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Topological rigidity and Gromov simplicial volume

Pierre Derbez

Abstract. A natural problem in the theory of 3-manifolds is the question of whether two
3-manifolds are homeomorphic or not. The aim of this paper is to study this problem for the
class of closed Haken manifolds using degree one maps.

To this purpose we introduce an invariant ©(N) = (Vol(N), || N||), where ||N| denotes
the Gromov simplicial volume of N and Vol(N) is a 2-dimensional simplicial volume which
measures the volume of the base 2-orbifolds of the Seifert pieces of N.

After studying the behavior of t(/N ) under the action of non-zero degree maps, we prove that
if M and N are closed Haken manifolds such that | M || = |deg(f)|[| N || and Vol(M) = Vol(N)
then any non-zero degree map f: M — N is homotopic to a covering map. As a corollary we
prove that if M and N are closed Haken manifolds such that t(/N) is sufficiently close to (M)
then any degree one map f: M — N is homotopic to a homeomorphism.
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1. Introduction

1.1. Simplicial volume of a manifold. Let N” be an n-dimensional manifold. The
simplicial volume of N is a homotopy invariant of N defined by M. Gromov in
[G] using the /!-pseudo norm on singular homology as follows: for an element
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h € H«(N, dN;R), the Gromov norm is given by
A = inf{ZfZﬂa,ﬁ, when Y0=" a;0; represents h}.

The Gromov simplicial volume of N, denoted by ||N||, is the Gromov norm of
the image of a generator of H,(N,dN;Z) under the canonical homomorphism
H,(N,0N;Z) — H,(N,0N;R) ~ H,(N,dN;Z) ® R.

1.2. Simplicial volume of a Haken manifold. Let N be a closed Haken manifold.
Given a submanifold K of N we denote by W(K) a regular neighborhood of K in
N. Denote by Tx the JSJ-family of N, by §(N), resp. # (N ), the Seifert, resp.
hyperbolic, components of N* = N \ W (Ty) and by Z(N) = (Z(N), @) the
characteristic Seifert pair of N (see [JS]and [J]). The Cutting-off Theorem of Gromov
([G]) combined with the fact that manifolds admitting a fixed point free S!-action
have zero Gromov simplicial volume (by the Mapping Theorem of Gromov) implies

that
INI= Y 1A

He¥(N)

In particular this means that the Gromov simplicial volume of a Haken manifold
only depends on its hyperbolic pieces. In the following it will be convenient to
decompose & (N) into two parts depending on the geometry of the components of
&(N). We denote by 8,(N), resp. by S.(/N), the components of & (N) admitting a
Seifert fibration with hyperbolic, resp. Euclidean, base 2-orbifold.

1.3. Extending the simplicial volume. To get a rigidity theorem for Haken mani-
folds we need to add another invariant of N which does not vanish on §(/N) when
&(N) is “non-trivial” (i.e. when 8,(N) # 0). To this purpose we define a kind of
2-dimensional simplicial volume for N. More precisely, let S be a component of
& (N). Fix a Seifert fibration for S and denote by Qg the base 2-orbifold of S with
respect to the fixed Seifert fibration. Then we set Vol(S) = |x(Os)|, where y(Os)
denotes the (rational) Euler characteristic of Q5. We then define the 2-dimensional
volume of N by setting
Vol(N) = ) Vol(S).

Se8(N)

Lemma 1.1. If N is a closed Haken manifold, the 2-dimensional volume Vol(N ),
and thus the pair t(N) = (Vol(N), || N ||), is an invariant of N. Moreover t(N) = 0
iff N is a virtual torus bundle.

It will be convenient to use the following convention: we say that (a, b) > (¢, d)
if and only if @ > ¢ and b > d, where (a, b) and (c, d) are in R?.
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1.4. Nonzero degree maps decrease the volume. It follows from the definition of
the Gromov simplicial volume that non-zero degree maps “decrease the simplicial
volume” in the following sense. Let f: M — N be a proper non-zero degree map
between orientable n-dimensional manifolds. Then | M || > |deg(f)|||NV||. This in-
equality does not hold for t(N). In particular the relation Vol(M) > |deg( f)|Vol(N)
is not true. However we have the following comparison result.

Theorem 1.2. Let f: M — N be a non-zero degree map between closed Haken
manifolds. If |M| = |deg(f)|||N|| then Vol(M) > Vol(N). Moreover, if there
exists a canonical torus T of M such that f|T: T — N is not wy-injective, then
Vol(M) > Vol(N).

Note that the condition on the Gromov simplicial volume is necessary in Theo-
rem 1.2. Indeed by a construction of [BW] using null-homotopic hyperbolic knots,
we know that for any aspherical Seifert fibered space X there always exist a hyper-
bolic 3-manifold M and a degree one map f: M — X. In this case Vol(M) = 0
and X can be chosen so that Vol(X) > 0.

In view of Theorem 1.2 the following question is natural: If || M || = |deg( )| N |,
what happens when Vol(M) = Vol(N)? The answer is given in the following section.

1.5. Volume and topological rigidity. The purpose of this paper is to characterize
those degree one (resp. non-zero degree) maps between closed Haken manifolds
which are homotopic to a homeomorphism (resp. covering). Then our main result
can be stated as follows.

Theorem 1.3. Let f: M — N be a non-zero degree map between closed Haken
manifolds such that ||M || = |deg(f)||IN|. If Vol(M) = Vol(N) then f is homo-
topic to a deg( f)-fold covering.

Remark 1.4. In Theorem 1.3 we can obviously decompose f into two covering
maps which preserve the JSJ-decomposition. This means that after a homotopy, f
induces two covering maps f|H(M): (M) — H(N) and f|S(M): 8(M) —
8(N). Since a Seifert fibered space can be seen as a generalized S'-bundle over a
2-dimensional orbifold, it could be convenient to make precise the behavior of the
covering map f |8 (M) with respect to this anisotropic structure. Actually, when the
fibration of a Seifert manifold S is unique (up to isotopy), the action of f|S can
be unambiguously decomposed into two transversal actions: a vertical action (i.e.
an action along the S!-fibers of S) and a horizontal action (i.e. an action along the
2-orbifold of §). Then in the proof of Theorem 1.3 we will see that the hypothesis
Vol(M) = Vol(N ) implies that f|8,(M) acts only vertically and that the horizontal
action is trivial.
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Remark 1.5. Note that in [W1], S. Wang proved that a proper map of non-zero
degree f: M — M from a Haken manifold M to itself necessarily induces an
injective homomorphism at the fundamental group level. Then Theorem 1.3 gives
an extension of this result since when M = N the conditions on the volume are
satisfied.

If we consider only degree one maps then one can relax the hypothesis concerning
the volumes. More precisely, combining Theorem 1.3 and Theorem 1.2 in [D] we
get the following result.

Theorem 1.6. For any closed Haken manifold M there exists a constant npr € (0, 1)
depending only on M such that any degree one map f: M — N onto a closed
Haken manifold is homotopic to a homeomorphism iff t(N) > t(M)(1 — nar).

1.6. Some known results on topological rigidity

1.6.1. Rigidity of surface bundles. The above problem has been studied by S. Wang
and M. Boileau in [W] and [BW] for non-zero degree maps, when the domain M is
a surface bundle over the circle and when the target N is irreducible. In particular,
Wang proved in [W] that if M is a virtual torus bundle over the circle then f is
homotopic to a covering map. When M is a bundle over S! with a fiber of negative
Euler characteristic, denote by « the cohomology class corresponding to the fibration
of M. Then in [BW], Boileau and Wang proved that if there is a rational cohomology
class 8 in N with f*(8) = « and such that |«|tn, = |deg(f)|||B]ltn then f is
homotopic to a covering map. Here || - ||, denotes the Thurston norm.

Remark 1.7. Notice that the constant Vol(M) in Theorem 1.3 can be seen as the
analogous of the Thurston norm of « in the result of Boileau and Wang in [BW,
Theorem 2.1].

1.6.2. Rigidity of hyperbolic manifolds. The rigidity problem is completely solved
for hyperbolic manifolds by a result of Gromov and Thurston which reads as follows.

Theorem 1.8 (M. Gromov, W. Thurston). Let M and N be two complete finite

volume hyperbolic 3-manifolds. Then a proper non-zero degree map f: M — N is
homotopic to a deg( f)-fold covering iff || M || = |deg(f)||IN||.

Recall that T. Soma gave a generalization (see [S2]) of this result for degree one
maps by proving the following result.

Theorem 1.9 (T. Soma). For any ¢ > 0 there is a constant n, > 0 which depends
only on g such that any degree one map f: M — N between closed hyperbolic
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3-manifolds satisfying |M|| < e and |N| > ||IM||(1 — n.) is homotopic to an
isometry.

Notice that limg— 400 7e = 0 (see also [S2]). Note also that this kind of result
cannot be extended to Haken manifolds even if the target is a closed hyperbolic
manifold. This results from the Thurston hyperbolic surgery theorem.

Indeed, let Y be a complete finite volume orientable hyperbolic 3-manifold with
dY ~ S! x S! and let X denote an orientable graph manifold with 0X ~ S! x S!
in such a way that there exists a simple closed curve / in dX such that the pair (X, /)
is pinchable. This means that there exists a proper degree one map 7 : (X, dX) —
(V,dV), where V is asolid torus D% xS suchthat 7 : X — 9V is ahomeomorphism
which sends / to the meridian m = 9D? x {*} in V. To perform this operation
it is sufficient to choose X so that [ is nul-homologous in H;(X;Z) (for instance
X = F xS!, where F is an orientable surface with connected boundary and [ = 0F).

Let{/,,n € N} beasequence of simple closed curves in dY such that {lenght(/,,),
n € N} defines a strictly increasing sequence with lim,,—, , lenght(/,) = +o00, where
lenght denotes the length for the Euclidean metric on dY induced by the hyperbolic
metric of int(Y). Denote by M,, the closed Haken manifold obtained by gluing X and
Y along 0X and dY in such a way that / is identified with /,, and denote by N,, the 3-
manifold obtained from Y after performing a Dehn filling along the curve /,,. Thus the
map 7 can be extended by the identity to construct a degree one map f,: M, — N,,.
Then | M| = ||Y || > 0. By the Thurston hyperbolic surgery theorem, one sees that
the N,’s are closed hyperbolic manifolds for n sufficiently large and {|| N, ||, n € N}
is a strictly increasing sequence such that lim,— o || NV, || = ||Y ||. Moreover the maps
fn are neither homotopic to a homeomorphism.

1.7. Organization of the paper. This paper is organized as follows.

In Section 2 we recall some terminology and we state some technical results
concerning the following points: finite coverings of Haken manifolds, standard form
of non-zero degree maps, and a thick—thin decomposition of M with respect to a
non-degenerate, non-zero degree map f: M — N.

Sections 3 and 4 are devoted to the study of non-degenerate proper maps f: M —
N of non-zero degree from a Haken graph manifold with toral boundary to a circle
bundle N. The aim of these sections is to give a construction allowing us to compare
the volume of the thick part of M with Vol(N) using efficient surfaces and minimal
connection graphs (see Propositions 3.1 and 4.1). These sections are essential for the
proof of Theorem 1.2.

Section 5 is devoted to the proof of Theorems 1.2, 1.3 and 1.6. Note that in this
paper all the 3-manifolds are orientable.

Acknowledgement. The author would like to thank the referee for many useful
comments and suggestions.
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2. Preliminaries

Let X be an orientable Seifert fibered space. Then X is an S!-bundle over its base
2-orbifold Oy and the S!-action is globally well defined since X is orientable. Recall
that if @y, denotes the underlying space of Ox andif ¢y, . . ., ¢, denote the exceptional
points of Ox with index (1, ..., i, respectively then

105 =10 - (1- ).

i=1 Wi

The geometry of Oy is hyperbolic, Euclidean or spherical when y (Ox) is < 0,
= 0 or > 0, respectively. Hence the geometry of ¥ depends of the geometry of
Oyx combined with the rational Euler number e(X) of the fibration. More precisely,
when e(X) = 0 then we get respectively an H? x R, Euclidean, S? x R-structure
and when e(X) # 0 we get respectively a SL,(R), Nil, spherical structure. Note
that if N is a Sol-manifold then we consider it as a Haken manifold with non-empty
JSJ-decomposition so that the Seifert pieces of N are Euclidean manifolds.

2.1. Two-dimensional simplicial volume. In this paragraph we prove Lemma 1.1.
Since the JSJ-decomposition of closed Haken manifolds is unique up to isotopy, we
only have to check that the volume Vol(N) does not depend on the chosen Seifert
fibration on the components of §(/N). Let X be a Seifert piece of N. Since N is a
closed Haken manifold, ¥ admits one of the following geometries: H? x R, SL,(R),
Nil or Euclidean geometry. The only aspherical Seifert fibered spaces which admit
more than one non-isotopic Seifert fibration are Euclidean manifolds. But in this case
the Euler characteristic of the base orbifold of X is always zero. Hence the invariance
is immediate.

It remains to check the second assertion of the lemma. Assume that N admits
a finite covering 7 : N — N which is a torus bundle over the circle. Then N is
a geometric manifold and the structure depends on the monodromy of the bundle.
Then N admits a Euclidean, a Nil, or a Sol geometry. In the case of Euclidean or
Nil geometry N is a Seifert fibered space and the base 2-orbifold @y is Euclidean
and thus 7(N) = 0. If N is a Sol-manifold then each component of N \ Ty is a
Euclidean manifold and hence t(N) = 0. Assume that t(N) = 0. If Ty = 0 then
N has Euclidean or Nil-geometry. In any case N is a virtual torus bundle. If Ty # 0
then J€(N) = @ and each Seifert piece of N is a Euclidean manifold with non-empty
boundary. Then by minimality of the JSJ-decomposition either

(i) N is made of two twisted [ -bundles over the Klein bottle glued along their
boundary, or

(i) N is S' xS x I /{¢p), where ¢: S! x S x {0} — S x S! x {1} is an Anosov
diffeomorphism.



Vol. 85 (2010) Topological rigidity and Gromov simplicial volume 7

Incase (ii) N is a torus bundle over the circle (actually a Sol-manifold) and in case
(i) N admits a 2-fold covering that is a torus bundle over the circle. This completes
the proof of Lemma 1.1.

2.2. Dehn fillings. We define Seifert Dehn fillings. Suppose X is an orientable
Seifert fibered space with X # @ and let T be a component of d¥. Since X is
orientable, T ~ S! x S!. Let a be a simple closed curve in T'. Performing a Dehn
filling on T along a means that we glue a solid torus V' = D? x S! identifying
dD? x S! with T so that « is glued with the meridian dD? x {*} of V. Denote by
T=3 () the resulting manifold. When « is not isotopic to a generic fiber of X then
the fixed Seifert fibration of ¥ extends to a Seifert fibration of & and we say that we
have performed a Seifert Dehn filling.

2.3. Morphisms. Let f: ¥ — X’ be a map between orientable Seifert fibered
spaces. We say that f is a bundle homomorphism is there exists a Seifert fibration of
¥ and ¥’ so that f is a homomorphism for the S!-bundle structures on ¥ and X'.
According to [Ro], for bundle homomorphisms we define the following degrees:

The fiber degree of f is the integer |n| given by fix(h) = t", where h, resp. t,
denotes the generic fiber of X, resp. of X', and we denote it by G ( f).

The orbifold degree Gy, ( f) is the minimum number of regular fibers in g~!(¢),
where g runs over all bundle homomorphisms properly homotopic to f and transverse
tor.

For a bundle homomorphism f: ¥ — ¥’ we have

|deg(f) = Gr(f)Gob(f)-

We say that a bundle homomorphism is allowable if |deg( )| = G, (f)Go(f). In
particular, a bundle homomorphism f: (X,9dX) — (X’,9X’) between orientable
Seifert fibered spaces with non-empty boundary which is proper (i.e. f~1(d%') =
0Y) is allowable.

2.4. Non-degenerate maps. Let f: S — N be a map from a Seifert manifold to
a Haken manifold. We say that f is non-degenerate if f,(1S) is not cyclic and if
f«([y]) # {1} for any fiber of any Seifert fibrationon S. Amap f: M — N from a
Haken manifold with toral boundary M is non-degenerate if f|.S is non-degenerate
for any Seifert piece of M. A non-degenerate map f: M — N is T -injective if for
any component T of T3y U dM the map f|T: T — N is mq-injective.

2.5. Finite coverings of a ‘map. Let f: X — Y be a continuous map between
topological spaces. Let p: Y -> Ybea coverlng map and denote by g : X — X the
covering of X corresponding to the subgroup f."!(p«(1Y)). A finite covering of f
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associated to p: Y > Yis a lifting f: XY of f oq. In particular, if p is a finite
covering then 1 < deg(g) < deg(p) and if f is ;r;-surjective then deg(p) = deg(q).

2.6. Finite coverings of Seifert and Haken manifolds

Lemma 2.1 ([JS, Lemma I1.6.1]). Let ¥ be a Seifert fibered space. Then any finite
covering w: ¥ — X admits a Seifert fibration so that w is an allowable bundle
homomorphism. Moreover the Euler characteristic of the base orbifolds satisfy

1(0g) = Gop (/) x(Ox).

Proof. The proof can be found in [JS]. O

Let 7 be aunion of tori and let m be a positive integer. Call a covering p: —> T
m-characteristic if for each component 7" of 7 and for each component T of T over
T, the restriction p|: T — T is the covering map associated to the characteristic
subgroup of index m x m in w1 T. Call a covering N — N of a Haken manifold N
m-characteristic if its restriction to T — T is m-characteristic.

Lemma 2.2. (i) Any orientable Seifert manifold endowed with hyperbolic base 2-
orbifold admits a fiber degree one finite covering which is homeomorphic to an ori-
entable S'-bundle over an orientable hyperbolic surface.

(i1) Any closed Haken manifold admits a 1-characteristic 2-fold covering space
which contains no embedded Klein bottle.

Proof. Point (i) follows from Selberg’s lemma ([Al]) and point (ii) is immediate using
orientation coverings. O

Lemma 2.3. Let f: M — N be a non-degenerate map from an orientable asphe-
rical Seifert manifold to an orientable circle bundle over an orientable hyperbolic
surface F. Then each Seifert fibration of M has an orientable base 2-orbifold (in
particular M is not homeomorphic to the twisted I -bundle over the Klein bottle).

Proof. Assume first that fi (71 M) is abelian. If M admits a fibration over a non-
orientable 2-orbifold, then there exists g € 71 M such that ghg™! = h~!, where &
denotes the homotopy class of the generic fiber of the fixed Seifert fibration on M.
Since 71 N is torsion free this implies that f(#) = 1. This is a contradiction since
f is a non-degenerate map.

Suppose that fi (71 M) is non-abelian. If M admits a fibration over a non-
orientable 2-orbifold ) then consider the double covering p: M — M corre-
sponding to the orientation covering of Q.

If fs (JTIM ) is abelian then f,(;rq1 M) contains an index 2 free abelian group H.
Now Rank(H) < 2 since N is a circle bundle over an orientable hyperbolic surface,
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and since f is non-degenerate, Rank(H) > 2. This implies that f,(;; M) is the
fundamental group of a Klein bottle. This is impossible since N is an orientable
circle bundle over an orientable hyperbolic surface. _

If f.(1 M) is non-abelian then f«(h) has a non-abelian centralizer, where h
denotes the homotopy class of the generic fiber of ~1\7[ . Then, since N contains no
embedded Klein bottle, we know by [JS] that fi(h) € (¢} and thus f.(h) € (¢),
where ¢ denotes the homotopy class of the fiber of N. Denote by a the non-zero
integer such that f.(h) = t?. Since )y is non-orientable, there exists g € my M
such that ghg™ = h~!. Since t is central in 7 N, this gives a contradiction. This
completes the proof of the lemma. O

Lemma 2.4. Let N be a Haken manifold and let p: N — N bea finite covering
of N. Then Vol(N) < Vol(N) < |deg(p)|Vol(N). Moreover, if p has fiber degree
one over each component of 8(N') then Vol(N) = |deg(p)|Vol(N).

Proof. Let S be a component of §(N). Choose a component S of 27 1(S)in N and
choose a Seifert fibration on S so that p|S is a bundle homomorphism. Denote by
Os and by Og the base 2-orbifold of S and S. Denote by n the integer such that
Dx (ﬁ) = h", where h and / are the homotopy classes of the generic fiber of S and
S, respectively. Then by Lemma 2.1 we know that

|deg(p|S)| = |n].Gap(p|S) and  VoI(S) = Gap(p|S)Vol(S) = Vol(S).
On the other hand, notice that

deg(p)l = Y Ideg(plS)l.

Sep=1(s)

Hence |deg(p)|Vol(N) > Vol(N) > Vol(N). It remains to prove the second part of
thelemma. Let ¥ be acomponent of 8§ (N ) and denoteby X1, ..., ¥ the components
of & = p~ ().

Denoteby &, k1, ..., hi the homotopy class of the generic fiberof X, X1, ..., Xg.
Since by hypothesis ps(h;) = h*! fori = 1,...,k, each covering p; = p|Z;
satisfies |deg(p;)| = Gob(pi) and thus Vol(%;) = |deg(p;)|Vol(X) for any i =

., k. Finally, since |[deg(p)| = |deg(p|X)| = |deg(p|Z1)[+--- + [deg(p|Zp)l,
we have Vol(X) = Vol(X1) +---+ Vol(Zx) = |deg(p)|Vol(X). This ends the proof
of the lemma. O

Lemma?2.5. Let f: M — N be am-surjective non-zero degree map between Haken
manifolds and assume that there exists a finite covering f M — N of f: M - N
such that Vol(M ) > Vol(N ). If the covering N — N has fiber degree one over the
Seifert pieces of N then Vol(M') > Vol(N).
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Proof. We keep the same notations as above. Assume that Vol(]v ) < VOI(M ). Since
q: N — N induces the trivial covering over the fibers, it follows from Lemma 2.4
that Vol(N) = deg(q)Vol(N). On the other hand, Vol(M) < deg(p)Vol(M). Since
f: M — N is m-surjective, deg(p) = deg(q) and thus Vol(M) > Vol(N). This
completes the proof of the lemma. O

Lemma 2.6. Let N denote an orientable S'-bundle over an orientable hyperbolic
surface F with bundle projection §: N — F, and let U = {uy,...,uy} denote a
Sfamily of homotopically non-trivial simple closed curves in F. Then there exists a
fiber degree one ﬁmte covering p: (N,F S) — (N, F.§) such that each component
of‘u (p|F)~"Y(W) is of infinite order in H,(F; 7).

Proof. If u; is not of infinite order in Hy (F; Z), since the group Hy(F'; Z) is torsion
free, then u; is a separating curve in F. Denote by A and B the components of F'\ u;.
Case 1: Assume first that both H(A, u;; Z) and H, (B, u;; Z) are non-zero. Then
one can construct epimorphisms p4: H1(A;Z) — 7Z/27 and pg: H{(B;Z) —
Z./27. such that ker pg D ([u;]) and ker pp D ([u;]). Using the exact sequence

we get an epimorphism p: Hy(F;7Z) — 7 /27, well defined by the formula p(x) =
pa(a) + pp(b), where (a, b) represents x in Hy(A;Z) & Hy1(B;Z). Then denote
by pi: (N;, F;, &) — (N, F, §) the 2-fold covering corresponding to the homomor-
phism

mN 2% 0 F — Hy(F:2) 2> 2.)22.

Then (p; | F;) ™! (u;) consists of two simple closed curves of infinite orderin H, (F;; Z)
and (t) < (p;)« (1 N;), where ¢ denotes the homotopy class of the fiber of N.

Case 2: Assume that Hi(A,u;;7Z) = {0}, say. This means that Hy(u;;Z) —
H1(A;Z) is an epimorphism and thus H;(A;Z) is {0} or Z. In the first case A is
a disk which is impossible since u; is homotopically non-trivial and in the second
case A is an annulus. This means that u; is d-parallel in F. Moreover, since u; is
nul-homologous, [1;] = [0F] and in particular F' has connected boundary. Since F
is hyperbolic, Hy (F'; Z) # {0}. Then there exists a non-trivial finite abelian group L
and an epimorphism p: Hy(F;Z) — L. Wedenote by p;: (N;, F;, &) — (N, F,§)
a finite abelian covering corresponding to the homomorphism

TN =5 M F — Hy(F:Z) 2> L.

Then (p;|F;)~!(u;) consists of Card(L) simple closed curves of infinite order in
Hy(F;;Z) and (1) < (pi)«(m1Ni).

Hence the covering of N corresponding to the subgroup (p1)«(w1Ny) N--- N
(pq)«(m1Ny) of m N satisfies the conclusion of the lemma. O
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2.7. Separability of fundamental groups. The following result is a direct conse-
quence of a separability result of Allman and Hamilton combined with the residual
g-nilpotence of free groups, for any prime ¢, proved by Gruenberg.

Lemma 2.7 ([AH], [Gr]). Let F be an orientable hyperbolic surface andletu € w1 F
be a non-trivial element. Then for any prime q there exists a finite group H, and an
epimorphism t: w1 F — Hy such that ©(u) # 1 and q divides the order of T(u).

Proof. Consider 1 F as a discrete subgroup of PSL;(R).

Assume first that u is a hyperbolic isometry (i.e. ¥ has exactly two fixed points
both in 3, H?*). Then the proof of the lemma follows directly from Proposition 1
of [AH] in this case. Indeed the eigenvalues of the matrix representing u in SL,(C)
are not roots of unity.

Assume now that u is a parabolic isometry (i.e. # has exactly one fixed point and
it lies in oo H?T). In this case, necessarily 0F # @ and thus 7 F is a free group.
Then it follows from [Gr] that 7 F is residually g-nilpotent for any prime ¢. This
means that there exists a finite g-group Hy and an epimorphism z: 71 F — H, such
that 7 (1) # 1. This completes the proof of the lemma. O

We end this section with the following result which follows from the residual
finiteness of surface groups.

Lemma 2.8. Let f: S — X be a T -injective map from an orientable aspherical
Seifert fibered space to an orientable S'-bundle over an orientable hyperbolic surface
F suchthat fy(m1S) is non-abelian. Then for anyn € N there exists a finite covering
fn: Sy — X, satisfying the following properties:

(i) the covering fln — X has fiber degree one,

(i) each component of §n has a base 2-orbifold of genus at least n.

Proof. By Lemma 2.3, S is based on an orientable orbifold. Let 77, ..., T, be the
components of 3S. Denote by ¢ the homotopy class of the fiberof ¥ andby &: ¥ — F

the bundle projection. Denote by dj, ..., d, the chosen sections of 9.5 with respect
to the fixed Seifert fibration of S and let ¢y, ..., ¢, denote the homotopy classes of
the exceptional fibers of S with index 1, ..., 4, respectively.

Since fx(71S) is non-abelian, it follows from [JS] that fi(v) € (¢) for any fiber
v of S. Denote by Og the base 2-orbifold of S and by Og the underlying space and
set gg = genus(Osg).

Let g: £ — T be a finite regular covering. Consider the corresponding epi-
morphism ¢: 7; ¥ — K, where K is a finite group, and denote by p: S — S the
finite covering corresponding to the homomorphism ¢ o f,. This covering induces a
branched covering of degree o between the underlying spaces of the base 2-orbifolds
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O3 of S and Og of S. Let B; denote the order of ¢ f«(c;) and foreachi =1,..., p

denote by r; the number of components of S over T; and set n; = o/r;. Then the
Riemann-Hurwitz formula allows us to compute the genus of @5 using the data of

Os and those of p: § — S:

i=p i=r
1 1
2 ~:2+0( +2gs+r—2-— — = )
85 pTeg 2 G B

i=1 i=1

Case 1: Assume gg > 2. First note that since fx(7r1S) is non-cyclic there exists
an element a € 71 S such that & o fix(a) # 1 in 71 F. Since surface groups are
residually finite, there exists a finite group K and an epimorphism ¢: m; ' — K such
that (£« o f«(a)) # 1. Consider the homomorphism ¢ = ¢ o £,. Note that since the
regular fiber i of S is sent via f to the fiber of X, we necessarily have 0 > 2. Then
the Riemann—Hurwitz formula gives

25 >2+0(2gs —2).

Thus, since gs > 2 and 0 > 2, we get 2 + 0 (2gs —2) > 2gs. This proves that
g5 > g&s and completes the proof of the lemma in this case.

Case 2: Assume gs = 1. Then we claim that p > 1. Suppose the contrary. Let
a and b be the standard generators of 7110s and denote by ¢1.,...,q, the sections
corresponding to the exceptional fibers ¢y, ..., cy. Since fi(h) € (t) and since 71 F
is torsion free, it follows that fi(g;) € (t) fori = 1,...,r. Hence fi([a,b]) € (t)
because [a, b]q; . ..q, = h? and thus [£4 fi(a), Ex fx(b)] = 1in 7, F. Since F is a
hyperbolic surface, there exists u € w1 F such that (u) = (&« f«(a), &« f«(D)). Let
g € m X such that £,.(g) = u. Then fi(m1S) C (g,t) >~ Z x Z. A contradiction.
Now & f«(d;) # 1 in 1 F because f|0S: dS — X is mi-injective. Thus there
exists an epimorphism ¢: 1 F — K into a finite group K such that g&, fi(d;) # 1

fori = 1,..., p. Consider the homomorphisms ¢ = &£ and ¢ o f« and the
associated coverings ¥ and S. Then it follows from our construction that n; > 2 for
i =1,...,pand o > 2. Then the Riemann—Hurwitz formula gives

2g522+0§>2.

Thus gg > 2 and we have a reduction to the first case.
Case 3: Assume gs = 0. In this case the fundamental group of S admits a
presentation

(di,oovdpoqrye qrih s [hodi] = [hoq;) =1, =h",dy ... dpgy ...qr = hP).

Note that when p > 0, i.e., when dS # @, then one can choose b = 0. Since
f«(h) € (t)and since 71 F istorsion free, itholds that f«(g;)isin (t) fori = 1,...,r.
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Then we first check (using the presentation above and the fact that fi(;r1.S) is non-
abelian) that p > 3. If p < 1 then we get f«(71S) C (¢). A contradiction. Assume
that p = 2. Using the presentation of 715 we get fi(71S) C (fe(d1),t) 2 Z X Z,
a contradiction again. From now on may we assume that p > 3.

Note that since f|0S: S — X is m;-injective, it follows that &, fi(d;) # 1 in
m1 F. Thus there exists an epimorphism ¢: 7 F' — K into a finite group K such that
eéx fu(di) # 1 fori =1,..., p. Consider the homomorphisms ¢ = &&x and ¢/
and the associated coverings $ and S. Then it follows from our construction that

n; >2fori =1,..., pand o > 2. Then the Riemann—-Hurwitz formula gives

P
25 22+0(5-2).

Subcase 1: Assume gg = 0 and p > 4. This implies that g > 1 and we have a
reduction to the second case.

Subcase 2: Assume gs = 0 and p = 3. If the number of connected components
p of S is > 4 then we have a reduction to the subcase 1. Hence assume that p =3
The Riemann—Hurwitz formula gives

i=r

2g§=2—ﬁ+a(p+r—2—z

(ulm)”_l”

Then we get g5 > 1. This completes the proof of the lemma. O

2.8. Characteristic maps between Haken manifolds. First recall that a codimen-
sion 0 submanifold L of a closed Haken manifold M is termed a characteristic
submanifold if L is a component of M \ 7, where T is a subfamily of T,.

Next we define characteristic maps. Let f: M — N be a map between closed
Haken manifolds. We say that f is standard if f(#H(M)) C intH(N) and
f(8(M)) C intX(N), where X (N ) denotes the characteristic pair defined in Para-
graph 1.2. We say that a standard map f is characteristic if for any component
T € Ty the space f~1(T) is the disjoint union of components of 73.

Lemma2.9. Let f: M — N be a map between closed Haken manifolds and assume
that N is not a virtual torus bundle. If f is standard then it is homotopic to a
characteristic map.

Proof. The proof follows from cut and paste arguments of [Wa]. O
Lemma 2.10. Let f: M — N be a non-degenerate, non-zero degree map between

closed Haken manifolds. Then if |M || = |deg(f)|||N|| then f is homotopic to a
standard map.
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Proof. This follows from the Mapping Theorem of [JS] and from the Rigidity The-
orem of [S1]. O

More generally we have

Lemma 2.11. Let f: M — N be a non-zero degree map between closed Haken
manifolds with |M || = deg(f)||N||. Then there exists a connected characteristic
submanifold My C M which contains J (M) in its interior (in particular if 3Q N
oMy # @ for Q € M™ then Q is Seifert), a closed Haken manifold M, obtained from
M, after Seifert Dehn fillings along oMy anda T -injective non-zero degree extension
fi: My — N of fy = fIMy: My — N such that || My || = |deg(f)[|N|.

Proof. The proof of Lemma 2.11 follows from the arguments used in [Rol] without
any essential change. O

2.9. A thick—thin decomposition of Haken manifolds with respect to standard
maps. Let M and N be two Haken manifolds with toral boundary (if non-empty)
and let f: M — N be a standard map. For each Seifert piece S of M denote by
3 s the component of X (N) such that f(S) C int(Xs). Denote by M the disjoint
union of the Seifert pieces S of M ™ such that there exists a Seifert fibration on S
with fiber /2 and a Seifert fibration on X g with fiber ¢ such that f,([k]) € ([¢]) (at the
mi-level) and set M_ = M \ (M4 U #(M)).

Lemma 2.12. Let f: M — N be a non-degenerate standard map between Haken
manifolds and let S be a Seifert piece of M. If X is an S'-bundle over an orientable
hyperbolic surface then we have f«(m1S) ~7Z X Z for S € M_.

Proof. Let S be a Seifert piece of M_. By Lemma 2.3 each Seifert fibration on
S has an orientable basis. Due to the fact that X g contains no Klein bottles, it
follows from [JS, Addendum to Theorem VL.I.6] that £ (7r1.5) is abelian. Furthermore
fe(m1S) >~ Z" as w1 N is torsion free. Since f|S is a non-degenerate map, we
have r > 2, and since N is a three-dimensional manifold, we have r < 3 because
the subgroup fi(r1S) must have cohomological dimension at most 3. Finally, the
fundamental group of N cannot contain a group isomorphic to Z x Z x Z since X g is an
S!-bundle over an orientable hyperbolic surface. Then necessarily f(71S) ~ Z xZ.

|

Lemma 2.13. Let f: (M,0M) — (N,0N) be a non-degenerate, proper non-zero
degree map from a Haken graph manifold with toral boundary to an orientable circle
bundle over an orientable hyperbolic surface.

Let f M — N be a finite covering of f and let Pt M — M denote the
corresponding finite covering of M. Then p~'(M_) = M_ and M+ =p Y (My).
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Proof. If M is a Seifert manifold, then M = M since f is a non-zero degree map
and thus ]\2.,. = M and the result is obvious.

Assume that M is not a Seifert manifold and let S be a Seifert piece of M. Since
N is an orientable circle bundle over an orientable hyperbolic surface, by Lemma 2.3
S admits an H? x R structure. In particular S admits a unique Seifert fibration. The
proof of the lemma follows. O

Proposition 2.14. Let f: G — X be a T -injective proper non-zero degree map
from a Haken graph manifold with toral boundary to an orientable S*'-bundle over
an orientable hyperbolic surface F. Let L be a characteristic submanifold of G
such that each Seifert piece S of L satisfies f«(71S) > Z x Z. There exists a finite
covering f: G—> % of f and a finite family of vertical tori T, in s satisfying the
following properties:

(1) S > % has fiber degree one.

(ii) After a homotopy, for each component L of p~Y(L), f (L) is contained in a
component of Jp, where p: G — G denotes the finite covering correspond-
ingto f.

To prove this result, we first need some preliminary lemmas.

Lemma 2.15. Let F denote an orientable hyperbolic surface and let f: S' — F be
a geodesic loop and assume that ([ f]) is a maximal abelian subgroup of 71 F. Then
there exists a finite regular covering q F — F such that any lifting f Sl > F of
f o p is an embedding, where p: S' — S! denotes the finite covering corresponding
to the subgroup 7' (q«(my ﬁ))

Proof. Denote by p: H?> — F the universal covering of F and denote by 7 the
isometry of H? corresponding to [f]. Note that if 7 is a parabolic isometry then
the lemma is obvious. Thus let us assume that t is a hyperbolic isometry. Let / be
the unique t-invariant geodesic line in H2. Denote by D a (compact) fundamental
domain in / for the action of t. Denote by {g1,...,gn} the finite subset of 71 F
defined by {g € 71 F\ (t) | g(D) N D # @}. Moreover, there exists a finite group K
and an epimorphism ¢ : 71 F — K suchthat ¢(g;) &€ ¢({t)),fori = 1,...,n. Then
the finite regular covering H?2/ ker(¢) — F satisfies the conclusion of the lemma.

O

Lemma 2.16. Let X denote an orientable circle bundle over an orientable hyperbolic
surface F and let f: S' x S — X be a my-injective map. Then there exists
a finite, fiber degree one, regular covering q: S — X such that for each lifting
f: SIxS! - & of f o pthereis avertical torus T in £ such that fA(S1 xS ¢ T,
where p: S x S1 - S x S! denotes the finite covering corresponding to the
subgroup [ (qx(m1X)).
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Proof. Denote by G a maximal abelian subgroup of 71X of rank 2 containing
(1 (S! x S1)). Then G can be written as (¢, b), where b generates a maximal
abelian subgroup of 7 F and ¢ denotes the homotopy class of the fiber of X. It is
well known that b is freely homotopic to an element of 7 F* which can be represented
by a closed geodesic loop g: S' — F. Then changing f by a homotopy, we may
assume that » = [g]. Denote by ¢ : F — F the finite regular covering of F satisfy-
ing the conclusion of Lemma 2.15 with the map g. Then the finite, fiber degree one,
regular covering g : $ — X obtained as a pullback of g via the bundle projection
&: ¥ — F satisfies the conclusion of the lemma. O

In the sequel we will need the following definition: let T denote a vertical torus in a
Seifert manifold ¥ endowed with a base point x. We say that T is a maximal vertical
torus if there are no rank 2 free abelian subgroups of 71 (X, x) strictly containing
m1(T, x).

Lemma 2.17. Let f: (V,00V) — (Z,T) be a T -injective map from a connected
Haken graph manifold V with toral boundary to an orientable S'-bundle % over
an orientable hyperbolic surface F with bundle projection §: ¥ — F. Assume
that 3oV is a non-empty subset of OV, T is a maximal vertical torus in ¥ and that
fx(18) >~ Z X Z for each Seifert piece S of V. Then f is homotopic, rel. doV, to
amap g suchthatg(V) C T.

Note that 71 T can be presented as (¢, b), where & (b) is represented by an em-
bedded geodesic curve which generates a maximal cyclic subgroup of 7y F' and ¢ is
the fiber of 3. We first check the following

Claim 2.18. For each Seifert piece S of V, the map f|S is homotopic, rel. to f|doV,
to a map g such that g(S) C T.

Proof of Claim. Let S be a Seifert piece such that 05 N dgV # 0. Let Ty be a
component of 3§ N doV. Let x € Ty be a base point and let y = f(x) € T.
Let H be a free abelian subgroup of 71(X, y) such that Ko = H N x(T, y) is
a free abelian group of rank 2. Thus Kj is a finite index subgroup of H. Hence,
since Ko C m1(T,y) for any g € H, there exists an integer ng € Z such that
g"s € m(T,y) = (t,b). On the other hand, there exists an integer 8 # 0 and an
element o € 71X such that & (o) € 7y F \ {1} and such that H = (t#,«). Then,
in particular, there exist two non-zero integers n, m € Z such that &, ()" = £.(b)™.
It is easy to check that (£.(a), £«(b)) is an infinite cyclic subgroup of 7y F, using
the classification of isometries of H2:t. Therefore, since T is a maximal torus,
Ex(a) € (E<(b)), and thus H C m T .

Using the above construction with H = f,(7r1.8) which contains H N1 (T, y) D
Ko = f«(m1(To, x)) we deduce that f,(1S) C 71 T. Hence one can change f|S
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by a homotopy, rel. to f|dgV, such that f(S) C T. Since V is connected, this

completes the proof of the claim by repeating the argument for each Seifert piece
of V. |

Proof of Lemma 2.17. We argue by induction on the complexity of the dual graph
I'y of V. Fix a Seifert piece Sy such that Sy N doV # @. By the claim above we
may assume that f(Sp) C T.

Case 1: Assume that I'y is a tree. Let S be a Seifert piece of V' adjacent to Sp.
Note that dSy N dS is a connected canonical torus 7" since 'y is a tree. Fix a base
pointx € Tandy = f(x) € T. It follows from the claim above that f. (71(S, x)) is
a subgroup of 71 (T, y). Since So N S is connected, it follows from the van Kampen
Theorem that f (71 (S Ut Sp)) is a subgroup of 71 (T, y). Hence, after a homotopy
rel. to do V', we may assume that f(S U7 So) C T. This completes the proof of the
lemma when I'y is a tree by repeating this process.

Case 2: If 'y is not a tree then Rank(H1(I'y; R)) > 1. Choose a characteristic
non-separating torus 7 in V. By Claim 2.18, one can change f by a homotopy
rel. to doV such that f(7T) C T. Next, consider the space V obtained by cutting
V along T. Then Rank(H;(I'p;R)) < Rank(H;(T'y;R)). Denote by Uy, U, the
components of dV over T and write 9oV = 9oV U U; U U,. Consider the map
fi=f |I7 (17, do 17) — (2, T). We know from the induction hypothesis that there
exists a map g; homotopic to fj rel. to 3oV such that gl(?) C T. Thus it follows
from our construction that g factors through V. This completes the proof of the
lemma. O

Proof of Proposition 2.14. Let S be a Seifert piece of L. Then, by Lemma 2.16 there
exists a fiber degree one finite covering f]s — 3 satisfying the following property.
Consider the covering fs: 55 -3 s of f corresponding to s s — 2. Then for
each component S over S in G g there exists a maximal vertical torus in & g containing
fs (S). Consider the covering Tof T corresponding to the finite index subgroup

m ﬂlis

SeL*

of 71 X. Denote by f -G — ¥ the covering of f corresponding to ¥ - % and
by p: G — G the corresponding covering of G. Hence for each Seifert piece S of
p~L(L), there exists a maximal vertical torus Tgin ) containing f (§ ). It remains to
prove that the same property remains true by replacing S by the connected component
L of p~Y(L) which contains S. This last point follow directly from Lemma 2.17.
This completes the proof of the proposition. O

We end this section with the following result.
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Lemma2.19. Let f: (M,0M) — (N, dN) be a T -injective, proper, non-zero degree
map from a Haken graph manifold with toral boundary to an orientable circle bundle
over an orientable hyperbolic surface. Then

(i) there exists at least one Seifert piece S of M such that fi(7w1S) is non-abelian,
(ii) if f«(m1S) is non-abelian then S is a component of G, and

(iii) if there exists a component T of Tpy shared by two Seifert pieces S1 and S, of
M then S1 or Sy isin G_.

Proof. If f«(71S) is abelian for any Seifert piece S of M then by Proposition 2.14,
there exists a finite covering f M — N such that f* (711M ) >~ Z x Z. Since
deg(f) # 0 also deg( 7) # 0. This implies that 74 N contains a finite index abelian
subgroup. This is impossible since N is a circle bundle over a hyperbolic surface.

Assume that f(71.5) is non-abelian. By Lemma 2.3 we know that S admits a
Seifert fibration over an orientable basis. Moreover, the map f|S is homotopic to a
fiber preserving map since N contains no embedded Klein bottle.

Let T be a component of 74 shared by two Seifert pieces Sy and S, of M such
that the maps f'|S; are homotopic to fiber preserving maps. Fix a base point x in T
and denote by #;,i = 1, 2, the homotopy class of the regular fiber in S; represented
in T. Since the f|S; are fiber preserving, the map f|T cannot be 7;-injective by
the minimality of the JSJ decomposition. This is a contradiction and completes the
proof of the lemma. O

3. Comparing the volume of the base 2-orbifolds

Let f: (G,0G) — (X,0X) be a T -injective, proper, non-zero degree map from a
Haken graph manifold G with toral boundary to an orientable S!-bundle (2, &, F)
over an orientable hyperbolic surface F with bundle projection §: ¥ — F. Then
one can associate to f a thick—thin decomposition of G into G+ U G_. In this section
we give a general formula which allows us to compare Vol(G ) and Vol(X). To this
purpose we need to have a relation as precise as possible between Rank(H,(O4; Z))
and Rank(H,(F;Z)), where O denotes the disjoint union of the base surfaces of
the Seifert pieces of G4 (see Proposition 3.1).

3.1. Efficient surfaces. Let ¥ be a connected, embedded, orientable surface in G.
We say that F is an efficient surface if it satisfies the following properties:

(1) ¥ is transversal to T in the sense that 0% N g = @ and that each component
of ¥ N Jg is an essential simple closed curve in 7.

(2) The torus-decomposition of G gives a “circle” decomposition of ¥ into * =

F\ (T N F).
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(3) The thick—thin decomposition of G induces a thick—thin decomposition of F
such that #_ = ¥ N G_ is incompressible and well-embedded in G_ and the thick
part ¥y = F N G4 of ¥ is horizontal (this means that each component F of ¥ is
transversal to the fibers of the Seifert piece of G containing F').

We denote by G° the characteristic submanifold of G which consists of the Seifert
pieces of G which meet ¥. Denote by G¢ and G? the thick-thin decomposition of
G° and by @i the disjoint union of the base surfaces of the Seifert pieces of G .

We associate to an efficient surface ¥ a graph I' in the following way. First
consider the dual graph I'y with respect to the circle decomposition of ¥ and denote
by Vo, resp. Ey, the vertex space, resp. the edge space of I'g. For each edge e € Ey,
e N J¢ then consists of a single point v (T"), where T denotes the component of T
suchthateNT # @. The set{v.(T),e € Eo, T € Tg} = I'oNTg will be termed the
middle space of I'y and we denote it by M. Then consider the graph I' = I'o N G_—
with vertex space V' = (Vo N G-) U My. Moreover, we always assume the following
middle condition (which can always be performed) for the vertex space:

Let x and y be two vertices of I". Assume that x and y are in M and correspond to
the same canonical torus T’ of G. Since two Seifert pieces of G4 cannot be adjacent,
by Lemma 2.19 there exists at most one Seifert piece S of G4 such that T C 9S.
Then in this case x and y are in the same fiber of S

We consider the following equivalence relation on I'. Let x and y be two vertices
of I'. Then x ~ y iff either x and y are in My and live the same canonical torus of
G or x and y are in Vp N G_ and live in the same Seifert piece of G.

Denote by [ the quotient space '/ ~andbyg: I' — [ the projection. Note that
the vertex space V(f’) of T'is equal to g(V).

We define a “quotient space” of I' U ¥, in the following way. Denote by
II: G, — O the Seifert projection. First note that, since IT|G¢ is compatible
with ~ by the middle condition, IT(I" N %) gives a subset of V(f‘). Then define
the space (51 U T as the attachment of T to (5"+ along II(I' N ¥4) = r'n (51
Hence we getamap [TU¢g: ¥4 U — (53_ U I. Next, for each component O of
(51 we pick a base point xp and we connect each point of V(f‘) N 40 to xp by an

embedded arc and we denote by I'# the graph obtained from the union of ' with
these embedded arcs whose vertex space V(I'g) is V(f) U (UOE@_O,’_ {xo}). Now

ru (5{’|r =Tg U @i but the second presentation is easier for some computations
because I'# is connected.

A subset I' of I'g will be termed a pseudo subgraph if I'; is a graph whose vertex
space V(I'1) is a subset of V(I'#). We say that a connected pseudo subgraph I'; of
"¢ is a minimal connection pseudo subgraph of I'¢ if

Hryu (5_0F is connected,

(ii) for each component O of 9, the set T'; N O is simply connected,
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(ii1) the edge and the vertex space of I'; satisfy

Card(V(T'y)) = Card(1o((G°)™)).

Card(E(Ty)) < ) Card(m(dS)),
Se(G2)*

where (G?)*, resp. (G?)*, denotes the disjoint union of the Seifert pieces of G?,
resp. G°. Then the main result of this section is

Proposition 3.1. Let f: (G,0G) — (X,0X) be a T -injective, proper, non-zero
degree map from a Haken graph manifold G with toral boundary to an orientable
SY-bundle (,&, F) over an orientable hyperbolic surface F with bundle projection
£: X — F. Assume moreover that for each component L of G_ there exists a
maximal vertical torus Ty, in X such that (L) C Ty. Then there exists an efficient
surface ¥ in G and a minimal connection pseudo subgraph 'y of I's- such that

B1(T'y U @i) > B1(F).

In the following we will denote by J_ the union of vertical tori 7, where L
runs over the components of G_, and by c_ the union of the corresponding curves
cp =&(TL)in F.

Remark 3.2. Let L denote a characteristic submanifold of G such that fi(71S) =~
Z x 7 for each Seifert piece S of L and which is maximal with respect to the natural
inclusion. This means that L contains a component L of G_ but L canbe  larger than
L. However, by Lemma 2.17 we may assume, after a homotopy, that f (L) CcTr.

3.2. Domination of the target via essential surfaces. In this section we prove the
following result.

Lemma 3.3. There exists an efficient surface ¥ in G such that B (T'g U OF )

B1(F).

First we construct an efficient surface in G by pull back. Since f|Gy: Gy — X
is a bundle homomorphism one can choose a fiber # in £\ W(J_) such that f~!(¢) is
a finite union of regular fibers 41, . .., h; inint(G4). In the following we set ¥’ = X
when the Euler number ¢(X) = 0and X' = X \ W(¢) when e(X) # 0. Next, denote
by G’ the space f~1(Z') = G\ Uj<;<; W(hi) = G’ and by f': G’ — X' the
induced proper non-zero degree map. In any case, X’ is a circle bundle over a surface
F’ with zero Euler number. Fix a section of the bundle §’: X’ — F’ so that F’ can
be seen as an incompressible well-embedded surface in X’. After changing f’ by a
homotopy so that each component of f'~Y(F')is an incompressible, well-embedded

surface in G’, fix a component & of f'~1(F’) such that deg(f'|¥ : ¥ — F') # 0.
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Denote by g, resp. 'y, the natural quotient map 7g: G’ — G, resp.ry: ¥/ — 3,
and denote still by ¥ the surface 7w (). It is immediate from the construction that
F is an efficient surface of G. In the following we denote by / the map £ o f.

Lemma 3.4. The efficient surface ¥ satisfies the following properties:

(1) L« (w1 (F)) is a finite index subgroup of m1 F, 1+(H1(F;Q)) = H1(F;Q) and
F4 is not empty.

(i) The map I|¥4: 4 — F factors through @i in such a way that there exists a
continuous map J : O — F such that ¥, = J o IL

(iii) Let d be a simple closed curve in 0G4 \ dG which is not homotopic to a fiber
of Gy. Then 1.(H1(d;Q)) = Hi(cp:Q), where L denotes the component of
G_ which contains d.

Proof. First observe that it is a direct consequence of our construction that the map
fomygoi’"t F/ — X — ¥ — F is my-surjective and that f/|¥: ¥ — F'isa
proper non-zero degree map. Thus ( /)« (71 (¥)) is a finite index subgroup of 7y F’
and (f)«(H(¥;Q)) = H{(F';Q). Hence I.(71(F)) is a finite index subgroup
of w1 F and 1. (H1(F;Q)) = H1(F;Q).

If ¥4 = 0 then by connexity ¥ = F_ and there exists a component L of G_
containing . Hence I.(w1F) < ([cr]) which implies that 71 F' contains a finite
index cyclic subgroup. This is a contradiction since F is a hyperbolic surface. Hence
point (i) follows.

Next we check point (ii). Since f|G is a bundle homomorphism there exists a
continuous map J : (5+ — F such that I|G4+ = J o I1. This proves point (ii).

It remains to check point (iii). Denote by 7" the component of 7 which contains
d and by S the Seifert piece of Gt containing 7 in its boundary. Since 7 is in
dG 4 \ 0G, there exists a component L of G_ adjacent to S along T'. Since f|S is
fiber preserving and since f|T is 7ri-injective it follows that the map /|d : d — ¢
has non-zero degree. This shows (iii). O

Lemma 3.5. The map I|¥4+ UT': ¥4 UT — F factors through (5:{ U 'y in such

a way that there exists a continuous map J : (5:’L ULy — Fsuchthat 1|14 UT =
J o (ITUgq).

Proof. Deform slightly f so that for any vertices x and y of I' living in the same
Seifert piece of G_ we have I(x) = I(y). Then the lemma follows directly from
Lemma 3.4. O

Now the proof of Lemma 3.3 follows from Lemma 3.5 combined with the fol-
lowing assertion.
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Claim 3.6. The induced homomorphism
Li: HH(T'U¥;Q) — Hi(F;Q)
is surjective.

Proof. Recall that I.: Hy (¥;Q) — H;(F;Q) is an epimorphism by Lemma 3.4.
Using the Mayer—Vietoris exact sequence one sees that H; (¥; Q) is generated by
H; (U F4;Q) and H; (¥-; Q). Furthermore, for each component V' of #_ there
exists a component L of G_ containing V' and a component d of dV adjacent to
a component of ¥ in G4. Hence it follows from Lemma 3.4 that (/.([d])) =
I.(H1(V;Q)). This completes the proof of the claim. O

3.3. Connection by a minimal graph. In this section we prove Proposition 3.1. To
this purpose we need to check the following Elimination Lemma.

Lemma 3.7. There exists a connected pseudo subgraph I of 'y satisfying the
following conditions:

i) VI =V(Iyg)
(ii) for each component O of 09, the set T' N O is simply connected,
(iii) the valence v(x) of x is 2 in T’ for any x € q(My),

(iv) the space T U (51 is still connected and the map J|T" U @i r’u (55’r — F
induces an epimorphism at the H-level (with coefficient Q).

Proof. First notice that I'g- satisfies points (i), (ii) by construction and (iv) by
Lemma 3.5 and Claim 3.6. Moreover, it follows from our construction that for
any x € q(My) we have v(x) > 2.

Now assume that there exists a point x € g(My) such that v(x) > 3. Then there
exists at least three edges e, e, and e3 of ' such that x isanend of e; fori = 1,2, 3.
For each i denote by y; the end of ¢; such that de; = {x, y;}. Note that each y; is a
point of g(Vo N G-) Uo cd?. {x0} and thus each y; corresponds to a unique Seifert
piece of G°. Denote by S;, i = 1,2, 3, the Seifert piece of G° corresponding to
y; and by T the canonical torus corresponding to x. Since T is shared by Sj, S>
and S3, there exists i, j € {1,2,3} such that §; = S;. For simplicity assume that
S> = §3. Thus necessarily y, = y3. Since 'z N O is simply connected for each
component O of 99, obviously S, = S3 is a Seifert piece of G°. Denote by L the
component of G_ containing S, = S3 and denote by d the curve defined by e, U e3.
Then J«([d]) € Hi(cr; Q), where ¢, is the simple closed curve in F corresponding
to the torus 77, of J_ such that (L) C Tr. Let U be a component of T which is
shared by L and a component S of G¢, and let ¢ be a component of ¥ N U. Then
by Lemma 3.4, I.({[c])) = Hi([cL]; Q). Then there exists an integer a such that
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I«([c]*) = J«([d]). Denote by sy a cross section of U with respect to the Seifert
fibration of S induced on U. Then there exists (p, q) € Z x Z such that [c]? = s{jh%
with p # 0 and where hg denotes the generic fiber of S.

Denote still by sy the component of B@i corresponding to U. Then J«([sy]?) =
J«([d])) at the H-level with coefficient Q.

Consider the graph ' obtained from "¢ after removing int(e;). Then ' satisfies
points (i), (ii) and (iv) and the valence of x in I'’ is strictly less than the valence of x
in I'#. The proof of the lemma follows by repeating this operation finitely many of
times. O

Proof of Proposition 3.1. Let x be an element of ¢(My) N V(I''). We know by
Lemma 3.7 that v(x) = 2. Then there exist exactly two edges e, e; whose x is an
end point. Hence one can replace the edges €1, e, by a single edge e; Uy e>. By
performing this operation for all points of g(My) we get a new graph I'; satisfying
the conclusion of Proposition 3.1. O

4. The volume decreases under non-zero degree maps
The main purpose of this section is to prove the following result.

Proposition4.1. Let f: (G,dG) — (X, 0X) be a T -injective, w1 -surjective, proper,
non-zero degree map from a Haken graph manifold G with toral boundary to an
orientable S'-bundle (X, £, F) over an orientable hyperbolic surface F with bundle
projection £: ¥ — F. Assume moreover that for each component L of G_, there
exists a vertical torus Ty, in ¥ such that f(L) C Typ. Then Vol(G) > Vol(X) and if
G_ # (@ then Vol(G) > Vol(X).

Remark 4.2. Roughly speaking, in the proof of Proposition 4.1 we establish the
following inequality: Vol(X) < Vol(G4) + ¢, where ¢ < Vol(G_) when G_ # @.
This inequality is sufficient for our purpose. However the following question is
natural: Is it true that Vol(¥) < Vol(G4)?

Throughout this section, we keep the same notations as in Section 3.1.
4.1. Domination of the target by the thick part of the domain

Lemma 4.3. Let f: (G,0G) — (X, 0X) be a map satisfying the same hypotheses
as in Proposition 4.1. Assume moreover that either

(1) T— = @ (which is equivalent to the condition G_ = @), or

(il)) T- # @ and the homomorphism Hy(c—; Q) — H;(F;Q) induced by the
natural inclusion is surjective.
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Then
Vol(G 1) > Vol(%).

Proof. Assume first that condition (i) is satisfied. If 7_ = @ then necessarily G_ = @
and so G = G4 is a Seifert fibered space by Lemma 2.19. Hence in this case
flG: G — X is a bundle homomorphism of non-zero degree and the inequality
follows.

Assume now that condition (ii) is satisfied. Let L denote a connected characteristic
submanifold of G such that fi(m1S) ~ Z x Z for each Seifert piece S of L and
choose L so that it is maximal with respect to the natural inclusion. Denote by
Lq,..., L, the set of all such maximal characteristic submanifolds of G. It follows
from Remark 3.2 that the submanifolds L; satisfy the following properties:

(a) Ulgign Li DG_.

(b) There exists a component 7; of 7_ such that f(L;) C T; and {T1,..., Ty} =
J_.

(c) There exists a canonical torus D; of G shared by L; and a Seifert piece S; of
G+ such that f, (71 S;) is non-abelian.

On the other hand, it follows from the 7 -injectivity that f|D;: D; — T; is anon-
zero degree map. For each i, denote by d; the simple closed curve obtained from D;
after killing the primitive curve of D; corresponding to the generic fiber of the Seifert
piece S; adjacent to D;. In this way, d; can be seen as a boundary component of the
base surface of S; denoted by @Si‘ Then f|D;: D; — T; descends to a non-zero
degree map f:di — ¢, wherec; = £(T})isacomponentof c_. Since f|S; is afiber
preserving map, it follows that /| J; S; descends to the map J : [ J; @Si — F. The
natural inclusion c— = | J; ¢, < F induces an epimorphism at the H(-, Q)-level
which implies that J : J; 8(551. — F induces an epimorphism at the H (-, Q)-level
by properties (a) and (b).

For convenience we index the components S; by Sy, ..., S, in such a way that
S; # S;j wheni # j. Denote by g; the genus of the base surface of S; and by p;
the number of components of dS;. Then

q
Vol(G1) = ) | (2 + pi —2).
i=1

Since J : |, 3(§S,» — F induces an epimorphism at the H (-, Q)-level, it follows
that

q
> pi = BiF.
i=1
On the other hand, we know that Vol(X) = 1 (F)—e, with e = 2 or 1 depending
on whether ¥ is closed or not, and by Lemmas 2.5 and 2.8, we may assume that
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gi >2wheni =1,...,q. Thus we get

q
Vol(G1) = fi(Fx) +2) (g = 1) > Vol(S).

i=1

This proves the lemma. O

4.2. Increasing the genus of the base 2-orbifolds of the efficient thin part. In
order to prove Proposition 4.1, we first state a technical lemma which allows us to
construct suitable coverings which increase the genus of the base of the thin part of G.

Lemma 4.4. Let f: G — X be a map satisfying the hypotheses of Proposition 4.1.
Assume moreover that T_ # @ and that

(Cy) Hi(c—; Q) — H{(F;Q) is not surjective.

For any n € N* there exists a finite regular covering fn,: G, —> X, of [ G —> X
satisfying the following properties:

(i) Any Seifert piece of G, over a Seifert piece of G_ admits a fibration over a
2-orbifold of genus at least n.

(i) The covering ¥, — X has fiber degree < the fiber degree of S, — S for any
Seifert piece S of G and for any Seifert piece Sy, of Gy, over S.

In order to prove this result it will be convenient to define a set of invariants which
parametrize the map f : G — X satisfying the same hypotheses as in Proposition 4.1.
Recall that we know, from Lemma 2.3, that each Seifert piece of G admits always a
fibration over an orientable 2-orbifold. Given a Seifert piece S of G, we denote by
hs its generic fiber, by c1, ..., ¢y its exceptional fibers and by 71(S), ..., Tpg(S)
its boundary components, and for each i = 1,..., ps denote by d; (S) a section of
T;(S)sothatdi(S) + -+ dpy(S) + g1+ -+ qrg = 0in H(S;Z), where each
¢; is a chosen section corresponding to the exceptional fiber c;.

Recall that for each component S of G_ there exists a component 75 of J_
such that f(S) C Ts. Denote by i s a simple closed curve in Ts such that 71 Ts =
([is],t). After a homotopy on f|S we may assume that each component of
(f18)™ ' (iig) is a well-embedded incompressible surface in S.

In the following it will be convenient to decompose G_ into the union G_ ,UG_ ,,
where G_, resp. G_ ,, consists of the Seifert pieces S of G_ such that (f]S) ™! (i)
is made of horizontal, resp. vertical surfaces.

If S denotes a Seifert piece of G4, let gs be the non-zero integer satisfying
Jelhs) =195,

Suppose that S denotes a Seifert piece of G_ . Let (85, as) be the integers such

that fx(hs) = ﬂgs t“s, where ¢t denotes the fiber of X. Note that by definition of
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G_pforeachi =1,... . ps there exists ){g # 0 and coprime integers (ag, ng) with

als # 0 such that f*(dl-aS (S)h;ns) = ﬁgs. .
Note that Bs # 0 since f|S is not fiber preserving. On the other hand, a'; # 0

implies that Rank((dias (S )h;ns ,hs)) = 2 and since f is non-degenerate we have
as # 0.

Suppose that S is a Seifert piece of G_ ,. We denote by vg the non-zero integer
suchthat fi(hs) = u§® and by ()Lg, ug) the integers such that f.(d;(S)) = ﬁgs "s,
with u'y # 0.

Then we define the parameters space of the maps f by setting

qs ~ whenS €Gy,
M(f) = (OlS,,BS),){fg,a’S i=1,...,pswhen S € G_,,
vs, (A, 1) when S € G_,

To prove Lemma 4.4 we first check that we have the following reduction. The
hypotheses are the same as in Lemma 4.4. More precisely:

Claim 4.5. We may assume that the map [ : G — X satisfies the following condition.

There exists a prime number q such that e(X) € qZ and
C
(C2) gs. S € Gy
g>lemy yg.as, S€G_ph, i=1,...,ps,
VS7 /'Lfs' S € G—,V

Proof. First note that if e(X) = 0 then the claim is obvious. Hence, let us assume
that e(X) # 0 which implies in particular that ¥ is closed. By Lemma 2.6, passing
to a finite covering with fiber degree one of the target we may assume that for each
component ¢ of c_,

(%) Im (Hy (¢;Z) - Hy (F;7Z)) # {0}.
On the other hand, recall that the group 7; £ has a presentation
(Pe) (t.a1,b1....,ag,bg :ai_ltai = t,bj_ltbj =t lai,bi1]...lag,bg] =1t"),

where n = e(X). The integer n also has the following interpretation: the group ;2
is obtained as a central extension of (¢t} = Z by 71 F using the exact sequence of the
fibration

Mo )~ 22 1y 5% F - (1)

Recall that central extensions of Z by 1 F correspond to elements of H?(m, F,Z)
and the integer n is the element of Z ~ H? (1 F, Z) corresponding to 71 X.
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Let ¢ be a prime number. By condition (C;), there exists an epimorphism
e: Hi(F;Z) — Zg4 such that kere D Hj(c—;Z). Consider the finite cover-
ing m: PPy corresponding to £ (ker(£)), where & denotes the composition
mF — H{(F;Z) — Zg4. It follows from the construction that m is trivial over
.. On the other hand, ¥ is an S!-bundle over a surface F that is the covering of F
corresponding to €. Note that the inclusion 7; F > mF gives a map

H*(miF,Z)~Z>1qgx1€Z~H*mF,Z)

and thus the integer 71 corresponding to the fibration of 3 satisfies the equationni = gn.
Note that since the covering is trivial over 7_, it follows that the covering G—>G
corresponding to £, 1 (£ ! (ker(£))) is trivial over G_ and over hg, where /s denotes
the generic fiber of S where S runs over the components of G. In particular for any
Seifert piece S in G_, resp. G4, resp. G, and any component S over S in G*
we have ag = as, B5 = Bs, yé = yé, a% = afg, resp. g = (s, 1esp. vg = Vs,
Mis = ;Lfg and )L% = )‘is- In other words, this covering does not affect the parameter
space. This completes the proof of the claim. O

Lemma 4.6. Let f: G — X be a map satisfying the hypotheses of Proposition 4.1
and conditions (Cy), (C) and (x). Let S be a geometric piece of G_. Let g be an
element of w1 S which denotes either the homotopy class of an exceptional fiber or
the homotopy class of a section of a boundary component of S. Then there exists a
finite group H and an epimorphism ¢ : w1 % — H such that the following holds:

(i) Separation: ¢f.(g) & (@f«(hs)).

(i) Action on the fibers: Let p: $ — X denote the covering of X corresponding to
¢ and for any Seifert piece S of G denote by s : S — S the finite covering of
S corresponding to ker(¢ o (f|S)«). Then Gy(7ws) > Gp(p).

Proof. Let S be a geometric piece of G_ and let g be an element of 1S satisfying
the hypothesis of the lemma.

First assume that g is the homotopy class of an exceptional fiber ¢ of § and
denote by & > 1 the index of this fiber. Let (8, «) € Z? such that fi(g) = ﬁgt"‘. In
particular we have Bu = xs # 0, where xg = Bg if S is a Seifert piece of G_ j, or
xs =vgif Sisin G_,.

Let p be a prime number such that p|u. According to Lemma 2.7 there exists
a finite group H, and an epimorphism tv: w1 F' — H) such that r(ug) # 1 and
p divides the order of r(ug), where us = £(itg). Consider the homomorphism ¢
given by

0 2 mF 5 H,
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This completes the proof when g = c¢. Indeed suppose that there exists n € Z
such that ¢ fx(g) = ¢f«(h'). Then r(ug) = r(ugﬁ“). Then p divides 1 —nu. A
contradiction since p|u. Moreover, the second point of the lemma is satisfied since
the covering on the target corresponding to ¢ has fiber degree one.

Assume now that g denotes the homotopy class of a section d of a component
of 9S.

Case 1: Assume that S is a Seifert piece of G_ 1. According to the notation of
Paragraph 4.2 we know that there exists i € {1,..., ps} such thatd = d;(S). In
particular we have fi(d%5) = ﬁgsﬂsﬂst”lsas where ak # 0.

From the presentation (#,) of 71X and by condition (C,) one sees that
H\(X;Z) ~ Z, ® Hi(F;Z) where n € qZ. Since n € qZ there exists an epi-
morphism A, : Z, — Zg4. On the other hand, it follows from condition () that the
&(ug)’s are non-trivial elements of H;(F; Q) (when S runs over the Seifert pieces of
G_). Then there exists a g-group (Fy, +) and an epimorphism t,: H,(F;Z) — Fy
such that 7, (ug) # 0 for any S in G_. Consider now the homomorphism ¢ defined
by

AgXtg
mX— Hi(Z:Z2)~7Z, ® HI(F:Z) —— Zgq x Fy.
Using condition (C3) we claim that ¢ satisfies the conclusion of the lemma. First
we check point (i). To see this it is sufficient to check that ¢/« (d a5y & (pfx(hs)).

Assume that there exists m € Z such that ¢ f,(d%5) = ¢fs (h'g). Then using our
notations this means that

(vs + nisBs)tg (us) = mBstg(us) and nisasdy (1) = masiy (1).

Then ¢ divides )/g + Bs (n’s — m) and (nfg —m)as. Since (as,q) = 1, g divides
n'y —m and thus ¢ divides yg. A contradiction. It remains to check the second point
of the lemma. First it follows from the construction of ¢ that G, (p) = ¢, where p is
the finite covering corresponding to ¢. On the other hand, for any Seifert piece S of
G it follows from our construction and from condition (C5) that ¢ f (hs) has order
q"s with rg > 1, since fi(hs) = t95 and (q,qs) = 1 or fu(hs) = ggStas and
(as,q) = 1oré&, fiu(hs) = & (ﬁgs) with (vs,g) = 1 depending on whether S is a
Seifert piece of G4, G or G_,.

Case 2: Assume that S is a Seifert piece of G ,. We use the same arguments as
in the first case. Let ¢ be a prime number satisfying condition (C,). Then consider
the epimorphism

Agxtg
H\(S:2) ~ L, & H\(F: 2) 22 7, x F,

constructed in the first case and denote by ¢ the composition 71X — Hy(X;Z) —
Zg4 x Fy. Then

9(fx(hs)) = (0, vstq([§(s)])
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and

O(fo(d)) = (g (1), Mg ([EGEs)])).

Since ¢|n and since (q, /Lfg) = 1, it follows that ¢( f«(d)) € {¢(f«(hs))). On the
other hand, it follows from our construction and from condition (C,) that G (p) = ¢
and that for any Seifert piece S of G then ¢ f«(hs) has order ¢"S with rg > 1. This
completes the proof of the lemma. O

Proof of Lemma 4.4. Let S be a Seifert piece of G_ and assume that the genus gg
of the base 2-orbifold O of S satisfies gg > 1. Denote by dj, ..., dps the chosen
section of dS (with respect to the fixed Seifert fibration of §) and let ¢y, ..., ¢/
denote the homotopy class of the exceptional fibers of S with index w1, ..., trg.
Using Lemma 4.6 and Claim 4.5 we may assume that there exists a homomorphism
¢: w1 X — K onto a finite group such that

() of«(di) & (@fs(hs)), fori = 1,.... ps and ¢fs(c;) & (@f«(hs)) for j =
.., Ts.

Denote by p: S — S the covering corresponding to ¢ o (f|S)«. This covering
induces a branched covering, whose degree is denoted by o, between the underlying
space of the base 2-orbifolds of S and S. Let A ; be the order of ¢fi«(c;) in K and
foreachi = 1,..., ps denote by r; the number of component of S over T; and set
n; = a/r;. Then the Riemann—-Hurwitz formula allows us the compute the genus of
the base 2-orbifold of S in the following way:

1,.

i=ps | i=rs
2g~=2+a( s +2gs +rs—2— — = )
s=2olr 2w A

By condition (i) one can check thato > 2,n; > 2fori = 1,..., ps and (u;, Bi) > 2
fori = 1,...,rs. Then, since moreover ps > 1 (because G4+ and G_ are non-
empty), it is easy to check that gg > gg when gg > 1. Note that condition (ii) of
Lemma 4.4 is guaranteed by condition (ii) of Lemma 4.6.

Assume now that gg = 0. We follow here the same construction as in the case of
gs > 1 using Lemma 4.6. The Riemann—Hurwitz formula gives

2¢5 > 2+a(p75—2).

Hence if pg > 4 then gg > 1 and we have a reduction to the first case. Assume that
ps = 3 and perform the same construction as above. Denote by pz the number of

boundary components of S. Then the Riemann—Hurwitz formula gives

i=rg

2g§=2—p§+0(ps+rs—2— Z
i=1

)
(i .Bi))’
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Assume ps = 3. If psz > 4 then we have a reduction to the case above. If pg = 3
the Riemann-Hurwitz formula gives, since 0 > 2, that 2gs > —1 + 0 > 1 and thus
gs > L

Assume ps = 2. Applying the same argument (since gs = 0 and ps = 2 imply
rs > 1) we get a reduction to the case ps = 3 or gg > 1.

Note that the case ps = 1 isimpossible. Indeed it follows from the construction of
G_ that fi(m1S) >~ Z x Z and from the non-degeneration condition that f,(717) >~
Z x 7 for any component 7" of dS. Thus we get the following commutative diagram:

m T TS ZxZ CmX

| L

HI(T,Z)HHl(S,Z)

This implies that Rank(H(T; Z) — H1(S;Z)) = 2. If S is connected then it fol-
lows from the exact sequence corresponding to the pair (S, 05) thatRk(H(dS; Z) —
H,(S;7Z)) = 1. Hence 0S cannot be connected. Next we perform this construction
for each Seifert piece of G_.

To complete the proof of the lemma it remains to check that one can find a regular
covering. More precisely assume that there exists a finite covering f,: G, — X,
satisfying the conclusion of the lemma. Denote by m,: ¥, — X the associated
covering of X, by H, the finite index subgroup of 7; ¥ corresponding to this covering
and denote by p,: G, — G the finite covering corresponding to f,~'(H,). Denote
by &, : f),, — 3, the finite covering so that 7, o g, is the regular covering of X
corresponding to the normal subgroup

K, = ﬂ ang_1 < mX.
gemx

Then consider the corresponding regular covering of f: G — X denoted by
f;: @n — f),,. Since G, satisfies point (i) of Lemma 4.4 and since Gn is a fi-
nite covering of G, point (i) also holds for Gn. On the other hand, since the fiber
of X is central in 1 X, it follows from the construction the fiber degree of m;, o &, is
equal to the fiber degree of m,,. This completes the proof of the lemma. O

4.3. Proof of Proposition 4.1. By Lemma 4.3, we may assume that G_ # @ and
that the inclusion c— < F induces a non-surjective homomorphism H;(c—; Q) —
H(F;Q).

Case 1: First suppose that genus(@g) > 1 for any Seifert piece S of G_, where O
denotes the base 2-orbifold of S. Denote by I'; the minimal connection graph given
by Proposition 3.1. Consider the Mayer—Vietoris exact sequence corresponding to
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the decomposition of 'y U (52L given by (I'y, (51, rn @i) Denote by Oy, ..., O
the components of @9 and by X1,. .., X; the Seifert pieces of G2. Then we get

{0} = H, (0%) @ H, (T1) - H; (T1 UO%) — Ho (1 NOL) — ---

.-« — Hj ((53_) @ Hy(I'1) — Hp (Fl ) (53_) g {O}

Thus, since I'; is connected and since (51 and (51 N I'; have the same number of
components we get the following relation:

B1(0%) = B1 (T1 U O) — B1 (T1).

We know that 3 B
Vol (G%) = B1(0%) + B1 (92) —k —1,

where ©° denotes the union of the base surfaces of the Seifert pieces of G?. Thus
we get 3 B
Vol (G°) = B1 (T1 U O%) — B1(T1) + B1 (02) —k —1

By Proposition 3.1, we know that 84 (F1 U (51) > B1(F) and we know that Vol(X) =
B1(F) — &, where ¢ = 2 or 1 depending on whether F is closed or not.

Moreover we know that 8; (I'y) = Card (E (I'1)) — Card (V (I'1)) 4+ 1. This
implies that

Vol (G°) > Vol(S) + & — 1 + Card (V (Ty)) —k — [ + f1 (0%) — Card (E (T)) .

Again by Proposition 3.1, we have Card (V' (I'1)) = k + [. Note also that
B1(0°%) = S (2gi +ri — 1), where g;, resp. r;, denotes the genus, resp. the
number boundary components, of 3;,i = 1,...,[. Then

) )
Vol (G°) = Vol(£) +2) "gi =1+ Y r; — Card (E(I'y)).

i=1 i=1

Finally, by Proposition 3.1, we know that le»zl ri — Card (E(I'1)) > 0 and since
gi > 1fori =1,...,] we then get

I
Vol (G°) = Vol(2) +2) " gi — 1 > Vol(Z).

i=1

This proves that Vol(G?) > Vol(X) since [ > 1 by hypothesis. Hence this completes
the proof in this case.

Case 2: If the condition on the genus of the base surfaces of the Seifert pieces in
G_ is not satisfied then, since condition (Cy) is satisfied, we know from Lemma 4.4
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that there exists a finite regular covering f1: G; — X; of f: G — X satisfying
the following properties. Let 7: ¥ — X and p: G; — G denote the finite regular
coverings corresponding to f;. Then

(i) any Seifert piece of p~!(G_) admits a Seifert fibration over a 2-orbifold of
genus > 1,

(i) for any Seifert piece S of G and for any component S; of p~!(S) it holds
that Gy (p|S1) > Gp(7).

Since (G1)— = p~'(G_-) by Lemma 2.13, one can apply the above arguments to
the map f1: Gy — X;. It follows from the paragraph above that we have Vol(G1) >
Vol(X1). Thus we get

deg(m) —1
Vol (£1) = Vol () —— < Vol (G1) = Vol (p~' (G)) ..
Gp(m)
Denoteby Q1, ..., Q; the geometric components of G and by p; the induced covering
plp~(0)): p~(Q;) — Q;. Thensince p is a regular covering we have

i=l

> Vol (p~'(01)) Gu(pi).

i=1

1
deg(p)

Vol (G) =

Since f: G — X is my-surjective we have deg(r) = deg(p) and by (ii) we get

Vol (G) > Gh—(n)

-1
> deg(n)VOI (r~1(G)).

By combining this latter inequality with the first one we get Vol(X) < Vol(G). This
ends the proof of Proposition 4.1.

5. Proof of the theorems

5.1. Nonzero degree maps decreases the volume. In this section we prove Theo-
rem 1.2.

Case 1: Assume that 7(N) = 0. If 7(M) = 0 then M is a virtual torus bundle
and then f is homotopic to a finite covering by [W], in particular fy: 71 M — w1 N
is injective. In the other cases (M) # 0 and thus Vol(M) > 0.

Case 2: Assume now that t(N) # 0. Suppose that f|Tpr: Tpy — N is 71-
injective. By Lemmas 2.9 and 2.10, Gy = f~!(X) is a characteristic graph sub-
manifold of M for any Seifert piece ¥ of N. Choose a component G of f~1(X)
so that f|G: G — X has non-zero degree. Let X; denote the finite covering of X
such that |G has a 7r;-surjective lift f;: G — X;. By Lemmas 2.2, 2.14 and 2.5,
we may assume that f7 satisfies the hypothesis of Proposition 4.1. This proves that
Vol(Gx) > Vol(G) > Vol(X1) > Vol(X). Hence Vol(M) > Vol(N).
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Suppose that f|Tas: Tar — N is not mq-injective. Then using Lemma 2.11 we
know that there exists a connected characteristic submamfold My, C M which con-
tains ¢ (M) inits interior, a closed Haken manifold M 1 obtained from M 1 after Seifert
Dehn fillings along M and a T mJectlve non-zero degree extension f1 M; - N
of fi = fIMy: My — N such that || My || = |deg( /)| N]. .

Since f|Tar: Tar — N is degenerate, there exists at least one Seifert piece S in
M; obtained from S after non-trivial (i.e. with slope # oo) Seifert Dehn fillings. The
base 2-orbifold O of S is obtained from the base 2-orbifold Og of S after gluing
some cone points along some components of d@s. Note that S necessarily supports
an H? x R-geometry.

Indeed, if not then S is the twisted I -bundle over the Klein bottle and thus M 1= S
is a closed Seifert fibered space whose base is a 2-sphere with cone points (2, 2, n).
Then M is a Seifert fibered space whose base 2-orbifold admits a spherical geometry.
This contradicts the fact that M 1 is a Haken manifold.

Then we get x(Os) < x(Og) =< 0. This proves that VOI(MI) < Vol(M).
On the other hand, since flz M; — N has non-zero degree and since ||A21|| =

|deg( /)| V], it follows that Vol(M;) > Vol(N) by the first case. This completes
the proof of Theorem 1.2.

5.2. Proof of the rigidity theorem. In this paragraph we prove Theorem 1.3. Let
f: M — N be anon-zero degree map between closed Haken manifolds satisfying
the Volume Condition | M || = |deg(f)|||V || and Vol(M ) = Vol(N). Then it follows
from Theorem 1.2 that f'|Tjs is 71-injective.

Case 1: Assume that N admits a geometry E£3, Nil or Sol. This means that
(M) = t(N) = 0. Then M is a virtual torus bundle (in particular M is geometric)
and since N is irreducible, the map f is homotopic to a deg( f)-fold covering by a
result of [W].

Case 2: Assume that N admits a geometry H? x R or SI(Z, R). Then we check
the following

Lemma 5.1. Let f: (M,0M) — (N,dN) be a proper non-zero degree map from
a Haken graph manifold M with toral boundary to an orientable Seifert manifold
with geometry H? x R or éi(2, R). If Vol(M) = Vol(N) then f is homotopic to a
covering map with Gop(f) = 1 and G, (f) = |deg(f)|.

Proof. Denote by f1: M — N the mp-surjective lift of f into the finite covering
Nj of N corresponding to fi(m1 M).

We first check that M is a Seifert manifold. If not then we claim that Vol(M) >
Vol(N). Indeed, to see this, first note that by Lemmas 2.2, 2.14 and 2.5 we may
assume that f; satisfies the hypothesis of Proposition 4.1. Hence, if M is not Seifert
then My # @ and M_ # @ by Lemma 2.19. This implies that Vol(M) > Vol(N;) >
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Vol(N), by Proposition 4.1. A contradiction. Thus M = M which implies that M
is Seifert and that f and f; are homotopic to fiber preserving maps.

Since f; is fiber preserving, by Lemma 2.2 there exists a finite covering f~1 ‘M -
N of f1 such that M — M and N — Nj have fiber degree £1 and such that N is
an S!-bundle over an orientable hyperbolic surface F. Note that it follows from our
construction that Vol(A) = Vol(N). Then the map f; descends to a non-zero degree
map 7 : O i F, where O iz denotes the base surface of M . Note that — x(Ofp) =
—X(@M) > deg(n)( X(ﬁ)) > 0 (where Oj; denotes the base 2-orbifold of M)
and from VOI(M) = Vol(N) we conclude that 1O5) = )(((DM) = )((F) < 0.
Thus M is an S!-bundle over an orientable hyperbohc surface K = O i = O
and deg(r) = 1 which implies that 7 : K — F is homotopic to a homeomorphlsm.
Denote by & (resp. t) the homotopy class of the fiber in M (in N resp.) and let n
denote the non-zero integer such that ( fl)*(h) = t". Using the exact sequences

{1} —Z ——m (M) — m (K) — {1}

{1} —=7Z — 1,;(N) 7 (F) {1},

we check that (fl)* is an isomorphism. Thus so is (f1)« and finally, by [Wa],
f is a covering map. Moreover we claim that G, (f) = deg(f) and Gy, (f) = 1.
Indeed, by Lemma2.1 wehave | y(Oar)| = Goo(f)|x(On)| > 0and from Vol(M) =

|x(Opm)| = Vol(N) = [x(On)| # 0 we get Goo(f) = 1. Since |deg(f)| =
Gu(f) X Gop(f) our lemma is shown. |

Case 3: Assume that N is hyperbolic. In this case the condition on the volume
implies that M is still a hyperbolic manifold and f is homotopic to a covering map
by a rigidity result of Soma ([S1, Theorem 1]).

Case 4: Assume that N is a non-geometric Haken manifold. This means in
particular that T(N) # 0. Letg: N — N be the finite covering of N corresponding
to f«(ry M) and let f : M — N denote the lifting of f. By Theorem 1.2 we know
that Vol(M) = Vol(N) and || M || = |deg(/)||IN|I.

By Lemmas 2.5 and 2.2, we may assume that N contains no embedded Klein
bottle. .

After adjusting f: M — N by a homotopy, we may assume, using Lemmas 2.9
and 2.10 that f is characteristic and M is necessarily a non-geometric Haken mani-
fold.

Assume that 8(N) # (. Fix a Seifert piece X in N. Then necessarily ¥ admits
a H? x R-geometry. Consider a component G of f_l(Z) so that deg(f|G: G —
¥) # 0. Applying, Lemmas 2.2, 2.14, 2.5 and Proposition 4.1 to f|G we see that



Vol. 85 (2010) Topological rigidity and Gromov simplicial volume 35

Vol(G) > Vol(X). This implies, since Vol(M) = VOI(N), that Vol(G) = Vol(X)
and that any component G; of f ~1(X) \ G is a twisted I-bundle over the Klein
bottle. Then using Lemma 5.1 we know that f |G is a covering map such that
Gr(f1G) = deg(f]G) and G (f1G) = 1.

On the other hand, since f is characteristic, it follows from the construction that
f |Gi: G; —> X isa proper map. Denote by T the component of 0% such that
f (8G ) C T. Since f is 7 -injective, there then exists a non-zero integer n such
that f*([aG,]) = n[T] at the H,(-;Z)-level. Since G; has connected boundary,
[0G;] = 0 in H»(G;;Z) and thus, since H,(X;Z) is torsion free, [T] = 0 in
H,>(%;7Z). This proves that d% is connected. Hence deg( f |Gi) # 0 which is
impossible since X admits a H2 x R-geometry. Thus f~1(X) = G. This proves
that f|8(M) S(M) — S(N) is a covering map.

Assume that S(N) = (. In this case Vol(N) = 0 and thus Vol(M) = 0. This
means that if §(M) # @ then each Seifert piece of M is homeomorphic to a twisted
I -bundle over the Klein bottle and that for each component K of § (M) there exists a
canonical torus 7 of N such that f (K) C W(T). Hence f | K is non-degenerate and
f; (1K) is abelian. We get a contradiction since K admits a Seifert fibration over a
non-orientable surface (see the proof of Lemma 2.3). This shows that § (M) = @.

On the other hand f|J€(M): H(M) — Jf(ﬁ) is a covering map by a result
of Soma in [S1]. But since f is mrp-surjective, f actually is a homeomorphism,
using [Wa], and hence f is a covering map. Note that the induced proper map
flI8(M): 8(M) — 8(N) is a covering map such that G, (f|8,(M)) = deg(f)
and Gy ( f|8n(M)) = 1. This completes the proof of Theorem 1.3.

5.3. Proof of Theorem 1.6. We consider here degree one maps between closed
Haken manifolds. In view of Theorem 1.3, to prove Theorem 1.6 we have to check
the following

Claim 5.2. For any closed Haken manifold M there exists a constant nyr € (0, 1),
which depends only on M, such that for any degree onemap f: M — N into aclosed
Haken manifold N satisfying T(N) > t(M)(1 — npy) it holds that t(M) = t(N).

Proof. Suppose the contrary. Then there is a closed Haken manifold My and a se-
quence of closed Haken manifolds N, such that there are degree one maps f,: My —
N, satisfying t(N,) > ©(Mp)(1 — 1/n) and ©(N,) # t(My) for any n € N. This
implies in particular that || My || > || Nn| = [Mo||(1 — 1/n). Then lim,— o ||Nn] =
| Mo]|. Hence by [D] this implies that the sequence { N, },eN is finite up to homeo-
morphism. This contradicts the inequalities

Moll(1 =) < T (V) < (o).
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This completes the proof of the claim. O

Thus one can apply Theorem 1.3 with the hypothesis deg( /) = 1. This completes
the proof of the theorem.
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