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Geodesic flow on the diffeomorphism group of the circle
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Abstract. We show that certain right-invariant metrics endow the infinite-dimensional Lie
group of all smooth orientation-preserving diffeomorphisms of the circle with a Riemannian
structure. The study of the Riemannian exponential map allows us to prove infinite-dimensional
counterparts of results from classical Riemannian geometry: the Riemannian exponential map is
a smooth local diffeomorphism and the length-minimizing property of the geodesics holds.
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1. Introduction

The group D of all smooth orientation-preserving diffeomorphisms of the circle S
is the “simplest possible” example of an infinite-dimensional Lie group [1]. Its Lie
algebra T74D is the space C°(S) of the real smooth periodic maps of period one.
Since C*°(S) is not provided with a natural inner product, to endow D with a
Riemannian structure we have to define an inner product on each tangent space
T, D, n € D. For a Lie group the Riemannian exponential map of any two-sided
invariant metric coincides with the Lie group exponential map [1]. It turns out
that the Lie group exponential map on D is not locally surjective cf. [12] so that a
meaningful' Riemannian structure cannot be provided by a bi-invariant metric on
D. We are led to define an inner product on C*°(S) and produce a right-invariant
metric? by transporting this inner product to all tangent spaces T,D, n € D, by
means of right translations.

In this paper we show that certain right-invariant metrics induce noteworthy
Riemannian structures on D. Despite the analytical difficulties that are inher-

1 A prerequisite of a rigorous study aimed at proving infinite-dimensional counterparts of facts
established in classical (finite-dimensional) Riemannian geometry is the use of the Riemannian
exponential map as a local chart on D.

2 To carry out the passage from right-invariant metrics to left-invariant ones, note that a
right-invariant metric on D is transformed by the inverse group operation to a left-invariant
metric on D with the reverse law (o x ¥ =1 o ).
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ent? the existence of geodesics is obtained and their length-minimizing property
is established. The paper is organized as follows. In Section 2 we discuss the
manifold and Lie group structure of D, Section 3 is devoted to basic properties
of the Riemannian structures that we construct on D (existence and local chart
property of the Riemannian exponential map), while in Section 4 we prove the
length-minimizing property of geodesics. In the last section we present? a choice
of a right-invariant matric endowing D with a deficient Riemannian structure (the
corresponding Riemannian exponential map is not a local C!-diffeomorphism), to
emphasize the special features of the previously discussed Riemannian structures.
Note that for diffeomorphism groups the existence of geodesics is an open ques-
tion® so that it is of interest to have an example (M = S) where an attractive
geometrical structure is available.

2. The diffeomorphism group

In this section we discuss the manifold and Lie group structure of D.
If £(x) is a tangent vector to the unit circle S at z € S C C, then R[Z £(z)] =0
and

u(z) = i % £(z) € R.

This allows us to identify the space of smooth vector fields on the circle with
C*>(S), the space of real smooth maps of the circle. The latter may be thought
of as the space of real smooth periodic maps of period one and will be used as a
model for the construction of local charts on D. Note that C°°(S) is a Fréchet
space, its topology being defined by the countable collection of C™(S)-seminorms:
a sequence u; — u if and only if for all n > 0 we have u; — w in C™(S) as j — oo.
D is an open subset of C*(S;S) C C*°(S;C), as one can easily see considering the
function defined on C*°(S;S) by

aty |z -yl
We will describe a Fréchet manifold structure on D. If ¢ — ¢(t) is a C'-path in

D with ¢(0) = Id, we have ¢'(0)(z) € T,.S. Therefore ¢’(0) is a vector field on S
and we can identify 774D with C*°(S). If ¢ € D is such that ||o — Id||coi) < 1/2,

3 D is a Fréchet manifold so that the inverse function theorem and the classical local existence
theorem for differential equations with smooth right-hand side are not granted cf. [12]. Moreover,
we deal with weak Riemannian metrics (the family of open sets of D contains but does not
coincide with the family of open sets of the topology induced by the metric) so that even the
existence of a covariant derivative associated with the right-invariant metric is in doubt cf. [15].

4 For a detailed analysis see [7].

5 For any smooth compact manifold M, both the group of smooth diffeomorphisms of M,
Diff(M), and its subgroup formed by the volume-preserving diffeomorphisms, have a Lie group
structure [16]. Progress towards the existence of geodesics was made but the understanding is
still incomplete [1].
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we can define

u(zr) = QLM Log(f go(a?)) € C*(S;R).

Note that u(x) is a measure of the angle between x and ¢(z). Define a lift F, :
R — R of ¢ such that

woll(Z) = Fy(z) — &, Ze€R,
where I : R — S is the cover map. In the neighborhood

Ugy = {lle — wollcosy < 1/2}
of ¢ € D we are led to define

u(z) = 2i7m Log(cpo—(x) cp(m)), x €5,
and
woll(Z) = Fy (Z) — Fyo(Z), T €R.

For ¢ € U,,, let ¥, (¢) = u. We obtain the local charts {U,,, ¥, }, with the
change of charts given by®

1
v, o \Il;ll(ul) = + 5 Log(p3 ¥1).

The previous transformation being just a translation on the vector space C*°(S),
the structure described above endows D with a smooth manifold structure based
on the Fréchet space C*(S).

A direct computation shows that the composition and the inverse are both
smooth maps from D x D to D, respectively from D to D, so that the group D is
a Lie group. Note that the derivatives of the left-translation

LU:D_)D7 LU(SD):,’]OSD7 nepa
and right-translation
Ry:D—7D, Rylp)=¢on, neD,

are given by
Ly« :T1qD — T, D, uwrs 1y -u, neD,

respectively
Ry :TrqD = T,D, uw—uon,  neD.

The Lie bracket on the Lie algebra Tj4D = C*°(S) of D is
[u,v] = —(ugpv — uvy), u,v € C°(S). (2.1)

6 With u1 = W, (¢) and us = ¥y, () for ¢ € Uy, NUy,, we have
(2mi) uz = Log(®2¢) = Log(@z1P1¢) = Log(P2¢p1) + Log(P1y) = Log(@2ep1) + (2mi) u1.

1
Hence Wy, (@) = Yy, (¢) + 5 Log(®z 1) and the change of charts is plain.
i
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Each v € T14D gives rise to a one-parameter group of diffeomorphisms {n(t,-)}
obtained solving
ne=v(n) in C>(S) (2.2)

with data n(0) = Id € D. Conversely, each one-parameter subgroup ¢ — 7(t) € D
is determined by its infinitesimal generator v = % n(t) € T14D. Evaluating the
t=0

flow ¢t — n(t,-) of (2.2) at t = 1 we obtain an element exp; (v) of D. The Lie-group
exponential map v — expy, (v) is a smooth map of the Lie algebra to the Lie group.
Although the derivative of exp;, at 0 € C*°(S) is the identity, exp;, is not locally
surjective cf. [16]. This failure, in contrast with the case of Hilbert manifolds (see
[15]), is due to the fact that the inverse function theorem does not necessarily hold
in Fréchet spaces cf. [12]. This inconvenience might seem to indicate that it is
preferable to work with the Hilbert manifolds”

Dk = {5 € H*(S) is bijective, orientation-preserving, and n~! € H*(S)}, k> 2,

instead of D. However, DF is only a topological group and not a Lie group since
for n € DF the right composition R, : DF — DF is smooth but both the left
composition L, and the inverse map ¢ — ¢! are merely continuous on DF,
without being smooth (see [2]). Therefore, in order to obtain a Lie group structure,
we have to consider the Fréchet manifold D.

Let F(D) be the ring of smooth real-valued functions defined on D and X' (D)
be the F(D)-module of smooth vector fields on D. For X € X (D) and f € F(D),
the Lie derivative Lx f is defined in a local chart as

flo+hX(p) = flp)

Lx flp) = lim N , p€eD.
If U CcDisopen and X,Y : U — C*®(S) are smooth, let

h—0 h
This leads to a covariant definition of the Lie bracket of X,Y € X (D),

LxY =[X,Y]=DxY — Dy X.

Note that if X®(D) is the space of all right-invariant smooth vector fields® on
D, then the bracket [X,Y] of X, Y € X%(D) is a right-invariant vector field and

T H¥(S), k > 0, is the space of all L%(S)-functions (square integrable functions) f with distribu-
tional derivatives up to order k, 9% f with i = 0,...,k, in L?(S). Endowed with the norm

k
2 7 2
912 =3 /S (05 1)*(2) d,

H*(S) becomes a Hilbert space. Note that if {f(j)}jez is the Fourier series of f € H*(S), then

1712 =32 (1+ @mi)? + -+ +2m)*) | ) 12

JEZL

8 X € XR(D) is determined by its value u at Id, X, = Rysu for n € D.



Vol. 78 (2003) Geodesic flow on the diffeomorphism group of the circle 791

[(X,Y]1a = [u,v], where u = X4, v = Yiq cf. [16]. This feature explains the
minus sign entering formula (2.1) — the commutation operation is defined by this
construction carried out with right-invariant vector fields.

3. Riemannian structures on D

We define an inner product on the Lie algebra T;4D = C*°(D) of D, and extend
it to D by right-translation. The resulting right-invariant metric on D will be a
weak Riemannian metric. In this section we discuss the existence of the geodesic
flow associated with this metric.

Consider on TryD = C*(S) the H*(S) inner product

k
(o) = [@u) @o)de, wve C(6),
i=0 /8
and extend this inner product to each tangent space 1, D, n € D, by right-
translation, i.e.

(V, W)y == <Rn71*V, Rnfl*W>k, V,W € T,D. (3.1)

We have thus endowed D with a smooth right-invariant metric. Note that the
right-invariant metric (3.1) defines a weak topology on D so that the existence of
a covariant derivative which preserves the inner product (3.1) is not ensured on
general grounds cf. [15]. We will give a constructive proof of the existence of such
a covariant derivative. Let us first note that

(u, v)k:/Ak;(u)valac7 u,v € H*(S), k>0,
s

where for every n > 0, Ay : H"*?*(S) — H™(S) is the linear continuous isomor-
phism
d2 d2k
4 (=1 .
iz " +(=1) dx?k

This enables us to define the bilinear operator By : C°(S) x C*°(S) — C*>(S),

Ay =1 (3.2)

By(u,v) = = A7 (20, Ak(w) + vAk(w)),  ww€CX(S),  (33)
with the property that
(B (u,v), wg = (u, [v,w]), u,v,w € C(S).

We can extend By to a bilinear map By, on the space XT(D) of smooth right-
invariant vector fields on D by

Bi(X,Y), = Ry.Br(X14,Y1a), n€D, X,Y € XE(D).
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For X € X(D), let us denote by Xf‘ the smooth right-invariant vector field on D
whose value at 7 is X,,.

Theorem 1. Let k > 0. There exists a unique Riemannian connection VE on D
associated to the right-invariant metric (3.1), with

1
(V&Y )y = X, = Y, + 5 (KR Y, = BuXE, Y, — BV X0, ),
for smooth vector fields X, Y on D.

Proof. The uniqueness of V* is obtained like in classical Riemannian geometry
(see e.g. [15]) and all the required properties can be checked from its explicit
representation, using the defining identity for By. |

The existence of V¥ enables us to define parallel translation along a curve on D
and to derive the geodesic equation of the metric defined by (3.1). Throughout the
discussion, let J C R be an open interval with 0 € J. For a C'-curve o : J — D,
let Lift(cr) be the set of lifts of a to T'D. The derivation D,, : Lift(a) — Lift(«)
along « is given in local coordinates by

Do,y =9 — Qrlazoa™yoa Y oa, v € Lift(a), (3.4)
where Q, : C°(S) x C(S) — C(S) is the bilinear operator

1
Qr(u,v) = 3 (uwv + uv, + Bi(u,v) + Bk(v,u)), u,v € C*(S).

For a C'-curve a : J — D we have

d

% <’Yl7’72>k - <Dat’717’Y2>k + <715Dat72>ka te J7 (35)

for all 1,72 € Lift(«).
If a:J — DisaC?curve, alift v: J — TD is called a-parallel if D,y = 0
on J. This is equivalent to requiring that

1
v=g (Uuw — vu + By (u,v) + Bk(v,u)>, (3.6)
where u,v € C1(J;C%(S)) are defined as a; o a=! = u, respectively yoa™t = v.

A C?-curve ¢ : J — D satisfying Dy, = 0 on J is called a geodesic. If
u =@ 0p -t €TyD=C>(S), then u satisfies the equation

uy = B(u,u), ted (3.7)

Equation (3.7), called the Fuler equation, is the geodesic equation transported
by right-translation to the Lie algebra T74D. Equations of type (3.7) arise in
mathematical physics.
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Example 1. For k = 0, that is, for the L? right-invariant metric, equation (3.7)
becomes the inviscid Burgers equation

us + 3uuy, = 0.

This equation is a simplified model for the occurence of shock waves in gas dynam-
ics and can be studied quite explicitly [13]: all solutions but the constant functions
have a finite life span. O

Example 2. For k = 1, that is, for the H! right-invariant metric, equation (3.7)
becomes cf. [17] the Camassa—Holm equation

Uy + wtly + Op (1 — 02) ! (u2 + %uxz) =0.
This equation is a model for the unidirectional propagation of shallow water waves
[3] as well as a model for axially symmetric waves on hyperelastic rods [9]. It has
a bi-Hamiltonian structure [11] and is completely integrable [8]. Some solutions
of the Camassa—Holm equation exist globally in time [5], whereas others develop
singularities in finite time [6]. The blowup phenomenon can be interpreted as a
simplified model for wave/rod breaking — the solution (representing the surface
water wave or the deformation of the hyperelastic rod) stays bounded while its
slope becomes vertical in finite time [4]. O

In a local chart the geodesic equation (3.7) is

o1 = Pr(p, 1),

where Py, is an operator that will be specified in the proof of Theorem 2. Assuming
for the moment the local existence of geodesics on D for the metric (3.1), proved
below, let us derive a conservation law for the geodesic flow? Observe that any
v € C®(S) = T74D defines a one-parameter group of diffeomorphisms h® : D —
D, h®(p) = ¢ o expy(sv), where exp; is the Lie-group exponential map. The
metric being by construction invariant under the action of h®; Noether’s theorem
ensures that if g : TD — R stands for the right-invariant metric, then

el W

is preserved along the geodesic curve t — ¢(t) with ¢(0) = Id and ¢:(0) = ug €
T14D. We compute

dn*(e)|  _ dg B )
ds ls=0 Pz " Us %(‘va) [w]=2(wop

1

7w o @71>k’

9 For finite-dimensional Lie groups the geodesic flow of a one-sided invariant metric the angular
momentum is preserved [1]. This is a consequence of the invariance of the metric by the action
of the group on itself, in view of Noether’s theorem. The same reasoning can be carried over to
the present infinite-dimensional case.
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obtaining that

1

(prop g0t vop ) = (ug,v), v ECT(S).

Therefore
/Ak(u)woxocp*lovoga’ldx:/Ak(uo)'vdx, v e C™(S),
s )

where, as before, u = ¢; o ¢~'. A change of variables yields

/Ak(u)ogaogaiovdx://lk(uo)~vdx, v e C™(S)
s s

so that, denoting
my = Ap(u) o @ - 92, (3.8)

we obtain
mk(t) = mk(O), t e [O,T), (39)

where ¢ € C?([0,T); D) is the geodesic for the metric (3.1), starting at ¢(0) =
Id € D in the direction ug = ¢;(0) € Tr4D; as before, u = @ 0 L.

To prove the existence of geodesics, we proceed as follows. The classical local
existence theorem for differential equations with smooth right-hand side, valid
for Hilbert spaces (see [15]), does not hold in C*°(S) cf. [12]. However, note
that C°(S) = Np>ak+1H"(S). We use the classical approach to prove that for
every n > 2k + 1, the geodesic equation has, on some maximal interval [0,T},)
with T,, > 0, a unique solution in H"(S), depending smoothly on time. A priori
T, < Topy1. It turns out that T;, = Toy41 for all n > 2k+1, a fact that will ensure
the existence of geodesics on D endowed with the right-invariant metric (3.1) for
every k > 1. The peculiarities of the special case k = 0 (where this approach is
not applicable) are discussed in the last section.

Theorem 2. Let k > 1. For every ug € C*(S), there exists a unique geodesic
p € C>([0,T); D) for the metric (3.1), starting at ¢(0) = Id € D in the direction
ug = ¢¢(0) € TrqgD. Moreover, the solution depends smoothly on the initial data
ug € C (S)
Proof. Note that

uAy(uz) = Ag(uug) + CR(v), we H™(S), n>2k+1,

where CY : H"(S) — H"2k(S) is a C*-operator depending quadratically on
Uy Usg, - - -, O2Fu. Denoting by Cj, : H™(S) — H"2¥(S) the C*°-operator

Cr(u) = —C2(u) — 2uy Ay (u),
we obtain that

Bi(u,u) = A Cr(u) —uug, w € H™(S), n>2k+ 1.
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The geodesic equation (3.7) becomes
U + Uy = A,;lC'k(u)7

where u = @; 0 ¢~ € C°°(S). Letting v = uo ¢ = ¢;, we can write the geodesic
equation in a local chart U in C*°(S) as

Sot =,
3.10
{Ut :Pk(QO,U), ( )

where
Pi(p,v) = [Aglck(v oo~ oo
The operator
(g, v) = (o, Pu(p,v))

can be decomposed into Q) o Fj, with

Eilpv) = (1 By o Cro Byoa(v),

and
Qr(p,v) = (% R,0A; "o Rwl(v))

Specifying the explicit form of Ex(p,v), we see that this operator extends to the
space U, x H"(S), where U, is the open subset of H™(S) of all functions having a
strictly positive derivative'®The same argument can be pursued in the case of the
operator Gy, : U,, x H*(S) — U,, x H"72K(S),

Gk(@, U) = (@7 Rt,a © Ak o Rgp*I (U))a

the inverse of @ (as a map). Direct calculations confirm that Ej and Gy are both
smooth maps from U,, x H™(S) to U, x H""2k(S). The regularity of G} ensures
that its Fréchet differential can be computed by calculating directional derivatives.
One finds that

Id 0
DG = )
e = (U o yor )
with
(—1)*
Qo = ~———
? p2*
and ag,...,asr_1, all of the form

pk(‘ﬁv Pry--s 351%0)
05"

10 Note that n > 2k 41 > 3 so that H™(S)-functions are of class C2. Explicit calculations show
that if n € Uy, then 7 is a H™(S)-homeomorphism of the circle with n~1 € H™(S).
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for a polynomial py with constant coefficients, while x* is a linear differential oper-
ator of order 2k with coefficients rational functions of the form

Q(% U, Pgy VUgy - - - aang, agkv)
@4]{)
xT

for some constant coefficient polynomial q. Observe!'that for every f € H"2k(S)
there is a unique solution u € H"(S) of the ordinary linear differential equation
with H"~2¥(S)-coefficients

2k 4
> ailp)div=f
i=0
Taking into account the form of DGy, we infer that
DGy(p,v) € Isom(U" x H™(S), U™ x H"—Q’f(S)).

Since the differential of the smooth map Gy, : U, x H"(S) — U, x H"2k(S) is
invertible at every point, from the inverse function theorem on Hilbert spaces [15]
we deduce that its inverse Qy, : U, x H"2¥(S) — U,, x H™(S) is also smooth. The
regularity properties that we just proved for the maps Qg, Fx, show that Py is a
smooth map from U,, x H™(S) to H"(S).

Regard (3.10) as an ordinary differential equation on U,, x H™(S), with a smooth
right-hand side, viewed as a map from U, x H"(S) to U,, x H"(S). The Lipschitz
theorem for differential equations in Banach spaces [15] ensures that for every ball
B(0,e,) C H™(S) there exists T,, = T,,(¢,,) > 0 such that for every ug € B(0,¢,),
the equation (3.10) with data ¢(0) = Id and v(0) = wuo has a unique solution
(p,v) € C*°([0,T},); Up x H™(S)). Moreover, this solution (p,v) depends smoothly
on the initial data uy and can be extended to some maximal existence time 7;7 > 0.
If T < oo, we have either that limsup ||v(t)||,, = oo or there is a sequence ¢; T T}

Ty

such that o(t;) accumulates at the boundary of U, as j — oc.

Choose some ball B(0,¢e0141) C H?*T(S). We prove now that for any uy €
B(0,e9541) N C°°(S) there exists a unique geodesic ¢ € C*([0, Tox+1); D) for the
metric (3.1), starting at ¢(0) = Id in the direction ug. Since ug € H™(S) for
every n > 2k + 1, it suffices to prove that the solution (¢, v) of equation (3.10) on
each U, x H"(S), with data ¢(0) = Id and v(0) = ug, has the maximal existence
time T,, = Togy1. Assuming that Torio < Topt1, note that (@(Tors2), v(Tors2))
is defined in Usgyq x H2KH1(S) and ¢(Top2) is a C'-diffeomorphism of the circle.
Recall the notation v = vo =1

To prove that o(t) converges in Usg2(S) as ¢ T Topi2, let us use ¢y = uo ¢ to
compute 92¢ ¢y, t € (0, Tx11). We obtain

Qo 0201 — pro - 02F 0 = (—1)F 2 [@i’“‘3mk(t) + &, 9) |, t€ (0, Topr1),

11 This can be proved using the Fourier representation of functions in H7(S), 5 > 0.
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where & (v, ) is a smooth expression containing only z-derivatives of ¢ of order
1 < 2k — 1 and z-derivatives of v of order 7 < 2k — 1. Hence
d
dt

(aii*”) = (-1 [ i) + Exlv,9)]

= (1" [ (0) + Exlv, )|, (0, Tk,

in view'?of (3.9). For ¢ € (0, T2j+1) we obtain that

Oo(t) = (0 erlt) [ [0 mal0) 48] ds (3D

Since my(0) € C*°(S) and
(p,v) € C®([0, Tan41); Uskyr x H*FH(S)) N C™([0, Topt2); Uskr2 x H*3(S)),

differentiating (3.11) twice with respect to z, we infer that (p(t), ¢+(t)) converges
in U2k+2 (S) X H2k+2 (S) ast T T2k+2. The limit can only be ((p(Tgk+2), ’U(Tg;ﬁ.g)).
Therefore To,49 = Toi+1. This procedure can be repeated for n = 2k + 3 etc. and
the existence of the smooth geodesics on D is now plain. O

The previous results enable us to define the Riemannian exponential map exp
for the H* right-invariant metric (k > 1). If (¢;ug) is the geodesic on D, starting
at Id in the direction ug € C*°(S), note the homogeneity property

o(t; sug) = ¢(ts; uo) (3.12)

valid for all £, s > 0 such that both sides are well-defined. In the proof of Theorem 2
we saw that there exists & > 0 so that all geodesics ¢(t; ug) are defined on the same
time interval [0,7] with T > 0, for all ug € D with |Jug||2x+1 < . Hence, we can
define exp(ug) = ¢(1;up) on the open set

24
{UO eD: HuOH%H < ?}

of D, and the map ug — exp(ug) is smooth.
Theorem 3. The Riemannian exponential map for the H* right-invariant metric
on D, k > 1, is a smooth local diffeomorphism from a meighborhood of zero on

T14D to a neighborhood of Id on D.

Let us first establish

12 Relation (3.9) was derived assuming the existence of geodesics on D. In the present con-
text, it can be proved as follows. Define my by (3.8) and note that it is a polynomial
expression in v, vz, Pz, ..., 0280, 02 ¢, divided by some power of ;. Therefore m; €
C>([0, Tor+1); H(S)) and, using (3.10), it can be checked by differentiation with respect to
t that my(t) = my(0) for all t € [0, Tog41)-
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Lemma 1. Letn > 2k+1 and let (v, v) be a solution of (3.10) with data (Id,ug) €
U, x H™(S), defined on [0,T). If there exists t € [0,T) such that ¢(t) € U,41 then
Ug € Hn+1(S).

Proof. From (3.11) we get

3%’“80(15)_ 1 om ' t — e t , .
pulty 7D m0) /0% ds + (1) /ng( p)ds,  te[0,T).

If for some ¢ € [0,T) we have ¢(t) € H"T1(S), the fact that ¢, is strictly positive
forces my(0) € H"T1=2k(S) and therefore uy € H"+1(S). O

Proof of Theorem 3. Viewing erp as a smooth map from a small neighborhood of
0 € H™(S) to Uy, n > 2k + 1, its differential at 0 € H™(S), Dexp,, is the identity
map. Indeed, for v € H"(S) we have by (3.12) that exp(tv) = ¢(¢;v) so that

d
= o(t;v) v.

d
a erp(tv) —o

t=0
As a consequence of the inverse function theorem on Hilbert spaces, we can find
open neighborhoods Vary1 and Ogpyq of 0 € H2*X(S) and Id € Uy, respec-
tively, such that exp : Vopy1 — Oazpyq is a C°° diffeomorphism with Derp,,  :
H?F1(S) — H?F1(S) bijective for every ug € Vary1. We already know from the
proof of Theorem 2 that

erp (V2k+1 N COO(S)) C Ok 11 NC™(S),

while Lemma 1 ensures that erp is a local bijection between these open sets. It
remains to show that erp is a smooth diffeomorphism from Va1 N C(S) to
Osp11 NC>(S).

Let ug € Vary1 NC™(S). We know that Derp,,, is a bounded linear operator
from H™(S) to H™(S) for every n > 2k + 1 and we will prove that it is actually
a bijection. Then, in view of the inverse function theorem on Hilbert spaces,
both erp and its inverse are smooth maps on small H"(S)-neighborhoods of ug €
Var+1 NC(S), respectively exp(ug) € Oa1 N C(S). Letting n T oo, this would
show that erp is locally a smooth diffeomorphism.

To prove this last step, we use an inductive argument. To start with, Derp,,, is a
bijection from H?*+1(S) to H?*+1(S) as ug € Vag11. For a fixed n > 2k+1, assume
that the map Degp,,, is a bijection from H(S) to HI(S) for all j =2k +1,...,n,
and let us show that Degp,, is a bijection from H""!(S) to H"*1(S). First of all,
Dexp,,, is injective as a bounded linear map from H"*!(S) to H"T!(S) since its
extension to H™(S) is injective. To prove its surjectivity as a map from H"*1(S)
to H™L(S), it suffices’®to see that there is no w € H™(S), w ¢ H"T(S), with
Dexp,, (w) € H™1(S). Assume there is such a w. For e > 0 small enough let ¢¢(¢)

13 Since exp is a smooth map on Vagq1 N H™T(S) we have Dexp,,  (H"V1(S)) € H*T1(S) while
the inductive assumption ensures Degp,,, (H"(S)) = H™(S).
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be the solution of (3.10) on U, starting at Id in the direction ug + ew, with the
corresponding v € H™(S)). We know that the map (¢°(¢),v%(t)) € U, x H™(S)
depends smoothly on € and ¢ € [0,1]. From (3.11) we obtain

2k, e 1 1
(-1 ) = (0su0) + eme(0) [0 s+ [ e, o7) s

d
Differentiating with respect to ¢, a calculation shows that Derp,, (w)= d—gas(l) ‘

€ H"*\(S) is possible only if my(0;w) € H"=2H+1(S), ie. w € H" 1(S). The
obtained contradiction concludes the proof. O

4. Minimizing property of the geodesics

Throughout this section we prove the length minimizing property for the geodesics
of the right-invariant metric (3.1) on D for some fixed k& > 1.

Let Vp be a vector tangent at a(0) = ag to a C%-curve « : J — D. The parallel
transport of V' along the curve « is defined as a curve v € Lift(a) with v(0) = Vg
and Do,y =0on J.

Lemma 2. Let a : J — D be a C? curve. Given Vo € Ty, D, ag = a(0) € D,
there exists a unique lift v : J — TD which is a-parallel and such that v(0) = V.
Moreover, if 1, 2 are the unique a-parallel lifts of « with v;(0) =V; € Ty, D, i =
1,2, then

(n (), v = (Vi Vs LE

Proof. In view of (3.3) and (3.6), the equation of parallel transport is
1 _ 1 1
v =3 (Vug —uvy) — Ay ! [vak(u) + ugAg(v) + B vAg (ug) + 5 uAk(vx)},

where u = oy oo~ ! and v = v o a~!. Note that the operators
(u,v) = Ay oy Ap(u) + ug Ag (v)],
(u,v) — %A;l [UAk(um) + uAk(vz)] - % (vuy + uvy)
are smooth from H"(S)x H™(S) to H"™(S) for every n > 2k+1. Denote by O (u, v)
their sum. The equation of parallel transport can be written as
v + uvy + Ok (u,v) = 0. (4.1)

For a fixed u € C*(J;D), the map v — Oy (u,v) is a bounded linear operator
from H™(S) to H™(S) for every n > 2k + 1. Viewing (4.1) as linear hyperbolic
evolution equation in v with fixed u € C*(J; D), it is known (see [14]) that, given
Vo € H™(S), n > 2k + 1, there exists a unique solution

veC(J; HY(S))n C(J; H1(S))
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of (4.1) with initial data v(0) = V4. Letting n T oo, we infer that, given Vj o
oyt € TraD = C™=(S), there exists a unique solution v € C*(J;D) to (4.1) with
v(0) = Vooagt.

From (3.5) we deduce that (v1(t), 72(t))x is constant for any a-parallel lifts
and the second assertion follows. O

Choose open neighborhoods W of 0 € C*(S), respectively U of Id € D, such
that Derp,,, : H***T1(S) — H?**1(S) is bijective for every ug € W and exp is a
smooth diffeomorphism from W onto U, cf. Theorem 3. The map

G:DxW—-DxD, (nu)— (17,]%,,6;]3(10)7

is a smooth diffeomorphism onto its image. Let U(n) = R,U = R, exp(W). If
¢ € U(n) — {n}, then ¢ = erp(v) on for some v € W. Let v = rw, where
(w,w) =1 and r € R to define the polar coordinates (r,w) of ¢ € U(n).

0?0 o 0?0
—, —— and ——
. o _0r?’ otor orot
denote by 010 the partial derivative with respect to r and define similarly 0s0.
Both curves r — Oy0(r,t) and r — Oa0(r,t) are lifts of r — o(r,t). Generally, if
v is a lift of r +— o(r,t), let (D17)(r,t) = (Dg,»y)(r) and define Doy similarly. In
a local chart we have by (3.4) that

Dlﬁga = 81820’ — Qk(ala, 820’) = Dg@la (42)

If o:J; x Jy — D is a map such that are continuous,

since @y is symmetric. On the other hand, from (3.5) we infer
82 <(910’, (910’>}<; = 2<D28107 810>k.
The previous relation combined with (4.2) yields

82 <({910', 810'>k = 2<D1820, 810'>k. (43)

Lemma 3. Let v : [a,b] — U(n) — {n} be a piecewise C*-curve. Then

() = |r(b) = r(a)],

where 1(7y) is the length of the curve and (r(t),w(t)) are the polar coordinates of
~(t). Equality holds if and only if the function t — r(t) is monotone and the map
t— w(t) € W is constant.

Proof. We may assume without loss of generality that + is C! (in the general case,
break « up into pieces that are C'') and that n = Id (in view of the right-invariance
property of the metric). Observe that w(t) is obtained in a chart by the inversion
of exp followed by a projection so that the functions t — r(t) and t — w(t) are of
class C1.

Let o(r,t) = exp(rw(t)). Let ¢(s;z) be the solution of (3.10) starting at Id
in the direction z € C*°(S). Relation (3.12) yields o(r,t) = @(r; w(t)), while the
proof of Theorem 2 ensures for every n > 2k + 1 the smooth dependence of o(s; z)
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2
on s as well as the smooth dependence of (¢, @) on z in H™(S). Therefore 79

Or?
82

and # are continuous in the H™(S)-setting for every n > 2k + 1. Furthermore,
r

since

oo =rd+ [ SEGade m 1)

we have

Op o [P0, , n () g7
5(3,2«)_/0 SL (G2)de i L"), H'(S))

o Do 0%c

thus 9295 — Be0s" But t — w(t) € H*(S) is a C'-map so that 5 ot is also
continuous in the H™(S)-setting for every n > 2k + 1. Letting n T oo we obtain
that Do Do a 0% are all continuous in the C*°(S)-topolo
——, ——— an r ntinuous in - .
or2” orot " dtor polosy
Note that 5 9
! a !/ a
- . - . 4
V)= 27 ) + 97, vel (4.4
Since r — o(r,t) is a geodesic, we obtain by Lemma 2 that
0o Oo
-, = = t th =1. 4.5
(5. 57) = twio. o) (45)
Let us now show that
do Jdo
—,— ) =0. 4.6
< or’ Ot >k (46)

Indeed, from (4.3) and (4.5) we obtain that

o Oo 1 0o Oo
<D1W’ E>,:55t <W%>f“‘

This, in combination with (3.5), leads to

0o Oo 0o Oo oo oo
% (a3 ), = (P ora7), + (or P o),

since (D g—‘:) =0 as r+ o(r,t) is a geodesic. The previous relation yields

0o Oo 0o Oo
<8r’(’)t>k (r,t) = <8r ) 8t>k (0,1).

0
But ¢(0,t) = Id forces a—:((),t) = 0 and therefore (4.6) holds.
Combining (4.4)—(4.6), we obtain

0,

oo
ol =P+ |59 = ror e
k
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so that the length of v is estimated by

b
() > / (1) dt > [r(b) - r(a)]-

Since ||%—‘Z||k = 0 forces w'(t) = 0 as Degp,, ;) is a bijection from H?FL(S) to
H?k*1(S), the characterization of the equality case follows at once. O

Let us now prove

Theorem 4. If 1,0 € D are close enough, more precisely, if pon~' € U, thenn
and ¢ can be joined by a unique geodesic in U(n). Among all piecewise Ct-curves
joining n to ¢ on D, the geodesic is length minimizing.

Proof. Observe that if v = exp~1(p on™!), then a(t) = exp(tv) o i is the unique
geodesic joining 1 to ¢ in U(n) cf. Theorem 3.

To prove the second statement, let pon=! = erp(r w) with ||w||x = 1 and choose
e € (0,7). If 7 is any piecewise C''-curve on D joining 71 to ¢, then 7 contains an
arc of curve v* such that, after reparametrization,

lesp ™ (v (O)le =&, Nlexp™ ' (W)l =7,
and
e<|lexp (v (W)llk <7 tE€0,1].

Lemma 3 yields I(y*) > r — e, thus I(y) > I(v*) > r — e. The arbitraryness of
e > 0 ensures I(y) > r. But l(a) = r in view of Lemma 3 and the minimum is
attained if and only if the curve is a reparametrization of a geodesic. O

Remark. Specializing k£ = 1 in Theorem 4 we obtain that for the Camassa—Holm
model (Example 2 in Section 3) the Least Action Principle holds. That is, a
state of the system is transformed to another nearby state through a uniquely
determined flow that minimizes the kinetic energy cf. [7].

5. Comments

This section is devoted to a discussion of the L?(S) right-invariant metric on D,
case when the geodesic equation (3.7) is the inviscid Burgers equation

ug + 3uu, =0

cf. [1]. The crucial difference from the case of a H*(S) right-invariant metric (with
k > 1) lies in the fact that the inverse of the operator Ay, defined by (3.2), is
not regularizing. This feature makes the previous approach inapplicable but the
existence of geodesics can be proved by the method of characteristics.
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Proposition 1 [7]. For the L?(S) right-invariant metric on D there exists a unique
smooth geodesic on D starting at Id in the direction ug € TrqD.

This result enables one to define the Riemannian exponential map of the L?(S)
right-invariant metric on D, in analogy to the cases considered in the present
paper. However,

Proposition 2 [7]. The Riemannian exponential map of the L*(S) right-invariant
metric on D is not a C'-diffeomorphism from a neighborhood of zero in TrqD =
C(S) to a neighborhood of the identity on D.

The question whether another right-invariant metric could provide D with a
nice Riemannian structure has been positively answered in this paper.
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