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Abstract. Let A be a finitely generated associative algebra over an algebraically closed field
k, and consider the variety modﬁ (k) of A-module structures on k9. In case A is of finite

representation type, equations defining the closure Qs are known for M € modz (k); they
are given by rank conditions on suitable matrices associated with M. We study the schemes
€pr defined by such rank conditions for modules over arbitrary A, comparing them with similar
schemes defined for representations of quivers and obtaining results on singularities. One of our
main theorems is a description of the ideal of @ for a representation M of a quiver of type
A,,, aresult Lakshmibai and Magyar established for the equioriented quiver of type A, in [12].
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1. Introduction

Throughout the paper, k denotes an algebraically closed field of arbitrary character-
istic. By abuse of notation, a k-scheme X and its functor of points, i.e. the functor
from the category of commutative k-algebras to the category of sets sending X to the
set of morphisms Spec(R) — X, will be denoted by the same symbol. Any scheme
X considered in the paper will be of finite type over k. In fact, X (k) can be viewed
as the set of closed points of the scheme X.

Let d € N. We denote by M, the k-scheme of d x d-matrices and by GL; the
group k-scheme of invertible d x d -matrices. Let A be a finitely generated associative
k-algebra with a unit. The module scheme modfi can be easily described in terms of
its functor of points

mod4 (R) = Homyyg (4, M4 (R)).
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The name is justified by the fact that modfj (k) can be identified with the set of A-
module structures on the vector space k<. The scheme modj is affine and of finite
type over k, so its coordinate ring k[modfi] is a finitely generated (commutative)
k-algebra. The group scheme GL, acts on modi via

(g*M)a)=g-M@)-g~".

Given M € modj (k), we denote its GL; (k)-orbit by Q. If we view the points of
modfj (k) as d-dimensional A-modules, then O consists of all modules in modﬁ (k)
isomorphic to M. By abuse of notation, we treat @), and its closure @M as reduced
subschemes of modi.

It is an open problem to describe the ideal of O or even to exhibit polynomials
having O as their zero set. We now present some polynomials vanishing on Opm.
Given N € modj and a p x g-matrix @ = (a;,;) with coefficients in A we define the
pd x qd-matrix

N(ay,1) -+ N(aig)

N(ap,1) -+ Nlapg)

and then any point N € O satisfies the condition
tk N(a) <tk M(a),

which means that all minors of size 1 + rk M(a) of the matrix N(a) vanish. These
minors can be interpreted as elements of the coordinate algebra k [modfl] (see Section 3
for details). Let Ips be the idealin k [modﬁ] generated by such minors, where a varies
over the set of all matrices with coefficients in A. Then €3y = Spec(k [modﬁ] /Im)
is a closed GL z-subscheme of modj containing Q.

When A is a finite dimensional algebra, these rank conditions are directly related
to the so-called Hom-order considered extensively before, for instance in [4], [5],
[13], [15]. In fact, if M, N € modfi(k), M <pom N if and only if N € €y (k).
It is known that (€pf)req = (§M in special cases, e.g. if A is a representation-finite
algebra [15] or a tame concealed algebra [4]. However, (€as)eq strictly contains
o M in general; the first example is due to Carlson [13]. Moreover, €y need not be
reduced even if (€1 )rea = Opr. This occurs already for the algebra A = k[x]/(x?)
of dual numbers and dimension d = 2 (see Example 3.7 for details).

Our goal in this article is to study the scheme €y in its own right. We now roughly
describe the content of every section.

In Section 2 we define rank ideals and present tools used later. The definition of
the scheme €y is given in Section 3, along with a reduction of the set of matrices a
to be considered. In fact, a p x g-matrix a with coefficients in A yields a morphism
vg: AP — A9, and two matrices ¢ and @’ yield the same rank conditions if v, and
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var have isomorphic cokernels. In Section 4, we define analogous rank schemes for
quiver representations and use them in Section 5 to extend Bongartz’ results on a
geometric version of the Morita equivalence to rank schemes.

In [12], Lakshmibai and Magyar proved a result which turns out to be equivalent
to the following (see Section 4): If M is a representation of an equioriented Dynkin
quiver of type A, then €y = (€ag)rea = Oyr. In [17], the second author introduced
so-called hom-controlled exact functors. This tool allowed him to show that some
types of singularities in orbit closures of modules over two different algebras coincide.
In Section 6 we study hom-controlled exact functors for rank schemes, and we obtain
one of our main results, a generalization of the result above to representations of
Dynkin quivers of type A, not necessarily equioriented (see Theorem 6.4). Thus the
ideal defining Oz is now known for Dynkin quivers of type A; it is an open question
whether this result can be generalized to representations of arbitrary Dynkin quivers.

The main advantage of the scheme €37 over Oy is that its tangent space at some
N € O has a module theoretic interpretation; we will explain this in Section 7 and
use it in Section 8 to study the regularity of €37 at N. Under the assumption that the
algebra is representation-finite, we will characterize the singular locus of €ys. The
motivation is that the knowledge of the singular locus for € helps to describe the
singular locus for the orbit closure 93;. We will show in a forthcoming paper that in
fact both loci coincide if M is a nilpotent representation of an oriented cycle.

Acknowledgements. We would like to thank the Swiss Science Foundation for its
support. This article was written while the second author was visiting the University
of Berne; he also gratefully acknowledges support from the Research Grant No. N
N201 269135 of the Polish Ministry of Science and High Education.

2. Rank ideals

Throughout the section R denotes acommutative ring. Let Ml be the affine scheme
of p x g-matrices, and fix U € M,x4(R) and ¢ € {1,...,min(p,q)}. Following
[7], 1.B, we denote by I;(U) the ideal in R generated by the minors of U of size ¢.
It will be convenient to define Io(U) = R and I;(U) = 0 for ¢t > min(p, ¢). Thus
we have

R=1U)2L{U)2LU)2---.

We first collect a few properties of 1,(U).
Lemma 2.1. Let U € M4 (R) and V € Myx,(R). Then
L,(UV) C L;(U) NI (V).

Proof. Recall that, given a matrix W € My, (R) and the corresponding R-homo-
morphism U: RY — RP'| the entries of the matrix of the R-homomorphism
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A'(U): A*(R?) — A'(RP") with respect to the standard bases are just the ¢ x 7-
minors of W. For two subsets K C {I,...,p'}, L € {1,...,q'} of the same
cardinality, we denote the minor of W corresponding to rows in K and columns in L
by Wk,r. Using the functoriality of A’, we obtain

det(U V)K,N = Z det UK,L det VL,N

L
for any two subsets K € {1,..., p}, N C {l,...,r} of cardinality ¢, where L ranges
over all subsets of {1, ..., q} of cardinality ¢. Our claim follows. O

Lemma 2.2. Let U, V and W be matrices with coefficients in R, where U and W
are invertible and of a size that the product UV W exists. Then I, (UVW) = I, (V).

Proof. Apply Lemma2.1to V' =UVW andtoV = U~'V'W~L, |

We leave the proof of the next lemma to the reader. Given two matrices U and V
wesetU @V = (Y 9).

Lemma 2.3. We have I,(U & V) = Z;ZO L;(U)I;—; (V). In particular, if V is the
identity matrix of size s < t, then [;(U & V) = I;_;(U).

3. Definition and first properties of €y

Let A be a finitely generated associative k-algebra and d € N. The coordinate
algebra k[modﬁ] can be constructed as follows: Choosing generators ay, ..., a, of
A we obtain an isomorphism of A with the quotient of a free k-algebra k (x1, ..., x,)
by a two-sided ideal J. We consider rd ? independent variables xf, > [ <r,i,j<d,
arranged into r matrices X; = (xf’ ;) of size d x d. Then k[modﬁ] is the quotient
of the polynomial algebra k[xf, ;1 by the ideal generated by the entries of the d x d-
matrices p(X1,...,X;),p € J. Let X j be the element in modfj (k [modﬁ]) defined
by the equalities X (a;) = X; forl < r. We call Xﬁl auniversal module in modj, asit
satisfies the following universal property: For any commutative k-algebra R and any
element N € modﬁ (R) there is a unique algebra homomorphism ¢ : k[modffl] — R
such that N = modﬁ ((p)(Xj).

The coordinate algebra k[M,x,] is the polynomial algebra k[y; ;] withi < p,
J < q. We denote by "V;X ¢ S M, x4 the closed subscheme of “matrices of rank at
most r” defined by theideal I, +1(Y) € k[Mpxq]forY = (yi ;) € Mpxq(k[Mpxq]).

Leta = (a;,;) be a p x g matrix with coefficients in A. The assignment

N(al,l) N(al,q)
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leads to a regular morphism O, : modf;' — Mjpgxga. For an A-module M €
modﬁ (k), we set

_ kM
Ema =0, (V) dxq%‘l)).

Note that €y = Spec(k[modf;’]/IM,g), where Iy, = 11+rkM@(Xj@) C
k[mod4].

Lemma 3.1. The subscheme Cpq < modfi is stable under GL 4.

Proof. Fix a commutative k-algebra R. We need to show that N € € 4(R) and
g € GL4(R) implies g * N € €y 4(R), or equivalently that all » x r-minors of
(g * N)(a) vanish, where r = 1 4+ rk M(a). But I,(g * N(a)) = I,(N(a)) by
Lemma 2.2 as

0 0 -+ g 0 0o ... gt O

We define the rank scheme associated to M as
Cn =) Crma.

where a ranges over all p x g-matrices with coefficients in A for all p and ¢q. Thus
€y is the closed GL;-subscheme of modﬁ defined by Iy = > I 4. Note that
isomorphic modules define the same rank scheme.

Sending a € A to the A-homomorphism v,: A — A, vs(b) = b - a defines a
bijection from A to Homy4 (A, A). Given a p x g-matrix a = (a;,;) with coefficients
in A, we define an A-homomorphism

(Vaj’l-)
Vg1 AP —— A1,
This gives a bijection between the set of p x g-matrices with coefficients in A and
the space Homy (A%, A?). Moreover, for a ¢ x s-matrix b with coefficients in A4 we
get
Vg.b = Vp © Vg.

Lemma 3.2. Let a’ and a”’ be two matrices with coefficients in A. If the cokernels
Coker(vyr) and Coker(vg») are A-isomorphic then Iy o = Ipar.

As aconsequence, we obtain a well defined scheme €y, 1, for any finitely presented
A-module L by choosing a presentation

AP 25 49 5L 50
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and setting €pr,1, = Cr,4. Note that €y = () €, 1, where L ranges over represen-
tatives of all isomorphism classes of finitely presented A-modules.

Proof of the lemma. Let a’ and a” be two matrices with coefficients in A of sizes
P1 X g1 and pp X g, respectively. Setting fi = vy and f> = v, we obtain two
A-homomorphisms

A I g0 ang ar2 B qa2)

We assume that there is an A-isomorphism &: Coker( f;) — Coker(f>). We claim
that there are matrices b and ¢ with coefficients in A such that

a 0 _ lgg, O
(5 )= 2)e

Using the property that free A-modules are projective we obtain the following com-
mutative diagram with exact rows

AP N A41 = Coker( f1) —= 0

o

A2 125 qan 82, Coker(f2) —=0

T

Apt — s qa1 5L Coker(f1) —0.

In particular,
W fi= foh, I'fa= fil, (3.1

and g1!’h’ = g1. The latter implies that Im(1 — I’%’) is contained in Im( f1), and
consequently 1 — I’h’ factors through fi. From this, and by symmetry, we get two
A-homomorphisms ¢; : A% — APi | = 1,2, such that

U'n' + f1§01 = 1441 and nl + f2<p2 = lya2. 3.2)
We conclude from (3.1) and (3.2) that
fi 0 _ (fi;r U\ (lan ON (fr
0 lqu - n lqu 0 fz —h () '

We get the claim by choosing matrices b and ¢ such that

_(AH ! _ (fier
vb—(_h o and v, = B L)
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LetX =X j be a universal module for modj. The claim implies that

X(a)) 0 . 14 ) 0

By Lemmas 2.1 and 2.3, we know that

It—dqz(X(Q,)) =1 (X(OQ/) 1:@) cl (1(8“ X&”)) = Ii—aq (X(@")).

for any t > ¢1d,q>d. Applying the functor Homy4(—, M) we obtain the exact
sequences

Homy (v, ,M)
0 — Homy (Coker( f1), M) — Homy(A%', M) ——2"", Hom4(AP', M),

Homy (v, ,M)
0 — Homy (Coker( f>), M) — Homy (492, M) e Homy (A72, M).

Let w = dimg Homy (Coker( f1), M) = dimy; Homy (Coker( /), M). Identifying
the space Homy (4%, M) with k%5, s € N, we get

Homy (v, M) = M(a’) and Homy(vgr, M) = M(a").
Consequently,
tk(M(a)) = dg1 —w, 1k(M(@")) =dg>—w

and
IM,Q’ = Il+dq1—w (X@,)) - Il+dq2—w(X(Q”)) = IM,Q”'

In a similar way we prove the reverse inclusion, which finishes the proof. O

Lemma 3.3. For finitely presented A-modules Ly and L,, we have that Iy 1, @1, <
I, + In Lo

Proof. We fix matrices a’ and a” with coefficients in A such that the cokernels of
Vg and v,~ are isomorphic to L and Lo, respectively. Let r; = rk(M(a’)) and
ry = tk(M(a")), and set X = Xj. Using the fact that

R=1(U)2 L(U)2 L(U) 2
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for any matrix U with coefficients in a commutative ring R, we get from Lemma 2.3

Imrior, = IMaed = Iitr+rn(X(@) ® X(@"))

1471412
= Z 1(X(@)) - try +r—1 (X (@)
t=0
r1 1+r1+r2
Y ligrn-(X@)+ Y L(X(@))
t=0 t=14r
= Li4r, (X(@") + 14, (X(@) = Ima + Ina
:IM,Ll +IM,L2- O
Let L be a finitely presented A-module. Then the space Homy (L, M) is finite
dimensional, and we choose a basis f1, ..., fs. We denote by Ljs the kernel of the
map
(f1oeees f5)

L——— M°*.
Note that Ly does not depend on the choice of the basis f1,..., f;.

Lemma 3.4. Using the above notation, we have Iy 1 € Ip1/1,,-

Proof. As there is an injective A-homomorphism from L /Ly to M*, the module
L/ Ly is finite dimensional and thus finitely presented, as A is finitely generated.
We may choose presentations of L and of L/Ljys for which there is a commutative
diagram

AP Lo g4 L 0
| |
A —Zs g L/Ly 0

with exact rows.

From v, = v. o vp we see that @ = b o c. Note that the injection from L/L s
to M*® induces an isomorphism from Homy4(L/Lys, M) to Homy4 (L, M) and thus
rk(M(a)) = rk(M(c)). By Lemma 2.1 we conclude that

Inr = g = L m(X§ (@)
= I m@ (X4 (b) 0 X4 (0))
- 11+rkM(g)(X,f11@) = Im,c

= IM,L/LM- O

Next we study the behavior of rank schemes under an algebra homomorphism
¢: A — B. Fora p x g-matrix a = (a;,;) with coefficients in 4, we denote
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the corresponding p x g-matrix with coefficients in B by ¢(a) = (¢(ai,;)). Any
B-module can be considered as an A-module via ¢; we will write 4 M for the A-
module corresponding to the B-module g M. In addition, ¢ induces a regular GL 4-
morphism ¢< : mod% — modi defined by [p?(N)](a) = N(g(a)), which is a
closed immersion if ¢ is surjective. If d = dimy M, then ¢ (O ,31) = O, p, and
consequently @ M C ()1 (O .M ). A similar result holds for rank schemes.

Lemma 3.5. Let ¢: A — B be an algebra homomorphism and let M belong to
mod% (k). Then

Cpm S (97N (C4m).

If ¢ is surjective, the above inclusion is an equality.

Proof. Note that ©y,) = B4 © ¢? and g M(¢(a)) = 4M(a) for a B-module g M,
and thus €, a1 4(a) = (god)_l(‘C’AM,@). |

The algebra B = A/ Ann M is finite dimensional, being a subalgebra of Endy (M ).
By the above lemma, we can work over the finite dimensional algebra B = A/ Ann M
instead of A and consider M as a B-module. For a finite dimensional algebra, any
finitely presented module is isomorphic to a direct sum of indecomposables, and we
obtain the following consequence.

Corollary 3.6. Let A be finite dimensional, and let £ be a complete set of pair-
wise non-isomorphic indecomposable A-modules which can be embedded into finite
powers of M. Then
I =) InL.
Le&k

We construct €7 on a simple but instructive example.

Example 3.7. Let A = k[e] ~ k[x]/(x?) be the algebra of dual numbers and
M : A — M,(k) be the unique algebra homomorphism satisfying M(¢) = [9§].
so that the corresponding module is isomorphic to 4 A. Choosing ¢ as a generator of
A, we identify the coordinate algebra k[mod3] with

X1.1 xl,z)z)‘

k1,1, %12, X2,1, X2,2]/ (entries of (33} %373

The set £ considered in the previous corollary consists of two modules: M and
its one-dimensional simple submodule denoted by S. In fact, any indecomposable
A-module is isomorphic to either M or S, so the algebra A is representation finite
and therefore (€pf)req = o M, as mentioned in the introduction. Since M is free as
an A-module, we have a free presentation 0 = A° — A — M — 0 giving us no

e . . V(e)
condition, i.e. Tps,pr = 0. Thus choosing a free presentation A! Al >S50
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and denoting by ¥; ; the residue class of x; ; in the coordinate algebra k[mod?], we
get

— — X1 X12) _ X1 ¥12) _ 1,1 X1,.2
I = Ins = i mee (562,1 562,2) =1 (562.1 562,2) - (det(iz,l 562,2))'

Obviously the trace of (;; gz ) does not belong to Iy, (but its third power does),

so the ideal I/ is not radical and €y is not reduced.

4. Rank schemes for representations of quivers

We first recall the classical definition of the representation space of a quiver with
relations for a given dimension vector, acted upon by a product of general linear
groups, and then view this space as the k-points of an affine scheme with the action
of a group scheme.

Let O = (Qo, Q1,s,t) be a finite quiver, i.e. a finite set Q¢ of vertices and a
finite set Q; of arrows «: s — to, where s and o denote the starting and the
terminating vertex of o, respectively. A representation of Q over k is a collection
(X(@i); i € Qg) of finite dimensional k-vector spaces together with a collection
(X(a): X(sa) > X(ta); @ € Q) of k-linear maps. A morphism f: X — Y
between two representations is a collection (f(i): X(i) — Y(i)) of k-linear maps
such that

f(ta)o X(a) =Y(@)o f(sa) foralla € Q.

The dimension vector of a representation X of Q is the vector

dim X = (dim X(i)) € N90.
We denote the category of representations of Q by rep(Q), and for any vector d =
(d;) € N9,

repé(k) = 1_[ Mdszdsa (k)
a€Q

is the affine space of representations X of Q with X(i) = k% ,i € Q. The group
GLa(k) = [ GLg, (k)
iEQ()
acts on rep‘é (k) by
((gi) * X)(@) = gra © X(@) 0 g5y -

Note that the GL4 (k)-orbit of X, denoted by Oy, consists of the representations Y
in rep‘é (k) which are isomorphic to X.
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Let kQ denote the path algebra of Q: The paths in Q form a k-basis of £Q,
and two paths are multiplied by juxtaposing them if possible and they have product 0
otherwise. In each vertex i of O we have the trivial path ¢; of length zero. Note that

1kQ:: 2: Ej

iEQ()

is a decomposition of 1 into a sum of pairwise orthogonal idempotents and that
i - kQ - &; is the vector subspace consisting of the linear combinations @ of paths
starting from vertex j and terminating at i. We will write s(w) = j and t(w) = i.
For any representation X € rep’é (k) the d; x dj-matrix X (w) is defined in the obvious
way. If J is a two-sided ideal of kQ, one can restrict the category rep(Q) to the full
subcategory rep(Q, J) consisting of the representations annihilated by J. The pair
(0, J) is called a bound quiver if J is an admissible ideal, i.e. (kQ)Y < J C
(kQ+)? for some N > 2, where kQ stands for the ideal in kQ spanned by the
paths of positive length.
The affine scheme rep‘é is defined as

rep‘é = l_[ Mdtadeoz

a0

and has the polynomial ring

klreph] = k[xg]
as its coordinate ring, where o ranges over Q1, k over {1,...,ds,}, and [ over
{1,...,dsq}. A universal representation X g is given by X 5 (o) = (x3;). The group
scheme

GLs = [ ] GLg

i€Qo

acts on rep‘é by the same formula as above. If J is an ideal in kQ, the closed GLg4-
subscheme rep‘é’ 7 is defined by the vanishing of X g (w) forany w € &; - J -&;, where

i, j vary over the set Qy.
Now we are ready to define the rank subscheme €y of rep‘é associated with a

representation M € rep‘(l2 (k): Let p,q € N, consider two sequences (U1, ...,Up)
and (v1, ..., v4) of vertices in Q¢ and a p X g-matrix @ = (w;, ;) such that each w; ;
belongs to &y, - kQ - &y;. The assignment

N(w1,1) -+ N(wig)

leads to a regular morphism

Op: rep‘é — Mprxgrs
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where p’ =} dy; and ¢" = }_d,;. We keep track in w; ; of the vertices v; and u;
evenifw; ; =0. For M € rep‘é (k), Oy, (M) is a p’ x q’-matrix with coefficients in

k. We set
1k O, (M)

Crw=0," Vit ). ey =)Mo
where w ranges over all possible matrices of paths with all possible sets of starting
and terminating vertices. Note that €7, = Spec(k [rep‘é] /Imw), where Ipr, ©
k[rep‘é] is the ideal generated by all minors of size 1 4 rk ®4, (M) of the matrix
®Q(Xé), and that €3y = Spec(k [rep‘é]/IM), where Tyr = > Iy, . We leave the
necessary adjustments for quivers with relations to the reader.

All results presented before in the context of module scheme have a corresponding
version in terms of representations of bound quivers (Q, J). The main difference is
that instead of finitely generated free presentations of modules we consider projective
presentations of representations using the projectives (kQ/J) - €, i € Qp. In
particular, if Q is an equioriented Dynkin quiver of type A,

aq a? opn—1
0:1—2—...——n,

J =0,w;; =0aj_1aj_»---o; and M is a representation in rep‘é (k), then

Iy = Z IM,(a)j.,'): Z Il+rk(M(wj,i))(Xg(wj,i))-

1<i<j<n 1<i<j<n

Thus ) is exactly the ideal generated by determinantal conditions as considered by
Lakshmibai and Magyar in [12]. Therefore we can reformulate their main result as
follows:

Theorem 4.1. Let M be a representation in rep‘é (k), where Q is an equioriented
Dynkin quiver of type A. Then the ideal Iy is radical and €y = Oy

5. A geometric version of Morita equivalence for rank schemes

The purpose of this section is to relate rank schemes for quiver representations to
rank schemes for modules over algebras.

Let A be a finite dimensional algebra, and let Sy, ..., Ss be representatives for
the isomorphism classes of simple A-modules. The Grothendieck group Ko(A) can
be identified with Z%, and the dimension vector dim/N € Z5 of a finite dimensional
A-module N is the vector

dimN = (dy,...,ds) € Ko(A),
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where d; is the multiplicity of S; in any composition series for N. If el e Aisa
primitive idempotent such that Ael isa projective cover for S;, we have

d; = dimy Homy(A4e!, N) = tk N(e).

By [9] or Lemma 1 of [3], there is a connected component modﬁ of the scheme
modz, characterized by the fact that

mod4 (k) = {N € mod4 (k) : dimN = d}
for any vectord = (dy,...,ds) € N°.

Lemma 5.1. For M € modﬁ (k) we have €y C modﬁ.

Proof. As modﬁ is a connected component in modj, it suffices to show that €z (k) C
modﬁ (k). Let N € €p(k), and set dimN = d’ = (dj,...,d}). Considering the
ideal Iy (c,), where (el ) is the 1 x 1-matrix having the idempotent defined above as
its entry, we get that

dj = tk(N(e')) < d = tk M(e"),

forl =1,...,s. But

S s
d =dimg M =) dydim; S; = dimg N =) d] dimy S},
=1 =1

andthusd’ = d. O

Let B be a maximal semisimple subalgebra of A. We know that

N

B~ [ [ My, (k)
=1
L
1,]°
canonical basis of B, and sete = Y j_, e{,l. Then eAe is a basic algebra Morita
equivalent to A. There is a quiver Q with the set of vertices {1, ..., s} together with
an admissible ideal J in kQ and an algebra isomorphism ®: ede — kQ/J such
that dD(ell’l) =¢+J.

Theinclusion@: B — A of k-algebras induces aregular morphism god : modﬁ —

where we set n; = dimg S;. Denote by e: ., = 1,...,5,i,j = 1,...,n; the

mod%, which restricts to a regular GL;-equivariant morphism p: modﬁ — mod%.
Bongartz showed in [3] that the fiber of some special element E € modg isisomorphic
to rep‘é, s+ Infact, he proved that p is a fiber bundle with fiber p~LE. We now recall
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his construction and describe explicitly a closed immersion 7: rep‘é ;g = modj

which is an isomorphism onto p~! E. First we need some more notation.
Recall that d = Zle n;d;. According to the decomposition

[
la= Z Z €ii
I<si<n

into a sum of primitive orthogonal idempotents, we subdivide a d x d -matrix W first
into s2 “large” blocks, the block W/ being of size ny dyr x nyndyr,I’,1" < s, and
then we subdivide each block W' into ny ny» blocks, the block Wl " being of
size dyy X dyr,i < nyp, j < nyr. In order to handle these blocks we 1ntroduce the
obvious injective scheme morphisms

7y
Lf,}l : Mg, xq,y = Mg, 0" <s.i<np, j<np.

We define a subfunctor E of mod% by E(R) (ef, j) = Lf”;(l n;) for a commutative
k-algebra R, where 1,, denotes the identity matrix in Ml,,(R). So FE is a closed point
of the scheme modg. Using the decomposition of an element a € A,

i=(EXd)ae(X X )= ¥ % dieiaded

I'<si<npy I"<s j<nv UJ1"<si<ny j<nn

and the fact that e{/ ja- ejl.”1 belongs to eAe, we define the scheme morphism

1717 ’ ”
n: rep‘é’J —mod4, (7N)(a) = Z Z Z L (N(CID(e{’i -a~e]l~,1))).

UV<si<np j<n

Then 7 is an isomorphism onto p~1(E). Note that if we view elements of rep‘é’ 7 (k)
and modi (k) as representations and modules, respectively, then the map

n(k): rep ; (k) — modf (k)

is in accordance with an equivalence between the category of representations of
(Q, J) and the category of A-modules.

Proposition 5.2. With the above notations we have
-1 _ d
N~ (Cym) =Cu S repy
forany M € rep‘é’J (k).

Proof. The result is a consequence of the following two facts.
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(1) Forany pxg-matrix a with coefficients in A there are p’+¢q’ verticesuy, ..., up,
V1, ..., Vg of Q andelements wy/,j» € ey;,-kQ/J &y, yieldingw(a) = (wi,;’)
such that

CMw@ = W_IEWM,Q‘

(2) For any p’, ¢/, any vertices Ut,...,Up/,V1,..., Vg of O and any elements
wi,jr € euy  kQ/J -6y, withw = (wyv,j7), there is a p’ x ¢’-matrix a(w) with
coefficients in A such that

Mo = n_lt)nM,g(Q)-

In order to prove (1) we first construct w(a) for a € A such that N(w(a)) =
(nN)(a) for N € rep‘é’J: Weset p’ =¢q' =n =73 )_,n;,choose ug,y = v,y =
l e Qo forl =1,...,s,i =1,...,n5,and setw = (a)(l/,i),(l”,j)) with

o i,a,jHa) = CD(ei,i -a -e]ln) cep-kQ/J e

By the definition of 7, we have

M@ = Y > 3 (N@El - a-el)) = Nw@).

V0”<si<ny j<nr

as desired. For a p x g-matrix a = (a;s,j-) with coefficients in 4, we set w(a) =
(w(ai’,jr)). As above, we conclude that

(MN)(a) = N(w(a)).

In particular, r = 1 + rk(nM)(a) = 1 + tk M(w(a)). As a consequence we
obtain that, for any commutative k-algebra R, [,(N(w(a))) = 0 if and only if
I, (nN)(a)) = 0, for any N € rep‘é’J(R), which is equivalent to €y 4,0)(R) =
(n_lch,Q)(R)-

For the proof of (2), we set a(w) = (® 'wy j7) for ® = (w;r,j7). For any

commutative k-algebra R andany N € rep‘é 7 (R), the only possibly non-zero entries
U;r,vjr

of the d x d-matrix ()N )(® 1wy /) = t11 " (N(wu;,v;,)) sitin the small block in
the upper left corner of the big block correspondlng tol’ = r uir,1"” = vjr. Therefore
the rows and the columns of the p’d x ¢’d-matrix (nN)(a(w)) can be permuted in
such a way that the upper left corner becomes N(w) and all other entries are zero.
In other words, there are invertible matrices, in fact permutation matrices, U and V

such that
v-amae)-v = (M 7).

Then clearly r = 1 + rk(nM)(a(w)) = 1 + rk M (w) and by Lemma 2.2 we have

Lo =1 (M6 0) = rve.



70 Ch. Riedtmann and G. Zwara CMH

Therefore I,(N(w)) = 0 if and only if I, ((n/N)(a(w))) = 0, and we conclude that
Cmw(R) = (17" Cyma0) (R). O

Following Hesselink (see (1.7) in [11]) we call two pointed schemes (X, x¢) and
(Y, yo) smoothly equivalent if there are smooth morphisms f: Z — X, g: 2 —> Y
sending a point zg € Z to xo and yq, respectively. This is an equivalence relation
and an equivalence class will be denoted by Sing(X, xo) and called the type of
singularity of X at xo. Assuming Sing(X, xo) = Sing(¥, yo), the scheme X is
regular (or reduced, normal, Cohen—Macaulay, respectively) at x¢ if and only if the
same is true for the scheme ¥ at yq (see [10], Section 17, for more information about
smooth morphisms).

Theorem 5.3. Let 7: rep‘é ;= modf; be the morphism defined above. Suppose

M and M’ in rep‘éaj(k) are such that M’ belongs to €y (k). Then nM’ belongs to
Cym (k) and
Sing(€yp, nM'") = Sing(Epr, M').

Proof. The orbitmap y: GL; — modi’!3 defined by ¥ (g) = g * E is smooth and in-
duces an isomorphism of schemes GL; / GLy — mod4, where GL; = ]_[f=1 GLy,
is embedded into GL; via

s ny

(81.---.8) = D Y (8.

I=1i=1

It is not hard to see (compare e.g. [6]) that the diagram

GL; x rep‘é,J A modz

o,k

GL4 v mod% —= GLy / GL4

is a pullback, where 7 is the projection to the first factorand A(g, N) = g*nN. Note
that A is smooth as smoothness is preserved under base change. As A(k) is surjective
and thus contains n M’ in its image, it is enough to show that )Fl‘é’,, M = GLg xCyy.

Apair (g, N) € GL;(R) x €, (R) belongs to (A 1€, pr)(R), for a commutative
k-algebra R, if and only if g * nN € €, (R). As by Lemma 2.2 €, )/ (R) is stable
under GL; (R), this is equivalent to nN € €, (R), which is in turn equivalent to
(g, N) € GL;(R) x €p(R) by Proposition 5.2. |
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6. Hom-controlled exact functors

Letgp: A — Bbeahomomorphism of finite dimensional algebras and ¢*: mod B —
mod A the induced change of scalars functor. For a B-module M we will use the
notation M = g M and ¢*(M) = 4M . Thus (pd(OBM) = O, m for any module M
in mod% (k).

Following [17], we call an exact functor ¥ : mod B — mod A hom-controlled,
if there is a bilinear form & : Ko(B) x Ko(B) — Z such that

[FU FV]y—[U.V]g = dimU,dim V)

for any U,V € mod B. Here and later on, we abbreviate dimy Hompg (U, V') by
[U,V]p, forany U,V € mod B and similarly for A-modules.

Assume now that the functor ¢* is hom-controlled. It follows from Theorem 1.1
of [17] that the restriction of <pd

@BM - @AM

is a smooth morphism. The aim of this section is to show this is still true if we replace
the orbit closures by the rank schemes €, ) and €, ;.

Let L be a finite dimensional A-module and ¢t € N. We choose a p x g-matrix
a such that Coker(v,) is A-isomorphic to L. Let modfl, 1, be the closed subscheme
of modfl’ defined by the ideal /144 (Xj (a)) in k[modf{]. The proof of Lemma 3.2
can easily be generalized to show that this ideal is determined uniquely by ¢ and the
isomorphism class of L. By (modi L’,)O we denote the open subscheme of modg, Lt
whose k-points are the modules N with [L, N]4 = ¢.

It has been proved in Section 4 of [17] that ¢¢ restricts to a smooth morphism
from mod% to (modfi ” B’t)o for any d € K((B), where d is the common dimension

of all modules in mod% andt = d + &£(dim B, d). We denote by
v modg — modj,AB’,

the composition of this morphism with the open immersion into modi LBt which is
still smooth.

Theorem 6.1. Let ¢: A — B be an algebra homomorphism such that ¢* is a hom-
controlled exact functor and fix M € mod% (k). Then the morphism  restricts to a
morphism

\C’B M — (o AM

which is smooth.

Proof. We know that € s is a subscheme of mod%. Thus the claim will be proved
if we can show that €, 5 is a subscheme of modiAB’,, wheret = d + &(dim B, d),
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and that ¥ ~1(€, »r) = €, m, or equivalently that
(@) ™"€, i Nmod% =€, .
The first part is easy, because
[4B,aM]4 = [pB,gpM]p + &(dim B,dim M) = ¢

and consequently, /;444— (Xfll (@)) = I,m, B, Where a is a p x g-matrix with
coefficients in A and with 4B = Coker v,. The inclusion €, < (¢9)"1€, 4 N
mod% follows from Lemma 3.5 and Lemma 5.1. In order to prove the reverse inclusion
we will show that, for any B-module g L, we have

Iympr C k[mod%]- (9)* I m,,1 + I(mod%) (6.1)

in k[modjf;], where T (mod%) is the ideal defining mod%.
Let L be a finite dimensional B-module. Choosing a finite free presentation of
4L we obtain the exact sequence of A-modules

ApgAq—>AL—>O

for some p,g > 1 and a p X g-matrix g with coefficients in A. We apply the tensor
functor B ®4 (—) to get another exact sequence

Vo(a)

B — 5 B? 5> By L —0.

Using the homomorphism ¢ we have a left and a right A-module structure on
B, and the functor ¢* can be identified with the functor 4 B ® p (—) as well as with
Hompg (g B4, —). Observe that
B®AL=B®A(/)*(BL)’:B®AB®BL=Q®BL,
where €2 is the B-B-bimodule B ®4 B, and that for any B-module Y we have
Homy(4L,4Y) = HomA(AB XB L,HOl‘nB(BBA,BY))
~ Hompg(gB ®4 B ®p L,gY)
= Homp(2 ®p L,BY).
As ¢* is hom-controlled, we obtain

[Q®p L.Y]g—[L.Y]p = £(dim L,dimY)

for any B-module Y.

Let {Pi,..., P,} be a complete set of pairwise non-isomorphic indecomposable
projective B-modules and S; = P;/rad(P;) fori < n. Note that {S1,...,S,}isa
complete set of pairwise non-isomorphic simple B-modules.
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Lets; = &£(dim L,dim S;) fori < n and P = P, Pisi, and let y; denote the
i-th coordinate of dim Y. Then

[PL.Y] =) si-[Pi.Y] =) &(dimL, dimS;)-y;
i=1

i=1

n
= £(dim L.dim(@ S;")) = £(dim L. dim Y),
i=1
and consequently,
Qg L, Y|=[L& PL,Y]
The latter holds for any finite dimensional B-module Y, hence Q ® p L ~ L & P, by

Auslander’s theorem. This implies that the ideal generated by ((pd)*I M, 4L equals

TyMpLoPL)-
If P;, = 0, the inclusion (6.1) clearly holds. Otherwise, choose matrices b’ and
b” with coefficients in B such that the Coker(vy) =~ L and Coker(v,~) >~ Pr. Let

ri =1tk M(b'), r» =tk M(b"), and set X = X#. Then

X' 0
IemgLorr) = litri+rs ( %) X(b”)) 2 litr, (X)) - Irz(XLb//))’

by Lemma 2.3. Obviously 714, (X (")) = I,m,,L and therefore
Tom pwopy + 1mod%) 2 I, 1 - (I, (X)) + I(mod%)).
Thus it suffices to show that
I,,(X(0")) + I(mod%) = k[mod$].

Let N be a module in mod% (k). The condition that I,,(X(b")) vanishes on N
means [Pr, N] > [Pr, M] while I(mod%) vanishes on N if and only if dim N =
dim M. Since dim N = dim M implies [Pz, N] = [P, M], there exists no point
N on which the ideal 1,,(X(b")) + I (mod%) vanishes. O

Theorem 1.2 in [17] says that
Sing(Ogar, FM') = Sing(Opr, M)

for a hom-controlled exact functor ¥, M € modﬁ (k) and M’ € Oy . The proof can
be adapted to rank schemes, yielding the following result. The only slight difficulty
is taken care of by the lemma following the theorem. Recall that if M’ is a point
of € (k), the modules M and M’ have the same dimension vector, and so do their
images ¥ (M) and ¥ (M) under an exact functor.
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Theorem 6.2. Let ¥ : mod B — mod A be a hom-controlled exact functor and fix
M, M’ e moddB (k) with M’ € Op. Let e be the common dimension vector of ¥ M
and ¥ M'. Identifying ¥ M and ¥ M' with the corresponding elements in mod4 (k)
we obtain that ¥ M’ € €%y and

Sing(Csy, F M) = Sing(Cm, M').

Lemma 6.3. Let B = C x D be the product of an algebra C with a semisimple
algebra D, both finite dimensional, fix a B-module M = (My, M>3), and choose
M' = (M{, M) € €y (k). Then we have

Sing(€pr, M') = Sing(Cpy, , M7).

Proof. The easiest way to see this is to replace the algebras by quivers and relations
using Theorem 5.3. Then we have

€m = €, X Caty. Car = Cpgy X .

As D is semisimple, its quiver consists of some vertices but no arrows, and thus
€, = Cpy = (Mo} = (M)}, 0

The above theorem remains true if modules are replaced by representations of
quivers, by Theorem 5.3. In particular, applying the theorem to the exact functors
constructed in [1] and [2] we may generalize Theorem 4.1 as follows.

Theorem 6.4. Let M be a representation in rep‘é (k), where Q is a Dynkin quiver of
type A. Then the ideal 1)y is radical and €py = @M.

Let us describe the ideal I3y explicitly. We know from Corollary 3.6 that Iy =
> Im,r, where L ranges over all indecomposable representations of Q. Suppose
the underlying graph of Q is

1 2 n.

Independently of the orientations of the arrows, an indecomposable L is given by an
interval L = [/,!’] in [1, n], for some [ < [’: Each vertex in [/, !’] is represented by
k, each arrow between such vertices by the matrix (1). Denote the full subquiver of
Q with vertex set [/, /'] by Qy;,;,7. We associate with L the sequence / < v; < --- <
vy < I’ of all sources of Q) and the sequence / — 1 < u; < --- <up, <I'"+1
consisting of all sinks in Q; ;1 distinct from /, /" in addition to

[ -1 if 1 </ and thereis anarrow [ —1 <[ € Q1,
I+ 1 ifl’ <n andthereis anarrow !’ > 1" +1 € Q.
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For any u; there is either some v;» < u; and a path w;_j: v;; — u; in Q or some
vj» > u; and a path w; j»: v;» — u; in Q or both, in which case we must have
j” = j’ 4+ 1. The p X g-matrix @ corresponding to L = [/, !’] has all its entries 0,
except for those just described.

In the special case

o] % o3 oy

0=1 2 3<—4 5,

the matrices to be considered are
(). (e2). (23). (o),
(051 042) ) (062 ° 053) ) (Zi) )

0 © (3 1 0Oro03
(Oll o2 © 063) ) ) .
g 0 (07}

7. Tangent spaces

Let N belong to €z (k). The main aim of this section is to describe the tangent space
Te,, ,~ in terms of selfextensions of the module N.
The tangent space Tmodj, y can be identified with the space of I-cocycles

Z}1 (N, N), that is, with the set of k-linear maps Z: A — My (k) with the prop-
erty that Z(a1a,) = N(a1)Z(az) + Z(a1)N(ay) forany a;,a, € A. Note that from
a I-cocycle Z we obtain a module structure on k¢ @ k¢ given by

(6 %)@=("" V)

and that the sequence

(1)
0 1
w(Z):OeNL)(l(\)’ ﬁ)u)NeO

is exact.

The tangent space Jo, n can be identified with the space of 1-coboundaries
BY(N,N) ={h-N —N-h;h € Mg4(k)}. By [9], Proposition 1.1, the map ¢ induces
an isomorphism, called Voigt’s isomorphism,

Tooad v/ Ton N = Z4Y(N,N)/BJ(N, N) = Ext}(N, N).

Since o, N S Tey, N Tmodz’ - the tangent space Te,, n corresponds to a
subspace of Z}I (N, N) containing B}l (N, N), which we now describe.
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Let ¥ and ¥’ be complete sets of pairwise non-isomorphic indecomposable
modules X and X’ such that [N, X] = [M, X] and [X’, N| = [X’, M], respectively.
Set
&§(Y,2)

={l6:0>Z—>W —>Y — 0. € Extj(Y,Z); §;(X) =0forall X € ¥}
={l6:0>Z—>W —>Y —0]. € Exty(Y,Z); §,(X’)=0forall X' € F'}.

for two A-modules Y, Z, where

8¢ (X) = dimg Homy(Z @ Y, X) — dimg Homy (W, X),
8. (X") = dimg Homy (X', Y @ Z) — dimg Homy (X', W).

Note that the pushout or pullback of an exact sequence in & belongs to & again. As
a consequence, &(—, —) is a k-subfunctor of Ext}1 (—,—).

Proposition 7.1. For N € €yy(k), Voigt’s isomorphism restricts to an isomorphism
TEM,N/TQN,N X 8(N, N)
The following corollary is an immediate consequence.

Corollary 7.2. Let N be a point of Opg. Then codim(M, N) < dimy (N, N), and
equality holds if and only if N is a regular point of €.

By definition, codim(M, N) = dim Oy — dim Op.

We will prove Proposition 7.1 in several steps. We begin by characterizing the
tangent space to the scheme V7, . at some matrix N € V;, (k) as a subspace of the
tangent space of M,x, at N, which we identify with M, (k).

Lemma 7.3. Fixr < p,q, and choose a matrix N € V., (k). Then
- _JMpxq(k) iftk N <r,
VoxaN T UD€ Mpwg(k); tk (N D) =2r) if kN =r.

Proof. The algebraic group scheme GL, x GL, acts on M, via (g,h) * N’ =
g-N’-h~!, and we know that N = g‘( lof 3)~h_1 forsome g € GL,(k),h € GL,(k),

where s = rk N. As the tangent space to 'V, at g - N -hlisg- Tvgxq,N/ STt

suffices to prove the claim for N = ( IOX 8).

It is obviously true for s < r. In case s = r, we decompose

Di1 D2
D =
(DZI Dzz)
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into blocks; the size of D1 is s X 5. A straightforward computation yields that
— Dy D12 .
Fop., v =P = (Bl B2): D2z = 0
But note that
I, 0 D1 D12

rk(N D):rk 00 Dy Dz =2r + 1k D»,.

0 N o o 1, 0
0 0 O 0
So rk (1(\)' 2) = 2r if and only if D,, = 0, and the lemma is established. O

Let a be a p x g-matrix with coefficients in 4, set L = Coker vy, and fix N €
€m,q(k). Mapping the exact sequence

V

AP ——> A4 L 0

to a module N’ € modfl’/(k) and identifying Homy4 (A, N') with N’, we see that
tk N'(a) + dimy Homy (L, N') = qd’. (7.1)

Corollary 7.4. Using the notions just introduced, we have that the tangent space
Tey . N = T‘GM.Q,N equals
(1) Tmodj’ n provided that dimg Homy (L, M) < dimg Homg(L, N);
2) {Z e Tmodj,N; dimy Homy (L, (¥ £)) = 2dimg Homy(L, N)} provided that
dimy; Homy4 (L, M) = dim; Hom4 (L, N).

Proof. Remember that
_ k M(a)
CMa = @QI(V;quZ ).
Using (7.1), the corollary is a direct consequence of Lemma 7.3 and the fact that

N Z\, . _ . (N@ Z@
rk(O N)(c_z)—rk( 0 N@))
Now Proposition 7.1 is easy to prove. Indeed, we have

Tey N = ﬂ Ter 1N

where the intersection is taken over representatives L of all isomorphism classes of
A-modules which are finitely presented, or, by Lemma 3.4, even finite dimensional.
In case dimgy Homyg (L, M) < dimg Homy(L, N), this gives no restriction. The
condition dimg Homg (L, M) = dim; Hom4 (L, N) is equivalent to L € add ¥’ by
definition, and having the equality

dimy Homy (L, (¥ %)) = 2dimy Homy(L, N)

O

for all L € add ¥’ is equivalent to ¢(Z) € E(N, N).
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8. Singular loci

In this last section, we assume A to be representation finite, except for the final
remark and example. All A-modules considered will be finite dimensional, and we
fix M € modﬁ (k), N € Opr. We denote the Auslander—Reiten quiver of A by I'y.
In order to study the singularity of €js at N, we need some definitions and some
preliminary results on source and sink maps, also called approximations by some
authors.

We define the shadow § of the degeneration from M to N to be the set of all
meshes in ['4 which start in a vertex X ¢ ¥, or equivalently which stop in a vertex
X’ ¢ F'; the shadow S, of an exact sequence o of A-modules consists of all meshes
of T'4 with starting vertex ¥ with 6,(Y) > 0 or equivalently with ending vertex Y’
with 8, (Y') > 0. We call an exact sequence

0: 0 Z w Y 0

fit for (M, N) if its class [o] belongs to &(Y, Z), or equivalently if o € § or
8s(X)=0forall X € 7.

For an A-module Z, we call a morphism f: Z — W auniversal morphism from
Z toadd ¥ if W € add ¥ and any morphism from Z to some W’ € add & factors
through f. It is easy to see that universal morphisms from Z to add ¥ exist. Such
a morphism is necessarily injective as all injective indecomposables belong to . A
universal morphism f: Z — W is called a source map if any endomorphism ¢ of W
for which ¢ o f is still universal is invertible. A source map fz: Z — Wy is unique
up to isomorphism, and it is characterized by the fact that the morphism Wz — Vz
in the exact sequence

oz: 0 7 jz Wz Vz 0

is radical.
Sink maps from add ¥ to some module Y are defined dually. We will denote the
exact sequence obtained from a sink map Wy, — Y from add ¥’ to Y by

oy: 0 Uy Wy Y 0.

Lemma 8.1. Let Y, Z be A-modules.
(1) The sequences oz and oy are fit for (M, N).

(2) Mapping Y to oz, we obtain an exact sequence

0 - Hom(Y, Z) — Hom(Y, Wz) — Hom(Y, Vz) — &(Y, Z) — O.

(3) Mapping oy, to Z, we obtain an exact sequence

0 — Hom(Y, Z) - Hom(Wy, Z) — Hom(Uy, Z) — &(Y, Z) — 0.
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(4) We have S5 € S5, and S5 < SU;/ for any exact sequence o with [c] € §(Y, Z).

Proof. Statement (1) holds by definition. For (2), note that the pullback of oz under
any morphism in Hom(Y, Vz) will still have a splitting pushout under any morphism
from Z to X € add ¥ and thus belongs to & (Y, Z). By the definition of oz, any
exact sequence o with [o] € §(Y, Z) is a pullback of oz. The proof of (3) is dual,
and (4) follows from (2) and (3) as shadows cannot grow under pushouts nor under
pullbacks. O

As an immediate consequence we obtain the following corollary.
Corollary 8.2. dim; §(Y, Z) = 809 (Z2) = 8(’72 (Y).

Lemma 8.3. For an A-module X the following properties are equivalent:
(1) X eadd ¥,

(2) &(—X) =0,

3) §(NV,X) =0.

There is a dual statement characterizing X’ € add #”.

Proof. The implications from (1) to (2) and from (2) to (3) are immediate. In order
to show that (3) implies (1), it is enough to prove the inclusion § C S(,;v; in fact
then both shadows coincide as o7 is fit for (M, N). By [16] there is a short exact
sequence

0: 0—=272—Z &M —>N—>0.
By the definition of %, we know that §, = §. Therefore [o] € &(N, Z’), which
implies that § = 8, C SU}V C S by Lemma 8.1 (4). |

Lemma 8.4. The following conditions are equivalent:
(1) Un belongs to add(¥"),
(2) Uy belongs to add(F”) for any module Y,
(3) Vn belongs to add(F),
(4) Vz belongs to add(F') for any module Z.

Proof. Obviously (2) implies (1) and (4) implies (3). Thus, up to duality, it suffices
to show that (1) implies (4). Let Z be a module. As Wz € add ¥ and Wy, € add ¥,
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the exact sequences o, and oz induce the following commutative diagram with exact
rows and columns:

Homy (Wy, Wz) —— Homy(Uy, Wz) ——— 0

Homy(Wy, Vz) —*—= Homyu(Uy,Vz) —= E(N,Vz) —=0

| |

0 &EWUn,Z).

As Uy belongs to add ' by our hypothesis, f is surjective. Then « is surjective as
well, thus (N, Vz) = 0, which implies Vz € add ¥ by Lemma 8.3. O

We are now ready to give a first characterization of the regularity Cps at N.

Proposition 8.5. The scheme €yy is regular at N if and only if §(M, M) = {0} and
one of the equivalent conditions in Lemma 8.4 holds.

Proof. We compute the difference dimy & (N, N) — codim(M, N). Observe that
codim(M, N) = 8y, y(N) + Sy (M).
By Corollary 8.2,
dimg §(N,N) —dimg E(N, M) = 80;\, (N) =85, (M)
— Sy (Un & N) = 8y y (W)
=8y n(Un ®N),
dimy &(N, M) — dimg E(M, M) = &;, (N) =6, (M)
= mu,N(M & V) — Smu,n Wn)
= S (M @ Vi)
Thus
dimy (N, N) — codim(M, N) = dimy (M, M) + 8y y (Un) + S8 (Via).

By Corollary 7.2, the scheme €y is regular at N if and only if §(M, M) = 0
and 8y, y(Un) = Smu,n(VMm) = 0. As by Lemma 8.4 §), v (Un) = 0 forces
Sm. N (Var) = 0, our claim follows. O

Lemma 8.6. Assume that &(M, M) = 0. Then €y is singular at N if and only if
there exists an indecomposable U such that the sequence

o0 0>U2% Wy % vy -0

satisfies the following conditions:
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(1) The representation Vi is indecomposable.
(2) The morphism g: Wy — Vi is a sink map from add ¥ to V.
(3) If the mesh stopping at some indecomposable Y belongs to Sy, then Y ¢ ¥ .

Proof. We first prove that €y is singular at N if these conditions hold. Note that oy
does not split, as U € F would imply Viy = 0, but Vyy is indecomposable. Therefore
the mesh stopping at V7 belongs to S,,, and condition (3) implies Vyy ¢ F. The
claim then follows from Proposition 8.5 as condition (4) in Lemma 8.4 is violated.
In order to show the converse implication, observe that the surjection Wy — Vy
factors through the sink map 8: C — Vy from add ¥ to Vx. In particular 6 is
surjective and we obtain the following commutative diagram with exact rows:

ony: O N Wx VN 0
o
¢: 0 B C VN 0.

Thus ¢ is fit for (M, N ), being a pushout of oy. A decomposition of Vy into a direct
sum of submodules yields a corresponding decomposition of ¢ as a direct sum. We
choose a direct summand of ¢:

n: 0 v-—Lew Sy 0

such that V is indecomposable and does not belong to add(¥). As g is radical, f
is a source map from U to add ¥. But a source map from a decomposable module
has a decomposable cokernel, and therefore U must be indecomposable and 7 is
isomorphic to oy .

Finally, suppose the mesh stopping at some indecomposable Y belongs to §,.
Equivalently, we have &, (Y) # 0. If Y belongs to ', any morphism from ¥ to V/
factors through g, and thus &, (Y) = 0, because g is a sink map from add ¥ to V.
Our last claim follows. |

Lemma 8.7. Assume that the algebra A is directed and consider the exact sequence
n from Lemma 8.6. Then codim(W,U & V) = 1.

Proof. Since nisfitfor (M, N)and W belongstoadd(F ), wehave §, (W) = 0. Since
U and V are indecomposable and A is directed, Ext}1 (U,U) = {0}andEndy (V) ~ k.
We conclude from the long exact sequences

0 — Homy (U, U) — Homy (U, W) — Homu (U, V) — Ext} (U, U),
0 — Homy (V,U) — Homu(V, W) — Homy(V,V) - &(V,U) - 0

induced by 7 that §; (U) = 0 and &, (V) = 1. Thus
codim(W,U & V) =8, (U® V) +8,(W) = 1. O
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We end this section with a few remarks on singularities.

Remark 8.8. For a finitely generated algebra A and M € modﬁ (k), we have a
chain of inclusions of schemes O3 < (CrM)rea € €Y. Fix N € O, and let us
compare regularity at N for Oum, (€pf)red, and €py. Clearly, if €y is regular at N,
the subscheme (€7 )eq Will be as well. Remember that in Example 3.7 we have that
(CM)red = Oy and that the tangent space of O (and thus of (€ps)eq) at N is a
proper subspace of T¢,, n. So there might be cases where €y is singular at N while
(€41 )rea 18 regular at that point.

As Oy is an irreducible component of (€ ).eq by Proposition 1 of [4], we have
that regularity of (€ps)req at N implies regularity of O at N. The following sim-
plified version of Carlson’s example shows that the reverse implication is false.

Example 8.9. Let Q be the quiver
o 14
| —=2—x3

and let J be the ideal generated by d«, ¥ and ya — 6. Consider the representations

and

(v)  (0)
Vuz k——k—/x0,

(1) ()

for A, u € k. It is not difficult to see and can be found in [14] that @M and the
closure of | J A.uek GLa (k) * (U @ V,,) are irreducible components of €ps and that
they intersect in the closure of | J; ¢ GLa (k) * (Uy & V_;), where d = (1,2, 1).
So €y is singularat N = U; @ V_;.

On the other hand, a computation shows that the morphism given by

k—2i2—=k (Xl X2 )1 h)
—l N zZ2 —I1
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is an isomorphism from O to the variety V4 (k) of 2 x 4-matrices of rank at most
1, which has a single singularity at 0, the image of the semisimple representation.
Hence Oy is regular at N.
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