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Isometric immersions into 3-dimensional homogeneous manifolds
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Abstract. We give a necessary and sufficient condition for a 2-dimensional Riemannian manifold
to be locally isometrically immersed into a 3-dimensional homogeneous Riemannian manifold
with a 4-dimensional isometry group. The condition is expressed in terms of the metric, the sec-
ond fundamental form, and data arising from an ambient Killing field. This class of 3-manifolds
includes in particular the Berger spheres, the Heisenberg group Nils, the universal cover of the
Lie group PSL,(R) and the product spaces S* x R and H? x R. We give some applications to
constant mean curvature (CMC) surfaces in these manifolds; in particular we prove the existence
of a generalized Lawson correspondence, i.e., a local isometric correspondence between CMC
surfaces in homogeneous 3-manifolds.
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1. Introduction

A classical problem in geometry is to determine whether a Riemannian manifold 'V
can be isometrically immersed in another Riemaniann manifold V. We will restrict
ourselves to the case of codimension 1 immersions, i.e., 'V has dimension n and V
has dimension n + 1.

It is well known that the Gauss and Codazzi equations are necessary conditions
relating the Riemann curvature tensor R of V, the Riemann curvature tensor R of
V and the shape operator S of V. Denoting by V the Riemannian connection of 'V,
these equations are the following:

(R(X,Y)Z, W) — (R(X,Y)Z, W) = (SX, Z)(SY, W) — (SY, Z)(SX, W)

VxSY — VySX — S[X, Y] = R(X, Y)N,

for all vector fields X, Y, Z and_W on'V.
Moreover, in the case where V is a space-form, i.e., the sphere S"t1 the Buclidean
space R"*! or the hyperbolic space H"*!, the Gauss and Codazzi equations are also
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a sufficient condition for V to be locally isometrically immersed in 'V with S as shape
operator. In this case the Gauss and Codazzi equations involve only the metric and
the shape operator of V.

The author studied this problem when V is a product manifold S” x R or H" x R
([Dan04]). Then the Gauss and Codazzi equations involve the metric of 'V, its shape
operator S, the projection 7" of the vertical vector field (i.e., the unit vector field
corresponding to the factor R) on the tangent space of 'V and the normal component v
of the vertical vector field (i.e., its inner product with the unit normal of V). The author
proved that the Gauss and Codazzi equations, together with two other compatibility
equations coming from the fact that the vertical vector field is parallel, are a necessary
and sufficient condition for 'V to be locally isometrically immersed in 'V with S as
shape operator, T as tangent projection of the vertical vector field and v as normal
component of the vertical vector field.

It is natural to try to generalize this result to other homogeneous Riemannian
manifolds. We will investigate the case of surfaces in manifolds of dimension 3, i.e.,
n = 2. Indeed, the classification of simply connected 3-dimensional homogeneous
manifolds is well known. Such a manifold has an isometry group of dimension 3,
4 or 6. When the dimension of the isometry group is 6, then we have a space form.
When the dimension of the isometry group is 3, the manifold has the geometry of the
Lie group Sols.

In this paper we will consider the homogeneous manifolds whose isometry groups
have dimension 4: such a manifold is a Riemannian fibration over a 2-dimensional
space form, the fibers are geodesics and there exists a one-parameter family of trans-
lations along the fibers, generated by a unit Killing field & which will be called the
vertical vector field. These manifolds are classified, up to isometry, by the curvature
k of the base surface of the fibration and the bundle curvature 7, where « and 7
can be any real numbers satisfying ¥ # 4t2. The bundle curvature is the number t
such Vy& = tX x & for any vector field X on V, where V denotes the Riemannian
connection of V.

When the bundle curvature t vanishes (and then « # 0), we get a product manifold
M2 (k) x R where M2 (k) is the simply connected 2-manifold of constant curvature .
Their isometry group has 4 connected components. The vertical vector £ is simply
the vector corresponding to the factor R. This case was treated in [Dan04].

When t # 0, the isometry group has 2 connected components: an isometry either
preserves the orientations of both the fibers and the base of the fibration, or reverses
both orientations. These manifolds are of three types: they have the isometry group
of/tllﬁ:/ Berger spheres for x > 0, of the Heisenberg group Nils for x = 0, and of
PSL;y(R) for k < 0. In this paper we will deal with these three types of manifold.
Like for M2(x) x R, the Gauss and Codazzi equations involve the metric of V, its
shape operator S, the tangential projection T of § and the normal component v of &.
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Denoting by K the curvature of ds?, these equations become
K =detS+ 1%+ (k — 4r2)v2,

VxSY — VySX — S[X, Y] = (k — 4t)v({Y, T)X — (X, T)Y)

The first theorem is the following one.

Theorem (Theorem 4.3). Let 'V be a simply connected oriented Riemannian manifold
of dimension 2, ds? its metric (which we also denote by (-,-)), V its Riemannian
connection and J the rotation of angle 5 on TV. Let S be a field of symmetric
operators Sy: T,V — T,V, T a vector field on 'V and v a smooth function on 'V
such that |T|* +v* = 1.

Let E be a 3-dimensional homogeneous manifold with a 4-dimensional isometry
group and & its vertical vector field. Let k be its base curvature and t its bundle
curvature. Then there exists an isometric immersion f: 'V — E such that the shape

operator with respect to the normal N associated to f is
df oSodf™!

and such that
E=df(T)+vN

if and only if (ds?, S, T, v) satisfies the Gauss and Codazzi equations for E and, for
all vector fields X on 'V, the following equations:

VxT = v(SX — JX), dv(X)+ (SX —1JX,T) =0.

In this case, the immersion is unique up to a global isometry of E preserving the
orientations of both the fibers and the base of the fibration.

The two additional conditions come from the fact that Vx& = tX x & for all
vector fields X. We notice that this theorem seems specific to dimension 2, since the
operator of rotation J is involved.

The method to prove this theorem is similar to that of [Dan04] and was inspired
by that of Tenenblat ([Ten71]): it is based on differential forms, moving frames and
integrable distributions. However, things are technically much more complicated
here: in [Dan04] the proof was simplified by the fact that S” x R and H" x R can be
included in R"*? and in the Lorentz space L2 respectively. We will first present the
models used for the 3-dimensional homogeneous manifolds, and then we will prove
the theorem.

Finally we will give two applications of this theorem to constant mean curva-
ture (CMC) surfaces in 3-dimensional homogeneous manifolds with 4-dimensional
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isometry group. There were many recent developments in this topic (see for exam-
ple [FMP99], [NR0O4] and references therein); in particular Abresch and Rosenberg
proved the existence of a holomorphic quadratic differential for CMC surfaces in
these manifolds (JARO4], [ARO5]).

The first application (Section 5.1) is the existence of an isometric correspon-
dence between certain CMC surfaces in homogeneous 3-manifolds with the same
“anisotropy coefficient” x —4t2. This correspondence generalizes the classical Law-
son correspondence between certain CMC surfaces in space-forms. This is the fol-
lowing theorem.

Theorem (see Theorem 5.2). Let E; and Ey be two 3-dimensional homogeneous
manifolds with 4-dimensional isometry groups, of base curvatures k| and k> and
bundle curvatures t| and 1) respectively, and such that

K1 — 41:12 =Ky — 47:22.
Let H| and Hp be two real numbers such that
2 + H} = o} + H?.

Then there exists an isometric correspondence between simply connected CMC
H\ surfaces in E1 and simply connected CMC H surfaces in E,.
This correspondence is called the correspondence of the sister surfaces.

Moreover, one surface is obtained from the other one by rotating the traceless part
of its shape operator by a fixed angle 6 (depending on the 7; and the Hj).

In particular we get a local isometric correspondence between minimal surfaces in
the Heisenberg group Nilz (with its standard metric) and CMC % surfaces in H? x R.
In this case we have 0 = %, which makes this correspondence similar to the conjugate
cousin correspondence in space forms (see [GBKSO03], [Kar05]). We compute some
examples: the sister surface of the rotational minimal surface of equation z = 0 in
Nil; is a graph over H? in H? x R invariant by a vertical rotation; the sister surface
of the translational minimal surface of equation z = %" in Nil3 is a graph over H? in
H? x R invariant by a hyperbolic translation.

The second application (Section 5.3) is the existence of “twin immersions” of non-
minimal CMC immersions in homogeneous 3-manifolds with non-vanishing bundle
curvature. This twin immersion might be useful to prove an Alexandrov-type theorem
in these manifolds.

Conventions and notations. In this paper we will use the following index conven-
tions: Latin letters i, j, etc, denote integers between 1 and n (or the integers 1 and 2),
Greek letters «, B, etc., denote integers between 1 and n + 1 (or between 1 and 3).
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The set of vector fields on a Riemannian manifold 'V will be denoted by X (V).
The Riemann curvature tensor R of a Riemannian manifold V of Riemannian
connection V is defined using the following convention:

R(X,Y)Z =VyVxZ — VxVyZ + Vix y1Z.

The shape operator of a hypersurface 'V of a Riemannian manifold V associated
to its unit normal N is B
SX = —-VxN

where V is the Riemannian connection of V.

2. 3-dimensional homogeneous manifolds with 4-dimensional isometry group

In this section we will give the general setting for simply connected homogeneous
3-manifolds with 4-dimensional isometry group and we will describe the models
used. We will consider only those having non-vanishing bundle curvature (since the
product manifolds M2 (k) x R were treated in [Dan04]). The reader can refer to
[Sco83] for the geometry of 3-dimensional homogeneous manifolds.

2.1. Canonical frame. Let E be a simply connected 3-dimensional homogeneous
manifold with a 4-dimensional isometry group. Such a manifold is a Riemannian
fibration over a simply connected 2-manifold of constant curvature k. The fibers are
geodesics. We will denote by & a unit vector field on E tangent to the fibers; it will
be called the vertical vector field. It is a Killing field (corresponding to translations
along the fibers).

We will denote by V and R the Riemannian connection and the Riemannian
curvature tensor of [E respectively.

We assume that E is not a product manifold M? (k) x R.

The manifold E locally has a direct orthonormal frame (E1, E>, E3) with

Ey=§
whose non-vanishing Christoffel symbols I:gy = (ﬁEﬁ E,, E) are the following:
Mh=Tp=-T =-Th=r
Fp=-T3=1-o0,

for some real numbers ¢ and T # 0 (this will be made explicit in the sequel). Then
we have

[Ey, E2] =2TE3, [E2, E3l=0E), [E3, E]=0EF;.



92 B. Daniel CMH
We will call (E, E», E3) the canonical frame of E. For all vector field X we have
VyxE3=1tX x E3

where x denotes the vector productinE, i.e., forall vectorfields X, Y, Z, (X xY, Z) =
det(g E,.65) (X, Y, Z).
Setting
R(X AY), ZAW) = (R(X,V)Z, W),

the matrix of R in the basis (Ex NE3, E3 NE(, E{ AN Ep)is
R = diag(a, a, b)

with

a= ‘L’2, b=-3124+20T.

We now compute the curvature « of the base of the fibration. If M — M is a
Riemannian submersion, then the sectional curvature of a 2-plane IT in M generated
by an orthonormal pair (X, Y) is

3.
K (M) = K () + [ (X, 71

where X and _}7 are horizontal lifts of X and Y in M, K (T1) is the sectional curvature

of a 2-plane IT in M generated by (X, Y), and where ZV denotes the vertical part of

a vector field Z in M (see [Car92], chapter 8). In our case we get

k = (R(E1, E2)E\, Ea) + Z||[E1, E'|P =b+ %||2IE§H2 =b+37%

Thus we have b = ¥ — 372, and so

Proposition 2.1. For all vector fields X, Y, Z, W on E we have
(R(X,Y)Z, W) = (k — 3t)(Ro(X, Y)Z, W) + (x — 4TH)(R1(§; X, V) Z, W)

with
Ro(X,Y)Z = (X, Z2)Y — (Y, Z)X,

Ri(V; X, VZ =Y, VZ, V)X + (Y, Z)(X, V)V
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Proof. We set X = X + x& with X horizontal and x = (X, &), etc. Using the
multilinearity of the Riemann curvature tensor, we get a sum of 16 terms; the terms
where £ appears three or four times, or twice at positions 1,2 or 3, 4, vanish by
antisymmetry. The terms where £ appears once vanish because the matrix of R in the
basis (E» A E3, E3 A Ep, E1 A E3) is diagonal. Hence we have

(R(X,Y)Z, W) = R(X.V)Z, W) + yw(R(X.£)Z, ) + yz(R(X, §)§, W)
+xw(RE, Y)Z, &) + xz(RE, V)E, W)
= (k = 3T)((X, Z)(Y, W) — (X, W)(Y, Z))

+ 2(yw(X, Z) — yz(X, W) — xw(Y, Z) + xz(Y, W))
= (kK — 3t UX, Z)(Y, W) — (X, W)(Y, Z))

— (k= 4T (X, Z)(Y, ENW, E) + (¥, W)(X, E)(Z, €)
— (X, W)Y, ENZ, &) = (Y, Z)(X, §)(W, §)). o

2.2. The manifolds with the isometry group of the Berger spheres. They occur
when t # 0 and k > 0; they are fibrations over round 2-spheres. They are obtained
by deforming the metric of a round sphere in a way preserving the Hopf fibration but
modifying the length of the fibers. Their isometry group is included in that of the
round sphere. The reader can refer to [Pet98].

The sphere S is the universal covering of SO3(R), which can be identified with
the unitary tangent bundle to the 2-sphere US?. Indeed, the group SO3(R) acts
transitively on US?, and the stabilizer of any point in US? is trivial. The unitary
tangent bundle US? can be endowed with the metric induced by the standard metric
on the tangent bundle TS?. We will give an expression of this metric.

Let (x, y) — @(x, y) be a conformal parametrization of a domain D in S? and
let A be the conformal factor, i.e., the metric of D is given by Az(dx2 + dyz). Then
a parametrization of UD is the following:

1
()C, Vs 8) = <(p(x7 Y), X(Coseax + sin 08)%))

Let p =¢(x,y) € D,veT,Dand V € T(, ) (UD). Let a(t) = (p(1), v(1))
be a curve such that v(t) € Tp(,)Hz, p(0) = p, v(0) = v and @’(0) = V. Then the
norm of V is given by

s »  [Dv |
IV Iy = AT + | -0

p

where 7 : UD — D is the canonical projection.
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We set a(t) = (x(t), y(t), 6(t)). Then we have

v(t) = %(cos@(t)ax +sin6(z)dy),

and thus
Dv A . 0 .
r = —ﬁ(cos 00y + sinf0y) + X(_ sin 09, + cosHdy)
+ %(Cos 0(xVy, 0x + yVy,0y) +sin0(xVy, dy + yVy, dy)),
where the dot denotes the derivation with respect to ¢. Since A= XAy + YAy,

Ay Ay Ay .
Vi, Or = 20, — 229y, Vg, 9y = =220, + 20y and Vi, 9y = Vy 9y = 20, + 229,
we get

Dv

1 .
T )\—2()»9 + YAy — XAy)(cos 00y, — sin09y).

Thus !
V1T, = A2+ 37 + A—Z(w' + Phy — k)
Setting z = 6 on the universal covering, we get the following expression for the
metric of UD:
242002 2 Ay Ax ?
ds® = A°(dx” +dy°) + —de—{-Tdy—i—dz .
We now choose D = S? \ {oo} with the metric of constant curvature 4 (i.e., the

metric of the round sphere of radius %) given by the stereographic projection, i.e.,

1
=Ty

Then we get

ds? = A2(dx* + dyz) + 2A(ydx — xdy) + dz)%.

More generally, R? endowed with the metric

ds? = )yz(dx2 + dyz) + (tA(ydx — xdy) + dz)2
with ]
BT

is the universal cover of a homogeneous manifold E of bundle curvature t and of base
curvature ¥ > 0 minus the fiber corresponding to the point co € S?. The fibers are

A
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given by {x = x¢, y = yo} in these coordinates. The canonical frame is (E1, E2, E3)
with

E, = 2" Ycos(o2)dy + sin(0z)dy) + t(x sin(oz) — y cos(0z))d;,

Ex = A7 (= sin(02)dy + cos(02)dy) + T(x cos(oz) + ysin(oz))d;, (1)
E3 = az

with

which satisfy
K K
[Ev, E2]l =2tE3,  [Ea, E3]= -E1, [E3, E1]=-E».
2t 2t
This frame is defined on the open set E’ which is E minus the fiber corresponding to

the point co € 2.
The Berger spheres in the strict sense are the manifolds such that « = 4.

2.3. The manifolds with the isometry group of the Heisenberg group Nil3. They

occur when t # 0 and k = 0; they are fibrations over the Euclidean plane.
The Heisenberg group is the Lie group

1
Nilz = 0
0

S = Q

C
b ;(a,b,c)e[[{{3
1

endowed with a left invariant metric.
It is useful to use exponential coordinates. In this model, the Heisenberg space
Nilz is R? endowed with the following metric:

ds? = dx? + dy? + (t(ydx — xdy) + dz)°.

The fibers are given by {x = xg, y = yo} in these coordinates.
The canonical frame is (E, E, E3) with

Ey =0, —1yd., Ep=0dy,+1xd,, E3=0., )
which satisfy
[Eq, E2] =2TE3, [E2, E3]=0, [E3 E]=0.

The reader can refer to [FMP99] (where T = %).
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2.4. The manifolds with the isometry group of Pm). They occur when T # 0
and k < 0; they are fibrations over hyperbolic planes.

The Lie group PSL, (R) with its standard metric can be identified with the universal
covering of the unitary tangent bundle to the hyperbolic plane UH? equipped with
its canonical metric. Indeed, the group PSL>(R) acts transitively on UH?Z, and the
stabilizer of any point in UH? is trivial. The unitary tangent bundle UH? can be
endowed with the metric induced by the standard metric on the tangent bundle TH?.
The reader can refer to [Sco83]. We will give an expression of this metric.

Let (x,y) — @(x,y) be a conformal parametrization of H? and let A be the
conformal factor, i.e., the metric of H? is given by A2(dx? + dy?). Then, proceeding

as in Section 2.2, we obtain that a metric on PSL;,(R) is
2 2,4.2 2 Ay Ax ?
ds® = A7(dx” +dy”) + —de+7dy+dz .

This metric defines a homogeneous manifold with k = —1 and t = —%.
More generally, we can take the Poincaré disk model for the hyperbolic plane of
constant curvature k < 0. The manifold ]D)2(\/L_7) x R, where D?(p) = {(x,y) €

R?; x2 4+ y? < p?}, endowed with the metric
ds? = 22(dx? + dy?) + (tA(ydx — xdy) + dz)?
with
1

A= ——
I+ 5G2+y%)

is a homogeneous manifold of bundle curvature T and of base curvature « < 0. The
fibers are given by {x = xg, y = yo} in these coordinates. The canonical frame is
(E1, E», E3) with

Ey = 2" Ycos(o2)dy + sin(oz)dy) + t(x sin(oz) — y cos(0z))d;,
Ex = A7 (= sin(02)dy + cos(02)dy) + T(x cos(oz) + ysin(oz))d;,  (3)
Es =0,

with

which satisfy

K K
[E1, Ex] =2tE3, [Ea, E3l= —FEi, [E3, Ei]l=_—FE>.
2t 2t
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3. Preliminaries

3.1. The compatibility equations for surfaces in 3-dimensional homogeneous
manifolds. We consider a 3-dimensional homogeneous manifold E with an isometry
group of dimension 4, of bundle curvature 7 and of base curvature . Let R be the
Riemann curvature tensor of E. Let V be an oriented surface in E, V the Riemannian
connection of V, J the rotation of angle % on TV, N the unit normal to V and S the
shape operator of V.

Proposition 3.1. For X, Y, Z, W € X('V) we have
(R(X,Y)Z, W) = (k — 3% (Ro(X, Y)Z, W) + (k — 4T (R\(T; X, Y)Z, W),

R(X,Y)N = (k — 42w ((Y, T)X — (X, T)Y),

where
v=(N,§),

T is the projection of & on TV, i.e.,
T =&—vVN,
and Ry and Ry are as in Proposition 2.1.

Proof. This is a consequence of Proposition 2.1, using the fact that X, Y and Z are
tangent to the surface and NV is normal to the surface. o

Corollary 3.2. The Gauss and Codazzi equations in E are
K =detS+ 1%+ (k — 41:2)1)2,
VxSY — VySX — S[X, Y] = (k — 4t2)v((Y, T)X — (X, T)Y),
where K is the Gauss curvature of V.
Proposition 3.3. For X € X('V) we have
VxT =v(SX —tJX), dv(X)+(SX —7IX,T)=0.
Proof. On the one hand we have

Vx& = Vx(T +vN)
= VxT +dv(X)N 4+ vVxN
= VxT + (SX, T)N + dv(X)N — vSX.
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On the other hand we have
VxE=1X x &
=1tX x (T +VvN)
=t((JX, T)N —vIX).

We conclude taking the tangential and normal parts in both expressions. O

3.2. Moving frames. In this section we introduce some material about the technique
of moving frames.

Let 'V be a Riemannian manifold of dimension n, V its Levi-Civita connec-
tion, and R the Riemannian curvature tensor. Let S be a field of symmetric oper-

ators Sy: T,V — T,V. Let (ey, ..., e,) be a local orthonormal frame on V and
(0!, ..., »") the dual basis of (eq, ..., e,), i.e.,
o' (ex) =85
We also set
"t =0.
n+1 i

We define the forms a)ji., o', and w;’i} on 'V by

J n+1
; 1
wj(er) = (Ve ei), o™ (ex) = (Sex, ¢)),

Jj o _ n+1 n+l _
Wy =—w; ", @, =0.

Then we have

] +1
Ve ej = E a);-(ek)ei, Sey = E a)j" (ex)e;.
i J

Finally we set Rliclj = (R(ex, e)ej, ¢;).

Proposition 3.4. We have the following formulas:

do’ + ) ol Ao? =0, 4)
P
DAl =0, )
p
. . 1 .
dw}+Zw},/\wf:—EZZR,’dja)k/\wl, (6)
P k [

1
da);?Jrl + E a);Jrl /\a)]p =3 E E (Ve Ser — Ve, Sex — Slex, e, ej)a)k Aol (7)
P k1
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For a proof of these classical formulas, the reader can refer to [Dan04], Proposi-
tion 2.4.

3.3. Some facts about hypersurfaces. In this section we consider an orientable
hypersurface V of an (n 4 1)-dimensional Riemannian manifold V. Let (e, ..., e,)
be alocal orthonormal frame on 'V, ¢;,4| the normal to 'V, and (E1, ..., E,11) alocal
orthonormal frame on V. We denote by V and V the Riemannian connections on V
and V respectively, and by S the shape operator of 'V (with respect to the normal
en+1). We define the forms w®, a)g on V as in Section 3.2. Then we have

§ek€ﬁ = Z a)g (er)ey.
Y

Let A € SO, 11(R) be the matrix whose columns are the coordinates of the eg in
the frame (Ey), namely A% = (eg, Ey). Let Q = (a)%‘) € My4+1(R).

Lemma 3.5. The matrix A satisfies the following equation:
A7'A = Q + L(A)
with

L =3 (D A Al ARTS, ot

k y.,8,€

where the I_‘)‘S/ ¢ are the Christoffel symbols of the frame (Ey).

Proof. We have
eg = Z A‘é E,.
o

Then, on the one hand we have

661(6/3 = ZdAg(ek)E,; + Z A%%ekEg
) )
=Y dAG(e)Es+ ) Y Y ARAITSE,,
€ y & €

and on the other hand we have

%ekeﬂ = Z Z a)g (ek)Af,Eg.
&

14
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Identifying the coefficients we get
Aapte =~ X T AL + Yo
y 8 v
5 AV
= DD ABALT). + ) ofend,
vy 8 14

since the frame (E,) is orthonormal.
We conclude using the fact that A~! is the transpose of A. O

4. Isometric immersions of surfaces into 3-dimensional homogeneous manifolds

We consider a simply connected oriented Riemannian manifold 'V of dimension 2. Let
ds? be the metric on 'V (we will also denote it by (-, -)), V the Riemannian connection
of V, R its Riemann curvature tensor, K its Gauss curvature, and J the rotation of
angle 5 on T'V. Let S be a field of symmetric operators Sy : T,V — T,V, T a vector
field on 'V such that || T|| < 1 and v a smooth function on 'V such that v> < 1.

The compatibility equations for surfaces in 3-dimensional homogeneous mani-
folds with 4-dimensional isometry group established in Section 3.1 suggest to intro-
duce the following definition.

Definition 4.1. Let E be a 3-dimensional homogeneous manifold with a 4-dimen-
sional isometry group. Let x be its base curvature and t its bundle curvature. We say
that (ds2, S, T, v) satisfies the compatibility equations for E if

IT|I? +v: =1
and, forall X, Y, Z € X(V),
K =detS + 2 + (k — 4T°)2, 8)
VxSY — VySX — S[X, Y] = (k — 4120 ((Y, T)X — (X, T)Y), )
VyT = v(SX — 1JX), (10)
dv(X) + (SX — 7JX, T) = 0. (11)

Remark 4.2. We notice that (10) implies (11) except when v = 0 (by differentiating
the identity (T, T) + v> = 1 with respect to X).
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Theorem 4.3. Let 'V be a simply connected oriented Riemannian manifold of dimen-
sion 2, ds? its metric and V its Riemannian connection. Let S be a field of symmetric
operators Sy: T,V — T,V, T a vector field on 'V and v a smooth function on 'V
such that |T|* +v* = 1.

Let E be a 3-dimensional homogeneous manifold with a 4-dimensional isometry
group and & its vertical vector field. Let k be its base curvature and t its bundle
curvature. Then there exists an isometric immersion f: 'V — E such that the shape
operator with respect to the normal N associated to f is

df oSodf™!

and such that
E=df(T)+vN

if and only if (ds?, S, T, v) satisfies the compatibility equations for E. In this case,
the immersion is unique up to a global isometry of E preserving the orientations of
both the fibers and the base of the fibration.

The fact that the compatibility equations are necessary was proved in Section 3.1.
To prove that they are sufficient, we consider a local orthonormal frame (eq, e2) on 'V
and the forms o', @3, a)J’ wf a)’3 and a)g as in Section 3.2 (with n = 2).

From now on we assume that T # 0 since the case T = 0 was treated in [Dan04].

Wedenote by (E1, E3, E3) the canonical frame of E (see Section 2.1); in particular
we have E3 = &. We denote by E’ the open set where the canonical frame is defined
(in particular we have E' = E when x = 0 or « < 0; see Sections 2.2, 2.3 and 2.4).

We set

TF = (T, er), T3 =v.

We define the one-form 1 on 'V by
n(X) =A(T, X).

In the frame (e1, e2) we have n = ), T*wk. We define the following matrix of
one-forms:
Q= (w%‘) € M3(R).

For a point y € 'V where (eq, e3) is defined, let Z(y) be the set of matrices
Z € SO3(R) such that the coefficients of the last line of Z are the T#(y). It is
diffeomorphic to the circle S!. For Z € Z(y), we set

L@ =3 ( X 22 ),

k y.,8,€

where the f‘f, . are the Christoffel symbols of the frame (E) (see Section 3.3). This
defines an antisymmetric matrix of 1-forms.
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We also set o = 5.
From now on we assume that the hypotheses of Theorem 4.3 are satisfied. We first
prove some technical lemmas that are consequences of the compatibility equations.

Lemma 4.4. We have

1 2

dn = 2tvw" A w°.

Proof. By (10) we have dn(X,Y) = (VxT,Y) — (VyT, X) = 2tv(X,JY). Thus
dn(er, e2) = —27tv. O

Lemma 4.5. We have
dr! = Z Tyaﬂl/ + T30,
Y
d7? = Z Tya)g — T30,
Y
d7? = "T"0} —1T'e* + 170"
Y
Proof. The first two identities are a consequence of condition (10) and the last one
of condition (11). O

Lemma 4.6. We have

dQ+QAQ=|-12

o 713 -T1°
+ =43 -T2 0 T! | o' A 0?.
T2 —-T!' 0

Proof. Weset W =dQ + Q A Q and Rlidj = (R(ek, ep)ej, e;). By Proposition 3.4
we have

. 1 . .
lIJ]’. = —EZZR;(U&)I( A + /\wf,
ko1
and by the Gauss equation (8) we have R,ilj = Elilj + cuj3 A a)l3 (ex, e;) with
Rij; = (=31 (818] — 816]) + (c —4T*)(T' T/ 8F + TT' 8, — T'T'8} — T*T78}).
Thus we get

Wi = (c — 310l Aol + (e — 4 (T’ — TV A,
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In the same way, by Proposition 3.4 we have
1
‘l—'j3 = 3 ZZ(VekSel — Vg, Ser — Sleg, e, ej)a)k A wl,
ko1
and by the Codazzi equation (9) we have
(Ve Ser — Ve, Sex — Slex. el e) = (k — 4t)T>(T'8} — T*s)).
Thus we get
W = (k — 4T ! A,
Hence we have
0 1 0
W=k-3t)|-1 0 0] Ao?
0 0 O

0o -1> -T13

+k—4H|T2 o0 0 |w' An
T3 0 0

o 7' -0

+k—4tH|=T" 0 =T3|w*An.
0o T 0
We conclude using that ! A = T?0!' A 0?, 0> Ap = —T'w' A w? and (T1)? +
(TZ)Z + (T3)2 = 1. O

Lemma 4.7. We have

0 -—-713 T?
L(Z)y=Q2t—-o)| T3 0 -T'|np
12 1! 0
0
0
— 0

0
0
T

_|_

o O O
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Proof. We compute that
L@y =Y (XX 22 2T, )t
k y 5§ ¢

=Y ((ZIZ}Zy+ Z)Z;Z) — ZVZi 2 — Zo 2, Z3)
k
+ (T —0ONZLZ}Zy — Zy ZRZp))o*
=Y (TH(Z}Z] - Z)Z}) + T (24 28 — 2, Z5)
k
+(r —0)TH(Zy 2, — 2, Z5) o

Moreover the matrix Z lies in SO3(R), so it is equal to its comatrix. Using this
fact we compute that

L(Z)) = —Qt —o)T(T'o' + T?0?),
L(2)} = @1 — )T T?0! + 21 — 0)(T?)20? — 10,
L(Z)} = -2t —o)(TH?0' — 2t —o)T'T?0” + 10,

which proves the lemma. O

Lemma 4.8. We have

0o -713 77
LAL=1t2t—-o)T?| 13 0 -T!'|o' Aw?
-T2 7! 0
0 10
+tr—0)|-1 0 0w Ao’
0 0 0
Proof. We compute that
o 1" o0
LAL=1tQt—0)|-T! 0 -T3|nnAdo?
o 713 o0
0 -1%2 -713 0 -1 0
+1Q2r—0) | T? 0 0 17/\a)1+r2 1 0 0] Ao’
T3 0 0 0 0 O

We conclude using that (T1)? 4 (T%)? 4+ (T3)? = 1. O
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Lemma 4.9. We have

0 —d7r?® dar?
LAQ+QAL=Qt—o)nA| dr? 0 —dr!
—d7? dT! 0
0 T3 —T172
+‘C(2‘C—U)T3 -73 0 T!' | o' A ?

T2 —-T' 0
-1 0
+12r—0)|1 0 0|o' Ad?
0 0 O
00 O 0 0 1
+7]0 0 —1|do'+7z[ 0 0 0]do’
01 0 -1 0 0
Proof. We compute that
LAQ+QAL=Qt—0o)nAM
0 —a)g 0 0 a); —a)%
2 2 2 1 3
F 10" A | —w3 0 o] | +tto A| o 0 0
0 o 0 —0? 0 0
with
0 Tza)% — Tla)é —T3a)§ + Tla)%
M=|-T'o} +T?w3 0 T30} — T?w?
le%—T3a)g —Tzwé+T3w? 0

We conclude using Lemma 4.5, formulas (4) and (5), and the fact that (TH? +
(TH*+ (132 =1. =

We now prove the following proposition.

Proposition 4.10. Assume that the compatibility equations for E are satisfied. Let
vo € Vand Ag € Z(yg). Then there exist a neighbourhood Uy of yg in 'V and a
unique map A: U; — SO3(R) such that

A7'dA = Q+ L(A),
A(y) € Z(y) forally e Uy,

A(yo) = Ap.
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Proof. Let U be a coordinate neighbourhood in V. The set
F ={(,2) e U xSO3(R); Z € Z(y)}
is a manifold of dimension 3, and
Ty F ={u.¢) € TyU & TzS03(R); ¢ = (dT#), (w)}.

Let Z denote the projection U x SO3(R) — SO3(R) C M3(R). We consider
on ¥ the following matrix of 1-forms:

©=2z"4z-Q—-L(Z)
where L(Z) is defined in Lemma 3.5, namely for (y, Z) € & we have
@(y,z)I T(y,Z)-?" — M3(R),

Oz, 0) =Z7'¢ — Qyw) — L(Z)(w).
We claim that, for each (y, Z) € ¥, the space
D(y, Z) =ker Oy, z)

has dimension 2. We first notice that the matrix ® belongs to so3(R) since €2, L(Z)
and Z~'dZ do. Moreover we have

3 _ 3 3.7 3 Yo _ B 4 4
(20); =dZ3 =Y Ziwh =Y Z3L(Z)y =dTP =) " T7w) =Y " T7L(2)}.
14 14 14 14

Using Lemmas 4.5 and 4.7 we compute that
(2©)} =0.
Thus the values of ®(y, z) lie in the space
¥ = {H € s03(R); (ZH)j = 0},

which has dimension 1 (indeed, the map F: SO3(R) — S, 7 — (Zg) g is a sub-
mersion, and we have H € # if and only if ZH € ker(dF)z). Moreover, the space
T(y,z)F contains the subspace {(0, ZH); H € #t}, and the restriction of Oy, z) on
this subspace is the map (0, ZH) — H. Thus O, z) is onto J¢, and consequently
the linear map ©y, 7 has rank 1. This finishes proving the claim.

We now prove that the distribution D is involutive. We first compute that

d® =—-z"'dzAnz"'dZz—-dQ —dL
=—O+Q+L)ANO+Q+L)—dQ—dL
——OAO-—OAQ-—QAO—OAL—-—LAO®

—QAL—-—LAQ—QAQ—-dQ—-LAL-—dL.
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Using Lemmas 4.4, 4.6, 4.8, 4.9 and the relation o = 2’(—T we obtain
dO=-0O0A-0AQ-QAO-OAL-LAO.

From this formula we deduce that if &;,& € D, then d®(&,&) = 0, and so

O&1, 6] =& -0(85) — & - O(&) —dO¢r, §&) =0, ie., [§1, 5] € D. Thus the
distribution D is involutive, and so, by the theorem of Frobenius, it is integrable.
Let + be the integral manifold through (yo, A¢). If ¢ € T4,SO3(R) is such that
0,¢) € T(yo,Ao)‘A’ = D(y9, Ag), then we have 0 = ®(y0,A0)(O’ Z) = Aalé'. This
proves that
Ty, a9) A N ({O} X TAOSO3(R)) = {0}.

Thus the manifold # is locally the graph of a function A: U; — SO3(R) where U;
is a neighbourhood of yp in U. By construction, this map satisfies the properties of
Proposition 4.10 and is unique. O

Proposition 4.11. Let xo € E (without loss of generality we can assume that
xo € E'). There exist a neighbourhood Uy of yo contained in U| and a unique
function f: Uy — E such that

df = (Bo f)Aw,

f (o) = xo,

where w is the column (o', w?,0) and, for x € E, B(x) € M3(R) is the matrix of
the coordinates of the frame (Ey(x)) in the frame (0xe).

Proof. We consider on U; x E’ the following matrix of 1-forms:
A =B ldx — Aw,
namely, for ¢ € U; and x € E’ we have

A(q,x): Tqu S T,E— M3,1(R),

Agg) @, v) = B(x) v — A(q)w, ().

We first notice that for all (¢, x) € U; x E the linear map A(g,x) is onto M3 1 (R).
Consequently the space

€(q,x) =ker Ay x)

has dimension 2. We will prove that this distribution & is integrable.
We have
dA = —B7'dBB7' Adx —dA Aw — A Ado.
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By equations (4) and (5) we have dw = —Q2 A w; and by Proposition 4.10 we have
dA = AQ + AL(A). Thus we get

dA = —-B 'dBAA — B 'dB A Aw — AL(A) A w.

Using Lemma 4.7 we compute that

T! 0
LAAwo=—-QRt—)T|T? o' r® = | 0| o' A0?,
T3 o

and thus, using the fact that A3 = T# and A = comA, we get

—aAé

1 2

ALA) Aw = —oA% o Ao
—277T3

We will use the notation (x, y, z) instead of (x1 ,x2, x3) for the coordinates in E

and we will use the local models described in Sections 2.2, 2.3 and 2.4. Using
formulas (1), (2) and (3), we get that the matrix B is

21 cos(oz) —1"1sin(oz) 0
B = 2~ 1sin(oz) 21 cos(o2) 01,
T(xsinoz —ycosoz) t(xcosoz+ ysinoz) 1
with
B 1
I+ 502+

We will write X

o
Aw = | o2
n
with ' . .
al = A{a)l + Aéa)z.
Then we have
A(cos(oz)dx + sin(oz)dy) — o
A=B"MX - Aw = A(—sin(oz)dx + cos(oz)dy) — a?
TA(ydx —xdy) +dz —n
We also compute that
5A(xdx + ydy) —odz 0

B ldB = odz Ea(xdx + ydy) 0
a b 0
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with

a= %()»(y cos(oz) — x sin(oz))(xdx + ydy) 4+ t(sin(oz)dx — cos(oz)dy),

b= —%k(x cos(oz) + ysin(oz))(xdx + ydy) + t(cos(oz)dx + sin(oz)dy).
Thus we have
sA(xdx + ydy) A al —odz Aa?
B™'dB A Aw+ AL(A) Ao = [ odz Aa! + SA(xdx + ydy) A a?
ana' +bAa?
—oAé
1 2
+ —aA% o Ao
—2773

Using the above expression for A we get
Adx = cos(az)A1 - sin(o'z)A2 + cos(az)oe1 - sin(az)oc2,

Ady = sin(az)A1 + cos(ovz)A2 + sin(oz)oz1 + cos(oz)az,
dz = A’ 4+ 1 — tA(ydx — xdy).
The term in the first line of the matrix B~'dB A Aw + AL(A) is

K
E(y cos(oz) —x sin(crz))oz2 Aol + ot(ycos(ocz) — x sin(o*z))ozl Aa?
—on A o —aA;a)] A w? +x1

where x! is a linear combination of the A% (the coefficients being 1-forms). Since
0 = »-, the first two terms in this expression cancel. Moreover we have n A o’ =
(A?A% — A%A%)a)1 N —Aéa)1 A @?, hence the term in the first line of the
matrix B~!'dB A Aw + AL(A) is x!. In the same way, the term in the second line
of the matrix B~'dB A Aw 4+ AL(A) is a linear combination of the A% which will
be denoted by x2. Finally we compute that the term in the third line of the matrix

B~'dB A Aw+ AL(A) is
2t e 2 1 2 31 2 3
— —— @+ y))a Aa®=21T 0 Ao~ + ¥

where x> is a linear combination of the A%. Since A~! = 1 + %(x2 + yz) and
al Aa? = (A}A% — A;A%)a)l Aw? = T3w' A @?, this term is simply x3. We
conclude that

B~ 'dB A Aw+ AL(A) =
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where x is a matrix of 2-forms which are linear combinations of the coefficients of A.
Finally we have
dA = —B 'dBAA — .

From this formula we deduce that if &, & € &, then dA (&1, &) = 0, and therefore
[€1, &] € &. Thusthedistribution & is involutive, and so, by the theorem of Frobenius,
it is integrable.

Let » be the integral manifold through (yo, xo). If v € Ty E is such that (0, v) €
T(y0.x0)% = D (Yo, x0), then we have 0 = Ay, 1) (0, v) = B(xp) ~'v. This proves
that

T(yo.x0)# N ({0} x T, E) = {0}.

Thus the manifold 4 is locally the graph of a function A: Uy — E’ where U, is
a neighbourhood of yy in U;. By construction, this map satisfies the properties of
Proposition 4.10 and is unique. O

We now prove the theorem.

Proof of Theorem 4.3. Let yg € V, Ay € Z(yo) and xg € E'. We consider on 'V a
local orthonormal frame (e, e3) in the neighbourhood of yy and we keep the same
notations. Then by Propositions 4.10 and 4.11 there exists a unique map A: Uy —
SO*(R) such that

ATNdA = Q + L(A),

A(y) € Z(y) forall y € Uy,

A(yo) = Ao,

and a unique map f: Uy — E such that
df =(Bo f)Aw,

f (o) = xo,

where U is a neighbourhood of yp, which we can assume simply connected. We will
check that f has the properties required in the theorem on Us.

Wehaved f¥(ex) = (B(f)A)¢, soin the frame (9.« ) the vectord f (ex) is given by
the column k of the matrix B A, whichis invertible. Hence d f has rank 2, and thus f is
animmersion. Moreover, in the frame (E,, ) the vector d f (e ) is given by the column k
of the matrix A, which is orthogonal, and thus we have (d f (e,), d f (eg)) = 85 , which
means that f is an isometry.

The columns of A(y) form a direct orthonormal frame of E. The first and second
columns form a direct orthonormal frame of Ty f (V) Thus the third column gives,
in the frame (E ), the unit normal N(f(y)) to f(V) in E at the point f(y).



Vol. 82 (2007) Isometric immersions into 3-dimensional homogeneous manifolds 111

We set X; = d f(ej). Then we have
dAY (ex) = (Vx, X, Ea) + (Xj, Vx, Eq)

N Y ASTS
= (T B+ Y ALY,
Y )

= (VxXj. Eo) + (AL(A) (er),
SO

(Vx,Xj, N) = Z(ﬁxkxj, Eq)A% = ZA"‘(dA — AL(A))%(ex)

= ZA (AQ)Y (ex) = ZZA"‘A ! (ex)

= wj 3(ex) = (Sex, ej).

This means that the shape operator of f(V)inEisdfoSodf.
Finally, the coefficients of the vertical vector £ = E3 in the orthonormal frame
(X1, X2, N) are given by the last line of A. Since A(y) € Z(y) forall y € U, we get

§=) TIX;+T°N=df(T)+vN.
J

We now prove that the local immersion is unique up to a global isometry of E
preserving £ (and also, consequently, the orientation of the base of the fibration).
Let f: U3 — E be another immersion satisfying the conclusion of the theorem,
where U3 is a simply connected neighbourhood of yg included in U», let (X g) be the
associated frame (i.e., f(j = df(ej) and X3 is the normal of f('V)) and let A the
matrix of the coordinates of the frame (f( g) in the frame (Ey). Up to an isometry
of E (which is necessarily direct), we can assume that f(yp) = f (o) and that the
frames (Xg(yo)) and (X,g(yo)) coincide, i.e., A(yg) = A(yo) We notice that this
isometry necessarily fixes & since the 7% are the same for x and x. The matrices
A and A satisfy A~'dA = Q + L(A) and A='dA = Q + L(A) (see Section 3.3),
A(y), A(y) € Z(y) and A(yo) = A(yp), thus by the uniqueness of the solution of
the equation in Proposition 4.10 we get A(y) = A(y). We conclude similarly that
f= f on Us.

The proof that this local immersion f can be extended to the whole 'V (since V
is simply connected) is exactly the same as the proof of the corresponding statement
in Theorem 3.3 in [Dan04] (it is a standard argument). O

Remark 4.12. If (ds2, S, T, v) satisfies the compatibility equations and correspond
to an immersion f: ¥ — [E, then (dsz, S, —T, —v) also satisfies the compatibility
equations and corresponds to the immersion o o f where ¢ is an isometry of E
reversing the orientations of both the fibers and the base of the fibration.
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5. Constant mean curvature surfaces in 3-dimensional homogeneous manifolds

In this section we will give applications of Theorem 4.3 to constant mean curvature
surfaces (CMC) in 3-dimensional homogeneous manifolds with 4-dimensional isom-
etry group. Abresch and Rosenberg proved that there exists a holomorphic quadratic
differential for CMC surfaces in S*> x R and H? x R, generalizing the Hopf differential
for CMC surfaces in 3-dimensional space forms ([AR04]). Since the Hopf differential
is a very useful tool for CMC surfaces, this motivated many works on CMC surfaces
in S2 x R and H? x R. Recently, Abresch and Rosenberg announced the existence of
a holomorphic quadratic differential for CMC surfaces in all 3-dimensional homo-
geneous manifolds with 4-dimensional isometry group ([ARO5]). This indicates that
the theory of CMC surfaces in these manifolds may be particularly interesting.

We will consider constant mean curvature immersions of oriented surfaces. Con-
sequently the mean curvature will be defined with a sign: it will be positive if the
mean curvature vector induces the same orientation as the initial orientation, and it
will be negative if the mean curvature vector induces the opposite orientation.

We will denote by I and J the identity and the rotation of angle 7 on the tangent
bundle of a surface.

5.1. A generalized Lawson correspondence. It is well known that there exists
an isometric correspondence between certain simply connected CMC surfaces in
space-forms ([Law70]): more precisely, every simply connected CMC H; surface
in M3(K) is isometric to a simply connected CMC H, surface in M3(K»,) with
K| — Ky = H22 — H12, and the shape operators of these two surfaces differ by
(Hy — Hp)I. Two such surfaces are called cousin surfaces. This correspondence is
often called the Lawson correspondence. In particular, any simply connected minimal
surface in S? is isometric to a CMC 1 surface in R?, and any simply connected minimal
surface in R? is isometric to a CMC 1 surface in H>.

The Lawson correspondence is a consequence of the Gauss and Codazzi equations
in the space-forms.

In this section we will use the compatibility equations for homogeneous 3-mani-
folds with 4-dimensional isometry group and Theorem 4.3 to prove the existence of an
isometric correspondence between certain simply connected CMC surfaces in these
3-manifolds. Hence this will be a generalisation of the Lawson correspondence.

The technique will be to start with some data (dsz, S, T, v) on a surface satisfying
the compatibility equations for some homogeneous 3-manifold and to modify them
in order to get data satisfying the compatibility equations for another homogeneous
3-manifold. An important fact is that the space of symmetric traceless operators is
globally invariant by rotation. The easiest change is to keep ds? and v, and to rotate
T and the traceless part of S by some fixed angles; the Codazzi equation then implies
that we need to take the same angle for 7' and the traceless part of S.
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Proposition 5.1. Let E; and E, be two 3-dimensional homogeneous manifolds with
4-dimensional isometry groups, of base curvatures k1 and k2 and bundle curvatures
71 and 17 respectively. Assume that

K1 — 4‘[12 =Ky — 4122.
Let Hy and H> be two real numbers such that
1:12—|—H12:‘522+H22.

Let 'V be a surface with a quadruple (ds?, Sy, Ty, v) satisfying the compatibility
equations for E1 and such that
trS; = 2H;.

Let
0 e,

T, =M1y,
Sy, = eGJ(Sl — HiI) + Hl.

In particular Sy is symmetric and satisfies
trSo =2H,.
If the real number 0 satisfies
T +iHy = (7 +iH)y), (12)

then the quadruple (ds?, Sy, T, v) satisfies the compatibility equations for E,.
Conversely, if the function v is not identically zero and if the quadruple
(ds2, Sy, T», v) satisfies the compatibility equations for Ej, then (12) holds.

Proof. The fact that S, is symmetric comes from the fact that the space of symmetric
traceless operators is invariant by a rotation.
We have
det(Sy — Hil) = det Sy — H}

fork =1, 2, and so
detS; = detS, + H{ — H;3.

Let K be the Gauss curvature of the metric ds2. By the Gauss equation (8) we have
K =detS; +1{ + (k1 — dti)v?
=detS; + H12 — H22 + 112 + (k1 — 4r12)v2
=detS; + r22 + (ko — 4122)\)2
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since kg —4112 =Ky —4122 and r12+H12 = 122+H22. Thus the quadruple (ds2, Sz, T», v)
satisfies the Gauss equation for E,.
Since J commutes with Vx for all vector fields X, we have

VxS2Y — VySoX — So[X, Y] = e (VxS Y — VyS1 X — S1[X, Y]).

On the other hand, a computation done in the proof of Proposition 4.1 in [Dan04]
shows that
(Y, o)X — (X, T)Y = " (Y, T)X — (X, T\)Y).

Hence the Codazzi equation for [E; is satisfied by (ds2, Sy, T», v).
To prove that the quadruple (ds?, S, T», v) satisfies the compatibility equations
(10) and (11) for [E,, it suffices to prove that

Sy — ) =" (81 — 7). (13)
Using the expression of Sy, equation (13) is equivalent to
Hl — 1) = M (H 1 - 7). (14)

We notice that this is a purely algebraic condition: the shape operators are not involved
anymore. We consider a local direct orthonormal frame and we will identify the
operators with their matrix in this frame. Then we have

0 -1
=0 %)
Then equation (14) is equivalent to

H>, = H|cos6 + 11 sinf,
T) =T11¢c086 — Hisin0,

i.e., it is equivalent to equation (12). This proves the first assertion of the theorem.
Conversely, if (dsz, S», T3, v) satisfies the compatibility equations for E;, then
the compatibility equations (10) for (ds2, Sy, T1, v) and (ds2, S, T, v) imply that
(13) holds at every point where v # 0. If there exists a point where v # 0, this
implies that (12) holds. U

Theorem 5.2. Let E1 and E; be two 3-dimensional homogeneous manifolds with
4-dimensional isometry groups, of base curvatures k| and k3 and bundle curvatures
71 and 17 respectively, and such that

K1 — 4r12 =Ky — 4r22.

Let &1 and &; be the vertical vector fields of E1 and E, respectively.
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Let X be a simply connected Riemann surface and let x| : ¥ — E| be a conformal
constant mean curvature Hy immersion with le > ‘L'22 — tlz. Let Ny be the induced
normal (compatible with the orientation of ¥). Let S| be the symmetric operator
on X induced by the shape operator of x1(X) associated to the normal Ni. Let T}
be the vector field on % such that dx|(T1) is the projection of &1 onto T(x1(X)). Let
v = (Ny, 1)

Let Hy € R such that

2 2_ 2 2
‘L'l +H1 —T2 +H2
Let 0 € R such that '
n+iHy =%t +iHy).
Then there exists a conformal immersion xp: % — Ej such that:
(1) the metrics induced on ¥ by x1 and x> are the same,

(2) the symmetric operator on % induced by the shape operator of x3(X) is
(81 — Hi) + Hl,

3) & = dx2 (e T)) + vN> where N3 is the unit normal to x».

Moreover, this immersion x» is unique up to isometries of B, preserving the
orientations of both the fibers and the base of the fibration, and it has constant mean
curvature Hy.

The immersions x1 and xp are called sister immersions. The number 0 is called
the phase of (x1, x2).

This means that there exists an isometric correspondence between CMC Hj simply
connected surfaces in E; and CMC H; simply connected surfaces in E,.

Proof. Let ds? be the metric on ¥ induced by x1. Then (dsz, S, T1,v) satis-
fies the compatibility equations for E;. Thus, by Proposition 5.1, the quadruple
(ds2, S, 1Ty, v) with S, = €?1(S| — H;I) + Hal also does. Thus by Theorem 4.3
there exists an immersion x; satisfying properties 1, 2, and 3, and this immersion is
unique up to isometries of £, preserving the orientations of both the fibers and the
base of the fibration. Moreover, we have tr Sp = 2H>, i.e., the immersion x, has
mean curvature H». O

Figure 1 helps visualizing which classes of CMC surfaces are related by the sis-
ter surface correspondence. We start from a CMC surface in some homogeneous
3-manifold. Then we can go horizontally on the graph. We can go to the left un-
til reaching a manifold with T = 0; in this case the absolute mean curvature |H |
increases. We can go to the right until reaching H = 0; in this case | H| decreases.

A particularly interesting case is when E; is the Heisenberg group Nilz with its
standard metric (k; = 0, 7] = %) andEy =H2 xR (ky = —1, 1 = 0). Then CMC
H; surfaces in Nilz correspond isometrically to CMC H, surfaces in H? x R with
H22 =H 12 + 41_1' In particular we have the following corollary.
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Kk — 472 f

S2(k) x R

Berger spheres

(first type)

t round spheres

R3
|H| increasing
Berger spheres
PSL> (R) (second type)

H2(k) x R

Figure 1. The correspondence of the sister surfaces.

Corollary 5.3. There exists an isometric correspondence with phase 0 = L be-
A )4 p )

tween simply connected minimal surfaces in the Heisenberg group Nilz and simply
connected CMC % surfaces in H? x R.

The fact that 6 = 7 suggests that this correspondence looks like the conjugate
cousin correspondence between minimal surfaces in R? and CMC 1 surfaces in H>
([Bry87], [UY93]). This correspondence has nice geometric properties, and is useful
to construct CMC 1 surfaces in H> with some prescribed geometric properties starting
from a solution of a Plateau problem in R3 (see for example [Kar(05], [Dan06]). In the
same way, the conjugate cousin correspondence between minimal surfaces in S* and
CMC 1 surfaces in R3 was used to construct CMC 1 triunduloids in R3 ([GBKSO03]).
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In particular, if a minimal surface X in Nil3 contains an ambient geodesic y, then
the normal curvature of y vanishes, and so

/ / / / 1 / / /
0=(y.Siy) = <y ,—ISy + EJV>= =y IS27).
This means that Sy’ is colinear to y’, i.e., ¥ is a geodesic line of curvature in the
sister CMC % surface in H? x R.

We describe three examples of sister CMC % surfaces in H? x R of minimal
surfaces in Nil3. We will use the exponential coordinates given in Section 2.3 (with
T = %). We will denote between parentheses () the coordinates of a vector in the
coordinate frame (9, dy, 9;), and between brackets [ ] the coordinates of a vector in
the canonical frame (E;, E;, E3); with these notations one has

a

b
%(ya —xb)+c

SRR
Il

Example 5.4 (vertical plane). A vertical plane & in Nils is a flat minimal surface
(but not totally geodesic). A conformal parametrisation is

v
¢: (m,v)— |0
u
We have
QOM:E:% (pUZEla N=E27
and so
v=20,
(T, 0y) =&, 0u) =1,
(T, 0y) = (&, 9y) =0,
i.e.,

We also have

so in the direct orthonormal frame (9,, d,) we have

L(0 1
=100y,
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We now show that the CMC % sister in H? x R of & is the product # x R
where # is a horocycle in H?. We will use the upper half-plane model for H?. Then
H2 x R = {(x, y,2) € R3; y > 0} and the metric is ds? = y%(dxz +dy2) +dz%. We
consider the direct orthonormal frame (E1, E>, E3) defined by E1 = ydy, E» = ydy,
E3 = 0,; it satisfies ﬁElEl = Ej, %51 E>, = —E|, and the other derivatives vanish.
For #, we can choose the curve of equation y = 1inH?. A conformal parametrization
of # x Ris

—u
¢: (u,v)—~ | 1
v

We have
@uz_El’ ¢U=E3v N=E25

and so
v=0, T =20,.

We also have

VoN =Ei =—@,, V3N=0,

so in the direct orthonormal frame (9, d,) we have

c 1 0

s=(10)
5 Hence, ¢ induces on R? the same metric as @, and we have b = v, T = JT and
S=1JS+ %I, so ¢ is the sister immersion of ¢. The vertical lines in & are mapped

to horizontal horocycles in # x R, and horizontal lines in & are mapped to vertical
lines in # x R.

Example 5.5 (surface of equation z = 0). The surface 4 of equation z = 0 in the
exponential coordinates is a minimal surface in Nil3 which is invariant by rotation
about the z-axis (but it is not invariant by any translation; see [FMP99]). We consider
the following parametrisation:

UCcosv
¢: (u,v) — | usinv |,
0

for u > 0O (the origin in +4 is excluded). We have
cos v cos v

¢y = |sinv | =|sinv |,
0 0
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—u sin v —u sinv
Oy = UuCcosv = ucosv y
0 —%uz
SO
(Ous ou) = 1,
2 u’
(‘/’v, (Pv):u <1+_)7
4
(@u, ) =0.

The unit normal vector is N = ”5“ iz”” ; we compute that
u v

1
-
N

A direct orthonormal frame (e, e;) is given by

V=

1
€l Oy, €= —zav-
uy/ 1+ MT
We compute that
T=-—"2_4,

2
21+ %

We now show that the CMC % sister in H? x R of 4 is the CMC % graph 8 of
Theorem D in [NRO4]. This surface &8 is a graph over the entire H? and it is invariant
by rotation about a vertical axis. If we take for H? the Poincaré unit disk model,
then B is the graph of the function (x, y) — 2 =. We will use the Lorentzian
for H2 x R, i.e., e

H2 x R = {x° x', 22, %) e P x R; —(x9)?2 + 12 + 3% = -1, xo > 0}

with the restriction of the quadratic form —(dx9? + (dxH? + (dx®)? + (dx*)2. In
this model, we consider the map

2
1+”7
u 1+”7200sv

¢ (u,v) — ,
u,/l—}—%sinv
2
2,/1—1-”?

z
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for u > 0. We can check that it is a parametrization of 8 minus the origin (using that
the correspondence between the Poincaré model and the Lorentzian model is given

by x +iy = x_tix? z = x°). We have

1+x0 °
u,/l—i—% 0

- 1 <1+§>cosv . —u,/l-l—%sinv
wu = —2 2 9 wv = 2 9
1+ 5 (l—l-%)sinv uy/ 14 % cosv
u 0
2
SO
<¢ua ¢u> =1,
~ ~ 2 M2
((Pv’ (pv) =u 1 +—1.
4
<§5uv @v) =0,
so ¢ induces the same metric as ¢. We compute that
~ u
T = — = JT.
21+
Thus we also have 7> = v2. Moreover, @, points outwards and @, points in the

counter-clockwise direction, so the normal N points up, i.e., ? > 0. So we get
v=v.

It remains to check that S = JS + %I. Since v # 0, the compatibility equations (10)
for ¢ and ¢ imply that S=1JS - %J) =JS+ %I. Hence ¢ is the sister immersion
of .

The straight lines in +4 passing through the origin are mapped to the generatrices
of B, which are lines of curvatures lying in vertical planes. Thus the symmetries
of B with respect to these vertical planes correspond to the symmetries of A with
respect to the straight lines passing through the origin.

Example 5.6 (surface of equation z = %). The surface + of equation z = % in the
exponential coordinates is a minimal surface in Nil3 which is invariant by translation
along the x-axis (see [FMP99]; note that in this model this translation is not given by
the Euclidean one). We consider the following conformal parametrisation:

u

¢: (u,v) — sinh v

1 .
Su sinh v
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We have
1 0
Oy = 0 , @y = |coshv
sinh v 0

We have (¢y, ¢u) = (¢v, ¢») = cosh? v and (g, ¢,) = 0. The unit normal vector is

1 —sinh v
N = 0
coshv 1
We have .
. 1 _ sinh v
" coshv’ " cosh?y

We now show that the CMC % sister in H? x R of #4 is the CMC % graph 8B given
by formula (29) in [SE05]. This surface B is a graph over the entire H? and it is
invariant by a one-parameter family of hyperbolic transactions. If we take for H? the

upper half-plane model, then 8B is the graph of the function (x, y) +—> Wi x2+yz" We

y
will use the notations of example 5.4. A conformal parametrisation of B is

—e" tanh v
~ . eu
¥ (u’v) = cosh v
cosh v
We have
—e* tanh v __1
- ol 5 sinh v
Oy = oh , @y=|—tanhv |,
0 sinh v

SO (@u, Pu) = (Pv, Pv) = cosh?v and (@, §,) = 0. Hence ¢ induces the same
metric as ¢. We compute that

- 1
V= =
coshv
and )
~ sinh v
T = 5 d, =1JT.
cosh” v

Finally, since v # 0, the compatibility equations (10) for ¢ and ¢ imply that S =
J(S — %J) =JS + %I. Hence ¢ is the sister immersion of ¢.

The straight lines in #A given by x = xo are mapped to the generatrices of B,
which are lines of curvatures lying in vertical planes. Moreover, the x-axis in #4 is
mapped to a horizontal geodesic of H? x R lying in 8. Thus the symmetries of B
with respect to vertical planes correspond to the symmetries of +A with respect to the
straight lines.
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Example 5.7 (CMC rotational spheres). The sister of the CMC Hj rotational sphere
in Nils is the CMC ,/ H12 + }‘ rotational sphere in H? x R. Indeed, the sister of this

sphere is a possibly immersed CMC sphere in H? x R, which is necessarily rotational
by a theorem of Abresch and Rosenberg ([AR04]).

Remark 5.8. CMC H surfaces in H? x R have very different properties when H < %
and when H > %; for example compact embedded CMC H surfaces exist only for
H > % The reader can refer for example to [NRO4]. An explanation could be that
CMC H surfaces in H? x R arise from minimal surfaces in a Berger sphere when

H > %, in Nil3 when H = % and in a space PS/_\]_Q_(/]R) when H < %

Remark 5.9. When «; —4rj2 = 0, the sister relation is the composition of the classical

cousin relation between the round 3-spheres and R3 and of the conjugation by a phase
6 in the associate family. The hyperbolic 3-space does not appear in this classification
since it is not a fibration over a 2-manifold of constant curvature.

Remark 5.10. When 7; = H; = 0, the sister relation gives the associate family of a
minimal surface in M (k) x R (any 6 works). The associate family is a one-parameter
family of minimal isometric deformations of this surface obtained by rotating the
shape operator (see [Dan04]).

A natural question is that of the existence of minimal isometric deformations
of a given minimal surface in a homogeneous 3-manifold E such that T # 0. The
compatibility equations show that an associated family cannot be obtained in a simple
way as when 7 = 0; indeed, if the quadruple (ds?, S, T, v) satisfies the compatibility
equations for E, then, in general, the quadruple (ds2, s, T, v) where 0 € R\
2nZ does not. The question of the existence of the associate family for minimal
surfaces in E when 7 # 0 remains open.

5.2. Sister surfaces and stability. We now show that the stability operator is pre-
served by the sister immersion correspondence, which was not obvious a priori since
the stability operator is extrinsic.

Proposition 5.11. Let ¥ be a simply connected Riemann surface and let x: ¥ — E
be a CMC H immersion. Then the stability operator induced by x on ¥ is

L=A—2K+4H>+47> + (k — 415)(1 +1?)

where A is the Laplacian of the induced metric on ¥ and K the Gauss curvature of
this metric.
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Proof. We recall that the stability operator is
L = A + ||S|* + Ric(N)

where N is the unit normal to x(X), S its shape operator and Ric the Ricci curvature
in E (see for example [NRO4] and references therein).

Let (Eq, E, E3) bethe canonical frame of E. Then we have Ric(E() = Ric(E») =
x — 212 and Ric(E3) = 272 (see Section 2.1), and so

Ric(N) = (k —2t5)(1 —v?) 4+ 2t20% = (k — 472)(1 — v?) + 272,
On the other hand we have
IS|> = 4H? — 2detS = 4H? + 21 + 2(k — 41%)v? — 2K
by the Gauss equation (8). Thus we get
ISI? + Ric(N) = 4H? + 412 + (k — 412)(1 + v?) — 2K. O

Proposition 5.12. Let X be a simply connected Riemann surface andlet x1 : ¥ — Ep
and x3: X — Ej be two sister immersions. Then x| and x; induce the same stability
operator on X.

Proof. This follows Proposition 5.11 since x; and x> induce the same metric on X,
le + rlz = H22 + ‘522 and k1 — 4r12 =Ky — 4r22 by hypotheses. O

We recall that a CMC surface V (possibly with boundary) in a Riemannian 3-
manifold V is said to be strongly stable if

—/vaf>0 15)

for all smooth functions f on 'V with compact support, where L is the stability operator
of V. The CMC surface V is said to be weakly stable if (15) holds for all smooth
functions f on V with compact support and such that fv f=0.

Corollary 5.13. Let X1 C E; and ¥y, C E; be sister surfaces (possibly with
boundaries). Assume that X1 and X are simply connected. Then X is strongly
stable (respectively, weakly stable) if and only if ¥, is strongly stable (respectively,
weakly stable).

Proof. Since X1 and X, are simply connected, we can identify them globally, and
the result follows from Proposition 5.12. O
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5.3. Twin immersions. In this section we will study the special case of sister im-
mersions lying in the same homogeneous 3-manifold. They necessarily have opposite
mean curvatures.

Theorem 5.14. Let E be a homogeneous 3-manifold with a 4-dimensional isometry
group, of base curvature k and bundle curvature T. Let & be its vertical vector field.

Let X be a simply connected Riemann surface and let x : ¥ — E be a conformal
constant mean curvature H # 0immersion. Let N be the induced normal (compatible
with the orientation of X). Let S be the symmetric operator on X induced by the
shape operator of x(X) associated to the normal N. Let T be the vector field on X
such that dx (T) is the projection of & onto T(x(X)). Letv = (N, &). Let

H
6 = —2arctan —.
T

Then there exists a unique conformal immersion x: ¥ — E such that:
(1) the metrics induced on % by x and X are the same,

(2) the symmetric operator on % induced by the shape operator of X(X) is S =
(S — HI) — Hl =S —tJ) + 17,

(3) £ =dx (" T) + vN where N is the unit normal to .

Moreover, this immersion X is unique up to isometries of E preserving the ori-
entations of both the fibers and the base of the fibration, and it has constant mean
curvature —H.

It is called the twin immersion of the immersion x.

Proof. This is a particular case of Theorem 5.2 with E; = E, = E, 73 =T =T,
H{ = —H, = H. Itsuffices to check that the p13ase 0 satisfiest —i H = €' (t +i H).
The equivalence of the two expressions of S is a consequence of (14). O

We notice that when T — 0, then 6 — m, i.e., T — —T, and also S — —S.
This limit corresponds to the image of the initial surface by a horizontal symmetry in
M2(k) x R.

Moreover, we notice that the twin surface of a multigraph (over a part of the base
of the fibration) is also a multigraph (since a surface is a multigraph if and only if v
does not vanish).

This suggests that the twin surface could be used to get an Alexandrov reflection-
type principle in homogeneous manifolds with non-vanishing bundle curvature, since
there is no Alexandrov reflection principle (see [Ale62]) in these manifolds (the hor-
izontal and vertical “symmetries” are not isometries). Such an Alexandrov reflection
principle would be very useful for the theory of CMC surfaces in homogeneous
manifolds, in particular for proving that any closed embedded CMC surface in the
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Heisenberg group or in PSL;(R) is a rotational sphere (this was proved for CMC
surfaces in R3, H>, a 3-hemisphere, H? x R and a 2-hemisphere cross R using the
Alexandrov reflection principle).

We now give some examples of twin surfaces in the Heisenberg group Nilz with
its standard metric (i.e., k = 0, T = %). We will use the exponential coordinates
described in Section 2.3. Figueroa, Mercuri and Pedrosa classified CMC surfaces in
Nilz invariant by a one-parameter family of translations or rotations (see [FMP99];
note that in their article the mean curvature is defined as the trace of the shape operator,
whereas in this paper it is defined as the half of the trace). We will compute the twin
surfaces of these examples. We will denote between parentheses ( ) the coordinates of
a vector in the coordinate frame (9, dy, 9;), and between brackets [ ] the coordinates
of a vector in the canonical frame (Eq, E», E3).

Example 5.15 (translational tubes). Let H > 0. The map

with

) 1+coszv . +1+4H2 ) sin v
V) = sinv + ——— arcsin | —— |},
4H? 2H V1+4H?

for (u,v) € R?, is a CMC H immersion defining a surface which is invariant by
horizontal translations in the x-direction. This surface is an annulus, and itis a bigraph
over a part of the minimal surface of equation z = %; moreover it is “symmetric”

with respect to this minimal surface.

We have
1 1
(pu = 0 = 0 s
COS v COS v
4H 2H
0 0
bo = sin _S;r;_;; / - l_ SZir/}-Iv '
—ugg + gt (V) g f ()
cos2 v
") =2cos v,/ 1 + ——,
) e
and so
cos? v
{(Qu> ou) =1+

4H? "’
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1 cos*v
(‘/)v, (Pv): 4H2 1+ 4H2 .

cos? v cos2 v
<§0u7 (Pv) = 4H2 4H2 .
The unit normal vector is given by N = “‘(ﬁ“—iz”n, we compute that
sinv
v=—
COg v
1+ 4H?
We have cos v
(T, 0y) = (§, pu) = SH

(T3 = (& >_cosv 1+coszv
» Y/ — 7(pU - 2H 4H29

We notice that v(u;, —v) = —v(uy, v) for all (11, us, v). This indicates that the
twin immersion could be an orientation-reversing reparametrization of the surface.
For this reason we set

u+ h(v)
@1 (u,v) > @u+h), —v) = SH
(u+ h(v ) cosv ﬁf(v)

where / is a function. This is a CMC —H immersion defining globally the same
surface as ¢. We compute that

1 I (v)
¢u - CO(gU ’ ¢U B / COS;% ’
2H h (v 2H _f (v)
and so 5

~ cos® v
(Gu, ou) = 1+ THD

(G ) 1+0052v W) — cos? Uh() coszv

or ) = 4H? T am
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Thus ¢ induces on R? the same metric as ¢ if and only if

0082 v

2 cos?v
2H,/1+ Ve

We now assume that this condition is satisfied; we can also assume that 2(0) = 0.
The function /4 is increasing. We have

h () =

D=,
(T 8) = (6. Gu) = =
2H
(F.0,) = (£, Gy) = cosv (0032 v 1) '
4H?

cos2v
2H,/1+ YiEh

The direct orthonormal frame (ej, ;) obtained from the frame (d,, d,) by the
Gram—Schmidt process satisfies

" .= — (@, 3y) B + 1191178,
[EA 135 13/ 113 121180 12 — (u, 3)2

€l

A computation gives

1 cos? v
1012131 — (3. )2 (1 n )

Ve 4H?
Thus we get
1 cos? v
el = —28u, e = ——28u +2H9,.
COS“ v COS“ v
V1+4H2 2HV1+4H2
So we have
T cos v ( 1 4 )
= 7\ ;¢ T€2 ),
cos2v \2H
1+ 2H?
~ cos v 1
T:—2<ﬁ€] —62).
COS“ v
ST

Let & = —2 arctan(2H). Then we have

1 —4H? _ 4H
cosf) = —, sinf=———.
1 +4H? 1+ 4H?



128 B. Daniel CMH
Since Je; = e and Jey = —eq, we get
AT =T.
Finally, the compatibility equation (10) implies that
S = eeJ(S —th+1]

at points where v # 0; and by continuity this identity holds everywhere. This proves
that ¢ is the twin immersion of ¢.

Thus the translational tube is globally invariant by the twin relation, but it is not
pointwise invariant: the correspondence is

o, v) — ¢+ h(v), —v).

Geometrically, this correspondence maps a point of the tube to the other point of
the tube lying in the same fiber and then translates it by 4 (v) in the x-direction. In
particular, the closed curve v — ¢(ug, v) is mapped to the curve v +— ¢ (ug +
h(v), —v), which is not closed.

Example 5.16 (rotational spheres). Let H > 0. The map

1
H COSu Cosv

@: (u,v) —~ %sinucosv )

57 £ (V)

with f as in example 5.15, for (u,v) € R x (=7, %), is a CMC —H immersion
defining a rotational sphere minus the top and bottom points (the normal of the
immersion points outside whereas the mean curvature vector points inside). It is
a bigraph over a part of the minimal surface of equation z = 0; moreover it is
“symmetric” with respect to this minimal surface.

‘We have
—sinu cos v 1 —Cf)sus.inv
(p”:ﬁ coslucoszv , %Zﬁ —slln1,451nv ,
— 5 COS“V 5/ (v)
and so

COS2 v 0082 v
(Pus u) = 1+ >

1 cos? v
((pva(pv>:m 1+ 252 )
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cos> v | cosZ v
(Qu @v) =TS +m-
The unit normal vector is given by N = ”5“ iz”” ; we compute that
u v
sinv

VvV =

costv
VIt

We have
cos? v
(T, 0y) = (5§, pu) = YT
cos v cosZ v
(Taav>=<§’(pv): H I+ AH2
Let

é cos(u + g(v)) cosv

@: (u,v) = @+ gW), —v) = |  sin(u + g(v)) cosv
—3rf (V)
where g is a function. This is a CMC H immersion defining globally the same surface
as ¢. We compute that

—sin(u + g(v)) cosv

Qu = T cos(u + g(v))cosv |,

—1 cos?
5F COS“ v

—cos(u + g(v)) sinv — g’ (v) sin(u + g(v)) cosv
Gy = — | —sin(u + g(v)) sinv + g’'(v) cos(u + g(v)) cosv |,
H IR 2
5 () — 558 (v) cos”v

and thus ¢ induces on R x (%, %) the same metric as ¢ if and only if

cos v

/ =
H,/1+ GH?
We now assume that this condition is satisfied; we can also assume that g(0) = 0,

which gives
) 5 ) ( sin v )
g() = —2arcsin | —————= | .
V1+4H?

The function g is odd and 2x -periodic. We have

g =—

V=,
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~ COS2 v

(T, 00) = (€. ) = =7

2
(Fa) = e = — = (1))
H, 1+ %
The direct orthonormal frame (ej, e;) obtained from the frame (9, d,) by the
Gram—Schmidt process satisfies

COSv

H
€1 = —zauv 62:_—2
/ cos? v / cos? v
cos v 1+4H2 2 1+W

So we have
CcoS v < 1 )
I's——\\—75e te,

00521) _2H
VI
~ cosv 1
T:—2 —ﬁ€1—€2 .
COS“ v
Vit o

Let 6 = 2 arctan(2H). We check as in example 5.15 that

Oy + Hoy.

AT = f’,
S=e"(S -+l
This proves that ¢ is the twin immersion of ¢.

Thus the rotational sphere is globally invariant by the twin relation, but it is not
pointwise invariant: the correspondence is

@(u, v) = @u+g®), —v).

Geometrically, this correspondence maps a point of the sphere to the other point of
the sphere lying in the same fiber and then rotates it by the angle g (v) about the z-axis.
In particular, the circle v — ¢(ug, v) lying in a vertical plane is mapped to the curve
v = @(ug + g(v), —v), which is closed but not contained in a vertical plane.

References

[Ale62] A. D. Alexandrov, A characteristic property of spheres. Ann. Mat. Pura Appl. (4) 58
(1962), 303-315. MR 143162

[ARO4] U. Abresch and H. Rosenberg, A Hopf differential for constant mean curvature
surfaces in 82 x R and H? x R. Acta Math. 193 (2) (2004), 141-174. Zbl 1078.53053
MR 2134864


http://www.ams.org/mathscinet-getitem?mr=143162
http://www.emis.de/MATH-item?1078.53053
http://www.ams.org/mathscinet-getitem?mr=2134864

Vol. 82 (2007) Isometric immersions into 3-dimensional homogeneous manifolds 131

[ARO5]

(Bry87]

[Car92]

[Dan04]

[Dan06]

[FMP99]

[GBKSO03]

[Kar05]

[Law70]

[NRO4]

[Pet98]

[Sco83]

[SEO5]

[Ten71]

[UY93]

U. Abresch and H. Rosenberg, Generalized Hopf differentials. Mat. Contemp. 28
(1) (2005), 1-28. Zbl 05031437 MR 2195187

R. Bryant, Surfaces of mean curvature one in hyperbolic space. Astérisque 154—155
(1988), 321-347. Zbl 0635.53047 MR 0955072

M. do Carmo, Riemannian geometry. Math. Theory Appl., Birkhduser, Boston, MA,
1992. Zbl 0752.53001 MR 1138207

B. Daniel, Isometric immersions into S x R and H"” x R and applications to minimal
surfaces. Preprint, math.DG/0406426, 2004.

B. Daniel, Minimal disks bounded by three straight lines in Euclidean space
and trinoids in hyperbolic space. J. Differential Geom. 72 (3) (2006), 467-508.
Zbl 05039965 MR 2219941

C.Figueroa, F. Mercuri, and R. Pedrosa, Invariant surfaces of the Heisenberg groups.
Ann. Mat. Pura Appl. (4) 177 (1999), 173-194. Zbl 0965.53042 MR 1747630

K. Grosse-Brauckmann, R. Kusner, and J. Sullivan, Triunduloids: embedded con-
stant mean curvature surfaces with three ends and genus zero. J. Reine Angew. Math.
564 (2003), 35-61. Zbl 1058.53005 MR 2021033

H. Karcher, Hyperbolic surfaces of constant mean curvature one with compact
fundamental domains. In Global theory of minimal surfaces, Clay Math. Proc. 2,
Amer. Math. Soc., Providence, RI, 2005, 311-323. MR 2167265

H. B. Lawson, Complete minimal surfaces in S3. Ann. of Math. (2) 92 (1970),
335-374. Zbl 0205.52001 MR 0270280

B. Nelli and H. Rosenberg. Global properties of constant mean curvature surfaces
in H? x R. Pacific J. Math., to appear.

P. Petersen, Riemannian geometry. Grad. Texts in Math. 171 Springer-Verlag, New
York 1998. Zbl 0914.53001 MR 1480173

P. Scott, The geometries of 3-manifolds. Bull. London Math. Soc. 15 (5) (1983),
401-487. Zbl 0561.57001 MR 0705527

R. S4 Earp, Parabolic and hyperbolic screw motion surfaces in H? x R. Preprint,
PUC Rio, 2005.

K. Tenenblat, On isometric immersions of Riemannian manifolds. Bol. Soc. Brasil.
Mat. 2 (2) (1971), 23-36. Zbl 0338.53010 MR 0328832

M. Umehara and K. Yamada, Complete surfaces of constant mean curvature 1 in
the hyperbolic 3-space. Ann. of Math. (2) 137 (3) (1993), 611-638. Zbl 0795.53006
MR 1217349

Received April 21, 2005

Benoit Daniel, IMPA, Estrada Dona Castorina 110, 22460-320 Rio de Janeiro - RJ, Brazil
E-mail: bdaniel @impa.br


http://www.emis.de/MATH-item?05031437
http://www.ams.org/mathscinet-getitem?mr=2195187
http://www.emis.de/MATH-item?0635.53047
http://www.ams.org/mathscinet-getitem?mr=0955072
http://www.emis.de/MATH-item?0752.53001
http://www.ams.org/mathscinet-getitem?mr=1138207
http://www.emis.de/MATH-item?05039965
http://www.ams.org/mathscinet-getitem?mr=2219941
http://www.emis.de/MATH-item?0965.53042
http://www.ams.org/mathscinet-getitem?mr=1747630
http://www.emis.de/MATH-item?1058.53005
http://www.ams.org/mathscinet-getitem?mr=2021033
http://www.ams.org/mathscinet-getitem?mr=2167265
http://www.emis.de/MATH-item?0205.52001
http://www.ams.org/mathscinet-getitem?mr=0270280
http://www.emis.de/MATH-item?0914.53001
http://www.ams.org/mathscinet-getitem?mr=1480173
http://www.emis.de/MATH-item?0561.57001
http://www.ams.org/mathscinet-getitem?mr=0705527
http://www.emis.de/MATH-item?0338.53010
http://www.ams.org/mathscinet-getitem?mr=0328832
http://www.emis.de/MATH-item?0795.53006
http://www.ams.org/mathscinet-getitem?mr=1217349

	Introduction
	3-dimensional homogeneous manifolds with 4-dimensional isometry group
	Canonical frame
	The manifolds with the isometry group of the Berger spheres
	The manifolds with the isometry group of the Heisenberg group Nil_3
	The manifolds with the isometry group of PSL_2(R)"0365PSL_2(R)

	Preliminaries
	The compatibility equations for surfaces in 3-dimensional homogeneous manifolds
	Moving frames
	Some facts about hypersurfaces

	Isometric immersions of surfaces into 3-dimensional homogeneous manifolds
	Constant mean curvature surfaces in 3-dimensional homogeneous manifolds
	A generalized Lawson correspondence
	Sister surfaces and stability
	Twin immersions


