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On a problem of Nazarova and Roiter

Bangming Deng

Abstract. In the present paper we introduce the notion of representations of a bush which
is a generalization of matrix problems (self-reproducing systems) introduced by Nazarova and
Roiter. We show that the problem of classifying representations of clannish algebras come down
to such generalized matrix problems. Based on the classification of Crawley—Boevey, we provide
a description of indecomposable representations of bushes over any field. The proof is based on
a categorical formulation of the matrix reduction of Nazarova and Roiter.
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Introduction

In the present article, we consider a generalization of matrix problems (self—
reproducing systems) introduced by Nazarova and Roiter [8]. Their motivation
was to solve a problem posed by Gelfand [6]: classify the indecomposable repre-
sentations of the quiver

subjected to the relation a1b; = agbs.

In [2] Crawley—Boevey reconsiders the problem and introduces a new class of
matrix problems called “clans”. The approach used in [2] is the functorial filtration
method. It seems to us that both the notion of a clan and the functorial method
are not well adapted to the problem treated by Crawley—Boevey.
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Our aim here is to replace clans by a generalization of self-reproducing systems
and to use the method presented in [8] instead of the functorial one. Our method
also works for fields of cardinality 2, a case which Crawley—Boevey was unable to
handle with his method. Our classification however is based on that of Crawley—
Boevey. For the proof of our classification theorem we use a categorical formulation
of the matrix reduction of Nazarova and Roiter (see [3]).

After the completion of a preliminary version of the present paper, Prof. Serge-
jchuk pointed out to me that the matrix problems considered here have been
studied by Bondarenko [1].

Throughout the paper, k denotes an arbitrary field.
The terminology used throughout the paper is taken from [5].

1. Tangles and Bushes

1.1. Let A be an aggregate over a field k with spectroid S. A tangle over A
is a pair (M, M™) formed by sequences M~ = (M, --,M;) and M =
(MlJr .-+, M) of pointwise finite left A-modules. Given such a tangle, we de-
note by rep(M~, M™T) the aggregate whose objects are the representations of
(M—,M™), i.e. the sequences (X; f1, -, f) where X € A and f; € Homy (M, (X),
M["(X)), i =1,---,n. A morphism from (X; f1,---, fn) to (X5 f1,---,f) is
given by a morphism p € A(X,X’) such that f/M; (u) = M (u)f; for i =
1,--,n.

1.2. Our aim is to classify the indecomposables of rep(M~, MT) for particular
tangles (M ~, M) which we describe now.

By definition, a rod is a finite ordered set R such that each x € R admits at
most one y € R satisfying y  « (i.e. incomparable with x).

Examples. The ordered sets with the following Hasse—quivers are rods:

R, l R, l R, l><l
N A | >
I > .

RS s
./ \. l .
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A tangle (M—, M™) is called rodded if the following conditions are satisfied:
(R1) For each 14, the lattices of submodules of M; and M;r are rods;
(R2) For each s € S,

n
> (dimy M; (s) + dim M (s)) < 2;
i=1

(R3) If the submodules of M? generated by elements a € Mg(s) and b € MZ(t)
are incomparable for some i, some s,t € S and some ¢ € {—, +}, then

Z dim M (s) = 1= Z dimy M (#);
Jm

Jm

(R4) For any s,t € S, the canonical map

0(s,t) : Rs(s,t) — ﬁR;(s,t) x R (s,t)
=1

is surjective.
Here Rs denotes the radical of S and RS (s,t) the set of all f € Homy (MZ(s),
ME£(t)) satisfying f(N(s)) C RN(¢) for each submodule N of MF.

1.3. Given a tangle (M, M) over A, we denote by Z the intersection of the
annihilators of all M,” and M;" . The tangle is called faithful if Z = 0. In the case
of a faithful rodded tangle, the maps (s, t) are bijective. Our purpose is to give
a concrete construction of faithful rodded tangles.

Let S be a pair formed by two sequences of disjoint rods S~ = (S ,---,5,,)
and St = (S],--+,S;). We then equip the union |S| = U?_;(S; US;") with the
smallest order relation containing the order relations of the rods S;” and S;" If
there is no risk of confusion, we simply write S instead of |S|. By kS we denote the
spectroid whose objects are the elements of S, whose morphism—spaces kS(z,y)
are one—dimensional with basis (y|z) if y > z, or else are 0. The composition is
such that (z]y) o (y|z) = (z]x) [5]. Each interval I of S gives rise to a module kjy
over kS such that ky(x) =0 if « ¢ T and ki(y) = k, ki(z|y) = 1y if y,z € I and
y<z[5. Weset Ly =kyif I=S; and L =k; if I = S;".

Let further ~ be an equivalence relation on S such that:

(E1) Each equivalence class contains at most two elements;
(E2) In case z, y € S¢ and z x y, the equivalence class of = consists of x only.

The S together with the equivalence relation is called a bush.

Let S denote the spectroid whose objects are the equivalence classes of S, whose
spaces of radical morphisms are Rs(a,b) = ®zca,yeb,y>«k(y|z), whose composition
is such that (z|y’) o (y|x) is (z|z) if ¥’ = y and O otherwise. Let further A :=
®S denote the additive hull of S, whose objects are sequences (Xi,---,X;) of
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objects of S, whose morphisms (X1,---,X;) — (Y1,---,Y,,) are identified with
the “matrices” p = [uj;] € @;,;S(X;,Y;). The composition of morphisms obeys the
rules of matrix multiplication. Then each module L over kS provides a module
L over A such that L(a) = ®,coL(x) for each a € S; the action of L(y|t) on
m € L(z) C L(a) coincides with that of L(y|z) if # = t or else is 0. In case L = L
(resp. L;"), we set L = M. (resp. M{"), thus obtaining a tangle (M ~, M) over
A. This tangle is faithful and rodded.

In the sequel, the representations of (M, M) will be simply called represen-
tations of S.

Proposition. For each faithful rodded tangle (N~, NT) over an aggregate B with
spectroid T, there is a bush S as above and an equivalence ® : A — B such that
NEd = MF foralli e {1,--- ,n} and e € {—,+}.

Proof. Let the points of S7 be given by the submodules X of N with simple top
X/RX,i€{l,---,n}, e € {—,+}. We equip S with an order relation such that
X <Y is equivalent to X D Y. By (R1), 5S¢ is a rod.

Set S = (S7,---,5; Sfr, ---,8F) and equip S with an equivalence relation
such that X ~Y «<— X/RX @ Y/RY. By (R2) and (R3), this relation satisfies
(E1) and (E2), i.e. S is a bush.

For each X € S (the spectroid associated with the bush S), we denote by
tx € T the point supporting X/R X, and we choose a generator ex € Nf(tx) of
X. Then Nf(tx) = @x/~x xesckex.

The map X —— tx gives rise to a functor ¢ : & — 7 such that ¢(Y|X) =
O(tx,ty) "1 (f), where f € Homy(Nf(tx), Nf(ty)) maps ex to ey and annihi-
lates ex: whenever X’ # X. The functor ¢ is an isomorphism and induces an
equivalence ® : A — B. The k—linear maps

p(X):Ne(X)= @B kex — P kX' =M(X)
X'~X,X'€SE X'~X, X'€SE

Z/\Xlexl [ Z)\X/X/
X' X'

define an isomorphism between Nf® and MF, i € {1,---,n}, e € {—,+}.

1.4. Example 1. In [8] Nazarova and Roiter examine the particular case of one
pair of rods. The classification of representations in [7], [4], and [9] can be reduced
to that of bushes.

Example 2. Representations of A,. We illustrate the general construction with
the following example:
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Set S| = {a’},Sf‘ = {at}, - S = {f’},Sg' = {f*} and equip S =
WS, (S; uSH) ={a",at, -, f, ft} with the equivalence relation a~ ~ f~,

at ~b b ~ct, e ~d,d" ~e, et ~ ft. Then repgg is equivalent to
rep(M~, M), where (M~, M) is the rodded tangle associated with the bush S
(see 1.3).

Example 3. Clannish algebras[2]: Let @ be a quiver and Sp a set of loops in
@. The arrows in Sp are called “special” and the others “ordinary”. Let further
R =ZU{e? —¢:e c Sp} be a set of “relations” of @, where Z consists of
compositions pv of ordinary arrows u, v. The algebra A = k[Q]/R, where k[Q]
denotes the algebra of the quiver @, is called clannish if the following conditions
hold:

(C1) At most two arrows start at each vertex, at most two stop;

(C2) For each ordinary arrow a, there is at most one arrow b with ba ¢ Z and at
most one ¢ with ac ¢ Z;

(C3) Without real loss of generality, we further suppose that R is minimal with
respect to (C2).

Examples. The algebras with the following data are clannish:

©)

a)
g h
c

o= /N b

L]
X
y
y
. ——

Sp = {e} Sp=10 Sp ={e}
7Z = {ba} 7 = {all zy,yx} Z = {ba,cb, fc,d* hg}

With each clannish algebra k[Q]/R we will associate a tangle.
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For the sake of simplicity, we identify the set @, of vertices with {1,2,--- n}.
We further set = = (v,—), 27 = (x,+) whenever z is a vertex or an ordinary
arrow. To each i € Q,, we then attach a set A; consisting of i~ and it, of special
loops at 4, and of all x~ (resp. ™) where z is an ordinary arrow starting (resp.
stopping) at . Finally, we construct two disjoint rods S;, S;" such that:
a)i~€S;, it €S and A; = S; US;,

b) Each S§ has one of the following forms:

1) {i° x e}, where e is a special loop at i,

2) {a~ < i°}, where a is an ordinary arrow starting at i,

3) {i€ < b*}, where b is an ordinary arrow stopping at 1,

4) {a= < i€ < bT}, where a (resp. b) is an ordinary arrow starting (resp.
stopping) at i and ab € Z.

Of course, if A; # {i~,iT}, there are exactly two possible choices for S, and
S;t. For instance, in case

1 b
0 \ a 7= {ab)

n\\
w
e

we obtain S3 = {a” < 37 < bt}, S5 = {37 < cT}, or reversely, S = {37 <
) ST ={a" <3t <bT}.

We equip S = U (S; U S;r ) with an equivalence relation such that a= ~ a®
for each ordinary arrow a.

We denote by (M~, M) the tangle associated with S and by rep,(M~, M ™)
the full subcategory of rep(M ~, M ') fromed by representations (X; f1,--- , fn)
such that all f; are bijective.

Proposition. rep(Q, R) is equivalent to rep,(M~—, M™T).

Proof. For each arrow a ¢ Sp with a= € S¢ and at € S;7, and each X € A, we
denote by &% the canonical isomorphism

M (X)/RM;(X) — R M (X),

where ] = 1 (resp. 2) if S7 consists of 2 (resp. 3) elements.

For each e € Sp with e € S;, we denote by J; and L] the simple submodules
of M7 supported by i and e respectively.

With each object (X; f1,---,fn) in rep,(M~, M) we attach an object V=
(V (i), V(a)) in rep(Q, R) as follows:
D) V(@E)=MNX),i=1,---,n.
2) For each arrow a : i — j, in order to define V(a) : M;"(X) — M;F(X) we
consider two cases.
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Case 1. a ¢ Sp, a= € S5, a™ € Ss. If e =n =+, V(a) is the composition

MH(x) 25 M (x)/RM () S5 R M (X) m, M (X);
if e = 4 and n = —, V() is the composition
M (X) i M (X)/RM;H(X) &, ghy M (X) im, M (X) ELR M (X);
if e = — and n = 4, V() is the composition
M) 2 a0 5 (/R (00) S R A () 1 g v,
if e =n=—, V() is the composition
M) 15 b 00 Ry () /R M, (X)

£% - im _ fi
“SRM M (X) =5 My (X) =5 MH(X).
(By pr we denote the canonical projection, by im the canonical immersion.)
Case 2. o € Sp and « € S§ for some i € {1,--- ,n}, e € {—,+}. If e = +,
V(«) is identified with

08 1+ s M (X) = JF(X) @ LT (X) — J(X) & L (X) = M;" (X);
if e = —, V(a) is the composition

I M (X) =J- (X) @ L (X)

7 (3 (3

M (X)
0o - P
LI (X) @ Ly (X) = M (X) 25 MF(X).

3 (2

Thus we obtain a functor

F :repy(M~,M") — rep(Q, R)
(X5 f1,- s o) = V= (VI(0), V()

which maps a morphism p : (X; f1,---, fn) — (X'; f{,---, f;,) to the morphism
F(u) = (M (n)ieq, -

Since (M, M ™) is rodded and faithful, the functor F is fully faithful.

Let V = (V(i),V()) € rep(Q, R). For each arrow a from i to j, we set K§* =
ker V(a), I = ImV(a) and denote by V(a) the isomorphism V'(i)/ ker V(a) —
ImV () induced by V().

In case Sf = {i*}, we set P§ = V;7 = V(i) and denote by ®F the identity Ly (;.
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In case Sf = {i° x e}, we set Pf = K¢, VF = Kf @ If, and denote by ® the
canonical isomorphism K¢ & If — V (i), (z,y) — z +y.

In case Sf = {a~ < i}, we set Pf = K, VF = If © K, and choose a
section ¢; of the canonical projection V(i) — V(i)/ K¢, we then denote by ®¢ the
composition

o " (vV(a)'@lga " o [tiim]

In case S¢ = {i€ < bt}, we set Pf =V (i)/I?, VE =V (i)/I? ® I, and choose a
section s; of the canonical projection V (i) — V/(i)/I?, we then denote by ®¢ the
isomorphism [s; im] : Vi = V(i) /I? & I} — V (4).

In case S§ = {a~ <i® <b'}, weset Pf = K¢/I}, Ve =17 & K¢ /I @ I?, and
choose a section u; of the canonical projection K¢ — K@/I? and a section v; of
the canonical projection V(i) — V' (i)/ K¢, we then denote by ®¢ the composition

(a)) telol
vi=nekyten Oy

llea[u_f,im] v

(0)/ K} & K/ I} @ I

(/K¢ e ke "2 v ).

Finally, we set

X= P acre(@eae(PiFar)ecA

a€Qq\Sp ecSp 1€€ST
and denote by f; the composition

can. b pH)-1 v,
My () E v v T v 2,

K3

where a denotes the equivalence class of a.
Thus we obtain an object (X; f1,--- , fn) in rep,(M~, M ™). By ¥; we denote

the canonical isomorphism V;* — M;"(X). Then (¥;(®;)"!)icq, defines an

isomorphism from V = (V (i), V(«a)) to F(X; f1,--- , fn). Therefore, F hits each

isoclass in rep(Q, R).

1.5. Remark. With each tangle (M ~, M ™) over A we can associate as follows a
tangle (M~, M™) over a new aggregate A.

Let S denote the spectroid obtained from the spectroid S of A by adding
objects s; and t; for i € {1,--- ,n}, whose spaces of radical morphisms Rz(x,y)
are Rs(x,y) if x, y € S, Homy(k, M, (y)) if y € S, z = s, Homk(Mi"'(x),k)
if x € S, y = t;, and 0 otherwise. The composition g o f of f € Rg(x,y) and
g € Raly,z)isgf ife, y, 2z € S, M (9)f ify, z € S, v = s, gM:r(f) if
z, y €S, z=1t;, and 0 in all the remaining cases.
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Let A denote the additive hull of S and M, (resp. M;") the module over A
such that the value M, () (resp. M, (z)) at x € Sis k if x = s; (vesp. = = t;),
is M; (x) (vesp. M;"(x)) if « € S, and 0 otherwise. If f € Rg(z,y), the mor-

phism M;" (f) € Homy (M; (z), M; (y)) (vesp. M;(f) € Homy (M (z), M (y)))
is M (f) (resp. Mi"'(f)) ifx, ye S,is fif ¢ =s; (resp. y =t;), and 0 otherwise.

By the construction, the tangle (M ~, M ™) is rodded if so is (M ~, M ™).

Let ¥ : A — A be the natural functor which maps X € A onto the “largest
summand” ¥(X) belonging to .A. Then M, provides a submodule M; ¥ of M, ,
Mi+ provides a subquotient M["\I/ of M[", i€ {l,---,n}, and ¥ gives rise to a
functor

F :rep,(M~,M™) — rep(M~—,M™)
(X;f_17"' 7f_n) I (\II(X),fh 7fn)7
where f; is the composition

M (W(X)) = M, w(X) 2 87 (%) L5 0 (X) 25 Mw(x) = M(w(X).

Proposition. The functor F is quasisurjective, and the indecomposables annihi-
lated by F are those isomorphic to (s; ®t;;0,---,0,1,0,---,0),i=1,--- ,n.

Proof. Let (X; f1,--+, fn) be an object in rep(M ~, M ™). Consider the sequence

K; := ker f; 1m, M, (X) LN Mf(X) P, Cokerf; =: C;.

Choose a retraction p; of the canonical immersion and a section p; of the canonical
projection above, then

Hf H C, oM (X) — M (X)oK;
is bijective. B -

Set X = (BlL15: @ Cy) @ X @ (®_1t; ® K;) € A, and denote by f; the
composition

|:Mi fi
0 ps
—

M (X)E e M (X)

Then (Xﬂf_lv 7f_n) €repb(M77M+) and F(X?f_h 7f_’r£) = (7X,f17 7fn)

It is not difficult to see that each (X; f1,--- , fu) € rep, (M ~, M ™) is isomorphic
to the direct sum of objects of the form (s; @ ¢;;0,---,0,1,0,---,0) and of the
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form Y = (@15 @ 8) @Y @ (BI_1ti ®T3);91,- -+, Gn), Where S;, T; € modk,
Y € A, and g; has the form

[‘6 H S M (Y) — M (Y)eT,
where a;, b; and g; are k—linear maps.

Let (X; f1,-++, fa) and (X'; f1,---, f}) be objects in rep,(M~, M), and p €
A(\I/(X)7\I/(X/)) a morphism from F(X7f17 T 7fn) to F(X/,f{, T 7frlz)

Since F' annihilates (s; @ ¢;;0,---,0,1,0,---,0), we may assume that X and
X’ have respectively the forms (B8 ®8) @ X @ (@t @ T;) and (B8 ®
S @ X' @ (Pl t; ® T}), where S;, T, S, T} € modk and X, X' € A, and that
fi and f! are of the forms:

fi = [% g] Sie M (X) — M (X)e T,

/ /
=l B se o — e,
K3
where a;, b, fi, aj, b; and f] are k-linear maps, i € {1,---,n}.
Thus F(X7f17 7fn) - (X,flv 7fn) and F(X/afiv 7frll) = (X/afiv )
fn)-

Consider the following commutative diagram

T 5
bk T.a.
i [ i
— bi al -
w
K, f; 7T
Kerf, ————» M;(X) M (X) d Coker f;
‘ M (w) ‘ M;*(u)
Ki, — v ‘f;f +/v! ni’ N
Ker f/ ———— M;(X')——— M;(X')——— Cokerf;
y
‘ b! a —
biK; 7'a
T! S!

where k; and & denote the canonical immersions, m; and 7} the canonical projec-
tions. ~ ~

The bijectivity of f; and f! implies that b;x;, bix}, ma; and 7ia} are bijective.
Set u; = (mlal) " i M;" ()a; and v; = b, M; (u)ri(bik;)~ L. Tt is easy to see that
there exist a w; : S; — M, (X') and a z; : M*(X) — T/ such that za; = 0,

(3



378 B. Deng CMH

biw; = 0, M;r(u)ai = aju; + flw;, and VM, (1) = 2z fi + v;b;, i.e. the following

square commutes.
4 f
0 b

S, @ M (X) M X DT,
wi M () a f z; v,
0 b
S; @ M; (X') M) @ T,
Set
fup 0 .
0 0
Up -
p=lw - w, p X = (BiL15:®5:) & X @ (D1t ®Ty)
zZ1 U 0
0
L Zn 0 vyl

— (@150 S) @ X' @ (@)t @T]) = X'.

Then F (i) = p, that is, F is full.
This finishes the proof of the proposition.

2. The classification

2.1. Terminology. Let S = (S, ---,S,; Sfr, o+, 8T ~) be a bush.

In the sequel, we write z A y if x and y belong to the same rod and are incom-
parable, and we write z|y if (z,y) € UP_((S; x S;7) U (S;7 x S;7)). We further
set

ify~zandy #x

if the equivalence class of x contains only x

Y
.

y ifyAz
i

o~
=
if x is comparable with all points of its rod

and 2* = (2™)".
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We call catenation of S a sequence w = wyws ---w; of points of S such that
wj|w; 41 for all i < t. The reverse catenation is the sequence w* = wy - - - wiwy.
Two catenations w = wjws ---w, and w’ = wjws---w; are called equivalent if
s =t and w;, = w; or w) for all 1 < 4 < s. For each catenation w, we then
denote by [w] the equivalence class of w. Then the set of equivalence classes of all
catenations of S is equipped with an order relation such that

[v] = [o1---vs] < wr---wi] = [w]

if w=1v"w', [v'] = [v], w] =ws41 €5~
<< or  ifo=w, [W]=[w], v =v41 €ST
or ifv=wuxv, w=1uyw, [u =] z<y.

The equivalence classes of catenations which start in a fixed rod are pairwise
comparable.

2.2. From now onwards, we suppose that S is complete, i.e. that x # x* for all
x € S. [This is no real restriction. Otherwise, we replace S by a completed bush
S° obtained from S by adding new rods S;, = {x°}, S;\ = 0 and by agreeing
that  ~ x° for each point x of S such that x = 2 = 2~. The new bush S° is
complete, and repS is equivalent to rep.S°.]

If S is complete, we attach a representation (X; fw1, ", fun) of S to each
catenation w = wyws - - - wy. First we set

Xy =01 Qw3 ® - ®wy,

where w; = {w;, wi} € § (=the spectroid attached to S in 1.3) if w; # w]" and
w; = {w;} ® {w}} € A (=the additive hull of S) if w; # w{*. Thus each term z of
the sequence wjwjwows -+ - wyw; contributes a one-dimensional summand kz to
the space M (X,,) associated with the rod S§ containing x. Accordingly, M, (X.)
and M;"(X,,) have the form:

) M; (Xw) = ®pkw, ® Oikwy

*

M (X)) = ®mbw), © ©qkw,

where p, ¢, [ and m are subjected to the conditions w,, w; € S; and wq, w}, €
Sj‘ . The structure maps are defined as sums

fwi = wair : Mi_(Xw) — Mi—i_(Xw)

where each r > 1 satisfying w, € §; U S;r provides a contribution

— wir 7 Rawir
Jwir = hwirGwir =+ M (Xw) iy o Jwiy M:F(Xw)

(3
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To define the factors g and Ay, we distinguish two cases:

1) Case wy_; € S;, w, € S;r, Construction of guwir: If w._1 = w ' 1, we set
Gwir(w’_1) =1 and let g, vanish on the remaining basis vectors.

If w._1 # w;\_l, the map gy is the composition

M (X)) B b, @ ket P

3

provided [w! o - wj] < [wy - - wy]. Otherwise, it is the composition

Mf(Xw)—>k'UJr 1@kwr 1[1—1]>k

3
(By pr we denote the projection Which annihilates the basis vectors # w,_q, w}_;.)
Construction of hyir: If w, = w), we define Iy (1) = w,.. If wy # wh, hyir 18
the composition

L b @ kw0 M (X)

(2

provided [w’ ;- w]] < [wpg1 - wy]. Otherwise, it is the composition

L pw, @k

*1m
’l"

M (Xy).
(By im we denote the canonical immersion.)

2) Case w;_; € S , wy € S; . Construction of guwir: If w, = w), we set
Jwir(w,) =1 and let gwir vanish on the remaining basis vectors. If w, ;é w/, the
map g 1S the composition

M. (Xy) BN kw, ® kw; — 19

(2

k
provided [w’_; - w]] > [wyy1 - --we]. Otherwise, [0 1] is replaced by [1 1].
Construction of hyir: If w,_1 = w) |, we define hyir(1) = w* . If w,_1 #

w1, hwir is the composition

RN

kwr 1 @kwr 1 —>M+(X )
provided [w* o+ wi] > [wy - - w,]. Otherwise, [0 1]7 is replaced by [1 1]
2.3. Example. The clannish algebra k[Q]/(ba,e? — e), where Q denotes the

quiver

e o o Sp={e}, Z={ba}
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gives rise to the (non—completed) bush

b

4

X

- + l - l +
S; s;o ! S ey Sy

a~

|

As a typical example, we choose the catenation w = y~b~ebaex of the com-
pleted bush. The maps f,,; then behave as follows:

b~

e

> /_62\
a” X

y- y—sbr b by bire—a
1 1 2 2 _

A AN
£ )

I
l

The matrices of the representation of the non—completed bush associated with
w — or, more precisely, the matrices of the linear maps f,,1 and f,,2 — are displayed
as follows:

e e Yy a
1 0] 00
b1 0] 1 0 z
0
z |0 1] 0 1 P
a0 10 0

Similarly, the maps f,; of the representation associated with the catenation
v = x~ebaea~b~e x are

e e er
<1 <2 =3
\ \
X i‘l/ by bre—ag a1~/ a5~ a4 — b~ bz‘/ X, X7
Pl - - == T - - - /—2 =2
en en e
<1 E) <3

2.4. In the first example considered above, the catenation w is asymmetric, i.e.
[w] # [w*]. The matrices of the representation associated with w* are

e e Y a

—_ =

0 1
0 0 z
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By “permissible” row and column transformations, these matrices can obvious-
ly be converted into the matrices associated with w. The representations associated
with w and w* are therefore isomorphic.

In general, we choose a set €)1 of asymmetric catenations which contains one
representative of each class [w]]J[w*] of asymmetric catenations. For each w €
Q1, we denote by R(w) the corresponding representation of S. Representations
isomorphic to such an R(w) will be called asymmetric strings.

In the second example of 2.3, the catenation v is symmetric, i.e. [v] = [v*].
In this case, the representation associated with v is clearly the direct sum of two
representations R(v,0) and R(v,1).

Of course, this is a general fact (This fact will be shown in Section 4). For each
symmetric catenation v, the associated representation in 2.2 decomposes into the
direct sum of two representations R(v,0) and R(v,1). These representations are
indexed by Qg x {0,1}, where Q9 denotes the set of symmetric catenations which
contains one representative of each class [w] of symmetric catenations. Represen-
tations of S isomorphic to some R(v, 1), (v,1) € Q2% {0, 1}, will be called dimidiate
strings.

2.5. Besides finite catenations, we consider periodic catenations. These are se-
quences u = (u;);ez which satisfy uf|u;4q for all i € Z and admit a natural
number 7 > 1 such that w;4+, = u; or ulA for all 5. The smallest 7 satisfying these
conditions is the period of u. Each periodic catenation w is consorted with a reverse
u* such that (u*); = (u—;)* and with translates u{p} such that u{p}; = upt;. It
is called symmetric if [u*] = [u{p}] for some p and asymmetric if not.

To each asymmetric period catenation u we shall attach a family of represen-
tations of S which are indexed by the powers

Q:Pl:Xml—alelil—CL2Xml72—"'—aml, 1>1

of the irreducible unitary polynomials P in one determinate X with coefficients in
k. The index set formed by the powers Q = P! with P # X is denoted by P. To
each @) € P we attach the invertible matrix

0 0 ... 0 am
1 0 ... 0 am_1
AQ) = |: : :
0o 0 .0 as
0 0 ce 1 al
The representation (YUQ; {1%, e 751?77,) associated with an asymmetric periodic
catenation u of period 7 and a polynomial ) € P of degree d is obtained as follows.
First we consider the representation (Xy; fu1, - , fwn) attached to the catenation

W=wWiw2 + WrWgr41 " W2 W2 41" W3x

= U—gU_—741 " U_1UQUL - - Ug QU "~ " U2 —1-
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With the notations of 2.2 we then set
Y=t ewn'e ong' =w'eou'e o
and thus obtain
M7 (Y2) = (@pku, © ®iku}) @ k?
M (Y2) = (®mbus, & Sqku,) @ k¢

3

where [, m, p and ¢ belong to {0,1,---,7 — 1} and satisfy u,, u € S; and
Ug, Uy, € S+ The structure maps are defined as sums

fQ - /\Q Sz : Mi_(YuQ) - Mi—i_(YuQ)’
where )\g is the composition
M (YD) B 0= (x,) @ k08 k(L) o k25 M (YQ)

(By im we denote the canonical immersion, and by pr the canonical projection.),
and where ug is the composition

; , , 1
M (Y,2) = M (Xy) ®p k? 9us2:1194(Q) k @y k4 Pt Bl MM (X)) @ k?
pr
— M (Y,?)
if ug € S;r;

-1

) 1 )
M+(YQ) (E Mj(Xw) R kd R 2<7r_+l® d k@k ]{)d Jwi 7.--‘,—(&4«?) Mif (Xw) Rk kd

3 u
im

— Mi_ (YuQ)

if up € S;; and zero if ug ¢ S;US;F.
As a typical example, we consider the case where S is as in 2.3, and

uguy - Uy _1 = aecbae”a™~ b~ eb.
The structure maps gf?i are then visualized by the following diagram

(ka)?  (kep)'—s (kb)) (kay)!  (ke)'—w (kap)? (kB3 (key)'—s (kby)?

S

kap)?  keD? kb)) (ka3 (key)! (kay)®  (kb)*  (kep)? (kb3

/

AQ)™
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The corresponding matrices are
e e
1, 0 0 I 0 O Y a
0 0 1y 0 0 0 P |
blo o 1, 0 0 14 0 1, 0
I; 0 0 0 0 0 b~ 0 0 1q
a~ 10 0 0 0 1Ig O A 0 0
0 1y O 0 1y O

In view of the required classification, we now choose a set {23 of asymmetric
periodic catenations which contains one representative of each class [, ([u{p}]
[I[u{p}*]). For each (u,Q) € Q3 x P, we denote the representation constructed
above by R(u,®). A representation of S isomorphic to such an R(u, @) will be
called an asymmetric band.

2.6. We finally turn to the case of a symmetric periodic catenation w. It is easy
to prove that uguq - - - u,_1 then has the form

where [af - --aj] = [by - -~

U’Oul”'uﬂ'fl:al"'a’l"eb’l""'blcl”'Csfds"'dl

W=wWw2 - WrWgr41 " W2r W2 41 " " W3x

= U—qU_—741 """ U_1UQUL * " Ug_1Ug *

as in 2.5. We shall associate a representation (ZX; 7751, e

|

A
C

D

B] e pmam)x(+1)

U —1-

bi], [c---cf] = [ds---di], e # ", and f # f". Setting

,nK ) with each matrix

belonging to Q. By Q we denote the set of the following matrices (¢ > 0):

[ 0

|1,

L ]1(1
1,0

(1,0

I,
0

A(Q)

Bgpr

1, |

Y

Tgp1 | P! Jg+1 | Tgp1
] | Jg+1 ’ Tgy1 | ] ’
Tgp1 | Mgi1 Tgy1 | Jot1
Jo+1 | Bgpr ’ Tgp1 | Ty ’

Bgiq

)

Bgiq
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where
01 0 - 00
0 01 - 00
00 0 - 00

o=\ |

000 - 01
000 - 00

and where Q = P" is a power of an irreducible unitary polynomial P # X, X —1
(see 2.5).
For this sake, we consider the following summands of X,

E=mione - oagald, E={}tabo  bhaob,
F=deao -oaolfl, F={ledo  dad,

and set ZK = El@ BV @ F™ @ F'™.
The structure maps 1 : M, (ZEX) — M;"(ZK) are defined as sums

K _ K K K K K
Nwi = Nuie T Muipr + Muir + Muir T Vi

where the first four summands are induced by fu; : M; (X,) — M;"(X,,). For
instance, 775{1 p is the composition
1 im

1 .
VA0 R Ve o LRI Ve b W LELLS VAN® o LIy VAo LR VAN §/7.9)

The last summand vX is also a composition, namely,

U M (X)) @ My (X))

(3

— oKy PT — l —

M; (Zu)—>Mi (E) @ M; (E")
l 4 m m’

i 7+ 1PGi np2rt2 K L L e |

+ +2r+ kl @ kl L @ km +2r+ +

/ pr im

M (XW)™ @ M (X)™ == M;"(F')™ & M;F(F)™ 25

(2

M (ZE)

(3 u

ifa; € 5;;

M (ZE) Bty @ M (B 2 Mt (x,) e M (X))
hL;inrl%iﬂJrQrJrQ kl @ kl/ (K_’ RS km/ g;nim+2r,.4<i®9$;2w+l

My (X)™ @ M, (X,)™ &2 My (Fy™ @ My (F)™ &5 My (25)
D C
B A

K' = K otherwise. The v is zero if a1 ¢ S;” U S;'.

if a1 € Sj', where K/ = [ } if K is one of matrices listed in 1), and
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As an example, we consider the bush of 2.3 and the case
_ ~p A
UQUL -+ Ur_1 = aea” b~ e b.

The structure maps are then visualized by the following diagram:

A
(ke))) —— (kap) (ka))! ——— (kbP" (kb))"e——  (key)"
c B

. ' . D . ' .
keD! —— (ka3)' (kay)! —— (kb5)™ (kby) " —— (keH)"

and the corresponding matrices are

e e Yy a
0 Tm [ 0 0
0 O ‘ 0 1, z

T A B
1, 0 ‘ 0 0 N

a™ b ‘ C D
0 0 | 1, o

In view of our classification, we finally choose a set €14 of symmetric periodic
catenations which contains one representative of each class [[ ., [u{p}]. For each
(u, K) € Q4% Q the preceding construction then provides a representation R(u, K).
A representation of S isomorphic to such an R(u, K) will be called a dimidiate
band.

2.7. Main Theorem. FEach indecomposable representation of a (completed) bush
S is a string (asymmetric or dimidiate) or a band (asymmetric or dimidiate). The
represetations R(5), where

6 € QIO x {O,I}HQ3 X PIIQy x 9,
are indecomposable and pairwise non—isomorphic.

The proof of the main theorem is based on the reduction in section 3 and will
be given in section 4.

2.8. Remark. (a) Let w = wjws - --w; be an asymmetric catenation. then the
reverse catenation w* = wyj ---wjw] is also asymmetric. By the construction of

—
*

R(w) and R(w*), we may identify X,, with X, by identifying w; with Wy
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for 1 < ¢ < t. In fact, one sees easily that such an identification induces an
isomorphism between R(w) and R(w*).
(b) Let w = wywsa - - - wy be a symmetric catenation. Then w is of the form

w = a1ag---asebs---baby,
where [a} - --abaj] = [bs---b2b1] and e # e, Set
vV =a1ag---as€ay - - a5aj.

Then v is a symmetric catenation and equivalent to w. By the construction in
2.2, one easily sees that (X,; fy1,- -, fon) is decompose into a direct sum of two
representations.

(c) Let w = (u;)iez be an asymmetric periodic catenations of period 7. Let
v = (v;)z be such that vgr4; = u; for all k € Z and 0 < i <7 — 1. Then v is also
an asymmetric periodic catenation of period m which is eqiuvalent to u. By the
construction in 2.5, there holds that R(u, Q) = R(v, Q) for each Q € P. Moreover,
by changing basis vectors, one can easily prove that R(v,Q) = R(v{p}, Q) for
all p € Z. Thus u and v{p} (p € Z) provide the same family of isoclasses of
representations of .S.

Further, the reverse catenation v* of v is asymmetric. By the construction in
2.5, for each

Q= pl= xm _ alel—l _ a2X7nl—2 e — gy, 1>1

in P, we set Q'(X) = (—1)$X’”1Q(%) € P, then there holds that R(v,Q) =
R(v*,Q’) since A(Q') = A(Q)~!. Conversely, R(v*,Q) = R(v,Q’). Thus v and
v* provide the same family of isoclasses of representations of S.

(d) Let uw = (u;);ez be a symmetric periodic catenations of period 7. As in (c),
let v = (v;)iez be such that vgzy; = u; forall k € Z and 0 < ¢ < 7 — 1. Then v
is also a symmetric periodic catenation of period m which is eqgiuvalent to u. By
changing basis vectors, there holds that R(u, K) = R(v{p}, K) for each K € Q
and each p € Z. Hence u and v{p} (p € Z) provide the same family of isoclasses
of representations of S.

3. A reduction of representations of bushes

In this section, we shall formulate the algorithm in [3] with respect to tangles
formed by sequences of modules. We shall see in next section that such an algo-
rithm will lead us to an efficient reduction of representations of bushes. All the
proofs are analogous to those in [3]. We omit them.

3.1. Let S = (S,,--- ,Sg;Sf’,~~Sﬂ[;~) ba a bush as in 1.3 and (M ~, M ™) the
tangle associated with S. For each representation (X; f1,--- , fn) of (M, M), we
denote by f the sequence (f1,- -, fn) and simply write (X; f) for (X; f1,-- -, fn)-
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Let 1 < ¢ < n. We start with submodules K~ C L~ of M, and sub-
modules Kt C LT of M:r . We are interested in the representations (X; f) =
(X f1,- 5 fir- o+ fau) of (M—,MT) which satisfy f;(K~ (X)) € KT(X) and
fi(L~(X)) € LT(X).

From now on, for each X € A, we fix subspaces U; (X), Uy (X) of M; (X)
and subspaces U;" (X), Uy (X) of M;"(X) such that

L (X)=K (X)oU[(X), M (X)=L (X)® Uy (X),

LY(X) =U(X)® KT(X), Af+(X) US(X) @ LT (X).

Then for each representation (X; f) of (M~, M), the f; can be written as the
form:

fia fie i3
fi=|fa fis fic| M, (X)=K"(X)oU; (X)® Uy (X)
fir fis  fio
—US(X) o U (X) o KT (X) = M;H(X).

To the tangle (M~,M™) we now attach a new tangle as follows. First, we
denote by B the full subcategory of rep(M~,M™) formed by representations
(X;p), where p : Uy (X) — Uy (X) is a k-linar map and j denote the sequence
(0,---,0,p0,0,---,0) with pg of the form:

M7 (X)=K" (X))o U; (X)® U, (X)

PO =

o O O
o O
o o O

—Uy (X) & U (X) ® K7(X) = M (X).
Further, for each (X;p5) € B, we define

e X A e A e
N; (X;p) = M; (X), N; (X, p) = M; (X), forall j#1,
N; (X;p) :=Kerp= K (X) @ Kerp® U, (X),

and N;"(X;p) := Cokerp = U2+(X) @ Cokerp & KT (X).

For a morphism g : (X;p) — (X’;p), we denote by N; (p) and N;‘(u) the
k-linear maps induced respectively by M (u) and M ]7" (u) for 1 < j < mn. Then we
obtain two sequences of modules N~ = (N ,---,N,;) and Nt = (N1+, < N;F)
over B, that is, a tangle (N~, NT) over B. Moreover, the modules N, and Ni+
admit respectively submodules J~ and JT such that

J(X,p) = K~ (X) @ Kerp, JH(X,p) = KT(X).
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Finally, we denote by M the full subcategory of rep(M ~, M) formed by repre-
sentations (X; f) satisfying f;(K (X)) € KT(X) and f;(L~ (X)) € LT(X), and
by N the full subcategory of rep(N~, NT) formed by representations ((X, 5); h) =
((X;p); b1, - - - hy) satistying hy(J~ (X, 5)) € JT(X, ). Our purpose is to build up
a relation between categories M and N.

3.2. From now on, we suppose that K~ = R M, and L™ = Ri2 M.~ for some
i1 > i, and that K+ = leMiJr and LT = ’IUQMZ.Jr for some j1 > jo.

In order to establish a reduction from objects of M to those of A/, for each
(X p) in B, we choose a supplement 7'~ (X; p) of Kerp in U} (X) and a supplement
T*(X;p) of Imp in UjF (X). Then pp can be written in the form:

PO

O O OO

0
O M) = KT(X) @ Kerp & T™(X: ) & Uy (X)
0

|
cocoo

—US (X) & Tmp & TH(X;55) & K+ (X) = M;F(X),

where p: T~ (X; p) — Imp is induced by p.
Further, for each object (X; f) in M, the f; is of the form:

0 0 fa
fi= |0 fio fis| M (X)=K (X)oU; (X)®Uy(X)
fia fis e

—US(X) o U (X)® KT (X) = M;H(X).

In such a way, (X; f) gives rise to an object (X; f:2) in B. By further decom-
posing U; (X) and U; (X), we infer that f; has the form:

00 0 Ja
0 0 fio [ - - o _
fi: 0 0 0 f‘/g :Mi (X):K (X)@KeerEBT (X;fiQ)EBUQ (X)
K2
fu S 74 fe
— U (X) @ Tmfo ® TH(X; fio) ® KT(X) =M (X).
Since the tangle (M~,M™) is rodded, (X;f) is isomorphic to the object
(X7f/) = (X7f17 7fi—17fil7fi+17"' 7.fn) Wlth fz/ Ofthe form:

0 0 0 fa
/ 0 0 fi 0

fi=lo o o 2 My (X) =K (X)®Kerfo ® T (X; fi2) ® Uy (X)
fi4 f1/5 0 i,6

— U (X) @ Imfo & TT(X; fin) ® KT(X) =M1 (X),
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where fls = fig — {éfbil 13- Finally, we denote by 7y, ) an isomorphism from
(X5 f) to (X5 f). o
Thus each object (X; f) then gives rise to an object ((X; fi2), f) in N with

f: (fl?"' 7fi717fi7fi+17"' 7fn)7 where fi is of the form

0 0 fi1
fi=]10 0 p(X;f;Q)f{:; N7 (X fig) = K (X) @ Kerfo ® Uy (X)
fia f1,5 i/6

—>U2+(X) @ Coker fo & K+(X) = N:F(X,fZZ)

(Here P(x:fs) denotes the restriction 0f~the canonical projection T(Xif) - U1+ (X)
— Cokerfz = Uy (X)/Imfy to T+ (X; f2).)

3.3. Remark. Up to isomorphisms, the representation ((X; fi2), ) induced by
(X; f) is independent on the choice of supplements T~ (X; f;2) and T (X; fi2).

3.4. In view of Remark 3.3, for each (X p) in B, we may fix a supplement 7'~ (X; )
of Kerp in Uy (X) and a supplement 7% (X; §) of Imp in U;" (X ). By the discussion
in 3.2, each object (X; f) in M then gives rise uniquely to an object ((X; fi2); f)
in V.

Let (X; f) and (Y; g) be objects in M and p a morphism from (X; f) to (Y;g).
With g we now associate a morphism from ((X; fgg); f) to (Y3 gi2); 9)-

Again by 3.2, one has that g =: n(y;g)u(n(x;f))_l is a morphism from (X; f’)
= (Xsfr, o fis o fu) to (Yig') = (Yig1,-+- .95+ . gn), where f] and g; are
of the forms:

0 0 0 fa
/ 0 0 fio O] 5 - v F _
=10 o ‘o | M X)) =K (X)&Kefr&T (X;fi) & Uy (X)
fia fis O i’ﬁ
1 ! A

— U (X) @ Imfo & TT(X; fio) ® KT(X)= M;"(X)
and

0 0 0 ga

0 O 2 0 - _ _ _ -
=10 0 0 g | MO =K () o Keg T (Vig) ® Sy (V)

g4 95 0 gl
—SF (V)@ Tmgy & TH(Y; gi2) & KT (Y) = M;"(Y).
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Further, the maps M, (ji) and M;"(fi) can be written as the following forms:

ail aiz2 ai3 a4

—=v_ | 0 ax a3 an| , -
My () = 0 a3z a3z az; M (X)
0 0 0 a4
=K~ (X)®Kerfo® T™(X; fio) ® Uy (X)
— K (Y)®Kerga & T (Y;gi2) © Sy (Y)=M; (Y)
and
bu 0 0 0
- b b b 0
MiF(p)y= |2 22 2 M (X)

b3 b3z b3z O
b41 b42 b43 b44
= U (X) @ Imfo & TT(X; fio) & K (X)
— S5 (V) @ Imgy @ TT(Y;672) © KT(Y) = M (Y).

Then there holds that

r0 0 0 gn ail a2 a3 a4
0 0 g O az2 a3 G4
0 azy as3 asq
Lo 955 0 gig 0 0 a4

el

(e
Q
ST
W

0

0

0
0
0
0

rbi1 0 0 0 0 Q fﬂ
_|b2r b2 b2z O 0 fi2 O (1)
b31 b3z b3z 0 0 0 fl

Lba1 bao baz baad Lfia fls 0 flg

since [t is a morphism.
It then follows that ags = 0 and bga = 0. Since (M ~, M ™) is rodded, there is
a morphism p' € R4(X,Y) such that

(M ('), M (') = (0,0) for all j # 4,

000 0770 0 00
o (1000 0| o 0 0 0
MG M) =110 0 0 as| |0 0 0 0
000 0l Lo b 00

We then set i = ji—p' : X — Y. It is easy to show that /i is a morphism from
(X5 fi2) to (Y;gi2). By (1) there also holds that

N7 (B) = N (),
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that is, /i is a morphism from ((X; f;Q); f) to ((Y;9:2),9)-
As a conclusion, we obtain two correspondences (X; f) — ((X; fi2); f) and
1 — f1 which induce a functor

o:M— N/I

such that ®(X; f) = (X; fi2); f) and ®(u) = /i + I, where I denotes the ideal of
N generated by v — ji for p: (X; f) — (YV;g) and v : (Y;g9) — (Z;h) in M.

Proposition. (1) The ideal I lies in the radical of N.
(2) The functor ® is an epivalence, i.e. ® is full, hits each isoclass, and detects
isomorphisms.

3.5. For the practical application, in certain situations it imports us to translate
the reduction into the language of matrix problems. We illustrate the translation
with an example: Let S be the (non—complete) bush in 2.3, i.e. S is formed by
the following pairs of rods:

The associated tangle consists of two pairs of modules (M, M1+) and (M, M2+)
Let (X; f1, f2) be a representation of S. If X is fixed, the chosen bases of M; (X)
and of M;r (X)) provide us a matrix problem given by a pair of partitioned matrices

€ 6/\
b | A Ao ; % %
T |4 | A b [Bl BQ}
a™ | As Ag 3 4

together with the following admissible transformations

(a) arbitrary row transformations within stripes « and z and abitrary column
transformations within stripes e, e and y;

(b) row transformations within stripe a™ coupled with the conjugate column
transformations within stripe a, row transformations within stripe b coupled with
the same row transformations within stripe b~ (Note that the number of rows in
stripe a™ equals to the number of columns in stripe a and that the number of rows
in stripe b equals to the number of rows in stripe b™);

(c) additions of multiples of rows between different stripes are allowed from b
to  and a™, from z to a™, and from z to b™, additions of multiples of columns
between different stripes are only allowed from y to a.
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Thanks to the algorithm, we first reduce [A1|As2] to the following form:

0101001010
0101001110
01 1L 100101 0
010 1 1L 101 01 1.

By performing admissible transformations, we reduce As, A4, As and Ag to
the following forms (the row partition of stripe b induces a partition of stripe b™):

e e
0 10 10 0O 1 0 1 07 Y ¢
b | 0O 101 0] 0 111 0 2
O 1 1 0 O 1 01 0
0 101 L] 0 10 1
z Az 1 0 10 Agr 10 1 Ay b~
a” A1 1 0 10 Agr | 0 | Agal

Thus we are reduced to the matrix problems described by the following matri-
ces:

y a
e e e b4 B, | B,

—=| v
by| 01010 i by | By | B /
x| Ay | Ag A42* by | By | By \\

a~ | Asy | Agi | Aez bﬁ By3 | Bys
—_— , e
" by | Bss | By

—_—

Without spoiling the reduced form of [A1]|A2], we can perform the following
transformations to the matrices above:

(a’) arbitrary row transformations within stripes xz, z, by, b}, and b5, and
abitrary column transformations within stripes eg, ejy, and y;

(b’) row transformations within stripe a™ (resp. b2) coupled with the conjugate
column transformations within stripe a (resp. ¢’),

(¢”) additions of multiples of rows and columns between different stripes are
illustrated by the arrows in the figure above.

Thus the reduced matrices can be viewed as a matrix representation of a new
bush T given by the following pair of rods:
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together with the equivalence relation such that a ~ a™, by ~ by and e’ ~ bj.
This matrix problem coincides with that obtained from the algorithm. For further
reduction, one can reduce matrix [A31|A441], and so on.

4. The proof of the main theorem

4.1. In this section, we shall keep all the notations in the preceding Sections.
Let S be a bush and (X; f1, -, fn) a representation of S. By definition, the
dimension of (X; f1,-++, fn) is

n

> (dimy M (X) + dimg M (X)),
i=1
where M;” and M;" are the modules associated with S (see 1.3).
Let us now return and stick to complete bushes. We start from a complete bush

By abuse of notations in Section 2 , we call a representation (X f1,-- -, fn) of S
an asymmetric string if it is isomorphic to R(w) for some asymmetric catenation w,
a dimidiate string if it is isomorphic to a non—trivial summand of (X,; fo1, -« 5 fon)

for some symmetric catenation v, and an asymmetric (resp. a dimidiate) band if it
is isomorphic to R(u, Q) (resp. R(u, K)) for some asymmetric (resp. symmetric)
periodic catenation u and some @ € P (resp. K € Q).

Let (X;f) = (X; f1,--+, fn) be an indecomposable representation of S with
dimension d. Our objective is to prove by induction on d that (X; f1,---, fn) is a
string or a band.

If d =1, it is clear that (X; f1, -, fn) is a dimidiate string. We now suppose
that d > 1 and that every indecomposable representation of an arbitrary complete
bush T" with dimension < d is a string or a band.

If all f; vanish, X is indecomposable in A and (X; f1,---, fn) = (X;0,---,0)
is an asymmetric string (since d > 1). Otherwise, let 1 < 4 < n be such that
fi # 0. Then there are m~, m™ € N such that

i) fi(R™HM (X)) CR™HME(X),

il) fi(R™ My (X)) € R™ M (X),

iii) the induced map

sz' : RNFM; (X)/RNF—FIM; (X) — RerM;F(X)/Rer-FlMiJr(X)
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is not zero, where R denotes the radical of A.

We then set K~ = R™ tIM- L= = R™ M;, Kt = R™ +1MF and
Lt =Rrm" M.

By Proposition 3.4, we may reduce (X; f) to a representation ((X; fgg); f) of a
new tangle (N~, NT) over the aggregate B such that ((X; f;2); f) is indecompos-
able and has dimension strictly less than d.

Since the lattices of submodules of M,” and Mi+ are rods, both the supports of
L=/K~ and of LT /K™ contain one or two elements in S. We examine the various
cases seperately.

4.2. Case I. supp(L=/K~) = {z}, supp(LT/KT) = {§} and T # 7§ for some
zeS; andye S

By way of example, we may suppose that =™~ € Sj_l’ y~ € Sj; for some j; #
i, jo # i. All the other situations can be treated similarly.

In order to apply the algorithm described in 3.2-3.4, we choose the supplements
u;r,u,, U1+ and U2Jr in the following canonical way: For each a € S, we set

_ 0 if a#7 _
Urla)= { kr ifa=2z Uy (@) = ®uca,uep- u<aku
and 0 fatg
if a#y
Ui = { ky ita=g U7 (a) = Bocanertocyht

where T and g denote the equivalence classes of  and y in .5, respectively. Finally,

o
for each X & EBaega"(“) e A, we set

U7 (X) = My (1)~ (@BaesU; (a)")
and i=1,2.
U (X) = M;" (1) (@aesU;t (a)"@)

3
The representations (a;0) = (a;0,---,0), a € S, and (z @ g;n), furnish a
complete list of indecomposables in the aggregate B, where 1 denotes the sequence
(0,---,0,m; =1,0,---,0). Then there holds that
M (Y if (Y;9)=(a;0
Nt = { 00 00— w0
k™ it (Yig)=(z&7n)
M (Y if (Y;¢9)=(a;0
S L )
2 ky™ if (Yig)=(zayn)

We denote by S the spectroid of B formed by representations (a;0) = (a;0,--- ,0),
a €S and (Z®Yy;n).
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By T' = (T} ,--- ,Tn’;Tfr,"' ,T.F;~) we denote the bush formed by rods
TJ: = sz I {x1}7 TJ; = SJ; il {yl}v and Tl‘S = Sl‘S for (176) 7é (j17 _)7 (ij _)' The
union U (T, U T[") is equipped with the smallest order relation which contains
that of S induced by S; and is such that 2™~ > z1, ¥~ < y1 and z 2 z1 (resp.
z 2 y1) iff z =2 ™ (resp. z 2 y~). Finally we equip T with the equivalence
relation induced by S and extended by x1 ~ y1. The spectroid associated with T’
(see 1.3) is denoted by 7.

An easy observation shows that the correspondence
(2;0) — z, z €S, @eyn)r—I1=n

gives rise to an isomorphism from S to T. Therefore, by identifying S with 7, the
reduced form ((X; fi2), f ) of (X; f) can be considered as a representation of the
new bush 7'

By induction hypothesis, ((X; f;Q); f) is a string or a band which is associated
with a catenation v (finite or periodic) of T

We denote by w the catenation of S obtained from v by replacing each term
x1 by ™y and y; by y~x.

We first consider the case where v is an asymmetric catenation. Then w is
also an asymmetric catenation and R(w) = (Xu; fwl, " , fwn) IS an asymmetric
string. By the construction of R(w), one sees that each part 2™~y or y~x in w
provides a summand (Z © 7;7) of (Xu; fuwi2). Thus (Xu; fuwi2) and X, considered
as objects in B are isomorphic. By identifying (X ; fui2) with X, the action of
fuwi coincides with that of f,;, so the representation ((Xu; fuwi2); fuw) is isomorphic
to R(v). By Proposition 3.4, we infer that (X; f) = R(w), that is, (X, f) is an
asymmetric string (The decisive point is the following: If a term w, of w arises

from some term v, # v}, then [w:_jw!_o---] < [wyrp1wyq2---] is equivalent to
[0y 452 +) < Pipgavgsa )

If v is a symmetric catenation, so is w. One then obtains that (X; f) is isomor-
phic to a non—trivial summand of (Xy; fu1,- -, fwn) since (X; f;g); f) is isomor-
phic to a non—trivial summand of (X,; fy1,- -, fun), that is, (X; f) is a dimidiate
string.

In the case where v is a periodic catenation, one can similarly prove that
(X:f) = R(w,Q) (resp. R(w,K)) according as (X; f); f) = R(v,Q) (resp.
R(v, K)) for some @ € P (resp. K € P), that is, an asymmetric (resp. a dimidiate)
band.

4.3. Case IL supp(L~/K~) = supp(LT/KT) = {Z} for some x € S; with
z~ e S

In this case, one can easily see that the representations (a;0), a € S and
((Z)%n(t)), t > 1, furnish a complete list of indecomposables in B which are not
annihilated by 7, where J denotes the intersection of annihilators of all IV j* and

+ ) i )
N;", and where n(t) denotes the sequence (0,---,0,7(¢);,0,---,0) with n(t); of
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the form:
01 0 0
0 01 ... 0
nti= {1 1t e s M((@)) = (ko) — (ka™)" = M ((2)").
000 --- 1
000 --- 0

(Note that the supplements S, .55 ,Sf‘ and S;' are chosen in a cononical way
similar to the case I.)

Since (X f) is finite dimensional, there exists an L > 0 such that the in-
duced representations (X; f;2) does not contain a summand isomorphic to some
((z)t,n(t)) for t > L.

Let S denote the spectroid formed by (a;0), a € S, and ((Z)%;n(t)), 1 <t < L+
1, and 7 the spectroid associated with the bush T = T'(L) = (T} ,--- ,T};’; Tfr, e
T.F; ~), where the order relation on the union of the sets T, =S, O{xy, - 21},
TiJr = S;r IO {zy, - ,27}, and Tf = S}, (I,e) # (i, —), (i,+), are defined as in
case I (in particular, x < 21 < --- < zp, 7 <--- <] < 7). The equivalence
relation equipped with T is induced by that of S and extended by x; ~ 7 for
j=1,---,L.

Then the correspondence

(7:0)— 2, z€S,  (@)5nt) — T, 1<t<L+1

defines an isomorphism from StoT.

If (X; fi2) contains a non—zero summand annihilated by 7, (X f) is isomorphic
to (z,Q) for some Q € P because of the indecomposability of (X; f), thus is an
asymmetric band.

If (X; f;Q) does not contain a non—zero summand annihilated by 7, the reduced
form ((X; fi2), f) of (X; f) can be considered as a representation of the bush 7.

By induction hypothesis, ((X; f;g); f) is a string or a band associated with
a catenation v of T. We denote by w the catenation of S obtained from v by
replacing each term x; (j > 1) by - - -« and each term z7 by g7 1"

j+1 !

By a similar argument in case I, there holds that (X f) is a string or a band

according as ((X; f;g); f) is a string or a band.

4.4. Case IIL. supp(L~/K~) = {{z},{z"}} and supp(LT/KT) = {g} for some
z, 2" € Sy with x % 2" and some y € S;' .

By way of example, we suppose that y~ lies in S, for some j # i. In this
case, the representations (a;0), a € S, ({z} ® ;1(1)), ({2} & ¥;1(2)) and
({z} ® {z"} ® ¥;7(3)), furnish a complete list of indecomposables in B, where
n(1) = n(2) denotes the sequence (0,---,0,1,0,---,0), and n(3) the sequence



398 B. Deng CMH

= (0,---,0,[11],0,---,0). By S we denote the spectroid formed by these repre-
sentations.

Let T be the spectroid associated with the bush T' = (T, --- ,T,;"; Tfr, e T
~), where the union of the sets 7,” = S; II {« }, T, =5, 1 Wi, v5, 95}, and
TF =57 ((I,e) # (i,—), (j,—)) is equipped with the order relation defined as in
case I (in particular, > 2/, =" > 2, y5 > v} > y~, y4 > y4 > y~). Finally,
we equip T with the equivalence relation induced by that of S and extended by
xh ~ 5.

Then the correspondence

(2,0 — z, z€S, {z} @ 7:n(1)) — {m1},
{z"} @ 3;n(2) — {v3}, ({z}e{z"}@yn3)) — 1 =73

induces an isomorphism from S and 7. Hence (X; fi2); f) can be viewed as a
representation of the new bush T.

By induction hypothesis, ((X; f;g); f) is a string or a band associated with
a catenation v of T. We denote by w the catenation of S obtained from v by
substituting xy for each term z, y~z" for y5, y~xy for y|, and y~z"y for yj.

First we suppose that v = vjvg---vs is an asymmetric catenation, thus w =
wiws - - - wy is also an asymmetric catenation. We consider the following parts in
w.

a) wywy41 = xy (obtained from a term v, = 2/ in v). By construction of R(w),
the maps gyir and fyi-41 associated with w (2.2) behave as follows:

1
/ k‘/—vr > k‘/—vr+1
k 1
k‘/—"”’r< kv—vt+l

Note that [wy_;...wj] > [wy41 ... w] since vy | =w) | > x (This follows from
the fact that ((X; fi2); f) satisfies f;(J~(X; fi2)) C JT(X; fi2)) (see 3.1)). Thus
every part zy in w provides a summand ({z} & {z"} @ 7;1(3)) in (Xu; fwi2)-
Such a summand contributes a one-dimensional subspace k(z — z) in Ker f,,;20 C
N (Xuw; fwig) and a one-dimensional subspace ky™ in N; (Xy; fwig).

Similarly, each part y~z" also provides a summand ({z} ® {z"} & 7);7(3)) in
(Xw; fwiz) which contributes a one-dimensional subspace both in N, (Xy; fuw:2)
and in N;° (Xuw; f~wi2).

b) wyw,41wr42 = y~xy (obtained from v, = ). By construction of R(w),
the maps fyir+1 and fy;-4+2 behave as follows:
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1
‘1/ kLVr kLVr+1 - " kV_Vr+2
k 1 k
/ |
kwy howy, kwy,

provided [v} ;... v]] > [vg41 ... vs] (thus [wy ... wi] > [wyg2... wi]).
In this case, the part y™~zy provides a summand ({z} @ {z"} @ (§)?;7), where
7 is of the form

h ﬂ M~ ({eto{a" o)) = kedke" — kyoky = M ({z}@{a"}o(7)").

Such a summand contributes a two-dimensional subspace (ky™)? of N (X fuwi2)-
It is easy to see that the morphism

1 0 0 O
H= 8 (1) (1) 8 Hz}e (o'} o () — {z} & {z"} & ()
00 -1 1

is an isomorphism from ({z} & {z"} & ()% 1) to ({z} &7 n(1)) & ({="} & 751(2)).

In case [v7 q...v]] < [vg41...vs] (thus [w)...wi] < [wy42...w]), the maps
fwir+1 and fyi4+2 behave as follows:

‘l/kwr kwr+l kﬂ/”+2
1
k k
1 ]/V
1
kwy # e s, kws,

In this situation, the part y™~zy provides a summand ({z} @ {2} ® (9)?);7),
where 7/ is of the form

0 1] M e e @) = keeke® — kyeky = M (}a (Vo )

This summand also contributes a two-dimensional subspace (ky™)?of N (X fuwiz)-
It is easy to see that the morphism

1 0 0 O
W= 8 cl) (1) _01 L({z} @ {2} @ (9)%) — ({a} e {2"} & (5)?)
0O 0 0 1
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is an isomorphism from ({z} @ {z"} & ()% %) to ({z} @7 n(1)) & ({2} @7;n(2)).

Therefore, every part y~zy in w provides a summand in (X,; fwig) which is
isomorphic to ({z} ® 7;n(1)) & ({z"} & ¥;7(2)).

Similarly, every part y~ 2"y in w also provides a summand isomorphic to ({z}®
yin(1) & {="} & g;n(2)).

c¢) Each term w, (obtained from some term v, in v) in w provides a summand
(0,3 0) in (Xo; fui2) if wy # wy, and a summand ({w”} & {w)};0) if w, # w).

Form the observations in a)—c), it follows that (X.,; fui2) and X, viewed as
objects in B are isomorphic.

Furthermore, by suitably choosing basis vectors of IV H (Xuw; fwig) for1<j<n
and € = —, 4+, one can show that ((X; fwﬁ); fw) is isomorphic to (Xy; fu1, - fon)-
This implies that (X;f) is isomorphic to R(w) = (Xuw; fwls ", fwn), that is,
(X; f) is an asymmetric string.

Similarly, one gets that (X; f) is a dimidiate string if so is ((X; fi2); f) and
that (X f) = R(w,Q) (resp. R(w, K)) according as (X; fio); ) = R(v,Q) (vesp.
R(v, K)) for some Q € P (resp. K € P).

4.5. Case IV. supp(L=/K~) = {z} and supp(LT/KT) = {{y}, {y"}} for some
z €S, and some y,y" € Si‘" with y % y”. This is an anologue to Case III.

4.6. Case V. supp(L~/K~) = {{z}, {z"}} and supp(LT/K*) = {{y}, {y"}} for
some xz,z" € S; and y,y" € S;” with x x 2" and y x y".

In this case, one can show that the representatons (a;0), a € S, and R(F) :=
({zhr e ({2 )2 e ({y})r & ({y"})2;n(E)), furnish a complete list of indecom-
posables in B which are not annihilated by 7, where n(E) denotes the sequences
(0,---,0,E,0,---,0) and F ranges over the following matrices (m > 1)(see Sect.
11 in [GKR)):

Popm—1 =
PQ/\mfl =
0 1,, o
Py, = 1,, 0 (51—52— Q—m)’
1, 1L, t1=m+1
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pr o Lo Lo (Sl—SQ—tlzm)
o, |0 ty=m+1
0 |1,
_ L L -
m m to=m—1
f2m—1 = (s sg =1 —m)7
1,10 01,,_1 I==2=1=
0 1,1 nm—l 0 t1=m-—1
Ié\m—l = ( o — g — )s
]].m :n-m S§S1 =82 =12 =1mM

0 My, |1y
So =11 =ta=m
IQm: ( )7
1,0 1, sp=m+1
A ﬂm ]lm O 31 — tl — tQ =m
IZm: ( )a

By the finite-dimensionality of (X f), there exists an L > 0 such that the
induced representation (X; f;2) does not contain a summand isomorphic to some
R(E) for E = P, P}, I;, I} or T} with t > L. We then denote by S the spectroid
formed by (a;0), a € S, and R(E) for E = P,, P>, I;, I} and T}} wiht 1 <t < L.

By 7T we denote the spectroid associated with the bush T'=T(L) = (T ,. ..,
Tn_;Tfr, o T ~), where the sets T, =S, I{x_1,- -+ ,x_r, 21,2, ,x0, 2} },
Ti+ = S;’—H {y—17 o Y-rL, y17y{\7 T 7yL7y£} and TlE = Sle ((176) 7é (i7 _)7 (i7 +))
are equipped with order relations defined as in case I. In particular, we require
that the induced order relations on {z_1, - ,2_r, z, 2", 1,27, -+ ,2r, 2]} and
fy_1,-- y—r. v, ¥", y1,90, - ,yL,y7 } admit respectively the following Hasse-
quivers:
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Xy X x

YL e R) Y1

y/\ > y/l\ > e . y2

We then equip 7' with the equivalence relation induced by S and extended by
Tom~Y—m, m=1,... L.
Then the correspondence

(,0)— 2z, z €S, R(ILt) — {at}, RI) — {x}'},
1<t<L
RTH — 2 =94, RMEP)—A{u},  RP)— {y}

defines an isomorphism from S to 7.

If (X;f;2) contains a non-zero summand annihilated by 7, ((X; fi2); f) is
isomorphic to R(zy, K) for some K € Q, thus is a dimidiate band.

If (X; f;Q) does not contain a non—zero summand annihilated by J, ((X; fgg); f )
can be considered as a representation of the bush 7'. In the following we simply
identify S and 7. .

By induction hypothesis, the representation ((X; fi2); f) is a string or a band
associated with a catenation v of T'. We denote by w the catenation of S obtained
from v by replacing each term z,, by zy” - -y zyz"y - - yx"

m m
(resp. xy” -2y zyx" - yz") if m is odd (resp. even),

m m
) by 2y yx y N ay” -y x (resp. 2y -2y y -y a) if mis odd (re-

m m m m
sp. even), ¥y, by yz" -2 yxy z---2y” (vesp. yx' -y zyxy” - ayt) if mis

m m m m
odd (resp. even)y), by y - xy” 2 ya - ay (vesp. y"x -y wyN aly - ay)

m m m m
if m is odd (resp. even), x_,, by zy" ---2y", and y_,, by ya™~ - ya™~.
N— ——
2m 2m

First we suppose that v = vjvg---vs is finite and asymmetric, and set w =
wiwsy - - - wy. We consider the following parts in w:
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a) WpWpt] - Wpgam_1 = xy” - -2y” (obtained from a term x_,, in v). By
construction of R(w), the map f,; associated with w acts as follows on basis

< — — A\ — A
vectors W, =2y, w;t =Ly, y Wt 2 —2 = Ly —:+27n—2 =Lyt
—_— A _> —_— AN
/él Y 22 X Yin
k
k
X —— Y n—> ¥ Xy — Y

since [w} ... wi] > [wjyo...w], for j=r—1,...,r+2m—2.

The matrix describing the action of f,,; on the basis vectors z;, gf, 1<i1<m
in the figure above is

rt 1. - 0 0 |1 O 0 07
1 0 0 |0 1 0 0
0 0 11 (0 0 1 0
0 0 0 1 |0 O 0 1 _ 7l
10 0 0 |1 O oo ™
0 1 0 0 |0 1 0 0
o0 -101J00-10
L0 0 - 0110 0 - 0 1.

Thus every part xy” ---xy” in w provides a summand in (X,; fwig) which is
—_———

2m
isomorphic to R(T\,), and such a summand contributes a one-dimensional sub-
space both in N, (Xy; fui2) and in N;F(Xw; fwi2)-
Similarly, every part ¢z ---y” 2 (obtained from some term y_,, in v) provides
—_——

2m
a summand isomorphic to R(T}},), too.
b) wpwy41 - Wpg2m = xy” -+ yz” (obtained from a term vy = ).
Case 1. m = 2p — 1. By construction of R(w), the map f,; associated with w
acts as follows on basis vectors w, = zq, wi =z, -- Wy o = g@p, W om =

Lop*
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provided [v} ;- vi] > [vg+1 -~ vs] (Hence [w)i o) 4 wi] > [wrgopt1 - wy)).

We start with the following change of basis vectors.

_ - VA A _ _ - A A - A
X x2p>< Y1 22111/ 2o 1 ><' /xp xpl/lp/ipﬂ/ ><' /X2pl/ Yop-1 >< p
A__+A - V.V A _ A > e A _yA N a— e — VA
] 7“X2p Y l2p~| %) £2p—1 “Xp “Xp—l lp ’!p+] £2p—1 L2p—1 -~ “le

Thus, the part w, w41 -+ Wyt2m = 2y -y zyz"y- - yz" porvides a summand

of (Xuw; fuwiz) which is isomorphic to R(Y) @ R(Y"), where Y and Y are the
following matrices:

0 1 0 0 0 1 0 0
0 0 11 0 0 1 0
Y=|0 0 01 0 0 0 1
10 0 0 1 0 0 0
0 1 0 0 0 1 0 0
L0 0 0 0 0 1 0l

Y*=|1 0 - 0 0 10 - 00

Set
0 eXpR 1:| %
Uy = =o€ kPP
where
0 0 0 0
-1 0 - 0 0
R,=0 -2 - 0 0| € kP*P
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and H,, denotes the last row of the matrix exp R,. Then there holds that

U, 0 _ exp iR, 0
[ 0 eprpl] Bp-1 =Y [ 0 Up]
and
expR,_1 | 0 Aoy e R, | 0
0 | expR, -1 0 | expR,

that is, the morphism

exp R, & U, & U, ®expR,_1 {z}P & {7 & {y}P & {y"}7 !
— P e " e {y e {y 1!

defines an ismorphism from R(Y") to R(I2,_1), and the morphism

expR, ®exp R, ®exp R, 1 G exp R, {z}P @ {z"}P & {y}P 1 o {y"}?
—{afr e o e e ("}

defines an ismorphism from R(Y") to R(I4, ;).
Therefore, every part zy” - -y zya"y---yz” in w porvides a summand of

(X; fi2) which is isomorphic to R(I2,_1) ©R(14, 1) and which contributes a two—
dimensional subspace in N; (X,; fwﬂ).

*

The case [v;_; -+ v]] < [vg41 - vs] can be treated similarly.

Case 2. m = 2p. By construction of R(w), the map f,; acts as follows on basis

_ — N\ — 2N\ _ .
vectors w, = 1, Wy =, s Wy om = Zopt1s Wiio,, = L1t
/ 1— Y1 x5,
Ty A Vol = o= X, p " Xopid

provided [vy ;- vi] > [vg41 - v,
We start with the following change of basis vectors.

X HXop —e YTV, Xy 2 +lp

LR SRS

XN
+x2p+1—> 1+-Yp x2+x2p —— p p+1 —p+1 p+l - -— —2p 2p - —2p+1
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A

Thus, in this case, the part w,w, 41 wypt2, = vy” - 2y xyx”™ - ya” provides

a summand of (Xy; fui2) which is isomorphic to R(Z) & R(Z"), where Z and Z"
are the following matrices:

11 - 000110 -0 07
01 -0001]01¢-00
00-1101]00-10

,_|00-011]00- 01
“|IT 0 -000]10 00
01 -0001]01¢-00
00-1001,00-10
0o 0 -010|00 -0 1l
11 - 00|10 -00 07
01 -00|01-000
00 -11|00-100

oA |00 0100011
10 -00]10-000
01 -00|01-000
00 -10|00-100
loo-01 |00 -01 o0l

then there hold that

expR, | 0 B expRyy1 | 0
[ 0 | expR, by= 2 0 | expR,
U, 0 A _ gn | SXP R, 0
0 expR, | %P 0 Vo1

where U, and R, are defined as before and V,,41 has the form

exp R,

c ket x(p+1)
—Hp

0
Vo1 = {
This implies that the morphism

expR,+1 @ expR, DexpR, G expR, 2P g 2P @ {y}P & {y")P
—{a} o 2 o {y) e (v )
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defines an ismorphism from R(Z) to R(I2,), and the morphism
exp Ry & Vo1 & Up @ exp By {a} @ {2} & {y}" & {y")"
—{e} @ 2" e ) e {y")”
defines an ismorphism from R(Z") to R(I3),).

Hence each part zy” - - - oy x y2” - - - y2” in w porvides a summand of (X ; fwig)

m m
which is isomorphic to R(I2,) & R(IQAP) and which contributes a two—dimensional
subspace in N, (Xy; fwig).
The case [v;_; -+ v]] < [vg41 - vs] is similar.

b') wpw,t1 - Wegom = 2"y -y 'z (obtained from a term vy = z7,). As in
b), one has that every part 2"y ---y"x provides a summand in (X,; fui2) which
—_———

2m—+1
is isomorphic to R(I,) & R(I))).

¢) By a similar argument in b), one can show that both the parts ya” - - - xy”

2m—+1
(obtained from a term vy = yy,,) and y”z--- 2"y (obtained from a term v} = )

2m—+1
provides a summand in (X.,; fui2) which is isomorphic to R(P,,) @ R(PL).

d) Each term w, (obtained from some term v, in v) in w provides a summand
(0,5 0) in (Xy; fuse) if wyr # w), and a summand ({w"} © {w] };0) if w, # w;.

From the observations in a)-d), one gets that (X.; fui2) and X, viewed as
objects in B are isomorphic.

Furthermore, by checking each summand described in a)-d) and suitably choos-
ing basis vectors of N3 (Xy; fwig) for 1 < j < mand e = —,+, one obtains that
(Xw; fwig); fw) is isomorphic to (Xy; fo1, -+ s fon). Thus (X; f) is isomorphic to
R(w), that is, an asymmetric string.

Similarly, one can show the following:

(1) If v is a symmetric catenation, there holds that (X; f) is isomorphic to a
non—trivial summand of (Xu; fuw1, -, fwn), that is, a dimidiate string.

(2) If v is an asymmetric periodic catenation of period 7 and ((X; f;g); f) =
R(v, Q) for some Q € P, there holds that (X; f) = R(w,Q), where ) denotes the
polynomial Q(X) = (—1)*48QQ((—1)*X), and ¢ is the number of terms z,,, 2/,
Ym, and ), in v = vgvy - - - v;_1 with m an odd number.

(3) If v is symmetric periodic and ((X; fi2); f) = R(v, K) for some K € Q,
there holds that (X; f) = R(u, K).

4.7. As a conclusion of 4.2-4.6, we have the following

Proposition. Each indecomposable representation of the bush S is a string or a
band.
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4.8. Throughout the reduction above, by substituting (X; f1,---, fn) for repre-
sentations associated with catenations, one can prove inductively the following
propositions.

Proposition 1. (1) The representation R(w) associated with each asymmetric
catenation w is indecomposable, and the representation (Xy; fo1,-* , fon) asso-
ciated with each symmetric catenation v is a direct sum of two non—isomorphic
indecomposables.
(2) For each asymmetric (resp. a symmetric) periodic catenation and each Q €
P (resp. K € Q), the representation R(u,Q) (resp. R(u, K)) is indecomposable.
(3) The representaions R(6), where

6 € QIO x {O,I}HQ3 X PIIQy x 9,
are pairwise non—isomorphic.

Proposition 2. The equivalent catenations (finite or periodic) of S define the
same family of isoclasses of indecomposables.

Proof. Let w = wiwg ---w; and w' = wjw} - - - w; be equivalent catenations. We
denote by d(w,w’) the number of indices ¢ (1 < ¢ < t) such that w, # w;. If
d(w,w’) = 0, the proposition holds. If d(w,w’) > 1, there exists a sequence of
equivalent catenations Wy = w, Wa, -+ , Wy = w’ such that d(W;, W;41) = 1 for
1 <i<d-—1. So we may suppose that d(w,w’) = 1. Applying the reduction
in 4.2-4.6, the representations (Xu; fwi, -, fwn) and (X furl, -+ s furn) are
respectively reduced to representations (Xy; fu1,- - , fon) and (Xo/; forts -, forn)
of a new bush T', where v and v’ are equivalent catenations of T' such that d(v,v") <
1. By induction, we may suppose that v and v’ define the same family of isoclasses
of indecomposables of T. By Proposition 3.4, this implies that w and w’ defines
the same family of isoclasses of indecomposables of S.
By a similar argument, the proposition holds for periodic catenations.

4.9. Remark. By Proposition 2 in 4.8 and Remark 2.8, one obtains the following
statements.

(a) For each asymmetric catenation w, catenations in the class [w] [ J[w*] define
isomorphic representations.

(b) For each symmetric catenation w, catenations in the class [w] define iso-
morphic representations.

(c) For each asymmetric periodic catenation u, catenations in the class
[T,ez([u{p}] T1[u{p}*]) provide the same family of isoclasses of indecomposables.

(d) For each symmetric catenation w, catenations in the class [[ ., [u{p}] pro-
vide the same family of isoclasses of indecomposables.

The main theorem then follows from Propositions in 4.7, 4.8, and Remark 4.9.
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