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Abstract. We prove that quasiconformal maps onto domains which satisfy a quasihyperbolic
boundary condition are globally Holder continuous in the internal metric. The primary improve-
ment here over existing results along these lines is that no assumptions are made on the source
domain. We reduce the problem to the verification of a capacity estimate in domains satisf-
ing a quasihyperbolic boundary condition, which we establish using a combination of a chaining
argument involving the Poincaré inequality on Whitney cubes together with Frostman’s theorem.

We also discuss related results where the quasihyperbolic boundary condition is slightly
weakened; in this case the Holder continuity of quasiconformal maps is replaced by uniform
continuity with a modulus of continuity which we calculate explicitly.
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1. Introduction

It is well-known that quasiconformal maps are locally well-behaved with respect
to distance distortion. If f : Q — €' is a K-quasiconformal mapping between
domains Q,Q C R™, n > 2, then f is locally Holder continuous with exponent
a=K/0-1) e
|f(2) = f(y)| < Mz — y[* (1.1)
whenever x and y lie in a fixed compact set E in Q. Here M is a constant
depending only on K and E which can in general tend to infinity as the distance
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from E to the boundary of € tends to zero. To conclude global Holder continuity
for the map f, that is, to conclude that (1.1) holds for all z,y € 2, it is necessary
to make some geometric assumptions on the domains © and Q' . An early result
along these lines was obtained by Becker and Pommerenke [3], who considered the
case of simply connected domains in the plane. If f: 1D — Q' C C is a conformal
mapping, then f is globally (-Hoélder continuous, 0 < 8 < 1, if and only if the
hyperbolic metric po in Q' satisfies a logarithmic growth condition
1 dist(zg, 0V
per (20, 2) < 3 1OgW

where zp = f(0) and Cy < co. Here dist(-,9Q') denotes the Euclidean distance
to the boundary of .

To extend this result to multiply connected domains and to higher dimensions,
Gehring and Martio [5] replaced the hyperbolic metric pgo with the quasihy-
perbolic metric ko (see section 2 for the definition). By [5, Theorem 3.17], if
f 9 — Q is a K-quasiconformal mapping between domains ,Q C R™,
n > 2, and if there exists 0 < 8 < 1 so that the quasihyperbolic metric kg
satisfies a logarithmic growth condition

1. dist(zg,08)
<~ log S0, 000
= 3% dist(z, o)

for some (each) zg € ' and a constant Cy = Cp(zg) < oo, then f is Holder
continuous on each (open) ball B C Q with an exponent « and constant M which
depend only on n, K, and the constants 5 and Cy but are independent of B. If
in addition  is sufficiently nice [5, p. 204], then f is globally Hélder continuous
with exponent «. Here “niceness” of the source domain 2 means that any two
points in € can be joined by a curve whose length is no more than a fixed constant
multiple of the distance between the points, and that stays sufficiently far away
from the boundary when measured in a certain averaged sense. To compare this
with the result of Becker and Pommerenke in the plane, recall that the hyperbolic
and the quasihyperbolic metrics are comparable in simply connected plane domains
by the Koebe distortion theorem.

We now state our principal result. In what follows, we denote by dq(x,y) the
internal distance between a pair of points z,y € Q, i.e., the infimum of the lengths
of curves in § joining x to y.

Theorem 1.1. Let Q,Q CR"™, n > 2, be domains and assume that Q' satisfies
a quasihyperbolic boundary condition of the form (1.3) for some (3 € (0,1]. Then
any quasiconformal mapping f : Q — Q' satisfies the global Holder condition

|f(z) = f(y)] < Mda(z,y)*

forall x,y € Q, where 0 < a <1 and M < co which depend only on the data.
If Q is a quasiconvex domain (that is, Q satisfies the first part of the “niceness”

assumption in the previous paragraph: any two points in 2 can be joined by a

curve whose length is no more than a fixed constant multiple of the (Euclidean)

+ Co, (1.2)

kQ/(iL’(),ZL') + C() (13)
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distance between the two points), then the internal metric dg and the Euclidean
metric in  are bi-Lipschitz equivalent. We thus have the following corollary to
Theorem 1.1.

Corollary 1.2. Let Q, Q' , and f be as in Theorem 1.1 and assume in addition
that Q is quasiconvexr. Then f satisfies the global Holder condition

[f (@) = f(y)] < Mlz —y|*

forall x,y € Q, where 0 < a <1 and M < co which depend only on the data.

We emphasize a fundamental distinction between Theorem 1.1 and the result
of Gehring and Martio: in Theorem 1.1 we make no assumptions whatsoever on
the initial domain 2. In Corollary 1.2, quasiconvexity is used only to convert
between the internal and the Euclidean metrics in 2. Our results are new even
in the case of conformal maps between planar domains (at least in the infinitely
connected case): !
Corollary 1.3. Let Q C C be a quasiconvexr domain and let ' C C be a
conformally equivalent domain which satisfies (1.2). Then any conformal map
f:Q—Q s globally o -Holder continuous for some 0 < a <1 which depends
only on the data.

Our results address the question of global length distortion. Astala and Koskela
[2] study the question of global volume distortion, where again the relevant hy-
pothesis is the logarithmic growth condition on the quasihyperbolic metric in the
target domain. By Theorem 1.2 of [2], if f:Q — Q' is a K-quasiconformal map
onto a domain Q' satisfying (1.3), then |f’| € LP(Q2) for some p > n depending
only on n, K, and the constants in (1.3).

Our proof of Theorem 1.1 relies on certain capacity estimates in domains sat-

isfying the quasihyperbolic boundary condition. Specifically, we establish the fol-
lowing result.
Theorem 1.4. Let Q be a proper subdomain of R™, n > 2, with diameter one
which satisfies (1.3). Let Qo denote a fizred Whitney cube containing the basepoint
xo . Then there exists a constant M < oo depending only on n, 3, and Cy so
that

1 1 1-n
cap(E, Qo; ) = M (log diam E) (1.4)

for all continua E C Q.

Here cap(E,F; Q) denotes the n-capacity between a pair of disjoint continua
E and F in the domain €2, see section 2.

1 In connection with the global regularity of planar quasiconformal maps, the reader may also
be interested in the following recent result of Bishop [4, Theorem 5.1]: there exists an absolute
constant Ko < co so that to any simply connected planar domain 2 there corresponds a

Ko -quasiconformal mapping f : 2 — D which is Lipschitz in the internal metric on Q.
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We prove Theorem 1.4 by a chaining argument involving the Poincaré inequality
on Whitney cubes in €. This ingredient in the proof was already used by Herron
and Koskela in [9] to prove a special case of Theorem 1.4. To prove the general
case, we introduce a new technique in this context: the use of a Frostman measure
on the continuum E. In a companion paper [13], we use this technique to verify
global Poincaré inequalities in domains satisfying (1.3).

Theorems 1.1 and 1.4 answer in the affirmative Questions 8.4 and 8.3, respec-
tively, in [9] (see also Conjecture 5.2 in [12]).

We briefly outline the structure of the paper. In section 2 we present a number
of technical lemmas relating to the geometry of Whitney cubes and quasihyperbolic
geodesics which will be of importance in the proof of Theorem 1.4. Section 3
contains the proofs of Theorems 1.1 and 1.4. In section 4 we study domains which
satisfy weaker versions of the quasihyperbolic boundary condition (1.3). In this
case we can no longer show global Holder continuity for quasiconformal mappings
onto such domains, but we are able to establish global uniform continuity with a
modulus of continuity which we calculate explicitly.

1.1. Notations and definitions

We denote by R™, n > 1, the Euclidean space of dimension n. For a cube
Q C R™ with center x and side length s(Q) and for a factor A > 0, we denote
by AQ the dilated cube which is again centered at x but has side length A\s(Q) .
We denote the Lebesgue measure in R™ by m, although we usually abbreviate
dm(z) = dz . For a domain £ C R"™, we denote by dq the internal metric in
ie, dq(z,y) = inf{diamE : E a connected set in  joining x to y}. We say
that Q is quasiconvez if the internal metric dq is bi-Lipschitz equivalent to the
Euclidean metric, equivalently, if there exists a constant L < oo so that any two
points z,y € ) are contained in a connected set E in  with diamE < L|z—y].

For an increasing function ¢ : [0,00) — [0,00) with ¢(0) = 0, we denote
by HZ the Hausdorff ¢ -content: HF(E) = inf}_; ¢(r;), where the infimum
is taken over all coverings of E C R™ with balls B(z;,r;), ¢ = 1,2,.... When
p(t) =t° for some 0 < s < oo we write H® = H’.

For disjoint compact sets E and F in the domain 2, we denote by cap(E, F; ()
the conformal (or n -) capacity of the pair (E,F);

cap(E,F; Q) :imf/|Vu|”clac7
v Jo

where the infimum is taken over all continuous functions u in the Sobolev space
WLn(Q) which satisfy u(z) <0 for z € E and u(z) >1 for z € F.

For K> 1 and 9,9 as above, we say that a homeomorphism f:Q — Q' is
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K -quasiconformal if
1
i (B, F; Q) < cap(E', F'; ) < Kcap(E, F; Q)

whenever E and F are disjoint compact sets in Q, where E' = f(E) and F' =
f(F). For the basic theory of quasiconformal maps, we refer the reader to the
book [17] of Viisala.

Let Q be a bounded domain in R™, n > 2. Set s(Q) = n~/2diam Q. We
denote by W = W(Q) a Whitney decomposition of the domain Q into Whitney
cubes @, i.e., the cubes in W have pairwise disjoint interiors, 2 = Ugew @, and
vertices in the set

27 Ns(Q) - 2" = {(277s(V)ly,...,279s(,) : j €Ny, ..., 1, €T}

and satisfy diam Q < dist(Q, 9Q) < 4diam @ for each Q € W. For the existence
of such a decomposition, we refer to Stein’s book [16, VI.1]. For any A, 1 <
A < 5/4, the expanded collection of cubes {A\Q : @ € W} has bounded overlap,
specifically,

See, e.g., [16, VL.1.3, Proposition 3]. For j € N, we let W; denote the collection
of cubes Q € W for which diam Q = 277 diam Q.

2. Preliminary results on the quasihyperbolic metric

Throughout this section, 2 will denote a proper subdomain in the Euclidean
space R™, n > 2. Recall that the quasihyperbolic metric ko in the domain € is
defined to be

ka(z,y) = inf kg — length(y),

where the infimum is taken over all rectifiable curves ~ in D which join = to y

and
ds

kq — length(y) = / i
, dist(z,09)

denotes the quasihyperbolic length of ~ in D. This metric was introduced by
Gehring and Palka in [7]. A curve 7 joining z to y for which kg — length(vy) =
ka(z,y) is called a quasihyperbolic geodesic. Quasihyperbolic geodesics joining
any two points of a proper subdomain of R"™ always exist, see [6, Lemma 1]. If
~ is a quasihyperbolic geodesic in Q and z’,y" € v, we denote by ~(2',y’) the
portion of v which joins z’ to y'.

When z and y are sufficiently far apart, kq(z,y) is roughly equal to the
number N(z,y) of Whitney cubes @ that intersect a quasihyperbolic geodesic v
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joining x to y. More precisely,
N(z,y)/C < ka(z,y) < CN(z,y)
for all x,y € Q with |z —y| > dist(z,08)/2, where C = C(n).

Let 8 € (0,1] and fix a basepoint xy € Q. Following Gehring and Martio [5],
we say that Q satisfies a [ -quasihyperbolic boundary condition if for some (each)
xo € 0 there exists a constant Cy = Co(zp) < 0o so that
< 1 log dl.St((E(), o0)

8 dist(z, 00Q)
for all z € Q. Then Q is bounded, in fact diamQ < (2/83)eC0? dist(zq, Q)

by [5, Lemma 3.9]. The value of § is necessarily less than or equal to one as a
consequence of the following simple estimate (c.f. [7]):

o dist(zo, 002)
& dist(z, 00)

kg)(xo,l') + Co (21)

ko(wo, ) > 1 (2.2)

for all x € Q.

The following result of Smith and Stegenga [14, Theorem 3] is fundamental to
our work. A more general version of this result will be proved below in Lemma
4.6.

Lemma 2.1. Let Q C R™ satisfy the quasihyperbolic boundary condition (2.1).
Then there exists a finite constant C1 = C1(8,Cq) so that for all 1 € Q, we

have
1 dist(zg, 092)

= B o8 length(y(z,z1))

whenever v s a quasthyperbolic geodesic joining xo to x1 and x € .

ko (zo, x) +C;

For the remainder of this section, we assume that 2 satisfies the quasihyper-
bolic boundary condition (2.1) for some 8 < 1. Our first lemma controls the
number of Whitney cubes of a given size or larger which can intersect a given
quasihyperbolic geodesic.

Lemma 2.2. Let v be a quasihyperbolic geodesic in ) starting at the basepoint
xo . Then there exists a constant C = C(n,3,Cp) so that

card{Q e Wi U---UW;: QN #0} <Cj
for all 5 > 1. Here cardS denotes the cardinality of the set S.

Proof. Assume that we have N Whitney cubes Q1,...,Qn satisfying s(Q;) >
277 diamQ and Q;Ny#0, i=1,...,N. Fix A= % so that the dilated cubes
AQ; have bounded overlap. If we let ~y; denote the part of the curve ~ which lies
in the cube A\@; , then the quasihyperbolic lengths of the curves ~; are uniformly

bounded from below:

1 h ; 1
kq — length(~;) > ength(y N AQ:) >

~ sup{dist(z,09) : x € AQ;} ~ C(n) >0
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for i=1,...,N.

In order to apply Lemma 2.1, let z; € Qn N~y. If N is chosen sufficiently
large relative to n, then one of the cubes AQ;, N/2 < i < N, will be disjoint
from AQx and hence will satisfy dist(Q;, Qn) > 277 diamQ for some ¢ > 0.
Let x denote the terminal point of exit of v from the cube @;. By Lemma 2.1,

1 N N/2
- < _ ) <
Cn) 2 = ;kg length(y;) < kq(xo, )
1 o dist(zg, 0Q)
® length(y(z, 21))
dist(xg, 09)
og ——————*
dist(Q4, Qn)
(Tl, ﬂa CO)J

The lemma follows. O

+C;

+ Co

<

We now fix a Whitney cube Qg and assume that xg is the center of Q. For
each cube @ € W, we choose a quasihyperbolic geodesic v joining xy to the
center of ) and we let P(Q) denote the collection of all of the Whitney cubes
Q' € W which intersect . Then we define the shadow S(Q) of the cube @ to

be
sQ= U @
Q1EW
QeP(Q1)
Shadows of Whitney cubes defined in this manner have been used, for example,
to investigate the questions of when Euclidean domains satisfy global Poincaré
inequalities [14, §§6-7] and when the boundaries of domains are removable for
quasiconformal and/or Sobolev functions [11].
Informally speaking, our next lemma says that the amount of overlap of the
shadows of Whitney cubes of a fixed size is bounded.

Lemma 2.3. There exists a finite constant C = C(n,3,Cq) so that

Y. @@ <Cj
Q€W1U-"UWj

forevery 7>1 and x € ).

Proof. Since the Whitney collection W has bounded overlap, we may without
loss of generality work with the (disjoint) interiors of the Whitney cubes. If
Q1,...,Qn €W U---UW; are such that F :=S(Q1)N---NS(Qn) is nonempty,
then F contains an entire Whitney cube; in particular, it contains its center point
x . But then the chosen quasihyperbolic geodesic joining xy to x intersects each
of the cubes @;, i =1,..., N . Then the result follows from Lemma 2.2. O

We now estimate the size of the shadow of a Whitney cube @ in terms of the
size of @ .
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Lemma 2.4. There exists C = C(n,[3,Co) so that
diam S(Q) < Cdist(xo, Q)7 (diam Q)”
forall QeW.

Proof. We first show that diam @Q; < Cdist(zg, 9Q)'?(diam Q)? for each cube
Q1 C S(Q). If @1 = Q this is obvious so assume @1 # Q. Let x; denote the
center of ()1, let v be a quasihyperbolic geodesic joining zg to z1, and let z
be any point in @ N~y. It is clear that the (Euclidean) length of that portion of
~ which lies in @, is at least cdiam@; for some constant ¢ = ¢(n) > 0. We
apply Lemma 2.1 together with (2.2) to deduce that

dist(zg, 092) 1 dist(zo, 0Q)
8 Jist(z, 00) = ko(zo,7) < Flog — e
The desired result follows since dist(x,09Q) ~ diam Q) .

It thus suffices to show that the set Z consisting of all of the centers of cubes
contained in S(Q) satisfies diamZ < Cdist(xo, 9Q)!~#(diam Q)” . To this end,
let @1, 29 € Z. Choose points x} and z§ in v, NQ and 7., NQ, respectively,
where ~, denotes the chosen quasihyperbolic geodesic joining x to zo. Then

+ Cs.

|71 — w2| < length(v,, (7], 21)) + diam Q + length(v,, (5, x2))
< diam Q + Cdist(zg, 9Q)e k2 @0:71) 4 C dist (g, 9Q)e ko @o2)
< diam Q + C dist(z, 9Q)' 7P dist (), 9Q)?
+ Cdist(zo, 0Q)1 # dist(zh, 9Q)°?
< (diam Q)' P (diam Q)? + C dist(zo, 92)' = (diam Q)

by Lemma 2.1 and (2.2). Since diam Q < C(g, Cy) dist(zg, 0S2) , the result follows.
O

3. Proofs of Theorems 1.1 and 1.4

We now begin the proofs of our main results. Theorem 1.4 has been proved in
Theorem 6.1 of [9] in the special case when E is a closed ball (or cube) in 2.
Our proof makes use of the ideas of the proof in [9] but introduces an important
new ingredient: a Frostman measure on the continuum E. We also make use of
the lemmas in the preceding section.

Proof of Theorem 1.4. Let @ C R™, n > 2, be a domain with diameter one
which satisfies (2.1) for some 0 < 8 < 1 and let E C ©Q be a continuum. Let
u € WH"(Q) be a test function for the n-capacity of the pair (Qo,E) in Q, i.e.,
u: 2 —[0,1] is a continuous function and u(x) =1 for x € E and u(z) =0 for
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x € Qo . Recall that our goal is to show that

/\V()|"d>1lo LT
o AT = N % qam B '

For each x € E, let Q(x) denote the Whitney cube containing z. Recall
that the path P(Q(z)) consists of the collection of all of the Whitney cubes which
intersect the quasihyperbolic geodesic joining o to the center of Q(x). We define
a subpath P’(Q(z)) C P(Q(x)) as follows: P'(Q(z)) = {Qs,...,Q} consists of
a chain of Whitney cubes, which begins with the terminal cube Qs = Q(x) and
continues back along the path P(Q(x)) until it reaches the first cube @ for
which diam @y > %diamE. (Note that it is possible that Qf = @Q,.) Since
adjacent Whitney cubes (J; and ()2 have diam @; < 5diam @2, we must have
diam @ < diamE for all Q € P/(Q(x)).

We first claim that without loss of generality we may make some initial assump-
tions regarding the average Values of w on the cubes in P/(Q(x)), namely, that
JCQ y)dy > % and f ey z)dz < 1. In the following two paragraphs we will

brleﬂy 1ndlcate why these s1rnp11ﬁcat10ns can be made, but the short reason is that
the other cases are covered by existing results in the literature. The remaining
case, which we leave to the end, is where we must make use of a new argument
involving a Frostman measure on E.

First, suppose that JCQ( (y)dy < % for some z € E. Then we can find
a subset F of Q(z) whose Hausdorff 1-content H{°(F) is comparable to the
diameter of Q(z) and for which u(y) < 1 for all y € F. Recall that the enlarged
cube AQ(z) is a subset of Q for some A >1 (e.g. A= 3 ). We divide the proof
into two cases, according whether E C AQ(z) or EN (R™ \ A\Q(z)) # 0. In the
former case, E and F are subsets of the cube AQ(x) and so

1 1 1-n
n > n > E F > — 1
/Q\w<x)| dz > //\Q(w)|Vu(x)| dr > cap(E, F;0Q(2)) = (og diamE)

by a standard estimate for conformal capacity (see [18]). In the latter case,
HFP(ENAQ(x)) > diam(ENAQ(z)) ~ diam Q(z) . Then we have two compact sets
ENAQ(z) and F in the cube AQ(x), both of which have Hausdorff 1-content
comparable from below to diam @(x). In this situation a straightforward maxi-
mal function argument (cf. the proof of Theorem 5.9 in [8]) can be employed to
deduce that

1 1 1—n
n > n > > — |log ——
/Q|VU($)| dx > /,\Q(x)|VU($)| da > ¢(n) > M (og diamE)

since the diameter of E is <1.
Next we suppose that the final cube @ in the path P'(Q(z)) satisfies
JCQ x)dx > 5. Then we have two cubes Qo and @y in the domain Q and a

. s _ 1
contlnuous L1" function u satisfying v =0 on Qg and fo u(z)dz > 5. In
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this case we may invoke an earlier proof of Theorem 1.4 for the special case when
E is a closed cube in Q (see [9, Theorem 6.1]) to deduce that

1 1 1-n 1 1 1-n
n > — > —
/QW“(QC)‘ de <1°g diame) =M (log diamE)

since diam @y > % diamE .

Thus, as stated above, we assume that fQ(x) u(y) dy > % for all z € E and

that the path P’(Q(x)) consists of Whitney cubes all of which have diameter
< diamE and for which the final cube Qy satisfies JCQ x)dx < ; . In this
situation a straightforward chaining argument involving the Pomcare inequality
on the Whitney cubes in the path P'(Q(x)) (c.f. [10, pp. 519-520] or [15, Lemma

8]) yields the estimate

1<C Z diamQ][ [Vu(y)| dy. (3.1)
QeP'(Q(2) @

We now choose a Frostman measure p on the continuum E for the growth
function ¢(r) = (log1/r)~™, i.e., a Borel measure supported on E satisfying

wENB(z,r)) < (logl/r)™" (3.2)

for all balls B(z,r) and

WE)> i E) > s (e ) (33)

See, for example, Theorem 5.1.12 in [1].
Integrating (3.1) over the set E with respect to the Frostman measure p and
applying Hoélder’s inequality, we see that

1/n
) < C/ Z (/ [Vu(y)|™ dy) du(x).
QEP(Q
We now interchange the order of summation and integration to deduce that
1/n
e S us@nn ([ vura)

Qew
diam Q<diam E
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Applying Holder’s inequality again leads to

1-1/n 1/n
uE<c| Y us@nEr ey 3 / Vu(y)" dy
Qew Qew /@
diam Q<diam E
1-1/n
1/n
<ol Y us@nErve ( / |Vu<y>|”dy) .
Qew Q
diam Q<diam E
(3.4)

We require an estimate for terms of the form

Y. wS@NE)
QeEW
diam Q<diam E

for § > 0, which we give in the following lemma:

Lemma 3.1. Let Q be a domain in R™ with diameter one which satisfies (2.1)
and let & > 0. Suppose that p is a Borel measure on R™ which satisfies the
growth condition p(B(z,r)) < (logl/r)=® for some a > 1/6. Then there exists
a constant C = C(n,a,d,3,Co) so that

1 1—ad
1496
> us@ e < Cu(e) (log )
Qew
diam Q<diam E

for any set E C Q.

We defer the proof of this lemma momentarily. To complete the proof of
Theorem 1.4, we apply Lemma 3.1 in (3.4) with § = 1/(n — 1) ; note that a =
n > 1/6. The measure u satisfies the requisite growth condition by (3.2) and we
see that

1 —1/n 1/n
(®) < .5 o) (1og ) ([t an)

Thus by (3.3) we see that

1 1 1 1 1—-n
/QIVU(y)I dy > C(n,&co)”( ) <0g diamE> =M (Og diamE>

for some finite constant M = M(n, 3, Cyp) . The proof is complete. O

Remark 3.2. The proof of Theorem 1.4 shows that (1.4) holds for some compact
sets which are not continua as well. Indeed, the required Frostman measure pu
can be found on E whenever E has positive Hausdorff dimension.
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Proof of Lemma 3.1. We may choose jo € N with j, < Clog(l/diamE) so that
diam @ < diamE implies Q € W; for some j > jo. The growth condition on
implies that

Yo wS@NE)TT <Y N wS@Q NEu(S(@Q)NE)’

QeEW J=Jo QEW;
diam Q<diam E
1 —ad
S I (log Tns@)
ar =i} diam S(Q)
1 —ad
C(n, 6, Co) Z Z logdlamQ
Jj=jo QEW;

<Cn,B,Co) Y i Y u(S(Q)NE).

Jj=Jo QeEW;

where the third line follows from Lemma 2.4.
For j € Z, set aj = } gy, n(S(Q) NE) and let Aj = a3 +---+a;. We
apply summation by parts to the right hand side of (3.5) to see that

Z §™%a; < C(n, B,Co,a,6) |dg “Aj + > 77N,

Jj=Jo J=Jjo

where we used the estimate |j~% — (j — 1)~%°| < C(a,d)j 17 .
By Lemma 2.3, A; < C(n,3,Co)u(E) - j for each j and so

> uS@QNE)T < C(n,B,Co,a,6) |do A, + p(E) Y 57
Qew J=jo

diam Q<diam E
The sum converges since ad > 1 and we see that

ST wS(Q)NE) < C(n, B,Co,a, d)u(E)js ™

QeEW
diam Q<diam E

1 1—ad
C(n, B, Co,a,d)u(E) <log T E)

which completes the proof of the lemma. O

Proof of Theorem 1.1. Let f:Q — Q' be a K -quasiconformal map onto a domain
Q) satisfying (2.1). We may scale the domain €’ to have diameter one; this
introduces a constant into the Holder coefficient for f which depends only on
B, Co and dist(zo,09). Fix a Whitney cube F/ = Q¢ in Q' with center zg
and let F = f~1(F’). Since F/ = Qo is a Whitney cube, 2Qo C Q. Let
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F = f’l(%Qo). By elementary properties of quasiconformal mappings, there
exists § = 6(n,K) > 0 so that the set of points z € R" with dist(z, F) < ddiam F
is contained in F'.

Let x,y € . Note that f is automatically Holder continuous as a map from
the (compact) subset F C ©Q with the Euclidean (hence also the internal) metric
into '; the Holder data depends only on n, K and dist(f~1(x0),08) . Thus
we may assume that either  or y isin Q\ F; without loss of generality let this
be the case for = .

Next, note that if dq(z,y) > %5 diamF , then

|f(z) — f(y)| diam €/ a1
———= < C(n,K)——= < C(n,K, 3, Cop, a, dist , 00
o < O ) (T < O KB Covandist(f ! (a0). 90)
for any choice of a. Thus it suffices to verify the Holder condition in the case
40 (z,y) < ddiamF < dist(z,F). Choose a continuum E C Q joining = to y
with diamE < 26g(z,y) < 1ddiamF. Then diamE < i§diamF < dist(E,F)
by a simple calculation. A fundamental property of the conformal capacity (see
Fact 3.1(e) of [9]) states that in this case
diam E

cap(E,F;Q) < C(n) (log w) ) i

Set E' = f(E). By Theorem 1.4,
1 1 1-n
cap(E/, F'; ) > (m.—)
with M = M(n, 8, Cp) . Hence
1o\ dist(E, F)\' "
<
(10g diam E’) < ClmKM (log diam E >
< cmKM (1 16 diam F e
og 2o 7
= A & diam E
or
diam E’ < C(diam E)*

for some « depending only on n, K, 8 and Cy and C depending on these
parameters as well as on the values dist(zg, Q') and dist(f~!(xg),09). Since
|2' —y'| < diam E’ and diamE < 2dq(x,y) , the proof of Theorem 1.1 is complete.

O

4. Weaker quasihyperbolic boundary conditions and
uniform continuity for quasiconformal maps

Our arguments in the previous two sections are robust enough to apply under
weaker geometric hypotheses and still yield global regularity properties of quasi-
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conformal maps. In this section, we give a sample of the type of results which may
be obtained. It is not clear at precisely what level of generality our technique can
be made to apply, see Remark 4.4 and Example 4.5.

We begin with a simple modification of (2.1), replacing the logarithmic growth
of the quasihyperbolic metric with growth no more than a power of the logarithm.
Definition 4.1. Let 2 C R™ with fixed basepoint zg € Q and let s > 1. We
say that Q satisfies a quasihyperbolic boundary condition with exponent s if there
exist constants 5 >0 and Cp < oo so that

kq(zo,x) < % <log+ %) + Co (4.1)
for all = € Q. Here log™ t = max{logt,0} .

As before, domains satisfying (4.1) are always bounded with diameter con-
trolled by a constant depending only on s, 3, and Cy. However, note that it is
no longer the case that a change of the basepoint zy will affect only the constant
Cy, rather, it may affect the choice of 3 as well. For this reason we fix once and
for all a choice of basepoint xy which (as before) we take to be the center of a
fixed Whitney cube Q.

In this section, we will prove the following analogues of Theorems 1.4 and 1.1
for domains satisfying (4.1).

Theorem 4.2. Let Q be a domain in R™, n > 2, with diameter one which
satisfies (4.1) for some s > 1. Then there exists M < oo depending only on n,
s, B, and Cqy so that

1 1 s2(1—n)
E, Qo) > — (1 4.2
con(E, Qui ) = 3y (1og ) (1.2
for all continua E C Q.

Corollary 4.3. Let f:Q — Q' be a K -quasiconformal between domains 2, C
R™, n > 2, and assume that Q' satisfies (4.1) for some s > 1. Then f:Q —
is uniformly continuous as a map from (,0q) to Q' with modulus of continuity

wr(t) = Cexp{—c(log 1/t)"/*"} (4.3)
where C = C(n, K, s, 3, Cq,dist(f 1 (x9,09))) < o0 and ¢ = c¢(n,K,s,3,Co) > 0.

For any convex increasing function % : [0,00) — [0,00), we may consider a
quasihyperbolic boundary condition of the form

ka(xo,x) <1 <logJr %) , e, (4.4)
and ask when it is the case that quasiconformal maps onto domains satisfying (4.4)
are uniformly continuous in the internal metric. By considering the situation for
conformal maps of simply connected planar domains (see the following remark),
we can derive an integral condition sufficient for global uniform continuity. It is
reasonable to conjecture that the integral condition (4.7) remains sufficient, even
in higher dimensions and for quasiconformal maps.
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Remark 4.4. Suppose that f: D — ' is a conformal map onto a planar domain
satisfying a growth condition on the hyperbolic metric of the form

par(50).7(2)) < v (10 SALO-280)

for z € D, where 1 is as above. A sufficient condition for global uniform conti-
nuity of f is that there exist a function ¢, integrable over the interval [0, 1), for
which

(4.5)

sup | f(re”)| < (7). (4.6)
0€[0,27]

By combining (4.5) with the Koebe distortion theorem (1 — |z|)\f/(z)|
)

dist(f(2),09') and using the inequality pq/(f(0), f(2)) = pp(0,2) > lo | P, we
see that (4.6) holds with
1 i 1
p(r) = Co—exp{—¢™~ (log T—)}
for some absolute constant C < oo. Thus the integral condition
! 1
| exp(-uttos 1) 1 < o0,
0
equivalently
/ e ¥ ) gs < 00, (4.7)
0

is sufficient for global uniform continuity of f. Note that (4.7) allows for growth
functions v significantly larger than those considered in Definition 4.1.
Example 4.5. The following example shows that (4.7) is essentially the sharp
integral condition on v for global uniform continuity of f. Suppose that ¢ is a
growth function as above for which

/000 e ) ds = oo. (4.8)
Let M = M(z) be the solution to the differential equation
M (z) = e (M@ ©M(0) = 0.
The divergence of the integral in (4.8) guarantees that M(z) is finite for all 0 <
r <oo. Set g(x)=exp{—1~1(M(|z]))} and
Y ={z=z+iyeC:lyl <ga)}

and let f be a conformal map of D onto Q' satisfying f(0) = 0. Note that Q'
is unbounded and so f is not uniformly continuous. However, we claim that the
quasihyperbolic metric in ' satisfies the growth condition

. dist(0,09) CZ>

kQ/(O,Z) < Clw <log dlbt(z 89/) +
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for some constants C; and Cs .
To see this, note that dist(z,0Q) ~ g(z) —|y| < g(z) <1 forall z=x+1iy €
. Thus

i (O )</|1’ dt +/y| dt
VA= dist(t o) ), dist(z + it, 09)

|| dt [y dt
<of smtel smo

ja
_ c/ THOIO) gy 4 Clog —IT)
0 9(@) =yl

9(x)

g9(x) =yl

0) dist(0, 0€Y)
< Cy (log —g(x)> + Clog 7dist(z,8§2’) +C

& dist(0,09)
dist(z,0Q) = ?

= CM(Jz|) + Clog

< Cyp <10g

We turn now to the proofs of Theorem 4.2 and Corollary 4.3, beginning with
an analog of the result of Smith and Stegenga [14, Theorem 3] which appears in
Lemma 2.1.

Lemma 4.6. Let Q satisfy (4.1). Then there exists C; = Cy(s,3,Co) < 00 so
that for all z1 € Q, we have

]CQ(Z‘O, l‘) <

2;—1 (10 L dist(zg,09)

whenever 7 is a quasthyperbolic geodesic joining xg to x1 and x € .

length(y(z, xl))> +C (4.9)

Proof. Fix x7 € Q and a quasihyperbolic geodesic v joining xy to z; in Q.
Thus ~ is a rectifiable arc in 2 and

ka(y1,y2) :/

Y

ds
(y1,92) diSt(SU, 8(2)

for each pair of points yi,y2 € Q. Assume that (4.9) is false, then for every
Cc> % + Cp there exists a point yg € v so that

2571 <O + dlSt(IO,gQ)
I} length(y(yo, 21

Let L :=length(y(yo,21)) . Define recursively yi € v(yr—1,21) so that
length(y(ygx_1,yx)) = 27*L for k€ N. For k=0,1,2,..., let
0 = sup{dist(z,0Q) : © € y(yx, 1)} -

Combining (4.10) and (4.1) and using the relation (A +B)® < 2571(A® 4+ B®),
valid for A;B > 0 and s > 1, we see that for all = € v(yg,z1) the following

))>S + C < ka(zo,y0)- (4.10)
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chain of inequalities holds:

251 dist(zo, 0D\ * =
5 <logJr %) + C < ka(wo,yo) < ka(wo, )

< 1 (log+ dlst(a:o,aﬂ)> LGy

164 dist(x, 09)
L dist(z,0Q) \*
+ - + 2\0, PRE)
5(1°g dist(z, 09) T ) +Co
s—1

2 n L A 4 dist(zg, 00)\°
=75 (1°g dist(x,am) "5 <1°g L )™

Thus do/L < exp{—2"1t1/531/5(C — Cy)"/*} < e~2. Now we can choose C >
% + Cp so that the ratio L/dy is so large that

(105 (1L/60)**1)" < 57

for all k € N. We will prove by induction that d;_1/L < (6o/L)* for all k € N.
This is trivially true when k& = 1; assume it holds for some k& > 1. Combining
(4.10), the induction hypothesis, and (4.11), we see that for all x € y(yx,z1) we
have

951 dist(zo,00)\° - 2571 .
logt ’ loet (L k+1
- (og : ) + 0 L (o (L))

< ka(zo,y0) + 27 (L/80)* < kalzo,y0) +27FL/8k_1

1 dist(zg,00Q)\"
< < < + ’
< ka(zo,y0) + /fsz(yquyk) < ka(xo,x) < _ﬂ (log 7dist(x,8(2) ) + Co

9s5-1 L s sl dist(zo,09) \*
< log* logt —~—0
=73 <°g dist(m,aﬂ)> B (Og L ) o

and so 6 /L < (Jp/L)**! which completes the proof of the induction.
Since

1

IA

+ log

A

27%(L/do)* (4.11)

0 < dist(z1,09) < 6, < L(8o/L)F+! < L(e™7)F !

for all k£ > 1, we have a contradiction and thus the lemma is proved. O

Armed with this lemma, we can prove Theorem 4.2 and Corollary 4.3 in much
the same way as in the previous section. For the sake of brevity we only sketch the
main ideas, indicating along the way how the various lemmas must be modified.
Recall that in Theorem 4.2 we assume that the diameter of  is one.

First, Lemmas 2.2 and 2.3 take the following form: if 2 satisfies (4.1) for some
s >1, then

card{Q e Wi U---UW; : Q N~ # 0} < Cj°
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for all 7 and all quasihyperbolic geodesics v which start at zq, furthermore,
Xs(@ (z) < Cj°
QGWlU---UW]‘

for every j €N and z € Q).
Next, in Lemma 2.4, the Holder-type bound for the diameter of the shadow of
a Whitney cube @ in terms of the diameter of @ is replaced by the estimate

diam S(Q) < ¢ (diam Q),

where 1(t) = Cdist(zo, 9Q) exp{—5'/*(log M)l/s} .
Finally, Lemma 3.1 reads as follows: if § > 0 and if u is a Borel measure on
R™ which satisfies the growth condition 2

p(B(x,)) < (log 1/r)~*"/*(loglog 1/r) "
for some b > 1/, then there exists a constant C = C(n,d, s, 3,Cp) so that

1 —bé
E)'*? < Cu(E) (logl .
> us@om) _Cu()<og0g diamE)
diam Q<diam E

Now Theorem 4.2 follows by repeating the proof of Theorem 1.4. The Frostman
measure g is now chosen to satisfy

w(ENB(z,r) < (log1/r)~*/%(loglog 1/r)™"
for all balls B(z,r) and

1 1 —s2/8 1 -n
E) > 1 log 1 .
HE) = C(n) (og diamE> <og 8 diamE>

Estimating the n -capacity as before, we find that

1 1 s2(1—n)
E ) > — | log—— .
Ca’pn( aQOa ) =M <Og d1amE>

The proof of Corollary 4.3 follows the argument used to prove Theorem 1.1.

2 The use of the loglog term in this growth condition is strictly speaking not necessary if we
are just interested in obtaining uniform continuity, but it leads to a slightly sharper modulus of

continuity. If we instead require that u(B(z,7)) < (log 1/7“)*“52 for some a>1/6=n—-1,
then we can show Theorem 4.2 with (4.2) replaced by

cap(E, Qo; ) > (1/M)(log 1/ diam E)s(1—7)—as(s—1)
and Corollary 4.3 with (4.3) replaced by

wy(t) = Cexp{—c(log l/t)(s‘*‘”(s—l)/(”_l)rl 1.
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