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Abstract. In this paper, a new holomorphic invariant is defined on a compact Kahler manifold
with positive first Chern class and nontrivial holomorphic vector fields. This invariant generalizes
the Futaki invariant. We prove that this invariant is an obstruction to the existence of Kéhler—
Ricci solitons. In particular, using this invariant together with the main result in [TZ1], we solve
completely the uniqueness problem of Kahler—Ricci solitons. Two functionals associated to the
new holomorphic invariant are also discussed. The main result here was announced in [TZ2].
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0. Introduction

The purpose of this paper is to introduce a new holomorphic invariant and apply it
to studying the uniqueness of Kdhler—Ricci solitons on compact Kéhler manifolds.

Let M be an n-dimensional compact complex manifold with positive first Chern
class ¢1 (M) > 0. Let

g = Zgﬁdz’ ® dEj
be a Kahler metric on M with its Kahler form

=1 A A
Wy = S5 D902 N7

representing c¢1(M). Since the Ricci-form Ric(w,) of w, also represents cp (M),
there is a smooth function hy such that

Ric(wg) —wy = 2;7:85/15,.
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Let n(M) be the Lie algebra which consists of all holomorphic vector fields on
M. Then, for any holomorphic vector field X on M, by the Hodge Theorem, there
is a unique smooth complex-valued function fx (g) of M such that

{ ing = \/2—_:159)((9)
fM eoX(g)w;l — fM wg’

©al A% s the volume form of g. We define a linear functional from

where %7’; = _
n(M) into C by

Fx(v) = /Mvwg by (9)eDu v € ().

We will first show that this functional defines a holomorphic invariant on M (ct.
Proposition 1.1).

The invariant Fx () can be defined for any holomophic vector field X on M. In
particular, if X = 0, the invariant is just the Futaki invariant in [F1] (The excellent
reference for extensive discussions of the Futaki invariant can be found in Futaki’s
book [F2]). It is well-known that there are compact Kéhler manifolds M with
¢1(M) > 0 and nonvanishing Futaki invariant, for example, CP"#CP" does have
nonvanishing Futaki invariant ([KS]). The new holomorphic invariant Fx(-) can
compensate this defect somehow. For example, on each CP"#kCP"(1 < k < n),
there exists a unique holomorphic vector field X such that the invariant Fx(-)
vanishes (cf. Proposition 2.2).

The invariant F'x(-) is an obstruction to the existence of Kéhler-Ricci solitons
(cf. Proposition 3.1), just as the Futaki invariant is an obstruction to the existence
of Kéhler—Einstein metrics. With help of this observation, we can solve completely
the uniqueness problem of Kéhler—Ricci solitons. It was proved in [TZ1] that the
Kahler—Ricci soliton is unique modulo a reductive subgroup of the holomorphic
automorphism group for a fixed holomorphic vector field on any compact Kéhler
manifold.

A Kahler metric g on a compact complex manifold M is called a Kdhler—Ricci
soliton if there is a holomorphic vector field X on M such that the Kéahler form
wgy of g satisfies

Ric(wg) — wyg = Lxwy,

where Lx denotes the Lie derivative along X. In particular, if X = 0, g is a
Kahler—Einstein metric. Ricci solitons have been studied extensively in recent
years ([H1], [C2], [T2], [TZ1], [Zh], etc.). One motivation is that they are very
closely related to the limiting behavior of solutions of PDE which arise from the
geometric analysis, such as the Hamilton’s Ricci flow equation ([H2]) and certain
complex Monge-Ampere equations associated to Kéhler—Einstein metrics ([T2]).
Ricci solitons extend naturally Einstein metrics. Examples of nontrivial Kahler—
Ricci solitons (not Kahler—Einstein metrics) were found on certain Kéhler mani-
folds by N. Koiso for compact case ([Ko]), and H. Cao ([C1]), and H. Pedersen,
C. Tonnesen-Friedman and G. Valent ([PTV]) for noncompact case.
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Our main theorem can be stated as follows (cf. Theorem 3.2).

Uniqueness Theorem. There is at most one Kahler—Ricci soliton on a compact
complex manifold M modulo the identity component Aut®(M) of holomorphic au-
tomorphisms group Aut(M) of M, more precisely, if g and g’ are two Kdhler—Ricci
solitons with respect to two holomorphic vector fields X and X' on M, respectively,
then there exists an element o € Aut®(M) such that

wy = 0wy and X = (07 1),(X).

The above theorem extends Bando and Mabuchi’s theorem on the uniqueness
of Kéhler-Einstein metrics with positive first Chern class ([BM]). Note that the
uniqueness of Kahler—Einstein metrics was proved by E. Calabi in 50’s on Kahler
manifolds with non-positive first Chern class.

The organization of this paper is as follows. In Section 1, we introduce the new
holomorphic invariant (cf. Proposition 1.1). In Section 2, another version of new
holomorphic invariant is discussed. In Section 3, we first show that the new holo-
morphic invariant is an obstruction to the existence of Kéhler-Ricci solitons (cf.
Proposition 3.1), then we complete the proof of the uniqueness theorem of Kéhler—
Ricci solitons (cf. Theorem 3.2). In Section 4, we revisit a class of the compact-
ifications of C*-bundles over compact Kahler—Einstein manifolds, and prove that
the vanishing of the new holomorphic invariant is a sufficient and necessary con-
dition for the existence of Kahler—Ricci solitons on these manifolds. In Section 5,
we introduce two functionals associated to the new holomorphic invariant and
prove that these two functionals are bounded from below on any compact complex
manifold which admits a K&hler—Ricci soliton (cf. Theorem 5.1). As a corollary,
we derive an inequality of the Moser—Trudinger type on such compact complex
manifold. In the appendix, another proof of the uniqueness theorem is given.

The main result was announced in [TZ2].

Acknowledgments. Authors would like to thank the referee for many useful
comments on improving the previous version of the paper. The second author also
thank professor Mabuchi for his interest.

1. A new holomorphic invariant

In this section, we introduce a new holomorphic invariant. This contains the Futaki
invariant as a special case ([F1]).

Let M be an n-dimensional compact complex manifold with positive first Chern
class ¢1 (M) > 0. Let g be a Kéhler metric on M with the Kéhler form w, € ¢1(M).
In local coordinates, g is given by {gﬁ} and

v —1 . .
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Since the Ricci-form

Ric(wy) = — g ddlog(det(g;5))

also represents c1 (M), there is a smooth function hy such that

et

?aéhg. (1.1)

Ric(wg) —wy =
Let X be a holomorphic vector field on M. Define a (0, 1)-form ixw, by
ing(u) = W(Xv u)a

where u is any smooth complex-valued vector field on M. Note that ixw, is 0-
closed. Since ¢1(M) > 0, there are no nontrivial harmonic (0,1)-forms. By the
Hodge Theorem, there is a unique smooth complex-valued function 6x(g) of M

such that B
{ ixwg = %892((9)

Jur egX(g)w;‘ = [yrwn.

Let (M) be the complex Lie algebra which consists of all holomorphic vector

fields on M. For a given Kéhler form w, € ¢;(M), we define a linear functional
from n(M) into C as follows,

(1.2)

Fx(v) = /M o(hy — 0 (9))?* @, v € (M), (1.3)

where hg is the smooth real-valued function defined by (1.1) and 6x(g) is the
smooth complex-valued function defined by (1.2), respectively. This functional
Fx(-) can be defined for any holomophic vector field X on M. In particular, if
X =0, the functional is just the Futaki invariant ([F'1]). The following proposition
shows that this functional defines a holomorphic invariant on M.

Proposition 1.1. The functional Fx(-) defines a holomorphic invariant on M,
i.e., it is independent of the choice of g with the Kdhler form wy € c1(M).

Proof. Let ¢’ be another Kéhler metric with its Ké&hler form wy € ¢1(M). Then
there is a smooth real-valued function ¢ on M such that

V-1

- 00¢.

Wy = wg +

Let 0x(g’) be a smooth complex-valued function on M defined by (1.2) associated
to the metric g’. Then

Ox(g') = 0x(9) + X(¢) +c,
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for some constant ¢. We claim

O0x(9") = Ox(9) + X ().

Let
/I

Wy :wg+(371)%35¢ (1<s<2) (1.4)

s

be a family of Kahler forms on M. Then a direct computation shows

A () (s-1)X ()
ds Me Yo,

- /M<As¢ + X (9))efx (@ F(=DX (@) yn

__ / div(e?x @+=DX @) ggyn — o
M s

where A denote the Laplacian operators associated to Kahler forms w,,. It follows

/ Ox (a)F(s—D)X (@) 0 _ / ¢ (9) .
M gs M g

Ox(9s) = O0x(9) + (s = 1) X(¢), (1.5)

where 0x(gs) are smooth complex-valued functions defined by (1.2) associated to
metrics gs. In particular,

0x(g9') = 0x(g92) = Ox(9) + X(9).

and consequently,

The claim is proved.
Let hy be a smooth real-valued function defined by (1.1) associated to the
metric ¢’. Then one can check

Wn/
hg = hy —log —~ — ¢ + const.
Wy

Now we shall prove
| oty = ox (e ol
M
= / v(hg — GX(g’))eex(g/)wg,, vV X,ven(M).
M

Let "
w

hs = hg —log wg; —(s—1)gp, 1 <s<2 (1.7)
9




302 G. Tian and X. Zhu

Then h, satisfies

. V-1 _%
Ric(wg,) —wg, = ?aahs,
and
dh
5= (A .
I (Dt + 9)
Define

Observe that

CMH

(1.8)

(1.9)

e
in(wg,) = = —00
for some smooth complex-valued function . Then by using (1.5) and (1.9), we
have
df (s
%}lzjnm—ﬁm—¢—xwm¥“%%"
S M

+ / (Lab+ X (6)) - v(ha — O (92))
M

Taking integration by parts, we get

df (s)
ds

- / <Y, D¢ >, exl9)yn
M

+ / (D56 + X())(v(hs — Ox(g5)))e?* 9w
M

N /M(As¢ + X (@)D + v(0x (95)))e™ @y

+ /M DD+ X () 8:)n

* / (Lt + X () (v(hs — Ox (98)))69)((95)“};5
M

= [ (Bt XN+ v+ o))

- 7/ <94, 0(Byp+ X(9)) >, ¥ )u,
M

(1.10)

On the other hand, for the fixed metric ¢ = g5 and any point x € M, one can

choose a local coordinate near = such that 95 = 5;]. at z. Let

b= As'@[] + 1/} + U(hs)'
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Then by using the Ricci identity and (1.8), we get
P;(x)
= (Y7 + ¥ +Y5(hs)i);
=75 + 5+ ¥5(hs) 5
= V5 — VpRig + 5+ i(Ri5 — 93)
= 07
and consequently, B
Op(z) = 0. (1.11)
By using the integration by parts together with (1.11), we get from (1.10),

d _
f(s) = —/ < Op,0¢ >, eex(gs)w; =0.
dS M 9gs s
This shows f(1) = f(2), so (1.6) is true. Proposition 1.1 is proved. O

2. Another formation of the holomorphic invariant

In this section, we give another formulation of the holomorphic invariant defined in
last section, by which we will prove that there exists a unique holomorphic vector
field such that the corresponding holomorphic invariant vanishes on the reductive
Lie algebra generated by holomorphic vector fields. We will keep the notations in
last section.

First we notice that x = 0x(g) defined by (1.2) satisfies (compared with

(1.11)),

O(Abx + X (hg) +0x) =0,
where A denotes the Laplacian operator associated to the Kéhler form wy. Then
we can renormalize 6x to be 6x by adding a constant such that

Ox = —Afx — X (hy). (2.1)

Clearly, this new normalization is equal to the condition

/ éxehgw; =0.
M

Lemma 2.1. Let wy = wy + %85@1) € c1(M) > 0 be a Kdhler form on M

and hy be defined by (1.1) in Section 1 associated to wy . Let Ox(g') be a smooth
complex-valued function defined by

{ IxWy = @Jx(g’ (2.2)

Then Ox(g') = 0x + X (o).
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Proof. Let wg, (1 < s < 2) and hs(l < s < 2) be a family of K&hler forms and

functions defined by (1.4) and (1.7) in Section 1, respectively. Let Ox(gs) be
a family of smooth complex-valued functions defined by (2.2) associated to wy, .
Then R ~

Ox(gs) = O0x + (s — 1) X(¢) + cs

for some constants ¢;(1 < s < 2) and satisfy (2.1) associated to Kahler forms wy,_ .
Let

G(s) = / (éX +(s—1)X(9) + cs)ehSw;:.
M
Then by (1.7), we have
G(s) = / (éX +(s—1)X(¢)+ 03)67(571)¢+h9w;‘.
M

Differentiating the above on s and integrating by parts, we get

dG(s)
ds

= / (X(¢) + dics —(Ox + (s — )X () + cs)¢)e—(s—1)¢+hgwg
M S
= [, (@ + fe i),

d hs, n
= (&) /Me W

Ox(g') = Ox(g2) = Ox + X (). 0

Let Z € n(M) and 65 be a smooth complex-valued function defined by (2.2)
with respect to Z. We introduce a functional on n(M) by

f(2) = /M P2y, (2.3)

Since

/ P+ 2(0)
M
- 1 -
= / ey + / / (A6 + Z(9))e"= TPy A dt,
M 0 M

then by using integration by parts, we have

/692+Z(¢)wg:/ e‘gzwg7
M M )
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where A’ are the Laplacian operators associated to Kéhler forms wyy = wy +
%aé(w). It follows from the above and Lemma 2.1 that f(Z) is independent
of choices of Kéhler metrics with the Kahler class ¢1(M).

Let F%(v) be the differential of f(-) at X with respect to v € n(M). Then

Fle(v) = / BoePxun. (2.4)
M

This is clearly independent of choices of Kéhler metrics with the Kéhler class
c1(M), and so a holomorphic invariant. Moreover, using (2.1) for function 6, and
integration by parts, we deduce

Fy(v)=— /M v(hg — éX)eéxwg. (2.5)

Since fx is the same as fx modulo const., we see that Fi(-) is just a multiple of
the holomorphic invariant Fx(-) defined in Section 1. In particular, Fix (-) vanishes
on n(M) if and only if F%(-) =0 on n(M).

The new version F% () of Fx(-) will give us more information. We recall
some notation. Let K be a maximal compact subgroup of the identity component
Aut®(M) of holomorphic automorphisms group Aut(M). Then the Chevalley de-
composition allows us to write Aut®(M) as a semidirect product ([FM]),

Aut®(M) = Aut,. (M) x R,, (2.6)

where Aut,. (M) is a reductive algebraic subgroup of Aut®(M) and the complexifi-
cation of K, and R, is the unipotent radial of Aut®(M). Let n(M), n,.(M),n,(M)
and k(M) be the Lie algebras of Aut(M), Aut,.(M), R,, and K, respectively. From
the decomposition (2.6), we obtain

n(M) = (M) + 1u(M). (2.7)

Lemma 2.2. There exists a unique holomorphic vector field X € n,.(M) with
Im(X) € k(M) such that

Fi(v) =0, Vven(M),
where Im(X) denotes the imaginary part of X.

Proof. Since F%(-) is a linear functional on 7, (M), we may choose a K-invariant
Kéhler metric g and v € (M) with Im(v) € x(M) to compute F%(v). Let
Z € ny(M) with Im(Z) € k(M). Then

Ly, = Y000
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and
Lywy = —(——

It follows

v =1 — ~ -_—
788(92 - 92) = LZ_ng =0.

This shows that 6 is a real-valued function, and consequently f(Z) is a convex
functional on (n,(M),R). Since F%(-) is the differential of f at X, it suffices to
prove that f(Z) is proper, i.e., f(Z) diverges to infinity as Z tends to oco.

Let Z; € n-(M) with Im(Z;) € (M), i =1,...,m, be a base of (n,.(M),R) and
{2} a sequence of holomorphic vector fields in (7, (M), R) so that [,, |Zl|agwg —
+00 as | — oco. Then there are m sequences of numbers {t;} such that Z; =
Z:n:l t1Z;. Without loss of generality, we may assume that there is a subsequence
{li.} such that

|tllk| >t |, i=2,...m, and |tllk| — 00,

I¢7, | .

and {Itlkl are all convergent for any ¢ = 2,...,m as [, — oco. Furthermore, we
U

may also assume t, >0, i =1,...,m, since we can use —Z; to replace Z; if

necessary. Then it follows that

Z1—|-ZtiTkZi—>Z0, as [, — 0o
=2 lk
for some holomorphic vector field Zg € (n.(M),R).
Let 6z, be a smooth function defined by (2.2) with respect to Zp. Then we see

that éZo is real-valued and there is an open set U C M such that éZo >0onU.
It follows

. LA
Oz, +> L0z, >e>0 on U, (2.8)
£ ]
i=2 lk
as [ are sufficiently large, where ézi, 1 =1,...,m, are all real-valued functions

defined by (2.2) with respect to Z;. Hence we get

. LN
:/ exp(tllk<ezl+ztllkezi)>w;'
M

i=2 "l

1
¢
z/eslkwg—MDQ as [, — 00.
U

This shows that f(Z) is proper since the sequence {Z;} is arbitrary, and conse-
quently, it has a unique critical point X € (n,(M),R) such that Fi(-) = 0 on
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(n-(M),R). Therefore, there is a unique holomorphic vector field X € n,.(M) with
Im(X) € k(M) such that Fi(-) =0 on n,.(M). O

Proposition 2.1. There exists a unique holomorphic vector field X € n,.(M) with
Im(X) € w(M) such that the holomorphic invariant Fx(-) defined in Section 1
vanishes on n,.(M). Moreover, X is either zero or an element of the center of
(M), and

Fx([u,v]) =0, Vuen(M) and v € n(M). (2.9)

In particular, Fx(-) is a Lie character on n.(M).

Proof. The proof in the first part of proposition comes from Lemma 2.2 and (2.5)
immediately. For the remaining part of the proposition, we consider the following
two cases separately.

1). Suppose that the center of (M) is zero. Then n,.(M) = [, (M), n.(M)].
Since the Futaki invariant F(-) is a character of n(M), we get F(v) = 0 for any
v € (M) ([F1]). By the uniqueness result in the first part, we see that X
must be zero, and consequently the holomorphic invariant Fx (-) is just the Futaki
invariant. In particular, (2.9) is true. The proposition is completed.

2). Suppose that the center n.(M) of n.(M) is not zero. We consider the
functional f(Z) restricted on n.(M). Then as in the proof of Lemma 2.2, one
can prove that there exists a unique holomorphic vector field X’ € n.(M) with
Im(X’) € k(M) such that the holomorphic invariant Fx-(-) vanishes on 7.(M).
Now we claim that the invariant Fx/(-) satisfies (2.9).

Let v € n(M) and oy be one parameter subgroup generated by Re(v). Then
by using the fact X’ € n.(M), for any 7 € Aut,.(M), we have

t/’<r 0171 (g — O )

h _GX/ T'O't'Til)il)*(eexlwg)

I
?\?\é\z

(hg — 0x/)((7 - 00) 71" (7" ("> wih))
(2.10)
(1-04)"(hg —O0x/)T (eex’wg)

= h 79)(/)) (eex'wg)
*/w»<h—wv%mwwmw%ﬁ
M

where 0y is a smooth function defined by (2.2) with respect to X’. Differentiating
(2.10) at t = 0, and using Proposition 1.1, we get

FX/ (AdTU) = FX/ (’U) (211)
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Let v € n,(M) with Im(u) € x(M) and 7 = 7, be one parameter subgroup
generated by Re(u). Then differentiating (2.11) at s = 0, we have

Fx/([u,v]) =0, Y ue€n.(M) and v € n(M). (2.12)

The claim is proved.

From (2.12), we see that Fx/(-) vanishes on 7,.(M). Then by the uniqueness,
we conclude X = X'. Hence, Fx (-) also satisfies (2.9), and in particular, Fx(-) is
a Lie character on n,.(M). O

In general, the Futaki invariant may not vanish on a compact Kéhler manifold
with ¢1(M) > 0, for example, CP"#CP™ is such a manifold ([KS]). By using
Proposition 2.1, we can prove

Proposition 2.2. Let M) = CP"#kCP"(1 < k < n) be the blowing-up of CP"
at generic k points. (Here k points are called generic if such points could not be
belonged to a (k — 2)-dimensional subplane of CP™) Then there exists a unique
holomorphic vector field X € n.(My) with Im(X) € k(My) such that the corre-
sponding holomorphic invariant Fx (-) vanishes on n(My).

Proof. By Proposition 2.1, we see that there exists a unique holomorphic vector
field X € n,(M},) with Im(X) € x(My,) such that the holomorphic invariant Fx (-)
vanishes on 7, (M}). Thus it suffices to prove Fx(v) = 0 for any v € n,(My) by
the decomposition (2.7).

Let

gT(Mk) :{(a’lj) Eg(Mk)| Qg :OaZ: 177ka,7:k+177n+1}a

and '
gu(Mk) = {(aij) S g(Mk)‘ A5 = O,Z = 1, .. .,k

al-jzo,i,j:k+1,...,n+1},

be three Lie subalgebras of gl(n+1, C). Then it is easy to see n(My) = g(My)/C*,
77T<Mk) = gr(Mk)/(C*a and nu(Mk) = gu(Mk)/(C*

Let A;; = (ak) € gu(My) such that ay; =1, if k =4 and | = j, and ax = 0,
otherwise. Then {4;;} is basis of g, (Mj}). Moreover,

(B, Aij] = (\i = Aj)Aij,

where B = diag(A1,..., Ant1) € ¢-(My) with \; # \; for any ¢ # j. Hence we
can choose a basis {v;};,—1 A of n,(M}) and an element u € 7, (M}) such that

[u,v] = azusy, Yi=1,..., A, (2.13)
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where a; # 0 are some complex-valued numbers.
By (2.13) and (2.9) in Proposition 2.1, we have

1
FX(Ui) = fo([u,Ui]) :O7 Vi= 1,...,A,

K2

and consequently,
Fx(v) =0, Vv en,(M).

The proposition is proved. O

Problem 2.1. Let M be a compact Kdhler manifold with c¢1(M) > 0 and
n(M) # 0. Does there always exist a unique holomorphic vector field X contained
in a reductive Lie subalgebra of n(M) such that the corresponding holomorphic
invariant Fx (-) vanishes on n(M)?

3. Uniqueness of Kahler—Ricci solitons

In this section, we solve completely the uniqueness problem of Kahler—Ricci soli-
tons by using the new holomorphic invariant introduced in Section 1. In our
previous paper [TZ1], we prove the uniqueness of Kahler—Ricci soliton for a fixed
holomorphic vector field.

First, we shows that the new holomorphic invariant provides an obstruction to
the existence of Kahler—Ricci solitons.

Let g be a Kahler—Ricci soliton with respect to a holomorphic vector field X
on M. Then by definition, the Kahler form w, satisfies the following

Ric(wg) — wy = Lxwy, (3.1)
where Lx denotes the Lie derivative along X.

Proposition 3.1. If M admits a Kdhler—Ricci soliton wg with respect to a holo-
morphic vector field X. Then the corresponding holomorphic invariant Fx(-) de-
fined by (1.3) in Section 1 vanishes, i.e.,

Fx(v) =0, Vven(M). (3.2)

Proof. By Proposition 1.1, it suffices to prove that F'x(-) vanishes under the choice
of the Kéhler-Ricci soliton g. Let hy be a smooth real-valued function and 6x(g)
a smooth complex-valued function defined by (1.1) and (1.2) in Section 1, respec-
tively. Since

wag = i%x (wg),
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then

LXwg = gaﬁ&x(g) (33)

By the maximal principle together with (3.1), we get

hg —0x(g) = const.. (3.4)
Now (3.2) follows from the definition of the integral in (1.3) immediately. O

From (3.1), we see that if ¢ is a Kdhler—Ricci soliton with respect to a holomor-
phic vector field X, then the (1,1)-form Lx (wg) is real-valued , i.e., Ly x)wg =0,
where Im(X) denotes the imaginary part of X. Therefore, Im(X) generates a one-
parameter family of isometries of (M,wy). Let K be a maximal compact subgroup
of the identity component Aut®(M) of Aut(M) containing such a one-parameter
family of isometries and Aut, (M) C Aut®(M) be the complexification of K. Then
Aut,.(M) is a reductive algebraic subgroup of Aut(M) with a reductive Lie sub-
algebra (M) of n(M). Clearly, X € n,(M) and Im(X) € x(M), where k(M) is
the Lie algebra of K.

In [TZ1], we proved the following uniqueness theorem of Kahler—Ricci solitons
for a fixed holomorphic vector field by solving certain complex Monge—Ampere
equations.

Theorem 3.1 ([TZ1]). Let X € n.(M). Then the Kdhler-Ricci soliton on M
with respect to X is unique modulo Aut,.(M). Precisely, if g and g’ are two Kihler—
Ricci solitons with respect to the holomorphic vector field X, then there exists an
element o € Aut,.(M) such that

. *
wg =0 wg/.

Theorem 3.2 (Uniqueness Theorem). There is at most one Kihler—Ricci soli-
ton on M modulo Aut® (M), more precisely, if g and g' are two Kahler—Ricci soli-
tons on M with respect to two holomorphic vector fields X and X', respectively,
then there exists a holomorphic automorphism o € Aut®(M) such that

wy = 0" wy and X = (671),.(X').

Proof. Let g and ¢’ be two Kahler—Ricci solitons with respect to two holomorphic
vector fields X and X’ on M, respectively. Then both Im(X) and Im(X’) generate
a one-parameter family of isometries of (M,w,) and (M,wy ). Let K and K’ be
two maximal compact subgroup of the identity component Aut®(M) of Aut(M)
containing each one-parameter family of isometries, respectively. Since K’ is con-
jugate to K ([Iw]), there exists a holomorphic automorphism 71 € Aut®(M) such
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that (Tl_l)*(X') = Ad_-1(X') € n.(M), where Ad_-1 is the adjoint action on
1 1

n(M) induced by 7—1. Clearly, T{wg is still a Kéhler-Ricci soliton with respect

toY = (Tfl)*(X’) and Im(Y') is contained in x(M). Hence by Proposition 3.1,

we see that both Fx (-) and Fy (-) vanish on n(M). By using the uniqueness result

about the holomorphic vector field in Proposition 2.1, we prove

X =Y =Ad_1(X). (3.5)

On the other hand, by Theorem 3.1, we see that there exists a holomorphic
automorphism 79 € Aut,.(M) such that

wg = (7’1 . TQ)*wg/.

Since Ad_-1(Y) is contained in the center of 7,(M) by Proposition 2.1 (see also
1
Lemma 2.2 in [TZ1]), then by (3.5), we also have

X =Ad_1(Ad_1(X")) = Ad(r, 1)1 (X7) = (m172) s H(X).
2 1

Let ¢ = 7y79. Then the theorem is proved. O

4. Remark on the Koiso’s examples

In this section, we discuss the existence and uniqueness of Kéhler—Ricci solitons on
a class of compactifications of C*-bundles over compact Kahler—Einstein manifolds
in terms of our new holomorphic invariant. These manifolds were first studied by
E. Calabi ([Ca]) for extremal metrics in 1982 and by Koiso and Sanake for K&hler—
Einstein metrics in 1986 ([KS]), and lately by Koiso for Kéhler—Ricci solitons in
1990 ([Ko]). We first recall some notations, which can be found in either [KS] or
[Kol.

Let p: L — M be a holomorphic line bundle over a compact Kéahler—Einstein
manifold M with positive first Chern class ¢1(M) and a Hermitian metric h on

L. Denote by L the open subset L\ {0 — section}. Let € C°°(L) be defined by

o
r(l) =log||l|[»(l € L), where |.||s is the norm induced by h.
Let t(r) be a smooth monotone increasing function with respect to r so that
mint < 0 < maxt. For any one-parameter family of Riemannian metrics g; on M,
o

we consider a Riemannian metric on L of the form
§=d+(dt- )2+, (4.1)

where J is the standard almost complex structure of L.
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[e] [e]
Let H be the real vector field on L corresponding to R*-action on L. Define

2 _ 5 an = tus S.
u(t)? = GO, H) and U(1) /0 (s)d

Then by a result in [KS], one sees that g is a Kéhler metric if only if go is Kéhler
and g; = go — U(t)B, where B is the curvature of L with respect to h.
Throughout this section, we assume that
(1) go is a Kéhler-Einstein metric of M so that its Kahler form wy, € ¢1(M)
and the eigenvalues of B with respect to gg are constant on M;
o

(2) L is a compactification of L and § denotes the restriction of a Kihler metric

g (still denoted by the same symbol) of L to L; 3
(3) the Kahler form of § of L represents the first Chern class of L.

Lemma 4.1 ([KS]). Let X = H — \/—1JH. Then there exists a Kdhler—Ricci
soliton of the form (4.1) with respect to the holomorphic vector field aX on L if
and only if

max U
fla) = / ¢2eU (U UdU = 0, (4.2)
min U
where
Q) = q(t) = det(I — U(t)gy ' B) > 0. (4.3)

Lemma 4.2. Let X = H —/—1JH. Then there exists a Kdhler-Ricci soliton of
the form (4.1) with respect to the holomorphic vector field aX on L if and only if
the corresponding holomorphic invariant F,x(-) defined by (1.3) vanishes, i.e.,

Fox(v) =0, Yven(M). (4.4)

Proof. By Proposition 3.1 and Lemma 4.1, it suffices to prove that (4.2) is equiv-
alent to

F.x(X)=0.

Let g be a Kéahler metric of the form (4.1) and 6x = 0x(g) a complex-valued
function defined by (1.2) in Section 1 associated to the metric g. Since

— v —1 _
ixwz(X) = “-—gy5d2° A dZ° (X, X) =

22
- (202),

2

we have

X = u(t)% — ﬁu(t)j%,
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and
H(0x) = X(0x) = X (0x) = 90x (X) = 2u>. (4.5)

It follows

9X =2U +c¢ (46)

for some constant c. In particular, 6y is a real-valued function.
Let h = hj be the smooth function defined by (1.1) in Section 1 associated to
g. Then, by a result in [KS], we have

d ¢ d B
ot @@Q+2U+H(h) =0, (4.7)

where ¢ = ¢(U) = u?, Q = Q(U) is defined in (4.3).
Since O,x = abx + ¢, for some constants c,, by using (4.5), (4.6) and (4.7),
one can compute

FaX(X):eC“[X(h—aﬁx)eaexwg
i

maxt
= Vol(M, gp)e / H(h — afx)e®®* ugdt
min ¢
max U

= Vol(M, gg)e / H(h — abx)e®*QdU

min U
d (b d af x
<_dU¢ + GapQ aH(GX)>e QdU  (4.8)

(6Q) + 2a6Q + 2UQ) X qU

max U

= —Vol(M, gg)e /

min U <dU

(%(GZGUQSQ) + 262aUUQ) ea9x72aUdU

max U

= —2Vol(M, gg)e®*Tce / 2V UQdu.
min U

This shows that F,x(X) = 0 if and only if (4.2) is true. Lemma 4.2 is proved. [J

Remark 4.1. From (4.2), we see

max U
dfle) _, / 20U Q(U)U2dU > 0.

da min U

This shows that there exists only one ag such that f(ag) = 0. By Proposition
3.1 and Lemma 4.2, F,x(.) = 0 if and only if a = ag. Furthermore, there exists
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a Kahler-Einstein metric on L if and only if ay = 0, i.e., the Futaki invariant
vanishes.

Combining Lemma 4.2, Proposition 3.1 and Proposition 2.1, we prove

Proposition 4.1. Let L be a compactification of C*-bundle satisfying the assump-
tions (1), (2) and (3). Then there exists a Kdhler—Ricci soliton with respect to a
holomorphic vector field X on L if and only if X is contained in a reductive Lie
subalgebra of n(i) with Im(X) generating a compact one-parameter subgroup of
Aut(L) and the corresponding holomorphic invariant Fx (-) vanishes.

Example 4.1. CP"T14#Cprtl,

Let H be the hyperplane line bundle over CP™ and H ! be its dual line bundle.
Then L = H~! @ I is a two-dimensional holomorphic vector bundle and L =
P(L) is a CP!-projective bundle over CP™. Let Sy and S, be {0 — section}

and {oo—section} of H~! respectively. Then H-1 = H~1\ Sy = C**1\ 0 and
L =H 1USyUS,, and consequently L =~ CP"t14CP»+1. Hence by Lemma 4.2,
Remark 4.1 and Theorem 3.2, there exists a unique Kahler—Ricci soliton metric

(modulo the holomorphic transformations group ) on CP"H1#CPnt! with respect
to some holomorphic vector field induced by the fiber of P(L).

Example 4.2. L = P(L & I), where L = pi H* @ p5H"2.

Let n1 and no be two positive integers. Let H; be the hyperplane line bundle
over CP™, ¢ = 1,2. Denote by p; : CP"t x CP™2 — CP™ the projection to i-th
factor. Let L be the holomorphic line bundle over CP"1 x CP"2 given by

L :p’{Hkl ®p§Hk2’

where |k1| < ny and |ka| < ng are integers. Put L the total space of projective
bundle P(L & I). Then ¢y (L) > 0 and n(L) = gl(nq +1,C) 4+ gl(ng +1,C) + ¢ (cf.
[F2]), where ¢ is generated by the holomorphic vector field X = H — /—1JH as
before. Hence by Lemma 4.2, Remark 4.1 and Theorem 3.2, there exists a unique
Kihler-Ricci soliton metric with respect to aX for some a on L modulo Aut® (I~/)

5. Two functionals associated to the holomorphic invariant

In this section, we introduce two functionals which integrate the new holomorphic
invariant defined in Section 1, then by using the arguments in the proof of unique-
ness theorem in [TZ1], we prove both functionals are bounded from below if the
underlying manifold admits a Kahler—Ricci soliton.
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Let g be a K-invariant Kéhler metric and X be a holomorphic vector field of

M. Let hy and 0x = 0x(wy) are two smooth real-valued functions defined by (1.1)
and (1.2) in Section 1, respectively. Set

M) = 16 € O], =+ Y19 > 0, Tm(X)(6) = 0.

We recall the following functional on M x (wg) from [Zh] and [TZ1],

1
Fu,(¢) = **/ pe*wy! log(V/Mehg%g)
. 1
_ Ox+X (Pt n hg—¢, n
__V/O M(btex ( )w(z,t/\dt—log(V/Meg wg>,

where J,, (¢) = Vfo fM¢t exwg eOx+X(8), ¢)/\dt and ¢; (0 <t<1)isa
path connectlng 0 to ¢ in Mx (wy). Note that F,, (¢) is independent of the choice
of path ¢;. Moreover, one can check that for any two ¢ and ¢ in Mx(w,), the
following cocycle condition is satisfied,

ng(?ﬁ) :ng(¢) +Fw¢(w_¢)a (52)

(5.1)

where

Fo,(¥—0)

_ __/ / ¢ €0X+X(¢t)w:;t A dt — log (%/ eh“’¢(d}¢)wg).
M

Here ¢; (0 <t <1) is a path connecting ¢ to ¢ in Mx(w,) and h,,, is a smooth
real-valued function defined by (1.1) in Section 1 associated to the K&hler form
We-

The next functional can be regarded as a generalization of Mabuchi’s K-energy,
which integrates the holomorphic invariant Fx (-) ([Ma]),

Foy ()
1 1
= V ¢t[ ( ) - trqut (VUJ(pt X)

+ X (P, —9 (wg,))]e X(w"’t)wgt A dt
/ / A(hy, —0x(we,)) A D (Wor) =1 A gt
= oV Yo Pt e ’

where fx(wg,) = 0x + X (&) and R(¢;) is the scalar curvature of wy, and ¢,
(0 <t <1)is a path connecting 0 to ¢ in My (wy). One can show that pu,, (¢) is
well-defined, in fact, it can be represented by F,, (¢).
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Lemma 5.1. We have the following identity

Huwg (®)
1

:ng(¢)__

1
5 [ ey = 0x = XN O+ 5 [ (1= 0",

where hy,, is normalized by

/ eh%wg =V
M

It follows that

o, (9) > P (9) = C.

Proof. The argument is originally due to [DT] (see also [T2]). We can rewrite (5.3)
as follows,

fhes, (D)
1
. v—=1_=
= _%/ /M b1 [Ric(w¢t) — Ric(wy) — ?aaX(¢t)
YLD, — X(61) — g+ 60) A DOx () o At
— —/ / (;St Ric(wy) —_1559)(
27
+ Y200 — 0x) A Bx (wg,)| o)
/1 _
a _/ / ¢t o Op¢ N 00x (Wm)} e’ (%t)wgfl A dt.
Note that
he,, —hg = —log (w ) ¢+ const.. (5.4)

g9

Then integrating by parts, we can get
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,uwg((b)
1t eexwg d oy tX(ée) m
:7V/ / log< 0X+X(¢)wgt)dt(e o)
// 9x+X(¢t) ¢)
o, @a@””(@)ww

efx+X(9),
~ 5 ] 1os ( ) X Gy (1(9) - J(0))

eean

+ v /M(hg —Ox) ("Wl — X FX @),

Using the fact

W 1 B
he, — hy = —log (w—¢) — ¢ —log (V /M oho d»wg),

g

we derive

Hog (9)
1 1
=7 /M ¢eex+X(¢)w; — (I(¢) — J(¢)) — log (V /M ehg—qbw;)
1 1
+ v /M(hg - HX)GGXW;L - V/ (hw¢ —0x — X(d)))erJrX((b)wg

:ng((;S)Jr‘l// (h —fOx)e ——/ ws — Oy — (¢))60X+X(¢)Wg-

(5.5)
On the other hand,

| e =v.
M

and e?*+X(9) is uniformly bounded (cf. [TZ1]), we have

»O0x— n
i/ ) ¢§Cl'

Then it follows from the concavity of logarithmic function,
1 n
7 /M(h% —0x — X(¢))wy <InC". (5.6)

Inserting (5.6) into (5.5), we get
Hey (0) = Fu, (6) — C.
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The lemma is proved. O

In the following, we assume that there exists a Kahler—Ricci soliton wgg with
respect to X on M. Let o € Aut,.(M). Then o*wgkg is still a K&hler—Ricci soliton
with respect to X on M. Since there is a path in Aut,.(M) from the identity to o,
then by the definition (5.3) (the background metric wy is replaced by wksg), one
can show

/’LWKS (¢U) = 07 v oS AU-t’r‘(M)7
where ¢, is defined by c*wgs = wiks + ga&éa. It follows from Lemma 5.1,
Fors(ds) =0, Vo € Aut,.(M). (5.7)

The following theorem is our main result in this section.

Theorem 5.1. Let M be a compact complex manifold which admits a Kdhler
Ricci soliton wics with respect to X. Then both functionals F,,(¢) and ., () are
bounded from below on Mx (wg).

Theorem 5.1 generalizes a result in [DT] in case of a compact Kéhler—Einstein
manifold with positive scalar curvature. To prove it, we shall introduce certain
complex Monge-Ampere equations. In [TZ1], we considered the following complex
Monge-Ampéere equations with parameter ¢ € [0, 1]:

det(gﬁ + QSJ) = det(gﬁ)exp{hg —Ox — X(¢) —to}
(gi; + ¢13) > 0.

One can check that wy = wy + \/2;:18&25 is a Kéhler—Ricci soliton, if and only if
¢ + c is a solution of (5.8); at t = 1, where ¢ is some constant.

(5.8)¢

Lemma 5.2. Let ¢ be solutions of (5.8)s for s <t <1 and

B, (1) = Ju, (é1) — / Bt
Then
1
¢

o (1) = /X%wgﬁmwmm<a

where

Wq ¢t /¢t 0X 69X+X(¢t)wgt).

Proof. First from the proof of Lemma 3.2 in [TZ1], we can obtain

d
X ( t) n
dt(1w9<¢t) wg(¢t / ¢tdt 9 +X (¢ )

:‘vﬂﬁwm@+xwmfﬁwaa
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On the other hand, by differentiating (5.8); on ¢, we have
Ny + X(d’t) = *(tﬂgt + é1)- (5.10)

Inserting (5.10) into (5.9) and using (5.8);, we get

It follows

(L, (90) — Ty (60)) ~ (T (90) — sy (80)

1d .
=V (/M“‘@)eexwt)”@)

Integrating the above inequality from 0 to ¢, and then dividing ¢ on both sides,
we get

- 1
By = =55 [ e X000 — (1, (00) = ., (00)
1 t

=1 [ 00 = L 6

Since

Lo, (¢) = Ju, (¢) > 0

for any ¢ € Mx (wy) (cf. [TZ1]), we have ng(qbt) <0. O

Proof of Theorem 5.1. By Lemma 5.1, it suffices to prove that F,, (¢) is bounded

from below. Let ¢g € Mx(wy) such that w, = wxg — ga&;ﬁo. In [TZ1], it was
proved that there is an element o € Aut, (M) such that

V1

w}(S =oc*wgg = we + ﬁﬁé{ﬁ

= wis + %a@(& + 6~ o)



320 G. Tian and X. Zhu CMH

and the following complex Monge—Ampere equations

{ det(gig +5) = det(gg)expihu, —Ox(we) = XW) —tw} o

(gij + 1/123) >0

are solvable for any ¢t € [0, 1], while ¢; = zZ—i— const. is a solution of (5.11); on
t =1, where the initial Kéhler form w, is replaced by wg and 0x (wg) is a smooth
real-valued function defined by (1.2) in Section 1 associated to the Kéhler form
We-
Let v, be solutions of (5.11);. Since

/ eh%*fhwg — / €9X(wq>)+X(ww1)le =V,
M M
by Lemma 5.2, we have
Fw/KS(iz:Z)v) = 7FLU¢((Z/}1) = 7FW¢(¢1)
1
= [ ) = s> o

Hence by using the cocycle condition (5.3) and (5.7), we prove

ng(d)) = kas(d) - ¢0) + ng(¢0)
= FwKS(lliJrgf)* ¢0) +Fw;<5(*¢) +ng(¢0)
> F, =C.
> Fu, (o) O
As a consequence of Theorem 5.1, we obtain the following Moser—Trudinger
type inequality on a compact complex manifold with admitting a Kéhler—Ricci
soliton.
Corollary 5.1. Let M be a compact complex manifold which admits a Kdhler—

Ricci soliton with respect to X. Then there is a uniform constant C' such that for
any ¢ € Mx(wy),

/M e~%w! < Cexp (Jwg(qb) - % /M ¢wg). (5.12)

Lemma 5.3. For any ¢ € Mx(wg), there is a uniform constant C' such that

1
sup ¢ < —/ Qﬁeexwg +C. (5.13)
M V
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Proof. By Yau’s Theorem for Calabi’s conjecture ([Ya]), we see that there is a
Kahler potential function v such that v solves the complex Monge—Ampere equa-
tion,

(wg + Qaéw)n =wy = eaxwg,
wg + %a&p > 0.
Since
Aww (¢ — Qp) > —n,
using the Green formula associated to the Kahler form wy, we get

sup(o =) < 37 [ (@=vp+C

1 n
=V /M(¢— V)’ wy +C

1 HX n
Sv/M¢€ wg+C.

Hence (5.13) follows from the above inequality directly. a

Proof of Corollary 5.1. By Theorem 5.1, we have

1
- 9X n GX n
/ e %e wy < Cexp (Jwg(qS)_V/ oe wg>,

for some uniform constant C. Then (5.12) follows from Lemma 5.3 immediately. [J

Remark 5.1. In a later paper [CTZ], we will prove a stronger version of Moser—
Trudinger type inequality on a compact complex manifold with admitting a Kahler—
Ricci soliton. Such a stronger inequality is a sufficient and necessary condition for
the existence of Kahler—Ricci solitons.

Appendix. Another proof of Theorem 3.2

In [TZ2], we gave a sketch of proof of Theorem 3.2. The original proof is different
to one appeared in Section 3 in this paper. For completeness, we give that proof
in details in this appendix. The proof is independent of Proposition 2.1.

The following lemma can be found in [TZ1] (see also Theorem 2.4.3 in [F2],
Corollary 2.148 in [Be]).

Lemma A. Let g be a Kdhler—Ricci soliton with respect to a holomorphic vector
field X € n.(M) on M™. Let L be a linear elliptic operator on C*°(M,C) defined

by
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Then the correspondence

0 : Ker(L) — n(M),

(U Z g7 582“

ij=1

s one-to-one.

Another proof of Theorem 3.2. Let g and ¢’ be two Kahler—Ricci solitons with
respect to two holomorphic vector fields X and X’ on M, respectively. Then by a
result of Iwasawa ([Iw]), we can find a holomorphic automorphism o € Aut®(M)
such that Ad,-1(X’') € n,.(M). Clearly, c*wy is a Kéhler-Ricci soliton with
respect to (07 1).(X") = Ad,1(X’). Hence, by Theorem 3.1, we suffice to prove
that

X = (e H,(x").

For simplicity, we may assume that 0 = Id and X, X’ € n,.(M). In particular,
Im(X') € k(M).

On the contrary, we assume that X’ # X. Let x = 0x(g) and 0x = 0x/(g)
are two smooth complex-valued functions defined by (1.2) in Section 1 with respect
to X and X', respectively. Clearly, fx is a real-valued function since Lxwy is a
real-valued (1.1)-form. Since g is K-invariant by a result in Appendix in [TZ1],
Lxiwy is also a real-valued (1,1)-form. Hence, §x/ is also a real-valued function
on M. Furthermore, by Lemma A, there are Ox = 0x + ¢ and 0x/ = Ox/ + ¢ for
some constants ¢; and c¢g such that

Ox # 0x, (A1)
Ng(Ox) + X(0x) + 0x =0, (A.2)

and } } }
Ag(ex/)+X(0X/)+9X/ =0. (A3)

Let hy be a smooth real-valued function defined by (1.1) in Section 1. We
define a function on [0, 1] as follows:

Fi(a) = / X (hy —afx — (1 — a)fx:)e P+ (1-alyn (A.4)
M
Then by Proposition 3.1, it is clear

Fi(1) = e / X(hy — 0x)e"* ! = 0. (A5)
; ‘
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Moreover, by Proposition 1.1 and 3.1, we have
9 !’
Fl(O) = 662/ X(hg — GX/)G X w;L

M

= et [ Xy 0 )ex (A.6)
M

=0

where hg and 0x/(g') are two smooth real-valued functions defined by (1.1) and
(1.2) respectively in Section 1 associated to the Kédhler—Ricci soliton ¢’.
Since

hg —0x = const.,

we have ) )
Fi(a) = /M(1 — @)X (B — By )etPxHI-aixn. (A7)
By using integration by parts and (A.2), one can compute
dFy(a)
da

. / =X (fx — 0x) + (1 — a)(Bx — fxr) - X(Ox — G )]ex H1-a)xsym
M

g

= /M(éx —Ox ) (NOx + (aX + (1 — a)X’)éX)eaéx"'(l_a)éX’w;
+ /M(l - a)(éx - éx/) ~X(§X — éx/)eaéer(l*a)éx’wg
- / (Bx — O ) (D + X (G ) H1=a)ixsn

. 4

g

:/ _(§X _éX,)éXeaéx-i-(l—a)éX/wn.
M

g
(A.8)
Similar to (A.4), we define
Fy(a) = /M X'(hy — afx — (1 — a)fx)e?x+A=a)xryn.
Then the above argument shows
F3(0) = Fy(1) = 0 (A.9)
and
dF;(a) / (9~X _ éX/)(AéX/ + X(éX/))ea5x+(1fa)§x,w;L
a
M (A.10)

= _/ (éX - éX/)éX/ea9~X+(1_a)§X/wn.
M

g
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The last inequality follows from (A.3).
Combining (A.8) and (A.10), we get

d _ ~ ~ ~
—(Fy(a) — Fi(a) = /M(ex — fx/)2etxH1ma)hxryn .

Then by (A.6) and (A.9), it follows
Fy(a) — Fi(a) >0, Va>0,

in particular,
F2<1) - F].(l) > 0)

which is impossible, since Fy(1) = 0 and Fy(1) = 0 by (A.5) and (A.9). The
contradiction shows that Theorem 3.2 is true. O
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