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Minimal orbits close to periodic frequencies
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Abstract. Let £(Q,Q) = %|Q\2 + h(Q,Q) with h analytic of small norm. The problem of
Arnold’s diffusion consists in finding conditions on h which guarantee the existence of orbits @ of
L with Q connecting two arbitrary points of frequency space. Recently, J. N. Mather has found
a sufficient condition for Arnold’s diffusion; this condition is not read on h itself, but on the set
of all action-minimizing orbits of £. In this paper we try to characterize those action-minimizing
orbits whose mean frequency is close to periodic.
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Introduction

One of the problems of the theory of Hamiltonian Systems is to understand the
dynamics of lagrangians of the following kind

£(Q,Q)=AQ)-h(Q,Q) (Q,Q) eT™xR™ (1)

where A is real analytic, 8% QA > 0 and h is a real analytic function of small norm.

In particular, a question has been recently much studied: suppose we are given h
of small norm and ¢ > 0; we must find for which Q1,Q2 € R™ there is an orbit )
of £ and t1 < t9 € R such that

Q) —Qi| <6 i=1,2. (2)

Obviously, if & = 0, there is no such orbit if § < %|Q2 —Q1| and, if 6 > %|Q2 —Q1|,
one is trivially found. If m = 2, |Q2 — Q1] > /|[h]| > 26, there is again no such
orbit because of the KAM theorem.

In [11] a theorem is proven which gives a sufficient condition in order to have (2);
this theorem holds not only for Lagrangians satisfying (1), but for all lagrangians
of class C? which are convex and superlinear in Q and whose Euler-Lagrange flow
(from now on E-L flow) is complete. The sufficient condition is read not on the
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lagrangian itself, but on the set of all action-minimizing orbits. In this paper we
consider the more restricted class of quasi-integrable lagrangians, like (1), and try
to characterize some of its action-minimizing orbits (those whose frequency is close
to periodic) in terms of h.

In order to explain our results we need to recall some of the terminology of [10]
and [11]. Let us denote by M the set of all probability measures on T™ x R™
with compact support invariant by the Euler-Lagrange (from now on E-L) flow of
L. In [10], the following functional is introduced

o: HY(T™ R) - R

—a(c) = min{ (L —ne)dp = pe M}
TmxRm™

where 7, is a closed 1-form in the cohomology class ¢, considered as a function
Ne: T™ x R™ — R.. Tt can be shown that the minimum is achieved, that a(c) does
not depend on the choiche of 7, and that the E-L flow of £ — 7. is the same as
that of £. In the following, we will choose the representative of ¢ with constant
components and we will write, with an abuse of notation, ¢ = n. € R™. We list
below some of the properties of a proven in [10]:
e « is convex and superlinear;
o If a(c) is attained on y, then it is attained on almost all the measures on the
ergodic decomposition of p.
e If there is a positive-definite KAM torus, then there is a unique ¢ such that
a(c) is attained on the ergodic measure on the KAM torus; moreover, a(c) is
attained only on that measure.

We denote by A. C.(R, T™) the space of absolutely continuous functions from
R to T™. Following [11] we say that an orbit @ € A. C.(R,T™) is a c-minimizer
(c e R™) if, for any a < b € R, any d < e € R and any @ € A. C.([d,e], T™)
such that

Q1(d) = Q(a), Qi(e) =Q(b)

we have
b e
/ £(Q,Q) — (¢, Q) + af0)]dt < /d £(Q1,Q1) — (¢, Q1) + a(c)]dt.  (3)

If we had b — a = e — d then the integral of a(c) would be the same on the
right and on the left and we could drop the term «(c) in the integrand; if Q|[a7b}

were in the same homotopy class as Q1|[d’e], then we could also drop —(c, Q) and

recover the usual notion of minimal orbit. In other words the term —(c, Q) makes
the functional sensitive to the homotopy class of the orbit, and «(c) makes it
sensitive to the time of travel. In [11], proposition 5.2, it is shown that the orbits
in the support of the measures realizing a(c) are c-minimal; however, they are
not the only c-minimal ones: for instance, if the c-minimal ergodic measures are
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evenly distributed along periodic orbits, then some of the homoclinic or heteroclinic
connections among them can be c-minimal orbits. The sufficient condition of [11]
is read on the set of all c-minimal orbits as ¢ varies in R™.

Our approach is based on the fact that there is a change of coordinates (the
Nekhorocheff normal form near periodic frequencies) which brings the lagrangian
to a very simple form, thus easying the problem of finding minimal orbits. Before
discussing the properties of the normal form we remark that these new coordinates
are defined only in open sets of the type T™ x B(%, % IR ﬁ), where k € Z™ and
0<T <Ch| ~3% 2w, Thus we must check the following things: first, that for

cE€ B(%, %%Hhﬂﬁ) all c-minimal orbits live inside T™ x B(%, %Hh”ﬁ), where
the normal form is defined. Second, that the change of coordinates preserves the
minimality of the orbits. Third, that the balls B( %, %%Hh”ﬁ) cover frequency
space, so that we can study by this method c-minimal orbits for all ¢ € R™. All
these facts, which are a reformulation of results of Bernstein-Katok and Lochak,
are proven in the appendix for completeness’ sake. In particular, we refer the
reader to [8] for a proof of Nekhorocheff theorem based on periodic orbits, and to
[9] for a survey of the problem of Arnold’s diffusion.

In the new variables, the perturbation is the sum of two terms: the first one,

which we call V', depends only on the components of @) orthogonal to %, and if
the perturbation A has Fourier development
Q)= 3 a(@e
keZm
then we have that . o
V(Q,Q) =) ar(Q)e' 9. (4)
klk

The second term, which we call v f, is exponentially small in ||k||, and has little
influence. For the moment, let us restrict ourselves to the very particular case in
which V' does not depend on @, f = 0 and the lagrangian in normal form reads
L£(Q,Q) = %|Q|2 — V(Q). Since V does not depend on the % direction, it is easy
to see that the %—minimal measures are given by the convex combinations of the
measures uniformly distributed along Q*(t) = %t + a;, with {a;} the set of the

maxima of V. Indeed, it is only on these orbits that the integrand £(Q, Q) — (%, Q)
reaches its minimum value. Moreover, if the maxima of V' are nondegenerate in
the direction orthogonal to %, the orbit @* will be hyperbolic and thus will survive
the second, exponentially small term of the Nekhorocheff normal form. We will
call ny the periodic orbit close to Q! surviving the perturbation. In theorem 1.3
we show that, under suitable hypotheses on V', the measures evenly distributed
along the Q?Y are the ergodic %—minimal measures. We remark that, by (4), the
nondegeneracy of the maxima of V' can be read directly on h, without the need of
actually performing the change of variables.
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Thanks to the particular form of V', which allows us to treat separately the
motion in the % direction (the fast variable) and the one in the orthogonal direc-
tions (the slow variables) we are able to study which are the c-minimal orbits for
¢ close to % and v f small. In theorem 2.3 we study A, the minimal supporting
domain of a containing % Under the same hypotheses on V' as in theorem 1.3 we
3 1
T
interior relative to it; if ¢ belongs to this interior, then the only c-minimal orbits
are the Q; and the heteroclinic connections between couples of them. In theorem
2.4 we show that, if we neglect the exponentially small term ~ f, we still get a good
approximation of A.

If m = 2 (the twist map case) we re-read in this framework some well-known
results. In particular, in proposition 2.6 we show that, if ¢ is just outside A,
then the c-minimal orbits are close to sequences of heteroclinic or homoclinic
connections between the Qg. The study of orbits close to a sequence of homoclinics
or heteroclinics has been initiated in [14] (see also [6]); if the methods of these
papers could be applied to this situation they could provide another way to prove
the existence of Arnold’s diffusion.

We remark that in [10] Mather considers time-dependent Lagrangians, with
period 7 in time, £: T™ x R™ x T! — R, together with their extended E-L flow,
i. e. the flow on T™ x R™ x T!. Moreover, he compactifies this space and shows
that the extended E-L flow on T™ x R™ x T! U oo is continuous. He defines M
to be the space of invariant probability measures on T™ x R™ x T! U co. We
don’t compactify since in [10] it is shown that c-minimal measures have compact
support (obviously, in [10] one has to compactify, otherwise one is not certain that
M is not empty!) Thus to follow [10] we should consider the space of compactly
supported invariant probability measures on T x R™ x T1; it is easy to show
that, in the autonomous case, it makes no difference to consider this space or our
M. Moreover, in [11] there is also a slightly different definition of c-minimal orbit;
indeed, in this paper the numbers a, b, ¢, d of (3) are restricted to be in 7Z. Since
our lagrangian is autonomous, we can take 7 any element of RT, and thus our
definition amounts to the same of [11].

show that A is contained in the affine hyperplane % + ( and has nonempty

Section 1

We will denote by d the metric induced on T™ by the Euclidean distance on R™
and by (-,-) the standard scalar product of R™.

By the arguments of the appendix we can restrict our study to lagrangians
already in normal form. Thus we will consider a lagrangian

£er(QQ) = 510P - ¢ [V(Q.0) + Q)] - 7@, @)
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and (k,T) € Z™ x [1, 00) satisfying the following conditions

G1) &v>0,  [blles, IVeas [ flles <1
Eoo. ) )
G2) V(Q+ ?s,Q) =V(Q,Q) V(Q,Q,8) e T" xR™ xR
G3) VQ € R™ I%gV«;Q)zo
and there are p functions of class C2, al(Q), e ,ap(Q) such that

WOER" V(QQ) =0 Qe J(mld) + Eshen
=1

Moreover, there is A > 0 such that

VQ e R AQ):= ——

c4) |

CMH

We take the integrable part to be %|Q|2 because the fact that this fuction is
the Legendre transform of itself will allow simpler formulas. We don’t make any
analyticity assumption on V and f but we remark that, if L. ., is the normal form
of a lagrangian £ like the ones considered in the appendix, then by (A.13) if T
is not too big we can read G1-4) directly on £, without actually performing the

change of variables.

It is easy to check that, for € and v small enough, L. - satisfies the hypotheses

of [10], i.e
2
i) a—.ﬁ >0
0Q?
i7) lim M = +oo uniformly in @
Ql—oe Q)

141) the E-L flow of £ is complete.
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In our case, point iii) is a consequence of the fact that the energy surfaces are
compact.
We define

—a(c) = min{ (Ley—c)dp = pe M}
TmxRm

where M is the space of probability measures on T™ x R™ which are compactly
supported and invariant by the flow of L ,. The aim of this section is to find the

measures which realize a., (7).

Let us consider the periodic orbits of L. ¢ given by

k
)—1—7"?1? i=1,...,p.

=Tl

Q(, %7"2):1% — a;(r

If V does not depend on Q and b = 0, it is easy to see that Q(i, %7"2) is hyperbolic
with stable and unstable manifolds projecting diffeomorphically onto

) <6}

ST

)+t

=Tl

Mi={zeT™ : inf d(z, a;
s ={x Jnf (z,a;(r

We will suppose that this situation is true also for the V' and b we consider. Since
hyperbolic periodic orbits are stable under small perturbations of the flow, for ~
small enough we can find a solution of L., Q(i,h,y) which depends smoothly
on 7, having energy h and such that Q(i,h,0) = Q(4,h). This leads us to an
additional hypothesis.

G5) We suppose that + is so small that all the Q(i, h,~) depend C? on (h, 7).
Moreover, the Q(i, h,v) are hyperbolic with stable and unstable manifolds pro-
jecting diffeomorphically onto M{. We require that, if T'(, h, ) is the period of
Q(i, h,v), then

¢ € " ) ) .7 ) aki " ) t
has a unique minimum close to h = % (",?,) = —%, which we call hi. Moreover,

1T <T(i,hi,y) < 2T.
We set

and define

G = min g¢'(hi).
i=1,...,p
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We define the set I C {1,...,p} by

iel iff G=g'(h).

B

Lemma 1.1. Let G1-5) hold. Let p be an ergodic F-minimal measure whose
support is contained in Mg xR™ 1€ (1,...,p). Theni € I and p is the pull-back

of the Lebesgue measure by ( fy, QZY)

Proof. We will follow the argument of [4] and [10], based on the Weierstrass method
(an exposition is in the appendix of [10] or in [5], chapters 3 and 12). We note
that the stable and unstable manifolds of Q; are lagrangian submanifolds for
the canonical 2-form, invariant by the E-L flow; moreover, the local stable and
unstable manifolds of Qg project diffeomorphically on Mg by G5). We define
®: M} x Rt — T™ x R™ in the following way: ®(z,t) is the evolution of the
orbit on the stable manifold of Qg such that the projection of ®(z,0) on T" is x.
Let us call Mg the universal cover of M g. Under these hypotheses, the references

quoted above ensure that we can find a function S: ]\;Ig x Rt — R such that, if
we define
0 0

i) — gi(hi) — 5;5(x,t) — 5=S(z,t)a
) gi(h) — S-S, 1) — =S )
then £*(®(z,t),t) = 0 and L* increases quadratically with the distance |(z, &,t) —
(®(x,t),t)]. Moreover S, which is found solving a Hamilton-Jacobi equation by
the method of charachteristics, satisfies

|

Lz, &,t) = Ley(x,d) —

S(o.6) = $(0.0) = [ [£®(.0) — (. Bala.t) — as(holde

where ®2 denotes the second component of ®. Since (x,t) is asymptotic to Q;,
by the last formula we get

1
lim - [S(z,t) — S(z,0)] =0 uniformly in x. (1.2)

t—oo t

Since p is c-minimal and G > a(%) we have that

02 [ (e -
TmxRm

while by the Birkhoff ergodic theorem we can find a solution @ of the E-L equation
such that

/ [ﬁe,v -
m XR’”'

E — Gldp

~

ST
| =

T—oo T

T
— G]dp = lim l/0 [»Ce,’Y(QaQ)_<
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Jim —{/ £5(Q,Q, )dt + S(Q(T), )_S(Q(O)vo)}+gi(hi)_G'

By (1.2) and the above two formulas we get that

0 2/ [56,7_
TmxRm™

where the last inequality is a consequence of £* > 0. Since g;(h;) —G > 0if i & I,
the above formula implies that 7 € I.

Let us now suppose by contradiction that (Q(0),Q(0)) does not stay on the local
stable manifold; then £*(Q(0), Q(0),0) = 3 > 0. By the ergodic theorem, (Q, Q)
enters frequently a neighbourhood of (Q(0), Q(0)) where £* > g, since L* > 0,
we have that

~Gldu = Jim —/ £9(Q. Q. )dt+g*(hi)—C > g (hi)—G

STl

lim / L*QQt)dt>O

T—o00 T

By the last two formulas we have

Y
T'm XR""’

a contradiction. Thus @ stays on the local stable manifold of Qiy; since it is
recurrent, we get that @ must coincide with a translate of Qg. Thus p is the

— é]du > gi(hi) —-G2>0

ST

pull-back of the Lebesgue measure by ( ;, Q;) and the lemma is proven. O

Lemma 1.2. Let G1-5) hold, let i € (1,...,p), let b(Q) and w € R be such that
€lbllcs < w <6 and QL (R) C M,,. Then there is B > 0 independent on w such
that, if Q satisfies Q([0,T]) C M¢ and Q(0),Q(T) € MY, we have

T
/0 £er(@.Q) — (e.Q) — Gldt > —B(w +1T).

Proof. By G5), we have that Q(i, h, ) depends C? on (h,~); this implies that, for
some s € R,

HQ(Zv hvry) - Q(% ha 0)( - S)HCl < C’y

Since L 0(Q(%, h,0)(2), Q(z, h,0)(t)) is constant, by the Lipschitz continuity of L -
and the above formula we deduce that

up [£0(Q4 1), G1(0) — (5, B1(0) — L (QL(5), B3 () — (25, G (51| < €

s,teR
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which by the mean principle implies
, . =1
sup| Le (@5 (1), @5 (1) — < QL) =G| < B, |G- Sl = By +elbll- (1.3)
teR

By the Lipschitz continuity of L. ., the fact that €||b|] < w and the above arguments
we also deduce that

Q) ~G = ~B"(w+). (1.4)

\| S

Le4(Q,Q) - {7

The last formula implies the thesis if 7' < 4. Thus we can restrict ourselves to the
case T' > 4, where lemma A.1 and a standard calculation show that the function

,u) — Gldt - u(0) = Qo,w(T) = Q1}

’ﬂ|| N

Fr(Qo, Q1) = min{ / Len(uyit) — (

is Lipschitz of Lipschitz constant 2 for Qg in a 2d-neighbourhood of Q(0) and Q1
in a 24-neighbourhood of Q(T"). This and the boundary conditions on @ imply
that we can define a function @ such that Q(0),Q(T) € Q% (R), Q([0,T]) C M;
and

T

| - G0 -car= [ 1e,@.0

0

,Q) — G)dt — dw. (1.5)

'ﬂ\l N

We define a periodic orbit Q in the following way: on [0, T Q coincides with Q,
on [T,T1] Q coincides with the segment of ny connecting Q(0) with Q(T). By
(1.3) we have

[e@a -

where the last inequality comes from G5). By (1.5) and (1.6) we get that

Q)= Glat| < BT -Th) < BT <2B4T  (16)

ST

[ @) -k -quz (i@ - hé - w2t
0 0

Defining £* and S as in lemma 1.1 we get that

T

£7(Q.Q.1)dt + S(Q(Ty), Ty) - S(

o)
=
~
o
N
_|_
S5
—
Sa
~—
|
Q

0
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Putting the last two formulas together, recalling that £* >0 and that g;(h;) — G>0
we get

,Q) — Gldt > S(Q(T1),Ty) — S(Q(0),0) — 4w — 2B'7T =

'ﬂ\l ENTl

/OT[ (Q.0)— (

s ~ - ) ) .
/0 [Le(2(Q(0),1)) — <% D9(Q(0), 1)) — G]dt — 4w — 2B'~T.

But ®(Q(0),) is simply (QL(t + T),Qiy(t + 7)) because Q(0) = QL (7); if KT? is
the biggest multiple of T;' smaller than 77, we get from the above formula and the
definition of G that

T i B
| (@) - (5.Q) - Gae =
0
T ~ ]5 ~ _ _
[ 10 (®(Q0).1)) ~ (32, 22(Q(0).0) - Gt — 4~ 2B T.
kT:
Since T — kT;' < 2T, by (1.3) we get the thesis. O

We would like to show that the only = % _minimal orbits are the ones supported by
the Q i € I. By lemma 1.1, it is sufficient to show that any ——mlmmal measure
p has support inside some M} 5 x R™. Thus we need some condltlon which makes
too costly for a £-minimal orbit to go outside M ! frequently; essentially, this is
condition (i) of G6) below. The two following hypotheses, G6) and G7), allow us
to estimate the functional along orbits generic for p and thus to get information
on the support of u; B is the same as in lemma 1.2 and B’ is as in (1.3).

G6)
(i) 3D € (0,1) such that
P
~eV(Q,Q) +0(Q)] - 1/(Q.Q) 2 D&* it QeT™\[JM;, QeR"™
=1
(i4) Jw € (0, g) such that {Q!},cr C M Vi
and

max(Lo Q4 (1), G4 (1)) — (25, G4 (1) <

teR
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Lo, (Q.Q) — (2.Q) : (Q.Q) € (T’”\UM&) x R™}

=1

ST

D D
(iti)  B(w+1T) < 252, 2¢||b]|cs + B'y < 552, ellbllos < w.
G7) Any two couples of M{ have empty intersection.

Theorem 1.3. Let G1-7) hold. Then the ergodic %-mim'mal measures are the

pull-back of the Lebesgue measure by ( fy, QEY), fori € I. In particular, 0‘7(%) =
—a.

Proof. We have seen in lemma 1.1 that if a %—minimal measure has support in
MixR™, i€ (1,...,p), then it must coincide with one the Q; Thus the theorem
is proven if we show that any ergodic %—minimal measure has support in some
M} x R™; we suppose by contradiction tvhat there is u, ergodic and %-minimal7
whose support is not contained in any M; x R™.

Let @ be an orbit generic for u; we use @ to define three classes of intervals. Each
interval P; is maximal with respect to this property

Jie(l,....,p) : Qt)ye Mi Vtec P, Q(P)C M.
The intervals R; satisfy

Jie(l,...,p) : Qt) e M\ (M!)° Vte R, Q(OR;) COM! U@M%

where X° denotes the interior of X; the intervals S; are the maximal ones such

that
p

Qt) ¢ U(Mé)o Vte S, 3JteS : Qt) ¢ M.
=0

It is easy to see that R can be partitioned into these three families of intervals,
and in such a way that a P; is followed by a R; which in turn is followed by a S
which is again followed by a R;; this R; can be followed by a S; or by a P, and at
this point the cycle begins again.

We are supposing that the support of p is not contained in any Mg x R™; by
G7) it must intersect (T™ \ J_; M}) x R™. Since @Q is generic for y, it enters
(T™\ Ul_; M}) x R™ frequently; since by lemma A.1 of the appendix its speed
is bounded, we get by G7) that

iming TS 2 SO0, R #0)
R—oo R

>0 (1.7)
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where m denotes the Lebesgue measure. Moreover, the above formula implies

that none of the P, or of the R; can be a half-line. We assert that the following
inequalities hold

VI /S[ A (Q,0) Q>—G]dtz§52max(1,m(sl)) (1.8)

'ﬂ\l ESl

. ko _
vi / [Ler(Q:Q) = (5, Q) —Gldt >0 (1.9)
R T
k ~ _
W[ QO - (7:Q -Gtz -BlotaD). (L0
Py
We postpone the proof of (1.8)-(1.10) and see how they imply the thesis. If we
number the S; according to their order on R and set

tp = min Sy t; = max S

we get that
i @0 - (1.0 - aai
h;ﬂﬁﬂ%ﬂﬂ/[MQQ .- crare
Z/ (Q.Q)— (5.0) — Gar
Mm%@ﬂ&[%@@(%@—@ﬂz
—| P%?w/ (Q.0) — (5.0~ Gpar
+Z/ (Q.Q)~ (5.0) - Glat] (1.11)

where the last inequality is a consequence of (1.9). If we apply (1.8) and (1.10)
and recall that between two S there is at most one Ps, we get that

1 K
i )L £ @O

l

,O)—Gldt > ; —to Z 2 max(1,m(S)))—B(w4~T)].

ﬂ|| EST
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If we now apply (1.7) and (i47) of G6) we get that

,Q) — G]dt > 0.

tl .
lin inf — / [£e(Q.Q) — ¢
l—oo t; — 1o ’

to

ST

Since G is the mean action of a periodic orbit, by the Birkhoff ergodic theorem
the last formula implies a contradiction with the minimality of pu.

Thus the proof of the theorem reduces to the proof of (1.8)-(1.10). It is clear by
(1) of G6) that (1.10) is simply lemma 1.2; moreover, (1.9) is a direct consequence
of (i7) of G6). Thus the only inequality we have to prove is (1.8). We distinguish
two cases: m(S;) > 1 and m(S;) < 1. In the first case we have by (i) of G6) that

Q)= Gldt= [ (5~ elb] + DI - Gyat
Sy

| =

/ 1664(0.0) -

which by (1.3) implies

| ==

[ 1£01(Q.Q) = (5.Q) ~ Gldt = m()[DS* — 2¢]t] - B,

Sy

The last formula, by (éi7) of G6), implies (1.8).

In the second case we use a method of [13]. On S, @ runs a distance at least J in
the direction orthogonal to %; we have that, by (i) of G6),

VDS < VD5 [ 0= 71t < [ 1031/ -V(@.Q) - Q) ~ 1£(Q. Q)i <

{[Fev@a-a@-r@ane [ 1o-Fral <
Sy Sy

[ 510- 51 - V(@) - Q) - 15(@. Q.
Sy

From the last formula and G4) we get

,0)]dt > —% +VDj? > —% + Dé&?

STl

/ 16(@.0) -

where the last inequality comes from the fact that D € (0,1). On the other side,
by (1.3) and (iii) of G6), we get that

~ 1
G < —5 + B/’Y + €||b||

Always by (iii) of G6) the last two formulas imply (1.8) and thus the thesis. [
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If Q is a path on the torus, let us denote by [@Q] one of its lifts to R™; [Q] . and

[Q] will denote respectively the components of [Q] orthogonal and parallel to %
The next lemma gives an estimate on the action functional of an orbit in terms of
its rotation number.

Lemma 1.4. Let G1-7) hold. Then there is F > 0 such that, for any T > 0 and
any orbit Q satisfying

3t €[0,T] such that Q(t) & U_,M,

we have

,Q) + aq ()]dt = F-|[Q(T)] L — [Q0)]L|.

|
STl

T .
/ £en(@, Q) — ¢
0

Proof. We divide [0, T] into intervals P;, R; and S; exactly as we did in theorem
24.

From the arguments of [13] which implied (1.8) we get that

D
)dt > 252 max(|b;—ay|,1). (1.12)

| =

7Q>+a’7(

| ==

Sy = lanbi] = [ [Le4(Q,Q)—(

Sy

Asin (1.11) we get that

T k k
/0 £er(Q.Q) ~ (2. 0) + 0 (B yjar >
> [ 1@ - (5.Q) + el
12 0,720 " Tt
+ ) Sl[ en(@Q,Q) — <E Q>+a7(%)]dt.

By the last formula, (1.12) and the fact that between two S; there is at most one
P, we get that

T .
/ Len(@ Q) —(
0

By G7) and lemma A.1 of the appendix it is clear that there is C' > 0 such that

>l -l = C|RIT)L ~ [QO)L.
l

,Q) + ay( dt>2{ 62 max(|b; — ar|,1) — B(w +~T)| .

STl
’ﬂll S

The last two formulas imply the thesis. |
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Section 2

This section contains the results about the behaviour of ay and of the minimizing
orbits. We begin with some definitions.
A solution u of the E-L equation of L. , such that

d(u(t), Q1 (t — a_co)) + u(t) — QL(t — a_)| — 0 for t— —o0

d(u(t), QI (t — as)) + [(t) — QL(t — ane)| — 0 for — oo

for two a_ 0, 6oc € R, is called a heteroclinic orbit connecting Qiy with QJ7 if i # 7,
a homoclinic if ¢ = j. Clearly, if there is a heteroclinic connection between @’ and
@, the two orbits must have the same energy.

We recall some of the notations and results of [10]. If ;1 € M, then there is a
unique p(p) € R™ (the "rotation number” of p) such that

Vee R"  (p(p),c) = / cdp.
TmxR™

In the integral on the right ¢ is seen as a function ¢: T™ x R™ — R, ¢: (a,b) —
(e,b). If pis c-minimal, then p(p) € da,(c), 1. e. p(u) is a subgradient of «.,
in ¢. We will denote by 3, the polar of c.,. An equivalent definition of 3, is the
following

3,(p) = min{ Lendp = pe M, p(p) = p}.
TmxRm

Both a,, and 3, are convex and superlinear. In the following, we will denote by

A the minimal supporting domain of o, in % To prove theorem 2.3, we will need
the following two lemmas.

Lemma 2.1. Let G1-7) hold and let us define

).

Then, if € and v are small enough, g is strictly convez in the point r = 1.

| =

gR—-R g:r — oy (r

Proof. We set R . . ) .
V(Q,Q) =eV(Q,Q) +eb(Q) +7/(Q. Q).

For i € I we consider

QA(t) = QL((1+\)1)
a periodic orbit of period T = 11—”)\ and see that

o) < 7 [ 160 (@0.Q0) (14 N Qe =
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IS TR ko 1 (7. :
= = —((1+XN)= dt — = \% dt =
7 | 5l -+ >T,QA>] T/ (@10

1+02 (5 3 15
8!

—(1+ )20, (E 1+A / V(Q!,Ql)dt—

/ V(Q1, (1+ NGt

If we apply to the last integral the Taylor formula and G1), G5), we get that, for
~v small enough,

k ok XN T
(427 2 (1430 ()~ [ (@), Gy
A [To )
— — Qz Qldt—2e/\
Ty Jo 0Q V(@:@:)

By G1) we have that
‘i/Ti V(Q! Qi)dt‘ < (2¢+7)
77 Jo vy =

while by G1) and G5) we have that, for v small enough,

T7 B

)T_fy' 3 7(Q,G) det)<226+v)

From the last three formulas we get

k k
ay(1+ X)) > (1+ )\)2047(?) — (A2 +20) (26 + ) — 2X\(26 +7) — 2eA?
By (1.3) we have that, for € and v small, av(é) % —¢€||b]| — B'y > 1 . Thus
k E. 1.,
which implies the thesis. O

From now on we will always suppose € and ~ so small that lemma 3.1 holds.
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Lemma 2.2. Let G1-7) hold, let F > 0 be the same as in lemma 1.4 and let us
_ N L
denote by w the affine hyperplane % + (%) ; then if
k F
B(=, — 2.1
cennB(z,3) (21)
we have o (c) = 0‘7(%)-
Proof. Since (c — %) €

(%)L and Qiy is homotopic to Qf), we have that

ko
/O (= 7,Q5) =0. (2.2)

Let us now consider 4 € M ¢-minimizing; since any element in the ergodic decom-

position of p is c-minimizing, we can suppose u ergodic. We begin to prove the
lemma when p(u) = r% for some r € R. We have that

k k
/ (’Cﬁv’Y - C)du = / (L:e,'y - ?)du +/ (? - C)d‘LL
Tm, X Rm Tm X Rm Tm X Rm
_ L
Since £ —c € (k

T T) , we have by the above formula that p is %—minimal and thus
one of the Q’, by theorem 1.3. From (2.2) we now get

1

T, o :
—ay(c) = ﬁ/o [Ler(Q, QL) — (¢, QL)]dt = —a, (

which is the thesis.

)

)| =

We now prove that, if 4 is c-minimizing, then p(u) = r
by contradiction that

!

. Indeed, let us suppose

p(u)zr%—l—u reR ve (;)L\{O}.

By the Birkhoff ergodic theorem we have that there is an orbit @ and T — oo
such that

QT — QO] ; (2.3)
Tk
1 [T ) )
T [Ler(Q,Q) — (¢, @)]dt — —a ().
k JO
By (2.4) we have that

(2.4)

1 T . ) 1 T L .
T_k/o [Ler(Q. Q) —( ,Q>]dt+—/0 (7 —c,Q>dt].
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Since by (2.3)
1 [Tk :
T Jo <?—C,Q>dt—><

we have that

where the last inequality is a consequence of (2.1). We now apply lemma 1.4 and
get

)-

ﬂ|| e

)+ F o] = —Ivl > —ay

’ﬂll S

—ay(c) 2 —ay(

On the other side we have that, for ¢ € I, (2.2) implies

1 (5 S 3
~anfe) < 7 /0 [Len (@1, Q2) — (e, Q)]dt =

1 (T Pk k
T Jy [Ler(QF, QL) — <?7QW>]dt = —av(f)-
K
The last two formulas are in contradiction. O

Sl
+
—~
Sz
~
}_

Theorem 2.3. Let G1-7) hold and let w be the affine hyperplane

Then
(1) Ay C m and A, has nonempty interior relative to m; we denote this interior

by Ay°. We also have that ay|p, = ay ().
(it) If c € A,°, the only ergodic c-minimal measures are those supported by the
ioiel.
'Y’

(¢33) If ¢ € Ay° and if Q is a c-minimal orbit not coinciding with one of the
fy, i € I, then @ is a heteroclinic but not a homoclinic connection.

Proof. We begin to prove point (7). Lemma 2.2 implies that 7 N B(T, 2) C Ay
since A, is convex, we have that A, N7 has nonempty interior relative to m and that
% belongs to the interior. By lemma 2.1 the intersection of A, with the ray r% is
a point; this and the previous observation imply that A, C w. By lemma 2.2 and
the definition of minimal supporting domain, it now follows that a. |5 = o, (7 k)
To prove point (ii) we note that, by point (i), when ¢ € AJ, the elements of 8047(0

~

[l

. Thus, if ¢ € A,° and p is c-minimal we have that p(u) = r

S

are all collinear to
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for some r € R. Since ¢ € 7, we have that ¢ — % 1 p(p) and thus

/ (Cery — ) = / (Cery -
TmxRm™ TmxRm™

This means that p is c-minimal iff it is %—minimal; but we know from theorem 1.4

)dp.

ST

that the ergodic %—minimal measures are the ny, iel.
We now prove point (¢i¢). First of all we can suppose that @ is not contained in
any M{, i € (1,...,p); otherwise it would be easy to show that Q is %—minimal
and then by the arguments of lemma 1.1 it would follow that @ coincides with
some ny, iel.

Thus let Q be c-minimal and such that

Q(0) ¢ | M;. (2.5)
i=1

By [11], @ will accumulate, in the future and in the past, on some c-minimal
measure which by point (i) is one of the Q%, 1 € I. Thus there is a sequence
{(tks k) }rez and i,j € I such that

lim t; = —o0, lim ¢, = oo
k——o0 k—o0

d(Q(tr), Q4 (re)) +1Q(t) = Q4 (ra)] — 0 for k— —o0

d(Q(tr), Q4 (re)) + |Q(tr) = Q4 (rk)| = 0 for k — oc.
We assert that in the above formula i # j. Indeed, let us suppose by contradiction
that ¢ = j. We begin to note that, by (2.6), if |k| is big enough, then @) remains

close to ( ;, Q%) during the intervals [tg, t + 2T§]; thus, by the periodicity of Q;
we can also suppose

(2.6)

d(Q(t_1), Q(tr)) — 0 for k — oo (2.7)

We now distinguish two cases. In the first one there is a subsequence k' — oo such
that

Q)] ~ [Qte)]L| — 0.

Since ¢ € A, the above formula implies

t_ g

@) +ay(F)ldt| — 0

ST
ST

for k' — +o00
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and thus @ is also %—minimal. Thus @ is an orbit that accumulates, in the future
and in the past, to the same Qiy and moreover satisfies (2.5). It is now easy to see
that we can apply the arguments of theorem 1.4 to show that

Q) +on (Rt > T2

| =
)| ==

[

t_ gt

But @ has boundary conditions close to the boundary conditions of Qiy by (2.6)
and (2.7); if we take into account the Lipschitz continuity of the action, the last

formula contradicts the %-minimality of Q.
By (2.7), the second alternative is that

lim inf [[Q(t-x)]L —[Q(t)] 1| = 27 (2.8)

In this case we consider an arbitrary sequence {c;} C A,°; by point (i) the only
periodic orbits realizing a (cx) are the Q7; thus

T
0< inf{/o [Le~(u, @) — (ck, @) + ay(ck)]dt = uw(0) =u(T), T >0} <

Jim inf / Lo (@, Q) — (e Q) + o (cr)]dt =

k—o0 t n

/ Ler(Q.Q) — (e 0) + an ()t + / e ck,@dt] (2.9)

t_k t_k

lim inf l

k—o0

where the second inequality is a consequence of (2.7) and of the Lipschitz continuity
of the functional. If we specialize c by

c—cp=—n [Qtr)]L — [Q(t—)]L
[Q(tk)] L — [Q(t—k)] L]

we see that, since ¢ € A,°, if n > 0 is small enough, then ¢, € A,°Vk. Thus by
(2.8) and (2.9) we get

tr
0 < liminf / [£er(Q, Q) = (e, Q) + an ())dt — 27

t_k

which we can re-write as

lim inf / 1L (@, 0) = (6, Q) + ay (e)]dt

k—oo t g
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o
> [0 (@ @) — (0. @) + 0y (0t + 2

since the second integral is 0 by point (i¢). However, @ satisfies (2.7) and Q(¢t_g),
Q(tr) tend to the same point of Q?Y By the Lipschitz continuity of the action
functional, the above formula contradicts the c¢-minimality of Q. We have thus
proven that ) cannot accumulate, in the future and in the past, on the same QiY
In an analogous way it can be shown that, if ) accumulates on Q%, say in the
future, then for ¢ big enough it will always stay inside M g; using the arguments
of lemma 1.1 one can show that this implies that ) stays on the stable manifold
of QZY Analogously, one shows that @ stays on the unstable manifold of Qiy and
point (4i%) is proven. O

We want to compare the sets A, for different values of v; to do this we translate
the point ( 7( )) to the origin, setting

)

)| ==

7Q>+O"y(

| ==

Lor(Q,Q) =L (Q,Q) —(

and defining

—Gy(€) = min{ (Lery —c)dp = p€ M.
TmxRm
Clearly, &,(0) = 0; moreover, (% + ¢)-minimal orbits and measures of L. are
c-minimal orbits and measures of L. -, and vice-versa. If we denote by A, the

T
nonempty interior relative to 7. Moreover, by point (7) of theorem 2.3, we have

A, ={a, =0}

~ =\ L ~
minimal supporting domain of &, containing 0, then A, C 7 = <ﬁ> and A, has

Theorem 2.4. Let G1-7) hold. Then , given n > 0, there is yo > 0 such that,
if |7] < v0, we have that Ay is contamed in a n-neighbourhood of Ao, and Ag is
contained in a n-neighbourhood ofA .

Proof. We begin to show that
|Gy — G| < . (2.10)

Indeed, it is one of the results of [11] that

n

G (c )_hmmfmm{l (1£0,QQ) ~ (@it = @e A Con. T,

n—oo
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Since by G1)

)—/ en(Q,Q) — <c,Q>]dt—%/n[E€,o(Q,Q)_ (e, O)dt| <~
0

we have (2.9). .

We now prove that, for v small enough, A, is contained in a n-neighbourhood of
Ag. Let us suppose by contradiction that this is not true. Then there are ¢, € R™
and 7y, — 0 such that

d(ck,Ao) >n and ¢, € Ay, ie @, (ck)=0. (2.11)

Since by [10] a~ is superlinear we have that Ag is bounded; we can now suppose
that {c;} is bounded and thus that ¢, — ¢, with d(c,Ag) > 7. By (2.10) and
(2.11) we have that

0 = vy, (cr) — ao(c)
which implies ¢ € Ag, a contradiction.
We now prove that, for v small enough, Ag is contained in a 7-neighbourhood
of A Actually, we will prove a stronger assertion: if ¢ € AO, then, for v small
enough7 the only c-minimal ergodic measures for l:eﬁ are those supported by the
ny. Let us suppose by contradiction that this is not true. Then there is ¢ € A,
~vr — 0 and a sequence p, of ergodic measures, each c-minimal for £, , , such that
e does not coincide with any of the @7, . We note that p cannot be supported
n (U7_; M{) x R™ since in this case we could show easily that s, is %—minimal
and then, by lemma 1.1, that py coincides with one of the @, , i € I. Let us
consider an orbit @y, generic for p; we have that Q) is c-minimal for L. ., and
that Qj, stays frequently outside U?_; M}. Thus after a translation in time we
have that Qx(0) & UleMg. By a diagonalization argument, it is easy to see
that @ converges in C’ll0 (R, T™) to Q!, a c-minimal orbit for Lo such that
Ql(O) o4 U‘leM g; by theorem 2.3, this is a heteroclinic connection, say between
Q6 and Q). Actually, it is possible to show that there are

t,1€—>—oo t%—>oo

1 . 1
Qk|[t}€,t§] —Q in C
2

lim inf /tlk [2677]@ (ka Qk) - <07 Qk> + 0~é'yk (C)]dt

k—o0
k

n

= lim 3 [[:e,O(le Ql) - <Cv Q1> + &O(C)]dt' (212)

n—oo
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To prove the latter fact we fix ¥ > 0 and choose T" and k so big that

d(Q (~T), Q1 (R)) +d(Q\(T), QJ, (R)) < v.
Moreover, for k big enough we have that

d(Qr(ty), Q! (R)) +d(Qx(t}), Q! (R)) < v.

By (1.3) we get

_T ~ N . . . .
[ (@005 (0.03) + i

t,

. S . _
+/T [»Ce,’y( :Lyk7 :Lyk) - <C, Q’,Lyk> + d’}’k (C)]dt 2 —2B,’YkT

From the last three formulas, the minimality of () and the Lipschitz continuity of
the action functional we get that

t

/1 (Lo Qi Qi) — (. Qr) + Gy (€)]dE >

b,

T
—8v — QB/’}/]CT + /_T[[ZE’% (Qk7 Qk) - <C7 Qk> + &'Yk (C)]dt'

Since Qr — Q' in Clloc, we have that

1 (L@ Q) = (6.Q0) + Gy (Ol — / [£0(@1.Q") = (") + doe)at

and, from the last two formulas, we deduce (2.12).
Since @ passes ftequently outside U?_; M, i we can find T,? > t% and t% such that
Qu(T}) & Ui M} and

tz — Tk2 — 00

2 2

Q- = Ti)lz—r2,3-12) — @
B . :
timinf (£, (@ Q0) — (e u) + (O
n

> lim ['ée,(] (Q27 Q2) - <Cv Q2> +ag (C)]dt

—
n—oo |

and Q2 is a heteroclinic connection for L. 0, connecting Qé and Qf). Thus we build
a chain of heteroclinic connections, {Qi}gzl for L. such that the w-limit of Q*
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coincides with the a-limit of Q"1 and is one Qé; moreover, since the number of
different Qé is smaller than p, for some s < p we must have that the w-limit of
Q* coincides with the a-limit of Q1. If we apply to this heteroclinic chain the
arguments of point (ii7) of theorem 2.3, we see that

S
2 fim, /

n

[Lc0(Q%, Q) — (¢,Q") +ap(c)|dt = v > 0.

But this implies that, for k& big enough,

AR . .
[L€7’Yk (Qk7 Qk) - <Cv Qk> + d’Yk (C)]dt
t
sttt . . v
SD Y RNC AR RER NG TS
i=1""k

But Qk(ti) and Qk(tfrl) are close to the same point on Q%k and thus, by the Lip-
schitz continuity of the functional, the above formula contradicts the c-minimality
of Qk- U

We now specialize to T2, where we can get sharper results. Since quasi-
integrable hamiltonian systems on T? are twist maps (see for instance [2]) what
follows is just a re-formulation of well-known results for twist maps. In particular,
the following lemma can also be read as a consequence of the fact that, in two
degrees of freedom, « is differentiable.

Lemma 2.5. Let m =2 and let G1-7) hold. Let ¢ belong to the boundary of ]\7
relative to ™. Then the only ergodic c-minimal measures are those supported by
the ny for i € I. Moreover, if Q is a c-minimal orbit not coinciding with one of
the ny then @) is a homoclinic or heteroclinic connection.

Proof. Tt is a well-known fact (see for instance [7], [1]) that, for d € R?, two d-
minimal orbits can intersect only once. Now let ¢ be as in the hypotheses. Clearly
the measures supported on the Qiy, 1 € I, are c-minimal, since the mean action
is continuous in ¢ and they are é-minimal for ¢ in the interior of ]\’v- Let now
i be c-minimal and ergodic and @ generic for u; by proposition 5 of [11] Q is
c-minimal. Since @ and Qiy intersect only once, and since we are on the two-torus,

we conclude that
[QI(T) — [Q](0)

plp) = Jim LD

el

We have already seen in the proof of theorem 2.3 that this implies that u is %-
minimal and thus one of the Qg.
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We now prove the second assertion. It is easy to show by a comparison argument
that A, has diameter smaller than C'\/€; indeed, if |¢ — %| > C/e for a suitable

C > 0, we see that the orbit Q(f) = ¢t has mean action smaller than _5‘7(%)'
By lemma A.1 in the appendix this implies that, for ¢ as in the hypotheses, an
orbit @ which is c-minimal satisfies Q” (t) > OVt. Since the Qg are the only c-
minimal measures, [11] implies that there is a sequence ¢, — oo and ¢ € I such
that (Q(tx), Q(tk)) converges to a point of ( ;, Q;) Thus we can suppose that,
for k big enough, Q(t) remains close to ny(R) on all the intervals [ty,ty + 277.
Let us suppose that infinitely many of the segments [ty,t + 27 lie on the left
of Q(R). Then @ cannot go away from Q! (R) on the left (since Q” > 0 it
would intersect itself more that twice) nor on the right, since in this case, after
intersecting Q;(R), it should intersect itself infinitely many times to return close
to QZY(R) Thus for T big enough Q([T,00)) C M{; the arguments of lemma 1.1
now imply that ) is on the stable manifold of Qg. Analogously, one shows that

@ is on the stable manifold of QJ7 for some j € I and the lemma is proven. g

Proposition 2.6. Let m = 2 and G1-7) hold. Then there is a neighbourhood
U of A, such that, if c € (U \ Ay) N7, the c-minimal orbits are approximated by
bi-infinite sequences of heteroclinic or homoclinic connections.

Proof. Let ¢ be as in the hypotheses and let @ be a c-minimal orbit. We begin to
note that () cannot be contained in any M, otherwise by the technique of lemma
1.1 @ would coincide with a ny, i € I. And since by [11]

1 (T . ) )
~ (@) = timint 7 [ 1£1(Q.Q) — (. Qla

we would have that &, (c) = 0, contradicting the fact that ¢ ¢ A.
Let us now suppose by contradiction that there is a sequence {c,} C R? such that

VneN ¢, € (U\A)N7, d(cn,A)) =0 (2.14)
and that, for each ¢,,, there is a ¢,-minimal orbit @), such that
Qn(0) ¢ | M; (2.15)
iel

and (Q,(0),Q,(0)) differs more than 1 > 0 from the initial condition of any
homoclinic or heteroclinic connection. It is easy to see by a diagonalization argu-
ment that {Q,} converges, up to a subsequence, to a c-minimal orbit @, in the
Clloc(Rv T2) topology. By (2.14) c € 8/~\,Y and thus, by lemma 2.5, ) is either one
of the @’ or one of the heteroclinic or homoclinic connections between them But
by (2.15) @ cannot be one of the Qg; it must thus be a homoclinic or heteroclinic
connection; but this contradicts the fact that (Q,(0),@,(0)) differs more than
1 > 0 from the initial condition of any homoclinic or heteroclinic connection. [
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Appendix

We begin defining the norm of the perturbation. By C we will denote the complex
field. If P C R™, we define a complex neighbourhood of T™ x P by

U(P,R,s) = W,(T") x Vg(P) C C™ x C™

where
Wo(T™) ={0 € C™ : max|Imb;| < s}

Vr(P)={I€C™ : inf |I — x| < R}.
z€P

In other words, W; is the complex strip around the torus T™. If f is analytic in
U(P, R, s) with Fourier development

FQ.Q) =Y an(@et@

keZn

we define its norm by

[fI(P,R,s)= sup Y ax(Q)[e*.

QEVR(P) keZn

These norms are equivalent to the sup-norm in a complex strip around T™ x P
and in particular they bound higher order derivatives (see [12] for the precise
estimates.)

We will consider lagrangians of the following form

Le) L£(Q.Q)=AQ)-nQ.Q)  (Q.Q) €T"xR™

with A real analytic, 0 < M < %A(Q) < M’ VQ € R™ and h real analytic
satisfying
|h|(R™, R,s) <€ (A1)

for some R, s,e > 0.

In the following, we will consider M, M’, R and s as fixed and we will take € as
small as we need. By C; we will always denote a positive constant independent on
€. Since by L.) we have that A is convex, we have that VA is an invertible map;
we will denote its inverse by (VA)~1.

Lemma A.1. Let L satisfy Le). Then there are eg > 0 and Cy > 0 such that, if
€ € [0,€0], c € B(0,2) and Q is c-minimal, we have

vt Q) — (VA) (o) < Cove.
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Proof. The proof consists in one of the arguments of [3]. By (A.1) we have that
there is C > 0 such that

Ih(Q,0) h(@Q)IH%h(Q,Q)ISClG V(Q.Q) € T x R™ (A.2)

0
where we used |-| to denote both the absolute value of a number and the Euclidean
norm in R™. It is a subproduct of proposition 4 of [10] that there is I" > 0 such
that, for ¢ € B(0,2), c-minimal orbits have speed bounded by I". By the E-L
equation, this fact and the above formula imply that, for € small enough,

vt Q)] < Cae. (4.3)

We assert that

b—a>2m/0£1; — jw—m')*l(@j < V8Cie (A.4)

b—a VM

Clearly, the last formula together with (A.3) gives us the thesis. We prove (A.4):
let us suppose by contradiction that, for some b —a > 27,/ Cll;, we have

[Q(b)] — [Q(a)] _ V8Cie
e (V4 (o) = T (A.5)

Let us define, for [ € 27Z™

(t—a) a<t<b
QM +1 b<t.

Since b —a > 2w,/ Cll; we can choose | € 2rZ™ in such a way that

Cie
M

| [QO)] - [Q(a)] +1 (A.6)

o (VA ()] <

If we project @1 on T™ we obtain an orbit which coincides with @ for ¢ & (a,b);
c-minimality of @) yields

b b
/[A(Q)—<6,Q>—h(Q,Q)]dt§/ [A(Q1) = (¢, Q1) — M(@Q1, Qu)]dt. (A7)
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By (A.2) we get that

b
/ A1) — (e 1) — h(@Q1, Q1)Jdt <

(b—a) [A ([Q(b)] — Q)] + l) o Bl - Q@] +1

s - >+C'16]. (A.8)

We also have that

b
/ AQ) — (@) — h(Q.Q)dt

> - [+ (L0090 QGO0 o,

By (A.8) and (A.9) we get

1
b—a

b b
/ Q1) — (e 01) — h(Q1, Q1))dt — / AQ) — (. Q) - h(@@)}dt] <

b—a

Q)] — [Q(a)] [Q()] — [Q(a)]
-4 ( b—a ) e b—a

From (A.5), (A.6) and the convexity hypothesis on A we get

Y COERE BN UECIIES

) + 2Ce.

1 b ) ) ) b ) ) )
o | [ 1A -~ (€@~ 1@ Quldt— [ 1@ - (e.Q) - h@. Qe | <
%M, (i}f) _ %M (SACf) +2C1e < 0.
The last formula contradicts (A.7) and thus (A.4) holds. O

We now re-formulate a lemma of [12] in the Lagrangian framework.

Lemma A.2. There are Cg,C19,C11 > 0 such that the following holds. Let L
satisfy L), let (k,T) € Z™ x RT satisfy |%| <2 and let v € (0,5) be such that

e < Cyr?. (A.10)

Then there is a real analytic, symplectic change of coordinates, ®: (q,q) — (Q, Q)
defined in

U((VA)™ )

Y Y

M| =
IR
ol ®
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such that in the new coordinates (g, q) we have
£(Q(4,4), Q(g,d)) = £(g,9)

where M

5 < VZA(p) <2M’  VpeR™

V(g q) =Y br(g)e’? (A.11)
kELE
Er s C
N1 22y < _Z10

)25, 2) < exp(- 2 (A.12)

If

hMQ.Q)= Y al(@e®?

keZm k0
then we have

€2

)< Cng. (A.13)

V= > a(@e®)a)

k#£0,k Lk

) )

)| =
-
[« N VA

Proof. The Legendre transform brings £ into the hamiltonian
H(Q,P) = B(P)+9(Q, P)

where B is the polar of A and

N[

g= > a(P)e"™?  1g/(B(0,2),
keZm

, 8) < (Cqze.

The above estimate follows easily from the formula of the Legendre transform and
the Cauchy inequalities of [12].

A part of the proof of theorem 4 of [12] consists in showing that the domain
VT(%) NR™ is a, K-nonresonant modulo Z™ N (%)J-, with

™

Oé:§M/K7", K=—+.
2 M'Tr

This simply means that, if P € V}(%) NR™, then

k)l N B(0, K).

(B'(P).Rza  VEeZ™N(Z
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By (A.10) we can now apply the "normal form lemma” of [12] with the above
constants and find a symplectic analytic change of coordinates

V:(g,p) = (@, P)
kE r s

with the following properties: ¥ is defined in V( T §) and has an analytic

generating function S (g, P), where ¢ € R™, the universal cover of T™. In other
words, dS = ¢dg + dS(q, P), with ¢ € R™ and S defined on T™ x R™. Moreover,
in the new coordinates we have

H(Q(q,p), P(q,p)) = H(q,p) = B(p) + 4(q,p) + f(q,p)
pdg = PdQ@ + édg + dS (A.14)

where

kLK
~koros Cia
|f|(?’§’6) >e€ p(—ﬁ)
g — Z:CkeZ(k’Q”(E 2o < Clsi
ol T'26" — 2
kLK
E T S €
B-B|(=, =, > °
| |(T’2’6)_015

If we now apply again the Legendre transform to H , and compare it with the
Legendre transform of H, which is £, it is easy to see that we get a lagrangian £
satisfying (A.11)-(A.13). O

We now explain how we are going to use the above lemma in the spirit of [8].
First of all, we restrict ourselves to diffusion far away from 0 and oo; we will fix
once for all the set B(0,2) \ B(0, %) C R™ as the one to which ¢ will belong.
Moreover, to simplify calculations, we will suppose that A(Q) = %|Q|2 By the
Dirichlet approximation theorem, we have that there is C1g > 0 such that

Ve, @ >0 VCEB(O,Q)\B(O,%) 3T € [1,Q],3k € Z" such that

- % < Crs. (A.15)

_ 1
TQw-T1

1
In lemma A.2 we now take r = DE—QT-Z&; we want that any ¢ € B(0,2)\ B(0,1)
k r

stays in B(7, g) for some % By (A.15) this is possible and we can choose T not

bigger than @, with
017 m—1
Q - ( b ) .
Dezm
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However, we also want (A.10) to hold; since T € [1, Q] this means that

1N 2
Dezm
< Cor? =C -~

must hold for 0 < T < Q; from the above formula we thus get

e< 018D2m€

which is always true for D big enough. With this choice of D, any ¢ € B(0,2) \
B(0, %) belongs to some B (%, g) defined as above. Moreover, by our definition of
r and T we have that
r> ClgDm\/E

so that, taking D big enough, we can be sure by lemma A.1 that, for ¢ € B(%7 g)
the c-minimal orbits lie in U (%, 7> §)> where the normal form is defined. In par-
ticular, the support of the c-minimal measures lies inside U (%, 7> ¢); thus, if p is
c-minimal, we get by (A.14) that

/ (£ - c)du = / (£ — ®.(c) + &+ dS)dji
TmxRm™ TmxRm™

where i = ®,pu. Exactly with the same proof than in [10], section 2, it can now

be shown that
/ dSdip =0
TmxRm

and thus we get

/ (£ — )y = / (£~ ®.(c) + i
TmxRm™ TmxRm™

which shows that p is c-minimal if and only if i is (®.(c) — ¢)-minimal. As a
consequence of the above formula, we also have that a,(c) = az(®«(c)+¢), where
—ar(c) is the minimum of meme (L — ¢)dp on the measures invariant for L.
Let now @ be c-minimal, and let (g, ¢) be its image. We have by (A.14) that

b . .
Va<beR / [£(Q,Q) — (c,Q)]dt

b
= / [£(g,d) — (®+(c) = & @)]dt + S(q(b), 4(b)) — S(a(a), 4(a)).

Thus the fact that @ is c-minimal iff ¢ is (®.(c) — é)-minimal would follow if we
could restrict ourselves to variations (1 such that (Q1(a),Q1(a)) = (Q(d),Q(d))
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and(Ql(b),Ql(b)) = (Q(e),Q(e)). It is easy to see that this apparently weaker
definition of c-minimal orbit is equivalent to the one we gave in the introduction.
Thus every c- minimal orbit for ¢ € B (%, g), with r defined as above, lives in
the domain of the normal form and is a (®.(c) — ¢)-minimal orbit in the new
coordinates; analogously, the (®.(c) — ¢)-minimal orbits in the new coordinates
are c-minimal orbits in the old ones.

We conclude with one last remark: in section 1, we consider lagrangians

L(Q,Q) defined for Q € R™. This is possible because, given the normal form
E T
T4
) do not exit B(%, 7), this extension has no

L of lemma A.2, we can extend it outside B(
k r
T8

) in a C3 way. Since by lemma

A.1 c-minimal orbits for ¢ € B(
influence on our results.
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