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Topological model for a class of complex Hénon mappings

Sylvain Bonnot

Abstract. In order to describe the dynamics of the complex Hénon map H, . : (f ) (P ¢ (x;_”y ),

where P.: z — 7%+ ¢ has an attractive fixed point, we build a global topological model (g, ¥).
In this model Y is the complement in R* of a cone over a solenoid lying in the unit 3-sphere,
and g: Y — Y is a map given in spherical coordinates by g(r, 8) = (r2, 0(0)), where o is a
solenoidal map of degree two. Then we prove the existence of a constant ¢ > 0 such that any
Hénon map H, . with 0 < |a| < ¢ is conjugate to our model (g, Y).
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1. Introduction

Holomorphic dynamics in one complex variable has now reached a level of maturity,
mainly through the use of the quasi-conformal maps. Since these methods are not
available in the several variables setting, our understanding in this situation has not
the same depth. In particular there is a need for global models explaining the topology
of a given dynamical system. The main purpose of this paper is to provide such a
global model, conjectured by J. H. Hubbard in 1986, for complex Hénon mappings
given by
Hac: (6, y) +> (22 +c —ay,x),

where the jacobian a is small and ¢ belongs to the main cardioid of the Mandelbrot set.
Before we can actually state the main theorem, we will recall some simple definitions
about complex Hénon mappings and then describe the topological model.

1.1. Complex Hénon mappings. When a, ¢ belong to C, a complex Hénon map of
degree two is usually defined by

Fue: C? — C?

(5) = (),
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Note that F, . is a biholomorphism with constant jacobian equal to a. Since we
are essentially interested in the situations where a is small, we prefer to define our
Hénon maps as Fornzss and Sibony did in [10]:

Hy C? — C?
()= (7).
It is easy to see that H, . is conjugate to F_ 2 . by the linear map ()y‘ ) — ( ;y)
Following Hubbard we can introduce invariant subsets of C2:
K= {()yc) | “ H.", ()yc) ||”GN is bounded},

and Ut = C2 — KT, JT = dK*+. We can also define the corresponding sets K ~,
U~, J~ for backward iteration.

Small perturbations of polynomials. When a is small, we can view H, . as a
small perturbation of the quadratic polynomial P.: z > z> + c. In this article we
will restrict us to the polynomials P, that have an attractive fixed point. This amounts
to pick a parameter ¢ in the main cardioid C of the Mandelbrot set. Let us recall that
the Julia set J, of the polynomial P, is the boundary of the set of non-escaping points.
In the case where c is in the main cardioid € it is well known that J. is a quasi-circle.

When a is small enough, the map H, . itself has an attractive fixed point p whose
basin of attraction is written W*(p). In [10] Fornass and Sibony prove the existence
of a partition

CC=w'(p)uJtuut.

In our setting, H, . is more convenient than F, . because when a = 0, then F, .

degenerates into a simpler one-dimensional map (’; ) — (P Céx )).

1.2. Topological model. Here we describe our topological model.

The space of the model. In R*, with its polar coordinates (r, #) in RT x S3, we
know that the unit sphere S? is made of two solid tori T and T glued along their
boundaries. After a convenient rescaling, let us assume that Ty = S! x D where S! is
the unit circle and D the closed unit disc in C. Then amap f: To — Ty is solenoidal
of degree m if it is conjugate to a map

omi: (§.2) > (¢, 3¢ + ezghmtl),

where ¢ is small enough, so that the map is injective.
In [15], it is proved that for a fixed degree m, o, o is the only map that can be
extended to a homeomorphism 6, ¢: S3 — S3. Moreover, then o, 10: T, — Ty is
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also a solenoidal map of same degree. Let us write ¢ the extension to the 3-sphere
of the solenoidal map of degree two given by

02.0: (5,2 (¢34 3¢ +8§).
Then we can consider

>t = ﬂ 0"(Ty) and X~ = ﬂ o "(Ty),

n=0 n=0

the two invariant solenoids obtained by forward and backward iterations. In addition
we define
cone(X)={(r,0) |r>1, 6 € ¥ }.

Then the space Y of our model is defined by ¥ = R* — cone(X 7).

The map of the model. The map g in the model is given in polar coordinates by
g(r,0) = (r2, o (0)). It is a well-defined map from Y to itself. We call (g, Y) the
model of the Hénon map.

1.3. Conjugacy theorem. We are now in position to state our main theorem:

Theorem 1 (Main theorem). For any c in the main cardioid C of the Mandelbrot set,
there exists an € > 0 such that: for any a € C satisfying 0 < |a| < &, there exists a
homeomorphism h: C*> — Y which conjugates H,c.tog:Y—Y.

Remark 1.

+ The same theorem is true when we replace H, . by the more common normal-
2
X +c—ay)

ization Fy .: (f) = ( x

« In the model the partition of C? corresponds to the subsets r € [0, 1[, r = 1,
andr > 1.

Strategy of the proof. We will find good coordinates in U™, J*, and W*(p). But
then we need to make sure that these different systems of coordinates can be glued
together in a consistent way and this is by far the most difficult part of the proof. Here
is the reason: in order to extend the coordinates found in J* we have to build a tubular
neighbourhood of this set that overlaps both U+ and W*(p). But note that J* is an
extremely complicated three dimensional object with a fractal boundary. In particular
we cannot use any usual method of construction of tubular neighbourhoods. A whole
section will be devoted to the solution of this problem.
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2. Conjugacy in J*

The conjugacy in J T has already been established by Hubbard and Oberste-Vorth in

[16]. Here is a useful picture that the reader should keep in mind: when the jacobian a

becomes zero, H, . degenerates into (; ) — (P “éx )), and for this degenerate map if

we still define J© = 9K then we get J* = J. x C. And now it becomes clear that
for any R > 0, Ji=Jtn {ly] < R} is a solid torus. The main step of the proof
given by Hubbard and Oberste-Vorth is the following.

Theorem 2 (Conjugacy in JI“QL). Forany c € C and any R > O, there existsan e > 0
such that if 0 < |a| < &, there exists a homeomorphism

A:JTN{ly|<R}—>T
which conjugates H, . to o.

2.1. Proof of the theorem. This is proved in [16] for the map F, . instead of H, ..
In order to prove it we need first:

Proposition 1. For any ¢ € C and any R > 0, there exists an ¢ > 0 such that if
0 < |a| < &, we have:

(1) there exists o > 0, R' > 0 such that J. C Dg and that the map
fPL,’a’R’: JC X DR’ —> JC x C
2
€D (£ 4, ¢ +ag),
is open, injective and maps (J, x Dg') into itself;
(2) there exists a homeomorphism
W JTN{ly| <R} — J. x Dy
conjugating Hy ¢ to fp.o R
Proof. (1) This is exactly lemma 1.2 of [16]. There, the two authors show that
fpP.ai, R, and fp_ 4, g, are conjugate as soon as 1, o2 are small enough and Ry, R

are big enough. Therefore we are allowed to write fp, only.
(2) In [16] we also have:
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Lemma 1. For a fixed ¢ € C, there exists an annulus A(c) around J., a real R > 0
2, .
and a neighbourhood Ny of the parabola x (xa;r‘) defined by

N5 ={(%) € C | |Pe(y/a) — x| < 5]

satisfying:

e if V.= Hy(A(c) x D) N prl_l(A(c)) and W = V' N H;;l(V/) then Y =
JT N W is homeomorphic to a solid torus;

» H, . maps this solid torus into itself and is conjugate to fp..

Proof of the lemma. This is proposition 6.4 of [16], with the little change induced by

the normalization we use for our Hénon map. O
+
A(c) x Dg Se— 7
N \)
3
\ ;
H(A(c) x Dg) —— —

f
Figure 1. Conjugacy in J;.
The construction made in [16] has the property that W N J T = Ha,c(J;{), where
Jg =Jtn{lyl < R}.
But now fp, is conjugate to op because in [15], Theorem 3.11 it is proved that the

conjugacy class of any map from the solid torus into itself that exhibits appropriate
conditions of expansion and contraction depends only on its homotopy class.

So now we know the existence of homeomorphisms #, i’ such that the following
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diagram commutes:

+ Hg.c h /4
IS wa gt s JoxDp T

Ha,cl Ha,ct fﬂ*l lao
o—1
+ Ha ¢ h71 h/71

Jp=—WnJt<—JexDp<—T.
This ends the proof of the proposition and of the theorem. O

Remark 2. Since Hubbard and Oberste-Vorth use F, . instead, itis the parabola x

(xz;rc) that is fixed by the degenerate mapping Fy .. This explains the intervention
of the neighbourhood N; of the parabola. Whereas in the case of H, . it is the line
{y = 0} that is invariant.

2.2. Topology of J*. We recall some results from [16].

Inductive limits. Let X be a space with a map f : X — X, then the inductive
limit Xy = h_r)n(X, f) is given by h_r)n(X, f)=XxN/~, v&:herve ~is vdeﬁned by
(x,n) ~ (f(x),n+1). This limit comes with a natural map: f: Xy — X induced
by
fiGn) = (f(x),n) ~ (x,n—1).
This applies to J. x Dg together with fp , g/ for small enough o and big
enough R’. Let us write then

Cp. = lim(Je x D', fp. a,r)-
Proposition 7.5 of [16] explains the topology of J

Proposition 2. Let p be a polynomial with an attractive fixed point attracting all the
critical points of p, then C,, is a 3-sphere with a solenoid removed and p is conjugate
100400 (£.2) > (69, ¢ + ezt ™),

This applies because P, has a single critical point and that it is in the basin of
attraction of the attractive fixed point.

Going back to the model. The part in the model corresponding to J ™ is the unit
3-sphere with X~ removed. In order to extend this conjugacy, we will now build a
tubular neighbourhood of J I‘; . As announced previously, this is the most difficult part
of the theorem.
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3. Tubular neighbourhood of J ;

Let us precise the definition of a tubular neighbourhood of J 1"{ :

Definition 1 (Tubular neighbourhood). We call tubular neighbourhood of J3, the
data (W, h) satisfying:

» W is a compact set such that W N Jt = J;,

« h is a homeomorphism of W into a set V in C? such that

vNns' xC=hUp).
Our main purpose in this section is this theorem:

Theorem 3 (Conjugacy in W). For any ¢ € C and any R > O, there exists ¢ > 0
such that, for any a satisfying 0 < |a| < ¢, there exists a tubular neighbourhood
(W, ©) of Jg such that

.« O(W)=1[1/2,2] x T C R*;

* O conjugates H, . to the map g of the model.

3.1. Thickening of J I}" . Remember that Jl'; looks like J. x Dg when |a| is small,
so a tubular neighbourhood should look like the product of an annulus around J, with
a vertical disk.

Proposition 3 (Tubular neighbourhood, without dynamics). For any R > 0, any
¢ € C there exists ¢ > 0 and an annulus A(c) around J. bounded by two curves vy,
y1 such that:

(1) the bounded component of C— (yp) is a topological disk D(c) such that, for any
awith 0 < |a| < ¢, the bidisk B = D(c) x Dy, is inside the basin of attraction
of the attractive fixed point;

(2) the points 0 and c are not in A(c);

(3) there exists amap ®: D, x D x A(c) = C? such that:
 forany a € Dy, the restriction of ® to {a} x Dg x A(c) is injective,
< f(x",Y) = ®(a, y,x), theny =y,
e foralla € D, ®({a} x Dg x J.) = JI“QL(a, ¢) (“@ straightens J 1),

* for fixed x, ® is holomorphic with respect to the other variables.

3.2. Proof of the proposition about the thickening. The first point is nothing else
than lemma 3.10 of [10]. For the second one the idea is to fill in a neighbourhood
of J; by solid tori made of almost vertical analytic disks. Since it is easier to do this
in U™t we will split the proof.
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3.2.1. First half: W n K*. We choose the curve y so that it bounds a topological
disk enclosing the critical point 0 and the critical value ¢ of P,. In addition, we take
another curve y; around K,: let us take for example a level set of the Green function
of K.

These two curves bound an annulus A(c) and letus define U := A(c) x{|y| < R}.
The dynamics of P, in the annulus A(c) is described by this lemma (see theorem 5.1
of [5] for a proof):

2 in an annulus). There exists a homeomorphism

Lemma 2 (Conjugacy with z — z
[ satisfying:
» fmaps A(c) onto the annulus A = {% <lz] < 2},
e fmaps J.onS',
« fconjugates P. to 7 — z°.

At this point two constructions are possible:

(1) We can pull back successively the annulus A(c) by P.. By the previous lemma
we obtain a decreasing sequence of nested annuli converging to J,. and bounded

by the curves yn(o) and yn(l). Let us write X = J. U, yn(o) v, yn(l).
(2) We can also consider the successive images of U = A(c) x {|y| < R} by H, Cl
and intersect with {|y| < R}; we will write

Up = {(x,y) € W; H,l (x,y) € U}

,C

Next we set
Y =Jf@ e)u | JOU, nilyl < RY.

n=>0

Our purpose here is to give a precise meaning to the following idea: for small non-
zero a, Y is a small perturbation of X x Dg.

The next three lemmas proved by Fornass and Sibony ([10], lemma 3.14, 3.15
and 3.16 ) precise how the U,, look like.

Lemma 3 (Boundary of U,,). The boundary in {|y| < R} of each Uy, is R-analytic,
aU, is almost vertical, and U, is foliated by almost vertical analytic disks given by
x =@ (), |yl < R, and such that Hf"(qﬁ(y), v) is constant for |y| < R.

Lemma 4 (Horizontal slices of U,,). For fixed yo, |yo| < R we set
un,yo = {x; (x, y0) € U,}.

Then Uy, y, is a connected domain with an R-analytic boundary. The number of holes
in Up,y, does not depend on yy and is equal to one. If y" is the exterior curve and y_,
the interior one then the sequence of annuli bounded by these curves is decreasing.
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Lemma 5 (The U,, accumulate on JI’;). For fixed yg such that |yg| < R,

() Unyo = 75,

n=0

is a connected set with empty interior.

According to the first of the three lemmas, dU, (a, c) is foliated by graphs x =
o0 (v, a,c,s), where s belongs to 9U, (a, c) N {y = 0}, and every ¢, is an analytic
function of (y, a, ¢). Using Hurwitz’s lemma, Forn@ss and Sibony obtained the next
result:

Lemma 6 (Foliation of JI'{). Through each point of Jii = ﬂn>0 Uy, there is a
unique leafin JT given by x = ¢(y), |y| < R, where ¢ is holomorphic. Moreover,
|¢’ ()| is arbitrarily small when a tends to zero.

Foliation of Uy — U;. When we take the union of the almost vertical analytic
disks foliating Y and we slice by the complex line (y = y) we obtain a holomorphic
motion of Y N {y = 0} parametrized by (a, yg). We can then apply Bers—Royden’s
extension theorem (see the appendix) to extend the motion to the ring bounded by y (¥
and P-1(y©) = yl(o). Then we can pull-back the foliation of U — U by H, ¢ in
order to obtain a foliation preserved by the dynamics.

Lemma 7. When a tends to zero, the analytic disks foliating U — U become more
and more vertical.

Proof. This is a direct application of our variant of Bers—Royden’s theorem that we
prove in the appendix. O

Foliation of U,, — U, 4+1. Since we know that the (U,,),,>1 cut every horizontal slice
{y = yo} into a decreasing sequence of annuli, we can write U = J; U UDO(‘U,, -
Un+1). So we just have to fill in the next “shells” U, — U, 41 by almost vertical
analytic disks. In order to do this we use a graph-transform method. The following
lemma tells us that D H ~! maps an almost vertical vector in T W on an almost vertical
vector.

Lemma 8 (Invariant cones). For any K > 1 there exists ¢ > 0 such that for any a,
0 < |a| < &, the following holds: if we set

Cx(}) ={() € TanC* | lul < g lvl},

then for any ()y‘) € W such that Ha,c(;) € W, we have

(DHac(})) ™ (Ck (Hac(}))) € Ck ().
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Proof. For fixed c, we know that A(c) does not contain the origin and that there exists
r > 0 independent of ¢ such that for all (’yc) € W, we have |x| > r.
Now

_ 0 1/ L
()0 = (e %) 0= (15 )
But we know that |u| < %|v| and then |% — 2;—2”| > (% — %) . ]§| Thus if we

. 2r 2r 1 v v
Choose|a|<s—@,then(|a—|—f>.|5|>Ki5|. O

The next proposition amounts to say that an almost vertical analytic disk in W is
mapped into a thin parabola by H~! that intersects W in two almost vertical analytic
disks.

Proposition 4 (Graph transform). For any ¢ € C, there exists K > 1 and ¢ > 0 such
that for any a, 0 < |a| < &, we have: for any analytic disk D C W verifying

(1) D= {('p(yy)), y € D} where ¢ is analytic,

2) T,D C Cg(w) forany w € D,
then H, Cl (D) N W is the union of two disks with the same properties.

Proof. We leave this result to the reader, who can use the implicit function theorem
and then Rouché’s theorem. O

Lemma 9. When a tends to zero, the almost vertical analytic disks of the foliation
become vertical.

° _ [ Hia.xy) V(a,y)
Proof. Forn > 0 we set Hu”t(’yc) = <h’12'(a,x,y) ) Let ( ‘;y ) be a graph mapped by

H" into the graph (¢<‘;;~">) C Uo — Uy Then h (W (a, y), y) = d(a, hi(a, x, y)).
When a = 0, ¢(0,.) = const., and A7 (0,x,y) = P (x). Thus when a = 0,
P2 (¥ (0, y)) = const. We take then the derivative and we obtain

(P (0, ) - 90, ) =0.

But the firstn itprates of (0, y) stay in U, which does not contain the critical point 0
of P.. Hence aiyx//(o, y) = 0. O

At this point with the help of holomorphic motions, we know that K j N Wis
homeomorphic to (K, N A(c)) x Dg.
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3.2.2. Second half: W N U™T. Itis easier to work in U1 because of the existence
of the function G measuring the rate of escape to infinity.

Proposition 5 (Hubbard, Oberste-Vorth). The limit
+ _ e | o
G = lim 5 log, |[Hg ()|

exists, is continuous on C2, pluri-harmonic on U™, and satisfies the functional equa-
tion G+(Ha,c();)) = 2G+(};). Moreover, U™ is given by UT = {(;C) | G+()y‘) > 0}.
With this function we can straighten Ur=U*Tn{ly| < R}:

Lemma 10 (Coordinates on U;;). For any (a, c¢) as in the main theorem, the open
set U;er is biholomorphic to the domain (|x| > 1, |y| < R).

Proof. This is lemma 3.26 of [10]. In this article Fornass and Sibony prove the
following results.

« For any y € Dg the function x — G™T(x, y, a, ¢) has an harmonic conjugate
x +— H(x,y,a,c) defined only modulo 2.

o The map F(x,y,a,c) =exp(GT(x,y,a,c)+iH(x,y,a,c))is well defined.

e Themap®(x, y,a,c) = (F(x,y,a,c),y),is the biholomorphism we are look-
ing for. In addition it depends analytically on the parameters. O

The next lemma is almost straightforward. Let us write T g the solid torus S! x Dg.

Lemma 11. For any (a, ¢) as in the main theorem, if we set
Q=0<G"(x,y) <In2)Nn(lyl < R)
and Q' = J; U , then there exists a homeomorphism
Dpy+: Q' — {1 <|¢] <2} xTg
(x, y) > (r, (s, 2))

satisfying: if (x',y"), (x,y) € Q' are such that (x',y') = Hy (x, y) then r' = r>.

Proof. This is simply a matter of rewriting the map F(x, y, a, ¢) in polar coordinates
(r, 6). One has

(F(x,y,a,0),y) = (r,(0,y)) e {l <|¢] <2} x Tg.

Thus the r-coordinate is just exp(G™). But remember we can use the functional
equation G+(Ha,c(’y‘)) = 2G+(’yc). This proves the lemma at least in . Now
Fornass and Sibony make the following remark.



838 S. Bonnot CMH
Remark 3 (Forn@ss-Sibony). If we set

07 '(¢, y,a,0) = (T, y,a,0),y),

then for fixed ¢, we get a leaf of the foliation of 2. But the A-lemma of Mane—
Sad-Sullivan (see the appendix) allows us to extend this foliation to a foliation of
Q. Hurwitz’s lemma implies that this foliation of J ; coincides with the previous
one. O

Thus we can extend the homeomorphism to ' = JI"{ U Q. In the whole solid
torus J; one has r = exp(0) = 1 and of course the fact that H, .(J ; ycJ 1—; is
related to the equation 12 = 1!

This completes the proof of the lemma. O

Remark 4. There is also a more dynamical way of obtaining the foliation by disks.
Indeed, near the infinity in U™ there exists a holomorphic function ¢ satisfying the
functional equation ¢ o H; .= (¢+)2. In our case, we just said that this function
can be analytically continued in the whole domain U N {|y| < R}.

The naturality of our construction is supported by the fact that the following very
useful theorem comes immediately as an easy consequence.

Theorem 4 (Semi-conjugacy with P.). There exists a continuous map

7: W — A(c)
such that if we set A'(c) = P71 (A(c)) and W' = W N H~' (W) then the following
diagram commutes:

W ———Ww

ﬂi lﬂ

Al(e) —s Alc) .

We call radial cylinder of W each set w =" (I), where I is a radial segment of A(c).

Proof. The projection is given by the following recipe: for any point in W, take
the almost vertical disk x = ¢(a, y) through it, make a = 0 and project this disk
vertically in A(c), or if one prefers, set w (x, y) = ¢ (0, y).

Let (x’, '), (x, y) be two points in W such that:

e (XY= Hy o (x,y);
e X' =¢(a,y)and x = ¢(a, y).
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Then necessarily ¢'(a, y') = ¢*(a, y) + ¢ — ay. So if we make ¢ = 0 we obtain
#'(0,y") = Pe(¢(0, y)). O

Remark 5.

(1) Since P, is conjugate to z +—> z2 in the annulus A(c), we also have a semi-
conjugacy to z > z2. We knew that already in W N U because of the existence
of p.

(2) There is a similar semi-conjugacy in the proposition 5.3 of [16] but since the
authors do not use holomorphic motions they need to prove that the fibers are
almost vertical by difficult ways involving some differential equations.

3.2.3. End of the proof of the thickening proposition. This is simply a matter
of putting back together one half with the other, each one being foliated by disks
parametrized by y € Drg.

3.3. Adapted coordinates on W. In W we constructed the analog of the level sets
(r = const.) from the model. It remains to construct in W the analog of the radial
segments (6 = const.)

3.3.1. Angular part. We want to show

Proposition 6. There exists a homeomorphism h': [1/2,2] x T — W satisfying: If
&', y)Y=hn'(',0", and (x, y) = h'(r, 0) are such that

(-x,7 y/) - Ha,C(-xv y)

then necessarily r' = r2.

Proof. We already know one half of this proposition: the one concerning (JTUU )N
{ly] < R}. For the other one, K ; — B, we already have a foliation by solid tori,
each one cutting {y = 0} along a circle obtained by a holomorphic motion of a circle
in the annulus A(c). The whole annulus A(c) can be straightened into the annulus
A= {% < |z] < 2}, so that we can now parametrize the tori by ¢ € [1/2, 1]. Since
the Hénon map sends a torus in W into another one, we have defined a monotone
map s from [1/2, 1] to itself. It is easy to conjugate it to ¢ +> 2 by the following
recipe: send the segment [1/2, s (1/2)] on [1/2, 1/+/2] by a linear map L and then
send each point ¢’ = s°"(¢) on (L (t))ZL". O
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3.3.2. Radial part

Outline of the proof. We will divide our proof into several steps:
(1) foliate W — H, (W) by radial segments;
(2) extend the foliation by forward iteration to W — ﬂn>1 H".(W);

,C

(3) use a continuity argument, in order to extend it to the whole W.

First step: foliation of W — H,, .(W). The topology of W — H, .(W) is given by
this lemma:

Lemma 12. The space W — int(H, .(W)) is a locally trivial fiber bundle with base
the annulus A(c) and with fiber the Riemann sphere with three open disjoint disks
removed.

Proof. This can be seen with the help of the semi-conjugacy w : W — A(c) between
H, . and P.: indeed we know that H, . maps the two disks 7 1 (x) and w1 (—x)
into the bigger disk 7 ~! (P, (x)). O

A similar statement concerning the larger sets W — H;”,. (W) is immediate. Since
there is always a section of such a fiber bundle over a radial segment of the annulus
A(c), we also have

Corollary 1. For any radial cylinder C, and for any n > 1 the intersection
C N H,".(W) is made of 2" disjoint cylinders.

Note that the horizontal boundary of W is foliated by the horizontal annuli W N
{y = Re'?}. Each such annulus is mapped by H, . into an almost horizontal double
cover of the annulus and these images foliate the boundary of H, (W). Thus there
exists a natural foliation of the horizontal boundary ohor (W — H, .(W)) by one-
dimensional complex manifolds.

Proposition 7 (Extension of the natural foliation). There exists a homeomorphism
T:(JexD— f(Je xD)) x [1/2,2] - W — Hy (W)
satisfying

(1) Y maps (Jo x D — f,(Je x D)) x {1} on J& — Hy o (JF);

(2) the foliation by the segments Y ({z} x[1/2, 2]) where z € d(J. xD— f,(J. xD))
coincides with the natural foliation on the horizontal boundary of W — H, (W).
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Proof. We break the proof into two lemmas: first we remove a radial cylinder and
we find a foliation, and then we adjust the construction along the removed cylinder.

Lemma 13 (Foliation above A(c) with a slit). In W — int(H, .(W)) with a radial
cylinder C removed, there exists a foliation by radial segments that agrees with the
natural foliation on the horizontal boundary of W — int(Hy (W)).

Proof. Let us represent the annulus A(c) as the image by the exponential map
of [1/2,2] x [0,2x[. Then we can consider a topological disk A = [1/2,2] x
] — &,2m 4 ¢[ whose image by the exponential covers A(c). Let us call g(c) the
annulus A(c) with a slit that corresponds to the segment [1/2, 2] x {0}.

Pick a basepoint zp in A and call X the fiber of zg, which is a closed disk with
two smaller open disks removed. Through any point of X there is a unique leaf of
the natural foliation. By moving the point z € A and following each point of X as
it slides along its own leaf, we define a holomorphic motion of X parametrized by
the disk A. Therefore Stodkowski’s theorem (see the appendix) can be applied and
gives a holomorphic motion of the whole set X (indeed of the whole complex plane),
parametrized by the same disk A. By doing this we can fill in the space between
W and H, .(W) by a family of graphs of holomorphic functions on A (c). Any such
disk is almost horizontal: indeed the holomorphic motion of a point inside X cannot
cross the exterior circle for injectivity reasons, so the derivative of the function is
controlled through the Cauchy formulas. Therefore every such disk is transverse to
any almost vertical disk 77 ! (x). By intersecting with a radial cylinder, one can obtain
the desired radial segments. O

Lemma 14 (Adjusting the monodromy). Let C be the radial cylinder removed from
W —int(H, . (W)), and let

u:[0,2n] x ([1/2,2] x X) - W —-(H(W)UC)

be the trivialization obtained by the holomorphic motion. Then there exists a home-
omorphism s from [0, 2] x [1/2,2] x X to itself such that the restrictions of u o s
on {0} x [1/2,2] x X and {27} x [1/2,2] x X agree.

Proof. Since we used a motion on a topological disk covering A(c), we have
two different sets of radial segments on the cylinder C, depending on which side
we approach the removed cylinder. These foliations coincide on the boundary of
C — H, (W), but not inside a priori. The trivialization « induces a monodromy map

M (”I{Zﬂ}x([l/Z,Z]xX))_] O U0} x([1/2,2]1x X)

that needs to be adjusted. Let us take w € C such that w = u(0,1/2,7) =
u(2m, 1/2,7'). A priori we have two segments:

({0} x [1/2,2] x {z}) and u({27} x [1/2,2] x {z}).
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The fact that they do not coincide (except at w) gives us a family &,, r € [1/2, 2] of
homeomorphisms of

X =Dy — (D UDy)
that are the identity on the boundary. Moreover, by construction, we know that

hi/2 = Id. In order to sew back along the cylinder we just have to reparametrize this
family by [0, 2] and to replace u by v = u o s, where s is defined by

s:[0,27] x [1/2,2] x X — [0,27] x [1/2,2] x X
O,r,2) —> (0,1, hg(2)).

This finishes the proof of the proposition.

Figure 2. Using Slodkowski’s theorem.

Second step: forward iteration. Letus work in a single radial cylinder. We extend
the foliation by the dynamics: in order to fill in C()—H, ;?C(W) we look for the four
preimages of ¢ by PCZ, then we fill in the corresponding cylinders and we map them
back in C(¢). In this setting the notion of projective limit arises naturally.

Projective limit. For a complex polynomial p, we set @p = 1<i_r_n((C, D).
This gives a point and its history under the iteration by p:
Cp={(...222.2-1.20) | p(z—i—1) =z foralli =0,1,2,...}.
There is an induced bijective map p: ¢ p— (@p given by the shift

pC..,222,2-1,20) = (.., p(z—2), p(z—1), Pp(z0)) = (..., 21, 20, P(20))-
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We can restrict this construction to (J¢, P.) instead of (C, p). Let us write fc this
new projective limit.

Lemma 15. Let us recall that U, = {(x,y) € W; H;f’c(x, y) € W} and set 'V, =
H.".(Uy). Then

c

Vasl "W C 'V, and ﬂvn:K—mw.
n

Proof. This is proposition 4.10 of [16] and also lemma 3.22 of [10]. O
Uy
—~
| [

/[

Vs
Vi

\{

Uy
Figure 3. V;.
We can restrict this result to a given radial cylinder:

Lemma 16. For any cylinder C(¢), if we write

Je@) =1{(..,¢-1,%0) € Jo | Lo = £},

then
Kp.nc@o)y= |J [HI(CG ).

ted.)n>0
Thus we still have to extend the foliationto W N K .

Third step: extending to W

Lemma 17. Forany (...,¢{_1,&o) € fc, the family ﬂflvzo H".(C(¢—y)) consists of
a decreasing sequence of nested cylinders, whose intersection reduces to a segment
parametrized by the radial segment I (o).
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Proof. Ttis enough to take an almost vertical disk I in the cylinder C and to show that
the D N H;f’c(C(g_n)) form a decreasing sequence of nested disks whose diameters
tend to 0. O

But this convergence of the diameters to zero is a consequence of lemma 3.23
of [10]:

Lemma 18. For any n > 0 if we set, V, = H,".(W,), and for any xo € A(c),
Vixo = Vi 0 {x = xo}, then there exists a constant C such that

diam(V,, ) < Cla/".

End of the proof. At this point we know how to fill in any radial cylinder by radial
segments that are preserved by H, . and that are transverse to J]'é'. This ends the
proof of the conjugacy theorem in W.

4. Conjugacy in the basin of attraction

Notations. The curve yy is the inside boundary of the annulus A(c) and at the
same time it bounds a topological disk D(c) containing O and c¢. The bidisk B =
D(c) x Dy is inside the basin of attraction of the attractive fixed point. If we set
K3 = KT n{lyl < R} then we can consider a larger bidisk 8 = K3 — H;g(W)
whose vertical boundary is the set {p € W | H, (p) € (y0) x Dgr}.

Here is the goal of this section:

Theorem 5 (Conjugacy in int(K 1)). There exists a homeomorphism
W: B —int(H, (B)) — [1/2,1/3/2] x S°,

such that:
(1) ¥ maps 08B on {\/Li} x S* and 0(Hy,c(B)) on {%} x S3;

(2) W conjugates H, . with g as a map from the outer boundary to the inner bound-
ary;

(3) forany p € W such that H, .(p) € B — int(Hy,.(B)) we have

Vo H,(p) =g00O(p) “consistency with the conjugacy on W”.
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Figure 4. Filling in the basin of attraction.

4.1. First step. Let us write the 3-sphere S as the union of two solid tori Ty, T;.
In the following proposition we fill in the space between B and its image H, (8B)
by a one-parameter family of 3-spheres.

Proposition 8 (Family of 3-spheres). There exists a homeomorphism
A S? x [0,1] > B — int(H, (B)),
such that:
(1) A(S? x {0}) = 38;
(2) A(S* x {1}) = 0Ha,o(B);
(3) Amaps To x [0, 1] on (Hy (U1)) N B and satisfies the following conditions:

e the solid tori A\(Tg x {t}) coincide with the solid tori arising in the foliation
of Ui,

* the foliation by the segments A({6} x [0, 1]), where 60 € Ty coincides with
the foliation obtained in W.

4.2. Proof of the Proposition 8

Outline of the proof. Let us give an intuitive description of one 3-sphere belonging
to our foliation. First imagine the horizontal boundary of a standard bidisk: it is a
solid torus made of horizontal disks. Its boundary is a torus 7" over the circle S. Now
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the other solid torus that we will glue to T is made of “vertical disks” that look like
a truncated mountain with two peaks. Now when we follow the circle S, the fiber
turns, so that after one complete circle the two peaks are exchanged.

Now one can imagine that the time parametrizes our one-parameter family of
spheres and acts by “eroding the mountains”.

Our first lemma describes how H (8B) can be seen as a thick horizontal parabola
in C2. When we intersect it with a vertical disk we get two disks, or a lemniscate or
a single disk.

Lemma 19. The topology of H(B) is described as follows:
(1) Hoo(B)N{x = x0) = {0, 1)/y2 = a2(xo—c—a-re®), 0 < r < R, € R},

(2) There exists a vertical cylinder {0 < |xo — ¢| < r'} x C outside of which
H, (B) N{x = xo} is the union of two topological disks whose boundaries can
be parametrized by arg(x — x1) and arg(x — x»), where

(x1,x2) = fx = x} N {(F9), x e C).

ax

Moreover, for a fixed parameter, the point we obtain depends continuously on
X0

(3) If |xo — c| > 1/, then for any @ € R, H; (B) N {x = e%xo) is the image of
Hg o (B) N {x = xo} by the rotation of center O and of angle 5.

(4) There exists a real ¥’ > 0 such that if |xo — c| < r”, then {x = xo} N H(B) is
a topological disk.

Proof. We leave it to the reader. It is simply a matter of intersecting the parabola
H,; }{x = xo} with the locus {|y| < R}. O

Radial cylinders in B8

(1) in 8 — B the radial cylinders are defined as before: they are the intersections
of the C(¢) with 8 — B;

(2) by conformal representation the annulus (B N {y = 0}) — D(c, r’) is foliated by
radial segments: above each such segment we consider a straight radial cylinder
made of genuine vertical disks;

(3) above each radial segment of the remaining disk D(c, r") we consider similarly
the radial cylinder made of vertical disks.

Lemma 20. H, .(8) ND(c, ") is homeomorphic to a bidisk.

Proof. We leave it to the reader. O
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Lemma 21 (Enlarging the topological bidisk). The space

(D(c, ") x Dgy3) = (Ha,e(B) N (D(c, ") x ©))
is homeomorphic to D(c, ") x {1 < |y| < 2}.

Proof. This is just a matter of reparametrizing the annuli by a parameter of relative
distance measured on half lines going through the origin. O

Lemma 22 (Pants in R3). Let C be a radial cylinder in 8 and C' = C N{|xo—c| > r"}.
Then d(Hy (B) N C') is homeomorphic to a pair of pants 1 (that is, a Riemann
sphere with three disjoint disks removed).

Proof. Left to the reader. O

Section of a solid torus
I Pair of pants

Figure 5. Family of pants.

Second step. “Taking off the pair of pants”. Let us work now in a fixed radial
cylinder. We need to give some notations.

(1) The bidisk B = D(c) x Dg is sitting inside the bidisk 8 whose horizontal
boundary is given by |y| = R, and whose vertical boundary is the solid torus
W N H, ! (3ver B).

(2) BN {y = 0}is the disk D(c), and 8 N {y = 0} is a topological disk D D D(c).

(3) The radial cylinder is written C and its intersection with {y = 0} is a radial
segment L () C D where ¢ € [1, 3], and C(¢) is the disk above the point L(?).
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(4) Foranyt € [1,2], C(t) = {L(r)} x Dg (vertical disk), but for ¢’ € [2, 3], C(¢")
is the almost vertical disk of the foliation of W.

(5) We assume that L(1) is the closest to ¢ and sits on the circle |xg — ¢| = r”.

(6) We call C'(¢r),t € [1, 3] the slightly deformed cylinder above the segment L (1)
whose width is an increasing linear function of 7 so that C’(1) has radius R/3
and C’(3) has radius R.

(7) We set C([1,2]) = C N B and C’([1,2]) = C’ N B, and also C([2,3]) =
CNB—-Band C'([2,3]) =C'NB — B.

The following lemma describes the well-known action of “taking off a pair of
pants”.

Lemma 23. Let T = Dy — (15)1 U IB)Z) a pair of pants, then there exists a homeomor-
phism _ o
x: I x[1,2] = C'([1, 2]) — int(H (B)),

such that

(1) x(IT x {2}) = C'(2) — int(H(B));

(2) (I x {1}) = C'([1,2]) N I(H (B));

3) foranyt € [0, 2] and any z € 0D U dDy, we have x (z,t) = x(z, 2);

(4) x(@Dg x [1,2]) is the horizontal boundary of C'([1, 2]).

Proof. First we enlarge continuously the waist of the initial pair of pants so that it
becomes a graph above a vertical disk. Its shape is that of a mountain with two flat
peaks. Now we have a radial cylinder whose base is our graph and whose ceiling is
the disk C’(2). Itis easy to fill in the space between by a family of topological disks,
each one having a straight circle as boundary. O

Lemma 24. There exists a homeomorphism

w: (Do — (D UDy)) x [2.3] — (C/(12, 3]) — int(Hy. o (W)))

such that
(1) @ maps 3D x [2, 3] in the horizontal boundary of C'(12,3D);

(2) foranyz € (0D UdDy), the segment w ({z} x [2, 3]) coincides with the segment
belonging to the foliation of W.

Proof. 1t is enough to realize that in both cases we have a trivial fiber bundle with
fiber a pair of pants. O
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Then we put together these two lemmas. By doing the construction in all the radial
cylinders, we obtain a one-parameter family of solid tori. The boundary of each one
is a torus made of vertical circles. Now we can glue on each such torus a solid torus
made of horizontal disks, in the same way the boundary of a complex bidisk is made
of two solid tori glued along a torus. This ends the proof of the proposition. O

4.3. End of the proof of the theorem. Let us summarize the situation. We proved

that 8 — B is a spherical shell homeomorphic to S* x [0, 1]. The conjugacy has
been defined on the “exterior sphere” S3 x {1} and also on H, (W) which inter-
sects the shell on a set homeomorphic to T x [0, 1]. It remains to define the conju-
gacy on the complement, which is also homeomorphic to T x [0, 1]. On the torus
T x {0} two different sets of coordinates coexist: a priori the coordinates given by
the homeomorphism with S* x [0, 1] do not respect the conjugacy. The next lemma
shows how one can deform continuously one system of coordinates into the other
one.

Jt

Ball H(B)

Figure 6. Filling in the spherical shell.

o

. _ o P
If we put coordinates (z,7) € T x [0, 1] on 8 — (B U H, (U1)) we are led to
the following situation:

Lemma 25. Let
X=Tx][0,1] and A C T x {0}

be such that there exists two homeomorphisms F1, Fy of A on T x {1} defined by
Fi(x,0) = (fix), 1) and F>(x,0) = (f2(x), ]).

Then there exists a homeomorphism A: X — X satisfying:
(1) A is the identity on 0T x [0, 1] and on T x {0},
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(2) A conjugates F1 and F, on A.

This lemma is an immediate consequence of the following result, that will be
proved in the next section:

Lemma 26. The space Homeo(T rel 9) of all homeomorphisms from the solid torus
to itself that are the identity on the boundary has the homotopy type of a point.

Proof of Lemma 25. Indeed, with Lemma 26 we have in Homeo(T rel d) a continuous
path g;, t € [0, 1] joining the identity to f> o ffl. Then we set

Az, 1) = (&(2), 1).
This A is the identity on T x [0, 1] and T x {0}, and satisfies for any (x, 0) € A:

Ao Fi(x,0) = A(fi(x), 1)

=(g1o filx), D

= F>(x,0)

= F 0 A(x,0). O
This lemma ends the proof of the theorem. O

A topological lemma

Lemma 27 (Homeo(T rel 9) =~ x). The space of homeomorphisms from T to itself
that are the identity on the boundary has the homotopy type of a point.

Proof. This lemma is a consequence of two theorems. The first one is Smale’s
conjecture Diff (S3) ~ 0(4), proved by Allen Hatcher in [12]:

Theorem 6 (Smale’s conjecture). The inclusion of the orthogonal group O(4) in
Diff (S3) is a homotopy equivalence. Moreover Smale’s conjecture is equivalent to:

(1) Diff(S' x D?rel ) ~ x,
(2) Diff(D?rel 9D3) ~ x.

The second theorem is due to J. Cerf in [6]:
Theorem 7. For any 3-dimensional manifold M3,
Diff (D rel 9D?) ~ % — Diff (M3 rel aIM>) ~ TOP(M? rel aM?).

In this theorem one can also replace the category TOP by the piecewise-linear
category PL. O
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Remark 6. We might as well construct a path of diffeomorphisms by hand, without
using the full strength of Hatcher’s theorem, as pointed out by Ryan Budney. We also
thank Professor Laudenbach for his help on 3-dimensional topology.

5. Conjugacy in the escaping set
Let us define
+ —
VE([r, +ooD) = {(}) € VT I GT(]) = logr}.

Then our goal in this section is this theorem:

Theorem 8 (Conjugacy in V™). Let us assume that the vertical boundary of W is
determinedin U™ by the level set (G = 2log s}. Thenthere exists a homeomorphism

A: T x [s2, +oo[— V1 ([s2, oo)

satisfying
(1) A conjugates H, . with g;
() foranyr' > s*>andany z € T, GT(A(z, 1)) = logr/;
) let p be in Ut N W such that @’1(p) = (r,0) and let N be in N such that
HW(p) € VF([s%, ool), then g°N (r, 0) = A o H;N (p) (compatibility with the
trivialization of W).

Remark 7. In the construction of W, the choice of the vertical boundary was free:
the only condition needed was that H, (W) should intersect W only in its vertical
boundary (“transversality condition”).

From now on we define W N U™ as follows: for fixed R > 0, U N dyer (W)
is the solid torus {|y] < R} N {|¢pT| = R/|a|}. We let the reader verify that such a
choice satisfies the transversality condition.

5.1. Using ¢t as a coordinate. Here is a lemma describing the behaviour of ¢

Lemma 28. When ” (’yc) || tends to +oo within VT

¢, x, ) =x+ 5%+ 0(m),

where O(ﬁ) stands for a function g(a, x,y) that satisfies: there exists M > 0

and r > 0 such that for any a € D} and any (;) e V*T([r, +o0[) we have
lx.g(a,x, y)| < M.
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Gt =2logs ot

N
} Slice 1

wnut

I

T

——

H(O™)

Slice 2
I+ HWNU)

Figure 7. Coordinates in O,

2
Proof. When H (); ) H tends to +0oin V1, then X"Lx% tends to 1 uniformly ina € Dj.
We can then set as in [24]

24 +ay = y2pBlax.y)
where the function 8 is bounded. Thus for z = (a, x, y) the series
(@, x,y) = 38QR) + 33 B(Hac(2) + - -

converges uniformly, therefore one can write ¢ (a, x, y) = xe¥@. In y (z) only the
first term is leading, so one has y (z) = %% +0 (ﬁ), where O must be understood
as: uniformly with respectto a € D;. O

The next lemma introduces the set corresponding to T x [s2, +oo[ in the model:
it is the result of a small modification of V', that is required if one wants to use ¢™
as a coordinate.

Lemma 29. There exists B > 0 small enough such that

0" = {();) ev?t | |¢+| > ﬁ and % < lal(1 _5)}

satisfies
() 90t Cc v*;
2) Unso Hy"(OH) =UT;
(3) the mapping ® = (¢, y/¢pT): Ot — C? is a biholomorphism from O~ to
R
{161 > =g} % Paia-p)-
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Proof. This is essentially a consequence of the fact that ¢ ~ x near the infinity, and
that near the infinity (¢+(a, x,y), j—;) is injective. This last fact is nothing else than
lemma 6.3 of [15]. O

5.2. Filling in the slices of O

Firstsliceof OF. From now on we set s = m. ‘We recall that the trivialization

of Wis givenby ®: [1/2,2] x T — W. We change it a bit into a homeomorphism
from [1/2, s?] x T into W that we still call ©.

Proposition 9. There exists a homeomorphism
T:T x [sz,s4] - 0tn {s2 <ot < s4}

satisfying
(1) ©® and T coincide on T x {s%};

(2) forany z € 3T, the segments T ({z} x [s2, s*1) coincide with the segments of the

natural foliation of the boundary defined by the level sets (L = const.);

ot
(3) forany 7' € Hy o(3(W N {|pT| = s})) the segments T ({z'} x [s2, %) coincide
with the images by H, . of the segments belonging to the natural foliation of
on W defined by the level sets (y = Re'%).

Proof. Again we use holomorphic motions, in a simpler setting because we can use ¢~
as a coordinate.

In the coordinates (¢, y/¢™), let D, be a vertical disk {¢p* = ¢}, with ¢ €
[s2, s*]. Then the image by H, . of the slice W N {s < [¢pT] < 52} cuts two disks
in ;. Indeed we have the functional equation ¢+ o H, . = (¢)?. Thus,

De N Hy o(W N {s < o7 < 52)) =D N (HDy) U HD_1)),

where {/2 =¢. Letuscall X = Do — (D; U Dy) this disk with two smaller disks
removed. The image by H, . of each annulus (y = Re') in the slice W N {s <
|¢p+| < 52} is a double cover above the annulus {s> < |¢T| < s*}. By following an
intersection of such a cover with a disk D; when ¢ moves in the annulus with a slit
parametrized by {¢ = rel? 6 € [0,2n[, r € [s2, s4]}, we construct a holomorphic
motion of dX that we can extend to C by using Stodkowski’s theorem. As for the
case of W, we have to adjust the monodromy map in order to finish the proof. O

Filling in the other slices. After the slice O;\? = 0+([s2N, szNH]), we can apply
the method above to the space O]J\,r_H — int(Ha,c(O;\,r)).
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We do not have to worry about the interior of H, ( 0;\;) because it has the foliation
induced by the foliation of 07\5. By iterating this construction we can fill in all the
slices, and this ends the proof of Theorem 8. O

6. Conclusion

The proof of our main theorem is now finished: we just have to put everything
together, the spherical shell in the basin of attraction, the tubular neighbourhood W,
the open set O C U™. The different trivializations agree, and by iterating forward
and backward we can extend the conjugacy to C2.

Remark 8.

(1) Our proof should extend to the case where the Hénon map is of higher degree
without too many difficulties.

(2) An interesting question would be to estimate the size of ¢ in the main theorem.

7. Appendix: Holomorphic motions

We recall the basic notions about holomorphic motions.

Definition. If X C C, and A is a connected C-analytic manifold with a base-point
Ao, then a holomorphic motion of X parametrizedby Aisamaph: X x A — Cx A
such that:

(1) h(.,r0): X — Cis the canonical injection;

(2) h is injective;

3) h(x, .): A — Cis C-analytic for all x € X.

Theorem 9 (A-lemma, Mafie—Sad—Sullivan). Leth: X x A — C x A be a holomor-

phic motion of a subset X of C. Then h is continuous and has a continuous extension
h: X x A — C x A which is a holomorphic motion of the closure X of X.

Theorem 10_ (Stodkowski). Let D be the unit disk in C, with O the basepoint, and X
a subset of C. Any holomorphic motion of X parametrized by D can be extended to

a holomorphic motion of C parametrized by D.

For a proof, the reader can read [9] and also a new proof given by Chirka.
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Theorem 11 (Bers—Royden). Let A be the open unit ball of a Banach space E
over C. For any holomorphic motion h of X C C parametrized by A, there exists
a holomorphic motion of C parametrized by the ball of radius 1/3 and coinciding
with h on X.

The proof of Bers—Royden’s theorem given in [22] can be modified as follows.

Theorem 12 (Variant of Bers—Royden’s theorem). Let h be a holomorphic motion
of X C C, parametrized by the bidisk A = Dg x D,. Let us assume that h satisfies
on X the additional condition

h@©,y, .)=1d forally € D,.

Then there exists a motion h of C parametrized by the bidisk D3 x D, /3 which
coincides with h on X and also satisfies:

h0,y,.)=1d forally € D,.

on the whole C.

Proof. Let us assume for the beginning that X C C is a finite fixed set. There exists
a natural map ® from the space M (P' — X) of the Beltrami forms over P! — X on
the Teichmiiller space 7 (P! — X), defined by integrating the Beltrami form:

O p— (Id: X — X,).

There exists a section W of this map, that is defined on the ball of radius 1/3.
Now the holomorphic motion of X defines a holomorphic path Y3 = P! — h; (X)
in T (P' — X).
MP' — X)

|

A== T P' - X)C Bip

By Schwarz’s lemma we know that the ball of radius 1/3 is mapped into the
ball of radius 1/2. We can then compose by the section W in order to obtain a
holomorphic family of Beltrami forms, thus giving us the desired holomorphic motion
after integration of these forms. But now in the extended holomorphic motion, we
have factored through themap Y : A — 7 (P! — X). Therefore if Y is constant along
the disk A N (a = 0), then the same thing is true for the extension.

For a general set X, we exhaust X by an increasing family of finite subsets (X},)
such that X = |J X, is dense in X. O
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