 Œ2˛n�4j.2bac � abaC abc/

C 2ˇn�4j.2abc C bac/C 2
n�4j.bac � 2aba/

C 2.n � 6/˛n�6ˇ2j.bac � abaC abc/� D @
n�1
0 .˛n�1j1/;

2ˇnjb C .˛n�1ˇ C ˛n�1
/j.aC c/C !
�
1 Œ2˛n�4j.2bac C abc/

C 2ˇn�4j.2abc � abaC bac/C 2
n�4j.abc � 2aba/

C 2.n � 6/˛n�6ˇ2j.bac � abaC abc/� D @
n�1
0 .ˇn�1j1/;

2
njc C .˛n�1ˇ C ˛n�1
/j.aC b/C !
�
1 Œ2˛n�4j.2bac � aba/

C 2ˇn�4j.2abc � aba/C 2
n�4j.bac � 2abaC abc/

C 2.n � 6/˛n�6ˇ2j.bac � abaC abc/� D @
n�1
0 .
n�1j1/;

.˛n�1ˇ C ˛n�1
/j.aC c/C 2˛n�2ˇ2jb

C !�12.
n�4jaba � ˛n�4jbac � ˇn�4jabc/ D @
n�1
0 .˛n�2ˇj1/;

.˛n�1ˇ C ˛n�1
/j.aC b/C 2˛n�2ˇ2jc

C !�12.
n�4jaba � ˛n�4jbac � ˇn�4jabc/ D @
n�1
0 .˛n�2
 j1/;

.˛n�1ˇ C ˛n�1
/j.b C c/C 2˛n�2ˇ2ja

C !�12.
n�4jaba � ˛n�4jbac � ˇn�4jabc/ D @
n�1
0 .˛n�3ˇ2j1/

¯
[ !�1

zBn�4
3 :

Since f n
0

.u/ D 0 for u 2 Kn
0C3
m , with m 2 J2; 4K and n0 2 N0, by degree reasons, the

previous set is a system of generators of Bn1 . By Fact 2.1, the elements in Bn
1 are linearly
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independent, so Bn
1 is a basis of Bn1 . The dimension of Bn1 is then given by

dimBn1 D

8̂̂̂̂
ˆ̂̂̂̂̂̂
ˆ̂̂<̂
ˆ̂̂̂̂̂̂
ˆ̂̂̂̂̂:

0; if n D 0; 1;

3; if n D 2; 5;

1; if n D 3;

6; if n D 4;

15; if n D 6;

11; if n D 7;

18; if n > 8 is even;

13; if n > 9 is odd:

(5.12)

Suppose finally m D 0. Consider

@n�1�1 W !
�
1K

n�5
1 ˚ !�2K

n�9
3 ! Kn0 ˚ !

�
1K

n�4
2 ˚ !�2K

n�8
4 :

Note that Bn0 � !
�
1K

n�4
2 ˚!�2K

n�8
4 and Bn0 D Im.@n�1�1 /D Im.!�1@

n�5
1 /D !�1B

n�4
2 . We

define a basis of Bn0 by Bn
0 D !

�
1Bn�4

2 for n > 4. The dimension of Bn0 is thus given by

dimBn0 D

8̂̂̂̂
ˆ̂̂̂̂̂̂
<̂̂
ˆ̂̂̂̂̂̂
ˆ̂̂̂:

0; if n 2 J0; 4K;
3; if n D 5;

8; if n D 6;

12; if n D 7; 8;

15; if n D 9;

13; if n > 10 is even;

18; if n > 11 is odd:

5.4. Computation of the cocycles

As one can remark rather easily, from the computations in the previous subsection we
can already deduce the dimensions of the homogeneous components of the spaces of
cocycles and thus of the Hochschild cohomology groups. However, since we will need
specific representatives of the cohomology classes of bases of the Hochschild cohomo-
logy HH�.A/ for computing its algebra structure, we will present them. More precisely,
in this subsection, we will explicitly construct bases zDn

m and Dn
m of the k-vector spaces

zDn
m D Ker.dnm/ and Dn

m D Ker.@nm/ for m 2 J0; 4K and n 2 N0, respectively, defined
before Remark 5.1.

5.4.1. Computation of zDn
m. Recall that zDn

m D Ker.dnm/ and

dnm W K
n
m D Homk..A

Š
�n/
�; Am/! KnC1mC1 D Homk..A

Š
�.nC1//

�; AmC1/

was defined in Section 5.1. Since Knm= zD
n
m Š

zBnC1mC1, we see that

dim zDn
m D dimKnm � dim zBnC1mC1:
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Hence, from the dimension of zBnC1mC1 computed in Section 5.3.1 as well as the dimension of
Knm (see the last paragraph of Section 5.1), we deduce the value of the dimension of zDn

m.
We will present them explicitly in the computations below.

For every .n; m/ 2 N0 � J0; 4K, we are going to provide a set zDn
m �

zDn
m such that

# zDn
m D dim zDn

m and the elements in zDn
m are linearly independent. As a consequence,

zDn
m is a basis of zDn

m. If zDn
m D Knm, we pick the usual basis of Knm, defined at the end

of Section 5.1. We leave to the reader the easy verification in each case that the set zDn
m

satisfies these conditions.
Obviously, zDn

4 DK
n
4 for n 2N0. Then we define the set zDn

4 by the usual basis ofKn4 .
The dimension of zDn

4 is given by

dim zDn
4 D

8̂̂̂̂
<̂
ˆ̂̂:
1; if n D 0;

3; if n D 1;

5; if n D 2;

6; if n > 3:

Suppose m D 3. By (5.7), the dimension of zDn
3 is given by

dim zDn
3 D

8̂̂̂̂
ˆ̂̂<̂
ˆ̂̂̂̂̂:

0; if n D 0;

8; if n D 1;

9; if n D 2;

17; if n > 3 is odd;

12; if n > 4 is even:

We define the sets zD0
3 D ;,

zD1
3 D

®
˛jbac; ˇjabc; 
 jaba; ˛j.aba � abc/; .˛ C ˇ/jaba; ˛jabaC ˇjbac;

˛jabaC 
 jabc; ˛jaba � 
 jbac
¯
;

and

zD2
3 D

®
.˛2 � ˇ2/jaba; .˛2 � 
2/jabc; .ˇ2 � 
2/jbac;

˛2jabc C ˇ2jbac C 2˛ˇjaba; ˛2jaba � ˇ2jbac C 2˛ˇjabc;

˛2j.aba � abc/C 2˛ˇjbac; ˛2jabc C ˇ2jbac C 2˛
 jaba;

˛2jaba � ˇ2jbac C 2˛
 jabc; ˛2j.aba � abc/C 2˛
 jbac
¯
:

Moreover, if n > 3 is odd, we define

zDn
3 D

®
˛njbac; ˇnjabc; 
njaba; ˛n�1ˇjabc; ˛n�1
 jaba; ˛n�2ˇ2jbac;

˛nj.aba � abc/; .˛n C ˇn/jaba; ˛njabaC ˇnjbac; ˛njabaC 
njabc;

˛njaba � 
njbac; .˛n C ˛n�1ˇ/jaba; ˛njabaC ˛n�1ˇjbac;

˛njabaC ˛n�1
 jabc; ˛njaba � ˛n�1
 jbac; .˛n � ˛n�2ˇ2/jaba;

˛njaba � ˛n�2ˇ2jabc
¯
;



E. Herscovich and Z. Li 206

and if n > 4 is even, we set

zDn
3 D

®
.˛n � ˇn/jaba; .˛n � 
n/jabc; .ˇn � 
n/jbac;

˛njabc C ˇnjbac C 2˛n�1ˇjaba; ˛njaba � ˇnjbac C 2˛n�1ˇjabc;

˛nj.aba � abc/C 2˛n�1ˇjbac; ˛njabc C ˇnjbac C 2˛n�1
 jaba;

˛njaba � ˇnjbac C 2˛n�1
 jabc; ˛nj.aba � abc/C 2˛n�1
 jbac;

.˛n�2ˇ2 � ˛n/jaba; .˛n�2ˇ2 � ˛n/jabc; .˛n�2ˇ2 � ˇn/jbac
¯
:

Suppose m D 2. By (5.8), the dimension of zDn
2 is given by

dim zDn
2 D

8̂̂̂̂
<̂
ˆ̂̂:
2; if n D 0;

3; if n D 1;

10; if n D 2;

12; if n > 3:

We define the sets

zD0
2 D

®
"Šj.ab C ba/; "Šj.ab C bc � ac/

¯
;

zD1
2 D

®
ˇj.ab � ba/C 
 j.ab C bc C ac/; .˛ C ˇ C 
/j.ab � ba/;

˛j.ab C bc C ac/C ˇj.bc C baC ac/
¯
;

zD2
2 D

®
˛2j.ab C ba/; ˛2j.ab C bc � ac/; ˇ2j.ab C ba/; ˇ2j.ab C bc � ac/;


2j.ab C ba/; 
2j.ab C bc � ac/; ˛ˇjbaC ˛
 jab; ˛ˇjab C ˛
 jba;

˛ˇj.baC ac/ � ˛
 jbc; ˛ˇj.ab C bc/ � ˛
 jac
¯
;

and zDn
2 D
zBn
2 for n > 3.

Suppose m D 1. By (5.9), the dimension of zDn
1 is given by

dim zDn
1 D

8̂̂̂̂
<̂
ˆ̂̂:
0; if n D 0;

1; if n D 1;

3; if n D 2;

6; if n > 3:

We define the sets zD0
1 D ;, and

zD1
1 D

®
˛jaC ˇjb C 
 jc

¯
:

Moreover, if n > 2 is even, we define zDn
1 D
zBn
1 , and if n > 3 is odd, we define

zDn
1 D

®
˛njaC ˇnjb C 
njc; .ˇn � ˛n�1ˇ/jb; .
n � ˛n�1
/jc; .˛n � ˛n�2ˇ2/ja;

˛n�1ˇjc C ˛n�1
 jaC ˛n�2ˇ2jb; ˛n�1ˇjaC ˛n�1
 jb C ˛n�2ˇ2jc
¯
:



Hochschild and cyclic (co)homology of the Fomin–Kirillov algebra on 3 generators 207

Suppose finally m D 0. By (5.10), the dimension of zDn
0 is given by

dim zDn
0 D

8̂̂̂̂
<̂
ˆ̂̂:
1; if n D 0;

0; if n > 1 is odd;

4; if n D 2;

5; if n > 4 is even:

We define the sets
zD0
0 D

®
"Šj1

¯
;

and
zD2
0 D

®
˛2j1; ˇ2j1; 
2j1; .˛ˇ C ˛
/j1

¯
:

Moreover, if n 2 N is odd, we define zDn
0 D ;, and if n > 4 is even, we define

zDn
0 D

®
˛nj1; ˇnj1; 
nj1; .˛n�1ˇ C ˛n�1
/j1; ˛n�2ˇ2j1

¯
:

5.4.2. Computation of Dn
m. Recall that Dn

m D Ker.@nm/ and @nm W Q
n
m ! QnC1

mC1. The
isomorphism Qn

m=D
n
m Š B

nC1
mC1 tells us that

dimDn
m D dimQn

m � dimBnC1mC1:

Hence, from the dimension of BnC1mC1 computed in Section 5.3.2 as well as the dimension
of Qn

m (see the last paragraph of Section 5.1), we deduce the value of the dimension
of Dn

m. We will present them explicitly in the computations below.
For every .n; m/ 2 N0 � J0; 4K, we are going to provide a set Dn

m � D
n
m such that

#Dn
m D dimDn

m and the elements in Dn
m are linearly independent. As a consequence,

Dn
m is a basis of Dn

m. We leave to the reader the easy verification in each case that the set
Dn
m satisfies these conditions.

For eitherm 2 J3;4K and n 2N0, orm;n 2 J0;2K, note that @nm D d
n
m, thenDn

m D
zDn
m.

So we define the basis of Dn
m by Dn

m D
zDn
m.

Suppose m D 2. By Bn3 D zB
n
3 and (5.8), the dimension of Dn

2 is given by

dimDn
2 D

8̂̂̂̂
ˆ̂̂̂̂̂̂
ˆ̂̂<̂
ˆ̂̂̂̂̂̂
ˆ̂̂̂̂̂:

2; if n D 0;

3; if n D 1;

10; if n D 2;

12; if n D 3;

13; if n D 4;

15; if n D 5;

17; if n D 6;

18; if n > 7:

We define the sets D3
2 D
zD3
2 and Dn

2 D
zDn
2 [ !

�
1
zDn�4
4 for n > 4.
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Suppose m D 1. By (5.11), the dimension of Dn
1 is given by

dimDn
1 D

8̂̂̂̂
ˆ̂̂̂̂̂̂
ˆ̂̂<̂
ˆ̂̂̂̂̂̂
ˆ̂̂̂̂̂:

0; if n D 0;

1; if n D 1;

3; if n D 2;

6; if n D 3; 4;

14; if n D 5;

15; if n D 6;

23; if n > 7 is odd;

18; if n > 8 is even:

We define the set D3
1 D
zD3
1. Moreover, if n> 4 is even, we define Dn

1 DBn
1 , and if n> 5

is odd, we define Dn
1 D

zDn
1 [ !

�
1
zDn�4
3 .

Suppose finally m D 0. By (5.12), the dimension of Dn
0 is given by

dimDn
0 D

8̂̂̂̂
ˆ̂̂̂̂̂̂
ˆ̂̂̂̂̂̂
ˆ̂<̂
ˆ̂̂̂̂̂̂
ˆ̂̂̂̂̂̂
ˆ̂̂̂̂:

1; if n D 0;

0; if n D 1; 3;

4; if n D 2;

7; if n D 4;

3; if n D 5;

15; if n D 6; 9;

12; if n D 7;

18; if n D 8 or n > 11 is odd;

22; if n D 10;

23; if n > 12 is even:

We define the set D3
0 D ;. Moreover, if n > 4 is even, we define the set Dn

0 D
zDn
0 [

!�1Dn�4
2 , and if n > 5 is odd, we define Dn

0 D !
�
1Dn�4

2 .

5.5. Hochschild cohomology

In this subsection, we will explicitly construct a subspace Hn
m � D

n
m such that Dn

m D

Hn
m ˚B

n
m for .n;m/ 2 N0 �Z64, and we defineHn

m D 0 for .n;m/ 2 Z2 n .N0 �Z64/.
By Proposition 5.2, we have the following similar recursive description.

Corollary 5.3. For integers m 6 1 and n 2 N0, we have

Hn
m Š

8<:!�1�m2 HnC2m�2
1 ; if m is odd;

!�
�m2
HnC2m
0 ; if m is even:
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So it is also sufficient to compute the case m 2 J0; 4K. Recall that

dimHn
m D dimDn

m � dimBnm D dimQn
m � dimBnC1mC1 � dimBnm:

Hence, from the dimension of Dn
m computed in Section 5.4.2 as well as the dimension

of Bnm computed in Section 5.3.2, we deduce the value of the dimension of Hn
m. We will

present them explicitly in the computations below.
For every .n; m/ 2 N0 � J0; 4K, we are going to provide a set Hnm � D

n
m such that

#Hnm D dimHn
m and Hnm [Bn

m is linearly independent. As a consequence, the space Hn
m

spanned by Hnm satisfies Dn
m D H

n
m ˚ B

n
m. We leave to the reader the easy verification in

each case that the set Hnm satisfies these conditions. Note that, unless stated otherwise, the
linear independence of the elements in Hnm [Bn

m follows from Fact 2.1, where we put the
elements in Hnm before the elements in Bn

m.
Suppose m D 4. The dimension of Hn

4 is given by

dimHn
4 D

8̂̂̂̂
<̂
ˆ̂̂:
1; if n D 0;

0; if n 2 N is odd;

4; if n D 2;

5; if n > 4 is even:

We define the sets
H04 D

®
"Šjabac

¯
;

and
H24 D

®
˛2jabac; ˇ2jabac; 
2jabac; ˛ˇjabac

¯
:

Moreover, if n 2 N is odd, we define Hn4 D ;, and if n > 4 is even, we define

Hn4 D
®
˛njabac; ˇnjabac; 
njabac; ˛n�1ˇjabac; ˛n�2ˇ2jabac

¯
:

Suppose m D 3. The dimension of Hn
3 is given by

dimHn
3 D

8̂̂̂̂
<̂
ˆ̂̂:
0; if n 2 N0 is even;

6; if n D 1;

7; if n D 3;

5; if n > 5 is odd:

We define the sets

H13 D
®
˛jbac; ˇjabc; 
 jaba; ˛j.aba � abc/; .˛ C ˇ/jaba; ˛jabaC ˇjbac

¯
;

and

H33 D
®
˛3jbac; ˇ3jabc; 
3jaba; ˛2ˇjabc; ˛3j.aba � abc/; .˛3 C ˇ3/jaba;

˛3jabaC ˇ3jbac
¯
:
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Moreover, if n 2 N0 is even, we define Hn3 D ;, and if n > 5 is odd, we define the set

Hn3 D
®
˛njbac; ˇnjabc; 
njaba; ˛n�1ˇjabc; ˛nj.aba � abc/

¯
:

The reader can easily verify that the set Hn3 [Bn
3 for n > 3 and n odd is linearly inde-

pendent.
Suppose m D 2. The dimension of Hn

2 is given by

dimHn
2 D

8̂̂̂̂
ˆ̂̂<̂
ˆ̂̂̂̂̂:

2; if n D 0; 2;

0; if n 2 N is odd;

1; if n D 4;

4; if n D 6;

5; if n > 8 is even:

:

We define the sets
H02 D

®
"Šj.ab C ba/; "Šj.ab C bc � ac/

¯
;

and
H22 D

®
˛2j.ab C ba/; ˇ2j.ab C ba/

¯
:

Moreover, if n 2 N is odd, we define Hn2 D ;, and if n > 4 is even, we define Hn2 D

!�1Hn�44 .
Suppose m D 1. The dimension of Hn

1 is given by

dimHn
1 D

8̂̂̂̂
ˆ̂̂̂̂<̂
ˆ̂̂̂̂̂̂
:̂

0; if n 2 N0 is even;

1; if n D 1;

5; if n D 3;

11; if n D 5;

12; if n D 7;

10; if n > 9 is odd:

We define the sets
H11 D

®
˛jaC ˇjb C 
 jc

¯
;

and

H31 D
®
˛3jaC ˇ3jb C 
3jc; .ˇ3 � ˛2ˇ/jb; .
3 � ˛2
/jc; .˛3 � ˛ˇ2/ja;

˛2ˇjc C ˛2
 jaC ˛ˇ2jb
¯
:

Moreover, if n 2 N0 is even, we define Hn1 D ;, and if n > 5 is odd, we define

Hn1 D
®
˛njaC ˇnjb C 
njc; .ˇn � ˛n�1ˇ/jb; .
n � ˛n�1
/jc; .˛n � ˛n�2ˇ2/ja;

˛n�1ˇjc C ˛n�1
 jaC ˛n�2ˇ2jb
¯
[ !�1Hn�43 :
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Suppose finally m D 0. The dimension of Hn
0 is given by

dimHn
0 D

8̂̂̂̂
ˆ̂̂̂̂̂̂
<̂̂
ˆ̂̂̂̂̂̂
ˆ̂̂̂:

1; if n D 0;

0; if n 2 N is odd;

4; if n D 2;

7; if n D 4; 6;

6; if n D 8;

9; if n D 10;

10; if n > 12 is even:

We define the sets
H00 D

®
"Šj1

¯
;

and
H20 D

®
˛2j1; ˇ2j1; 
2j1; .˛ˇ C ˛
/j1

¯
:

Moreover, if n 2 N is odd, we define Hn0 D ;, and if n > 4 is even, we set

Hn0 D
®
˛nj1; ˇnj1; 
nj1; .˛n�1ˇ C ˛n�1
/j1; ˛n�2ˇ2j1

¯
[ !�1Hn�42 :

The previous results can be restated as follows.

Corollary 5.4. Let m 2 J0; 4K and n 2 N0. Then Hn
m D

zHn
m ˚ !

�
1H

n�4
mC2. Here, zHn

m is
the k-vector space spanned by the set zHnm, which is defined as follows. If m 2 J3; 4K, we
define the set zHnm D Hnm for n 2 N0. If m D 2, we define the sets

zH02 D
®
"Šj.ab C ba/; "Šj.ab C bc � ac/

¯
; zH22 D

®
˛2j.ab C ba/; ˇ2j.ab C ba/

¯
;

and zHn2 D ; for n D 1 and n > 3. If m D 1, we define the set

zH11 D
®
˛jaC ˇjb C 
 jc

¯
;

and zHn1 D ; for n 2 N0 with n even, together with

zHn1 D
®
˛njaC ˇnjb C 
njc; .ˇn � ˛n�1ˇ/jb; .
n � ˛n�1
/jc; .˛n � ˛n�2ˇ2/ja;

˛n�1ˇjc C ˛n�1
 jaC ˛n�2ˇ2jb
¯

for n > 3 with n odd. If m D 0, we define the sets

zH00 D
®
"Šj1

¯
; zH20 D

®
˛2j1; ˇ2j1; 
2j1; .˛ˇ C ˛
/j1

¯
;

and zHn0 D ; for n 2 N with n odd, together with

zHn0 D
®
˛nj1; ˇnj1; 
nj1; .˛n�1ˇ C ˛n�1
/j1; ˛n�2ˇ2j1

¯
for n > 4 with n even. Moreover, if we define zHn

m D 0 for .n; m/ 2 Z2 n .N0 � J0; 4K/,
then Hn

m D
zHn
m ˚ !

�
1H

n�4
mC2 holds for m; n 2 Z by applying Corollary 5.3.
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Remark 5.5. The reader can easily check that zDn
mD

zHn
m˚

zBnm form2 J0;4K and n2N0.

Recall that the Hochschild cohomology is decomposed as HHn.A/ D
L
m64H

n
m for

n 2 N0.

Proposition 5.6. For n 2 N0,

HHn.A/ D
M

i2J0;bn=4cK;
m2J0;4K

!�i
zHn�4i
m :

Proof. By Corollary 5.4, we have

Hn
2 D

zHn
2 ˚ !

�
1
zHn�4
4 ; Hn

1 D
zHn
1 ˚ !

�
1
zHn�4
3 ;

Hn
0 D

zHn
0 ˚ !

�
1
zHn�4
2 ˚ !�2

zHn�8
4

(5.13)

for n 2 N0. Using Corollary 5.3 and (5.13), we get

HHn.A/ D
M

m2J�2bn=4c;4K

Hn
m

D Hn
4 ˚H

n
3 ˚H

n
2 ˚

� M
i2J0;bn=4cK

!�i H
n�4i
1

�
˚

� M
i2J0;bn=4cK

!�i H
n�4i
0

�
D zHn

4 ˚
zHn
3 ˚ .

zHn
2 ˚ !

�
1
zHn�4
4 /˚

� M
i2J0;bn=4cK

!�i .
zHn�4i
1 ˚ !�1

zHn�4i�4
3 /

�
˚

� M
i2J0;bn=4cK

!�i .
zHn�4i
0 ˚ !�1

zHn�4i�4
2 ˚ !�2

zHn�4i�8
4 /

�
D zHn

4 ˚
zHn
3 ˚

zHn
2 ˚ !

�
1
zHn�4
4 ˚

� M
i2J0;bn=4cK

!�i
zHn�4i
1

�
˚

� M
i2J0;bn=4cK

!�iC1
zHn�4i�4
3

�
˚

� M
i2J0;bn=4cK

!�i
zHn�4i
0

�
˚

� M
i2J0;bn=4cK

!�iC1
zHn�4i�4
2

�
˚

� M
i2J0;bn=4cK

!�iC2
zHn�4i�8
4

�
D zHn

4 ˚
zHn
3 ˚

zHn
2 ˚ !

�
1
zHn�4
4 ˚

� M
i2J0;bn=4cK

!�i
zHn�4i
1

�
˚

� M
i2J1;bn=4cK

!�i
zHn�4i
3

�
˚

� M
i2J0;bn=4cK

!�i
zHn�4i
0

�
˚

� M
i2J1;bn=4cK

!�i
zHn�4i
2

�
˚

� M
i2J2;bn=4cK

!�i
zHn�4i
4

�
D

M
i2J0;bn=4cK;
m2J0;4K

!�i
zHn�4i
m :



Hochschild and cyclic (co)homology of the Fomin–Kirillov algebra on 3 generators 213

Remark 5.7. Let zHn D
L
m2J0;4K

zHn
m. Proposition 5.6 shows that

HHn.A/ D
M

i2J0;bn=4cK

!�i
zHn�4i :

Using Corollary 5.4, it is easy to compute that dim zH 0 D 4, dim zH 1 D 7, dim zH 2 D 10,
dim zH 3 D 12 and dim zHn D 10 for n > 4.

Using the previous remark, we get the dimension of HHn.A/.

Proposition 5.8. The dimension of HHn.A/ is given by

dim HHn.A/ D

8̂̂<̂
:̂
5
2
nC 4; if n D 4r for r 2 N0;
5
2
nC 5; if n D 4r C 2 for r 2 N0;
5nC9
2
; if n D 2r C 1 for r 2 N0:

The Hilbert series of HHn.A/ is hn.t/ D
P
m64 dim.Hn

m/t
m�n for n 2 N0. Note that

m � n is the internal degree of Hn
m.

Corollary 5.9. The Hilbert series hn.t/ of HHn.A/ is given as follows. Let n > 8. Then

hn.t/ D t�n
�
5�nt

4
C 5�nC1t

3
C 5�nt

2
C 10

b n4 c�3X
iD0

t�nC1�2i C t�2b
n
4 cpn.t/

�
;

where

pn.t/ D

8̂̂̂̂
<̂
ˆ̂̂:
6t4 C 7t2 C 1; if n � 0 .mod 4/;

10t5 C 11t3 C t; if n � 1 .mod 4/;

9t4 C 7t2 C 4; if n � 2 .mod 4/;

10t5 C 12t3 C 5t; if n � 3 .mod 4/:

Moreover,

h0.t/ D t4 C 2t2 C 1; h1.t/ D 6t2 C 1;

h2.t/ D 4t2 C 2C 4t�2; h3.t/ D 7C 5t�2;

h4.t/ D 5C t�2 C 7t�4 C t�6; h5.t/ D 5t�2 C 11t�4 C t�6;

h6.t/ D 5t�2 C 4t�4 C 7t�6 C 4t�8; h7.t/ D 5t�4 C 12t�6 C 5t�8:

6. Algebraic structure of Hochschild cohomology

In this section, we will explicitly determine the algebra structure of the Hochschild coho-
mology of A given by the cup product ^. To do so, we will first find a generating set
of the k-algebra HH�.A/ D

L
n2N0

HHn.A/ (see Proposition 6.4). Then, after extracting
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a minimal generating set from the previous set of generators, we will find an explicit
presentation of the algebra HH�.A/ as a quotient of a free algebra F by the ideal generated
by an explicit set R of homogeneous relations. This is done by using a Gröbner basis
of R, which allows us to compute the Hilbert series of the quotient F=.R/, and then
comparing the Hilbert series of the quotient and that of HH�.A/. We refer the reader to
Sections 2.1 and 2.2 of the very nice book [16] for the usual method for computing the
cup product. However, to reduce the amount of signs appearing in the computations below
we will follow the original definition of cup product by M. Gerstenhaber in [5, Sect. 7]
(cf. [16, Def. 1.3.1 and Rk. 1.3.3]).

Remark 6.1. It is easy to see that f ^g 2H
n1Cn2
m1Cm2

for all f 2Hn1
m1 , g 2Hn2

m2 . Moreover,
it is well known that the cup product on Hochschild cohomology is graded commutative,
i.e., f ^ g D .�1/mng ^ f for f 2 HHm.A/, g 2 HHn.A/ (see [16, Thm. 1.4.6]).

Lemma 6.2. Let g D !�1 "
Šj1 2 !�1

zH 0
0 DH

4
�2. Then f ^ g D !�1f for all f 2 HH�.A/.

Proof. The map g can be extended to a chain map g� W P b� ! P b� with gn.!�i x/D !
�
i�1x

for x 2 KbnC4�4i and i 2 J0; bn=4c C 1K. Hence, given f 2 HHm.A/, we get f ^ g D

fgm D !
�
1f .

By Lemma 6.2 and Proposition 5.6, the set� [
m2J0;4K;
n2N0

zHnm [
®
!�1 "

Š
j1
¯�
n
®
"Šj1

¯
is a generating set of HH�.A/ as k-algebra.

Fact 6.3. Assume x;y 2 A. Let n > 2 be even. The map ˛nj1 can be extended to the chain
map g� W P b� ! P b� satisfying

g0.xj˛njy/ D xj"
Š
jy;

g0.xjˇnjy/ D g0.xj
njy/ D g0.xj˛n�1ˇjy/ D g0.xj˛n�1
 jy/

D g0.xj˛n�2ˇ2jy/ D 0;

g1.xj˛nC1jy/ D xj˛jy;

g1.xjˇnC1jy/ D g1.xj
nC1jy/ D g1.xj˛n�1ˇ2jy/ D 0;

g1.xj˛nˇjy/ D xjˇjy;

g1.xj˛n
 jy/ D xj
 jy;

g2.xj˛nC2jy/ D xj˛2jy;

g2.xjˇnC2jy/ D g2.xj
nC2jy/ D 0;

g2.xj˛nC1ˇjy/ D xj˛ˇjy;

g2.xj˛nC1
 jy/ D xj˛
 jy;

g2.xj˛nˇ2jy/ D xj.ˇ2 C 
2/jy:
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Moreover, if n D 2, the chain map g� satisfies

g2.!1xj"
Š
jy/ D x

�
2j˛ˇjac C 1j˛ˇjbaC aj˛ˇjb � bj˛ˇjc C bj˛
 ja � cj˛
 jb

� bj˛2jb � 3cj˛2jc C ajˇ2jaC aj
2jaC 2bj
2jb � 2bcj˛
 j1

� abj˛
 j1
�
y:

If n D 4, the chain map g� satisfies

g0.!1xj"
Š
jy/ D 0;

g1.!1xj˛jy/ D 2x.1jˇjac C bj˛jc C baj
 j1/y;

g1.!1xjˇjy/ D �2x.cjˇjaC ajˇjc C bj˛jaC aj
 jaC aj˛jb/y;

g1.!1xj
 jy/ D �2x.bj
 jaC aj
 jb C ajˇjaC aj˛jc C cj˛ja/y:

The map ˇnj1 can be extended to the chain map g� W P b� ! P b� satisfying

g0.xjˇnjy/ D xj"
Š
jy;

g0.xj˛njy/ D g0.xj
njy/ D g0.xj˛n�1ˇjy/ D g0.xj˛n�1
 jy/

D g0.xj˛n�2ˇ2jy/ D 0;

g1.xjˇnC1jy/ D xjˇjy;

g1.xj˛nC1jy/ D g1.xj
nC1jy/ D g1.xj˛nˇjy/ D 0;

g1.xj˛n
 jy/ D xj
 jy;

g1.xj˛n�1ˇ2jy/ D xj˛jy;

g2.xjˇnC2jy/ D xjˇ2jy;

g2.xj˛nC2jy/ D g2.xj
nC2jy/ D 0;

g2.xj˛nC1ˇjy/ D xj˛ˇjy;

g2.xj˛nC1
 jy/ D xj˛
 jy;

g2.xj˛nˇ2jy/ D xj.˛2 C 
2/jy:

Moreover, if n D 2, the chain map g� satisfies

g2.!1xj"
Š
jy/ D x

�
1j˛ˇjba � 1j˛ˇjac C bj˛ˇjc � cj˛ˇjaC cj˛
 jb � aj˛
 jc � cjˇ2jc

� 3ajˇ2jaC bj
2jb C bj˛2jb C 2cj˛2jc C 2abj˛
 j1C bcj˛
 j1
�
y:

If n D 4, the chain map g� satisfies

g0.!1xj"
Š
jy/ D 0;

g1.!1xj˛jy/ D �2x.bj˛jc C cj˛jb C ajˇjb C bj
 jb C bjˇja/y;

g1.!1xjˇjy/ D 2x.1j˛jbc C ajˇjc C abj
 j1/y;

g1.!1xj
 jy/ D �2x.aj
 jb C bj
 jaC bj˛jb C bjˇjc C cjˇjb/y:
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The map 
nj1 can be extended to the chain map g� W P b� ! P b� satisfying

g0.xj
njy/ D xj"
Š
jy;

g0.xj˛njy/ D g0.xjˇnjy/ D g0.xj˛n�1ˇjy/ D g0.xj˛n�1
 jy/

D g0.xj˛n�2ˇ2jy/ D 0;

g1.xj
nC1jy/ D xj
 jy;

g1.xj˛nC1jy/ D g1.xjˇnC1jy/ D g1.xj˛n
 jy/ D 0;

g1.xj˛nˇjy/ D xjˇjy;

g1.xj˛n�1ˇ2jy/ D xj˛jy;

g2.xj
nC2jy/ D xj
2jy;

g2.xj˛nC2jy/ D g2.xjˇnC2jy/ D 0;

g2.xj˛nC1ˇjy/ D xj˛ˇjy;

g2.xj˛nC1
 jy/ D xj˛
 jy;

g2.xj˛nˇ2jy/ D xj.˛2 C ˇ2/jy:

Moreover, if n D 2, the chain map g� satisfies

g2.!1xj"
Š
jy/ D �x

�
1j˛ˇjac C 2j˛ˇjbaC 2aj˛ˇjb C bj˛
 jaC cj˛
 jb � ajˇ2ja

C 2aj
2jaC 3bj
2jb C baj˛ˇj1C abj˛
 j1
�
y:

If n D 4, the chain map g� satisfies

g0.!1xj"
Š
jy/ D 0;

g1.!1xj˛jy/ D 2x.ajˇjb C bj
 jb C bjˇja/y;

g1.!1xjˇjy/ D 2x.bj˛jaC aj
 jaC aj˛jb/y;

g1.!1xj
 jy/ D �2x.1j˛jbaC ajˇjaC abj˛j1/y:

The map .˛n�1ˇ C ˛n�1
/j1 can be extended to the chain map g� W P b� ! P b� satisfying

g0.xj˛njy/ D g0.xjˇnjy/ D g0.xj
njy/ D g0.xj˛n�2ˇ2jy/ D 0;

g0.xj˛n�1ˇjy/ D g0.xj˛n�1
 jy/ D xj"
Š
jy;

g1.xj˛nC1jy/ D g1.xjˇnC1jy/ D g1.xj
nC1jy/ D 0;

g1.xj˛nˇjy/ D xj.˛ C 
/jy;

g1.xj˛n
 jy/ D xj.˛ C ˇ/jy;

g1.xj˛n�1ˇ2jy/ D xj.ˇ C 
/jy;

g2.xj˛nC2jy/ D g2.xjˇnC2jy/ D g2.xj
nC2jy/ D 0;

g2.xj˛nC1ˇjy/ D xj.˛
 C ˛2 C ˇ2 C 
2/jy;

g2.xj˛nC1
 jy/ D xj.˛ˇ C ˛2 C ˇ2 C 
2/jy;

g2.xj˛nˇ2jy/ D xj.˛ˇ C ˛
/jy:
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Moreover, if n D 2, the chain map g� satisfies

g2.!1xj"
Š
jy/ D x

�
1j˛2j.baC ac/ � 1j˛2jbc C 1jˇ2j.ab C bc/ � 1jˇ2jac � 1j
2jab

� 1j
2jba � bj˛2jc � cj˛2jb � ajˇ2jc � cjˇ2ja � aj
2jb � bj
2ja

C .baC ac/j˛2j1 � bcj˛2j1 � acjˇ2j1C .ab C bc/jˇ2j1 � abj
2j1

� baj
2j1
�
y:

If n D 4, the chain map g� satisfies

g0.!1xj"
Š
jy/ D 0;

g1.!1xj˛jy/ D g1.!1xjˇjy/ D g1.!1xj
 jy/ D 0:

Now let n > 4 be even, then the map ˛n�2ˇ2j1 can be extended to the chain map g� W
P b� ! P b� satisfying

g0.xj˛n�2ˇ2jy/ D xj"
Š
jy;

g0.xj˛njy/ D g0.xjˇnjy/ D g0.xj
njy/ D g0.xj˛n�1ˇjy/

D g0.xj˛n�1
 jy/ D 0;

g1.xj˛nC1jy/ D g1.xjˇnC1jy/ D g1.xj
nC1jy/ D 0;

g1.xj˛nˇjy/ D xjˇjy;

g1.xj˛n
 jy/ D xj
 jy;

g1.xj˛n�1ˇ2jy/ D xj˛jy:

Moreover, if n D 4, the chain map g� satisfies

g0.!1xj"
Š
jy/ D 0:

Let n 2 N be odd, then the map ˛nja C ˇnjb C 
njc can be extended to the chain map
g� W P

b
� ! P b� satisfying

g0.xj˛njy/ D xj"
Š
jay; g0.xjˇnjy/ D xj"

Š
jby; g0.xj
njy/ D xj"

Š
jcy;

g0.xj˛n�1ˇjy/ D g0.xj˛n�1
 jy/ D g0.xj˛n�2ˇ2jy/ D 0;

g1.xj˛nC1jy/ D �xj˛jay; g1.xjˇnC1jy/ D �xjˇjby;

g1.xj
nC1jy/ D �xj
 jcy; g1.xj˛nˇjy/ D �xj˛jby � xjˇjcy � xj
 jay;

g1.xj˛n
 jy/ D �xj˛jcy � xjˇjay � xj
 jby; g1.xj˛n�1ˇ2jy/ D 0;

g2.xj˛nC2jy/ D xj˛2jay; g2.xjˇnC2jy/ D xjˇ2jby;

g2.xj
nC2jy/ D xj
2jcy;

g2.xj˛nC1ˇjy/ D xj˛ˇjcy C xj˛
 jay C xj.˛2 C 
2/jby;

g2.xj˛nC1
 jy/ D xj˛ˇjay C xj˛
 jby C xj.˛2 C ˇ2/jcy;

g2.xj˛nˇ2jy/ D xj˛ˇjby C xj˛
 jcy C xj.ˇ2 C 
2/jay:
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Moreover, if n D 3, the chain map g� satisfies

g1.!1xj"
Š
jy/ D 2x

�
1j˛jbac C 1jˇjabc � 1j
 jabaC cj˛j.baC ac/ � ajˇjac

� bj
 jba � .baC ac/j
 jaC acj˛jb C bajˇjc
�
y;

g2.!1xj˛jy/ D 2x
�
� 2j˛2jbac C aj˛
 jab � cj˛2jbc C cjˇ2jab � bj
2jba

� bcj˛ˇjc C abj˛
 ja � acj˛2jc � 2bajˇ2jc C abj
2jb

� baj
2jc � abcj˛
 j1C bacj˛2j1
�
y;

g2.!1xjˇjy/ D 2x
�
� 2jˇ2jabc C bj˛
 jbc C ajˇ2j.ab C bc/C aj
2jbc

C cj˛2j.baC ac/C .ab C bc/j˛ˇjaC bcj˛
 jb � bajˇ2ja

C 2.baC ac/j
2jaC bcj˛2jc C .baC ac/j˛2jaC abaj˛
 j1

C abcjˇ2j1
�
y;

g2.!1xj
 jy/ D 2x
�
2j
2jaba � cj˛
 j.ab C bc/ � bj
2jab � bj˛2j.ab C bc/

� ajˇ2jac � abj˛ˇjb � .ab C bc/j˛
 jc C .baC ac/j
2jb

� 2acj˛2jb � .ab C bc/jˇ2ja � acjˇ2jb � bacj˛
 j1 � abaj
2j1
�
y:

Proposition 6.4. The set

S D

� [
m2J0;4K;
n2J0;3K

zHnm [
®
!�1 "

Š
j1
¯�
n
®
"Šj1

¯
is a generating set of the k-algebra HH�.A/. Hence, HH�.A/ is a finitely generated k-
algebra.

Proof. We will prove the proposition by induction on n. Let n > 4. Assume that zHn
0

m for
m 2 J0; 4K and n0 2 J0; n � 1K is generated by the elements of S. We check that zHnm for
m 2 J0; 4K is generated by the elements of S. First, we suppose that n is even. Note that
zHn0 D ¹˛nj1; ˇnj1; 
nj1; .˛n�1ˇ C ˛n�1
/j1; ˛n�2ˇ2j1º. By Fact 6.3, we have

˛2j1 ^ ˛n�2j1 2 ˛nj1C !
�
1H

n�4
2 ; ˇ2j1 ^ ˇn�2j1 2 ˇnj1C !

�
1H

n�4
2 ;


2j1 ^ 
n�2j1 2 
nj1C !
�
1H

n�4
2 ; 
2j1 ^ ˛n�2j1 2 ˛n�2ˇ2j1C !

�
1H

n�4
2 ;

.˛ˇ C ˛
/j1 ^ ˛n�2j1 2 .˛n�1ˇ C ˛n�1
/j1C !
�
1H

n�4
2 :

Hence, the elements in zHn0 are generated by the elements in S. Note that

zHn1 D
zHn2 D

zHn3 D ;:

Finally, we notice that zHn4 D ¹˛njabac; ˇnjabac; 
njabac; ˛n�1ˇjabac; ˛n�2ˇ2jabacº.
Since

"Šjabac ^ ˛nj1 D ˛njabac; "Šjabac ^ ˇnj1 D ˇnjabac;

"Šjabac ^ 
nj1 D 
njabac;
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"Šjabac ^ .˛n�1ˇ C ˛n�1
/j1 D 2˛n�1ˇjabac;

"Šjabac ^ ˛n�2ˇ2j1 D ˛n�2ˇ2jabac;

the elements in zHn4 are also generated by the elements of S.
Next, we suppose that n is odd. Note first that zHn0 D zH

n
2 D
zHn4 D ;, and

zHn1 D
®
˛njaC ˇnjb C 
njc; .ˇn � ˛n�1ˇ/jb; .
n � ˛n�1
/jc; .˛n � ˛n�2ˇ2/ja;

˛n�1ˇjc C ˛n�1
 jaC ˛n�2ˇ2jb
¯
:

By Fact 6.3, we see that

.˛jaC ˇjb C 
 jc/ ^ ˛n�1j1 2 ˛njaC ˛n�1ˇjb C ˛n�1
 jc C !
�
1
zHn�4
3 ;

.˛jaC ˇjb C 
 jc/ ^ ˇn�1j1 2 ˇnjb C ˛n�1
 jc C ˛n�2ˇ2jaC !
�
1
zHn�4
3 ;

.˛jaC ˇjb C 
 jc/ ^ 
n�1j1 2 
njc C ˛n�1ˇjb C ˛n�2ˇ2jaC !
�
1
zHn�4
3 ;

.˛jaC ˇjb C 
 jc/ ^ .˛n�2ˇ C ˛n�2
/j1 2 2.˛n�1ˇjc C ˛n�1
 jaC ˛n�2ˇ2jb/

C !�1
zHn�4
3 ;

.˛jaC ˇjb C 
 jc/ ^ ˛n�3ˇ2j1 2 ˛n�1ˇjb C ˛n�1
 jc C ˛n�2ˇ2ja

C !�1
zHn�4
3 :

It is easy to see that the five elements

˛njaC ˛n�1ˇjb C ˛n�1
 jc; ˇnjb C ˛n�1
 jc C ˛n�2ˇ2ja;


njc C ˛n�1ˇjb C ˛n�2ˇ2ja; 2.˛n�1ˇjc C ˛n�1
 jaC ˛n�2ˇ2jb/

and
˛n�1ˇjb C ˛n�1
 jc C ˛n�2ˇ2ja

are linear combinations of elements of zHn1 . Moreover, they form a basis of zHn
1 . The ele-

ments in zHn
1 , so a fortiori zHn1 , are thus generated by the elements of S. Note finally that

zHn3 D ¹˛njbac; ˇnjabc; 
njaba; ˛n�1ˇjabc; ˛nj.aba � abc/º:

Since

˛jbac ^ ˛n�1j1 D ˛njbac; ˇjabc ^ ˇn�1j1 D ˇnjabc;


 jaba ^ 
n�1j1 D 
njaba; ˇjabc ^ ˛n�1j1 D ˛n�1ˇjabc;

˛j.aba � abc/ ^ ˛n�1j1 D ˛nj.aba � abc/;

the elements in zHn3 are generated by the elements of S.

Proposition 6.5. The set of 14 elements given by

SD ¹"Šj.ab C ba/; "Šj.ab C bc � ac/; "Šjabac; ˛jaC ˇjb C 
 jc; ˛jbac;

ˇjabc; 
 jaba; ˛j.aba � abc/; ˛2j1; ˇ2j1; 
2j1; .˛ˇ C ˛
/j1;

˛3jaC ˇ3jb C 
3jc; !
�
1 "
Š
j1º � HH�.A/: (6.1)

is a minimal generating set of the k-algebra HH�.A/.
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Proof. By Proposition 6.4, the 33 element set

S D
®
"Šj.ab C ba/; "Šj.ab C bc C ac/; "Šjabac; ˛jbac; ˇjabc; 
 jaba; ˛j.aba � abc/;

.˛ C ˇ/jaba; ˛jabaC ˇjbac; ˛jaC ˇjb C 
 jc; ˛2jabac; ˇ2jabac; 
2jabac;

˛ˇjabac; ˛2j.ab C ba/; ˇ2j.ab C ba/; ˛2j1; ˇ2j1; 
2j1; .˛ˇ C ˛
/j1; ˛3jbac;

ˇ3jabc; 
3jaba; ˛2ˇjabc; ˛3j.aba � abc/; .˛3 C ˇ3/jaba; ˛3jabaC ˇ3jbac;

˛3jaC ˇ3jb C 
3jc; .ˇ3 � ˛2ˇ/jb; .
3 � ˛2
/jc; .˛3 � ˛ˇ2/ja;

˛2ˇjc C ˛2
 jaC ˛ˇ2jb; !
�
1 "
Š
j1
¯

is a generating set of HH�.A/. By Fact 6.3 and the computation of coboundaries in Sec-
tions 5.3.1 and 5.3.2, we get

˛2j.ab C ba/ D "
Š
j.ab C ba/ ^ ˛2j1;

ˇ2j.ab C ba/ D "
Š
j.ab C ba/ ^ ˇ2j1;

˛2jabac D "
Š
jabac ^ ˛2j1;

ˇ2jabac D "
Š
jabac ^ ˇ2j1;


2jabac D "
Š
jabac ^ 
2j1;

˛ˇjabac D .1=2/"Šjabac ^ .˛ˇ C ˛
/j1;

˛3jbac D ˛jbac ^ ˛2j1;

ˇ3jabc D ˇjabc ^ ˇ2j1;


3jaba D 
 jaba ^ 
2j1; ˛2ˇjabc D ˛jbac ^ ˇ2j1;

.˛3 � ˛ˇ2/ja D .1=2/Œ.˛3jaC ˇ3jb C 
3jc/

C .˛jaC ˇjb C 
 jc/ ^ .˛2j1 � ˇ2j1 � 
2j1/�; (6.2)

.ˇ3 � ˛2ˇ/jb D .1=2/Œ.˛3jaC ˇ3jb C 
3jc/

C .˛jaC ˇjb C 
 jc/ ^ .ˇ2j1 � ˛2j1 � 
2j1/�;

.
3 � ˛2
/jc D .1=2/Œ.˛3jaC ˇ3jb C 
3jc/

C .˛jaC ˇjb C 
 jc/ ^ .
2j1 � ˛2j1 � ˇ2j1/�;

˛2ˇjc C ˛2
 jaC ˛ˇ2jb D .1=2/.˛jaC ˇjb C 
 jc/ ^ .˛ˇ C ˛
/j1;

˛3j.aba � abc/ D ˛j.aba � abc/ ^ ˛2j1;

.˛3 C ˇ3/jaba D 
 jaba ^ .˛ˇ C ˛
/j1;

˛3jabaC ˇ3jbac D ˛j.aba � abc/ ^ .ˇ2j1C ˛2j1/

� 2
 jaba ^ .˛ˇ C ˛
/j1;

.˛ C ˇ/jaba D .1=2/"Šj.ab C bc � ac/ ^ .˛jaC ˇjb C 
 jc/

C ˛j.aba � abc/;

˛jabaC ˇjbac D .1=2/Œ"Šj.ab C ba/ ^ .˛jaC ˇjb C 
 jc/

� "Šj.ab C bc � ac/ ^ .˛jaC ˇjb C 
 jc/�:
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Hence, the set S obtained from S by removing the nineteen elements in (6.2) is still a
generating set. Similarly, it is easy to check that

"Šj.ab C ba/ ^ "Šj.ab C ba/ D "Šj.ab C bc � ac/ ^ "Šj.ab C bc � ac/

D "Šj.ab C ba/ ^ "Šj.ab C bc � ac/ D 0: (6.3)

By Remark 6.1, Fact 6.3 and (6.3), it is easy to check that any one of the fourteen
elements of Scannot be generated by the other thirteen elements, so the generating set S
is minimal.

Let us number the elements of the set S given in (6.1) by X1 D "Šj.ab C ba/, X2 D
"Šj.ab C bc � ac/, X3 D "Šjabac, X4 D ˛jbac, X5 D ˇjabc, X6 D 
 jaba, X7 D
˛j.aba � abc/, X8 D ˛ja C ˇjb C 
 jc, X9 D ˛2j1, X10 D ˇ2j1, X11 D 
2j1, X12 D
.˛ˇ C ˛
/j1, X13 D ˛3jaC ˇ3jb C 
3jc and X14 D !�1 "

Šj1. We define the well-ordered
set ¹xi j i 2 J1; 14Kº with xi � xj for all i > j . Let F be the noncommutative associative
free k-algebra generated by xi for i 2 J1; 14K, with length-lexicographic order. We endow
the algebra F with the unique grading over Z2 given by setting the bidegree of xi to be
the same as that of Xi for i 2 J1; 14K. Let R1 � F be the set consisting of the following
97 homogeneous elements:

x1x2 � x2x1; x1x3 � x3x1; x1x4 � x4x1; x1x5 � x5x1; x1x6 � x6x1; x1x7 � x7x1;

x1x8 � x8x1; x1x9 � x9x1; x1x10 � x10x1; x1x11 � x11x1; x1x12 � x12x1;

x1x13 � x13x1; x1x14 � x14x1; x2x3 � x3x2; x2x4 � x4x2; x2x5 � x5x2; x2x6 � x6x2;

x2x7 � x7x2; x2x8 � x8x2; x2x9 � x9x2; x2x10 � x10x2; x2x11 � x11x2;

x2x12 � x12x2; x2x13 � x13x2; x2x14 � x14x2; x3x4 � x4x3; x3x5 � x5x3;

x3x6 � x6x3; x3x7 � x7x3; x3x8 � x8x3; x3x9 � x9x3; x3x10 � x10x3; x3x11 � x11x3;

x3x12 � x12x3; x3x13 � x13x3; x3x14 � x14x3; x4x5 C x5x4; x4x6 C x6x4;

x4x7 C x7x4; x4x8 C x8x4; x4x9 � x9x4; x4x10 � x10x4; x4x11 � x11x4;

x4x12 � x12x4; x4x13 C x13x4; x4x14 � x14x4; x5x6 C x6x5; x5x7 C x7x5; (6.4)

x5x8 C x8x5; x5x9 � x9x5; x5x10 � x10x5; x5x11 � x11x5; x5x12 � x12x5;

x5x13 C x13x5; x5x14 � x14x5; x6x7 C x7x6; x6x8 C x8x6; x6x9 � x9x6;

x6x10 � x10x6; x6x11 � x11x6; x6x12 � x12x6; x6x13 C x13x6; x6x14 � x14x6;

x7x8 C x8x7; x7x9 � x9x7; x7x10 � x10x7; x7x11 � x11x7; x7x12 � x12x7;

x7x13 C x13x7; x7x14 � x14x7; x8x9 � x9x8; x8x10 � x10x8; x8x11 � x11x8;

x8x12 � x12x8; x8x13 C x13x8; x8x14 � x14x8; x9x10 � x10x9; x9x11 � x11x9;

x9x12 � x12x9; x9x13 � x13x9; x9x14 � x14x9; x10x11 � x11x10; x10x12 � x12x10;

x10x13 � x13x10; x10x14 � x14x10; x11x12 � x12x11; x11x13 � x13x11;

x11x14 � x14x11; x12x13 � x13x12; x12x14 � x14x12; x13x14 � x14x13; x
2
4 ; x

2
5 ; x

2
6 ;

x27 ; x
2
8 ; x

2
13:
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Remark 6.6. Note that the quotient of the free algebra F generated by xi for i 2 J1; 14K
modulo the (homogeneous) ideal generated by the previous set R1 is precisely the free
graded-commutative (for the homological grading) algebra C generated by the same gen-
erators xi for i 2 J1; 14K.

Let R2 � F be the set consisting of the following 63 homogeneous elements:

x21 ; x1x2; x1x3; x
2
2 ; x2x3; x

2
3 ; x1x4; x1x5; x1x6; x1x7; x2x4; x2x5; x2x6; x2x7; x3x4;

x3x5; x3x6; x3x7; x3x8; x4x5; x4x6; x4x7; x5x6; x5x7; x6x7; x1x11 � 2x1x9 � 2x1x10;

x1x12 � x1x9 � x1x10; x2x9 C x1x9; x2x10 � 2x1x10; x2x11 � x1x9 � x1x10;

x2x12 � x1x10; x3x9 C x8x4; x3x10 C x8x5; x3x11 � x8x6; x3x12 � x8x7;

x9x5 C x9x6; x9x5 � x10x4; x9x5 C x10x6; x9x5 � x11x4; x9x5 � x11x5;

x12x4 � .1=3/x9x7 C .4=3/x10x7; x12x5 C .1=3/x9x7 � x12x6 C .5=3/x10x7;

x10x7 � x11x7; x12x7 C 2x9x5 � .1=3/x9x7 � .2=3/x10x7; x9x10 � x9x11;

x9x10 � x10x11; x9x12 � x12x12 C 2x9x10 � 3x14x1 C 3x14x2; (6.5)

x10x12 � x12x12 C 2x9x10 � 3x14x2; x11x12 � x12x12 C 2x9x10 C 3x14x1;

x1x13 � 4x12x6 C 4x10x7; x2x13 C .4=3/x9x7 � 4x12x6 C .8=3/x10x7; x3x13;

x8x13 � 6x14x3; x13x4 C x9x9x3; x13x5 C x10x10x3; x13x6 � x11x11x3;

x13x7 � x12x12x3 C 2x9x10x3; x1x8x12 � 2x12x6 C 2x10x7;

x2x8x12 C .2=3/x9x7 � 2x12x6 C .4=3/x10x7; x9x13 � x9x9x8 C 6x14x4;

x10x13 � x10x10x8 C 6x14x5; x11x13 � x11x11x8 � 6x14x6;

x12x13 � x11x12x8 � 6x14x7 � 3x14x2x8:

By abuse of notation, we will also identify R2 with its image under the canonical projec-
tion F ! F=.R1/ D C .

The following theorem is the main result of this article.

Theorem 6.7. Let I be the two-sided ideal of F generated by the set R D R1 [R2 of
160 homogeneous elements and let D D F=I . Define the morphism ' W F ! HH�.A/
of bigraded k-algebras by setting '.xi / D Xi for i 2 J1; 14K. It is easy to check that '
is surjective and I � Ker.'/, so ' induces the surjective morphism x' W D ! HH�.A/.
Moreover, x' is an isomorphism, i.e., Ker.'/ D I .

Before presenting the proof of the previous theorem, let us provide some auxiliary
results. We refer the reader to [13] (see also [14]) for the theory of Gröbner bases, as well
as the usual terminology we will follow. Using GAP (see [3]), one shows that a Gröbner
basis G of I is given by the following 184 elements:

x21 ; x1x2; x1x3; x1x4; x1x5; x1x6; x1x7; x1x11 � 2x1x10 � 2x1x9;

x1x12 � x1x10 � x1x9; x2x1 � x1x2; x
2
2 ; x2x3; x2x4; x2x5; x2x6; x2x7; x2x9 C x1x9;

x2x10 � 2x1x10; x2x11 � x1x10 � x1x9; x2x12 � x1x10; x3x1 � x1x3; x3x2 � x2x3;
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x23 ; x3x4; x3x5; x3x6; x3x7; x3x8; x3x13; x4x1 � x1x4; x4x2 � x2x4; x4x3 � x3x4;

x24 ; x4x5; x4x6; x4x7; x4x8 � x3x9; x4x11 � x4x10; x5x1 � x1x5; x5x2 � x2x5;

x5x3 � x3x5; x5x4 C x4x5; x
2
5 ; x5x6; x5x7; x5x8 � x3x10; x5x9 � x4x10;

x5x11 � x4x10; x5x12 � x4x12 � .1=2/x2x13 C .1=4/x1x13; x6x1 � x1x6;

x6x2 � x2x6; x6x3 � x3x6; x6x4 C x4x6; x6x5 C x5x6; x
2
6 ; x6x7; x6x8 C x3x11;

x6x9 C x5x9; x6x10 C x4x10; x6x12 C .1=2/x5x12 C .1=2/x4x12 � .3=8/x1x13;

x7x1 � x1x7; x7x2 � x2x7; x7x3 � x3x7; x7x4 C x4x7; x7x5 C x5x7; x7x6 C x6x7; x
2
7 ;

x7x8 C x3x12; x7x9 � 4x6x12 � 3x4x12 C x1x13; x7x10 � .1=4/x7x9 C .3=4/x4x12;

x7x11 � x7x10; x7x12 C x4x12 C 2x4x10 C .1=2/x2x13 � .1=2/x1x13; x8x1 � x1x8;

x8x2 � x2x8; x8x3 � x3x8; x8x4 C x4x8; x8x5 C x5x8; x8x6 C x6x8; x8x7 C x7x8; x
2
8 ;

x8x13 � 6x3x14; x9x1 � x1x9; x9x2 � x2x9; x9x3 � x3x9; x9x4 � x4x9; x9x5 � x5x9;

x9x6 � x6x9; x9x7 � x7x9; x9x8 � x8x9; x9x11 � x9x10; x10x1 � x1x10;

x10x2 � x2x10; x10x3 � x3x10; x10x4 � x9x5; x10x5 � x5x10; x10x6 C x9x5;

x10x7 � x7x10; x10x8 � x8x10; x10x9 � x9x10; x10x11 � x9x10;

x10x12 � x9x12 � 6x2x14 C 3x1x14; x11x1 � x1x11; x11x2 � x2x11; x11x3 � x3x11;

x11x4 � x9x5; x11x5 � x9x5; x11x6 � x6x11; x11x7 � x10x7; x11x8 � x8x11;

x11x9 � x9x11; x11x10 � x10x11; x11x12 � x10x12 C 3x2x14 C 3x1x14;

x12x1 � x1x12; x12x2 � x2x12; x12x3 � x3x12; x12x4 C .4=3/x10x7 � .1=3/x9x7;

x12x5 � x5x12; x12x6 � x6x12; x12x7 � x7x12; x12x8 � x8x12; x12x9 � x9x12;

x12x10 � x10x12; x12x11 � x11x12; x
2
12 � x11x12 � 2x9x10 � 3x1x14; x13x1 � x1x13;

x13x2 � x2x13; x13x3 � x3x13; x13x4 C x4x13; x13x5 C x5x13; x13x6 C x6x13;

x13x7 C x7x13; x13x8 C x8x13; x13x9 � x9x13; x13x10 � x10x13; x13x11 � x11x13;

x13x12 � x12x13; x
2
13; x14x1 � x1x14; x14x2 � x2x14; x14x3 � x3x14; x14x4 � x4x14;

x14x5 � x5x14; x14x6 � x6x14; x14x7 � x7x14; x14x8 � x8x14; x14x9 � x9x14;

x14x10 � x10x14; x14x11 � x11x14; x14x12 � x12x14; x14x13 � x13x14;

x1x8x12 � 2x12x6 C 2x10x7; x2x8x12 � 2x12x6 C .4=3/x10x7 C .2=3/x9x7;

x3x
2
9 � x4x13; x3x9x12 C x7x13; x3x

2
10 � x5x13; x3x

2
11 C x6x13;

x8x
2
9 � x9x13 � 6x4x14; x8x9x12 C 6x2x8x14 � 6x1x8x14 � x12x13 C 6x7x14;

x8x
2
10 � x10x13 � 6x5x14; x8x

2
11 � x11x13 C 6x6x14;

x1x8x9 C .1=2/x2x13 � .1=2/x1x13; x1x8x10 C x1x8x9 � .1=2/x1x13;

x1x8x11 � 2x1x8x10 � 2x1x8x9; x1x
2
9 ; x1x9x10 C 2x1x

2
9 ; x1x9x12 C x1x

2
9 ;

x1x9x13; x1x
2
10; x1x10x13; x2x8x9 C x1x8x9; x2x8x10 C 2x1x8x9 � x1x13;

x2x8x11 � .1=2/x1x13; x3x9x13; x3x10x13; x3x11x13; x3x12x13; x4x
2
10 � x4x9x10;
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x8x9x13 � 6x3x9x14; x8x10x13 � 6x3x10x14; x8x11x13 � 6x3x11x14;

x8x12x13 � 6x3x12x14; x9x
2
10 � x

2
9x10; x3x9x10x13; x8x9x10x13 � 6x3x9x10x14:

We will now compute the standard words with respect to G, i.e., the monomials on
the letters xi , i 2 J1; 14K, that are not divisible by the leading terms of the elements of G.
This is a direct but tedious computation. We recall that the set of standard words forms a
k-basis S ofD. Obviously, 1 2 S and xi 2 S for i 2 J1; 14K. The elements in S generated
by 2 elements are given by the following 46 elements:

x1x8; x1x9; x1x10; x1x13; x1x14;

x2x8; x2x13; x2x14;

x3x9; x3x10; x3x11; x3x12; x3x14;

x4x9; x4x10; x4x12; x4x13; x4x14;

x5x10; x5x13; x5x14;

x6x11; x6x13; x6x14;

x7x13; x7x14;

x8x9; x8x10; x8x11; x8x12; x8x14;

x29 ; x9x10; x9x12; x9x13; x9x14;

x210; x10x13; x10x14;

x211; x11x13; x11x14;

x12x13; x12x14;

x13x14;

x214:

(6.6)

Analogously, the elements in S generated by 3 elements are given by the following 68
elements:

x1x8x14; x1x9x14; x1x10x14; x1x13x14; x1x
2
14; x2x8x14; x2x13x14; x2x

2
14;

x3x9x10; x3x9x14; x3x10x14; x3x11x14; x3x12x14; x3x
2
14; x4x

2
9 ; x4x9x10;

x4x9x12; x4x9x13; x4x9x14; x4x10x13; x4x10x14; x4x12x13; x4x12x14;

x4x13x14; x4x
2
14; x5x

2
10; x5x10x13; x5x10x14; x5x13x14; x5x

2
14; x6x

2
11;

x6x11x13; x6x11x14; x6x13x14; x6x
2
14; x7x13x14; x7x

2
14; x8x9x10; x8x9x14;

x8x10x14; x8x11x14; x8x12x14; x8x
2
14; x

3
9 ; x

2
9x10; x

2
9x12; x

2
9x13; x

2
9x14;

x9x10x13; x9x10x14; x9x12x13; x9x12x14; x9x13x14; x9x
2
14; x

3
10; x

2
10x13;

x210x14; x10x13x14; x10x
2
14; x

3
11; x

2
11x13; x

2
11x14; x11x13x14; x11x

2
14;

x12x13x14; x12x
2
14; x13x

2
14; x

3
14:

(6.7)
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Finally, the elements in S generated by 4 elements are given by the following 89 elements:

x1x8x
2
14; x1x9x

2
14; x1x10x

2
14; x1x13x

2
14; x1x

3
14; x2x8x

2
14; x2x13x

2
14; x2x

3
14;

x3x9x10x14; x3x9x
2
14; x3x10x

2
14; x3x11x

2
14; x3x12x

2
14; x3x

3
14; x4x

3
9 ; x4x

2
9x10;

x4x
2
9x12; x4x

2
9x13; x4x

2
9x14; x4x9x10x13; x4x9x10x14; x4x9x12x13;

x4x9x12x14; x4x9x13x14; x4x9x
2
14; x4x10x13x14; x4x10x

2
14; x4x12x13x14;

x4x12x
2
14; x4x13x

2
14; x4x

3
14; x5x

3
10; x5x

2
10x13; x5x

2
10x14; x5x10x13x14;

x5x10x
2
14; x5x13x

2
14; x5x

3
14; x6x

3
11; x6x

2
11x13; x6x

2
11x14; x6x11x13x14;

x6x11x
2
14; x6x13x

2
14; x6x

3
14; x7x13x

2
14; x7x

3
14; x8x9x10x14; x8x9x

2
14;

x8x10x
2
14; x8x11x

2
14; x8x12x

2
14; x8x

3
14; x

4
9 ; x

3
9x10; x

3
9x12; x

3
9x12; x

3
9x13;

x39x14; x
2
9x10x13; x

2
9x10x14; x

2
9x12x13; x

2
9x12x14; x

2
9x13x14; x

2
9x
2
14;

x9x10x13x14; x9x10x
2
14; x9x12x13x14; x9x12x

2
14; x9x13x

2
14; x9x

3
14;

x410; x
3
10x13; x

3
10x14; x

2
10x13x14; x

2
10x

2
14; x10x13x

2
14; x10x

3
14; x

4
11; x

3
11x13;

x311x14; x
2
11x13x14; x

2
11x

2
14; x11x13x

2
14; x11x

3
14; x12x13x

2
14; x12x

3
14; x13x

3
14; x

4
14:

(6.8)

Lemma 6.8. Let x be a word generated by r elements, where r > 5. Then the following
statements are equivalent:

(1) x 2 S ;

(2) y 2 S for any subword y ¨ x;

(3) y 2 S for any subword y ¨ x generated by r � 1 elements;

(4) y 2 S for any subword y ¨ x generated by 4 elements.

Proof. The implications (1)) (2)) (3)) (4) follow immediately from the definition
of standard word. On the other hand, to prove the implication (4)) (1), it suffices to note
that the leading word of any element in G is generated by at most 4 elements.

Lemma 6.9. Let x be a word. Then x 2 S if and only if xx14 2 S .

Proof. To prove the direct implication, suppose that x 2 S is generated by r elements. If
r 2 J0; 3K, we get that xx14 2 S directly from (6.6)–(6.8). If r > 4, write x D yz, where
y; z are words and z is generated by 3 elements. Obviously, z 2 S and zx14 2 S . By
Lemma 6.8, xx14 D yzx14 2 S . Finally, note that the converse follows from the definition
of standard word.

The following result is a direct consequence of the previous lemma.

Corollary 6.10. Let zS be the elements in S generated by xi for i 2 J1; 13K, and zD the
subspace of D generated by the elements in zS . Then

D Š zD ˝ kŒx14�

as graded k-vector spaces.
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We are now ready to prove Theorem 6.7.

Proof of Theorem 6.7. It is easy to check that the morphism ' vanishes on the set R1

since the algebra HH�.A/ is graded commutative, and it also vanishes on the set R2, as the
reader can check using Remark 6.1, Fact 6.3, (6.3) and the coboundaries in Sections 5.3.1
and 5.3.2. Hence, I � Ker.'/. By Proposition 5.6, we have

HH�.A/ Š
� M
m2J0;4K;
n2N0

zHn
m

�
˝ kŒ!�1 "

Š
j1�

as graded k-vector spaces. Let Snm be the elements in zS with cohomological degree n 2N0

and internal degreem� n, wherem 2Z. To prove that x' is an isomorphism, it is sufficient
to prove that the cardinality of Snm is as same as the dimension of zHn

m.
Take x 2 Snm. Since the words xixj for i > j are leading terms of elements in G, we

may assume that x is of the form x
r1
1 x

r2
2 � � � x

r13
13 , where ri 2 N0 for i 2 J1; 13K. Since x2i

for i D 1;2; 3; 4; 5; 6; 7; 8; 12; 13 are leading terms of elements inG, we assume ri 2 J0;1K
for i D 1; 2; 3; 4; 5; 6; 7; 8; 12; 13. By degree reasons, we have

r4 C r5 C r6 C r7 C r8 C 2r9 C 2r10 C 2r11 C 2r12 C 3r13 D n; (6.9)

and

2r1 C 2r2 C 4r3 C 2r4 C 2r5 C 2r6 C 2r7 � 2r9 � 2r10 � 2r11 � 2r12 � 2r13

D m � n:

Adding the two equations together, we get

2r1 C 2r2 C 4r3 C 3r4 C 3r5 C 3r6 C 3r7 C r8 C r13 D m: (6.10)

Note that the previous identity tells us that m 2 N0.
First, we will prove thatm6 4. If r1D 1, then ri D 0 for i D 2;3;4;5;6;7;11;12, since

x1xi is the leading term of an element of the Gröbner basisG for i D 2;3; 4; 5; 6; 7; 11; 12.
Equation (6.10) then shows that m D 2C r8 C r13 6 4. Assume for the rest of the para-
graph that r1 D 0. If r2 D 1, then ri D 0 for i D 3; 4; 5; 6; 7; 9; 10; 11; 12, since x2xi is the
leading term of an element of the Gröbner basis G for i D 3; 4; 5; 6; 7; 9; 10; 11; 12. Equa-
tion (6.10) thus shows that m D 2C r8 C r13 6 4. Suppose for the rest of the paragraph
that r2 D 0. If r3 D 1, then ri D 0 for i D 4; 5; 6; 7; 8; 13, since x3xi is the leading term
of an element of the Gröbner basisG for i D 4; 5; 6; 7; 8; 13. Equation (6.10) hence shows
that m D 4. Assume for the rest of the paragraph that r3 D 0. If r4 D 1, then ri D 0 for
i D 5; 6; 7; 8; 11, since x4xi is the leading term of an element of the Gröbner basis G for
i D 5; 6; 7; 8; 11. Then, equation (6.10) shows that m D 3C r13 6 4. Suppose for the rest
of the paragraph that r4 D 0. If r5 D 1, then ri D 0 for i D 6; 7; 8; 9; 11; 12, since x5xi is
the leading term of an element of the Gröbner basis G for i D 6; 7; 8; 9; 11; 12. Equation
(6.10) thus shows thatmD 3C r13 6 4. Assume for the rest of the paragraph that r5D 0. If
r6D 1, then ri D 0 for i D 7;8;9;10;12, since x6xi is the leading term of an element of the
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Gröbner basis G for i D 7; 8; 9; 10; 12. Equation (6.10) then shows thatmD 3C r13 6 4.
Suppose further that r6 D 0. If r7 D 1, then ri D 0 for i D 8; 9; 10; 11; 12, since x7xi is the
leading term of an element of the Gröbner basisG for i D 8; 9; 10; 11; 12. Equation (6.10)
shows thatmD 3C r13 6 4. Finally, assume also that r7 D 0. ThenmD r8C r13 6 26 4.

Then we suppose m D 4. Equation (6.10) then becomes

2r1 C 2r2 C 4r3 C 3r4 C 3r5 C 3r6 C 3r7 C r8 C r13 D 4: (6.11)

If r1D 1, then ri D 0 for i D 2;3;4;5;6;7;11;12, and equation (6.11) shows r8C r13D 2,
which gives r8 D r13 D 1. This is impossible since x1x8 can only be followed by x14
by (6.7). Assume for the rest of the paragraph that r1 D 0. If r2 D 1, then ri D 0 for
i D 3; 4; 5; 6; 7; 9; 10; 11; 12, and equation (6.11) shows r8 C r13 D 2. In the same way
as before, this case is also impossible. Suppose for the rest of the paragraph that r2 D 0.
If r3 D 1, then ri D 0 for i D 4; 5; 6; 7; 8; 13. Then x D x3, x3x9, x3x10, x3x11, x3x12
or x3x9x10. Suppose for the rest of the paragraph that r3 D 0. If r4 D 1, then ri D 0

for i D 5; 6; 7; 8; 11, and equation (6.11) shows r13 D 1. By (6.9), n is even. Moreover,
x D x4x

r9
9 x13, x4x

r9
9 x10x13 or x4x

r9
9 x12x13 for r9 2 N0. Suppose for the rest of the

paragraph that r4 D 0. If r5 D 1, then ri D 0 for i D 6; 7; 8; 9; 11; 12, and equation (6.11)
shows r13 D 1. Then n is even by (6.9), and x D x5x

r10
10 x13 for r10 2 N0. Suppose for the

rest of the paragraph that r5 D 0. If r6 D 1, then ri D 0 for i D 7; 8; 9; 10; 12, and equation
(6.11) shows r13 D 1. Then n is even by (6.9), and x D x6x

r11
11 x13 for r11 2 N0. Suppose

for the rest of the paragraph that r6 D 0. If r7 D 1, then ri D 0 for i D 8; 9; 10; 11; 12, and
equation (6.11) shows r13 D 1, which implies that x D x7x13. Finally, assume also that
r7 D 0. Then, equation (6.11) shows 4 D r8 C r13 6 2, which is impossible. To sum up,
we have

S04 D ¹x3º; S24 D ¹x3x9; x3x10; x3x11; x3x12º;

S44 D ¹x4x13; x5x13; x6x13; x7x13; x3x9x10º;

Sn4 D ¹x4x
.n�4/=2
9 x13; x4x

.n�6/=2
9 x10x13; x4x

.n�6/=2
9 x12x13; x5x

.n�4/=2
10 x13;

x6x
.n�4/=2
11 x13º

if n > 6 is even, and Sn4 D ; if n is odd.
Suppose m D 3. Then (6.10) becomes

2r1 C 2r2 C 4r3 C 3r4 C 3r5 C 3r6 C 3r7 C r8 C r13 D 3: (6.12)

If r1D 1, then ri D 0 for i D 2;3;4;5;6;7;11;12, and equation (6.12) shows r8C r13D 1.
Then r8C r13 is odd. We have thus either r8 D 1 and r13 D 0, or r8 D 0 and r13 D 1. Both
cases imply that n is odd by (6.9). If r8 D 1 and r13 D 0, then r9 D 0 and r10 D 0 by (6.7),
so x D x1x8. If r8 D 0 and r13 D 1, then x has the form x1x

r9
9 x

r10
10 x13. By (6.7), x1x9

and x1x10 can only be followed by x14, so x D x1x13. Now assume for the rest of the
paragraph that r1 D 0. If r2 D 1, then ri D 0 for i D 3; 4; 5; 6; 7; 9; 10; 11; 12, and equation



E. Herscovich and Z. Li 228

(6.12) shows r8 C r13 D 1. We have either r8 D 1 and r13 D 0, or r8 D 0 and r13 D 1.
Moreover, n is odd. So, x D x2x8 or x2x13. Suppose for the rest of the paragraph that
r2 D 0. Then r3 D 0 by (6.12). If r4 D 1, then ri D 0 for i D 5; 6; 7; 8; 11, and equation
(6.12) shows r13 D 0. Hence, n is odd by (6.9), and x has the form x4x

r9
9 x

r10
10 x

r12
12 . If

r9 D 0, then x can only be x4, x4x10 or x4x12. If r9 ¤ 0, then x D x4x
r9
9 , x4x

r9
9 x10 or

x4x
r9
9 x12. Suppose for the rest of the paragraph that r4 D 0. If r5 D 1, then ri D 0 for

i D 6; 7; 8; 9; 11; 12. Then, equation (6.12) shows r13 D 0. Then n is odd by (6.9) and
x D x5x

r10
10 . Suppose for the rest of the paragraph that r5 D 0. If r6 D 1, then ri D 0

for i D 7; 8; 9; 10; 12, and equation (6.12) shows r13 D 0. So, n is odd by (6.9), and
x D x6x

r11
11 . Suppose for the rest of the paragraph that r6 D 0. If r7 D 1, then ri D 0 for

i D 8; 9; 10; 11; 12, and equation (6.12) shows r13 D 0. So, x D x7. Suppose for the rest
of the paragraph that r7 D 0. If r8 D 1, then r13 D 0, and equation (6.12) shows 1 D 3,
which is impossible. Finally, assume also that r8D 0. Then equation (6.12) shows r13D 3,
which is impossible. To sum up, we have

S13 D ¹x4; x5; x6; x7; x1x8; x2x8º;

S33 D ¹x1x13; x2x13; x4x9; x4x10; x4x12; x5x10; x6x11º;

Sn3 D ¹x4x
.n�1/=2
9 ; x4x

.n�3/=2
9 x10; x4x

.n�3/=2
9 x12; x5x

.n�1/=2
10 ; x6x

.n�1/=2
11 º

if n > 5 is odd, and Sn3 D ; if n is even.
Suppose m D 2. Then (6.10) becomes

2r1 C 2r2 C 4r3 C 3r4 C 3r5 C 3r6 C 3r7 C r8 C r13 D 2: (6.13)

Then ri D 0 for i D 3; 4; 5; 6; 7. If r1 D 1, then ri D 0 for i D 2; 3; 4; 5; 6; 7; 11; 12,
and equation (6.13) shows r8 D r13 D 0. Hence, n is even by (6.9), and x D x1, x1x9 or
x1x10. Assume for the rest of the paragraph that r1 D 0. If r2 D 1, then ri D 0 for i D
3; 4; 5; 6; 7; 9; 10; 11; 12, and equation (6.13) shows r8 D r13 D 0, so x D x2. Suppose for
the rest of the paragraph that r2 D 0. If r8 D 1, (6.13) shows r13 D 1, which is impossible.
Finally, if r8 D 0, then r13 D 2, which is also impossible. We thus have

S02 D ¹x1; x2º; S22 D ¹x1x9; x1x10º;

and Sn2 D ; if n D 1 and n > 3.
Suppose m D 1. Then (6.10) becomes

2r1 C 2r2 C 4r3 C 3r4 C 3r5 C 3r6 C 3r7 C r8 C r13 D 1:

If r8 D 1; r13 D 0, then x D x8, x8x9, x8x10, x8x11, x8x12 or x8x9x10. If r8 D 0; r13 D 1,
then x D x13, xr99 x13, xr99 x10x13, xr99 x12x13, xr1010 x13, xr1111 x13 or x12x13. We then get

S11 D ¹x8º; S31 D ¹x13; x8x9; x8x10; x8x11; x8x12º;

S51 D ¹x9x13; x10x13; x11x13; x12x13; x8x9x10º;

Sn1 D ¹x
.n�3/=2
9 x13; x

.n�5/=2
9 x10x13; x

.n�5/=2
9 x12x13; x

.n�3/=2
10 x13; x

.n�3/=2
11 x13º

if n > 7 is odd, and Sn1 D ; if n is even.
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Suppose m D 0. Then (6.10) becomes

2r1 C 2r2 C 4r3 C 3r4 C 3r5 C 3r6 C 3r7 C r8 C r13 D 0:

Then ri D 0 for i D 1; 2; 3; 4; 5; 6; 7; 8; 13. If ri D 0 for all i 2 J1; 14K, then x D 1.
Otherwise, x D xr99 , xr99 x10, xr99 x12, xr1010 , xr1111 or x12. We thus have

S00 D ¹1º; S20 D ¹x9; x10; x11; x12º;

Sn0 D ¹x
n=2
9 ; x

.n�2/=2
9 x10; x

.n�2/=2
9 x12; x

n=2
10 ; x

n=2
11 º

if n > 4 is even, and Sn0 D ; if n is odd.
Finally, we leave to the reader the easy task to check that the cardinality of Snm is as

same as the dimension of zHn
m.

As a direct consequence of Remark 6.6 and Theorem 6.7 we get the following result.

Corollary 6.11. Recall that C D F=.R1/ is precisely the free graded-commutative (for
the cohomological degree) algebra generated by the elements xi for i 2 J1; 14K, where
R1 is the set given in (6.4). LetD0 D C=J , where J is the two-sided ideal of C generated
by the elements in R2 given in (6.5). Define the morphism '0 W C ! HH�.A/ of bigraded
k-algebras by setting '0.xi / D Xi for i 2 J1; 14K. It is easy to check that '0 is surjective
and J � Ker.'0/, so '0 induces the surjective morphism x'0 W D0 ! HH�.A/. Moreover,
x'0 is an isomorphism, i.e., Ker.'0/ D J .
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[12] D. Ştefan and C. Vay, The cohomology ring of the 12-dimensional Fomin–Kirillov algebra.
Adv. Math. 291 (2016), 584–620 Zbl 1366.18015 MR 3459024

[13] V. A. Ufnarovskij, Combinatorial and asymptotic methods in algebra. In Algebra, VI, pp. 1–
196, Encyclopaedia Math. Sci. 57, Springer, Berlin, 1995 MR 1360005

[14] V. S. Varadarajan, Supersymmetry for mathematicians: an introduction. Courant Lect. Notes
Math. 11, New York University, Courant Institute of Mathematical Sciences, New York; Amer-
ican Mathematical Society, Providence, RI, 2004 Zbl 1142.58009 MR 2069561

[15] C. A. Weibel, An introduction to homological algebra. Cambridge Stud. Adv. Math. 38, Cam-
bridge University Press, Cambridge, 1994 Zbl 0797.18001 MR 1269324

[16] S. J. Witherspoon, Hochschild cohomology for algebras. Grad. Stud. Math. 204, American
Mathematical Society, Providence, RI, 2019 Zbl 1462.16002 MR 3971234

Received 06 January 2022.

Estanislao Herscovich
Institut Fourier, UMR 5582, Laboratoire de Mathématiques, Université Grenoble Alpes,
38058 Grenoble, France; estanislao.herscovich@univ-grenoble-alpes.fr

Ziling Li
Institut Fourier, UMR 5582, Laboratoire de Mathématiques, Université Grenoble Alpes,
38058 Grenoble, France; ziling.li@univ-grenoble-alpes.fr

https://doi.org/10.3842/SIGMA.2016.002
https://doi.org/10.3842/SIGMA.2016.002
https://zbmath.org/?q=an:1348.05213
https://mathscinet.ams.org/mathscinet-getitem?mr=3439199
https://doi.org/10.1007/978-3-662-11389-9
https://zbmath.org/?q=an:0885.18007
https://mathscinet.ams.org/mathscinet-getitem?mr=1600246
https://doi.org/10.1090/conm/267/04272
https://zbmath.org/?q=an:1093.16504
https://mathscinet.ams.org/mathscinet-getitem?mr=1800714
https://doi.org/10.1016/j.aim.2016.01.001
https://zbmath.org/?q=an:1366.18015
https://mathscinet.ams.org/mathscinet-getitem?mr=3459024
https://doi.org/10.1007/978-3-662-06292-0_1
https://mathscinet.ams.org/mathscinet-getitem?mr=1360005
https://doi.org/10.1090/cln/011
https://zbmath.org/?q=an:1142.58009
https://mathscinet.ams.org/mathscinet-getitem?mr=2069561
https://doi.org/10.1017/CBO9781139644136
https://zbmath.org/?q=an:0797.18001
https://mathscinet.ams.org/mathscinet-getitem?mr=1269324
https://doi.org/10.1090/gsm/204
https://zbmath.org/?q=an:1462.16002
https://mathscinet.ams.org/mathscinet-getitem?mr=3971234
mailto:estanislao.herscovich@univ-grenoble-alpes.fr
mailto:ziling.li@univ-grenoble-alpes.fr

	1. Introduction
	2. Generalities
	3. The projective bimodule resolution of the Fomin–Kirillov algebra on 3 generators
	3.1. The bimodule Koszul complex
	3.2. The minimal projective bimodule resolution

	4. Hochschild and cyclic homology of FK(3)
	4.1. Recursive description of the spaces
	4.2. Explicit description of the differentials
	4.3. Computation of the boundaries
	4.3.1 Computation of Bnm
	4.3.2 Computation of Bnm

	4.4. Computation of the cycles
	4.4.1 Computation of Dnm
	4.4.2 Computation of Dnm

	4.5. Hochschild homology
	4.6. Cyclic homology

	5. Hochschild cohomology of FK(3)
	5.1. Recursive description of the spaces
	5.2. Explicit description of the differentials
	5.3. Computation of the coboundaries
	5.3.1 Computation of Bnm
	5.3.2 Computation of Bnm

	5.4. Computation of the cocycles
	5.4.1 Computation of Dnm
	5.4.2 Computation of Dnm

	5.5. Hochschild cohomology

	6. Algebraic structure of Hochschild cohomology
	References

