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Subproduct systems with quantum group symmetry
Erik Habbestad and Sergey Neshveyev

Abstract. We introduce a class of subproduct systems of finite dimensional Hilbert spaces whose
fibers are defined by the Jones—Wenzl projections in Temperley—Lieb algebras. The quantum sym-
metries of a subclass of these systems are the free orthogonal quantum groups. For this subclass,
we show that the corresponding Toeplitz algebras are nuclear C*-algebras that are K K -equivalent
to C and obtain a complete list of generators and relations for them. We also show that their gauge-
invariant subalgebras coincide with the algebras of functions on the end compactifications of the
duals of the free orthogonal quantum groups. Along the way we prove a few general results on
equivariant subproduct systems, in particular, on the behavior of the Toeplitz and Cuntz—Pimsner
algebras under monoidal equivalence of quantum symmetry groups.

Introduction

The notion of a subproduct system, introduced by Shalit and Solel [22] and Bhat and
Mukherjee [7], lies at the intersection of two lines of research. One is dilation theory for
semigroups of completely positive maps, the other is noncommutative function theory for
row contractions. Recall that a row contraction is an m-tuple of operators (S, ..., Sm)
such that Z;"zl S; Si* < 1. By a result of Popescu [20], a universal, in a suitable sense,
model for row contractions is provided by the creation operators 77, ..., T, on the full
Fock space ¥ (C™). If we are interested in the row contractions satisfying in addition
algebraic relations P;(Sy, ..., Sy,) = 0 for some homogeneous polynomials P; in m
noncommuting variables, then such a model is often obtained by taking the compressions
S; = exTieg of the operators T; to the subspace Fgp = @ftozo H, C ¥ (C™), where
H, = I;- C (C™)®" and I, is the degree n component of the ideal I C C(X1, ..., X;)
generated by P; [2,4]. The collection # = (H,)3>, has the property Hy; C Hy ® Hj,
which in the terminology of [22] means that it is a standard subproduct system of finite
dimensional Hilbert spaces.

Our main object of interest in this paper is the structure of the Toeplitz algebra Tz =
C*(S1,...,8m) C B(Fg) and its quotient O g = T /K (Fz), called the Cuntz—Pimsner
algebra of J by Viselter [29]. Although the definition of these algebras is similar to such
much more studied constructions as Cuntz—Krieger algebras, graph algebras and Pimsner
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algebras, a number of basic properties of the latter algebras do not have obvious ana-
logues for T3 and Oy [29], and a more or less complete understanding of Tz and O g
has been achieved only in a few cases. For example, Kakariadis and Shalit [16] made a
comprehensive analysis of the case where the ideal / is generated by monomials. In the
present paper we consider principal ideals / = (P) generated by one quadratic polyno-
mial. Furthermore, we require that the corresponding rank one projection e = [C P] €
B(C™ ® C™) defines representations of Temperley—Lieb algebras 7L, (A1) on (C™)®"
for some A > 4; recall that TL, (A1) is generated by projections ej, 1 < j <n —1,
satisfying the relations
1

—€;.

A

eie; =eje; if|i —]| > 2, eiej+16; =

Concretely, we consider the polynomials P = ZZ'].=1 aij X;iX; (m > 2) such that
AA is a scalar multiple of a unitary matrix, where A = (a;;);,;. We call such polynomials
Temperley—Lieb. The simplest example of such a polynomial is X; X» — X, X1, which
defines Arveson’s symmetric subproduct system SSP, [4]. In this case A = 4. Since the
Temperley—Lieb algebras for A > 4 are all isomorphic, the entire collection that we con-
sider can be thought of as a deformation/quantum analogue of SSP,, and indeed, as we
will see, the corresponding C*-algebras 7p and Op share a lot of properties. To be pre-
cise, our main results are proved for the subclass of polynomials such that A4 = +1.
They have well-studied quantum symmetries — the free orthogonal quantum groups [26].
The general case will be analyzed in detail in a separate publication.

Particular cases of the subproduct systems associated with Temperley—Lieb polyno-
mials have already appeared in the literature. In addition to SSP», the case of polynomials
X1X2 — gX2X1 (g € C*) has been studied in [2, 6,22], although without a detailed ana-
lysis of the associated C*-algebras. Our main class of examples, corresponding to the case
AA = =£1, has been studied by Andersson [1], with an emphasis on the gauge-invariant
part of Jp. It should be said that his paper contains interesting ideas, but suffers from
numerous imprecise and outright wrong constructions and arguments. Recently, the case
of polynomials Z;"zl (—l)i Xi Xm—i+1 has been studied by Arici and Kaad [3], and some
of our results strengthen and generalize the results in their paper.

The contents of the paper is as follows. In Section 1, after a brief reminder on sub-
product systems and associated C*-algebras, we discuss the class of Temperley—Lieb
polynomials. Using known formulas for the Jones—Wenzl projections in the Temperley—
Lieb algebras we find some nontrivial relations in 7p.

In Section 2 we make a digression into the general theory of quantum group equivari-
ant subproduct systems. By this we mean that each space H,, is equipped with a unitary
representation of a compact quantum group G and the embedding maps Hyy; — Hy ®
Hj are equivariant. A technical question that we study is under which conditions the action
of G on the Cuntz—Pimsner algebra O g is reduced, meaning that the averaging over G
defines a faithful cp map Oy — (92,. Another question is what happens when we con-
sider a monoidally equivalent compact quantum group G and transform J# = (Hn)oo



Subproduct systems with quantum group symmetry 95

into a é-equivariant subproduct system J. We show that the Toeplitz algebras Tz and
T correspond to each other under the equivalence of categories of G- and é-C*—algebraS
defined in [11]. The same is true for the reduced forms of the Cuntz—Pimsner algebras.

We want to make it clear that none of the results of this section is strictly speaking
needed for the subsequent sections, but they provide a conceptual framework for the res-
ults in those sections.

In Section 3 we return to the Temperley—Lieb polynomials and from this point onward
concentrate on the polynomials P = Z?fj:l aij Xi X; such that A4 = 1. As we already
mentioned, every such polynomial has a large quantum symmetry group O}, where
by large we mean that every O;’-module H,, is irreducible. We show that by starting
from Arveson’s system SSP,, corresponding to P = X; X, — X, X, then moving to the
polynomials ¢~'/2X; X, &+ ¢'/2X,X, (¢ > 0) and then considering the general case,
the results of Section 2 quickly lead to the conclusion that the Cuntz—Pimsner algebra
Op is 0;—equivariantly isomorphic to the linking algebra B(SU,(2), 0;{) (for suit-
able ¢ € (0, 1] and T = *1), which defines an equivalence between the representation
categories of SU4(2) and O;. We then find an explicit such isomorphism. It is worth
stressing that the reason we know that @p cannot be smaller is that the action of 0; on
B(SU.4(2), 0;) is reduced and ergodic, and therefore it does not admit any proper O;,L—
equivariant quotients. This is exactly the same argument as was used by Arveson for SSP,
to conclude that the Cuntz—Pimsner algebra in his case is C(S?) [4]. This property can be
viewed as a replacement of the gauge-invariant uniqueness theorem, which fails for gen-
eral subproduct systems [29]; see the recent paper by Dor-on [13] for a related discussion.
Once Op has been computed, it is not difficult to show that the relations in Jp that we
found in Section 1 are complete.

In Section 4 we consider the gauge-invariant part 'J‘P(O) of Tp. Since H,, n > 0,
exhaust the irreducible 0;‘-m0dules up to isomorphism, TP(O) can be considered as an
algebra of functions on a compactification of the dual discrete quantum group F Op of
0;. A compactification F Op of FOp has been constructed for the polynomials P =
q_l/zXle + q1/2X2X1 by Tuset and the second author [18] using an analogy with
the algebra of equivariant pseudo-differential operators of order zero on SU(2), and for
general P by Vaes and Vergnioux [25] as a quantum analogue of the end compacti-
fication of a free group. We show that, excluding possibly the cases O; ~ SU+1(2),
we have TP(O) = C(FOp). As a consequence, we now have an explicit isomorphism
COFOp) =T B(SU.4(2), 0;‘). The existence of such an isomorphism has been known,
but in an indirect way, via an identification of both sides with the Martin boundary of IF Op
[11,18,24,25].

In Section 5 we study K -theoretic properties of Tp. If we look again at SSP,, then
it follows already from an index theorem of Vegunopalkrishna [27] that the embedding
map C — Jx,x,-x,x, is a KK-equivalence. At this point it is natural to expect that the
same is true for general Tp. For the polynomials P = Z;"zl(—l)iXi Xm—i+1 this has
indeed been shown by Arici and Kaad [3]. They constructed an explicit inverse 7p — C
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in the K K-category, which is a highly nontrivial task for m > 3 (and for m = 2 as well,
if we want in addition SU(2)-equivariance). It is plausible that with some modification
their construction and homotopy arguments work for general P. We take, however, a
different route and use the Baum—Connes conjecture for F Op, as formulated by Meyer
and Nest [17] and proved by Voigt [30], to reduce the problem to comparing the K-theory
of crossed products. We thus show that the embedding C — Jp isa KK Op -equivalence
without explicitly providing an inverse.

1. Temperley-Lieb subproduct systems

Recall, following [7,22], that a subproduct system # of finite dimensional Hilbert spaces
(over the additive monoid Z ) is a sequence of Hilbert spaces (H,);2, together with
isometries wg ;: Hx4; — Hy ® Hj such that

dim Hy = 1, dim Hy = m < oo, (Wit @ Vw1, = (1 ® Wy )Wk j4n-

By [22, Lemma 6.1], we can assume that Hy = C, Hx+; C Hyp ® H; and the isometries
wg,; are simply the embedding maps. The subproduct systems satisfying this stronger
property are called standard. For such subproduct systems we denote by f, the projection
H®" — H,.

Remark 1.1. We could also start with formally weaker axioms for subproduct systems:
it is enough to require that the identities (wx; ® )Wk 47, = (1 ® Wy )Wk ;45 hold only
up to phase factors. Indeed, the same arguments as in [22, Lemma 6.1] show that we
can still construct a standard subproduct system out of such a datum, and this standard
system remains the same if we multiply wy_; by phase factors. On a more conceptual level,
the possibility of getting rid of phase factors in an essentially unique way follows from
triviality of the cohomology groups H2(Z:T), H3(Z;T) (see [9, Proposition X.4.1]).

Given a subproduct system H = (H,)5>, the associated Fock space is defined by

o0
Fx = D Ha.
n=0
For every £ € H,, we define an operator
Sg:Fype — Fx by Sel=wi,(®() forle H,.

We will usually fix an orthonormal basis (&), in H, and write S; for Sg,. The Toeplitz
algebra T of J is defined as the unital C*-algebra generated by Sy, ..., Sp.

If J is standard and H = Hj, it is convenient to identify ¥ with a subspace of the
full Fock space

oo
F(H)=H®"
n=0
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Consider the operators 7;: ¥ (H) — ¥ (H), T;¢ = & ® ¢, and the projection
ex:F(H) > Fy.

We obviously have S; = ez T;|#, . Thenalso S;* = ez T;*|#,, butsince H,+; C H; ®
H,,, we actually have the stronger property

SF =115y (1.1)

Since 1 — Y/, T; T/* is the projection onto H®® = C, we then get

m
eo=1-> S8}, (1.2)

i=1

where e is the projection F3 — Hy. As the vacuum vector Q2 = 1 € H is cyclic for Ty,
it follows that K (Fg) C T3 . The Cuntz—Pimsner algebra of # [29] is defined by

Og = Ty /K (Fz).

Once we fix an orthonormal basis (§;)7, in H, it is convenient to identify the tensor
algebra T (H ) with the algebra C(X1, ..., X;,) of polynomials in m noncommuting vari-
ables. When we do this, we omit the symbol ® for the product in 7 (H ), so we write X; &
instead of & ® .

By [22, Proposition 7.2], there is a one-to-one correspondence between the standard
subproduct systems with H; = H and the homogeneous ideals 7 in C (X1, ..., X};) such
that the degree one homogeneous component /7 of I is zero. Namely, given such an
ideal I, we define

H, = I;- C H®".

In this work we mainly consider ideals I = (P) generated by one homogeneous poly-
nomial of degree 2. We denote by #p the corresponding standard subproduct system, but
then normally use the subscript P instead of #p, so we write ¥p, Tp, etc.

We concentrate on polynomials having a particular symmetry.

Definition 1.2. Given a Hilbert space H of finite dimension m > 2, we say that a nonzero
vector £ € H ® H is Temperley-Lieb, if the corresponding projection e = [C&] €
B(H ® H) satisfies

@ D(I®e)e®1) = %e@l inB(H® H®H) (1.3)

for some A > 0.

As the following lemma shows, we then also have

(1®e)(€®1)(1®€)=%1®6.
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Lemma 1.3. Assume e and e, are projections in a C*-algebra A with a faithful tracial
state T such that

1
7(e1) = t(e2) and ejexey = —ey  for some A > 0.

A

Then we also have exejea = %ez.

Proof. Consider the element p = e; — Aeyejes. Then p? = p and t(p) = 0. Hence
p= 0. |

In order to describe explicitly the Temperley—Lieb tensors, it is convenient to view the
space H ® H as the space of anti-linear operators H — H, with { ® 1 corresponding to
the operator (7, -)¢. Equivalently, the tensor §4 € H ® H corresponding to an anti-linear
operator A: H — H is given by

Ea=) & ® A&,

where (&;); is any orthonormal basis in H .

Lemma 1.4. Given A # 0, the tensor £4 € H ® H is Temperley-Lieb if and only if
A2 is unitary up to a scalar factor, so that (A%)* A% = al for some o > 0, and then A
satisfying (1.3) is given by A = a1 (Tr A* A)2.

Proof. Consider the polar decomposition A = U|A|. A priori U is only an anti-linear
partial isometry. We extend it to an anti-unitary U.Let (&;); be an orthonormal basis con-
sisting of eigenvectors of |A|, |A|&; = A;&;. Put§; = US, Let (e;;)i,; and (fi;)i,; be the
matrix units in B(H ) corresponding to (§;); and ({;);, respectively. As £4 =Y, Ai&i ® &i,
for the projection e = [C&4] we have

e=p Zkiljelj ® fij, where f = (TrA*A4)~".
i,J
Since fiy j€iyjp fizjs = iz §1)(Ciz . §52) fiy js» we have
e D)(1I®e)(e®1)
= :33 Z Sjrishis A AigAjy AisAjs (6iy s $1 ) (is . )€ js @ firjs @ finjo-

i1,02,03,]1,J2,J3

It follows that (1.3) holds if and only if the following identities are satisfied:

B ks Y A hin s (Eins 6 (G 6jp) = 5iz,jz§/\i1ljg~

As Aj, Aj; # 0 at least for some indices, it follows that if we introduce the unitary matrix
V = ((§;,&:));,; and the diagonal matrix A = diag(A4,...,A,), then we must have

ABPAVAZV*A = 1.



Subproduct systems with quantum group symmetry 99

This is equivalent to invertibility of A together with the identity AB2VA% = A2V . In
terms of |A| and U this means that AB2U |A|?> = |A|72U, or equivalently, Af2AA* =
(A* A)~!, which proves the lemma. L]

Using this lemma it is not difficult to parameterize the Temperley—Lieb tensors up to
scalar factors and unitary transformations on H. Namely, since (V ® V)&4 = Epayp= for
any unitary ¥V on H, we want to classify up to unitary conjugacy anti-linear operators
A: H — H such that A2 is unitary. If 4 = U|A| is the polar decomposition of such
an A, then U|A| = |A|~'U. It follows that the spectrum o (| A|) of |A4| is closed under the
transformation f — B!, and if Hg C H is the spectral subspace for | 4| corresponding
to B, then UHg = Hpg-1. This implies that the collection of pairs (8, Zg), where 8 € S :=
o(|A]) N (0,1] and Zg are the eigenvalues of U? on Hg counting with multiplicity, is an
invariant of the unitary conjugacy class of A. We claim that this is a complete invariant and
the only restrictions on the sets S and Zg are that Z; is closed under complex conjugation
and

> 20Zpl+1Zi| = m.
BeSN(o,1)

Indeed, it suffices to explain how to choose an orthonormal basis in which A has a
normal form. For every B € § N (0, 1) we choose an orthonormal basis (§g;); in Hg
consisting of eigenvectors of U2, U?£g; = zp;£p,. Then the vectors {g; = Ukp,; form
an orthonormal basis in Hg-1. Each two-dimensional space spanned by £g; and {g; is
invariant under U and |A|, hence under A and A*, and the matrix of the restriction of A

to this space is
O Zﬂiﬂ_l
g0 )

Next, assuming 1 is an eigenvector of |A|, consider the space H;. It is invariant
under U, so here we can use the well-known description of anti-unitary matrices due
to Wigner. It will be convenient to slightly modify it though. If H;, C H, is the spectral
subspace for U 2 corresponding to z € T, then UH;, = H;;. It follows that, similarly to
the previous paragraph, the direct sum of the spaces H;, for z # 41 decomposes into a
direct sum of two-dimensional U -invariant subspaces such that on each of them U has the
form

0 z
<
(1 0), 0 <arg(z) <.
The same is true for z = —1, since if £ € H; 1, then U§ L &, as

(. U8 = (UUE U§) = —(§,US).

Finally, consider H1;. The real subspace of vectors fixed by U is a real form of Hy;.
Choose an orthonormal basis g1, . . ., gk in this Euclidean subspace. If k = 2/ is even, we
define an orthonormal basis (£;); in H1 by

1 . 1 . .
& = E(gj +igk—j+1) and &1 = E(gj —igk—j+1), 1=j=L
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If k = 21 + 1, then, in order to get a basis, in addition to the above vectors we need to
take &11 = g7+1. In both cases the matrix of U |g,, in the basis (§;); is

0 1
1 0
This finishes the proof of our claim. The discussion can be summarized as follows.

Proposition 1.5. Assume H is a Hilbert space of dimension m =2l +r (l e N, r €
{0,1}) and A: H — H is an anti-linear operator such that A? is unitary. Then there is an
orthonormal basis (§;)7., in which A has the form

0 am
for some a; € C*, laiam—iy1| =1 foralli,

/31 0

and then A satisfying (1.3) for § = &4 =), ai&; ® Em—i41 is given by

m
)\,1/2 — Z|ai|2 > m.
i=1
The numbers aq, ..., a, are uniquely determined by A up to permutations of pairs of
coefficients (a;, am—i+1) (1 < i <1) if we in addition require 0 < a; <1 (1 <i <),
aj+1 = lifmisodd, and 0 < arg(am—i+1) < w whenevera; = 1(1 <i <1).

Identifying H with the space of homogeneous linear polynomials in m variables, we
can equivalently say that a homogeneous quadratic polynomial

m
Z aij Xi Xj
i,j=1
is Temperley—Lieb if and only if the matrix A = (a;;);,; is such that AA is anonzero scalar

multiple of a unitary matrix, where A = (@; )i,j- By arescaling and a unitary change of
variables, every such polynomial can be written as

m

Za,-x,-xm_m, with |ajam—it1] =1 foralli,

i=1
and such a presentation is unique up to permutations of pairs (a;, am—i+1) if we put
restrictions on the coefficients a; as in Proposition 1.5.

Given a Temperley—Lieb polynomial P = Z?jj:l aij X; X, consider the correspond-
ing standard subproduct system Hp = (H,);>,. If e € B(H ® H) is the projection onto
CP, then

n—2
Hy, = ,H®,  fi=1-\/1®Qe® 1" forn>2,
i=0
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and fo = 1€ C, fy =1 € B(H). Since the projections 1%’ ® e ® 12712 gatisfy
the Temperley—Lieb relations, by computations of Jones [15] and Wenzl [31] (see [19,
Lemma 2.5.8] and its proof), we have

fir1 =18 fu —2pmA® f)e @18 NA® f,), n>0, (1.4

where g € (0, 1]issuch that A2 = g + ¢~ ', [k], = q:__;:lk (with the convention [k]; = k)

and

g ¢"—q"
p(n) = [n+ 1], - gntl —g—n-1’

Note that ¢(n) — g as n — +oo.

(1.5)

Lemma 1.6. For all n > 0, we have dim H,, = [n + 1];, where t € (0, 1] is such that
t+t7 1 =m.

Proof. Tt is known that the projection [2],¢(n)(1 ® f,)(e ® 12C"D)(1 ® f,)in (1.4) is
equivalent to e ® f,—_1, see, e.g., again [19, Lemma 2.5.8]. Hence the dimensions of the
spaces H, = f, H®" satisfy the recurrence relation

dim H,4+; = mdim H,, — dim H,_;.
This gives the result. |

We next want to describe certain relations in 7p. As we will see later, these relations
are complete, at least for Temperley—Lieb polynomials of a particular type.

Let us first introduce some notation. Since K (¥p) C Tp, we can view the algebra
¢ = C(Z+ U {+0o0}) of converging sequences as a subalgebra of Tp, with the projection
e, € c corresponding to the projection ¥p — H,,. Denote by y the shift to the left on c.

Proposition 1.7. Consider a polynomial P =Y /L, a; X; Xm—i+1 such that |a;am—i+1|=
1 foralli (m > 2). Let q € (0, 1] be such that

m
Y laiP=q+q7"

i=1

Then we have the following relations in Tp:

m m
fSi=Siy(f) (fec, 1Zi=<m), ZSiSi* =1—ep, ZaiSiSm—i+l =0,
i=1 i=1
Si*Sj 4+ ai@j¢Sm—i+1Sm_j11 = 8ij1 (1 <i,j <m),
where the element ¢ = (¢(n))5>, € c is defined by (1.5).

Proof. The first relation simply reflects the fact that S; H,, C Hy,+1. The second relation
is (1.2), it holds in any subproduct system of finite dimensional Hilbert spaces. The third
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relation is an immediate consequence of the definition of #p. So it is only the last relation
that is not obvious.
Denote by e;; the matrix units in B(H ). The projection e € B(H ® H) onto CP is

1 m
= 2_ Z ez] Q em—i+1,m—j+1-

Therefore by (1.4) we have

o1 =1® fu— ()Y aidje ® fulem—itim—j+1 ® 1207D) f,.
i,

From this, for every £ € H,,, we get
SSi€ = 8i7E — p(Maid) fulem—it1m—j+1 ® 1907D) fr&.
By observing that by (1.1) we have
Falewr @ 18070 fo = [ Ti T fu = SiS)

on H,, we obtain the last relation in 7p. [

2. Equivariant subproduct systems

As a preparation for a more thorough study of Jp, in this section we consider subproduct
systems that are equivariant with respect to a compact quantum group.

Let us fix the notation and recall some basic notions, see [19] for more details. By
a compact quantum group G we mean a Hopf x-algebra (C[G], A) that is generated by
matrix coefficients of finite dimensional unitary right comodules. We have a one-to-one
correspondence between such comodules and the finite dimensional unitary representa-
tions of G, that is, unitaries U € B(Hy) ® C[G] such that (t ® A)(U) = U;,U;3. Namely,
the right comodule structure on Hy is given by

Sy:Hy — Hy ® C[G], du(§) =UE® D).

The tensor product U ® V' of two unitary representations (denoted also by U @ V or
U x V) is defined by Uy3V>3. We denote by Irr(G) the set of the isomorphism classes
of irreducible unitary representations of G. For every s € Irr(G) we fix a representative
Us € B(H;) ® C[G].

Denote by / the Haar state on C[G] and by L?(G) the corresponding GNS-space. We
view C[G] as a subalgebra of B(L?(G)). The (reduced) C*-algebra C(G) of continuous
functions on G is defined as the norm closure of C[G].
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Consider the x-algebra U(G) = C[G]* dual to the coalgebra (C[G], A), with the
involution w*(x) = w(S(x)*). Every finite dimensional unitary representation U of G
defines a *x-representation

ny: U(G) = B(Hy), 7ny(w) = (@ w)U).
The representations 7y defined by Uy, s € Irr(G), give rise to an isomorphism

UG) = [] B(H,).
selr(G)
and in what follows we are not going to distinguish between these two algebras. Consider
the subalgebra
c(G)= @ B(H,) C UG).
selr(G)

It coincides with the subalgebra of C(G)* C U(G) spanned by the linear functionals
h(-x) for x € C[G]. We remark that c.(G) is weakly* dense in C(G)*, since the state /
is faithful on C(G) and C[G] is dense in C(G).

Assume now that A is a C*-algebra and a: A - A ® C(G) is a x-homomorphism
such that (¢ ® t)a = (¢t ® A)a. We say that « is a (right) action of G on A, or that 4 is a
G-C*-algebra, if either of the following equivalent conditions is satisfied:

(i)  the linear space @(A4)(1 ® C(G)) is a dense subspace of A @ C(G) (the Podles

condition);

(ii) there is a dense *-subalgebra A C A on which « defines a coaction of the Hopf

algebra (C[G], A), that is, a(A) C A ®ug C[G] and (1 ® e)a(a) = a for all
a € A,
where ®,; denotes the purely algebraic tensor product. Then the largest subalgebra as in
(ii) is given by
A = span{(t ® h)(x(a)(1 ® x)) : a € A, x € C[G]},
its elements are called regular. To put it differently, we have a left ¢, (@)—module structure

on A defined by
ww»a=(Rwaa),

and then A = cc(@) > A
An action is called reduced if « is injective, or equivalently, by faithfulness of & on
C(G), if the conditional expectation

E=QhawA—>A°={acd:a(@)=ax1)

is faithful. For reduced actions the subalgebra of regular elements can also be described
as
A={aeA:a(a) e AR C[G]}, 2.1

since if ¢ (a) € A ®,, C[G], then a(a — (1 ® g)a(a)) = 0.
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Given any actiona: A - A ® C(G), we get areduced action on A, = A/ kera, since
kera = {a € A: E(a*a) = 0}.

We say that A, is the reduced form of the G-C*-algebra A. Note that A and A, have the
same subalgebra 4 of regular elements.

If G is coamenable, that is, the counit € on C[G] C C(G) is bounded, then (: ® &) =
on A, so all actions of G are reduced.

Lemma 2.1. Assume a: A — A ® C(G) is a reduced action and X C A is a finite dimen-
sional G-invariant subspace, so that (X)) C X ® C(G). Then all elements of X are
regular.

Proof. By assumption, X is a ¢, (é)-submodule of A. As X is finite dimensional, the
action of B(Hj) must be zero for all but a finite number of s € Irr(G). In other words, there
is a finite subset F' C Irr(G) such that for all ¢ € A* the space (¢ ® t)a(X) C C(G) C
L?(G) is orthogonal to the matrix coefficients of Uy for all s ¢ F. It follows that this space
is contained in the space C[G]Fr spanned by the matrix coefficients of representations Us,
s € F.Butthen «(X) C A ® C[G]F, so X consists of regular elements by (2.1). L]

Everything above of course also applies to the left actions «: 4 — C(G) ® A.

Assume now we are given two compact quantum groups G and G. They are said to
be monoidally equivalent if their categories of finite dimensional unitary representations
are equivalent as C*-tensor categories. By [8, 23], every such equivalence, up to a natural
isomorphism, is defined by a bi-Galois object/linking algebra. This is a unital C*-algebra
B = B(G,G) equipped with two commuting reduced actions

§:B—>C(G)®B, §:B— B®C®G)

that are ergodic and free; the precise meaning of the last property will not be important to
us. Then an equivalence F:Rep G — Rep G is defined by mapping a finite dimensional
unitary right comodule (Hy, §y) for (C[G], A) into the cotensor product

Hy[Oe B=1{X € Hy ® B : 5y ® )(X) = (t ®35)(X)},
with the right (C [G], A)-comodule structure given by t ® § and the scalar product
(X,Y)=Y*Xe®B=C1,
where we interpret ¢*£ for £, ¢ € Hy as (£, ). The tensor structure on F is defined by
(HyOg B)® (Hy g B) > Hygv g B, X ®Y — X13Ya3.

In a similar way one can define an equivalence between the categories of reduced G-
C*-algebras and G-C*-algebras, but there is a small technical issue that has to be taken
care of [11]. Let B = B(G, G) C B be the subalgebra of regular elements with respect to
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the G-action, equivalently, with respect to the G -action. Given a reduced action o: A —
A ® C(G), consider the subalgebra A C A of regular elements and define

A B={XcAQu B: (¢ ®@)(X)=(®)X)} CAQ B.

The right action of G on A B is again given by ( ® 8.
In some cases it is possible to use exactly the same definition of A [Jg B as for finite
dimensional comodules.

Lemma 2.2. Assume a: A — A ® C(G) is a reduced action of a compact quantum group
G on a C*-algebra A and there is a net of completely bounded G-equivariant maps
0i: A — A of finite rank such that 0;(a) —; a for all a € A and sup;||0;||co < 00. Then,
for any compact quantum group G monoidally equivalent to G, we have

A B(G,G) ={X €c A® B(G,G): (@ ® )(X) = (1t ® §)(X)}.

Proof. If (¢ ® 1)(X) = (¢ ® §)(X), then the elements X; = (6; ® ¢)(X) have the same
property and converge to X . Therefore it suffices to show that X; € 4 ®., 8(G, G).
Lemma 2.1 implies that the finite dimensional space 6; (A) is contained in #, hence X; €
A Qap B(G, G) and then, using again that (@ ® )(X;) = (¢t ® §)(X;), we must have
X; € A Qug B(G,G). .

Consider a reduced action @: A — A ® C(G) and a unitary, not necessarily finite
dimensional, representation U € M(K(H) ® C(G)) of G. Assume we are given a co-
variant representation 7: A — B(H ), meaning that

(m ® Va(a) = U(r(a) @ HU*.
Given a monoidally equivalent compact quantum group G, we can extend the functor
F = O¢ B(G, é):RepG — Repé

to all unitary representations, since they decompose into irreducible ones. Therefore we
get a Hilbert space H (g B(G, é). By taking any state ¢ on B(G, é) and considering
the associated GNS-representation 7y, : B(G, 5) — B(Hy), we can view H (g B(G, 5)
as a subspace of H ® Hy,. It follows that w ® my defines by restriction a representation
7w Ouof AQg B(G,G) on H (g B(G,G).

Lemma 2.3. [f the representation w is faithful, then w [ is faithful as well.

Proof. Since the representation  []¢ is covariant and the G-action on A (g B(G, 6) is
reduced, it suffices to check that the representation is faithful on

(AQg B(G,G)% = A% 3 1.
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Decompose H into isotypical components, H = @Sem(G) Ly ® Hg, where L are
some Hilbert spaces. Then the representation 7 restricted to AS has the form 7(a) =
(0s(a) ® 1)sem(c) for some representations &y: A% — B(Ly). But then

HOo BG.G)= (P Ls® (H; o BG.G)).
s€lrr(G)

and the representation 77 [J¢ on A% ® 1 is simply
(TO@®1) = (6s(a) ® 1 @ Dsem(G).
which is obviously faithful. ]

As we already mentioned, for the coamenable compact quantum groups all actions are
reduced. As soon as G is noncoamenable, there are nonreduced actions, for example, the
action by right translations on the universal completion C,(G) of C[G]. An interesting
question is whether a quotient of a reduced action is reduced. We do not know an answer,
but here is a partial result.

Lemma 2.4. Assume a: A — A ® C(G) is a reduced action of a compact quantum
group G on a C*-algebra A, I C A is a closed G-invariant ideal. Assume also that the
following conditions are satisfied:

(1) G is monoidally equivalent to a coamenable compact quantum group;

(ii)  there is a net of completely bounded G-equivariant maps 6;: 1 — I of finite
rank such that 6;(a) —; a for all a € I and sup;||6; ||, < 0.

Then the action of G on A defines reduced actions of G on I and A/ 1.

For the proof we need the observation from [8] that if G is coamenable, then B(G, 5)
is a nuclear C*-algebra. This follows from a general result in [12] stating that for coamen-
able G a G-C*-algebra is nuclear if and only if the fixed point algebra is nuclear.

Proof of Lemma 2.4. If A C A is the subalgebra of regular elements, then 6; (/) C A by
Lemma 2.1. As 6;(a) —; a for all a € I, it follows that I = I N 4 is dense in /. Since
o7 is a coaction of (C[G], A) on I, we conclude that «|; is an action of G on /. This
action is obviously reduced.

Now, consider a coamenable compact quantum group G monoidally equivalent to G.
Let us fix an equivalence of the representation categories of G and G and consider the
corresponding bi-Galois objects B(G, 5) and B((~; , G). We then have bi-equivariant iso-
morphisms

B(G,G)Og B(G.G) = C(G), B(G,G)Og B(G,G) = C(G),

since the bi-Galois object corresponding to the identity functor on Rep G is C(G). Then,
modulo these isomorphisms, we have a natural isomorphism 4 = A [g B(G, G) g
B(G, G) for any reduced action «: A - A ® C(G), defined by

A— A C(G), a+> a(a).
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Put
[ =106 B(G,G), A=AOg B(G,G), C = A/I.

Denote by & the action of G on A. The action of G on C is reduced by coamenability. As
B(G, G) is a nuclear C*-algebra, we have a short exact sequence

0—>1®B(G,G)> A® B(G,G) > C ® B(G,G) — 0.

By identifying A with ;fljé B(G, G) as explained above and denoting C Og B(G, G)
by C, we then get an exact sequence

0— (I®B(G,G)N(AOz B(G,G)) > A— C — 0.
We claim that (I ® B(G,G)) N (fYD(; B(G,G)) = I.1tis clear that
[0z B(G,G) c (I ® B(G,G)) N (A0z B(G,G))
Cixel®B(G.G): (@®1)(x) = (t®5(x)},

where & and § denote the actions of G on A and B(G, G). The last set coincides with
I Og B(G,G) = I by Lemma 2.2 applied to G and the cb maps 6 =6; ® L|IDGB(G,5)
on 1. This proves our claim.

Therefore we have a G-equivariant short exact sequence 0 - I — A — C — 0 where
all actions are reduced, which means that the action of G on A/ is reduced. |

Remark 2.5. What we tacitly used in the above argument is that if A — C is a surjective
homomorphism of G-C*-algebras, then we get a surjective map 4 — € between the
subalgebras of regular elements, and then, for any compact quantum group G monoidally
equivalent to G, the map 4 (g B(G, C~;) — € g B(G, (~¥) is surjective as well. This
implies that if 0 — I — A — C — 0 is a short exact sequence of reduced G-C*-algebras,
then the sequence of G—C*—algebras

0— IOg B(G.G) - AOg B(G,G) — C g B(G,G) - 0

might not be exact in the middle, but at least the reduced form of (4 (g B(G, G )/ O
B(G,G))is C g B(G,G).

Let us finally turn to equivariant subproduct systems. Assume G is a compact quantum
group and K = (H,);2, is a subproduct system of finite dimensional G-modules. By this
we mean that we are given unitary representations U, of G on H, and the structure maps
Hyi; — Hy ® H; are G-intertwiners.

In this case we have a unitary representation

U = P Un € M(X(F) ® C(G))

n=0

of G on Fy. It defines reduced right actions of G on K (Fg) and Ty by

«(T) = Uge(T @ UL,
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To see that we indeed get an action on the Toeplitz algebra, fix an orthonormal basis in
H; and let u;; be the matrix coefficients of Uy in this basis. Then

a(S;) = ZS,‘ ® Ujj. 2.2)

This implies that & defines a coaction of (C[G], A) on the unital x-algebra generated by
the operators S;, hence it defines an action of G on Ty.

We then get an action of G on O g. It is not clear to us whether this action is always
reduced, but by Lemma 2.4 we at least have the following.

Proposition 2.6. If # = (H,)52 is a subproduct system of finite dimensional G-modules

and G is monoidally equivalent to a coamenable compact quantum group, then the action
of G on O g is reduced.

Assume now that G is a compact quantum group monoidally equivalent to G and fix a
bi-Galois object B = B(G, G) Given a subproduct system # = (H,)5>, of finite dimen-
sional G-modules, we get a subproduct system H = (Hn, Og B)$2,, of finite dimensional
G-modules. Note that even if J is standard, J is usually not.

By definition we have a canonical unitary isomorphism ¥4 = F5 (g B. It fol-
lows that we get a representation of T [Jg B on ¥ 4. This representation is faithful
by Lemma 2.3.

Proposition 2.7. Assume #H = (Hp)o2,, is a subproduct system of finite dimensional G-
modules and G is monoidally equivalent to G. Consider the subproduct system J =
(H, Og B(G, G))n:(). Then the canonical representation Ty g B(G, G) — B(F3)
defines G—equivariant isomorphisms

K (F5) O B(G,G) =~ X(Fz). T e B(G.G) =Ty

Proof. The first isomorphism is a particular case of [30, Proposition 8.4]. The second will
be obtained by similar arguments.

Since the representation 7y [1g B(G, G) — B(¥ 3(7) is faithful, we can view T [
B(G,G)asasubalgebraof B(F).If X =Y, & ® b; € Hy := H; O B(G.,G), then by
definition the element ) ; S¢, ® b; € T3 g B(G, G) is the operator Sy € 7. Therefore
T]? C T3 Lg B(G, @). It follows that

770z B(G.G) C Ty Og B(G.G) O B(G.G) C B(¥; Oz B(G. G)).

By identifying ¥ 5 (g B(G, G) with g, this means that T% Og B(G,G) C Tg. By

swapping the roles of G and G we conclude that Tfe = T Og B(G, 5) and 'J"ﬁ, Og

B(G.G) = Ty. .
Together with Remark 2.5 this gives the following.

Corollary 2.8. If Og ., is the reduced form of the G-C*-algebra Oy, then the G-C*-
algebra Oz » (g B(G, G) is isomorphic to the reduced form of O .
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3. Toeplitz and Cuntz—Pimsner algebras of Temperley—Lieb
subproduct systems with large symmetry

We now return to the subproduct systems defined by Temperley—Lieb polynomials and
from now on consider only the polynomials P = Zl'-”zl a; Xi Xm—i+1 such that

aidm—ijy1 = —t €{=1,1} foralll <i <m.

A distinguishing property of these polynomials is that they have large quantum symmet-
ries, the free orthogonal quantum groups [26]. Namely, for every P as above consider the
free orthogonal quantum group O} = O;FP defined by the matrix

0 am

aq 0

The algebra C [0;,"] of regular functions on OID" is a universal unital *-algebra with gen-
erators u;j, 1 < i, j < m, and relations

uj; = a;'ajum—i+1m—j+1, the matrix (u;;); ; is unitary.
The comultiplication is given by A(u;;) = Y j Uik ® ug;.

Consider the standard subproduct system #p = (H,);~, defined by P. By defini-
tion, the quantum group 0;‘ has a unitary representation U; = (u;;); ; on H; and the
representation Uy ® Uj leaves P € Hy ® H, invariant. Therefore we get unitary repres-
entations U, of 0; on H, = f,H {X’". The spin % representations U, n > 0, exhaust all
irreducible representations of O;’ up to equivalence, see [5] or [19, Section 2.5].

Remark 3.1. The quantum group O;{ is a genuine group only whenm = 2, |a;|=|az|=1
and t = 1, in which case it is SU(2). The classical part of O3, that is, the stabilizer of P
in U(m), is generically rather small: if the numbers |q; | are all different, it consists of the
unitary diagonal matrices diag(zy, ..., zy) such that z; z,,—;j 41 = 1.

Let us try to understand the Cuntz—Pimsner algebra Qp. In the simplest case P =
X1X, — XX, the subproduct system Jp is Arveson’s symmetric subproduct system
SSP, and @p is isomorphic to C(S3) = C(SU(2)) by [4, Theorem 5.7].

Next, take ¢ € (0, 1], t = £1 and consider the polynomial

P=q'2X1X, —1¢"? X, X;.
From Proposition 1.7 we see that the following relations are satisfied in O p:

SIST + SZS; = 1, q_1/25152—rq1/2SzS1 = 0,
SES1+ 8285 =1, S3S24+¢*S1Sf =1, S§S—14$5:8f =0.
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These are the relations in C[SU4(2)] = C [0;] for the generators u; and u,,, which are
usually denoted by y and o™, respectively. In view of (2.2) and coamenability of SUr,(2)
we conclude that there is a well-defined SU, (2)-equivariant surjective *-homomorphism
C(SU(2)) = Op, y — Si, @ — S;. This homomorphism must be injective, since the
action of SU;4(2) on C(SU4(2)) defined by A is reduced and ergodic. Thus, Op =
C(SU¢4(2)), which is a quantum analogue of Arveson’s result forg = v = 1.

Consider now the general case P = Z;"zl a;i Xi Xm—i+1- Letq € (0, 1] be such that

m
YlailP=q+q7" (3.2)
i=1

Then there is a unique up to a natural isomorphism monoidal equivalence between 011'
and SU.,(2), see [8] or again [19, Section 2.5]. Such an equivalence F maps the spin %
representations of O; into spin 7 representations of SU,(2). In both representation cat-
egories there is a unique up to a scalar factor morphism Hy; — Hy ® H;. By Remark 1.1
it follows that F' maps #p into an SU,(2)-equivariant subproduct system isomorphic to
Hy-1/2x, X,—291/2x, x,- BY Proposition 2.6 and Corollary 2.8 we conclude that

Op = C(SUry(2)) Tsu,, @ B(SU(2), OF) = B(SUry(2), OF).

Once we know that such an isomorphism is to be expected, it is not difficult to con-
struct it from scratch using known generators and relations of B(SU.4(2), O;). Namely,
consider the matrices Fp, given by (3.1), and

0 —qu/2
F, .= .
q.T (q—l/Z 0

Then by [8, Theorem 5.5 and Remark 5.7], B(SU4(2), O;) is a universal unital C*-
algebra with generators y;;, 1 <i <2,1 < j < m, and relations

Y = Fq,TYFITl, Y is unitary,
where Y = (yij)i,;, Y = (y;"j)i,j. The right action
8: B(SUrq(2), OF) — B(SU(2), 0F) ® C(OF)
is given by §(yij) = Y p—1 Vik ® uk;, and the left action of SUr4(2) is defined in a sim-
ilar way.
Consider the elements y; = y»;. The relation Y = F, .Y Fp ' means that
vy =4y

and then a simple computation shows that unitarity of Y is equivalent to the relations

m m

Yoyivi=1 Y aiyiym-it1 =0,

i=1 i=1

ViV +qai@ ym-it1Ym— 1 = 6ij1 (1 <i,j <m).

These are exactly the relations in @p that we get from Proposition 1.7. We thus arrive at
the following result.
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Proposition 3.2. Assume P =) ;- a; X; Xm—i+1 is a polynomial such that a;am—;+1 =
—t e{-1,1} foralli (m > 2), and let q € (0, 1] be given by (3.2). Then we have an 0;-
equivariant isomorphism B(SU4(2), 0;) ~0Op, yi = Si (1 <i <m).

Proof. By the above discussion, the homomorphism B(SU,(2), O;,L) — 0Op,yi — Sj,is
well defined, surjective and 0;{ -equivariant. It must be injective, since the action of O;
on the linking algebra B(SU,(2), O;) is reduced and ergodic. ]

Since B(SU4(2), 0;{) is nuclear by coamenability of SU,(2), we get the following
corollary.

Corollary 3.3. The C*-algebras Tp and Op are nuclear.

We are now ready to describe relations in 7p. Recall from Section 1 that we can view
the C*-algebra ¢ = C(Z4+ U {+00}) of converging sequences as a subalgebra of 7p and
we denote by y the shift to the left on c.

Theorem 3.4. Assume P = Z?:l a; Xi Xm—i+1 Is a polynomial such that a;a;,—i4+1 =
—te{-1,1}foralli (m > 2), and let q € (0, 1] be given by (3.2). Then Tp is a universal
C*-algebra generated by S, . .., Sy and ¢ satisfying the relations

m m
[Si=8Siy(f) (fecl<i<m) Y SSf=1-e. Y aiSiSmit1 =0,

i=1 i=1

Sl-*Sj +a,~c_1j¢Sm_i+1S;l_j+1 =41 (1<i,j<m),
[n]q

where the element ¢ € c is defined by ¢p(n) = e

Proof. By Proposition 1.7 we already know that the above relations are satisfied in 7p.

Consider a universal C*-algebra Tp generated S,....8yand ¢ satisfying these relations.
Let w: Tp — Tp be the quotient map.
Every element of the *-algebra generated by S, ..., S;, and ¢ can be written as a linear

corilbination of elementiof the form f§,~1 -~§,~k §;; 5’;, where f € ¢ ang k,l >0.As
epS; = 0, it follows egTpeg = Cey, that is, e is a minimal projection in 7p. Hence the
closed ideal I = (eg) generated by eq is isomorphic to the algebra of compact operators
on some Hilbert space.

Next, since

m m
ZSienS,-* = en+1 Z Si S5 = eny1(1 —eo) = ent1,
i=1

i=1

by induction on n we conclude that e, € I for all n > 0, that is, ¢o C I. It follows that
the images of S;in 7p /1 satisfy the defining relations of B(SU4(2), O;) >~ @p.On the
other hand, by construction, @p is a quotient of fl:p /1. It follows that 7: ’J:p — Jp gives
rise to an isomorphism ’J:p/l ~ Op.
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Therefore we have a commutative diagram

0 I Tp Op 0
LT
0—— K(Fp) Tp Op 0
with exact rows and surj~ective 7. As I is a simple C*-algebra, the map 7 |; must be an
isomorphism, hence 7: 7p — Jp is an isomorphism as well. ]
Remark 3.5. Since 7p is generated by Sy, ..., Sy, the relations in Tp can be written

without using the subalgebra c. Namely, instead of the first two relations we could require
the elements p, defined by

m

Pn = Z Sil"'SikSi:'”Si):’ n=l,
to be projections, and then define the element ¢ for the last relation by

¢ =aqp1+ Y (1) — q)(Pn — Pat1).

n=1
which makes sense, as p; > p, > - - - and therefore the projections p, — p,+1 are mutually
orthogonal.
Indeed, then the projections p, together with the unit generate a copy of ¢, with e, =
DPn — Pn+1 forn >0, where po = 1. As ppy1 =D, Siani*, we have

(1= pat)Si pnSF (1= puy1) <Y (1= puy1)S; puS; (1 = put1)
J

= = pu+1)pn+1(1 = puy1) =0,

so that (1 — pn+1)S; pr = 0. A similar computation gives p,+1S; (1 — p,) = 0. It follows
that p,4+1S; = S; py for all n > 0. This is equivalent to our first relation fS; = S;y(f).

4. Gauge action and compactifications of the dual discrete quantum
groups

We continue to consider the Temperley—Lieb polynomials P = Z;’;l a; Xi Xm—i+1 such
that a;a;,—i+1 = —1 € {—1, 1}.

As the 0;-modules H,, exhaust all irreducible representations of 0;5 up to equival-
ence, the algebra of bounded functions on the dual discrete quantum group F Op = 0;,L
is by definition

(®°(F Op) = (- B(H,) C B(F»).
n=0

For x € £{*°(F Op), we denote by x,, its component in B(H,,).
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Consider the unitary representation z — V, of T on ¥p, where V is the unitary that
acts on Hj, by the scalar z”. Then we get an action Ad V of T on B(¥p), and £>°(IFOp)
coincides with the fixed point subalgebra of B(¥p) with respect to this action. The auto-
morphisms Ad 1 leave 7p globally invariant and define the gauge action o of T on 7p,
given by

0(Si) = z§;.

Note that on Op = B(SU4(2), O;) the gauge action coincides with the action of the
maximal torus T C SU¢4(2). More precisely, the maximal torus is defined by the homo-
morphism

m:C(SUy(2)) = C(T), m(uz1) =0, m(uz)(z) =2z.
Therefore for the left action

§: B(SUrg(2), OF) — C(SUrg(2)) ® B(SUrg(2). OF).  8(yij) = D uik ® vy
k

we have
(T ® 18(y2;) = (z > Zy2;) € C(T; B(SU4(2), 03)) = C(T) ® B(SUry(2), Of).
Consider the gauge-invariant subalgebra
T = 7§ = Tp N L®°(FOp)
of Tp. Since it is unital and contains

co(FOp) := co- D B(Ha) = X (Fp)°,

n=0

it can be thought of as an algebra of continuous functions on a compactification of F Op.
Assume ), |a; |2 > 2. Following [25], consider the inductive system of O;‘ -equivari-
ant ucp maps

Yauntk: B(H,) = B(Hy4x), T fosk(T ®1) fyik,

where we use that H, ., C H, ® Hy, and define

C(FOp) = {x €L®(FOp) : ¥ ntk(Xn) = Xp4 for all n large enough and k > 0}

={xe {>°([FOp): lim Sup”Wn,n-i—k(xn) — Xn+kll = 0}
n—>+ook20

Clearly, co(FOp) C C(F Op). It is shown in [25] that C(FF Op) is a C*-algebra. This
construction is a quantum analogue of the end compactification of a free group. Our goal
in this section is to prove the following.
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Theorem 4.1. Assume P = Z;":l a; Xi Xm—i+1 is a polynomial such that a;am,—i+1 =
—te{—1,1}foralli,and Y /., |a;|* > 2. Then ’TP(O) = C(FOp).

In the proof we are not going to use that C(F Op) is an algebra, so as a byproduct we
will reprove that this is indeed the case.

Let ¢ € (0, 1) be given by (3.2). The proof of the theorem relies on the following key
known estimate.

Lemma 4.2. There is a constant C > 0 depending only on q such that

I for1 = (A ® fu)(fu ® DI = Cq* foralln = 0.

A stronger result is proved in [25, Lemma 8.4] using a generalization of Wenzl’s
recursive formula for f;, established in [14]. Let us show that the particular case we need
is a consequence of basic properties of the representation theory of SU,(2).

Proof of Lemma 4.2. 1t suffices to prove the estimate in the category Rep SU4(2) equi-
valent to Rep 0;‘. Furthermore, since Rep SU_;(2) can be obtained from Rep SU, (2) by
introducing new associativity morphisms such that (Hy ® H;) ® Hy — H; ® (H1 ® H1)
is the multiplication by —1, it is enough to consider Rep SU,(2). In other words, we may
assume that P = ¢~ V22X, X, — ¢'/2 X, X;.

As H,41 C (H; ® Hy) N (H, ® Hy), we just need to show that the restriction of
1® f,to(H, ® Hy) © Hy1 has norm < Cg". Since the SU, (2)-module (H, ® H) ©
Hy,1 = H,_ is irreducible, this norm is equal to ||(1 ® f,)&| for any unit vector & in
this module. As the vector £ we take a highest weight vector. A formula for this vector is
not difficult to find, up to a scalar factor it is

(132X X, — q" T2, Xy,

where (, is a unit vector of weight % — 1lin Hp, see the first paragraph of [19, Section 2.5].
Therefore we see that there is a unit vector &, € (H, ® Hy) & H, 41 such that

1§60 — X7 Xo|| < aq”
for a constant a depending only on g. But then
11 ® f)éall <aq” + 1 X1 fu(XT7' X2)|| <aq” 4+ aq" ™" + || fubn—r || = aq” + ag" ™",
which proves the lemma. ]

Similarly to the operators S; defined using the multiplication on the left, we can use
the multiplication on the right and define

Ri:¥p — Fp, Ri§ = fut1(6X;) for &€ Hy.

Lemmad4.3. Foralll <i,j <m, we have [S;, R;] = 0. There is a constant C depending
only on q such that
IS, Rilla, | < Cq™ foralln > 0.
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Proof. For £ € H,, we have S;R;§ = f,42(XiEX;) = R;S;&, which proves the first
claim. To prove the second claim, take a unit vector & € H, for some n > 1. Then

SIRiE =S far16X)) = T} fur1(6X;).
where we used (1.1). By Lemma 4.2 the last expression is C¢g"-close to
TF(1® fu)EX)) = fu(T7(¢)X)) = R; STE.
which gives the required estimate. |

Corollary 4.4. For every S € Tp and every R in the C*-algebra C*(R;, ..., Ry), we
have [S, R] € KX (¥p).

Remark 4.5. The last corollary is true for ¢ = 1 as well, since in this case the proof of
Lemma 4.2 gives || fuo1 — (1 ® f£)(fn ® || < Cn~Y/2,

Similarly to (1.2), we have ) /L, R; Rf = 1 — ¢q. Define a contractive cp map
m
©: B(Fp) — B(Fp). O(T)=> RiTR}.
i=1

Since K (Fp) C Tp, by Corollary 4.4 this map leaves Tp globally invariant. It also leaves
£°(IF Op) globally invariant and we have

OF )ik = Vnnar(xn) forall x € L°(FOp), n.k > 0. 4.1)

Denote by 4 p the unital x-subalgebra of 7p generated by the elements S;, 1 <i <m.
Let Ag)) be the gauge-invariant part of Ap.

Lemma 4.6. For every x € A(O), there exists a constant C > 0 such that
Xk — O (X)nsicll < Cq"  foralln.k > 0.
Proof. By Lemma 4.3 we can find a constant C depending on x such that
X0 — ©O(X)ull < Cq™ foralln > 0.
As ©! is a contraction mapping B(H,4x_;) into B(H,), it follows that
10! ()nak — O (Xl < Cqg" T foralln >0,k >1>0.

Summing up over / = 0,...,k — 1 we get the required estimate, with C = éq(l —q)7 L
[

Proof of Theorem 4.1. The inclusion Ag)) C C(F Op) follows from (4.1) and Lemma 4.6.
Hence ‘TP(O) Cc C(FOp).
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In order to prove the opposite inclusion, take any x € £°°(F Op) such that

Xno+k = Yno,no+k (xno)

for some n¢ and all kK > 0. Since the maps Yy, o+ are 0; -equivariant, we may assume
that x,, lies in a spin / spectral component of B(H,,). Note that as H,, ® Hy, = Ho ®
H, ® -+ @® Hap,, [ must be an integer < ny.

As (9(0) Tp (SU-4(2), 0+) the multiplicity of the spin / component of (9(0) is 1.
Fix a nonzero, hence 1n]ect1ve 0 -equivariant map H; — (9(0) and lift it to an O -
equivariant map n: H; — A( By Lemma 4.6 applied to n(E) for the elements & of a
basis of H;, we can find C > 0 such that

17 (E)n sk — OF (T (E)ntill < Cq"||§]l forall § € Hyandn,k > 0. (4.2)

Next, we claim that there exist « > 0 and ny > 0 such that |7 (&),|| > «|&| for all
¢ € H; and n > n;. If this is not true, then by compactness of the unit sphere of H; we
can find a unit vector £ € Hj such that liminf, || (£), || = 0. But then by (4.2) we must
have lim, |7 (£), | = 0, that is, the image of 7 (§) in (91(90)
Thus, our claim is proved.

Now, fix & > 0 and choose n > max{ng, n1} such that C¢”|x|| < ex. For the unique

£ € Hj such that 7(£€), = x,, we have ||§|| < a~!||x||. For all k > 0 we have

Xpik = OF(X)in = OF (T (E)) sk

is zero, which is a contradiction.

Hence, applying again (4.2), we get

lxntix = 7 (Entkll = CqlIE] <&

Therefore, modulo the compacts, x is e-close to A( ) Hence x € 7 "(0).

5. K-theory

We continue to consider the same class of polynomials P = Z:"zl a; Xi Xm—i+1 asin the
previous two sections.
Since Op = B(SU.y, 0;), by [10, Example 7.5] we have

Z, ifm=2,

Ko(Op) = Z/(m=2)Z. K\(Op) = {0 o

This already gives a lot of information about the K-theory of 7p (for example, K;(7p) =0
if m > 3), but is not quite enough to fully determine it. Our goal is to prove the following.

Theorem 5.1. Assume P = Zl 1ai X Xm—i+1 is a polynomial such that a;Gpm—;+1 =
—t e{—1,1} foralli (m > 2). Then the embedding map C — Tp isa KKOF -equivalence.
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For the polynomials P =) ; (=1)! X; X,p_;i 1 this upgrades the K KSU?® _equivalence
of Arici—Kaad [3] to the equivariant K K -category of the whole quantum symmetry group.

Our proof relies on the strong Baum—Connes conjecture for the dual of SU,(2) estab-
lished by Voigt [30]. More precisely, we need the following standard consequence of this
result.

Proposition 5.2. Assume g € [-1,1] \ {0}, and A and B are separable SU,(2)-C*-
algebras. Then a class x € KKSY1@ (A, B) is a KKSY1® -equivalence if and only if
it defines a K K -equivalence between A x SU4(2) and B x SU,4(2).

Proof. A class x is a K KSU4«®)_equivalence if and only if it induces an isomorphism
KKV @ (C, A) ~ KKV (C, B) (5.1)

for every separable SU, (2)-C*-algebra C. The fact that STLI\(Z) is torsion-free and satis-
fies the strong Baum—Connes conjecture implies that the localizing subcategory of the tri-
angulated category K KU« generated by the separable C*-algebras with trivial SU,(2)-
action coincides with K KSY4® [30]. As the functors K K5Y@ (., 4) and KKV (., B)
are cohomological and transform the cg-direct sums into direct products [17], it follows
that in order to check (5.1) it suffices to consider C with trivial SU,(2)-action. For such
C we have the Green—Julg isomorphisms

KKSY@(C, A) = KK(C, A xSU,(2))

and
KKSY®(C, B) ~ KK(C, B x SU4(2)),

see [28, Theorem 5.7]. Therefore x is a K K3Y4® _equivalence if and only if it induces
an isomorphism KK(C, A x SU,(2)) = KK(C, B x SU,(2)) for every separable C*-
algebra C, that is, if and only if it defines a K K-equivalence between A x SU,(2) and
B xSU,4(2). L]

Combining this with the Universal Coefficient Theorem [21], we get the following.

Corollary 5.3. Assume A and B are separable SU4(2)-C*-algebras such that A x SU,(2)
and B x SU,(2) satisfy the UCT. Then a class x € KKSY«® (A, B) is a KKSV«®.
equivalence if and only if it induces an isomorphism Ky (A x SUy(2)) = K« (B xSU,4(2)).

Let us now fix our conventions and notation for the crossed products. Given a compact
quantum group G, consider its right regular representation V € M (X (L?(G)) ® C(G)),
defined by

V(agr ® ) = A(@)(En ®§), a € C(G), § € L*(G),
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where £, = 1 € C(G) C L*(G). Then V(a ® 1)V* = A(a). The integrated form of V is
the representation

p=ny:C*(G) =co(G) =co- P B(H) — BLL*(G)).
selr(G)

p(@) = (@ w)(V) forw e c.(G) C C*(G).
Explicitly, letting w x a = (t ® w)A(a) € C(G) for w € ¢, (@) and a € C(G), we have
p(w)aéy = (@ * a)p.

Given an action «: A - A ® C(G), the crossed product is defined by

AxG =a(A)(1® p(C*(G))) C M(A® K(L*(G))).

Proof of Theorem 5.1. Let q € (0, 1] be given by (3.2). By [30, Theorem 8.5], the functor
A = A Dsu,, 2 B(SU,(2), 0;) extends to an equivalence of the equivariant KK-
categories. Therefore by Proposition 2.7 it suffices to prove the theorem for the poly-
nomials

P=q"2X1X,—1¢"?X, X1, q€(0,1], T = +£1.

Consider the short exact sequence 0 — K (Fp) — Tp — Op — 0. Passing to crossed
products we get a short exact sequence

0— K(Fp) xSU;(2) = Tp xSU;(2) = Op xSU,(2) — 0. 5.2)

Since Op = C(SU,,(2)) by Proposition 3.2, by the Takesaki—Takai duality we have Op x
SU¢4(2) = K(L?(SU4(2))). Since the action of SU4(2) on K (Fp) is implemented by
the unitary representation Up = @+, U,, we also have an isomorphism

K (Fp) 1 SU4(2) = K(Fp) @ p(C*(SUry(2))), X > UpXUp.

As C*(SUry(2)) = co- @;’,ozo B(H,), it follows that we can write (5.2) as

(o)
0 — co- @ K(Fp ® Hy) — Tp xSUz4(2) — K(L*(SU4(2))) — 0. (5.3)
n=0
In this picture the canonical homomorphisms of C*(SU¢4(2)) into M (K (¥p)xSU4(2))
and Op xSU;(2) are (Typeu,)aey (since (Up)12V23(Up)12 = (Up)13V23) and p,
respectively.
From (5.3) it is clear that Tp x SU4(2) is a type I C*-algebra, hence it satisfies the
UCT, and K (Tp x SUr4(2)) = 0. Since C*(SU4(2)) is also of type I with trivial K-
group, by Corollary 5.3 we just need to show that the canonical embedding

7:C*(SUrg(2)) = Tp xSU4(2), x> 1 Q p(x),

induces an isomorphism of the Ky-groups.
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Further, we identify Ko(C*(SU4(2))) with the representation ring R(SU4(2)) =
D, 2o Z[U,]; in other words, [Uy] € Ko(C*(SUr4(2))) denotes the class of a rank one
projection in B(H,). From (5.3) we see that Ko(7p x SU.4(2)) is a free abelian group
with generators [p,], n € Z4+ U {oo}, where p, is a rank one projection in K (Fp @ Hy)
forn€Z4 and po is a projection in Tp x SU4(2) such that its image in K (L2(SU4(2)))
is arank one projection. As po, we can take the image of 1€ B(Ho) under 7r: C*(SU4(2))
— Tp x SU¢4(2), so that

74 ([Uo]) = [Pool-

Now, let us fix n > 1 and compute 7. ([Uy,]). We have

e ([Un)) = clpoo] + Y cilpi] (5.4)
k=0

for some c, ¢y € Z, with only finitely many nonzero coefficients. The homomorphism
Tp 3 SUzq(2) — K (L2(SU4(2))) kills all the projections p,, n > 0. On the other hand,
its composition with 7 is the right regular representation p. As the multiplicity of U, in
Visdim H, = n + 1, we conclude that c = n + 1.

For k > 0, consider the representation of 7p X SUr4(2) on ¥p ® Hy. Since the mul-
tiplicity of every isotopical component of Up ® Uy is finite, this is a representation by
compact operators. Thus, we get a homomorphism

Ko(Tp % SUz¢(2)) — Ko(K(Fp ® Hi)).
Applying it to (5.4) we obtain
(mupeu )+ ([Un]) = [n + 1(mupeu)«([Uo]) + cklpr]l  in Ko(K(Fp @ H)).
Therefore, if we denote by myj the multiplicity of U; in Up ® Uy, then
Ckx = Mpr — (n + D)moy.

Since Up = @?10 Uiand Uy @ Ug = Ujj—g| @ Ujj—k|+2 D - - - ® U1k, we have
1 1
m1k=5(1+k—|l—k|)+l, hence ckzz(k—n—|k—n|).

To summarize, for all n > 0 we have

n—1

Te([Un]) = (n + Dlpoo] + Y (k —n)[pxl.

k=0
This shows that 4: R(SU;4(2)) — Ko(Tp x SU4(2)) is indeed an isomorphism. |
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