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Diameter pinching in almost positive Ricci curvature

Erwann Aubry

Abstract. In this paper we prove a diameter sphere theorem and its corresponding A sphere
theorem under L” control of the curvature. They are generalizations of some results due to
S. Ilias [8].
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1. Introduction

Let (M", g) be a complete manifold with Ricci curvature Ric > n—1. Then (M", g)
satisfies the following classical results (the proofs can be found in [13] for instance):

e Diam(M", g) < n (S.Myers) with equality iff (M ", g) = (S", can) (S. Cheng),

e A1(M",g) > n (A. Lichnerowicz) with equality iff (M",g) = (S”,can)
(M. Obata),

where Diam is the diameter and A, is the first positive eigenvalue.
Studying the properties of the sphere kept by manifolds with Ric > n — 1 and
almost extremal diameter or A1, S. Ilias proved in [8] the following results:

Theorem 1.1 (S. Ilias). Forany A > 0, there exists €(A,n) > 0such that any n-mani-

fold with Ric > n — 1, sectional curvature ¢ < A and A1 < n + € is homeomorphic
to S™.

Theorem 1.2 (S. Ilias). For any A > 0, there exists €(A,n) > 0 such that any
n-manifold with Ric > n—1, 0 < A and Diam(M) > m — € is homeomorphic to S".

Remark 1.3. C. Croke proves in [7] that for n-manifolds with Ric > n — 1, A1 (M)
close to n implies Diam(M ) close to 7r. The converse is proved in [8] (using a spectral
inequality due to S. Cheng [6]).
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Remark 1.4. For n > 4, M. Anderson [1] and Y. Otsu [10] construct sequences of
complete metrics g; with Ric(g;) > n — 1, A1(g;) — n and Diam(g;) — 7 on
manifolds that are not homotope to S” (more precisely, Otsu shows that if n > 5,
these manifolds can have infinitely many different fundamental groups).

Remark 1.5. The two results of S. Ilias have been improved by G. Perelman in [11],
where the assumption 0 < A is replaced by 0 > —A (note that under the Ilias’s
assumptions 0 < A and Ric > n — 1 we have |o| < (n — 2) A).

Subsequently, we denote Ric(x) the lowest eigenvalue of the Ricci tensor and & (x)
the maximal sectional curvature at x. In [4], we prove the following generalization
of the theorems of Myers and Lichnerowicz:

Theorem 1.6. For any p > n/2, there exists C(p,n) such that if (M",g) is a
Vol M

complete manifold with [, (Ric— (n — 1)){ < oy then M is compact, has finite
fundamental group and satisfies

Diam(M) < n[l + C(P’”)(V(ﬁpM)llo]’

(M) > n[l - C(p’n)(V(ﬁpM);]

where pp = [, (Ric — (n — 1))” and x_ = max(0, —x).

Remark 1.7. It follows from [4] that the constant C(p,n) is computable, that if
fM (M —(n— 1))f is finite (for p > n/2), then Vol M is finite, and that we cannot

bound the diameter or the first non zero eigenvalue under the assumption p, <
or pu small (see [4]).

1
C(p.n)

In this paper we prove the following extensions of Ilias’s stability results.

Theorem 1.8. Letn > 2 be an integer, A > 0 and p > n be some reals. There exists
a positive constant C(p, n, A) such that any complete n-manifold which satisfies

/(R_ic—(n—l))’_’<C(p,n,A)VolM, /5f<AV01M
M M

and
Diam(M) > 7 (1 — C(p,n, A))

is homeomorphic to S"™ (where x4+ = max (0, x)).

Theorem 1.9. Letn > 2 be an integer, A > 0 and p > n be some reals. There exists
a positive constant C(p,n, A) such that any complete n-manifold which satisfies

/(@—(n—1))f<C(p,n,A)VolM, /5£<AV01M
M M
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and
A(M) <n(1+ C(p.n, A))

is homeomorphic to S".

Remark 1.10. By the Holder inequality, the two curvature assumptions of Theo-
rem 1.9 can be replaced by

/(R_ic—(n—l))_<C(p,n,A)VolM and /oP<AV01M,
M M

where o (x) is an upper bound for the absolute value of the sectional curvatures at x.

2. Comparison results in almost positive Ricci curvature

Subsequently we denote B(x, r) (resp. S(x, 7)) the geodesic ball (resp. sphere) with
center x and radius r and L () (resp. A (r)) the volume of a geodesic sphere (resp.
ball) of radius r in (S”, %g). Besides Theorem 1.6, we will need the following
comparison results for manifolds of almost positive Ricci curvature (see [4] for a
proof).

Proposition 2.1. For anyn > 2 and p > n/2 (p > 1 if n = 2) there exists a

constant C(p, n) such that for any complete Riemannian n-manifold (M", g) with
10 _ _p 1
ntt = VO]’}W < Tomy e have

(Voln_l S(x, R))zpll B (Voln_l S(x,r)
Li—(R) Lyi—y(r)
Vol B(x,r) - Ar(r)
m > (- C(P’”)U)AI(R)’
Vol,—1 S(x, R) < (1 + n*)L1—»(R),
Vol B(x, R) < (1 + n)A1(R)

21)#*1 2 2p—n
)" = cpmtr - B

forall x € M and all radii 0 <r < R.

Foranyn > 2 and p > n/2 there exists a constant C(p, n) such that if (M", g) is
a complete n-manifold with p, < @, then ||u||2T)12 < Diam(M)C(p,n)|du|,+
lul|2, foranyu € HV2(M). Inthe casen = 2, we have |u||4 < Diam(M)C ||du|»+
lullz if pr < &.

Similar estimates are proved in [12] under the assumption that M is compact and

: 2 o, 1
Dlam(M) PW < m
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3. Theorem 1.9 implies Theorem 1.8

Proposition 3.1. Let n > 2 and p > n/2. There exists C(p,n) > 0 such that
if (M",g) is a complete n-manifold with n'°* = p, < m and Diam(M) >

T — ﬁ, then we have
A(M) <n+ C(p.n)[n+ (Diam(M) — 7)_].
The main tool to prove this proposition is the following lemma:

Lemma 3.2. Letn > 2and p > n/2(p > 1 ifn = 2) and xo € S™. There exists
a constant C(p,n) such that if (M", g) is a complete n-manifold with n*° = p, <
m, then there exists xo € M such that for any C'-function u: [0,27] — R we
have

1

Vol M

/ uodp(xg,.)dvg — / u o dgn(Xg,.) dvgn
M sn

Vol S”

< |4 llocC(p.n)[n + (Diam(M) — x)_].

Proof. Let (xg, yo) € M? such that d = Diam(M) = d(xo, o). The functions A,
L, A; and L are defined in Proposition 2.1 and prolonged by 0 to R (note that the
diameter of M can be greater than 7). The function r — u(r)A(r) is continuous
and has right differential on R equal to u’ A + uL. We infer the equalities

d d
u(d) Vol M =/ u(r)L(r)dr —I—/ u' (r)A(r) dr,
0 0

b4

u(mr) Vol S* = /nu(r)Ll(r)dr+/ u' (r)Ay(r)ydr
0 0

which imply
1 1 B
Vol M /M uo dM(XO,X) dUg - Vol Sn /;n uo dSn(X(), x) dUSlz

_ /d u(f)L(r)dr_/” u(r)Li(r)
0 0

Vol M Vol S*

T u’A1 d u/A
= |u(d) - _
u(d) ”(”H/O Vol S7 /0 Vol M

d A A T (A
= u — + u —1
0 Vol S Vol M d Vol §*
d
A A
<o [ |5t ar-+la-d)
0

Vol S Vol M
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By Proposition 2.1 we have, for all r < d:
A1(r) A(r) Vol B(yo,d — 1)
1-C(p, < <1-—
(1= C.mM)Girsn = vorar = Vol M

Al (d — }")
<1—-(1-C(p, _
<1-0-Com

Ai(r+m—d)
<—— =+ C(p,n).
= —ols + C(p,n)n
Hence \fﬂ( 131 {,4011(82 < C(p,n)n + (Al(r)_éél(éjn_d))ﬁ An easy computation
gives H % Hoo < C(n)(—h)—, and by Proposition 2.1 we get:

1 _
/M u odpy(xo,x)dvg — VoIS* /S" u o dgn(Xg, x) dvsn

Vol M
<[4 locC(p, m)[n + (d — 7)-]. O

We now finish the proof of Proposition 3.1.

Proof. Lemma 3.2 applied to u = sin?, u = cos? and u = cos gives

‘/ = i’,‘ff‘?’ ) / —Sinz\c,lf{igo") <Clp.nn+d-m)-)=<1
‘/ Cosz\iﬂfgo’ ) / —Coszj(ing(fo") <C(p.n)(n+d-m)-) <1
[ ) [ e < -+ @ —m)) <
Hence, if we set f = cos dps(xo, . ), we get
IV = 2] < Com(n+ @ —m)-) =1
I~ | = Comn+ @ -m) =1

n+1
/Mf <Cpmn+d—m_) <1

‘VOlM

which readily implies that

aon < WS =DB 4 comm + @ —m)0).
7l

where we have set f = ot Ju S
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Remark 3.3. The same technique as in [5] can be used to prove that manifolds
with almost positive Ricci curvature and A; is close to n have a diameter close to
(see [12]).

4. Proof of Theorem 1.9

4.1. Fiber bundle E. Let E be the fiber bundle TM & R e — M endowed with the
following scalar product and linear connection:

(X + fe,Y +he)g = g(X,Y)+ fh,
DE(X + fe)=DY¥X + fZ + (df(Z) — g(Z, X)) -e,

where DM is the Levi-Civita connection of the metric g on M. We denote by p
the orthogonal projection of E on TM, Ric'(S) = Ric,, (p(S)) —(n—1)p(S) and
Agn = AF +Ric'.

The following lemma is proved in [3]:

Lemma 4.1. If f: M — R satisfies Af = Af, then Sy = Vf + fe satisfies
Agn(Sr) = A —n)(Vf — fe)and (DESs, X) = Ddf(X,X) + fg(X, X).

Note also that we have
Rz (X + fe) =RM(Z.Y)X — (3(V.X)Z — g(Z.X)Y).

4.2. Bound on the Hessian of the first eigenfunction. To prove Theorem 1.9 we
need an L°° bound on the Hessian of the first eigenfunction. For that purpose, we will
modify the proof of Theorem 2.4 in [2] (whose proof would give us only a bound on
| DSfllnte/lISf oo for a given € = €(p,n)). In our case we really need to perform
a Moser iteration.

Proposition 4.2. Letn > 2 and oo > p > n/2. There exists a constant C(p,n)
such that if (M", g) is any manifold with p, < m and Ay <n+ m, then for
f: M — Rsuchthat A f = Ay f we have

1D Syl

1
= C(P,n)(ll + ||R||2p)y(|kl —n|+ ﬁp)2(1+)’)’
(NS

where Sy =V f + f-eandy = 25:1'

To prove Proposition 4.2 we need a commutation lemma (see [2]):
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Lemma 4.3. For any section S € I'(E) we have
—A(IDSP?) +|D*S|?
< (D*RES, DS) +Ric™|DS|> + (DAS, DS) + |RE| - | DS 2,

where |RE|| is the norm of the linear map RE : /\ TmM — /\ E,;, defined by
RE@w A V)T, S) = (RE(u,v)T, S).

Remark 4.4. This lemma is valid for any Riemannian fiber bundle (E, D, (-, -)).

We now give the proof of Proposition 4.2.

Proof of Proposition 4.2. We setu = /| DS|? + €2. We have

1 1 (D2S, DS)2
Au = —A@W? dul?> = = A(u? _—
ubhu = 3 (u?) + |du| 5 (v?) + DSP 1 2
< =A(IDS?) + |D?S|>.
Hence, by Lemma 4.3
k)12 ADSZ D Sz) 2(k—1)
/M|<u)|_2k_1 IDSP + |D2s|

IA

RIC u? / (DAS, DS)u?*=D
2k—1 M

/ (D RES DS)yu**- ”+/ ||RE||u2k)

We now apply the divergence theorem to the form u2>*~D(AS, D,S), and get for
any k > 1:

/(DZS, DS)u?*=D
M
=/ |ZS|2u2<k—1>—2(k—1)Z/ (AS, DS())du(i) - u?—3
M i M
S/ |£S|2u2<k—1>+z(k_1)/ |AS||dufu?®D
M M

k-1 _
< —/ |duPu® Y 4 2k — 1)/ |AS P,
2 I M
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We do the same with the form uz(k_l)(tr1,3((R(b: 5. DaS))) and get

/ (D*RE S, DS)u?*-D
M

=/ %|RES|2u2(k_1)+2(k—l)Z/ (RE(i, j)S.D;S)du(i)u*3
M o, M

-1
_/ |du|2u2(k_1) + (2k . 1)/ |RES|2u2(k_1),
M M

.. .o 1pE

where we have used )_;  ( RES(z j).D28(, j)) = 3IRES|2

. Since [, |du|?u?®*=D = k2 fag 1d@F) |2, the three last inequalities give, for any
>1,

||d<uk>||§sk( [ miew s | ||RE||u2k)
M
+k(2k—1)(/ ||RES||2u2k—2+/ ||£S||2u2’<—2)
M

2(k—1
< 2Bl + B2, )

p—I

where we have set

By = |Ric™ ||, + IRF|l, = C)(IRM|3, + A7) = B>,
12815, IRESI3, _ [4mSI3,
I1S112, IS12, = IS,

< Cm(A} + RM|3,) = B2

) = + |IRic" I3, + [IRF3,

By the Sobolev inequality given by Proposition 2.1 we get

1DS 1, < IDSIE + Cp. n)Bk\/nDsu 2k + 11812 ||DS||%E£ 33,”

and by [ DS [z < DS 26 < DSl k||DS||9(k1{f‘,3 we have

2kn

IDS 121\ 2
DS
2(k—Dp

1S\ 1722 (1P l2g=np \ V77T
=|1+B 14 12leo e = |




Vol. 84 (2009) Diameter pinching in almost positive Ricci curvature 231

n(p—1)
2p(n—2)
defined by ag = % and ay 11 = va, + 2. Then we get

an+1
(”DS”an+1 ) v+l
DS loo

2 n— 2,r,ln+ %
i+ ancim(1+ LS ) |7 (10516,

IDSIZ, DS loo
DS\
i~ g (1DSla,
n=too\ [ DSl
2n

o0 = a
||S||2 (n—=2)vt ||DS||a0 0
1+C(p,n)a~B(1+ = )
E ( ’ IDS|Z, IDS [loo

1—1 1
The Holder inequality || DS|lq, < |DS|, ”IIDS|&, gives

00 —r

S 12 (n—2)vi

D8l = [T (1 4+ Cpomain(1+ 50 )) ™ 105t (0
1 iDSIZ,

where v = > 1. We set k = %p_l) + 1, where (a,), is the sequence

Hence

IA

If | DS|loo = IS ||oo, then inequality (x) gives

o0
IDSlloo < [ ] (1 + C(p.n)a; BY@=2" | DS
i=1
pn
< C(p,m) (A1 + [IR[l2p) > [ DS |2
If |DS|loo < |IS]loo» then inequality (x) gives

2

D
I1DS]loo <( 5100 )2”
IDS]2 ~ \ DSl

n}’l it n
[T+ Cp.mya; By==,

i=1

hence

2p—n
DS pn DS 2p—n+2pn
DS |0 §C(p,n)(/\1+||R||2,,)2p—">(” IIz)
15100 IS leo

At this stage note that, by Lemma 4.1 we have
IDS|3 = (Agn(S). S)12 — (Ric'(S). §) 2

Ric — (1~ )
<pu—nisi+ [ BECOD)
2p—n

2p—n+2pn

IS < (Ik1 —nl + pp) IS5

Since we have < 1, we get the result. O
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4.3. Critical points of the first eigenfunction. By Proposition 4.2, the section

1
Sy =V f + feof E satisfies | DE Sy|loo < C(p.n, A)(|A1 — 1|+ 8p) 7 IS lloo-
Since we can suppose the pinching on [A; — n| and p, small enough to have

1

C(p.n, A)(|A —n| + pp) ™7 < 1/4,

the previous inequality and Theorem 1.6 give

1

inf |y = [1 = C(p.n. A)(IA1 — ] + 2p) ™7 ]11Sslloo
> C(pon, (A1 =11 + Bp) 7 187 oo = 1DE 7 lloo:
We infer that if x¢ is a critical point of f, then by Lemma 4.1 we have
|Ddfe,(X.X) + f(x0)| = (Dx Sr. X) | < IDF Stlloo < Sy (x0)| = | f(x0)|

for any unit vector X of T, M. Hence we have —| f(xo)|— f(x0) < Ddfx,(X, X) <
| f(x0)|— f(xo) for any critical point x¢ of f. So the only critical points of f are non
degenerate global extrema, which implies that M is homeomorphic to S” by Reeb’s
theorem.
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