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1. Introduction

In [1], Bley and the first-named author showed that a particular case of the equiv-
ariant Tamagawa number conjecture of [9, Conjecture 4] implies, in the setting of
Galois extensions of number fields, the existence of elements satisfying a variety of
rather explicit ‘Stark-type’ conditions. More recently, the relevant special case of [9,
Conjecture 4] has been verified for absolutely abelian fields [11] and an analogous
conjecture for global function fields has been verified at all primes different from
the residue characteristic [6]. In addition, the approach of [1] has been developed in
[5], [6], [7] to prove refinements and generalisations of certain much-studied ‘refined
abelian Stark conjectures’ that are due to inter alia Gross, Rubin and Tate.

The main insight of the present article (in Theorem 3.1) is that the approach of [1]
can in certain cases be further refined to show that the Tamagawa number formalism
predicts explicit structural information about ideal class groups that is in general very
much finer than that which can be obtained by applying the celebrated method of
Thaine [26] (as already used to spectacular effect by Rubin in [23]). Indeed, the
original motivation behind this article was some striking recent work of Greither and
Kucera in [16] proving annihilation statements for the class groups of a restricted
family of absolutely abelian fields, improving upon those that can be obtained by the
method of Thaine in that the ‘special elements’ involved are much better adapted to
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the purpose at hand than are the Sinnott circular units which Thaine’s method would
use. In fact, the special elements in [16] arise by ‘dividing’ the Sinnott circular units
by certain augmentation elements of the associated integral Galois group ring, and
are constructed by means of rather involved combinatorial methods.

By contrast, in this article we shall combine some well known techniques and
results of homological algebra with the general approach of [1] to show that the
existence of the special elements constructed by Greither and Kuc€era in [16] is directly
implied by the validity of the relevant case of [9, Conjecture 4]. By replacing the direct
use of elaborate combinatorial methods with a reduction to the general formalism of
[1], we obtain several rather concrete advantages. For example, our approach applies
equally well in the setting of global function fields, as well as to extensions for
which the associated L-functions have multiple-order zeroes at s = 0 (rather than
only first-order zeroes, as in [16]), in which case it predicts the existence of suitable
‘systems’ of special elements, and it also allows us to answer a question explicitly
raised by Greither and Kucera in [16] by showing that the special element described
in [loc. cit., Theorem 1] can be directly related to the Fitting ideals, rather than the
annihilators (as in [loc. cit., Theorem 2]), of certain natural class groups (for more
details see Remark 3.3). At the end of the article we also construct an explicit family
of extensions showing that the cyclicity hypothesis used by Greither and Kucera in
loc. cit. is indeed necessary in order to guarantee the existence of suitable special
elements.

It is a pleasure for us to thank Manuel Breuning, Cornelius Greither and Radan
Kucera for a number of helpful conversations and observations. We are also grateful
to the referee for several suggestions which helped to improve the exposition.

In the sequel all unadorned tensor products are to be regarded as computed in the
category of (complexes of) abelian groups.

2. The leading term conjecture

2.1. Formulation of the conjecture. Let K/k be a nontrivial abelian extension of
global fields with Galois group G. Let S be a finite non-empty set of places of k
containing all archimedean places (if any) and all those that ramify in the extension
K /k. We write Yk g for the free abelian group on the set of places S(K) of K which
lie above those in S and Xk s for the kernel of the homomorphism Yg ¢ — Z that
sends each element of S(K) to 1. We write Ok s for the ring of S(K)-integers in K
and we set Uk s := Spec(Ok s) and Ak s := Pic(Ok ).
We define the S-truncated C[G]-valued L-function of K /k by setting

Ok /k,s(s) == Z Lk, s(s, X_l)ex,
X
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where the index x runs through all elements of Hom(G, C*), Lk /k, s(s, x) denotes
the S-truncated Artin L-function and e x = (1/#G) Z 2eG X (2) g_1 is the idempotent
at y. Its leading term at s = O is then 91*(/k,s(0) = Zx L’}‘(/k’S(O, X_l)ex, where
L}‘(/k’s(O, x) is the leading coefficient in the Taylor expansion of Lk /x s(s, x) at 0.
Itis easily shown that 6% /K, 5(0) belongs to R[G], and in the remainder of this section
we recall a conjectural description of the Z[G]-submodule of R[G] that is generated
by Gl*(/k,S(O)'

The key ingredient in this conjectural description is the determinant of a perfect
complex of Z[G]-modules that is described in the following result. In order to state
this result we write O (Z[G]) for the derived category of the abelian category of G-
modules. For any object C* of D (Z[G]) with differential d’ in each degree i and any
integer m we write C*[m] for the complex which is equal to C'*™ in each degree i
and for which the differential in degree i is equal to (—1)"d’™". For any G-module
M and integer m we write M [m] for the complex which is equal to M in degree —m
and is equal to O in all other degrees.

In the following result we use the complex RI'; ¢ (Uk. s, Z) that is defined in
[8, (3)]. We recall that this complex is an object of ®(Z[G]) which computes the
cohomology ‘with compact support’ of the constant étale sheaf Z on Uk 5.

Lemma 2.1. There exists a complex \flg of Z|G]-modules of the form

w4 owl s Xk s®0Q
which has both of the following properties.
(i) There exists a distinguished triangle in O (Z[G)) of the form
W — Homz(RT . &(Ux 5. Z), Q/Z[-3]) — OF ¢/OF §[0]1 > W3[1]
where @; ¢ denotes the profinite completion of (9;;7 g and the second arrow is

the unique morphism in © (Z[G]) which induces upon cohomology (in degree 0)
the composite of the canonical identification of

H°(Homz(RT & (Ux,s. Z), Q/Z-3))
with (§I>§S and the natural projection from @IX(S to (5;’5/(925.

(i1) \Ilg is a finitely generated cohomologically-trivial G-module, ‘IJ; is a finitely
generated free Z[Gl-module, and the distinguished triangle in claim (1) induces
exact sequences of the form

0— 0F g— W)L Wl — X} s —0 (1)

O—>AK,S—>X/K’S—>XK,S—>O. 2)
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Proof. An explicit description of the complex Homz(RI'; «(Uk.s, Z), Q/Z[—3])
allows to easily deduce the existence of a complex lffg with all of the properties stated
above. Indeed, if Ak g is trivial, then this is the method used by Flach and the first-
named author in [8, Proposition 3.1] to prove the existence of just such a complex
\ifg (we note that whilst the argument of loc. cit. is phrased solely in terms of number
fields, it extends immediately to the case of global function fields). Further, in the
general case the explicit computation of Homz(RT . ¢ (Uk s, Z), Q/Z[—3]) that is
given in [loc. cit., pp. 1356—-1358] can be completed in exactly the same way even
if Ag s(= Hé]t(U k.s» Gp)) is non-trivial and this leads directly to the existence of a
complex \ilg with all of the required properties. O

For any commutative ring R we write Det g for the determinant functor of Knudsen
and Mumford [19], valued in the category & (R) of graded invertible R-modules, and
for any object (L, r) of P(R) we set (L, r)~! := (Hompg (L, R), —r) (which is
again an object of P (R)).

In terms of the notation of Lemma 2.1 we write W3 for the perfect complex of
Z[G]-modules which is equal to \IJg 4 v é, where the first term is placed in degree 0
and the cohomology groups are identified with O ;é gand X ’K ¢ by means of (1). Then
we obtain an isomorphism

Yy r: Detrig(Ws ® R) = (R[G], 0)
in £ (R[G]) by composing the isomorphism
DetR[G](‘I—’E RR) = DetR[G]((QI?S ® R) R P RIG]) Detrig1(Xk,s ® ]R)_l

thatis induced by the scalar extension of (1) with the map Detg[Gi(Regg ) ® 2 (r[G))id
and then the evaluation pairing on the space Detg[G)(Xk s ® R), where Regg
denotes the R[G]-equivariant isomorphism @ ,? s ®R — Xk s ®R which at each
element u of (9;;’ ¢ satisfies

Regg su) =— Y log|u |y w,
weS(K)

with | - |, denoting the normalised absolute value of each place w.
Conjecture C(K/ k). One has an equality in & (Z[G]) of the form
Ok /k.5(0) - Z[G], 0) = Dys r(Detzig1¥3).

Remark 2.2. Under the conditions of Lemma 2.1, the complex W§ is unique to within
an isomorphism in D (Z[G]) that induces the identity map on all (non-zero) degrees of
cohomology, and this can be used to show that the (graded) lattice ﬁwg,R(DetZ[G]Wg)
depends only upon the pair (K /k, S).
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Remark 2.3. The same argument as used to prove [4, Theorem 2.1.2 (i)] shows that
the validity of Conjecture C(K /k) is independent of the chosen set S. Further, if S
is large enough to ensure that Ag s vanishes, then W§ coincides with the complex
described in [loc. cit., Proposition 2.1.1] and [8, Remark following Proposition 3.1]
(in the number field case) and also in [5, §2]. It follows that Conjecture C(K/k)
coincides with the conjectures studied in [4], [8], and is therefore equivalent (in
the number field case) to the ‘Equivariant Tamagawa Number Conjecture’ of [9,
Conjecture 4(iv)] as applied to the pair (hO(Spec K), Z[G]), where hO(Spec K) is
considered as a motive that is defined over k and has coefficients Q[G] (see [4,
Theorem 2.4.1] or [10, §3] for different proofs of this fact). Since G is abelian, this
observation shows that Conjecture C(K /k) implies the relevant special case of the
‘Generalised Iwasawa Main Conjecture’ formulated by Kato in [18, §3.2] (cf. [10,
§2] in this regard). In addition, one knows that Conjecture C(K / k) is valid if either
k = Q(cf.[11, Theorem 8.1, Remark 8.1], [14, Theorem 5.1]) or k is a global function
field whose characteristic is coprime to the order of G [6, Corollary 1, Remark 5].

Remark 2.4. If K /k is an extension of global function fields, then W§ can also be
interpreted in terms of the Weil-étale cohomology of G,, on Uk s [6, §2.2]. In partic-
ular, if K = k is a global function field, then one can show that Conjecture C(K / k)
is equivalent to a special case of the conjecture formulated by Lichtenbaum in [20,
Conjecture 8.1e)].

2.2. An explicit reinterpretation. In this section we impose certain additional hy-
potheses on K / k in order to give an interpretation of Conjecture C(K /k) in terms of
the existence of S-units satisfying a variety of explicit conditions. This reinterpreta-
tion arises by combining the approach of Bley and the first-named author in [1] with
that of Rubin in [24] and will be used in the next section to prove our main result.

For convenience we now label, and hence order, the elements of S as {v; : 0 <
i < n}. For each such index i we choose a place w; of K above v;, we let G; denote
the decomposition group of w; in G, and we set K; := K ©i. For any place w of K
and a subfield L, we write wy for the place of L induced by w, and we abbreviate
(w;)r by w;, . We assume throughout that there exists a strictly positive integer r
with ¥ < n which is such that G; is trivial for each index i with 1 <i <r.

We write r () for the order of vanishing of the meromorphic function Lg(s, x)
ats = 0.

Lemma 2.5. For each nontrivial character x of G, the integer r(x) is equal to the
number of places v; in S for which x is trivial on Gj.

If x is the trivial character, then r(x) is equal to n.

Proof. This follows immediately from [25, Chapter I, Proposition 1.3.4]. O
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For each prime p we write Z(,) for the p-localisation of Z.

Lemma 2.6. Assume that #G is coprime to both #(K *)wrs and #Ag s and that
Conjecture C(K / k) is valid. Assume also that Go = G, that G; istrivial if 1 <i <r
and that G; is cyclic ifr < i < n. For each integer i withr < i < n fix a generating
element g; of G;.

Then for each j with 1 < j < n there exists an element €; of (9;},’ g Which satisfies
all of the following conditions.

(1) If &s denotes the G-submodule of (DIX(,S that is generated by {€; : 1 < j < n},
then the index ((QIX(’S : 8s) is finite and coprime to #G.

(ii) Ifr < j < n, then for each place w of K the local symbol (g;, Kw/(Kj)ij) is
equal to g; if w is equal to w; and is equal to the identity element in all other
cases.

(iii)) Let M denote the n x n matrix in R[G] which has (i, j)-th entry equal to

M: yl]’ Lflfla,]fr,
v yij +8ij(gi — 1), otherwise

where y;; denotes the unique element of R[G] - ) ¢<G; 8 which satisfies

1 =
2o Regr.s(@) =) yij(wj — wo) 3)
1 ]:l
and 8;; is equal to 1 ifi = j and is equal to 0 otherwise. Then Fittz[G(Ak s)
is an invertible ideal of Z[G] and there exists an element x of ﬂp|#G ZpG]*
which satisfies both

0% /k.s(0) =xdet(M) and Z[Glx™' =Fittz6)(OF ¢/Es)Fittzc)(Ak.s)~".

Proof. This is merely a slight elaboration of the main results of Bley and the first-
named author in [1] and hence follows directly from an explicit computation of the
image of Detzg)W§ under the map #ys r. Indeed, under the stated hypotheses on
K /k and S, the existence of a set of elements {¢; : 1 < j < n} satisfying claims (i)
and (ii) is proved in [loc. cit., Theorem 3.2a), b)] and then, given the definition of
the matrix M in claim (iii), the existence of an element x of Q[G]* which satisfies
the last two displayed equalities of claim (iii) follows from the argument of [loc. cit.,
Theorem 2.3] (any interested reader can find more details as to the latter deduction
in [6, Proposition 6.1, (19), (20)]). It therefore only remains for us to show that any
such element x must belong to Z,)[G]* for each p dividing #G. But this follows
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because for each such p claim (i) combines with our assumption that #G is coprime
to #A g s to imply that

ZplGlx™' = Z[GIx ™! ® Z(p)
= Fitty, , (61((O% /€s) ® Zp)Fittz,, (61(Ak.s ® Zp) "
= Fittz(p>[c](O)Fittz(p)[c](O)_l = Zp»[G]. O

We now consider an intermediate field L = K between K and k and set I" :=
Gal(L/k) = G/H. We assume that the ordering of S is such that there exists an
integer ry, such that v; is totally split in L (or equivalently G; € H)if 1 <i <r
and that v; is not totally splitin L if r; < i < n. Note that this implies r; > r.
Following the approach of [24], we observe that there exists a unique element 7, g
of the space R ® /\ /i1 O/ ¢ which satisfies

(N Regp s)(nL.s) = limy o s ™0, .5(5) - NI (wip —wor) (@)
[T']

and is such that for each element x of Hom(I", C*) one has e, (1., s) # 0 if and only
if ey - limg 057" 0L /k,5(s) # 0.

Proposition 2.7. Assume the hypotheses of Lemma 2.6 and the previous paragraph.
Then in Q ® N7 Of s we have

j=n
nL,s =X 1_[ (& — 1 - NiZi" Nk, /kinLéEi-
Jj=rp+1

Proof Let ey = 3= Y ey h, and write g R[Gley — R[I'] for the R[G]-
isomorphism which sends ey to 1. The complex characters of I'" are in bijec-
tion with those characters of G which are trivial on H, and [25, 4.2.3] shows
that Ly /x s(s, Inflq (x)) = Lprjk,s(s, x) for each such character . The criteria
of Lemma 2.5 show that Ly /¢ s(s, x) vanishes at s = 0 to order at least 7, and to
order exactly ry if Inf IQ X is nontrivial on each of the subgroups G,, +1, ..., G,. We
writee 1=}, CInfG () where the sum is over these x where the order of vanishing is
exactly rz. Then, setting QzL/k,S(O) = lims_05 "0k s(s), Lemma 2.6 (iii) shows
that
QzL/k,s(O) = gy (xedet(M)).

For each integer i with0 <i <n weset T; := deGi g € Z[G]. Then we may

write M in the block form
0|0
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where Y has (i, j)-thentry y;; € R[G]-T; and Aisthe (n —rz) x (n —rr) diagonal
matrix with (j, j)-thentry g, 4 ; — lforl < j <n-—rg.

Lemma 2.5 shows that if j satisfies r;, < j < n then eT; = 0, and so ey;; =0
foralli and j with 1 <i <nandr; < j < n. Therefore the matrix eM takes the

form )
M *
M =
¢ ( 0 | eA >’
where M’ is the r x r; matrix with (i, j)-thentry ey;;. Settg := i rL+1(gJ 1) e

Z[T']; here the product is understood to be the identity element of Z[I'] if r; = n.
We then have e det(M) = tg det(M’). Now

det(M') - NiZ0E (wir, — wo.) = A=t (Z] 1Fevij(wj L — wo, L))
and noting that e(w; 1, — wo,z) = 01if j > ry, the right hand side of this equation is

equal to e /\l Qo yij(wj, L — wo, 1))
The natural inclusion map O ¢ — O  fits into a commutative diagram

(9;;’5 R® Xk s
Reg; T
0 s—">R®XLs,

in which the map R ® X s — R ® Xk s sends wy, to (#Hep)w; see [25, bottom
of p. 29]. Combining this with (3) implies
j=n
Reg; ¢(Nk;/kinL€i) = Z yij(wj, L — wo,L)
j=1
for each index i with 1 < i < rr, and so we conclude that
det(M') - /\l F(wi —wo) =e- /\z “Reg; s(Nk,/k;nL€)

= (/\R[F]RegL,S)(e . /\i:I NKi/K,-ﬁLEi)'
Hence we obtain

L/k S(O) /\ _rL(wt L — Wo, L) = xedet(M) - /\l VL(wl L — Wo, L)

= xels - (/\R[F]RegL,S)(/\;;l NKi/KiﬂLEi)-
To establish the equality of Proposition 2.7 it is thus enough to show that etg = ts.
If r; =n,wehavee = 1and so efg = tgisclear. If r;, <n then, for each character
x inflated from I" to G with r(x) > rz, we have x (ts) = e rL-H(X (g)—1DH =0,
since a factor in the product must be 0 by Lemma 2.5. This shows that et = tg in
both cases and hence completes the proof. ]
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3. Special cases

In this section we assume the notation and hypotheses of Lemma 2.6. We also fix a
prime p and an integer £ > 1 which is a power of p.

We assume given a cyclic extension K / k of degree £, with #k.5. not divisible by p.
We set G := Gal(K /k) and fix a generating element o of G. We let T = deG g be
the norm element in the integral group ring Z[G] and we denote the corresponding
quotient ring Z[G]/Z[G] - T by A. We also sete := 1 — %T and observe that the
G-equivariant homomorphism Z[GJe — + which takes e to 1 is aring isomorphism.
We set ef\)(p) = AR Z(p).

For any G-module M we let MT=C denote the kernel of the endomorphism of
M that is induced by the action of T. We also write M for the quotient of M by its
Z-torsion submodule My and we regard M as a submodule of the space M ® Q in
the natural way.

For each integer i with 0 < i < n we define a homomorphism f; : (9,: s = L/
by the condition that the local reciprocity symbol (u, K, / ky,) is equal to o it for
all elements u of O kX 5- We observe that the group Z/¢Z acts on any group ‘modulo £’,
meaning modulo £-th powers.
Theorem 3.1. Assume that p 1 #kg. and let K /k be a cyclic extension of order £
and group G. Let S = {vy, ..., v,} be a set of places of k containing all archimedean
places and allwhich ramify in K | k and for each indexi write G; for the decomposition
subgroup of v; in G. We assume that Gy = G and also that there exists an integer r
with 1 <r < n which is such that G; is trivial, resp. G; is equal to G, if | <i <,
resp.r <i < n.

Suppose in addition that Conjecture C(K/k) is valid. Then nk s belongs to

Nzi61 (9;’5 ® Zpy by Proposition 2.1. Furthermore, there exists an element & of

/\rZ[G] (91?,5®Z(P)’ respectively of/\rZ[G] (9;5 ifng s belongs to /\rZ[G] (91>§’S, which
has all of the following properties.

(i) InQ® Az O s one has nk s = (0 — D" (e).

(i1) The congruence
(AZigy Nk /i) (@) = (fre1 A=+ A fu) (k.s)

holds in N\, O ¢ ® Zp)y modulo L.

(iii) Let S7 denote the subset {v; : 1 <i < r} of S consisting of those places which
have trivial decomposition group. Then S contains all archimedean places of k.
Further, there exists a free Z[G-submodule € of O g g of rank r and an integer
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te which is a power of p such that both \7;, € ®z[G) A(p) = te Ap) and

te' (o — 1) - Fitt 4 ((OF 5, /0% 5, N &)™ ® Z(,) C Fittzi6)(Ak.5)Ap)
< 1g 'Fitt A (OF 5,/O% 5, N €)= ® Zgp).

Further, if r = 1, then we may take tg = 1.

In the course of proving this result we shall actually obtain finer information than
is provided by the inclusions given in claim (iii) (cf. Lemma 3.7). However, before
giving the proof we use this result to answer a question raised by Greither and Kucera
in [16]. To do this, we take p odd, assume that k = Q, and fixaset{p; : 1 <i <n}
of distinct rational primes which are congruent to 1 modulo ¢, with n > 2. We then
let K /Q be a cyclic extension of degree £, of Galois group G = (o), in which each p;
has full decomposition group and all other primes are unramified. Since such a field
is totally real, the infinite place oo of QQ splits completely in K, and so we set r = 1
and S = {p1, 00, ..., pn}, where the ordering of S is chosen to be compatible with
the assumptions of Theorem 3.1 (so S1 = {oco} in the notation of Theorem 3.1 (iii)).
We note that Conjecture C(K/k) is valid by Remark 2.3. For each index i we fix
a complex p;-th root of 1, and call it {,,. We denote the Sinnott circular unit of
conductor level by n := NQ@m”W)/K(l —Lpr o Epy)-

Define an n x n matrix A over Z/{Z as follows. The field K is contained in
Q(py.-p,)- Ifi # j, we let a;; be the unique class in Z/£Z such that c%/ is the
restriction of the automorphism ¢; §jp ', Then choose a;; for each i in such a
way that the matrix has zero row sums. It is easy to see that this corresponds to the
definition given by Greither and Kucera before [16, Theorem 1]. We define A; to be
the lift to Z of the (i, i) minor of A satisfying 0 < A; < el

We let Ok denote the ring of algebraic integers Ok s, in K and set Ag =
Pic(Ok).

Corollary 3.2. Let K/Q be a cyclic extension of order a power of an odd prime p
and assume that the decomposition group of each prime p; which ramifies in K /Q
is equal to G. Set S = {p1,00, ..., pn} (Where the ordering of S is chosen to be
compatible with that used in Theorem 3.1). Then there exists an element ¢ of (9[? s
which satisfies all of the following conditions.

i) (@ —1"""e) =n.

.. _1yn—1 | — i
(i) Ng o)D" = [Tiz0 p.

INote that we have preferred A; = [to A; = 0. This will ensure that ¢ is not a unit. Since ¢ may be adjusted
by rational factors, as explained in the proof of Corollary 3.2 below, any length-£ range for A; may be specified.
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(iii)
(0 — 1) - Anny (05 /e7 1) ® Z(py C Fitta((0 — 1)Ax) ® Zp)
C A4 (05 /e @ Z).

Remark 3.3. This answers the question raised in [16, Comment following Theo-
rem 2], which asks about the possibility of using elements of the form ¢ to produce
bounds on the Fitting ideal Fitt 4 ((c — 1)Ag) ® Zp).

In the remainder of this section we first prove the deduction of Corollary 3.2 from
Theorem 3.1 and then prove Theorem 3.1 itself.

Proof of Corollary 3.2. To identify ng s in (4) we must choose an infinite place of K
(“wq,.” in that formula); we use the place induced by the embedding of the overlying
cyclotomic field into C by which ¢, - - - £, corresponds to e27//(P1Pn)  The formulas
for the values of L-functions of even Dirichlet characters show that 77%(’ ¢ = nin this

situation, as in [17, §5]. Claim (i) of Theorem 3.2 shows that ng s = (o — D)

for some element &’ of (QIX(’S ® Zpy. Since n%(’s belongs to (DIX(’S, setting & = (¢)?

gives 1 = (6 — 1)" (&) in O ;; - To see that the undetermined sign must be +, it is
enough to take the norm to Q of both sides, and note that Nx ,on = 1 by well-known
properties of cyclotomic elements.

Now for the second assertion, we note that the analytic class number formula for
Q implies that 77((2;p,s = p1 A+ A py. Since a;; = — fj(p;), this shows that

i=n

—1 n—1 ;

(fan- Ao =]]r "
i=1

in Z; modulo torsion and £-th powers. But the multiplicative torsion in Zg consists
of ¢-th powers since £ is odd. So Theorem 3.1 (ii) shows that

i=n
_1yn—1 Ai
M =
i=1

in Z; modulo £-th powers. Now the transformation & — y¢ for an arbitrary element y

of Zg leaves claim (i) true and multiplies N /@8(_1)"71 by the £-th power of y. In
this way ¢ can be adjusted to achieve the equality of claim (ii) with the liftings A; in
the specified range.

Note that the norm map T from (9; to Z* is valued in a group of order 2, and
so is the zero map after tensoring with Z,). Therefore we may erase the “T= 0’ in
Theorem 3.1 (iii). Further, the Z[G]-module & there is the free submodule of (9;’ s
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generated by &, and, since each finite prime in S lies below a unique place of K, it is
easy to see that (DIX( N & =Z[G] ¢°~'. Hence

010N T =K e (5)
and this shows that Theorem 3.1 (iii) implies
(0—1)-Anny (0% /e° " HN®Z,) C Fittz6)(Ak,s)®A(p) S Anng (0% /67 NRZp).

Our proof of Corollary 3.2 is therefore completed by means of the following obser-
vation. O

Lemma 3.4. If K/Q and S are as in Corollary 3.2, then the G-modules Ak s and
(o0 — 1)Ak are naturally isomorphic.

Proof. For any G-module M we write MY for the submodule consisting of those
elements which are fixed by the action of all elements of G. Then the exact sequence

0— A9 S5 Ax 2770 (6~ Dag —s 0,

reduces us to showing that Ag is generated by the classes of primes above those in S.

Let Ik, resp. Pk, denote the group of fractional ideals, resp. principal fractional
ideals, of Og. We claim that the natural morphism II((; — Ag is surjective. To
show this we combine the cohomology sequence of the exact sequence 0 — Px —
Ix — Ag — 0 with the fact that H! (G, Ik) vanishes to obtain an exact sequence
of the form IIC(; — Ag — H'(G, Pg) — 0. On the other hand, we may deduce
that H!(G, Px) vanishes by combining the cohomology sequence of 0 — O —
K> — Pg — 0together with the fact that H 1(G, K*) vanishes (by Hilbert 90) and
H2(G, (9;;) = I:IO(G, (9;) vanishes (since G is a cyclic group of odd order).

We now take an ideal a := Hp csp®[lgel Ig where no prime ideal q ramifies in
K /Q. Then [] q belongs to 1 ,(j and so is of the form m @k for some rational number

m. It follows that a and Hpgs p?r have the same image in Ag, as required. a
Proof of Theorem 3.1. Let r’ be an integer with v’ > r, setn’ := n+ (*' —r)
and let S = {vy,...,v,,} be an ordered set of places of k such that v; = v; if

0<i<r; v;,H =v4 if 1 < Sn—r;and{vj/. cr<j<r'}isasetofr' —r
places which do not belong to S and are each totally split in K. By Cebotarev’s
density theorem, there exists such an S” with the property that p f #Ax g. We

may now apply Lemma 2.6 with S" and r’ instead of S and r, and with g; = o
for each index j with j > /. We set &’ := x - \I= ¢ € N72161 Ok © Lip)-

Then Proposition 2.7 implies that ng g is equal to the image of (o — 1)"7"(¢) in
/\VZ/[G] (9;;’ ¢ ® Zp)- Now, [24, Proposition 5.2] shows that there is a Z[G]-module
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homomorphism ® = &g g ¢: /\rZ/[G] Og ¢ = N\z161 9k s such that ng s is equal
to ®(nk.s). Hence we can take ¢ to be the image under @ of the image of ¢’ in

/\2[0] Of ¢ ® Zp), and this satisfies the equality of claim (i).
We next show claim (ii). Proposition 2.7 gives the formulas

ks =x@ — D" NV e s =x(ALZ] Negrer) A (AZhy )

Therefore, letting fj’ correspond to vJ’. as fj does to v;, we have

(g Ao A L) (ks = x det((f](€))r<ij=w) - (NIZ] Nk jiei)s

since the f are trivial on the image of Ng,x. By Lemma 2.6 (ii), the displayed
determmant is that of the identity matrix, and so we obtain

(/\rZ/[GJ Nisk)(E€) = (flg A A F) (i)

in /\Z . S,®Z(p> modulo £. We have ng s = @y 5.5 (k. s7), and so we apply Oy s s
to both sides of this congruence to obtain

br5.5(( A Nksi) (€)) = (Foy A A £ (k)

But the definition [24, (14)] shows that Oy 5.5 o ( A6y Nk k) = (Abgay Nk k) o
® g s 5, and therefore we obtain the congruence of claim (ii).

Regarding claim (iii) we first observe that if k is a number field, then the condition
p 1 #kp, implies that K /k has odd degree and hence that all archimedean places
belong to S7, as claimed. We next describe the definition of the module &. AsaQ[G]-
module, we have QO K.s = = Q[G) @ Q" ". Hence, considering the component away
from the trivial character, we have /\Q[G]e eQ(QK s = Q[G] - eg, since ey & # 0 for
all nontrivial x (by its relation to the values of L- functlons). Now the Q[G]e-module
eQ(DK g 1s isomorphic to (Q[G]le)" and /\@Gle (Q[Gle)" is a cyclic Q[Gle-module
generated by the primitive tensor corresponding to the standard basis of (Q[G]le)".
We may therefore conclude that es may be written as a primitive tensor

ee =q-exy ANexy A --- A edy, (6)

with ¢~! € Z \ {0} and each o; an element of (91? - For any nontrivial character y,

we therefore have
ey -ay Aay A Aay #0. (7)

But expression (6) is not changed by multiplying any «; by an element of @ kX - and
by doing so one may ensure that (7) holds for x the trivial character as well. If we
then take & to be the G-submodule of (9; g that is generated by {o; : 1 < i < r},
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this module is free of rank r and the equality A7) € ® () = e A(p)e holds with

tg equal to the maximal power of p which divides g ~!.

If we now assume that r = 1, then we may simply take & = Z,)[G]e, and this is
free of rank 1 (adjusting ¢ by an element of @ ,f ¢ if necessary, which does not affect
the validity of either claim (i) or claim (ii)). Therefore we may take tg = 1 in the
caser = 1.

We have now proved all of Theorem 3.1 apart from the inclusions of claim (iii).
In the rest of this section we deduce these via homological algebra from Conjecture
C(K/k).

It is straightforward to verify that there exists a free Z[G]-submodule ¥ of W ;
which is of rank r and projects to ij Z[G] - (w;j — wo) under the composite
surjection W ; — X ’K s —> Xk.s, where the first and second arrows are as in (1) and
(2) respectively. We use the same symbol to denote the image of ¥ in X ’K g- Wealso

0 .
let F'* denote the complex & — ¥, where the first term occurs in degree 0. Then
one has a tautological short exact sequence of perfect complexes

0— F* — V5 — &5 — 0 (8)

where the second arrow denotes the natural ‘inclusion’ map and ®% denotes the
complex obtained from the middle two terms in the following exact sequence (induced

by (1))
0— Of /€ — w2/8—>w;/}'—>x;{,s/f—>0. 9)

We must now extend scalars from Z[G] to 4. For any two G-modules M and
N, the ‘diagonal’ G-action on M ® N is the action by which each g € G sends
m®ne MQ®N to g 'm® gn. In the special case that N is equal to Z[G], the
resulting module is isomorphic to M ® Z[G], where G acts only on the second factor
(in the canonical way). The isomorphism from the former to the latter is given by
taking m ® g to gm & g. It follows that for any finitely-generated free Z[G]-module
F', isomorphic modules are obtained from M ® F by taking either the diagonal action,
or the action on the second factor.

We now apply the exact functor A4 ®z — to (9), endow the resulting groups with
the diagonal G-action, and compare taking G-invariants and G-coinvariants. This
gives the following commutative diagram:

00— (A ® (OF ¢/E)° — (AR DYC — (AR D)

]

A ®z1G) DY —= A ®z1G) Py — A ®z16] X 5/F) —0.
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The vertical maps here are those which are induced by the action of T and are bi-
jective since the G-modules q)g and <I>3g, and hence also A ® @g and A ® ®L, are
cohomologically trivial. Hence one has an exact sequence of #A-modules

0 — (A® (0F /)% —> A ®zic) DY

(10)
— A ®7[6] CD}; — A RzIG] (X/KS/‘?{) — 0.

Now G acts trivially on both Q ® (9; /€ and Q ® X s/ F , and so the second
and fifth terms in the above sequence are finite. This observation implies that there
is a canonical isomorphism

t: Q[Gle ®z(G) DetziG)(®5) = (Q[Gle, 0).

Furthermore, the approach of [12, proof of Corollary 2] allows one to compute
t(Det g, (Ap) ®ziG) PF)). Indeed, after observing that 4 p) satisfies the condi-
tions on R in [loc. cit., Lemma 5], we may deduce from the exactness of (10) an
equality of the form

Fitt ) (A(p) ® (OF /€)% Det, (4 Szi6) PF)

' (11
= Fitt 4, (Ap) ®z(G) (X/K,S/?))'

(Here, when applying [loc. cit., Lemma 5], we have also used the fact that, since
G is cyclic, the argument of [22, Appendix, Proposition 1] implies the equality
Fitt,A,(p) (Homgz, , (M, Q/Zp))) = Fitt 4, (M) for any finite A ,)-module M.)

In the next three results we provide explicit information on each of the terms
in (11).

Lemma 3.5. If Conjecture C(K / k) is valid, then one has
Det g, (Ap) ®zi61 PF) = Ay 15 (0 — 1"

Proof. Since A (p) ®z[G) € and A(,) Qz(G) F are both Zp)-torsion-free, whilst the
groups Toré[G] (Ap), CIDg) and Toré[G] (A(p), CID}?) are both finite, (8) induces an exact
sequence of complexes of +4,)-modules

0= A Bzi61 F* = Ap) @zi61 Vs = Ap) Bzi6) 5 — 0,
and hence also an isomorphism in & (4 (p)) of the form

Det ) (A(p)®zIGIF )@ (4, Delia,, (A(p)®ziG1PS) = Deta, (4(p)®ziG1¥5)-

(12)

Now if C* denotes any of the complexes F*®, W5 or %, then A (y) ®z(c) C* is

naturally isomorphic to A(p) ®HZ[G] C* and so Det 4, (A(p) ®z[G) C*) identifies with
A(p) ®z/G) Detzj6)C*.
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In particular, therefore, the validity of Conjecture C(K / k) would imply that
(RIGle ®r(g) Pws.r)(Deta,, (Ap) ®ziG1 ¥5)) = (A(p) - Ok, 5(0), 0).

We combine (12) with the isomorphism ¢ to identify Detgg1. (Q[Gle ®ziG] F*)
with Detq(g1e (Q[Gle®z[61 V). Then, in view of (12) and the last displayed equality,
the claimed result is equivalent to an equality

(RIGle®r(G1 Py R) (Deta, (Ap) ®zic1 F*)) = (A(p) -te(c — 1) "0k ) 5(0), 0).

(13)
But
Deto,, (Ap)®@zi61F*) = Dety, (4p)®z[G1E)®p (A, Detua, (A(p)®Z[G]37)_1-
(14)
Also, if we pick a basis «1, ..., a, for the free module &, then by what we have

proved so far of Theorem 3.1 (iii), there exists an element u of Z,)[G]™ such that
e \iZ] @i = eutg(e) = utg(c — 1)""e(nk,s). Therefore
e( Arie) Regk s)( it ;) = utg(o — 1) "e( A\gig; Regg s) (nx.s)
=utg(o — 1)r_n691r(/k,s(0) /\iiﬁ (w; — wo),

the last equality following from the definition (4) of nx_s. Hence the image of (14)
under R[G]e ®r[q] 15\1,5,1@ is equal to (A(p) - utg(o — 1)’_”9%/,(’5(0), 0), and this
implies the required equality (13) because A(p) - u = A(p). O

Lemma 3.6. Fitt 4 (A ®ziG] (X/K,S/?)) = (o — 1)n_rFittZ[G](AK75)A.

Proof. We have the exact sequence
i=n
0— Ags — Xi g/F — Y ZIG]- (wi —wp) — 0
i=r+1
where the last nonzero term is isomorphic as a Z[G]-module to Z"~". Applying
A Qz[G] — therefore gives an exact sequence

0 — A ®z[6] Ak,s — H ®z[G] (X/KS/?') —> (A Qz[6] )" — 0. (15)

(Here we use the fact that TorIZ[G](A, 7Z) = 0, as can be easily verified directly.) In

l—o—1

addition, the exact sequence 0 — A —— A — A ®z;g]Z — 0 shows that [13,
Lemma 3] applies to (15) and therefore implies that

Fitt 4 (+4 ®z16] (X s/ F)) = Fitt4 (A Qz(6] Ak, s)Fitt 4 (A ®zi6] Z)" ™).

But Fitt (4 ®zig) Ak,s) = Fittzi1(Ak,s)# and Fitts (4 Qzig) 2)"") =
A(o — 1)"7", and this implies the claimed result. O
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By first substituting the last two results into (11), and then cancelling the element
(o — 1)"~" (which is a unit in Q[G]e) from the resulting equalities, we obtain

tg 'Fitta,,, (A ® (OF /€)) = Fittzj61(Ak 5)A(p).
Our proof of Theorem 3.1 will therefore be completed by the following lemma. O
Lemma 3.7. Let I denote the group of fractional ideals supported above S \ S1, and

(€) the image of & under the natural map (9;5 — 1. Then (8) is a free Z-module
of rank b with b < r, and one has

(0 = 1" Fitta (0K 5, /O 5, N €)') S Fitta (A ® (O 5/€))
C Fitt4((OF 5, /0% 5, N E)'0).
Further; the image of the natural map (A ® (O ¢/€)¢ — (A ® (1/(€)Y is

finite of order dividing £°, and the second, respectively first, displayed inclusion is
an equality if the image of this map is trivial, respectively has order £°.

Proof. If M is any G-module, then by applying —®7 M to the augmentation sequence

l—o—1

0 - A —— Z[G] — Z — 0 and then taking fixed points under the diagonal G-
action one obtains an exact sequence of G-modules of the form 0 — (A ®z M )6

M —T> MC (where the G-action on the term (A ®z M) is by multiplication on the
first factor).
By applying this observation to each of the modules in the natural exact sequence

0— (QIX(,SI/@I?Sl né — (92’5/8 — 1/(€)
we obtain an exact commutative diagram

0 0 0
0—=(A® (Of 5, /0% 5, N €N —= (A B (Of 5/€)° —= (A& (I/(€)°

0 ——> Ok 5,/0g 5, N6 ————— O /6 ————1/(€)

T T T

00— (0F 5, /O 5 N e — o ((9;5/8)6 — S T/(6).

Now G acts trivially on the free Z-module 7 so thatker(/ /(&) X 1/(&)) isisomorphic

to a submodule of cok((&) i (&) = (Z/EZ)b where b is the rank of the free Z-
module (&). (We also note that, since (&) is a quotient of Hy(G, &) = Z" one has
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b < r, as claimed.) The above diagram thus gives rise to an exact sequence of
A-modules of the form

0— (OF.5,/0%.5, N = (A® (OF 5/€N° — Z/LD)".  (16)
ButZ/¢7 = A/A(o — 1) so that the exact sequence

0— A28 A 7/07 — 0 (17)

implies Fitt 4 ((Z/¢Z)?) = (Fitt4(Z/LZ))? = A(c — 1)? and, since G is cyclic,
Fitt 4 (N) C Fitt 4 (M) for any finite A-modules M C N. Hence, the exact sequence
(16) combines with well-known properties of Fitting ideals with respect to short exact
sequences (cf. [21, Chapter XIX, Proposition 2.7]) to imply that

(0 — )" - Fitta(OF 5, /0% 5, N €)"=") C Fitt 4 (A ® (OF /€)%)
C Fitta (0% 5,/O% .5, N €)'0),

as claimed.
Finally, we observe that the image B of the map

(A ® (OF 5/€)° — (A T/(E))°
is isomorphic to a submodule of (Z/£Z)" and hence has order dividing €. Now if B
is trivial, then (16) reduces to give an isomorphism between ((91?’ s /0 Ié s N §)T=0
and (A ® ((9;’ s/€ )¢ so that the second displayed inclusion is an equality. On the

other hand, if B has order £7, then (16) is a short exact sequence and by applying [13,
Lemma 3] to this sequence (which is permissible by virtue of (17)) we find that the
first displayed inclusion is an equality. O

We now finish this section by providing a condition under which the image of the
map mentioned in the statement of Lemma 3.7 is trivial.

Lemma 3.8. Let P denote the image of O ;é g in 1. For any group A, let A*t denote
the set of £-th powers in A. If P>t N () = (&)%Y, then

Fitta (4 ® (0% 5/6)9) = Fitta (0% 5, /0% 5, N €)',

Proof. Applying the snake lemma to the exact diagram

0 (&) 1 1/(&) —0
ix[ J/X(Z lxﬁ
0 (€) I 1/(&) —0

yields an inclusion (A ® (I/(E)))G — (8)/(8)”, under which the image of the
map described in the statement of Lemma 3.7 is contained in (P*¢ N (€))/(&)**.
Od
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4. Further examples

The following result shows that if Gal(K/Q) is not cyclic, then there is no direct
analogue of Corollary 3.2.

Proposition 4.1. There exists an infinite family of non-cyclic finite abelian extensions
K /Q in which every ramified prime has decomposition subgroup equal to G =
Gal(K /Q), and yet the conductor-level Sinnott unit of K cannot be expressed in
the form ; Ai(u;) with each u; an element of O g K.S and each A; an element of the
augmentation ideal Ig of Z|G], where S is the set of places of Q which are either
archimedean or ramified in K.

Proof. Fix an odd prime p and let p1, p» be distinct rational primes congruent to 1
modulo p. Fori = 1, 2, assume that p; is not a p-th power modulo p3_;, and let K;
be an extension of Q of degree p and conductor pf’ for some integer a; > 0. Let
K be the compositum K K>, so K /Q has Galois group G = (Z/pZ)?, each p; has
decomposition subgroup equal to G, and we may take S = {oo, p1, p2}. We recall
that such fields have been studied in detail by Frohlich and, in particular, that it was
proved in [15] that the class number of K is coprime to p.

As in §3, for any Z[G]-module A we set A= A/Aors. We also let AT=0, resp.
A6 denote the kernel of the endomorphism of A that is induced by the action of
the element ) ¢eG 8 € Z[G), resp. the submodule of AT=0 that is generated by all
elements of the form i (a) witha € Aandi € I;.

T=0
Lemma 4.2. Of ¢ /(9;, = H'(G.0F ) #0.

Proof. The first equality follows directly from the definition of H (G, (9 s)»and

so we need only show that H~!(G, (DX _s) does not vanish.
First note that ((9 S)tors = {£1} is acohomologically trivial G-module (since #G
is odd) and hence that H (G, (9 K. ) 1s canonically isomorphic to H™ LG, 0% S)

Now applying the double coboundary isomorphism induced by the exact sequence
(1) (which exists by our definition of §) shows that H ™~ (G, 0% S) is isomorphic to

H3(G, X ¢)- In addition, Ak g is a cohomologically trivial G-module because
p t#Ak s, and so the exact sequence (2) induces an isomorphism H ™~ 3G, X! S)

-3(G, Xk.s). But Xk gisisomorphic to Z| G]@Z by the definition of S, and hence
one has an isomorphism H ™~ (G, 0% S) H 3G, 7). On the other hand, this last
group is H>(G, Z) and is therefore isomorphic to /\% G [2, Chapter V, Theorem 6.4].

But, in our case, /\Z G is isomorphic to Z/pZ and hence H~'(G, O} S) does not
vanish, as required. O
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We return to the proof of Proposition 4.1. Let n = N o, ¢ ay)/k (1 = ¢ i ¢ pgz)
IS )

be the conductor-level Sinnott unit of K. Then, since p is odd, the argument of [3,
proof of Lemma 6.2] implies that the image of nin O (®Z, is a Z,[G]-generator of

=0
ks ©Zpy. Itfollows that the image of 7 in (9[? ¢ generates a nontrivial subgroup

of H1(G, Og ) and hence that 1 does not belong to ((DI?S)IG, as claimed. O
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