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The structure of branching in Anosov flows of 3-manifolds
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Abstract. In this article we study the topology of Anosov flows in 3-manifolds. Specifically we
consider the lifts to the universal cover of the stable and unstable foliations and analyze the leaf
spaces of these foliations. We completely determine the structure of the non Hausdorff points in
these leaf spaces. There are many consequences: (1) when the leaf spaces are non Hausdorff, there
are closed orbits in the manifold which are freely homotopic, (2) suspension Anosov flows are, up
to topological conjugacy, the only Anosov flows without free homotopies between closed orbits,
(3) when there are infinitely many stable leaves (in the universal cover) which are non separated
from each other, then we produce a torus in the manifold which is transverse to the Anosov flow
and therefore is incompressible, (4) we produce non Hausdorfl examples in hyperbolic manifolds
and derive important properties of the limit sets of the stable/unstable leaves in the universal
cover.
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1. Introduction

In this article we study the topological structure of the lifts to the universal cover
of the stable and unstable foliations of 3-dimensional Anosov flows. In particu-
lar we consider the case when these foliations do not have Hausdorfl leaf space.
We completely determine the structure of the set of non separated leaves from a
given leaf in one of these foliations. We show that these leaves project to leaves
in the manifold containing periodic orbits of the flow and produce a non trivial
free homotopy between closed orbits of the flow. As a consequence suspensions
are characterized, up to topological conjugacy, as the only 3-dimensional Anosov
flows without freely homotopic closed orbits. Furthermore we establish a connec-
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tion with the topology of the manifold: if there are infinitely many leaves not
separated from each other then there is an incompressible torus transverse to the
flow. Transitivity is not assumed for these results. Finally we specialize to Anosov
flows in hyperbolic 3-manifolds: we produce many non Hausdorff examples and
then derive some important properties of the limit sets of leaves in the universal
cover.

The study of the topological structure of the lifted foliations of an Anosov
flow in a closed manifold was introduced in a remarkable paper of Verjovsky [Ve]
in order to study codimension one Anosov flows. If the lifted stable foliation has
Hausdorff leaf space, then the leaf space is homeomorphic to the set of real numbers
and we say that the stable foliation in the manifold is R-covered. An important
fact for 3-dimensional Anosov flows is that the stable foliation is R-covered if and
only if the unstable foliation is also R-covered [Fe3,Ba2], in which case the flow
is said to be R-covered. In this article we restrict to Anosov flows in (closed)
3-manifolds.

Two early uses of this technique were: (1) Ghys [Gh] showed that an Anosov
flow in a Seifert fibered space is R-covered. This was an essential step in showing
that the flow is, up to finite covers, topologically conjugate to the geodesic flow in
the unit tangent bundle of a closed surface of negative curvature (briefly, a geodesic
flow). (2) If the fundamental group of the manifold is solvable then the R-covered
property, proved by Barbot [Bal,Ba2], is again an essential step in Plante’s proof
[P12,P13] that the flow is topologically conjugate to the suspension of an Anosov
diffeomorphism of the torus (a suspension). In fact this last result holds for any
codimension one Anosov flow. This highlights the importance of the topology of
the lifted foliations in order to understand the flow.

More recently, a lot of information has been gained by analysing not just the
individual leaf spaces, but rather the joint topological structure of the stable and
unstable foliations. Using this and Dehn surgery on closed orbits of suspensions
or geodesic flows [Fr,Go], a large family of examples was constructed where every
closed orbit of the flow is freely homotopic to infinitely many other closed orbits
[Fe3]. This never happens for suspensions or geodesic flows, and was thought to
be impossible for any Anosov flow.

Our initial motivation was to understand Anosov flows in hyperbolic 3-manifolds,
of which there are many examples [Go,Ch], but which are still fairly misterious.
Up to now, the only technique that yields any information when the manifold is
hyperbolic is the topological theory mentioned above. For instance the topological
theory gives information about metric properties of flow lines: a flow is said to
be quasigeodesic if flow lines are uniformly efficient (up to a bounded multiplica-
tive distortion) in measuring distances in relative homotopy classes. Suspensions
and geodesic flows are always quasigeodesic and there are many quasigeodesic
“pseudo-Anosov” flows in hyperbolic 3-manifolds [Ca-Th,Mos1,Mos2,Fe-Mo] (a
pseudo-Anosov flow is a generalization of an Anosov flow, where one allows finitely
many singular orbits, which have prong type singularities, see [Fe-Mo]). The quasi-
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geodesic property is extremely important in hyperbolic 3-manifolds [Th1,Mor| and
was used for instance in the proof of the geometrization conjecture for Haken man-
ifolds. Using the topological theory and the Dehn surgery construction mentioned
above, one produces a large family of Anosov flows in hyperbolic manifolds which
are not quasigeodesic [Fe3]. All these examples are R-covered Anosov flows. One
important question is to understand how such flows interact with the hyperbolic
structure and the ideal compactification of the universal cover. We will return to
this question later.

Barbot [Ba3,Bad] also used this topological theory to study Anosov flows and
proved the following remarkable result: Assume that there is a Seifert fibered
piece in the torus decomposition of the manifold [Jo,Ja-Sh] and suppose that the
corresponding fiber is not freely homotopic to a closed orbit of the flow. First
isotopically adjust the boundary tori of the Seifert fibered piece to be as transverse
to the flow as possible [Ba3]. It follows that the flow restricted to that piece is
topologically conjugate to a (generalized) geodesic flow on the unit tangent bundle
of a compact surface with boundary. If the manifold is a graph manifold (that
is, all pieces of torus decomposition are Seifert fibered) and all fibers satisfy the
condition above, then the flow in M is, up to topological conjugay, obtained by
Dehn surgery on finitely many closed orbits of a geodesic flow [Bad]. Using this
Barbot [Ba4] has obtained the first known examples of graph manifolds which are
neither torus bundles over the circle, nor Seifert fibered and which do not admit
Anosov flows.

The results above are in great part due to a complete characterization of the
possible joint topological structures of R-covered Anosov flows [Fe3,Ba2]. On the
other hand very little is known about the non R-covered case, for the simple reason
that their structure is not understood at all.

It is easy to show that intransitivity implies that the flow is not R-covered
[So,Bal] and for many years there was a great effort in trying to prove that these
two properties are equivalent [Ve,Gh,Fe3,Ba2]. However in a surprising develop-
ment Bonatti and Langevin [Bo-La] have recently constructed a transitive, non
R-covered Anosov flow in dimension 3. Subsequently Brunella [Br| produced a
large class of examples by doing Dehn surgery on geodesic flows. The common
tool used to show that the flows are not R-covered is the existence of an embedded
torus transverse to the flow, which is then incompressible. Hence the underlying
manifolds are not hyperbolic.

One fundamental question which remained to be answered was whether the
manifold M being hyperbolic would imply that any Anosov flow in M has to be
R-covered. A positive answer would have enormous consequences: no Anosov flow
in a hyperbolic 3-manifold could be quasigeodesic [Fe3] and in such flows every
closed orbit would be freely homotopic to infinitely many other closed orbits [Fe3].
In this article we answer this question in the negative:

Theorem A. There is a large class of transitive, non R-covered Anosov flows
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where the underlying 3-manifold is hyperbolic. This includes all Anosov flows in
non orientable, hyperbolic 3-manifolds.

Therefore transitive non R-covered Anosov flows can occur in graph manifolds
[Bo-La], in hyperbolic 3-manifolds and in manifolds containing Seifert fibered and
hyperbolic pieces in their torus decomposition [Br]. This highlights the importance
of understanding the structure of non R-covered Anosov flows, which up to now are
completely mysterious. The main goal of this article is to start a systematic study
of Anosov flows which are not R-covered, where we then say the lifted foliations
have branching. We will not a priori assume that the manifold is hyperbolic or
that the flow is transitive.

This leads us to two basic and very important questions: (1) when can branch-
ing occur and (2) what are the possible structures of branching in Anosov flows
of 3-manifolds? In this article we address question (2) and completely determine
the local structure of branching. We then show that the branching structure is
strongly related to the dynamics of the flow, the topology of the manifold and the
metric behavior of the stable and unstable foliations.

Let then ® be an Anosov flow in M?3 with two dimensional stable and unstable
foliations F*, F". Here M is always closed. Let f s, F* be the respective lifts
to the universal cover M. Let H* and H" denote the leaf spaces of F* and Fu
respectively. If 7* is not R-covered, H? is not Hausdorff, and the branching leaves
of F* correspond to the non Hausdorff points in H®. Two leaves F # F' of F°
form a branching pair if the corresponding points in H?® are not separated from
each other. Equivalently F, F’ do not have disjoint saturated neighborhoods in
M ~where a saturated neighborhood of F* is an open set which is a union of leaves
of F. . _ _

Since M is simply connected, F° and F* are always transversely orientable
and an orientation is fixed. Then there is a notion of branching in the positive
or negative directions. The first important result was proved in [Fe5): Suppose
that @ is transitive. If there is branching in the positive direction of (say) the
stable foliation then this foliation also has branching in the negative direction.
This concerns the “global” structure of branching.

Here we analyse the “local” structure of branching. In general the local struc-
ture of branching in the lifted foliations can be very complicated [Im]. We show
that branching in Anosov foliations is of a simple type which is very rigid. For
simplicity the theorems are stated for F* but work equally well for F*.

A leaf of F* or F* is said to be periodic if it is left invariant by a non trivial
covering translation of the universal cover. Equivalently, its image in M contains
a closed orbit of ®.

Theorem B. Let ® be an Anosov flow in M3. If F is a branching leaf of .77'3,
then F is periodic.
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Figure 1. The set of non separated leaves from F' € F* and in the back of F. D is between E
and L.

Theorem B should be interpreted as a rigidity result in the sense that periodic
leaves are “rigid”, while non periodic leaves are non rigid. This is best seen in the
manifold M: if the stable leaf (in M) is periodic then it contains a closed orbit
of @ and every orbit in the leaf is forward asymptotic to this closed orbit. The
nearby returns (in forward direction) are in the same local stable leaf. In case
the leaf is not periodic, then the orbits in the leaf limit in points of M, but the
nearby returns are always in distinct local stable leaves. This means that when
lifted to the universal cover one can slightly perturb the local structure, producing
a contradiction.

Our next goal is to understand the local structure of branching. Let F' be a
leaf of F* which is a branching leaf. Let & (F) be the set of leaves of F* which
are non separated from F' and are either equal to F or are contained in the back
of F. Similarly define £¢(F). We show there is a natural order in & (F') given
by: if E # L € &(F) then we say that F < L if there are G,H € FU with
GNE#0,HNL# ( and G is in the negative side of H, see fig. 1. Using this we
can say that a branching leaf D € &,(F') is between F and L if E < D < L.

One measure of the complexity of branching is the number of branching leaves
between any E,L € &,(F). A priori there could be infinitely many in between
branching leaves producing a very complicated structure. However we prove:

Theorem C. Let ® be an Anosov flow in M3. Let F be a branching leaf of F*
and E,(F) be the set of non separated leaves from F and in the back of F' (F is
included in E(F')), with the order defined above. Then either

(1) &E(F) is finite, hence order isomorphic to {1,2,...,n} or,

(2) E(F) if infinite and order isomorphic to the set of integers Z.
In particular given any E, L € E,(F), there are only finitely many branching leaves
between them. Analogous results hold for E¢(F).

Notice that there are examples where both &(F) and £7(F) contain leaves
other than F'. This is what happens in the intransitive examples created by Franks
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and Williams [Fr-Wi]. A careful analysis of those examples shows that for any
branching leaf F' € F*, then both &(F) and & +(F) contain exactly two elements.

As in the case of theorem B, there is a rigidity proof of theorem C. However
the rigidity proof is quite long and complicated. Our tactic will be to first show
the following result:

Theorem D. Let ® be an Anosov flow in M3 and let (F,L) be a branching pair
of F°. Let g be a non trivial covering translation with g(F) = F and so that g
preserves transversal orientations to F°,F*. Then g(L) = L.

Using the important idea of lozenges (see definition in section 3) and a key
result from [Fed], we show that theorem C follows easily from theorem D, except
that to rule out the case that & (F) is order isomorphic to the natural numbers N
we need theorem F' below. Section 4 contains a more detailed description of the
set & (F).

Theorem D also implies that 7(F) and (L) contain freely homotopic closed
orbits and highlights the pervasiviness of freely homotopic closed orbits. This
shows that the topological structure of F?°, F" is intimately connected with the
dynamics of the flow:

Corollary E. Let ® be an Anosov flow in M3. Then ® is topologically conjugate
to a suspension of an Anosov diffeomorphism of the torus if and only if there are
no freely homotopic closed orbits of ® (including non trivial free homotopies of a
closed orbit to itself).

Corollary F does not assume that ® is not R-covered. Another consequence
of theorem D is the following:

Theorem F. Let ® be a non R-covered Anosov flow in M3. Then up to the
action of covering translations, there are finitely many branching leaves in F*.
Equivalently there are finitely many distinguished closed orbits of ® in M so that
their stable leaves lift to branching leaves in the universal cover.

We again stress that these results on the structure of branching are the most
general possible, because there is no assumption on the manifold nor on the flow.
In particular we do not assume that the flow is transitive. Theorems B, C, D and
F' were previously proved under the assumption that M has negatively curved
fundamental group and furthermore that the flow is quasigeodesic [Fe4]. This last
hypothesis is a very strong assumption and made the proofs relatively easy. The
techniques used here are different because in general there are no metric properties
available to use. The proof only uses the topological structure of F*.

We also show that the structure of branching is strongly related to the topology
of the ambient manifold. We say that there is infinite branching in F* if there
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is an infinite collection of leaves of F 5. all of which are non separated from each
other. Otherwise we say that F* has only finite branching.

Theorem G._ Let ® be an Anosov flow in M3 orientable so that there is infinite
branching in F°. Then there is associated infinite branching in F* and there is an
embedded torus T transverse to ®. Hence T is incompressible. In particular M is
toroidal and cannot be hyperbolic and neither can m (M) be negatively curved.

A big part of theorem G follows quickly from theorem D and 3-manifold topol-
ogy, namely the fact that M atoroidal implies there is no infinite branching (corol-
lary 4.8). However this “quick” proof uses 2 deep results: (1) The general torus
theorem [Ga] which in turn depends on the solution of the Seifert fibered conjec-
ture, and (2) The characterization of Anosov flows in Seifert fibered 3-manifolds
[Gh]. We give a proof of theorem G which depends only on the topological struc-
ture of F* and F*.

We remark that infinite branching does occur, for example in the Bonatti-
Langevin flow. Conversely theorem A yields many examples of non trivial finite
branching.

We also describe in detail the structure induced by infinite branching. This
uses “product regions” (see section 3), a tool which also has applications in [Fe8].

With the description of branching in general given by theorems B,C, D and
F, we can then specialize to Anosov flows in hyperbolic 3-manifolds. In that case
M is compactified with a sphere at infinity Sgo and it is extremely important
to understand the asymptotic behavior of stable and unstable leaves in M and in
particular to study their limit sets [Th1,Th2,Mor,Bon]. The intrinsic geometry of a
leaf F of F* or FU is always negatively curved in the large and there is an intrinsic
ideal boundary O F. We say that ® has the continuous extension property if the
embedding ¢ : F' — M extends continuously to ¢ : F'U 0o F' — M U 530, for any
leaf F in F* or F*. This property can be defined for any Reebless codimension
1 foliation in hyperbolic manifolds [Fe2] and it is true for fibrations [Ca-Th] and
many depth one foliations [Fel,Fel0]. This property is weaker than quasigeodesic
behavior of ® [Fe3|. Recall that the limit set of B is the set of accumulation points
of B in Sgo. In this article we use the structure of branching to analyse limit sets
of leaves in connection with the continuous extension property:

Theorem H. Let ® be a non R-covered Anosov flow in M3 hyperbolic. Suppose
that ® has the continuous extension property. Then the limit set Ap of any leaf F
of F* or F" is a Sierpinski curve, that is, the complement of a countable, dense
union of open disks in 530. In addition there is k < 2 so that Ap has Hausdorff
dimension < k for any F € F* or j-:“, so in particular Ap has zero Lebesgue area.

This result (except for the last statement) also works under the assumption that
71 (M) is negatively curved. Theorem H is a significant improvement over results
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in [Fed]: in [Fed] we assumed the stronger hypothesis that ® is quasigeodesic and
were only able to show that Ag is neither S2 nor a Jordan curve.

In a forthcoming paper [Fe8] we use the results of this article to study Anosov
flows in toroidal manifolds, specifically to study incompressible tori in such man-
ifolds. It is of great interest to find, in the isotopy class of the torus, the best
position with respect to the flow [Ba3,Ba4]. We prove:

Theorem. ([Fe8]) Let ® be an Anosov flow in M3 and let T an incompressible
torus in M. Suppose that no loop in T is freely homotopic to a closed orbit of .
Then ® is topologically conjugate to a suspension Anosov flow. Furthermore T is
isotopic to a torus transverse to ®.

This article is organized as follows: in the next section we develop background
material and in section 3 we prove that branching leaves are periodic (theorem
B). Section 4 is the core of the paper, where theorems D, C| F, corollary E and
part of theorem G are proved. Section 5 studies product regions and applies this
to completely describe infinite branching. For the sake of presentation we collect
the results concerning hyperbolic manifolds in the last two sections: In section 6
we produce non R-covered Anosov flows in hyperbolic 3-manifolds and in the final
section we study the continuous extension property.

We thank Bill Thurston for encouragement and many helpful conversations
relating to this work. We also thank Thierry Barbot for useful suggestions to a
first version of this article. Finally we thank the referee for an extremely careful
reading of the manuscript and for inumerous suggestions which greatly improved
the paper and also simplified some of the proofs.

2. Background

Let ® : M3 — M?3 be a nonsingular flow in a closed, connected Riemannian
manifold M. The flow ® is Anosov if there is a continuous decomposition of the
tangent bundle TM as a Whitney sum TM = E0 @ E* @& E¥ of continuous D®,
invariant subbundles and there are constants pg > 1, u1 > 0 so that:

(i) EV is one dimensional and tangent to the flow,

(i) || D®1(v)]] < poe~11Jo]| for any v € E*, ¢ >0,

(iii) |[DP_¢(v)|| < ppe H1t||v]| for any v € E*, t > 0.

The bundles E?, E* integrate to one dimensional foliations %%, F**: the strong
stable and strong unstable foliations of the flow [An]. The bundles E® @ E* and
EY @ E" are also integrable [An] producing 2-dimensional foliations F*, F* which
are the stable and unstable foliations of the flow.

The flow is said to be orientable if both F* F" are transversely orientable.
There is always a regular cover of order < 4 where the lifted F* and F* are
transversely orientable. Whenever possible we lift to such a cover.
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The leaves of F*, F" are either topological planes, annuli or Méebius bands.
The last two correspond exactly to leaves containing closed orbits of ®. There is
at most one closed orbit in a leaf of F*, in which case all other orbits are forward
asymptotic to it. Similarly for F*.

The foliation F* is Reebless, so Novikov’s theorem [No] implies that given any
closed orbit y of ®, 4™ is not null homotopic for any n # 0.

Let m : M — M be the universal covering space of M. This notation will be
fixed throughout the article. The Anosov foliations F*, F* lift to foliations Fs, Fu
in M. The leaves of f s, FU are topological planes, so M is homeomorphic to R3
[Pa]. Therefore M is zrreduczble that is every embedded sphere in M bounds a
3-ball. The induced flow in M i is denoted by 3.

Let O be the orbit space of ® obtained by collapsing flow lines to points and
let © : M — O be the projection map. A fundamental result which will be used
throughout this article is that O is Hausdorff and hence homeomorphic to R?
[Fe3]. This is a significant simplification because now much of the analysis can be
done in dimension 2 instead of dimension 3. We stress that O is only a topological
object - there is no natural metric in O since the flow direction contracts and
expands distances in M. Therefore arguments that involve distances have to be
done in M, while topological arguments (e.g. leaves F; converge to F', or leaf F'
intersects leaf G) can be done in O.

The foliations F* ,f“ induce two transverse 1-dimensional foliations in O,
which will also be denoted by F°, F“. By an abuse of notation we will many
times identify sets in M or orbits of ® to their respective images in O.

The fundamental group 71 (M) is isomorphic to the set of covering translations
of M. We will usually assume one such identification is fixed. Given a covering
translation g, we will also denote by ¢ its action on H*, H* (the leaves spaces of
Fo Fv.

Let W (z) be the leaf of F* containing x and similarly define W*(z), W**(z),
W (z), W*(z), Wu(z), W*(z) and W*(z). In the same way if v is an orbit
of ® we define W*(a), etc.. General references for Anosov flows are [An], [An-Si],
[Bow], [Sh] and [Sm)].

An incompressible surface (# S2) is an embedded surface in M? which is in-
jective in the fundamental group level. A manifold is toroidal if it contains an
incompressible torus and atoroidal otherwise.

3. Periodic branching leaves

In this section we prove theorem B of the introduction. The following definitions
will be useful. If L is a leaf of F* or F*, then a half leaf of L is a connected
component A of L — =y, where 7 is any full orbit in L. The closed half leaf is
A = AU~ and its boundary is 9A = . A flow band B defined by orbits o # 3 in
L is the connected component of L —{a, 8} which is not a half leaf of L. The closed
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flow band associated to it is B = B U {«, ﬂ} and its boundary is 0B = {«, 8}.

Since M is simply connected, F5 and FU are transversely orientable. Choose
one such orientation. Notice that in general, covering translations may not preserve
transversal orientations.

For p € M, let W+( ) be the half leaf of Ws(p) defined by &)R(p) and the

positive transversal orientation to FU at p. It is called a positive half leaf of
W#(p). Similarly define WS( ) (a negative half leaf), and also define W (p) and

W (p).

A fundamental fact for us is that any leaf L in .7-" % or Fu separates M. This
is a consequence of M being simply connected and .7-" s Fu being Reebless, which
together imply that L is properly embedded [No|. The front of L is the component
of M — L defined by the positive transversal orientation to L We also call this the
positive side of L. Similarly define the back (or negative side) of L. For p € M let
Wis(p) = Wi(p) N WSS( ). Similarly define W**(p), Wi*(p) and W**(p).

If F € 75 and G € F* then F and G intersect in at most one orbit, since two
intersections would force a tangency of F* and F“. This is easiest seen in O, as
F* and F* are then 1-dimensional foliations of the plane.

We now describe four objects which are the main tools in this article.

We say that leaves F, L € F* and G, H € F" form a rectangle if F intersects
both G and H and so does L, see fig. 2 a. We also say that E intersects G between
F and L if ENG is contained in the flow band in G defined by GNF and GNL. It is
easy to prove that if £ € F* intersects G between F and L then E also intersects
H between F' and L. To see this just project to the plane O: then one sees a
true rectangle [0,1] x [0, 1] foliated by horizontal (stable) and vertical (unstable)
segments — this last fact follows from index computations of foliations in the plane.
Hence there is a product structure of F* and F¥ in the region bounded by F, L, G
and H.

Definition 3.1. Given p € M (orpe O), let
T4 (p) = {F € F* | FNW{(p) # 0},

an open subset of H*. Notice that the leaf Ws(p) ¢ Ji(p). Similarly define " (p),
J%(p) and J* (p). Let also LY (p) =U {pe M |pe F e J4Y(p)}. Then LY (p)

is an open subset of M and Ws(p) C OLY (p). Similarly define L (p), L3 (p) and
L2 (p).

Definition 3.2. Two leaves F € F* and G € F*, form a perfect fit (F,G) if
FNG =0 and there are half leaves F1 of F' and G1 of G and also flow bands
LiCcLeFsand HH C H € F", so that:

Zl ﬂél = 0L N0Gq, Zl ﬂﬁl =0L1 NOHq, Fl ﬂfl =0H| NOF,
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Figure 2. a. Rectangles, b. Perfect fits in the universal cover.

VSeF , SNLi#0 =SNF #0 (1) and
VEeF, ENH #0 =ENG #0 (2).

See figure 2°b. The flow bands L1, Hy (or the leaves L, H) are not uniquely deter-
mined by the perfect fit (F, Q).

We claim that the implications (1), (2) in fact imply equivalences (that is SN
Ly #0 < SNF, # 0 and the same for (2)). To see this let S € F* with
SNF; #0. Choose R € F° near enough F, so that RNHy # 0 and RNS # (. By
(2), RNGy #0. If S =G then GN F # (), contradiction. If G separates H from
S, then G separates F' from S, contradiction to F} NS # (). Hence S intersects R
between G and H. Since R, L, G, H form a rectangle, this implies that S intersects
L between G and H, that is, S intersects Li. This proves the stronger equivalence
in (1) and similarly for (2).

Perfect fits produce “ideal” rectangles, in the sense that even though F' and G
do not intersect, there is a product structure (of 7% and F*) in the interior of the
region bounded by F,L,G and H._

There is at most one leaf G € F* making a perfect fit with a given half leaf of
F € F* and in a given side of F' [Feb]. Therefore if (L, G) forms a perfect fit and
g is an orientation preserving covering translation with g(L) = L, then g(G) = G.
This follows from uniqueness of perfect fits and the fact that g takes perfect fits
to perfect fits, because it acts by homeomorphisms in the leaf spaces.

Definition 3.3. Lozenges - - Suppose p,q € M satisfy

JEp)NJip) =T ) NT2(e) ().
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Figure 3. a. A lozenge, b. A chain of lozenges.

Then we say that this intersection is a lozenge B in M with (—,—) corner p (or
PR (p)) and (+,+) corner q. Notice that equation (i) implies that Ji'(p) = J* (q)
and J° (p) = T2 (q). If on the other hand p and q satisfy

TJi)NITLp)=T2(@)NTEe)  (id).

then this intersection is a lozenge B with (+,—) corner p and (—,+) corner q. In
any case it follows that W (p), W“(q) form a perfect fit and so do Ws(q)7 we (p)
- this is an equivalent way to define a lozenge. The lozenge is an open region in
M. The sides of the lozenge in case (i) are Wfr(p), W}i (p), ws (q) and W“j(q) and
are not contained in B, but rather are contained in OB. Similarly for case (ii).

Since given any four leaves there is at most one lozenge with sides in them we
also sometimes refer to the full leaves as the sides of the lozenge.

Two lozenges are adjacent if they share a corner and there is a stable or unstable
leaf intersecting both of them, see fig. 3 b. A chain of lozenges is a collection
{B;},i € I, where I is an interval (finite or not) in Z; so that if 4,4+ 1 € I, then
B; and B;4+1 share a corner see fig. 3 b. Consecutive lozenges may be adjacent or
not. The chain is finite if [ is finite.

Definition 3.4. Supposen C F € Fsisa (possibly infinite) strong stable segment
so that

Vpgen, JYLp) =JT%(q). Inthat case let P = U W}i(p)
pEN
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Figure 4. a. A product region with bounded base segment, b. A product region with infinite
base segment. Horizontals are stable leaves and verticals are unstable leaves. Dots indicate an
infinite basis segment. Arrows indicate that unstable leaves extend indefinitely.

Then P C M is called a positive unstable product region with base segment 7,
see fig. 4. The basis segment is not uniquely determined by P. Similarly define
negative unstable product regions and stable product regions.

The main property of product regions is the following: for any F € Fs ,G e Fu
so that (i) FNP # (0 and (ii) GNP # O, then F NG # 0. To see this, first notice
that (i) implies that @ £ G Nn =p. By (i) let ¢ € np with F'N /I/Iv/_jf(q) # (). Then
F € J{(q) hence F € J}(p), that is FNG # .

We will also denote by rectangles, perfect fits, lozenges and product regions
the projection of these regions to @. One good way to visualize these objects in
O is as follows. Consider proper embeddings & : U — O of sets U C R? into
O, sending the horizontal and vertical foliations induced in U to the stable and
unstable foliations in £(U) C O. Then a proper embedding is associated to a
rectangle {(U) if U = [0,1] x [0,1]. A proper embedding is associated to a perfect
fit if U is a rectangle without a corner, that is, U = [0,1] x [0,1] — {(1,1)}. A
lozenge is associated to the image of a rectangle without two opposite corners
U =1[0,1] x [0,1] = {(1,1),(0,0)} (the lozenge is the interior of £(U)). A stable
product region is associated to the image of U = [a,b] x [0,00) (or U = R x [0, 00)
when the base segment is infinite) and similarly for an unstable product region.

We say that an orbit v of D is periodic if it is left invariant by a non trivial
covering translation. Similarly we define periodic for F' € F* or F".

If p, ¢ are in the same strong stable leaf let [p, ¢]s; denote the closed segment in
that leaf from p to ¢ and let (p, ¢)s be the corresponding open segment. Similarly
define [p, g, and (p, q)u.
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Figure 5. Branching in Fs.

Theorem 3.5. Let ® be an Anosov flow in M3 and let F be a branching leaf of
F5. Then there is a non trivial covering translation g with g(F) = F, that is, F
1s periodic.

Proof. By taking a finite cover if necessary, we may assume that ® is orientable.
Let L € F°, L # F, so that F, L form a branching pair of F*. Assume without loss
of generahty that " and L are not separated on their negative sides, that is they
are associated to branching of F* in the positive direction (positive branching).
Let wg € F, w' € L. Since F' and L are not separated in their negative sides
there are yg € Wj“‘(wo) (yo sufficiently near wo) and zg = W“( YNW=5(yg) so

that if 7o = /Wv/}i“(xo) N L, then for any F € .7-"3,
EnN (y(]va)u 7£ @ <— FEnN (xo,ro)u 7£ @ (*)

This fact, which follows from the separation property of leaves of Fs , will often
be implicitly used. . .

Switch F' and L if necessary, so that W"(xg) is in the front of W"(yg). We
first find unique leaves associated to the branching, which form perfect fits with
F and L. As there are z € [yg, xg]s with W“( YNF =10 (e.g. 2 =), let pg be

the closest point to yg in [y, zo)s so that W“(po) NFE=0.
Claim. The leaves F and W* (po) form a perfect fit.

For flow bands let A = ‘iR((yo,wo)u) and B = EIV>R((y0,p0)S). Then AN B =
PR (y0), AN F = @R (wo) and BNW"(pg) = R (po)- -

Let E € F* with ENA # (. Then ENW¥(xq) # 0. Since W*(pg) separates M
it follows that £ NW*"(pg) # 0. As E is in front of W*(yg) then ENW (po) # 0.
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Let R € F* with RNB # 0. If RNF = 0, then z = RN[yo, pols is closer to yo (in
W*s(yo)) than pg, contradiction. Hence RN F # ), in particular RﬁWj(wo) #0.
By definition it follows that Wj_ (wp) and W},ﬁ (po) form a perfect fit. This finishes
the proof of the claim.

In the same way there is a unique qo € [yo, zg]s with W“(qo) and L forming a
perfect fit. By uniqueness of perfect fits, the leaves W“(po) W“(qo) depend only
on F and L. If follows from (x) and the claim, that given E € F*, EN W+ (po) #

< EnN ,W_“,f (qo) # 0. Equivalently Jt(po) = J}(qo0)-

Case 1. pg = qo. N

Let G = W¥(pg) = W"(qo). If G is periodic there is g # id with ¢g(G) = G.
By uniqueness of perfect fits and preservation of transversal orientations (F*%, F*
are transversely orientable in the finite cover) it follows that g(F) = F and we are
done. Hence assume from now on that G is not periodic.

Let ¢co = m(pp). Since G is not periodic, ®R(cp) is not a closed orbit, nor
is it backwards asymptotic to a closed orbit. Let ¢ be a negative limit point of
PR (co) and let ¢; = @y, (co), ti — —o0, with ¢; — ¢. If ¢; and ¢; are in the same
local unstable leaf near ¢, then there is a closed path in W*(¢;) consisting of the
flow segment from c¢; to ¢; and a small arc from ¢; to ¢; in the local unstable leaf
through ¢;. This path is not null homotopic in W*(¢;), hence W*(¢;) contains
a closed orbit, contradiction to our assumption. This is the key fact used in the
proof of the theorem and it will imply that non periodic leaves in the universal
cover are not rigid . _

Lift ¢; to p; € M with p; — p and w(p) = ¢. Then p; = gi(P+,(po)), where
g; are covering translations. By the above argument va“(pz) #* W“(pk) for any
i # k. This is the non rigid behavior we are looking for.

Let F:zv = gi(F)yLi = gi(L)aAi~: gz(A), Bz = gz(B) and Gz = gz(G) Let
yi = 9i(Pr,(yo)) and let x; = g;(Py,(z9)). Up to subsequence assume that all
p; and p are near enough, in a product neighborhood of Fu of diameter << 1.
Assume also that for all 7,

U@+, ([y0,pols)) > 1 and U(Py, ([po, ols)) > 1. (%)

Choose indices i,k so that p; is in the back of Wu (pk), see fig. 6. Since
d(pi,pr) << 1 it follows that W* (pk)ﬁwu(pz) # () and W_,_(pJ AW (pr) 73 (. By
(*%), this implies that y, is in the back of w (pi) and x; is in the front of we (pr),
see fig. 6. Hence W (y) is in the back of W(p;). Then W*(p;) N By, # ) and by
the defining property of perfect fits W“(pz) N E, # (. As L; makes a perfect fit
with W (pi), then L; is in front of Fj, hence L; is in the back of we (k).

On the other hand, L; N /W/“(:rz) # (). Since /W/“(:rz) is in front of W (px) then
Wu (pr) ﬂ&)R([pi, x;)s) # 0. As L; and W (pi) form a perfect fit, this implies that
Wu (pk) N L; # @. This contradicts the conclusion of the previous paragraph.
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Figure 6. Rigidity of branching leaves: the adjacent case

This shows that if pg = qg, then G is periodic, left invariant by g, hence F' and
L are periodic and both left invariant under g. This finishws the proof in case 1.

Remarks. (1) Applying this argument when G is periodic, we get Ws(pi) =
Ws(pk) Vi, k. There is no small perturbation of the local picture which is then
rigid.

(2) Tt is tempting to try the following “intuitive” approach to the above proof:
as W(Wi (po)) is not compact, there are translates S1 and So of we (po) and points
u; € S; arbitrarily near each other. The problem with this approach is that there
is no control of the rest of the picture. For instance we do not know a priori what
happens to the respective stable lengths. This is the reason why we fixed an orbit
PR (m(po)) and flowed backwards in order to insure that stable lengths are as big

as we want. This is also why the proof is done in M and not in O.

Case 2. pg # qo- _
We use the same notation as in case 1. As qg # po, let ¢; = gi(P+,(qo)). Choose

1,k with p; in the back of W“(pk). As in case 1, W (p;) N Fy # (. There is no a
priori contradiction because now L; does not form a perfect fit with W*(p;), and
in fact L; is probably in the front of W (py,), see fig. 7. Let then

er = W (o) VWS (), e = W (ps) N W (o).

Notice that ,I/Iv/_}f (px) and Fj, form a perfect fit and ,I/Iv/_}f (e2)NFy, # 0. These two facts
imply that J}(pr) < J{(e2). In addition the local product structure of Fs, Fu
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Figure 7. Rigidity of branching: the separated case.

near p implies that J' (p;) > J' (e1), see fig. 7. Choose E € J' (p;) — T (e1).
By the above considerations it is clear that E N W"(p;) = 0. But

THai) = TH(9:(Pe,(0)) = 9i(TE (@, (90))) = 9i(TE(Pe, (p0))) = T (p2),

hence E € J}(q;). Then £ N Wjﬁ(qz) # (. But W“(qi) is in the front of W“(pk)

and as WU (pk) separates M, then EN W (px) # 0. This contradicts the conclusion
of the previous paragraph. As before we conclude that G is periodic, left invariant
by g # id, so F is also left invariant by g. O

Caution. The same arguments show that L and W“(qg) are also periodic. We
do not know at this point that the same covering translation leaves invariant both
F and L. This is a much stronger fact which will be proved in the next section.

4. Branching structure

In this section we show that if F' and L are not separated, then not only they
are periodic, but there is a non trivial covering translation leaving both of them
invariant. As an immediate consequence, branching produces a non trivial free
homotopy between closed orbits of ® in M and this leads to a homotopic char-
acterization of suspensions. We also show that the periodic orbits in F' and L
are connected by a finite sequence of lozenges. This completely determines the
structure of the set of non separated leaves from F' and implies that there are only
finitely many branching leaves up to covering translations. We then show that if
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there is infinite branching then there is an incompressible torus in M transverse
to the flow. _ . .

We say that two orbits 7, a of ® (or the leaves W*(y), W*(«) and similarly for
unstable leaves) are connected by a finite chain of lozenges {B;},1 < i <, if v is
a corner of By and « is a corner of B,,. The following theorem will be essential for
the results in this section:

Theorem 4.1. [Fed] Let ® be an Anosov flow in M> and let Fy # Fy € F°.
Suppose that there is a non trivial covering translation g with g(F;) = F;,i =0, 1.
Let a;,i = 0,1 be the periodic orbits of ® in F, so that g(a;) = a;. Then ag
and a1 are connected by a finite chain of lozenges {B;},1 < i < n and g leaves
invariant each lozenge B; as well as their corners.

Furthermore there is a unique chain that is minimal, in the sense that any
other chain from ag to «a; contains this chain [Fe7]. For any chain {B;},1 <i<n
from g to ag, let v9 = ag and inductively define ~;,% > 0 to be the remaining
corner of B;. The minimal chain from «g to aj is characterized by: B;y1 is on
the same side of WS(%) and /I/Iv/“('yz) that «q is [Fe7]. Equivalently the lozenges
{B;},1 <i < mn are all disjoint [FeT].

A closed orbit of ® traversed once is called an indivisible closed orbit.

The following result will be often used in this article:

Theorem 4.2. (Fe7) Let ® be an orientable Anosov flow in M3. If v is an
indivisible closed orbit of ®, then v represents an indivisible element in 71 (M).

Equivalently if g is a covering translation and g"(F) = F, where F € Fs or Fu
with n # 0, then g(F) = F.

There is a related result if ® is not assumed to be orientable.

The stabilizer T (F') of a leaf F' of F° (or F*) is the subgroup of 1 (M) of those
g with g(F) = F. If 7(F') does not contain a periodic orbit, then 7 (F) is trivial.
Otherwise let v be the indivisible closed orbit in 7(F'). Then 7 (F') is infinite cyclic
and it has a generator conjugate to [y] in w1 (M).

The main technical result in this section is theorem D of the introduction:

Theorem 4.3. Let ® be an Anosov flow in M3. Suppose that F, L form a branch-
ing pair of F*. Let g be a non trivial covering translation with g(F) = F, so that
g preserves transversal orientations to F°,F*. Then g(L) = L. Similarly for F*".

Proof. Up to a cover of order < 4, assume that ® is orientable. As g preserves
transversal orientations, then g is still a covering translation of the the universal
cover of the finite cover. Assume that F' and L are not separated on their negatives
sides and also assume that g generates 7 (F).

As in theorem 3.5 there are unique leaves G, H € Fu making perfect fits with
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Figure 8. Iterating non invariant leaves.

F and L respectively and so that: G separates F' from L and so does H. Let
p € G so that W**(p) intersects H and let ¢ = W**(p) N H. Recall from the proof
of theorem 3.5, that J}'(p) = J}'(q). Assume that H is in the front of G.

Since g preserves transversal orientations then g(G) = G. Our goal is to show
that g(L) = L. If G = H then this is clear. Suppose then that G # H and that
g(L) # L, therefore g(H) # H. Let v C G be the periodic orbit of ® in G, so

9(v) =7

Claim 1. There is R € F* in the back of L making a perfect fit with a positive
half leaf of L, hence R is in the front of H.

We may assume that p € W¥(y). Let E = W?(p). By taking g~ 1 if necessary
assume that g(F) is in front of E. Hence g(E) € J'{(p), therefore g(E) € J' (q).
Then H N g(E) # (). There are 2 cases:

(1) g(H) is in front of H, see fig. 8.

Let Let ¢’ = W**(g(p))N H. Since g(p) € W (p) then T} (g(p)) = T} (e’). But
also J(g(p)) = T¢(9(q)), so T¢(g(q)) = T ('), where g(q) € g(H) and ¢’ € H.
Since L makes a perfect fit with H and g(L) makes a perfect fit with g(H) this
shows that g(L) is not separated from L. As in the proof of theorem 3.5, there is
a unique eg € (¢, g(q))s with W"(eg) making a perfect fit with L. In this case let
R=W" (eo).

(2) Suppose now that g(H) is in the back of H.

Notice that E,g(E), H and G form a rectangle. Since g(H) N g(E) # () and
g(H) is between G and H it follows that g(H) N E # 0 and g(H) N E is an orbit
in F between £ NG and EN H.

In this case let ¢ = g(H) NW?**(p). Then c € (p, q)s. Since T} (p) = Ji(q) and
L ¢ J(q), then g(L) & J{(q), so g(L) " H = (). Hence g(L) is in the back of H.
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As in case (1), it follows that L and g(L) form a branching pair. Let c2 € (¢, q)s
with W (c2) making a perfect fit with ¢g(L) and with g(L) in the back of WU(CQ).
Then R = Q(WM(CQ)) makes a perfect fit with L and L is in the back of W“(CQ).
This finishes the proof of claim 1.

By theorem 3.5, H, L and R are periodic, so let o, @* and 7 be the periodic
orbits in H, L and R respectively. Let h a generator of 7 (H). Since ® is orientable,
h(H)=H, h(R) = R and h(L) = L.

Claim 2. W* (a*) C L and Wjﬁ(a) C H are two sides of a lozenge N with other
sides in Wj(a) and W“_‘(a*), see fig. 9.

Let a € a, b € a* and Z € F* with Z N Wﬁ(a*) # (). Assume that h
is a contraction in the set of orbits of W“(a*). Then for n > 0 big enough
h™(Z)N Wjﬁ(a) # (), because W“(a) and W* (o*) form a perfect fit. Since ,I/Iv/_}f ()
is h invariant then Z N ,Wv/jf (a) # 0. Using similar arguments one concludes that
JY(a) = J%(b) and J% (a) = J2 (b). Consequently a and b are the corners of a
lozenge N as claimed.

Equivalently the claim says that if Ay € F* and Ay € F¥ form a perfect fit
and there is a non trivial covering translation ¢’ with ¢’(41) = Aj, then A; and
Ao are two sides of a lozenge B. The corners of the lozenge are two periodic orbits
which are invariant under ¢'. . .

In the same way as in the claim above W3 (a*) and W (7) are the 2 sides of a
lozenge N>. The lozenges N1, Ny are adjacent and intersect the stable leaf E. Let
N = N7 UNy U W¥(a*), an open connected set.

We now show that F also makes a perfect fit with U € F¥, U # G and F in
the front of U, hence G is in the front of U, see fig. 9. If h(G) = G then since g
generates 7 (G), it follows that h = g™ for some n € Z — {0}. Theorem 4.2 then
implies that g(H) = H contrary to assumption. Hence h(G) # G. Using claim 1
with the roles of F, L exchanged, we produce the required U € F*. As shown in
claim 2, there are two adjacent lozenges D1 and Do with (some) sides in U, F, G.
Both lozenges intersect a stable leaf which we may assume is £. Let o be the
periodic orbit in F' and D = D; U Dy U W (o).

From now on the proof roughly goes as follows: We will show that W ()
intersects va_ﬁf(a) and similarly that Ws(a) intersects va_ﬁf (v), producing a contra-
diction.

Taking g~ if necessary, suppose that g(H) is in the back of H. Let H; = g*(H).
Then as in case (2) of claim 1, H;41 is in the back of H;, and H; N E # (), Vi > 0.
Since H; is always in front of G, then H; — S with SN E # () (and maybe H; also
converges to other leaves of F “).

Let V; be the front of H; and let V = U;eNV;. Then g(Vi) = V41 50 g(V) =V
and consequently g(0V) = 9V. Since S ¢ V it follows that 9V is a non empty
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Figure 9. Double lozenges.

union of unstable leaves and furthermore S C 9)V. Notice that S is the unique
leaf which is either equal to G or separates G from V. In the second case since
g(V) =V and g(G) = G it follows that g(S) = S. In either case we have that
g(S)=S. N

Then there is an orbit § of ® in S with g(8) = 5. By theorem 4.1, 8 and v are
connected by a minimal chain of lozenges {B;},1 <i < n.

Furthermore

EnS#£0, ENG#0 = EnNB; #0, Vi.

Otherwise choose smallest i so that ENB; # 0. Then ENB;_1 = () and there is a
stable leaf, call it U, containing a stable side of B; and a stable side of B;_1, which
separates F from B;. By the characterization of the minimal chain from v to g, it
follows that U separates E from all B;, j > i. But EN B, # 0 because EN.S # ()
and S contains a side of B,,, contradiction. Therefore consecutive lozenges in the
chain B; are adjacent.

Claim 3. v and all B; are in the front of W (B8).

Suppose not. Let r € 8 and r’ € 7. Notice that p € W}i(r’) Since v and 3 are
connected by a chain of adjacent lozenges all intersecting F and ~ is in the back
of W*(8), it follows that J* (r) = J4 (+'). For all i big enough W*(r) N H; # 0.
Notice that g'(q) € H;. If g°(q) is in front of W*(r) then W*(g'(q)) is in front
of Ws(r), contradiction to Ws(gi(q)) = Ws(gi(p)) being in the back of Ws(r).
Clearly g;(q) € Ws(r) is also disallowed. The third possible option is that g;(q) is
in the back of W* (r). But then we (r) € J(g'(¢)) and hence Ws(r) € Jg' (p)),
which is also a contradiction. This shows that Ws(r) N H; = 0 is impossible. This
finishes the proof of claim 3.

Consequently + is in front of W#(3) and =, [ are connected by and even number
of adjacent lozenges. Therefore J}(r) = J{(r').

Since R; = g*(R) separates H; from H;_ 1, then Ws(ﬁ) N R; # 0 and WS(B) N
H; # 0, for i big enough. But gi(/ﬂvfs(ﬁ)) = Ws(ﬁ), therefore WS(B) N R # () and
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Figure 10. Impossible intersection of leaves: a. Case § = «, b. Case 0 # a.

Es(ﬁ) N H # . Consequently W*(8)) NN # () and as a result W*(f) intersects
Wi (o).

Conclusion. There is an orbit 3 of ® with g9(B) = B, Ws(ﬁ) N Wjﬁ(a) # () and

Ws(8) N R # 0. N

Because v and (3 are connected by lozenges B; all intersecting E € F*, then
there is Z € F* making a perfect fit with Y = W*(3) so that Z is in the back of Y’
and Z and L are not separated, see fig. 10 a. Hence Z, L satisfy the hypothesis of
this theorem. As in claim 1 there is X € F*, X # Y, X making a perfect fit with
Z and intersecting F, see fig. 10 a. Therefore we could have started the analysis
with Z instead of F' and Y instead of G, considering the orbits 5 C Y and o C H.

Now switch the roles of ¥ and H and apply the same arguments as above.
Then as in the conclusion above we find an orbit § of ® with h(d) = § and
We(8)N /I/Iv/}i(ﬁ) £ 0, W*(6) N X # 0. In addition § is connected to o by an even
chain of lozenges all intersecting a common stable leaf. Hence if v € 6,u’ € «,
then JV(u) = J}(u').

If 6 = o this produces an immediate contradiction since Ws(ﬂ) intersects
Wj(a) and Ws(a) intersects:liv/j(ﬂ), see fig. 10 a. -

Suppose that § # a. As W*(0) N Wi (8) # 0, then W*() is in the back of
Ws(é). In particular Ws(ﬁ) ¢ J4(u). Hence Ws(ﬁ) ¢ Ji(u'), a contradiction to
the fact that Ws(ﬁ) intersects ,I/Iv/_ﬁ(a), see fig. 10 b.

This contradiction implies that the assumption g(H) # H is impossible to hold.
We conclude that g(H) = H and consequently that g(L) = L. This finishes the
proof of the theorem. O

Corollary 4.4. Let @ be an Anosov flow in M3. Suppose ® is not R-covered. Let
F, L € F° which are not separated from each other. Then F and L are connected



Vol. 73 (1998) The structure of branching in Anosov flows of 3-manifolds 281

NN s

B, | B,|B, | B, |Bs| B

NI

Figure 11. The correct picture of in between branching.

by an even chain of lozenges, all intersected by a common stable leaf. In particular
there are only finitely many branching leaves between F' and L.

Proof. Up to finite covers we may assume that ® is orientable. Suppose that F, L
are not separated in their negative sides.

Let g # id be a covering translation with g(F) = F. By the previous theorem
g(L) = L. Let vy and 6 be the respective periodic orbits in F' and L. Furthermore
suppose W (7y) is in the back of we (6).

By theorem 4.1, v and § are connected by a chain of lozenges {B;},1 < i < n,
assumed to be the minimal chain from § to v. Let v9 = 7 and inductively define
i to be the other corner of B;. Since § is in the back of W#(y) and in the front of
W () it follows that  is the (4, —) corner of By. Then 4 is in front of WS(Wl)
and in front of W4 (71), hence Bg has (—, —) corner 1. Hence By, Bo are adjacent,
intersecting the same stable leaves and Ws('yg) is non separated from W* (70) and
Ws(é). Induction then shows that «;_1 is the (+,—) corner of B; if i is odd,
and the (—, —) corner of B; otherwise. In addition we (i) is non separated from
Ws('yo) if and only if 7 is even, hence n = 2k.

Suppose now that I € F* is not separated from F' and is between F' and L.
Let {Xi},k € N C F°, with X}, — F as k — oco. Then X, — F in H® when
k — oco. In addition for k big Xy N B; # 0 for 1 < i < n. Therefore the only
possible leaves in the limit of X; which are between F' and L are those in the
stable boundary of the lozenges ;. This completely characterizes such leaves and
hence there are finitely many in between leaves. O

An R-covered Anosov flow can only have one of two topological types (up to
isotopy in M) for the joint structure of F* F* [Fe3]. They are characterized by:
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(1) Any leaf of F* intersects every leaf of Fu. This is the product type.

(2) There is a leaf of F* which does not intersect every leaf of F*. This is the
skewed type, see detailed characterization in [Fe3].

Suspensions have product type and geodesic flows have skewed type.

Corollary 4.5. Let ® be an Anosov flow in M3. Then ® is topologically conjugate
to a suspension of an Anosov diffeomorphism of the torus if and only if there are no
free homotopies between closed orbits of ® (including non trivial free homotopies
from an orbit to itself).

Proof. If ® is not R-covered, theorem 4.3 produces Fy # Fy € F* and g a nontrivial
covering translation with g(F;) = F;. If «; is the periodic orbit in F;, then g(o;) =
a;. Therefore m(ag), m(cv1) are closed orbits of ® (they may be the same orbit)
which are non trivially freely homotopic to each other. If m(ag), () are the
same orbit of ® in M, then the free homotopy is non trivial because ag, a1 are
distinct orbits of ® in M.

Suppose now that ® is R-covered. If ® has product type, then by theorem 2.8
of [Ba2] (see announcemment in [So]) ® is topologically conjugate to a suspension.
Otherwise @ has skewed type and theorem 3.4 of [Fe3] produces many non trivial
free homotopies between closed orbits of ®. O

Given 2 adjacent lozenges B1 and By the pivot of their union is the common
corner of By and Bs.

Corollary 4.6. Let ® be an Anosov flow in M>. Then up to covering translations
there are only finitely many branching leaves.

Proof. Assume that there are infinitely many inequivalent stable branching leaves,
where the associated branching is in the positive direction. Given any two non
separated leaves F, L let v, @ be the respective periodic orbits which are connect-
ed by a chain of adjacent lozenges. For any two adjacent lozenges, the pivot is
uniquely determined, furthermore the pivots are always periodic orbits.

It follows that there are infinitely many inequivalent periodic pivots p;,i € N.
Since 7(p;) accumulates in M, assume up to covering translations that all p; are
in a very small product neighborhood of p € M , S0 let i # k with

We(p;) NW3(p) # 0 and W*(p;) N W¥(py) # 0.

An argument exactly as in case 1 of theorem 3.5 shows this is impossible. O

We can now completely characterize the structure of the set of non separated
leaves: Given F' € F*, let &,(F') be the set of leaves of F*° non separated from F
and which are either equal to F' or contained in the back of F. Similarly define

Er(F).
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Corollary 4.7. Let ® be an Anosov flow in M3. Let F be a branching leaf of Fs
and E,(F) be the set of leaves of F*° which are non separated from F and which
are either equal to F or in the back of F. If E # L € &(F) we say that E < L in
Ey(F) if there are G, H € F*, with GNE # 0, HNL # 0 and G in the back of
H. Then < is a well defined relation in E,(F') which is a total order and with this
order either

(1) &(F) is finite, hence order isomorphic to {1,2,...,n}, or

(2) E(F) if infinite and order isomorphic to the set of integers Z.
Similarly for E;(F).

Proof. Up to finite cover if necessary assume that ® is orientable. Given E' # L €
E(F), let G,H € F* with GNE # 0 and HNL # (). Since F, L form a branching
pair, there is A € Fs intersecting both G' and H. Therefore either G is in the
back of H and H is in the front of G or vice versa (for arbitrary leaves of F*, it
can happen that G is in the front of H and H is in the front of G). Consequently
either E < L in &(F) or L < E in &(F). Tt is easy to check that the outcome is
independent of the choices of G, H and A. Hence < is well defined and all distinct
points in & (F) are related to each other. Finally it is easy to see that < is an
order relation. This shows that < is a total order in & (F).

Since < is a total order in & (F) then if &(F) is finite case (1) holds. Hence
assume that & (F) is infinite.

Since & (F) is infinite corollary 4.6 implies that there are E’ # E* € &(F) and
f a covering translation with f(E’) = E*. Assume that E' < E* in the ordering of
Ev(F). Corollary 4.4 implies that E’, E* are connected by a finite chain of adjacent
lozenges with positive stable boundaries in Eg = E', F1, ..., B, = f(Ey) = E* €
F5. Then E; € &(F),0 < i < n. Clearly E; < E; if i < j. Since Ep is not
separated from E,,, then f(Ep) = E,, is not separated from f(F,). This produces
Ent1, . Fon = f(E,). Using f%i € Z, one constructs {E;};cz C &(F). If
fi(E) = E for some i # 0, then f(E) = E contradiction. This easily implies that
the {E;};cz are all distinct.

Let now E € &,(F). Then E and Ey are not separated, hence connected by a
minimal finite chain of adjacent lozenges C;, 1 < i < 2m, all intersecting a common
stable leaf and having an even number 2m of lozenges. Suppose that Fg < E in
E(F). Consider now the chain B;,1 < ¢ < 2m as constructed in corollary 4.4.
Notice that the lozenges in a chain are completely determined by a corner plus a
direction. Since both chains C; and B; consist of consecutively adjacent lozenges,

all of which intersect a common stable leaf, it follows that C; = B; for all i.
Consequently E = E,,,. Hence &,(F) = {E; };cz and & (F) is order isomorphic to
Z as desired. U

Notice that any covering translation f conjugates the stabilizers of F' and f(F)
that is fo (T(F))o f~1 = T(f(F)). Therefore conjugation by f takes a generator
of T(F) to a generator of 7 (f(F)).
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Corollary 4.8. Let ® be an Anosov flow in M3 orientable. Suppose that {F;}ien C

F* is a collection of distinct leaves, so that F; is not separated from F;41 for all
1. Then M has an incompressible torus.

Proof. There is a finite cover My of M where the lifted flow is orientable. By
corollary 4.6 there is a covering translation f of Ms with f(F;) = F; and ¢ < j.

Let g be a generator of 7(F;). Then fgf~! generates 7 (F;). Since F;, Fyyq, ...,
F}; are not separated one from the next, then repeated application of theorem 4.3
shows that g(Fj) = F;. By theorem 4.2, ¢ is indivisible in w1 (M), so g also
generates 7 (F;). Hence either foft=gor fgf t=¢g L

In the first case f and g generate an abelian subgroup of 71 (My). If f*¢g™ =1,
then fmg™(F;) = F; hence f"(F;) = F;. If n # 0 theorem 4.2 implies that
f(F;) = F;, contradiction to F; # F;. Hence n = 0. Since no multiple of a closed
orbit is null homotopic, them ¢™ = id implies that m = 0 also. Hence there
is a Z @ Z subgroup of 71(Mz). If on the other hand fgf~! = g~!, then f2
and g generate an abelian subroup of m1(M2) and the same argument produces
ZDZ < m(My).

We conclude that there is a Z @ Z subgroup of 71 (M). By the torus theorem
[Ga] (which uses M being orientable), either M is a Seifert fibered space or there
is an embedded incompressible torus. In the first case, Ghys [Gh] proved that & is
up to finite covers, topologically conjugate to a geodesic flow. But then ® would
be R-covered, contrary to hypothesis. In the second case M is toroidal as desired.

O

Notice that corollary 4.8 does not assume that all {F;} are non separated from
each other, which in fact may not be the case. Consider for instance the first set
of examples of intransitive Anosov flows constructed by Franks and Williams in
[Fr-Wi]. Then each such flow has a sequence of distinct leaves F; so that F; is not
separated from F;i1 on their negative sides if 7 is even, otherwise non separated
on their positive sides, see description in the end of section 5. Therefore F; is
separated from Fj if | — j| > 2.

If on the other hand one assumes that all {F;},i € N are non separated from
each other (infinite branching), then we can prove a much stronger result, using
only the topological structure of F s, Fu

Theorem 4.9. Let ® be an Anosov flow in M3 orientable. If there is infinite
branching in (say) F* then there is an embedded torus transverse to ®.

Proof. Assume first that ® is orientable. Let & = {E;};cz be an infinite, ordered
collection of non separated leaves, (say) not separated on their negative sides.
Let 7; be the periodic orbit in E;. By corollary 4.4, every E; forms part of the
boundary of two lozenges: let Ba; 1 be the lozenge with (+,+) corner ~; and let
Ba; be the lozenge with (+,—) corner ~;. Let F; € F* be the other leaf in the
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Figure 12. Part of an infinite chain of lozenges.

boundary of Be; and Bg;4+1, where By; and Bo; 11 are in front of F;. Let (; be the
periodic orbit in Fj, see fig. 12. Let

s=U(Bumo)uin)
i€Z
and let ]?g, .%fg‘ be the restrictions of j}s,ﬁ“ to S.

Then all of the following sets are equal: J*(vi),7 € Z, J}((;),j € Z. This
shows that any leaf of F < intersects wu (70), hence the leaf space of F < is homeo-
morphic to R. Similarly every leaf of .7-'§ either intersects one of the lozenges B; or
is one of W (i) or we (¢i). So the leaf space of F is also R. In addition any leaf
of F < intersects every leaf of fg and vice versa. We conclude that ©(S) is home-
omorphic to a plane, and up to isotopy F §,.7t'}5‘ are the foliations by horizontals
and verticals in this plane, see fig. 13.

We can now apply corollary 4.8 to produce non trivial commuting f, g, so that
9(vi) = vi,Vi € Z and f(y0) = vk for some k # 0. Clearly both f and g preserve
S. Let fi, g« be the induced actions in ©(S).

Let p € @(Wﬁ (7)) and ¢ = f«(p) € @(W“_‘ (7). Given the structure of ©(F%)
and @(ﬁg) in ©(S), it follows that we can connect p and ¢ by a curve « in O, with
o always transverse to @(fg) and @(.7?}5‘) Let py € M with O(p1) = p and lift «
to a starting at p; and ending at g1 = f(p1). We may assume that o is a smooth
curve. Let 31 be a curve in W“(WO) from pj to g(p1) and so that 1 is smooth and
transverse to ®. Since f and g commute then & = a; * g(B1) * (fla1)) L= (p)~t
is a closed loop in M , which is transverse to ®. Then O(¢) is the boundary of a
“parallelogram” in ©(S) and it is easy to produce an embedded smooth disk D
in M which is transverse to ® and so that 0Dy =¢&.

Since the sides of Dy are (1, 9(81), a1, f(ay), it follows that after a small
perturbation of D1 we may assume that D = m(D1) is a smooth, immersed closed
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Figure 13. Producing a transverse torus.

surface transverse to ®. Using cut and paste techniques [He,Ja], as explicit done
by Fried [Fr], one can eliminate all triple points of intersection and double curves
of intersection, transforming D into a union of embedded surfaces transverse to
®. Any such surface has induced stable and unstable foliations hence it has zero
Euler characteristic. It is transverse to the flow, hence it is two sided in M and as
M is orientable, then this transverse surface has to be a torus.

If ® is not orientable, lift to a finite double cover Mo of M where the lifted
flow is orientable. The image in M of the transverse torus in My is an (immersed)
torus in M, so cut and paste techniques yield the result. O

5. Product regions, infinite branching and scalloped regions

In this section we first show that the existence of product regions implies that
the flow is R-covered. The main difficulty is that we do not assume that ® is
transitive, in which case the proof is very simple [Fe5]. This result is used to give
a detailed description of the structure induced by infinite branching in F* or Fu.

Theorem 5.1. Let ® be an Anosov flow in M3. If there is a product region in
M then @ is topologically conjugate to a suspension Anosov flow.

Proof. We may assume that & is orientable. Suppose that there is a positive
unstable product region defined by n C W**(y1). If Q is the nonwandering set of
®, then W*(Q2) = M [Pu-Sh], even if ® is not transitive. As the periodic orbits
are dense in Q [Sm,Pu-Sh], there is a periodic orbit v of ® with WS(V) nn # 0.
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Figure 14. Boundary components of product region with infinite basis segment. ws (b)) —
U;ez Gy, when i — 4o0.

Let p € v. Let 7 be an open segment in Wss(p) with p € 7, so that for any
Z ET, W“(z) N7 # 0. Hence 7 is a basis segment of a product region. Let g be
a generator of T(Ws(p)). For any yo € 7, J4 (y2) = J}(p). Since g(/I/IV/}; (p) =
W}; (p), then

TG (2) = 9" (T (v2)) = TL(p), ¥i € Z, hence A = ) Wi(y)
UQEVT/SS(I?)

is a product region with an infinite basis segment Wes (p).

Claim. 0.A = W*(p).

Suppose not and let a € aA—WS(p). Let a; € Awitha; — aand b; = W“(ai)ﬂ
Wss(p). Assume b; € Wjﬁ(p) Notice that W“(a) N Ws(p) = () and in addition
W“(a) C O0A. Ifb; /4 oo in /W/j_q (p), assume up to subsequence that b; — bg. Since
Ws(a) NA 0 and A is a product region then W* (a)N W“(q) #0,Vq € Wss(p).
But if ¢ is in front of W“(bo) then W“(q) N Ws(a) = (), contradiction. Hence
b; — oo in W;fv_s(p) -

Let G = W%(a) and F = W?*(p). Notice that ¢"(G) # ¢™(G) for n # m € Z.
Otherwise there is an orbit & of ® in G with g(8) = 6. But W*(6) "\ W*(p) # 0, a
contradiction to both left invariant under g. .

Since g*(A) = A, then ¢g*(G) C 0A. As b; — +oo in Wi*(p), then the
" (@), k € Z are all not separated from each other. By theorem 4.3, g*(G) contains
a periodic orbit 6. Take inverse if needed so that W= (6;) N W};“(p) =q =
g"(q0) — p as k — +oo, see fig. 14.
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Let f be a generator of T(Gp). Then f(G;) = Gi,Vi € Z, so f(W*(6;)) =
Ws(d). As Ws(éi) — F as i — +oo, then f(F) is not separated from F. The
case f(F) = F is ruled out as above. If f(F) # F" assume that f(W“(p)) is in the
front of W*(p). Then f(W*(p)) N W4(p) = 0, hence f(W*(p)) N.A = ), which
implies that f(W*"(p)) separates A from all G;. This contradicts G; C d.A and
finishes the proof of the claim.

Let now D = { set of positive unstable product regions & with base segment
W”( ) and U N A # 0}. The above claim shows that this set is ordered by
inclusion. Let V C M [ be the union of all i/ € D. Then V is F* saturated. If
V # M let E = @R(WSS( w)) C V. Since W**(r(w)) is not compact, choose
a translate f(F) in the back of E with F, f(E) intersecting a common unstable

leaf R. Choose W (v) basis of a product region and with v near enough E so

that f(Wss(v)) intersects R between E and f(F). Then f(Wss(v)) is the basis
segment of a product region intersecting A and not contained in V), contradiction.
Hence V = M. B .

Therefore for any H € F*, HN A # (), hence H N W#(p) # 0. This shows
that F* is R-covered. Using similar arguments one shows that any leaf of Fs
intersects every leaf of F* and vice versa. Theorem 2.8 of [Ba2] implies that ® is
topologically conjugate to a suspension Anosov flow. This finishes the proof. [

Theorem 5.1 has applications here and also in [Fe8] and [Fel0].
We now show that infinite branching is associated to a particular type of struc-
ture, called a scalloped region in M (or O).

Theorem 5.2. Let ® be an Anosov flow in M3, If there is infinite branching in
.7-"3 then there is associated infinite branching in F*.

Proof. We use the notation from theorem 4.9. Let & = {E;};cz C F* be an
ordered collection of leaves non separated on their negative sides. Let {B;},i € Z
be the lozenges associated to £ and let F; be the leaves on the negative sides of
B;. Let ~; and (; be the periodic orbits in F; and F; respectively. Let

S = B uWm) v WEG)).
i€z

Recall also that all of the following sets are equal J“(v;),i € Z, J{((;),J € Z.

Let C; be the back of W“('yz) and let C = UzeNC For any p,q € W“(’yo)
and any i > 0, W (vi) € j_,_( )NJT5(q). IfC = M, then the intersections of
we (vi) with Wj_s( ) and Wj_s( ) are escaping to infinity in these leaves. Hence
Ji(p) = T3 (q) and /W/E“('yo) is the basis segment of a positive stable product
region in M. By theorem 5.1, ® would be R-covered contrary to hypothesis. Hence

C # M. This is the key fact which will show that S has the form of a scalloped
region, see fig. 15.
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N

Figure 15. A scalloped region in the universal cover.

Let then p € 9C, hence W“(p) C OC. For i big enough W* (p) N W“('yl) # 0,
hence W* (p) N W (v;) # 0,Vi € Z. As a result W(p) C 8S.

Since g(C) = C, then g"(W(p)) C 98 for any n € Z. If g"(W¥(p)) = W*(p)
for some n # 0, let 8 be the periodic orbit in we (p). Then

g (WH(B)) = W*(B), g"(W"(7;)) =W"(v;) and W*(B) N W (%) # 0,

contradiction. Hence the leaves g”(W“(p)),n € Z are all distinct and all non
separated from each other on their negative sides. By theorem 4.3, g”(W“ (p)) are
all periodic and let i be the indivisible covering translation leaving all invariant
and acting as an expansion in the set of orbits in W*(p).

Notice that g(WS(p)) is in front of Ws(p). Let Hy = W“(p),Hl,...,Hn =
g(W“ (p)) be the chain of non separated leaves from W“(p) to g(W“(p)) Then
one constructs {Hy}rez, all in 0S. Let By be the periodic orbits in Hy. Then
Ok is the corner of two lozenges Roi_1 and Rop and all Ry intersect a common
unstable leaf. . .

Furthermore if ¢ € 9C, then W*(q) is not separated from Hy, so W*(q) is one
of Hy. Let {Gg}rez be the sequence of leaves which form the negative unstable
boundary of the lozenges {Ry}recz. Then h(Gy) = Gy, for all k. Let d; be the
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periodic orbit in Gy and let

M= J Ri U W (B) U WE(5).
keZ

Given | € Z then for 7 > 0 big enough W“_‘(’yj) nws (B1) # 0. Since all
J% (Br),k € Z are all equal as are all J“(v;) this implies that for any ¢,k €
Z, BiNRy # 0. As g(B;) = B; for any ¢ € Z and there is ng € Z so that
9(Ri) = Rign, for any k € Z, then for any i € Z, B; C M. In the same way

W(vi), WL(Bi) C M. - -

In addition notice that g™ (W*(8y)) — UsezEi = £ asm — +oo. As f(W*(5))
= Ws(ﬁk),Vk € Z then f leaves invariant the set £. Therefore there is jo € N
so that f(E;) = E;4j, for all i € Z. Since f(Ri) = Ry, Vk € Z, then the same
argument as above implies that Ry C S, for any k& € Z. The important conclusion
is that S = M. The region § is called a scalloped region, see fig. 15. The region
is decomposed into two essentially different ways as an infinite union of disjoint
lozenges (plus some of the sides). Whenever there is infinite branching in one of
Fsor F “ there is an associated scalloped region. O

Examples

As explained before the non R-covered property can occur for transitive and in-
transitive Anosov flows. We now consider infinite and finite branching.

The Anosov flow constructed by Bonatti and Langevin [Bo-La] is transitive and
has infinite branching. The scalloped region of thisflow was explained in detail
in [Ba3]. The Bonatti-Langevin flow is the simplest Anosov flow with infinite
branching in the sense that there is only one orbit v of ® which does not intersect
the transverse torus constructed by the infinite branching. In this case all the
periodic orbits in the boundary of the scalloped region are lifts of v.

As for examples of finite branching we will produce in the next section a large
family of non R-covered Anosov flows in hyperbolic manifolds. These are transitive
and by corollary 4.8 they cannot have infinite branching. Hence they have only
finite branching.

As for intransitive examples with finite branching we consider the flows con-
structed by Franks and Williams [Fr-Wi]. The structure of F* near a branching
leaf is described in fig. 16. Notice that F7 is not separated from F5 on their nega-
tive sides, F» not separated from F3 on their positive sides and so on. In fact the
only non separated leaf from F' in the negative side of F7 is F». Hence there is
only finite branching and &,(F;) has always two elements.
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Figure 16. The structure of non separated leaves of F* in the Franks-Williams example. Arrows
indicate positive transversal orientation to F*°.

6. Non R-covered Anosov flows in hyperbolic 3-manifolds

In this section we produce examples of transitive, non R-covered Anosov flows in
hyperbolic 3-manifolds. Recall that any Anosov flow in a hyperbolic 3-manifold is
necessarily transitive [Fed].

Theorem 6.1. There is a large class of transitive, non R-covered Anosov flows
in hyperbolic 3-manifolds, including all Anosov flows in non orientable hyperbolic
3-manifolds.

Proof. Theorem C of [Ba2] states that if ® is an R-covered Anosov flow in M3, then
either ® is topologically conjugate to a suspension Anosov flow or the underlying
manifold is orientable (notice that Barbot uses the term “product” instead of R-
covered). Since hyperbolic manifolds can never be the underlying manifolds of
suspension Anosov flows, it suffices to produce Anosov flows in non orientable
hyperbolic 3-manifolds.

Consider therefore the suspension of an orientation reversing Anosov diffeo-
morphism of the torus 72. Let M be the underlying manifold of the suspension
and let o be an orientation preserving closed orbit of the flow. As described by
Goodman [Go] and Fried [Fr], (n,1) Dehn surgery along « yields an Anosov flow
in the surgered manifold M, 1.

It is well known that (M — «) is irreducible, atoroidal and homeomorphic
to the interior of a compact 3-manifold with boundary [Thl]. By Thurston’s
hyperbolization theorem [Th2,Mor] it follows that (M — «) admits a complete
hyperbolic structure of finite volume. By the hyperbolic Dehn surgery theorem
[Th1], most Dehn fillings on (M — «) yield closed, hyperbolic manifolds. Since M
was non orientable, all of these manifolds are non orientable. Whenever the Dehn
surgery coefficient is of the form (n, 1), the surgered manifold admits an Anosov
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Figure 17. Intrinsic ideal points.

flow. This produces a large class of Anosov flows in non orientable hyperbolic
3-manifolds and finishes the proof. |

7. Continuous extension of Anosov foliations

In this section we study the asymptotic behavior of leaves of F* and F* when
7m1(M) is negatively curved.

If ® is an Anosov flow in M3, Sullivan [Su] showed that the intrinsic geometry
of leaves of F* and F* is negatively curved in the large as defined by Gromov [Gr].
Then any leaf F' € F* U F¥ has a canonical compactification with an intrinsic
ideal boundary 0, F [Gr] and O F is always homeomorphic to a circle [Fe2]. All
of this works without any assumption on M or ®.

If F € F* then the intrinsic ideal points are the (distinct) negative limit points
of flow lines in F' and the common positive limit point of all flow lines [Fe3]. The
intrinsic geometry of F' € F* is similar to the hyperbolic plane H? where the flow
lines correspond to the geodesics in H? which have a common limit point in the
ideal boundary of H?, see fig. 17.

If p e F € F%, let p_ be the intrinsic negative ideal point of the flow line
through p, that is, B

p- = lm P4(p) € OF,
t——o0
where the limit is taken in F'U O F, see fig. 17. Similarly define p4. For any
p,q € F e .%5, P+ = q+ € OxoF and this is also denoted by Fy. Furthermore if
pi € Wss(p) and p; — oo in Wss(p), then (p;)— — p+ as points in O F [Fed].
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This can be clearly seen in the model of H2. If p, q are in the same flow line o of
®, then p_ = g_, which is also denoted by (a)_ € 0o F. Similarly (o) = Fi.

From now on we assume that 7y (M 3) is negatively curved as defined by Gromov
[Gr], who constructed a canonical compactification of M with an ideal boundary
OM. Since M is irreducible [Ro], Bestvina and Mess [Be-Me] showed that 91 is
homeomorphic to a sphere, denoted by Sgo. Furthermore MU Sgo is homeomorphic
to a closed 3-ball. o

We say that ® has the continuous extension property if for any leaf ' € F UF*,
the embedding ¢ : F — M, extends continuously to ¢p : F U F — MU S2..
This gives a continuous parametrization of the limit sets Ap = ¢p(JdooF'). This
also implies that there is a continuous function

n_: M — S2 n_(x)= tli{n ®y(z),

where the limit is computed in MU 530. The function 7_ is constant along an

orbit a of ®, with value 7_(a) (a_). Furthermore for any G € F¥, 1_

" W) N
is a constant function in G' with value pg(G_). Similarly define 14 : M — S2..
Given any set

XCM, let n_(X) = U n—(x).
reX

The continuous extension property implies that for any F € F* and any p € F|,
then

Ar = or(0xF) = n-(W*(p)) U n4(p).

In [Fe6] we study the continuous extension property for R-covered flows.

Recall that the limit set of a subset B of M is Ap = BNS2,, where the closure is
taken in M U Sgo. Also recall that F s FU are transversely oriented. Given F € Fs
or F* and pE Sgo —Ap, we say that p is above F if there is a neighborhood U of

pin MU Sgo so that U N M is in front of F'. Otherwise we say that p is below F'.
Given a connected component of S2 — A either all of its points are above F' and
we say this component is above F', otherwise we say the component is below F'.

Theorem 7.1. Let ® be a non R-covered Anosov flow in M3 with negatively
curved 71 (M). Suppose that ® has the continuous extension property. Then for
any leaf C' € ﬁsuf“, the limit set Ac is a Sierpinski curve, that is the complement
of a countable, dense union of open disks in the sphere S2 . In addition if M is
hyperbolic, then there is k < 2 so that the union of all limit sets,

N= J Ar
FeFsuFu
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Figure 18. Sequence of lozenges.

has Hausdorff dimension < k. In particular every limit set Ap has zero Lebesque
measure in the sphere at infinity.

Proof. We first prove that Ao # Sgo and then use part of this proof to show that
limit sets of leaves are Sierpinski curves. The first part is similar to the proof of
theorem 5.5 of [Fed], except that in [Fe4] we assumed the very strong hypothesis of
quasigeodesic behavior of ®, which is not assumed here. The continuous extension
property is a much weaker property than quasigeodesic behavior.

Since @ is transitive, F° has branching in the positive and negative directions
[Fe5]. Using theorem 4.7 we produce A, a union of two adjacent lozenges in M and
a common side, all intersecting a common stable leaf so that: (1) the boundary of
A has unstable sides in G, S € .%“, and stable sides in E, F, L € Fs (2) E, L are
not separated on their negative sides, (3) G is in the back of S and (4) ENG # 0,
LNS #0, see fig. 18. By G we mean the half leaf in the boundary of A. Then
7(G) is dense in M [Fe3].

Let C € F* be a leaf intersecting both G and S, hence C intersects A. Choose
a covering translation g1 so that

G(G)NF#0, gi(G)NL+0.

As g1(F), g1(G) form a perfect fit, then g1 (F') is in the back of F. As g1(L), g1(E)
form a perfect fit, then both are in the front of L. Since g1(S) N g1 (L) # § and
91(5), g1(F') form a perfect fit, it follows that g1(S5) is in the front of g1 (G), in the
back of S and intersects both L and F. Inductively choose covering translations
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gi so that ¢;(G) is in the back of S,
G(G)NF#0, g(G)NL#0, ¢i(G) — Sasi— oo,

and ¢;(G) is in the front of ¢g;_1(9), see fig. 18. Let G; = ¢;(G) and similarly
define E, Li, Sz and Ez N

Let C; = CNg;(A). For any flow line v € F;, W"(v) intersects C; and vice
versa. Hence 7_(C;) = n_(F;). Let ¢ € C'NS. By continuity of 7_, there is a
neighborhood Y of ¢ in M so that n_ (Y) is contained in a small neighborhood
Y’ of n_(q) in S2. As C; N W**(q) — q, then n_(C;) C Y’ for i big enough.
Therefore n_(F;) C Y’ and as a result Ap, is contained in the closure of Y’ and is
not S2. This shows that Ar = Agg(Fi) = gi_l(AFi) #S2.

Since F* has branching in the positive and negative directions and Ap # Sgo,
then theorem 3.3 of [Fe9] shows that, for any L' € F*, there are components of
Sgo — Ay above L’ and components of Sgo — Ar below L. For each i let Z; be a
component of Sgo — Ap, below F;. Since C' is in front of F;, Z; N Ac = (. Hence
Z; is contained in a component Z; of S2 — A¢ which is below C. The argument
above used to prove that Ap, # S2 shows that A, C Ag, hence the component
Z¥ of S2, — A¢ is equal to Z;.

For each i, Z; is below F;. In addition for each i # j, F; is in the front of F)
and Fj is in the front F;. This implies that Z; N Z; = (. Hence {Z;},i € N is an
infinite family of distinct components of Sgo — A¢ below C. Using branching of Fs
in the negative direction, one constructs countably many components of 530 —Ac
above C. _

Since P is transitive, then for any C’ € F* there is a covering translation f so
that f(C') N A # (). The argument above shows that S2, — A (¢ has infinitely
many components above and below f(C’). Translation by f —1 yields the same
result for C’. By theorem 4.4 of [Fe9], Acs has empty interior, hence A¢r is a
Sierpinski curve. o

Suppose now that M is hyperbolic. Again since F*, F* have branching in the
positive and negative directions, corollary 3.9 of [Fe9] shows that there is k < 2 so
that for any F € F* or .7?“, the Hausdorff dimension of Ag is < k. In particular
Ar has zero Lebesgue measure. . _

Let {W;};eN, be a collection of 2-dimensional disks in M transverse to ®,s0
that each W; projects to a rectangle in O and so that any flow line of ® intersects
at least one of the W;. Then

N= |J Ar= - une)=Jo-W)un(W)).
FeFsuF zeM N
Let F; be a stable leaf intersecting W;. Since W; projects to a rectangle in O then
n—(W;) =n—(W; N F;) C Ap,. Since Ap, has Hausdorff dimension less than k and
N is a countable union of such sets, then A also has Hausdorff dimension < k.
This finishes the proof. O
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