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Constructing equivalences with some extensions to the divisor
and topological invariance of projective holonomy
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Abstract. Given topologically equivalent germs of holomorphic foliations & and %, under
some hypothesis, we construct topological equivalences extending to some regions of the divisor
after resolution of singularities. As an application we study the topological invariance of the
projective holonomy representation.
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1. Introduction

Let h: (C2,0) ~ (C2,0) denote a topological equivalence between two germs
¥ and F’ of holomorphic foliations with isolated singularity at 0 € C2, ie., h
is an orientation preserving homeomorphism mapping leaves of ¥ onto leaves of
F'. Cerveau and Sad in [24] pose the following problem: Assuming ¥ is a non-
dicritical generalized curve, it is true that the projective holonomy groups of ¥ and
F are topologically conjugated? Also in [24] the authors give a positive answer
for a generic class of foliations ¥ and assuming that % is a topologically trivial
deformation. A stronger result is obtained by Marin in [12] under the assumption of
complex hyperbolicity of the singularities of ¥ after a single blow up and removing
the topological triviality of A. In [16], by using a notion of extended holonomy,
the authors give a positive answer under the assumption that all singularities of ¥
after a single blow up are non-degenerate and have exactly two separatrices. In
a recent work ([15]), D. Marin and J.-F. Mattei give a global monodromy notion
which allows to solve the problem for Generic General Type foliations. Following
[15], a non-dicritical generalized curve F is of General Type if after resolution all
singularities in the strict transform of ¥ are linearizable or resonant. Such ¥ is of
Generic General Type if “some” irreducible components of the exceptional divisor
have a non-solvable holonomy group (see genericity condition (G) in [15]). When

*This work was supported by the Vicerectorado de Investigacion de la Pontificia Universidad Cat6lica del
Peru.



632 R. Rosas CMH

the resolution of ¥ does not have nodal singularities the genericity condition (G)
is equivalent to the existence of a single divisor component having a non-solvable
holonomy group, in this case the topological equivalence / is transversely conformal
([18]) and the principal result of [15] shows that the projective holonomy of each
irreducible component of the exceptional divisor is a topological invariant. In the
present work, given topologically equivalent germs of foliations # and ¥’ and under
some additional hypothesis, we construct topological equivalences extending to some
regions of the divisor after the resolution of singularities of ¥ and ¥'. We give the
precise statement of this construction in Theorem 7. When ¥ is a non-dicritical
generalized curve, it is known that ¥ is also a generalized curve and the resolutions
of ¥ and F' are isomorphic ([3]), although & does not extend necessarily to the
divisor after resolution. In this case Theorem 7 gives the following result.

Theorem 1. Let h be a topological equivalence between two non-dicritical general-
ized curves ¥ and ¥' with isolated singularity at 0 € C 2. Then we may construct
a topological equivalence h between ¥ and F' which, after resolution, extends as
a homeomorphism to a neighborhood of each linearizable or resonant singularity of

F which is not a corner.

As a direct application we obtain:

Corollary 2. Let ¥ be a non-dicritical generalized curve whose reduction of sin-
gularities is achieved after a single blow up. Assume that after resolution the strict
transform of ¥ has a linearizable or resonant singularity. Then the projective holon-
omy representation of ¥ is a topological invariant.

If ¥ is of general type, as was pointed out to me by the referee, we can combine
Theorem 1 with the results of [13] and [14] to prove the topological invariance of
the projective holonomy of some exceptional divisor components without using the
transverse rigidity hypothesis assumed in [15].

Corollary 3. Let ¥ be singularity of general type. Let D be an irreducible component
of the exceptional divisor in the resolution of ¥ such that D meets the strict transform
of the separatrix curve of ¥. Then the projective holonomy representation of D is a
topological invariant.

Also as a corollary of Theorem 1 we obtain the following extension result.
Corollary 4. Let ¥ be a singularity of general type whose reduction of singularities

is achieved after a single blow up. Then, if ¥ and F' are topologically equivalent,
the strict transforms of ¥ and F' after resolution are also topologically equivalent.

IA corner is a singular point of the exceptional divisor.
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Following [15], a nodal separatrix of % is an irreducible separatrix whose strict
transform in the resolution of ¥ meets the exceptional divisor at a nodal singular
point. Is worth to notice as a corollary of Proposition 13 that the nodal separatrices
of general type foliations are topological invariants:

Corollary 5. Let ¥ be a singularity of general type and let h be a topological
equivalence between ¥ and F'. Let S be a nodal separatrix of ¥. Then h(S) is a
nodal separatrix of ¥' and the Camacho-Sad indices along the strict transforms of
S and h(S) coincide.

This corollary allows us to remove the N -conjugacy hypothesis assumed in [15].

As a corollary of the proof of Theorem 7, we may replace the linearizing-resonant
hypothesis by the assumption that the holonomy group of ¥ is non-solvable to prove
the following result, which is a particular case of the results obtained in [15].

Corollary 6. Let ¥ be a non-dicritical generalized curve whose reduction of singu-
larities is achieved after a single blow up. Assume that the holonomy group of ¥ is
non-solvable. Suppose that ¥’ is topologically equivalent to ¥ by a homeomorphism
which preserves the orientation of the leaves. Then we may construct a topological
equivalence h between ¥ and ¥’ such that, after resolution, we have that

(D h extends to the divisor as a homeomorphism,
2) h preserves the Hopf fibration,

3) his holomorphic close to each singularity whose eigenvalue is not a real positive
number, and
(4) if p is a singularity of the strict transform of ¥ with eigenvalue . € RT\Q™,

then the eigenvalue A remains invariant by h.

In particular, the analytic type of all the singularities after resolution are invariants.”

The paper is organized as follows. In Section 2 we state Theorem 7 and prove
Theorem 1. In Section 3 we prove Corollaries 2, 3 and 4. In Section 4 we make a first
construction in order to prove Theorem 7. In Section 5 we proof a topological lemma.
In Section 6 we divide the proof of Theorem 7 in two cases and in next section we
prove the theorem in the first case: when the singularity is a node. In the remaining
sections we prove Theorem 7 in the non-nodal case.

2. The extension theorem

Let F be a holomorphic foliation on the open set U C C? with isolated singularity
at0 € C2. Let m: M > C? be the composition of a finite sequence of blow ups.

2Remember that the eigenvalue A determines the analytic type of a singularity, provided that A € RT\Q.
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We only consider blow ups at singular points of ¥ or some strict transform of ¥ .
The divisor E = 7~1(0) is an union of projective lines with normal crossings such
that 7: M\ E +— C2\{0} is an isomorphism. Let S be an irreducible separatrix of
¥ through 0 € C2. It is possible to order the sequence of blow ups composing 7
and realize first all the blow ups involving points of S or some strict transform of S,
that is, we may write 7 as composition of blow ups # = my o - -+ o 7, such that for
some k € {1,...,n} we have the following:

(1) 7 is the projection associated to the blow up at 0 € C2.

(2) Forall j € {2,...,k} the map m; is the projection associated to the blow up at
the point p; with 7ty o ---omj_1(p;) = 0 and such that p; is contained in the
strict transform of § by 7y o---omj_;.

(3) If j > k, then 7; is the projection associated to a blow up in a point outside the
strict transform of § by 7y o---omj_y.

It is easy to see that the number k depends only on 7w and S. Letus denote k = k,(S).
Consider another holomorphic foliation %’ with isolated singularity at 0 € (Ci. Let
n’: M’ +— C? be finite a composition of blow ups and let E/ = 7~'(0). Let ¥ and
F" denote the strict transforms of ¥ and &’ by 7 and 7’ respectively. Consider a
topological equivalence i: U — U’ between & and F’. We know that £ lifts to a
homeomorphism

h=n"hr: x Y U)\E — 7' " (U)\E’

which takes leaves of £ to leaves of ¥’ and such that (w) > E'asw — E.
Conversely, if W and W' are neighborhoods of £ and E' respectively and h: W\E
W'\ E'is ahomeomorphism taking leaves of ¥ toleaves of ' and such that h(w)
E"as w — E, then h induces a topological equivalence between # and ¥'. Thus,
by simplicity, we will say that any such / is a topological equivalence between F
and F'. Moreover, when no confusion arises we will often denote  and %" simply

by ¥ and ¥’ respectively.
We recall that a singularity p of a holomorphic foliation is called reduced if it is
generated in local coordinates by a vector field of the form

Arx(1+ )i +Ay(1 + ---)i,
ox ay
where A, # 0 and A = A;/A; is not a rational positive number. The singularity
is non-degenerate when A; - A, # 0 and is called resonant if A;/A, is a rational
(non-positive) number. The number A = A;/A, (or A™1) is called the eigenvalue of
the singularity.

Theorem 7. Let h be a topological equivalence between two holomorphic foliations
F and F' with isolated singularity at0 € C?. Let w: M + C? and n': M’ +— C?
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be finite compositions of blow ups. Let S be an irreducible separatrix of ¥. Set
S’ = h(S) and let S and S’ denote the strict transforms of S and S’ by = and 7'
respectively. Let p and p’ be the intersections of S and S" with its respective divisors.
Let (t,x) and (t', x") be holomorphic coordinates at p and p' respectively. Suppose
that the following conditions hold:

(1) The foliations are not degenerate at p and p'.

(2) The exceptional divisors are given by {x = 0} and {x’ = 0} and they are
invariant by the strict transforms of ¥ and ¥’ respectively.

(3) S and S'are given by {t = 0} and {t' = 0} respectively.
@) kz(S) = kn’(S/)~

Then, given ¢ > 0 we may construct a topological equivalence h between ¥ and F'
such that, for some numbers a,b,a’, b’ € (0, ), we have

(1) hmaps {|t] <a,0 < |x| <bYinto{|t'| <da’,0 < |x'| <b'},
(2) hmaps {|t| =a,0 < |x| <b}into{|t'| =da’,0 < |x'| <]},

(3) close to the divisor and outside
{ltl <e x| <elURT'('| <&, || <o)

we have h = h.
Moreover; if p is linearizable or resonant, the following additional properties hold:
(4) h extends as a topological equivalence to {|t| < a, |x| < b},
(5) h({lt] <a.x =0}) = {|f'| <d’. x" = 0} and h(0,0) = (0,0),

(6) h maps each disc £, = {t = u, |x| < b}, |u| = a, into a disc T,y = {t =
u', x| < b}, W) =a

Given a germ of holomorphic singular foliation ¥, we know by Seidenberg’s
desingularization Theorem that after a suitable finite sequence of blow ups, all the
singularities of the strict transform of ¥ are reduced. If ¥ is dicritical (infinitely
many separatrix), after some suitable additional blow ups we arrive to the following
situation:

(1) The separatrices of ¥ have became smooth, disjoint and transverse to the divisor.
(2) No separatrix passes through a corner.

(3) The singularities appearing in the blow-up are reduced an lie in invariant pro-
jective lines.

In this case the foliation ¥ is said to be desingularized.

Definition 8 ([3]). A germ of holomorphic foliation F with isolated singularity at
0 € C? is called a generalized curve if after resolution all its singularities are non-
degenerate.



636 R. Rosas CMH

Theorem. ([3]) If ¥ is a generalized curve and ¥’ is topologically equivalent to ¥
at 0 € C2, then F' is also a generalized curve and both ¥ and F' have isomorphic
desingularizations.

Proof of Theorem 1. Let m: M + C? and n’: M’ > C? be the minimal resolu-
tions of ¥ and ¥’. Let pq,..., py be the linearizable or resonant singularities of
the strict transform of ¥ which are not corners. There are holomorphic coordinates
(¢, x) in a neighborhood of p; >~ (0, 0) such that

(1) the exceptional divisor is given by {x = 0},
2) S = {t = 0} is the strict transform of an irreducible separatrix S of ¥ .

The set S’ = h(S) is a separatrix (irreducible) of ¥’ and its strict transform S’
by 7’ intersects the exceptional divisor at a singularity pj. It is easily verified,
since the resolutions of ¥ and ¥ are isomorphic, that k,(S) = k,/(S’). Let us
apply Theorem 7 to construct a topological equivalence /17 between ¥ and #’ which
extends as a homeomorphism to a neighborhood V; of p;. In the same way, we have
a singularity p) in the desingularization of ¥ associated to p,. We apply again
Theorem 7 to obtain a topological equivalence /1, between  and ¥’ which extends
to a neighborhood V; of p, and such that close to the divisor and out of

{tl<elxl <egfUR™ ('] <& x| <)

we have h, = hy, where (¢, x) and (¢, x’) are holomorphic coordinates at p, and
P, respectively. If e > 0 is taken small enough such that V; and & (V) are disjoint
of {|t| < e, |x| < &} and {|t'| < e, |x'| < ¢} respectively, we have hy, = hy on V.
Then £, actually extends as a homeomorphism to neighborhoods of both p; and p,.
Repeating this argument a finite number of times we finish the proof. O

3. Projective holonomy representation

Consider now a foliation F such that after a single blow up 7: C2 + C? of the
origin the exceptional divisor D = 7 ~10) is invariant by the strict transform ¥ of
¥ by m, that is, D* = D\Sing(¥) is a leaf of . Let ¢ be a point in D* and
Y a small complex disc passing through g and transverse to . For any loop y in
D* based on ¢ there is an holonomy map Hg(y): (X,q) — (X,q) which only
depends on the homotopy class of y in the fundamental group I' = 7;(D*). The
map Hg : I' — Diff (X, ¢) is known as the projective holonomy representation of % .
Identifying (X, q) ~ (C, 0) the image of Hg defines up to conjugation a subgroup
of Diff (C, 0) which is known as the holonomy group of ¥ .

Definition 9. The representations H : T + Diff(C,0) and H': T’ +— Diff(C, 0)
are topologically conjugated if there exist an isomorphism ¢ : T + I'" and a germ of
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homeomorphism /: (C,0) — (C,0) such that H' o ¢(y) = h o H(y) o h™! for all
yel.

Proof of Corollary 2. Let p be a linearizable or resonant singularity of & after res-
olution. By Theorem 1 we have a topological equivalence / between ¥ and ¥’
extending to a neighborhood of p. Moreover, by the last property given by Theo-
rem 7 there is a regular point ¢ in the divisor and a disc X through ¢ transverse to %
such that 4 (X) is contained in a disc X’ through ¢’ = h(q) transverse to 5. At this
point we can follow the proof given in [12]. O

Proof of Corollary 3. Let ' be a foliation topologically equivalent to % and let D’
be the irreducible component of the exceptional divisor corresponding to D in the
resolution of #’. By Theorem 1 there is a topological equivalence /& between F
and ¥’ conjugating transverse sections X and X' to D and D’ respectively. We can
apply Theorem A of [14] to obtain a new homeomorphism g (not longer foliated)
conjugating the separatrices S and S’ of ¥ and ¥’ extending to the exceptional
divisor and inducing the same action that f on 71 (U\S) — 71(U’\S’), where U and
U’ are suitable neighborhoods of the singularities constructed by foliated assembly
according to Definition 2.1.1 of [13]. Moreover, there are no topological obstructions
to have ¢ = f on X. Consider ¢: = g|p: D — D’ and its action in homotopy
level ¢y : m1(D*) — m1(D’*), where D* and D’* are obtained from D and D’
by removing the singularities. Consider a loop y € m;(D*) and its corresponding
holonomy map /. For p € £* := X\ D we consider a path 8 contained in the leaf
L of ¥ passing through p = B(0) and realizing the holonomy map #, that is, g is
mapped onto y by the Hopf fibration associated to D and (1) = h(p). Consider a
path 8 contained in X* joining /(p) and p. Then the loop f(86) is homotopic to
£(B0) which is contained in a tubular neighborhood W’ of D’. According to [13]
we can choose W' such that it is 1-F’-connected in U’* (see Theorems 2.1.2 and
3.2.1 of [13]). Since f = g on X we deduce that f(8) C L’ := f(L) is homotopic
to g(B8) C W’ with fixed endpoints. By the foliated 1-connexity of W' in U™ we
obtain a path 8/ C L’ N W’ which is homotopic to f(B) in L’ and to g(f8) in U"*.
Letr’: W’ — D’ be the Hopf fibration associated to D’. Then we see that 7/ () is
homotopic to ¢« (y) in D"*. Hence f(h(p)) = f(B)(1) = B'(1) = W' (f(p)) where
k' is the holonomy map associated to the loop ¢«(y) € m1(D’*). Consequently
f oho f_l =hn. O

Proof of Corollary 4. By Theorem 1 we have a topological equivalence & between
% and ¥’ which extends as a homeomorphism and preserves the Hopf fibration near
the singularities.The holonomy representations are topologically conjugated by an
isomorphism induced by a homeomorphism ¢: D — D which coincides with & near
the singularities. By a lifting path argument using ¢ we can redefine / outside some
neighborhoods of the singularities to obtain a topological equivalence h extending to
the divisor. O
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4. A preliminary isotopy
As a first step in order to prove Theorem 7, we will prove the following:

Theorem 10. Let h be a topological equivalence between two holomorphic foliations
F and F' with isolated singularity at 0 € C2. Letmw: M + C? and w': M’ > C?
be finite compositions of blow ups. Let S be an irreducible separatrix of . Denote
S’ = h(S) and let S and S’ be the strict transforms of S and S' by 7 and 7@’
respectively. Let p and p' the intersections of S and §" with the respective exceptional
divisors. Let (t,x) and (', x") be holomorphic coordinates in the neighborhoods V of
p = (0,0) and V' of p’ >~ (0, 0), respectively. Suppose that the following conditions
hold:

(1) The exceptional divisors are given by {x = 0} and {x" = 0} and are invariant
by (the strict transforms) ¥ and F' respectively.

(2) S and S" are given by {t = 0} and {t' = 0}.

Then given ¢ > 0 there is b € (0, €) and a topological equivalence h between ¥ and
F with the following properties:

(1) h isdefined in a neighborhood of the set {(0, x) : 0 < |x| < b}, whichis mapped
into {(0,x") : 0 < |x'| < &}.

(2) There exists § > 0 such that for all r in a neighborhood of b, the set {|t| <
8, |x| = r} is mapped by h into a set of type {|x'| = r'} with v’ € (0, ¢).

(3) For|z|closetob the set{|t| < 8, x = z} is mapped into a set of type {x’ = cte}.

(4) Close to the divisor we have h = h.

Proof. Let €, and €; be the circles {(0, x) : |[x| = ro} and {(0,x) : |x| = r1} in
V, where 0 < rg < r; < &. The curves €y and €; are contained in the separatrix
{t = 0} C V. Fix ag and by in €y, with ag # bgy. It is possible to modify
the homeomorphism /% in such way, on some neighborhoods of ay and bg, the new
homeomorphism, still denoted by /2, maps the sets {x = cte} into the sets {x’ = cte}.
Take a circle €] in the separatrix {t' = 0} C V'’ containing /4(€p) in its interior, that
is, €] = {(0,x’) : |x’| = r{} with |x’| < r] whenever (0, x") € h(€y). By taking r;
small enough we may assume | < €. Let A be a segment of ratio with endpoints a
and a; € €;. Thus A connect €y and €; and A\{ag, a1} is contained in the annulus
bounded by €y and €;. In the same way, let B be a segment of ratio, disjoint of A,
with endpoints by and b; € €;. Consider the usual orientations of €y and €; an
take a diffeomorphism 6: €; — €] such that 7(€) and 0(€;) are homologous in
{(0,x") : x’ # 0}. Take injective mapso: A +— {¢' = 0} and B: B +> {t' = 0} such
that

(1) afag) = h(ao), a(a) = 0(ay),
(2) B(bo) = h(bo), B(b1) = O(b1),
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(3) a(4) NB(B) =0,

4) a(A\{ap,a1}) and B(B\{bo,b,}) are contained in the annulus bounded by
h(€p) and €y.

Let I be the annulus bounded by €y and €; in {t = 0}. Wehave I\{A4, B} = DU D,
where D and D are simply connected domains. The boundary of D is a Jordan curve
which is the union of the curves 4, Cy, B and C;, where Cy and C; are segments of
€y and €; respectively. Let  be the projection (¢, x) — (0, x). Let L, denote the
leaf of ¥ passing through x € 7~ !(ag). If T is a small enough neighborhood (a disc)
of ag in ]'[_1(610), for all x € X there is a domain D, in L, such that x € D, and
m: Dy — D is a diffeomorphism (D is a lifting). The domain D, in L, is bounded
by a Jordan curve, which is the union of the paths A, = 7~ 1(A4), Cox = 7~ 1(Cyp),
B, = 7 Y(B) and C;y = n~1(C}). Define g: dD > {t' = 0} as

o onA,
_JB onB,
&= h on Cy,
6 onCj.

It is easy to see that g is continuous and injective. Denote also by 7 the projection
(t’',x") — (0, x"). Observe that the Jordan curve g(dD) in {t' = 0} does not link
the point (0, 0). Therefore there is a lifting of g(dD) to any leaf close enough to the
separatrix. Then, if ¥ is small enough, there is a Jordan curve J in the leaf passing
through %(x) such that 7 : J, — g(dD) is a homeomorphism. Therefore we have
that the map fx: 9D, > Jx definedby 7o fx = go is ahomeomorphism. Observe
that, on Cy,, we have that 7 o /1 is arbitrarily close to i1 o w when x € X is close to ay.
Then, since w o fy = g o = h o on Cyyx, we have that 7w o A is arbitrarily close
to o fy. Hence, since f;(x) = h(x) when x is close to ag, we have that f;(y) is
arbitrarily close to A(y) for all y € Cpx. Recall that, on neighborhoods U, and U,
of ap and by respectively, we have that / takes fibres x = cte to fibres x’ = cte,
that is, h o m = mw o h. Then, on (U, U Up) N Cox, we have that 7 o f, = o h.
Thus, since f(y) is close to #(y) and they are in the same leaf, we conclude that
fx(y) = h(y) forall y € (U, U Up) N Cox (whenever x is close to ag). Then the
function hy : 0D, +— V', defined as hy = h on Coyx and hx = fx on 0D\ Coy, is
continuous and its image is contained in a leaf.

Assertion. If x is close enough to ag, the map hy, is injective.

Proof. Clearly hy is injective on Coy and 0D\ Cox separately. Then it is sufficient
to prove that /1, (Coy) and i, (3D, \Cox) are disjoint. Let I,, = Cox \(U; N Up) and
I = Co\(U,; N Up). If x is close to ag, we have that 7 o h is arbitrarily close to
homw = gom,on I, C Cox. Thentheset woh(l,) is arbitrarily close to gom (/). On
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the other hand, observe that, when x is close to ag, the set g o (1) is arbitrarily close
tothe set g(/). Then, when x is close to ag, the set wohi (I ) is arbitrarily close to g (/).
Thus, since I is compact and disjoint of the closure of dD\ Cy, we have that 7w o h([)
is disjoint of g(0D\Cp) = 7 o f5(0Dx\Cox). Therefore h(Iy) = hy(Iy) is disjoint
of f+ (0D \Cox). Onthe other hand, i, (Cox N (U, UUp)) = h(Cox N (U, UUp)) =
fx(Cox N (Ug U Up)) and is therefore disjoint of f5 (0D \Cox)-

The Jordan curve /i, (dDy) is the boundary of a simply connected domain D/, in
the leave passing through x. It follows from the construction that /2, depends contin-
uously onx. Then, by Lemmal I below we have that h, extends to a homeomorphism
hy: Dy D which depends continuously on x. The homeomorphism /4, has the
following properties:

(1) hyx = h on Cox,

(2) mohy =aomon Ay,

(3) mohy = Bomon By,

(4) moh, =0 omon Ciy.

The domain D is bounded by the union of the paths A, C(), B and C 1, where C()
and C; are segments of €p and C; respectively. For x € X, let Dy be the lifting
of D to the leaf passing through X, that is, 7: D — Disa diffeomorphism. Let
Ay =171 (A), Cox =7~ (Co) By=m ~1(B) and Cix=m 1(Cl) Analogously,
reducing ¥ if necessary, for all x € ¥ we construct the map hy: Dy + V' such that
(D) h x 1s a homeomorphism onto its image,

) D; = Iy (Dy) is contained in the leaf passing through A (x),

(3) /x = hon Cox,

4) noﬁx =aqomonAy,

(5) wohy = Bomon By,

(6) wohy =00monChy.

By reducing X we may assume that D and D are contained in V" and that h, and h
are defined forall x € £. LetD = | J, 5 D« and D = Uer Dy Letf: DV’

and VE D > V' be defined by f = hy on D, and f = hy on Dy. Clearly f and
f are continuous and it is easy to see that

f=fondDND. (4.1)

In fact, if z € D N D, then 7(z) is contained in A or B. Suppose that 7(z) € B.
Then z € By = By for some x,x. Then 1t suffices to show that f(w) = f (w)
for all w € By = By, that is, hy (w) = hz(w) for all w € By = B;. But
mohy(w)=Pon(w)=mo h (w) for all w € By, then, since B is an interval, it
suffices to show that s, (w) = hz (w) for some w € By = Bs. Let wy € By be the
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point such that w(wo) € Co. Then wo € Cox N 50); and we have by definition that
hx(wo) = hz(wo) = h(wo). _ :

Itis easy to see that O U D contains a set of type {(z, x) : [¢t| < J, ro < [x| <71}
for § > 0. Let W be a neighborhood of the divisor E such that

(1) h is defined on W\ E,
Q) WnV ={tx)eV:|x|<ro}
(3) h(W\E) does not intersect the set {(¢/,x") € V' : |x'| > r{}.

Deﬁnethemaphon(WUJ)Ui))\E ash=honW\E,h= fonDandh = f
on D. Tt follows from (4.1) and conditions (1), (2), (3) above that hisa topological
equivalence between ¥ and #' and maps the set {0 < |f| < 8, |x| = ri} into
{|x’| = r{}in V'. Moreover h maps the subsets {x = cte} of {0 < |t| < 8, |x| =11}
into the subsets {x’ = cte} of {|x’| = r{}. Finally, by a lifting path argument we
finish the proof of Theorem 10. O

Lemma 11. Let f;: 0D +— C be an injective map for all t and suppose that f;
depends continuously on t. Let Uy be the interior domain of f;(0D). Then there
exists a continuous family of homeomorphisms ft: D — U, extending f;, that is,
such that f; = f; on 3D for all 1.

5. Homological compatibility

In this section we prove Theorem 12, which shows that some homological data is
preserved by the equivalence s. This result has been previously obtained in the
case of an orientation preserving homeomorphism in [15] (Theorem 6.2.1) using
Theorem 3.16 of [14].

Theorem 12. Let S and S’ be irreducible analytic curves with isolated singularity
at0 € C2. Let h: U v U’ be a topological equivalence between S and S’, that
is, h is an orientation preserving homeomorphism such that h(S N U) = S’ N U’,
h(©) =0. Let m: M +— C? and i’: M’ +— C? be finite compositions of blow ups
such that k(S) = kx/(S'). Let S and S be the strict transforms of S and S' by
and 7' respectively. Let p and p’ be the intersections of S and S with its respective
divisors and take holomorphic coordinates (t, x) and (t', x") at p and p’ respectively
such that

(1) S and S are given by {t = 0} and {t’ = 0},

(2) the exceptional divisors are given by {x = 0} and {x’ = 0} respectively.
Take a,b,a’,b’ > 0 such that

(1) the set {|t| < a, 0 < |x| < b} is contained in the domain of definition of h,
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(2) h({(0,x): 0 < |x| <b}) C{(0,x"): 0 < |x| < b},

(3) h({lt] = a. |x| =b}) C{|t'| <a’.0 < |x'| < b'}.

Let tj,xq € C with 0 < |tg| < a’ and 0 < |x;| < b’ and define the paths
a,B:[0,1] > M, o', p':[0,1] = M’ by a(s) = (ae®™5.b), B(s) = (a, be?™),
o' (s) = (the*™ 5, xp), B/ (s) = (1, xoe>™S). Then, in the first homology group of
T'={0<|t'| <d,0<|x'| <b'} wehave

[h()] = §le’] and [h(B)] = §[B].

where § = 1 or —1 according to h preserves or reverses the natural orientations of

S and S’.

Proof. For some integers m, n we have
h(B) = mB' + na’ in H(T"). (5.1)

Let By and By be the paths defined by By = (0, be™%), Bi = (0,b'e*™5), s € [0, 1].
If O ={|t] <a,0 <|x| <b}and Q' = {|t’/| < d’,0 < |x/| < b’} itis easy to

see that B = Bo in H1(Q), B’ = By in Hi1(Q') and h(Bo) = B, in H1(Q).
Then h(B) = €B’ in H1(Q'). On the other hand it follows from equation (5.1) that
h(B) = mp’ in H{(Q'), hence m = £. Then we have

h(B) =B +na’ in H\(T"). (5.2)

Take neighborhoods W and W’ of the divisors E = 7~ 1(0) and E’ = 7'~1(0)
respectively, with the following properties:

(1) W contains the set {|t| < a, |x| < b},

(2) W N {t = 0} is homeomorphic to a disc,

3) k(W N{r =0}) C {t' =0},

@) h(W\E) = W\E,

(5) 7w (W) and =/ (W’) are homeomorphic to balls.
Let So = #(W N{t = 0}) and S§ = 7w o h(W N {t = 0}). Since m(W) is
homeomorphic to C? and Sy is closed in 77 (W) and homeomorphic to C, we have by
Alexander’s duality that H; (w(W)\So) >~ Z. Then, since Wy = W\(E U {t = 0})
is homeomorphic to 7 (W)\ Sy, we have Hy(Wy) >~ Z and it is easy to see that « is a
generator of this group. In the same way, if W = W’\(E’U{t' = 0}) and we assume
x small enough® we have that o’ is a generator of the group H;(Wy) =~ Z. Since

h preserves orientation it follows from the topological invariance of the intersection
number (see [7] p. 200) that

h(a) = €o'  in Hy(W)). (5.3)

3Without loss of generality we may suppose x6 arbitrarily small.
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Then, if B = ka (k € Z) in H, (W), we obtain:
h(B) = k&’ in Hy(W). (5.4)
Since S and S’ have isomorphic reductions and &k (S) = k,/(S’) we also have
B’ =ka' in Hy(Wy). (5.5

We may assume x;, small such that 8" and o’ are contained in a set of type 7 = {0 <
|t'] <a’,0 < |x'| < e} with T/ C Wj. Then it is easy to see that we may write
equation (5.2) in H;(T) and therefore in H; (W), that is,

hB) = EB' +na in Hy (W),
Then, by using equations (5.4) and (5.5) we obtain n = 0. On the other hand, let
h(a) = go’ +rp" in H(T')
with ¢, r € Z. Then, since &’ is homologous to zero in Q' we obtain
h(a) = rB’ in H{(Q'). (5.6)

Clearly « is homologous to zero in {|t| < a,|x| = b} and hence, since h({|t| <
a,|x| = b}) is contained in Q’, we deduce that 2(«) = 0in H{(Q’). It follows from
equation (5.6) that r = 0 and thus h(@) = go’ in H{(T’). As before, we may write
this equation in H; (W), that is, h(«) = qo’ in H{(W). Finally, it follows from
equation (5.3) that g = &. O

6. Topological invariance of nodal separatrices

The following proposition allows us to divide the proof of Theorem 7 in two cases:
(1) The singularities p and p’ are nodes with equal (positive irrational) eigenvalue.

(2) The singularities p and p’ are non-nodal.

Proposition 13. Under the conditions of Theorem 7, we have that p is a nodal
singularity if and only p' is a nodal singularity. In this case the eigenvalues of p and
p’ are equal.

Proof. Suppose that p has a real irrational positive eigenvalue. We know that in
this case p is linearizable. Then the holonomy associated to S is linearizable. Let
q € §\{p} and ¥ a disc through ¢ transverse to . Let y C §\{p} be a simply
loop based on ¢ and let g: (X,¢q) — (X,q) its holonomy map. We know that
h(X) is a continuous disc transverse to F’ through the point ¢’ = h(q). By a local
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deformation of 4 we may assume that X’ = h(X) is a complex disc transverse to
F' and clearly h: (X,q9) — (¥’,q’) is a topological conjugation between g and
the holonomy g': (X'.¢") — (%', ¢’) associated to the loop A(y) in $’\{p’}. But
g is linearizable and this property is a topological invariant in Diff (C, 0), then the
holonomy associated to S is also linearizable, hence the singularity p’ is linearizable.
Consider holomorphic coordinates (¢, x) and (¢/, x") at p and p’ respectively such
that

(1) pand p’ are generated by the holomorphic vector fields A ¢ 33—1 +x % and 't/ % +

’_a .
x' 557 respectively,

(2) the exceptional divisors are given by {x = 0} and {x’ = 0} respectively,
(3) S and S’ are given by {r = 0} and {t’ = 0} respectively.
By Theorem 10 we may assume that

(1) there are numbers r, 7', 8,8’ > 0 such that the set {|¢| < &, |x| = r} is mapped
by A into {|t'| < &', |x'| = r'}, and

(2) if |z] = r, the set {|t| < §, x = z} is mapped by 4 into a set of type {x’ = cte}.

Take (a,b), (a’,b’) € C? such that |b| = r, |a| < § and h(a,b) = (a’,b’). Define
the paths Bo(s) = (0,be?™'5),s € [0,1] and B)(s) = (0,b'e>™%),s € [0,1] in
S and §’ respectively. The holonomy maps associated to B¢ and f;, computed in
Y ={(tb):|t| <8tand X' = {(¢', ') : |t'| < §'} are given by t > e2"I*¢ and
1> 2Ny respectively. Suppose first that  preserves the orientation of the leaves.
Then h(Bo) is homotopic to B, and therefore /: X + X' is a topological conjugation
between the maps 7 —> 2747 and 1’ > ¢27*'¢’. Then, since |¢27*| = 1 we have
by the topological invariance of the rotation number that

2mid _

e e2miA, 6.1)

Since the holonomy maps are irrational rotations, the orbits of the points (a, b) and
(a’,b’) are dense in the circles C = {(¢,b) : |t| = |a|} € T and C = {(¢’, D) :
|t'] = |a’|} € X’ respectively. Therefore & maps C onto C’ and it is easy to prove
that i|c : C — C’ is a given by

hlc(t,b) = ((a’/a)t,b") forall (z,b) € C. (6.2)

Let {A} = A — [A] and define the paths 8(s) = (ae?™*0=%) p) 5 € [0,1] and
0'(s) = (a'e2™V}0=9) by 5 €0, 1]in T and ¥’ respectively. From (6.1) we have
{A} = {1’} and from (6.2) we obtain h(6(s)) = 6'(s) for all s € [0, 1]. Define in M
the path y(s) = (ae2™* be?7!s), s € [0, 1]. This path is a segment of orbit of the
1-foliation induced by ¥ in {|t| < &, |x| = r}. The orbits of this foliation are mapped
by 4 into orbits of the 1-foliation induced by " in {|¢t/| < &', |x’| = r'}. Ttis easy to
see that h(y) is a positive reparametrization of the path y'(s) = (a’e2™i's p’e27is),
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s € [0, 1]in M. It follows that i(y * 0) is a positive reparametrization of y’ x 6" and
therefore
h(y x0) =y" x 0" in H{(T'), (6.3)

where T/ = {0 < |t/| < |d’|,0 < |x/| < |b’|}. Define the paths «, 8: [0,1]
M, o B':[0,1] = M by a(s) = (ae?™5,b), B(s) = (a,be? ), o'(s) =
(@'e s by, B'(s) = (a’,b'e?S). If T = {0 < |t] < |a],0 < |x| < |b]}, it
is easy to see that y * 8 = [AJa + B and ¥’ * 8’ = [AM']a’ + B’ in the groups H(T)
and H,(T’) respectively. Then from equation (6.3) we obtain

h(y x0) = [N + B in Hy(T). (6.4)

On the other hand, it follows from Theorem 12 that h(y * ) = [A]o’ + B in
H,(T’), so equation (6.4) gives [A]Jo’ + B’ = [AM]o’ + B’. Thus [A] = [A] and
therefore A = A’. Suppose now that / reverses the orientation of the leaves. In this
case h: ¥ > X' reverses orientation and is a topological conjugation between the
holonomy map associated to 8¢ and the inverse of the holonomy map associated to
Bo. Therefore h(t,b) = ((a’/a)t,b’) for all (1,b) € C and we obtain as before
that {A} = {}'}. By redefining now 6'(s) = (a’e~ 27 A}1=9) p’) s € [0, 1] and
0'(s) = (a’e2mHVHA=5) p7y 5 € [0, 1] we obtain again that (y * 0) is a positive
reparametrization of Y’ * 6" and we may also write equation (6.3). As before y x 6 =
[A]Ja+ B in H,(T) butin this case we have y' %0’ = —[A/]a’—pB’in H{(T"). Itfollows
from Theorem 12 that 2(y *0) = —[A]a’ — B, so we have —[A]a’ — ' = — [V ]’ — B’
and we obtain again A = /. O

7. Proof of Theorem 7 in the nodal case

This section is completely devoted to prove Theorem 7 when p and p’ are nodal
singularities. Since the proof is slightly too long, the proof contains a series of
intermediary propositions (14 to 25). We also use some lemmas which are enounced
at the end of the section.

Let A be the eigenvalue of p and p’. There are coordinates (¢, x) at p and (¢/, x")
at p’ such that the following holds:

(1) The foliations are locally generated by the vector fields t% + Ax% and t% +
Ax' % respectively.
(2) The exceptional divisors E and E’ are given by {x = 0} and {x’ = 0} respec-
tively.
Let B and B’ be closed balls in the coordinates (z, x) and (¢, x) centered at p and
p’ respectively. Each leaf of ¥'| g other than the separatrices { = 0} and {x = 0} is

dense in a 3-submanifold which separates the ball B in two connected components.
Each of those connected components contains a separatrix. Let 8B« = {(¢,x) € 8B :
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x # 0} and B, = {(t’,x") € B’ : x’ # 0} and let H and K’ be denote the space of
leaves of ¥ | g, and ¥'| g, respectively.

Proposition 14. Consider L € J and assume that there is an open ball B centered
at p such that h(L N B) is contained in a leaf L' € H'. Then there is a ball B’
centered at p' such that h='(L' N B’) is contained in L.

Proof. Since the set 9B N L is compact and disjoint of the divisor, we may take a ball
B’ centered at p’ such that =" (B’) is disjoint of 3B N L. If w is contained in L N B
we have h(w) € L’. Thus, if w — p, then h(w) tends to the divisor an we have
necessarily that #(w) — p’. Therefore we may take w € L N B with h(w) € B’.
Consider any point z € L' N B’. Let C C L’ N B’ be a set connecting h(w) to z.
Since h~1(B’) is disjoint of 3B N L, the set A1 (C) is contained in L\dB, where L is
the leaf of ¥ containing L. Observe that L N B is a connected component of Z,\BB.
Then, since the connected set 7~ (C) C L\dB contains the point w € L N B we
have h~1(C) € L N B, hence h~!(z) € L. O

Define + as the set of the leaves L € J# for which there is an open ball B
centered at p such that 2(L N B) is contained in a leaf L’ € J#’ denoted by &, (L).
By Proposition 14, /1, (s4) is contained in the set A’ of the leaves L’ € J¢’ for which
there is an open ball B’ centered at p’ such that =1 (L’N B’) is contained in a leafin .
By applying the proposition in the other direction we conclude that /1, (4A) = A’ and
hy is a bijection. Clearly 4 and +A’ are non-empty since they contain the separatrices
{t = 0} and {¢t' = 0} respectively.

Proposition 15. If L € J is close to the separatrix {t = 0} then L € A.

Proof. Denote {t = 0} and {' = 0} by S and S’ respectively. Let B’ be a ball
centered at p’ with B’ C B’ and take a ball B centered at p such that 7(B)* does
not meet some neighborhood € of the compact set S’ N dB’. Fix zo € S N B with
h(z¢) € B’ and assume z close enough to zo such that i(z) € B’. Let L, € H
and L/, € J' be the leaves through z and /(z) respectively. By assuming 4 (z) close
enough to h(zg) € S’ we have that L', N 9B’ C Q. Then h(L, N B) C h(B) is
disjoint of L', N 9B’ and we have (L, N B) C F'\dB’, where F’ is the leaf of
¥ through h(z). Observe that L, N B’ is a connected component of F'\dB’. Then
h(L; N B) is connected and intersects (at least in /#(z)) the connected component
L’ N B' of F'\oB’, hence h(L, N B) C L, N B’ and therefore L, € . O

Proposition 16. If L € A, there is an open ball B such that h(L N B) is contained
in h«(L). Therefore any leaf contained in L is an element of A.

4We denote by h(A) the set £(A N dom(h)).
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Proof. Let B be an open ball centered at p such that 2(L N B) is contained in a
leaf L' € #'. Letz € L N B and z, € L with z, — z. Since B is open we
may assume that z, € B for all n € N. Then h(z,) € L’ foralln € N and we
have h(z) = limh(z,) € L'. Thus, if L; € # is contained in L\{p} we have
h(LiNB) C h(LN B) C L' C T’ and, since h(L) is a connected subset of a leaf
of ¥, we conclude that (L) is contained in a leaf in J¢'. |

Proposition 17. Let L € A and L' = hi(L). There is a ball B centered at p
such that the connected component of B\L intersecting {t = 0} is contained in the
connected component of B'\ L' intersecting {t’ = 0}.

Proof. As in Proposition 16 we may find a ball B’ centered at p such that
hY(B'nL)cCL. (7.1)
Let V’ be the connected component of B’\ L’ intersecting {t’ = 0}. Take a neigh-
borhood W' of the divisor E’ such that
(1) WnL cCB,
(2) if Q is the connected component of W'\ L’ intersecting {t' = 0}, then Q C V.
It follows from (7.1) and (1) above that

htw'nL)clL. (7.2)

Let B be aball centered at p suchthat 2(B) C W’. Let V be the connected component
of B\ L intersecting {t = 0}. Then (V) C W is connected and it follows from (7.2)
that 1(V) C W’\L’. Then, since #(V) is connected and intersects {t’ = 0}, we have
m i (V) C Q. Thus, it follows from (2) that 2(V) C V. O

If F, L € J are not separatrices, we will write F > L or L < F to means that F
and the separatrix {t = 0} are contained in the same connected component of B\ L.

Proposition 18. If F > L and L € A, then F € A and hy(F) > hy(L).

Proof. Let B aball centered at p given by Proposition 17 and let V and V"’ be as in
the proof of this proposition. Since F' > L, then FF N B C V and by Proposition 17
we have h(F N B) C V' C B’. It is easy to see that this implies F € 4 and
he(F) > hy(L). |

Proposition 19. Ar least one of the equalities A = K or A = H' holds.

Proof. Assume by contradiction that 4 # J and A’ # J'. As a first step we will
prove that there exists L. € & (not a separatrix) such that

F>L=FecA and F<L=F¢Aah. (7.3)
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The closure of a leaf L € J is contained in a set of type |x|/|t|* = r € (0, +00]. We
denote r = r(L). Itis easy to see that FF > L is equivalent to r(F) > r(L). Then
(r(F) >r(L),L € A)implies F € +4 and therefore we deduce thatr (4A) C (0, +00]
isaninterval. Since A # J we see that p := inf(r(4A)) > 0. Now, if we take L € J€
such that r (L) = p it is easy to see that (7.3) holds.

Now we continue with the proof of Proposition 19. Suppose first that L. ¢ 4 and
take L' € H'\A'. Let B’ be a ball centered at p’ with B’ C B’. Since L is not the
separatrix { = 0}, there is a neighborhood W' of the divisor E’ such that

() W'nL' CB,
(2) if V'is the connected component of W'\ L intersecting {t' = 0}, then V' C B’.

Let B be a ball centered at p such that #(B) C W’ and let V be the connected
component of B\ L intersecting { = 0}. Letz € V and F € # be the leaf containing
z. Clearly F is contained in the connected component of B\ L intersecting {t = 0},
hence F > L and therefore F € A by (7.3). Then h.(F) € A’ and we have
h«(F) N L' = @, otherwise L' C h«(F) and Proposition 16 implies L' € A’,
which is a contradiction. Therefore z ¢ L’ and it follows that #(V) N L’ = @, that
is h(V) € W’\L'. Therefore, since h(V) is connected and intersects {t' = 0}, we
deduce from (2) that h(V') C V' C B’. Thus, since LN B C V,wehave h(LNB) C
h(V) c h(V) C B’ C B',hence L € 4, which is a contradiction. Suppose now that
L € Aandlet L' = h,(L). Let B’ aball centered at p’ with B’ C B’ and take a ball
B centered at p suchthat /(LN B) C L'NB’. Since dB’N L’ is compact and far of the
divisor, we may assume B small enough such that (B) is disjoint of a neighborhood
Q of L' N dB’. Choose a point zo € L N B. Thus, since A(L N B) C L' N B’, we
have h(zg) € L' N B’. It is easy to see that we may find a point z arbitrarily close
to zo such that the leaf F' € J# through z satisfies F < L and therefore F' ¢ .
Since h(zg) € B’ we may assume /h(z) € B’. Let F’ € J’' be the leaf through
h(z). Again by taking /1(z) close enough to /1(z) € L’ we may also assume that and
F' N 3B’ C . Let F’ be the leaf of #' containing F’ and observe that F/ N B’ is
a connected component of F/\dB’. Since h(F N B) C h(B) and F' N 9B’ C Q
we have that #(F N B) is disjoint of F/ N dB’. Then h(F N B) C F/\dB’. Thus,
since i(F N B) is connected and intersect (at least in /2(z)) the connected component
F'N B’ of F'\dB’, we deduce that h(F N B) C F’N B’. But this means that F € s,
which is a contradiction. O

Given L; € #’ we will find a neighborhood W' = W’(Lj) of the divisor E’
with the following property:

If L' > Ly and F' is a leaf of /|y intersecting L', then F' C L'. (7.4)

Suppose first W' is any neighborhood of £’ and let F’ be a leaf of |}, intersecting
L' > Ly. If F’is not contained in L', then F” intersects the boundary dL" = L'N 3B
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of L’. But it is easy to see that the union of the sets {0L'}; /.. L, is contained in a
compact set K disjoint of the divisor E’. Then it suffices to take W’ disjoint of K.

Proposition 20. Let B be a ball centered at p and W a neighborhood of the divisor
E such that B C W and h(W) C W'. Given z € B\E, let L, € 4 be the leaf
through z and let F, be the leaf of ¥ |w containing L, N B. Then, if hx(L;) > Ly,
we have h(F;) C h«(L;).

Proof. 1t follows from the definition of 4 (F;) that h(F;) Nhs«(L;) # @. Then, since
h«(L;) > Ly, the property 7.4 implies that the leaf F, of #'|w containing i (F;) is
a subset of s, (L;). Therefore h(F;) C h«(L;). |

Now, by global considerations we prove the following.

Proposition 21. Both equalities A = H and A" = JH' hold. Thus hy is a bijection
between J and Jt'.

Proof. By Proposition 19 we may assume that A4 = J. Suppose by contradiction
that A" # H'. Fix Ly € H'\A" andlet W/, W, B, L, and F; as in Proposition 20.

Claim 22. For all z € B\ E the set F; intersects the divisor only at p.

Let z € B\E. Since h«(L;) € + and Ly ¢ A’ we deduce from Propositions 16
and 18 that 24(L;) > Lj. Then Proposition 20 implies that 2(F;) C h«(L;). Now,
suppose that w, € F, tends to the divisor as n — oo. Then h(wy) € h«(L;) tends
to the divisor and therefore i (wy) tends to p’. Since hy(L;) € A/, if h(w,) is close
enough to p’ we have necessarily w, € L, hence w, tends to p. Thus Claim 22 is
proved.

By a suitable finite composition of blow ups we construct a map 7 : M- M
such that the strict transform of ¥ by 7 has only reduced singularities. Since p is
yet a reduced singularity we may assume that 77 does not involve any blow up at p.
Thus we may locally identify the spaces M and M at the points 7 “(p)~ p. LetF
denote the strict transform of ¥ restricted to the set | W =71 (W). Forallz € B\E
the leaf F, of ¥ |y defines a leaf F,of . Let E = #7Y(E) and D C E be the
projective line containing p.

Claim 23. Any singularity ¢ # p of F in D has a real negative eigenvalue.’

Let (¢, x) be holomorphic coordinates at g and a, b > 0 such that

(1) ¢ ~ (0,0) and D is given by {x = 0},

5This a consequence of the contradiction hypothesis #4’ # J’.
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(2) theset T = {|t| < a,|x| < b} is contained in W and ¢ is the unique singularity
inT,
(3) any pointin R = {|t| = a,0 < |x| < b} belongs to F, for some z € B\E.
Let w be any point in R, let L be the leaf of ¥ |T through w, and z € B such

that FZ contains w. We have by (2) that L C FZ. Then L C FZ and, since p ¢ T, it
follows from Claim 22 that L N D = @. Thus Claim 23 is a direct consequence of
Lemma 28 below.

Suppose that D; is a projective line in E intersecting D. Observe that the union
of the F,, contains a neighborhood of any regular pointin D. Then, since by Claim 23
the singularity at D N D; has a real negative eigenvalue, there is a neighborhood U
of this singularity such that

U\(pubyc |J F.
z€B\E

Let ¥; C U\D be a disc transverse to Dq. Then, if ¢; # ¢ is a singularity in D,
there are coordinates at g satisfying the conditions (1), (2) and (3) in the proof of
Claim 23 with g; and D instead of ¢ and D. Thus we may prove that all singularities
in Dy have eigenvalue in R<o. If we continue with this argument along the divisor
E we conclude that all the singularities of ¥ other than p have eigenvalue in R <o.
Let S C M be the strict transform of the union of the separatrices of ¥ in (C2, 0).

Since all singularity other than p has eigenvalue in R <9, there exists a neighborhood
Q of E such that the union of the £, contains the set Q\(E us ). Then

Su lJ E

z€B\E

contains the set Q\E and therefore
G=h@un(|JE)UE

is a neighborhood of the divisor E ’. But this is a contradiction because it follows
from Proposition 20 that (| J F) is contained in | J h«(L;) C B’ and clearly i (S)U
B’ U E’ is not a neighborhood of E’. Proposition 21 is proved. O

At this point we have a correspondence between the leaves in # with the leaves in
J’. Moreover, given corresponding leaves L € J and L’ € #’ wehave h(LNB) C
L’ for a small enough ball B centered at p. Let F and F’ be the leaves of 5
and ¥’ containing L and L’ respectively. The map h|r maps the pair (F, L N B)
onto the pair (F’, k(L N B)). From the topological structure of nodal singularities
and using the fact #(L N B) C L’ we can prove that the pairs (F, L N B) and
(F’, h(L N B)) are homeomorphic to (F, L) and (F’, L"). This allows us to construct
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anew homeomorphism A : F +— F’mapping (F, L) onto (F’, L’). Inthe remainder
of the proof we construct the maps 4 r depending continuously on F and such that
hr = houtside 8. We make this construction in such way the total homeomorphisms
obtained extends to the divisor in a neighborhood of the nodal singularity.

Naturally we may assume that the sets {|¢| < 1, |x| < 1} and {|t/| < 1, |x'| < 1}
are contained in the balls B and B’ respectively. Take b € (0, 1) and consider
w = (1,b) € B. Let L, € J be the leaf through w. If b is taken small enough,
h«(Ly) intersects {|z'| = 1, |x’| < 1} in a set of type {|t'| = 1, |x’| = b’} for some
b'e(0,1). SetT ={0< t]| <1,0< |x| <b}, T'={0<|t/| <1,0 < |x| b},
R={lt] =1|x| =b}, R ={['| = LIx'| =b'}, Re = {t] = 1,0 < |x| < b}
and R, = {|t'| =1,0 < |x/| < b'}.

Proposition 24. There exists a homeomorphism onto its image f: Ry +— T such
that the following holds:

(1) Ifz € L € ¥, then f(z) € L and h(f(z)) € hx(L).
) h(f(Ry)) C T

Proof. Consider the real flow (tangent to the foliation) ¢*(z,x) = (te™5, xe™*%).
Given z = (t,x) € R4, we have ¢°(z) — p as s — 400 and clearly ¢°(z),s > 0
is contained in a leaf L € /. By Proposition 21 we have L € # and therefore for
s big enough we have that #(¢*(z)) is contained in a leaf L’ € #’. Since h(¢*(z))
tends to the divisor and L’ meets the divisor only at p we deduce that 7(¢*(z)) — p’
when s — +o00. Then we may define

79(z) = inf{t > 0: h(¢*(z)) € T  forall s > t}.

Let us prove that 7o: R« — [0, +0o¢] is upper semi-continuous. Suppose on the
contrary that there is a sequence (z,),en of points in Ry with z, — z € R, and
such that 79(z,) > to(z) + 2¢ for some ¢ > 0. Then for all n € N we find
$n > 10(2) + ¢ such that h(¢*7 (z,)) ¢ T'. Suppose first that {s, } is bounded. Then
by passing to a subsequence if necessary we may assume s, — § > 1o(z) + &, so
that h(¢*"(z,)) — h(¢*(z)), but this is a contradiction because h(¢*(z,)) ¢ T’
foralln € N and s > 19(z) implies h(¢*(z)) € T’. Otherwise, again by passing
a subsequence we may suppose s, — +o0o. Then ¢*7(z,) — p and therefore
h(¢°n(z,)) tends to the divisor. Let L, € J be the leaf through z,. Since z, — z
there is L € J such that L, > L foralln € N. Let VV and V' be as in the proof of
Proposition 17. Thus, for n big enough we have ¢*2(z,) € V and, by Proposition 17,
h(¢*7(z,)) € V'. Then, since h(¢"(z,)) tends to the divisor, we conclude that
h(¢*7(z,)) — p’, a contradiction since h(¢*(z,)) ¢ T’ for all n € N. Now, by
Lemma 29 below there exists a continuous function 7: R. — R such that 7 > 7.
Then h(¢™?)(z)) € T forall z € R, and we finally define f(z) = ¢ (z). |
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Proposition 25. There exists a homeomorphism H: R + R’ with the following
properties:

(1) H{(t,x) e R:t =u}) ={(',x’) € R' : t' = u} for all u.
) Ifz e L € #, then H(z) € hy«(L).

Proof. Let X = {(1,x) : 0 < |x|] < b}and ¥, = {(1,x) : 0 < |x'| < b'}. By
Proposition 24 the set D = h o f(Z4) is containedin 7’. Fixz € D andy; C T’
a path in the leaf through z with y3(0) = Z and y;(1) € X/,. Given z € D, choose
a path o, C D joining z with z. Denote by 7 the projection (z/, x") +> ¢’ and let
yz: [0, 1] — T’ be the path in the leaf through z which is the lifting by the fibration
t'" = cte of the curve (o, * yz). Then y,(1) is a point in ¥/,. Suppose that @, C D
is another path joining z with zo. Then &, * a; ! C D is the image by 4 of a closed
path 6 in f(X.). Since f(X4) is homotopic to X, in T we have that 6 does not
link the separatrix {f = 0}. Thus, it follows from Theorem 12 that &, * ozz_l does
not link {t/ = 0}. Then the paths m(a; * v3) and 7 (&, * yz) are homotopic in
{(#’,0) : ' # 0} and therefore the point y,(1) € X/, does not depend on the path
az. Thus g(z) = y.(1) defines amap g: D + X,. Itis not difficult to prove that g
is injective®. Define H: X4 > X, by H = goho f. Then H is injective and it
follows from Proposition 24 that H(w) € h«(L) € J’ whenever w € L € J. Let
w € Y and Ly, € H the leaf through w. If w is close to (1,0) € X, then L, is close
to {x = 0}. In this case, we know that /1. (L,) is close to {x’ = 0}. Therefore, since
H(w) € hy(Ly), we have that H(w) — (1,0) € X" as w — (1,0) € X. Then by
setting H(1,0) = (1, 0) we extend H as ahomeomorphismof ¥ = {(1, x) : |x| < b}
onto its image in ¥’ = {(1,x') : |x| < b'}. Letr: X — T and r': ¥’ + X' be
the holonomy maps associated to positively oriented circles around (0, 0) in {x = 0}
and {x’ = 0} respectively. Let us prove that H conjugates the maps r and r’ ¥ where
& = 1 or —1 according to /& preserves or reverses the orientation of the leaves. Let
w € ¥ and 6 C R be the path in the leaf through w joining it with r(w). Take any
path n C X joining r(w) with w. Let « and o’ as in Theorem 12. Then 6 * 7 is
homologous to « in {¢t # 0} and therefore f(6 * 1) is homologous to « in {¢t # 0}.
Suppose first that & preserves the orientation of the leaves. Then by Theorem 12
we have that 4 o (6 * n) is homologous to &’ in {t' # 0}. Parametrize the path
ho f(n) CDbyzs,t €[0,1],z0 =ho f(r(w)),z; =ho f(w). Forallt € [0, 1]
we may construct the path y;, as above, depending continuously on ¢ € [0, 1]. The
path y;, is contained in a leaf and y;, (1) = g(z;). The map G: [0,1] x [0, 1] > T"
defined by G(¢, s) = y, (s) is continuous and maps the boundary of the square onto

ho f(n)*yz x(goho fmM) ™ %y

Then this path is homotopically trivial in {t" # 0}, so that y, x h o f(0 * n)yz,

5We make a complete proof in a similar situation in Subsection 10.1.



Vol. 89 (2014) Constructing equivalences and projective holonomy 653

is homologous to

O =y xho f(O)xy; ' xgoho f(n)

in {t’ # 0}. Then ¥ is homologous to &’ in {’ # 0}. Observe that ¢ has the part
Yzo *ho f(0)* yz_ll contained in a leaf and the part goho f(n) contained in X’. Then,
since path y, xho f(0) * yz_ll joins the point H (w) with H(r(w)), we conclude that
H(r(w)) = r’ o H(w). If h reverses the orientation of the leaves the proof follows
as above but in this case we have that ¢ is homologous to —a’ in {t' # 0}, so that
H(r(w)) ="' o H(w).

Recall that w € {(1,x) : |x| = b} implies that &.(Ly) N X' is contained in
{(1,x') : |x’] = b’}. Then H(Z) intersects {(1,x’) : |x’| = b’} and, since H(Z)
is invariant by the irrational rotation r’, we deduce that H (E) = 3/, Now, since
the 1-foliations induced in R and R’ are suspensions of r and r’ respectively, it is
easy to extend H to a homeomorphism H : R > R’ satisfying the assertions of the
proposition. O

Define the function g: R +— T by g(#, x) = ' (t,x) = (te”', xe™*). This map
is a homeomorphism between R and R = {(1,x) : |t| = e71, |x| < be™*}.

Lemma 26. Let f,g: R« — T be homeomorphisms onto is image. Suppose that
f(z) and g(z) are contained in the leaf trough z for all z € R«. Let Vy and Vg be the
closuresin T ofthe connected components of T\ f (R«) and T\ g (R+) containing R,
where T is the union of leaves L € J meeting Ry«. Then there exists a leaf preserving
homeomorphism ®: V¢ + Vg such that ®|g, = id and ®(f(z)) = g(z) for all
z € R..

Proof. Given z € Ry, let Lf and L be the leaves of ¥ Fly, and ¥ |y, through z.

The interiors of L; and L¢ are conformally equivalent to the unit disc and we may
S

consider the Poincaré metric on Lf and LE. Lety! : R — Lf be the geodesic in
Lf with y; ( o0) = z and y; (—I—oo) = f(z) and set If =y (R:I:oo) Define
analogously y$ : R+ L§ and If. Let ®,: I S I be the homeomorphism such
that CDZ(]/Zf(s)) = y£(s) for all s € R. Define ®: Vi = Vg by d>|12/ = &, for all

z € Ry. Itis not difficult to see that @ is a leaf preserving homeomorphism. |

If f is given by Proposition 24 and g is the map defined above, Lemma 26
gives us a leaf preserving homeomorphism ®: V¢ > V, such that ®|g, = id and
®(f(z)) = g(z) forall z € R,. Take a neighborhood W of the divisor E containing
{lt] = 1,|x| < byandset W, = W\({|t| < 1JUE), Wy = Wi UVy and Wy = W, U
Vg. Since ®|g, = id we may continuously extend ® to Wy by setting ®|w, = id.
Then ®: Wy +— W, is a leaf preserving homeomorphism Define f’: R, + T’ by
fl=hofoH landg': R+ T'by g'(t',x") = ¢ (t',x) = (e} x’e‘x). By
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Proposition 24 we may apply Lemma 26 to f’ and g’ to obtain a homeomorphism
®': Vyr = Vg such that &'| g, = id and ®'( f'(z")) = g'(’) for all ' € R},. Set
W' =h(W), W, = W\{|t'| <1}, W, = WUVy and Wé, = W/UV, and extend
@’ to a leaf preserving homeomorphism @’ : W]ﬁ, — Wé/. Then it is easy to see that
the homeomorphism 2 = & o h o =1 is a topological equivalence between F lw,
and .?7’|Wg/,. Set Ry = g(Ry) = {(1,x) : lt| = e71,0 < |x| < be™} and observe
that ﬁ| R, = g'oHog™ ! Then I extends to R and maps this set homeomorphically
onto R’ = {(t./x') : |t'| = e, |x'| < b'e™*}. Now we apply Lemma 27 below to
extend /1 to {|1| < e~1,|x| < be*} as a topological equivalence and this finishes
the proof of Theorem 7 in the nodal case.

Lemma 27. Let ¥ be the foliation in C? generated by the holomorphic vector field
t% + /\x%, where A is an irrational positive number. Let a,b,a’,b’ > 0 and
h:{t| =a,|x| <b} > {|t]| = d', |x| < b’} a homeomorphism such that

(1) h is a topological equivalence between the 1-foliations induced by ¥ in {|t| =
a,|x| <b}and{|t| =d,|x| < b},

(2) hisexpressedas h(t,x) = (h1(2), ha(z, x)).

Then h extends as a topological equivalence between {|t| < a,|x| < b} and {|t| <
a,|x| <b'}.

Proof.” Clearly h maps the disc {(a,x) : |x| < b} onto the disc {(h(a),x) :
|x| < b’} and h conjugates the holonomies (a, x) — (a,e?>***x) and (h;(a), x) —
(h1(a), e2™*x) defined on these discs. Since A is irrational it is easy to see that &
maps the circle ' = {(a, x) : |x| = b} onto the circle I = {(h1(a),x) : |x] = b}
and there is v € C* such that h(a, x) = (hy(a),vx) for all x € C with |x| = b.
Since for any o, 8 € C* the map (¢, x) — (at, Bfx) is a global auto-conjugation
of ¥, by composing & with a suitable such map if necessary we may assume that
a=b=a =b =hi(a =v =1. Then h(l,x) = (1,x) forall x € C
with |x| = 1. Clearly the map /A is a homeomorphism of the circle {|¢| = 1} onto
itself. Since the map (7, x) — (7, x) is a global auto-conjugation of ¥, we may
assume that /; preserves orientation. Then there is an increasing homeomorphism
$:[0,1] — [0,1] such that h;(e275) = 271%6) for all s € [0,1]. The orbits

of the 1-foliation induced by ¥ on {(¢,x) : |t| = |x| = 1} are parametrized by
(€275 ¢2miks ) s e R, |z| = 1. Observe that & maps each circle {(¢27%%, x) :
|x| = 1} onto the circle {(e27¢®) x) : |x| = 1}. Moreover & conjugates the 1-

foliation on {(#, x) : |¢{| = |x| = 1} with itself and A(1,z) = (1,z) if |z| = 1. Then
it is easy to see that

h(e27ris’ e27ri/lsz) — (eZniq&(s)’eZniA(p(s)Z)’

7We may also find a proof of this lemma in [5].
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fors € [0,1],|z] = 1. Let ¢;: [0,1] — [0, 1], € [1/2, 1] be a continuous family of
homeomorphism such that ¢y, = id and ¢; = ¢. For1/2 <r <1, |z| = 1 and
s € [0, 1) define

h(r€2nis’ eZni)usZ) — (reZn'id)r(s)’eZJti/lq&r(s)Z).

It is not difficult to see that this extends de conjugation / to the set {(z, x) : 1 > |¢]| >
1/2, |x| = 1}. Moreover, if |t| = 1/2 and |x| = 1 we have h(t,x) = (¢, x) and
we can extend / to the set {(z,x) : |t] < 1/2, |x| = 1} as the identity map. Then
the extended / is an auto-conjugation of the 1-foliation defined by ¥ on (D x D).
Finally, since the singularity at 0 € C? is in the Poincaré domain, topologically the
foliation ¥ on the bidisc D x D is a “cone” generated by the 1-foliation on (D x D).
Then it is easy to extend / to the interior of the bidisc. O

Lemma 28. Let ¥ be a holomorphic foliation on a neighborhood of the set T =
{|t] < a,|x| < b} with an isolated singularity at 0 € C2. Suppose that

(1) the singularity at 0 € C? is reduced and D = {x = 0} is a separatrix, and

(2) if L is the leaf of ¥ |1 passing through a point in R = {|t| = a, 0 < |x| < b},
then LN D = 0.

Then the singularity at 0 € C? has a real negative eigenvalue.

Proof. By condition (2) we see that 0 € C2 could not be neither a hyperbolic neither
a nodal singularity. It remains to prove that 0 € C? is not a saddle node. Suppose
that 0 € C? is a saddle node and assume first that D is the strong separatrix. By
the Flower Theorem is easy to see that a leaf L through a point p € R close enough
to D is such that L contains D, which contradicts property (2). Suppose now that
D is the weak separatrix. By the topological structure (see for example [9]) of the
saddle node we may find a leaf L through a point in R such that L intersects the set
{0 < |t| < a,|x| = b} at a point g close enough to the strong separatrix { = 0}
in such way (as above) L contains the strong separatrix. Then L contains 0 € C2,
which contradicts property (2). O

Lemma 29. If tp: R — R is upper semi-continuous, there exists a continuous
function t: R — R such that T > 1.

Proof. It is easy to prove. O

8. Topological structure of a non-nodal simply singularity

Let # be a holomorphic foliation with an isolated singularity at 0 € C? of eigenvalue
A ¢ Ry . Let (x, y) be coordinates such that {x = 0} and {y = 0} are the separatrices
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of the singularity. We may find a holomorphic vector field Z generating & such that

2 it 5 a4
0x dy

where re(1;) > 0 > re(A;). Thus, in a neighborhood U of 0 € C? we have

Z = xA% + yB% with re(A) > 0 > re(B). Let ¢ be the real flow associated

to Z and let a,b > 0 be such that P = {|x| < a,|y| < b} C U. Let z be any

pointin 7 = P\{xy = 0}. Write ¢(¢,z) = (x(¢), y(¢)) and put g(¢) = |x(¢)|>. A

straightforward computation shows that

g'(t) = 2lx(O)Pre{A(t)} > 0,

hence the function |x(¢)]| is strictly increasing. Analogously we may prove that the
function |y (¢)] is strictly decreasing. Thus, since z = (xg, yo) with |x¢| < @ and
|vo| < b we have that the orbit of z intersects the set {|x| < a, |y| = b} atexactly one
point w. Therefore we have z = ¢ (s, w) with 0 < s < 7(w), where t(w) > 0 is the
unique real number such that ¢ (z(w), w) is contained in the set {|x| = a, |y| < b}.
Since Z is transverse to {|x| = a,|y| < b}, we have that t depends continuously
on w. Moreover observe that Z is transverse to the sets {|x| = cte # 0} and

Iyl =cte # 0}.

Lemma 30. Let by € (0,b) and let I and J be open intervals such that I C(0,a)
and J C (0, by). Then there exists § > 0 and a map g such that

(1) g is a homeomorphism between Q = {(x,y) : |x| < a,0 < |y| < b} and
OO0 y) = |yl = bu},

(2) g preserve the leaves of ¥,

(3) g =idon {(x,y): (Ix]—a)(|y| —b) = 0},

4) forallr € I we have that g maps {|x| = r,0 < |y| < 8} into a set of type
{ly| =r'}ywithr' € J.

Proof. Let R = {(x,y) : 0 < |x| <8, |y| = b} with 0 < § < a. Take functions
a: [5,6] — Rand B: [0,3] — R such that

(1) « is strictly increasing with «([5, 6]) = I,

(2) B is strictly decreasing with (0) = b, (1) = b; and B([2,3]) = J.

It is easy to see that for § small enough the orbit of any z € R intersects each
set {|y| = B(s)}. Since the flow is transverse to the sets {|y| = B(s)}, we have

continuous functions 7s: R — R™ such that ¢(75(2),z) € {|y| = B(s)} for all
z € R,s €]0,3]. Make ¢(¢,z) = (x(¢), y(¢)) and observe that

(1) |y(z3(z))| = B3) > 0 and |x(z(z))| = a > 0,
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(2) |x(r3(z))] = O0and |y(z(z))| — Oas |z| — O.

Therefore by reducing § we may assume that

ly(z3(2)] = [x(w3(2)| > 0> [y(z(2)] = [x(z(2))].

Then, since |y(z)| — |x(¢)| is strictly decreasing we have a continuous function
74: R — R defined by ¢(74(z),z) € {|x| = |y|}. By reducing § if necessary
we have |x(74(z))| < «(5) and we also obtain continuous functions 7;: R — RT
such that ¢ (75(2), z) € {|x| = a(s)} forall z € R, s € [5, 6]. Observe that 73 < 74
and t4(z) —> oo as z — {x = 0}. We define 74(z) = oo if z € RN {x = 0} and
construct a continuous family of functions 7,: R — R™, s € (3,4) such that

(1) ©y <1y foralls,s” € [3,4],s <,

(2) 15(z) = 13(z) as s — 3 forall z € R,

(3) 15(z) > t4(z) ass — 4 forall z € R.

We extend the family t; by making

s=0B-—5)1+ G —Hts ifs €[4,5],
s =(T—5)t6 + (s —6)17 ifs €[6,7],

where t7 = t. It is easy to see that 7y < 7y forall 5,5 € [0,7], s < s’. Take an
increasing homeomorphism £ : [0,7] — [0, 7] such f([5,6]) = [2,3], f([0,4]) =
[0,1]. We write w = ¢(z5(2),2), z € R, and define A(w) = Tr(s)(2) — 75(2).
Take a continuous function p: [0, 8] — [0, 1] such that p = 1 on [0,6/2] and p = 0
near of §. Define now g(w) = ¢(p(|z|) A(w), w). The map g is defined on V =
{¢(15(2),2) : z € R, z € dom(zs)} and may be extended to Q by making g = id

on Q\V. Itis not difficult to see that g satisfies the assertions of the lemma.

Lemma 31. Given a; witha > a; > 0, there exists a map g such that
(1) g is a homeomorphism between P\{(x,0) : |x| < a1} and P\{0},
(2) g preserve the leaves of ¥,

(3) g maps {(x,0) : a; < |x| < a}onto {(x,0) : 0 < |x| < a} with g(x,0) —
(0,0) as |x| — ay,

(4) g =idon {(x,y):|x[=aor|y|=b}

Proof. Let R = {(x,y) : 0 < |y| <4, |x| =a} with0 < § < b. Now, we denote
by ¢ the real flow associated to —Z. As in the proof of Lemma 30, for § small enough
we may construct a continuous family of functions 75: R — R U {400}, s € [0, 3]
such that

(1) 70 =0,
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(2) 13 < ty foralls,s’” €[0,3],s <,

(3) forall s € (0,2) the function t4 take values in R,
4) 2(z) € {|x| = |y|} forall z € R,

(5) 73(z) € {2|x| = |y|} forall z € R.

Take an increasing homeomorphism f: [0, 3] + [0, 3] such f([0,1]) = [0,2]. As
before, we write w = ¢(75(2),z), z € R and define g(w) = ¢(p(|z])A(w), w),
where A(w) = 77(5)(z) — 75(2) and p: [0, 8] = [0, 1] is such that p = 1 on [0, §/2]
and p = 0 near of §. The map g is defined on V = {¢(z5(z),z) : z € R, z €
dom(t,)} and may be extended to P\{(x,0) : |x| < a1} by making g = idon P\ V.
Then g satisfies the assertions of the lemma.

9. Proof of first part of Theorem 7 in the non-nodal case

In this section we prove the first part of Theorem 7, that is: Given ¢ > 0 we con-
struct a topological equivalence /& between ¥ and ¥’ such that, for some numbers
a,b,a’,b’ € (0,¢), we have

(1) hmaps {|t| <a,0 < |x| <b}into{|t'| <a’,0 < |x'| <b'},
(2) hmaps {|t| = a,0 < |x| <b}into {|t'| = da’,0 < |x'| < b},

(3) close to the divisor and outside
{lt| <e x| <elURTI(t'| <& |x| <e)

we have i = h.
Actually we will prove the following stronger version of item (2) above:
(2") For some ai € (0,a),a} € (0,a’), the sets {|t| = r,0 < |x| < b}re[q,,q] T
mapped by / into the sets {[¢'| = r', 0 < [x'| = b"},repar an
It follows from Theorem 10 that there is a topological equivalence h such that for
some a,a’, b € (0, &) we have the following:

(1) For all s in a neighborhood of b, the set {|¢| < a, |x| = s} is mapped by h into
the set {|t'| < @', |x’| = B(s)}, where B is an increasing continuous function.

(2) Close to the divisor we have h=h.

Take b; < b and an open interval J in the domain of definition of 8 such that
J C (0,by). Letb’ = B(b), b’; = B(by), J' = B(J) and take open intervals /
and I’ such that I C (0,a), I’ C (0,a’). Clearly we may assume a, @', b, b’ be
small enough such that {|z| < a, |x| < b} and {|¢t/| < &', |x’| < b’} are contained in
neighborhoods as in Section 8. Thus, by Lemma 30 there exist homeomorphisms g
and g’ and numbers §, 8" > 0 such that
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(1) g maps Q = {|r| < a,0 < [x| < b} onto Q\{0} x [0,b,],
(2) g’ maps Q' = {|¢'| =a’,0 < [x| = b’} onto Q"\{0} x [0,b]],

(3) g and g’ are leaf preserving and are equal to the identity on {(¢,x) € O :
(If|—a)(Jx|—b) = 0}and {(+",x) € Q" : (|t'|—a")(|x"| —b’) = O} respectively,

(4) g maps the sets {|¢| = 5,0 < |x| < §}
(5) g’ maps the sets {|t']| = 5,0 < |x'| < &'}, into the sets {|x'| = s}, 7.

sef» into the sets {|x| = s}, 7,
Outside the exceptional divisor we may extend g and g’ as the identity map. Clearly
g and g’ are topologlcal equivalences of ¥ with itself and ¥’ with itself respectively.
Then h = g’~ " o h o g is a topological equivalence between ¥ and ¥ and it is not
difficult to see that, if § is taken small enough, the following properties hold:

(1) Thesets {|t| = s, 0 < |x| < 8}, are mapped by h into the sets {|t'| = s, 0 <
x| < b'}

(2) Close to the divisor and out of

s'el’"

el <elxl <efURT(t| e |x| <e)

we have i = h.

Let b’ = b’ andtake a € I, a’ € I be such that {|t'| = a’, 0 < |x'| < b’} contains
h(|t] = a, 0 < |x| < 9).

Assertion. There exists § > 0 such that {|t'| = a’, 0 < |x’| < &} is contained in
h(lt] =a,0 < |x| < §).

Take § > Osuch that forall (¢, x’) € h(|t| = a, |x| = §) we have |x'| > §. Since
h is a homeomorphisms, the set X = h(|t| = a, 0 < |x| < ) N{|t'| = a’,0 <
|x’| < 8}isopenin{|t’| = a’, 0 < |x’| < 6}. ObV10usly the set X is non-empty, then
it suffices to show that X is closed in{|//| =d’, 0 < |x'| <6} Let (tk xi) €{|t| =
a,0 < |x| < 8} be such that A(fy, xx) tends to a point ¢ in {|¢'] = a’,0 < |x'| < &}.
We may assume that (¢, xx) — (f9, xo). Clearly xo # 0 because ¢ is not a point
in the divisor {x’ = 0}. Then (fo, x0) € {|f| = a,0 < |x| < §}. By the choice
of § and the injectivity of # we have that (¢o, xo) € {|t| = a,0 < |x| < &}. Then
g = h(tg, xo) € X and X is therefore closed in {|¢'| = a’,0 < |x'| < &§}. Assertion
is proved.

Take b € (0, ) small enough such that

A=h{|t]| <a,0<|x| <b})
intersects B = {|t'| < a’,|x| < b’} in a set contained in {|¢'| < ', |x| < §}. Then

ANIB C{|'| =d,0<|x| <8}

But {|t'| =a’,0 < |x| < 8} is contained in the set i(|f| = a,0 < |x| < §), which
is disjoint of A, since & is injective. Then A N dB = @. Finally, for complete the
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proof we show that A4 is contained in B. The set 4 is connected and it intersects the
separatrix {t' = 0, |x’| < b’} C B. Then A ¢ B implies A N 0B # @, which is a
contradiction.

10. The-linearizing/resonant case

Let /1 be the homeomorphism constructed in Section 9. By simplicity we denote h also
by h. Let g be the foliation of dimension 1 inducedin R’ = {|t'| = a’,0 < |x'| < b’}
by F'. Let ¢ be the flow associated to § such that if z = (¢/,%) € R/, then
$(s,z) = (e?™5t',x). For § € (0,b)let D = D(§) = {(a,x) : 0 < |x| < 8} and
D = D6) =h(D). Let X = {(a’, x’) : |x’| < b'}. Itisin the proof of the following
Proposition where the linearizing-resonant hypothesis is used. This proposition is the
key to redressing the transverse sections ¥, = { = u, |x| < b} in the proof of the
second part of Theorem 7. By [c, d] we denote the closed interval with endpoints ¢
and d,evenifc > d.

Proposition 32. If § is small enough, there exists a continuous function t: D — R
such that

(1) ¢(t,z) € R and f(z) = ¢p(z(2),2) € Zforallz € D, t €[0,1(2)],
2) f: D X isahomeomorphism onto its image,

3) f(D) = Q\{o}, where 0 = (a’,0) € X and Q C X is a topological disc
containing o,

4) f(z) > o as z € D tends to the divisor {x' = 0}.

It is easy to see that there exists zg € O and so € R such that ¢(sp,z9) € =
and ¢(s,z9) € R forall s € [0,59]. Let z be any point in ©O. Take any path
y:[0,1] = D with y(0) = zp and y(1) = z. If zg = (to,*), we may write
y(s) = (e2719G)¢, ), where 0: [0, 1] — R is continuous and 6(0) = 0. We define
7(z) = 59 — 6(1). Let y’: [0,1] — D be another path joining zy and z and let
0’:0,1] — R be the corresponding function. It is easy to see that 6'(1) — 6(1) is
the linking number between the path y~! o y’ and the vertical {# = 0} and therefore
equal to zero, by Theorem 12. Thus 7 is well defined and it is easy to see that it is
a continuous function. Take § > 0 be such that T/ = {|t/| = a’,0 < |x'| < 8} is
contained in A({|t| = a,0 < |x| < b}). We divide the proof of Proposition 32 in
three cases.

10.1. Proof of Proposition 32 when the holonomy is a rotation. In this case we
may take § small enough such that for all z € D, all the orbit of § passing through z
is contained in T’. Therefore ¢(¢,z) € R’ forall z € O and for all ¢ € [0, T(z)]. Tt
follows from the construction of 7 that f(z) = ¢(t(z),z) € X. We shall prove that
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f is injective. Suppose that f(z) = f(z’). Let y: [0, 1] = D be a curve joining z
and z’. Lets € [0, 1] and let @ and S be the paths ¢ ((1 —s5)7(2),z) and ¢ (sz(z’), z’)
respectively. Let 0 be the closed path y * 8. Fort € [0, 1] we define y;, oy and B; by
the expressions ¢ (ttoy(s), y(s)), p((1—s+ts)t(z), z) and @ ((s +1(1—s))t(z'), z)
respectively. It is easy to see that y; % B; * «; define a homotopy between 6 and a
path contained in . Then 6 does not link the separatrix {t' = 0} and therefore, by
Theorem 12, the path 4~1(0) does not link {#' = 0}. Observe that the path 2~1(0)
has the part 2~ (y) contained in D. On the other hand, 2! (8 * «) is a path contained
in a leaf of the foliation # restricted to {0 < |t| < a,0 < |x| < b}. Since i1 (B *x )
joins h71(z) and A~ (z’) (points in D) we have that 1! (z) = g(h™1(z’)), where g
is the holonomy map associated to the projection of #~1(0) in {x = 0}. Then, since
h=1(0) does not link {t = 0}, we have that g = id, hence z = z’. Let O(z) be the
orbit of ¥ passing through z. We know that O(z) tends to {x’ = 0} as z tends to
{x’ = 0}. It follows that f(z) — o as z tends to {x’ = 0}. Topologically, we may
identify £ with D\{0}. Then we extend the function f to D by making f(0) = o.
This extension is a homeomorphism and 2 = f(ID) is therefore homeomorphic to a
disc. This finishes the proof in this case.

10.2. Proof of Proposition 32 when the holonomy is hyperbolic. Given z € D
take a complex disc ¥, passing through z and transverse to . In a neighborhood
U; of z is well defined a leaf preserving projection 7z, : U; +— X,. Itis notdifficult to
prove, since D is a continuous transversal to ¥, that in a small neighborhood A, of
z in D the restriction 77, : A, — X, is a homeomorphism onto its image. The charts
{m;},cp define a natural complex structure on . Then D, since it is homeomorphic
to an annulus, it is analytically equivalent to an annulus {z € C : 0 <r < |z]| < I}
for some r > 0. The holonomy map of the separatrix x = 0 is a contractive function
g: D~ D. Considerthemap g’ = hogoh™': D+ D. Clearly g': D — D
is not trivial at homology level and is holomorphic, because it is continuous and leaf
preserving. Then, since g’ is not an isomorphism, it follows from the annulus theorem
(see [19], p. 211) that r = 0 and D is therefore analytically equivalent to a punctured
disc.

By using linearizing coordinates we may assume that the foliation § extends to the
set {(¢',x") : |t'| = a’,x’ € C} and is the suspension of a hyperbolic automorphism
of C. Then we have amap f: D + {(a¢’,x) : x € C} defined by f(z) =
¢(t(2), z). Observe that f is holomorphic, because it is a continuous leaf preserving
map. Identifying O with D\{0}, we have by the Riemann Extension Theorem that
f extends to a holomorphic map f: D — C, f(0) = 0. Since § is the suspension
of an hyperbolic automorphism of C, there exists a set R C T’ such that

(1) R contains all segment of orbit with endpoints in R,
(2) R contains the set {(/,x’) : |t'| = a’,|x| < €} for some € > 0.

Since f(0) = 0, by reducing D if necessary we may assume that £ and f(D) are
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contained in R. It is not difficult to see that the proof of the injectivity of f given
in Case 1 also works in this case. Then f maps D homeomorphically into C and
therefore Q = f(ID) is a topological disc. This finishes the proof in the hyperbolic
case.

10.3. Proof of Proposition 32 when the holonomy is resonant non-linearizable.
In this case the foliations near the singularities p and p’ are generated by vector fields
of the form t% + Ax(1 + ---)% and l’% + Ax'(1 + ---)% with A, 1" € Q<.
Let v and ¥’ be the real flows associated to these vector fields respectively. Given
z = (a,x) € D, there is a unique s(z) € R such that ¥ (s(z),z) € {|x| = b}.
Let y, be the path ¥ (s,z), s € [0,s(z)] and define p(z) = ¥ (s(z),z). For all
w e {0 <|t'| <a',0 < |x'| <b'} define m(w) as the intersection of the orbit of w
by the flow ¥ with R’. As in Section 4 we may construct a topological equivalence
h such that

(1) h is defined in a neighborhood of the set {(0, x) : 0 < |x| < b},

() {|t] <a,|x| <b}Ndom(h)}is mapped by A into {|t'| < d’, |x'| < b'},

(3) For € > 0 small enough and for all u € S' C C, i maps the set {|t] < e,x =

ub} into the set {|t'| < a,x’ = ub’},

(4) close to the divisor we have h=h.
If § is small enough we have y, C dom(h) and h(y;) C {|t'| < da’,|x’| < b'}. The
path 7 (h(y;)) is contained in a orbit of the flow ¢ and is homotopic in this orbit to
a path of the form ¢ (s, (z)), s € [0, t;] for some 7, € R such that ¢(z;,h(z)) =
7 (h(p(2)). By (4) we may assume that 2(z) = h(z)forallz € D. Then¢ (s, w) € R’
forallw € D, s € [0, 71 (w)], where 71(w) = Tj—1(y). Let D1 = {(r1(w), w) :
w € D}. We will prove that there is a continuous function 7 : £; — R such that
¢(s,w) € R and ¢ (12(w), w) € X forall w € Dy, s € [0, r2(w)]. Since D; does
not link the vertical {t' = 0} there exists a continuous function 6: £; + R such
that w = (a’e>™19W) ) for all w € D;.

Assertion. The function 6 is bounded.

Given u € St let I, = {(t, ub) : t € (0,€;]}, where €; € (0,€) and € is as in
item (3) above. Let Uy, = {(¢, ub) : |t| < €} and U, = {(t', ub’) : |t'| < a} and
observe that E|U“ : Uy + U, conjugates the holonomies of the separatrices {t = 0}

and {t" = 0} computed on U, and U), respectively. Therefore, if r;, > 0 and 6, are
continuous real functions such that

h(@) = (ru(©)e* %, ub') (10.1)
for all { € 1, it follows from Lemma 33 that 6,,(/,,) has finite diameter M,, € R.
Observe that, since the orbits of the flow y’ are contained in the sets {t'/|t'| = cte},

we have B ' '
wh(§) = 7w (r ()™ b’y = (@' 0@ ), (10.2)
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Moreover, the orbits of ¥ passing through a point of _J /,, are all contained in {(¢, x) :
t € R- ¢}, then these orbits intersects {(¢, x) : |t| = a, |x| < b} at points in D. Thus,
by taking €; small enough we may assume that (_J /,, is contained in p(D). Then
mh(t) € O, forall ¢ € I, and therefore h(t) = (a/ez”io(”_h(;)), x). It follows
from equation (10.2) that there is some integer 7, such that 0 (7 () = 6, (¢) +ny
for all ¢ € I,,. This implies that the diameter of 6(wh(/,)) is equal to M,,. We may
take §; € (0, §) small enough such that

(1) 1, intersects the set K = p({(a,x) : §; < |x| < §8}) forall u € S!,

(2) p({(a,x) :0 < |x| < 81}) is contained in | J .

Then 6(D;) C Omh(K) U U Qnﬁ(lu) and each Gn};(lu) intersects the compact
set Oh(K). Thus, it suffices to show that {M,, : n € S'} is bounded. Suppose
by contradiction that there is a sequence {ug} C S' with M, — oo and puy —
it € S!. Since h is a topological equivalence, for large k there are holonomy maps
S @, pieb) 2 t] < 1} > Up and gg: h(Up) — U, such that

(1) h(z) = gk oho fi(z) forall z € {1, peb) : 1] < 1),
(2) fx and g tends to the identity as k — oco.

We can parametrize A ( f¢ (T, ) by (7 (£)e?™ % &) by, ¢ e Iy, , where ry > 0 and
O are real continuous functions. If k is large enough we have that f¢ (1, ) is C'-
close to /; and Lemma 33 below implies that the image of 6 has diameter bounded
by some constant C independent of k. For k large we may write gx(w, iib’) =
(weg (w)e2 W) 0 b'), where ¢ > 0 and ¥y are real continuous functions with
[|0k|| < 1. Then forall ¢ € I,

h(©) = groho fi(0)
= gi(rc(0)e*™ %@ [ip")
= (1 (2)e?™ 1O O ¢ (%)) 11 b

271 (Ox (§)+05 (%))

= (rrcke , Hih").

On the other hand, we have from equation (10.1) that 2(¢) = (rug (&)™ 0 ®) b
forall ¢ € I, . Therefore we have 0, ({) = 0k ({) + Fx(*) + ng forall § € I,
for some ny € Z. It follows that M,, < C + 2 for all k big enough, which is a
contradiction. Assertion is proved.

Define (w) = —6(w) for all w € D; and let M > 0 be such that ||0]| < M.
Now, keeping 6 invariable we can reduce § in order to have ¢ (s, w) € T’ for all
w € Dy, s € [0, 20p)]. Clearly we have ¢(12(w), w) € X for all w € D;. The
injectivity of f follows as before, so Proposition 32 is proved.

Lemma 33. Let h map D = {z € C : |z| < r} homeomorphically into C with
h(0) = 0. Suppose further that h is a topologically conjugation between two germs
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f,g: (C,0) — (C,0) of biholomorphism with resonant fixed point at 0 € C. Given
a simply path y : [0, 1] = D with y(0) = 0, take a real continuous function 6 such
that h(y(t)) = |h(y(1))|e* %D and define d(y) € R U {oo} as the diameter of
0([0,1]) C R. Then there is a constant C > 0 such that d(y) < C for all y whose
image is contained in the complement of {tu : t > 0} for some u € C*,

Proof. Let D* = D\{0}, B = exp !(D*) and B’ = exp” ! (h(D*). The homeo-
morphism 4 may be lifted to a homeomorphism H : B — B’ such that s o exp =
expoH. It is easy to see that any y satisfying the hypothesis of the lemma may be
lifted by exp into the set T = B N {0 < im(z) < 4x} Then it is sufficient to show
that there is some constant k > 0 such that H(T') is contained in {|im(z)| < k}.
Suppose that there is some path I" satisfying the hypothesis of the lemma and such
that d(I") < co. Then we may find two lifting I'; and ', of " in B such that the set
T is contained in the closed region K bounded by I'; and I'; in B. Since d(I") < oo
there is k > 0 such that H(I';) and H(I';) are contained in {|im(z)| < k}. In this
case it is easy to see that H(K) C {|im(z)| < k} and therefore H(T) is contained in
{lim(z)| < k}. Now we prove the existence of I'. By the Flower Theorem (Leau—
Fatou), considering a repelling petal of ', we may find a simply curve I': [0, 1] — D,
I'(0) = 0 and a disc Doy C D centered at 0 € C such that the following holds:

(1) The path I'((0, 1]) is contained in the complement of {tu : ¢ > 0} for some
ueC*

(2) Forall z € T'((0, 1]) there is some n € Z>o with f°"(z) ¢ Dy.

Again by the Flower Theorem, considering a attracting petal of g, we may find uy € C,
|ug| = 1 and € > 0 such that for all z € {fug : 0 <t < €} we have g°"(z) € f(Dy)
for all n € Z>¢. Then, since / conjugates f and g, we deduce that #(I") does not
intersect {tug : 0 < t < €}. Thus h(I") intersects the ray {tuq : ¢ > 0} only finitely
many times and therefore d(I") < oco. O

Remark 34. We conjecture that Lemma 33 is true, in general, when the germs f
and g are non-linearizable. If this would be the case, the theorems of the paper
would be true without the linearizing/resonant hypothesis. The construction of an
extension to a neighborhood of p depends only on the boundedness of the function 6
(Subsection 10.3). In particular, the function 6 is bounded if the homeomorphism in
Lemma 33 is a conformal map, we have this situation for example if the topological
equivalence between the foliations is transversely conformal. In [18] the author shows
some general situations where the topological equivalence is necessarily transversely
conformal, for example if the resolution of % is non-dicritical, has no nodes or
saddle-nodes and has some component of the divisor with non-solvable holonomy

group.
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11. Proof of the second part of Theorem 7 in the non-nodal case

In this section, under the linearizing/resonant hypothesis, we prove the second part
of Theorem 7. We continue with the notation established in Section 10. Denote also
C={lt|]=a,x=0,,C'"={|t'| =d.,xX’ =0}, R={t] =a,0 < |x| < b}
and o = (a,0). We have in R a foliation of dimension 1 induced by #. Recall
the real flow ¢ on R’ defined in last section. We also denote by ¢ the real flow on
R such that ¢(s, z) = (™t %) for z = (¢, %) € R. Choose the orientation of C
given by the flow ¢. Let 6 be a oriented circle in R homotopic to C in R and take a
diffeomorphism g: C + C’, g(¢o) = (d’, 0) such that g(C) is homotopic to /(8)
in R ={|t'| =d,|x'| <b}. Let Ry = {(t'.x') e R :|t'| =a’,0 < |x| <8}
and assume §’ > 0 be such that

(1) ¢(s,z) € R forallz € Ry, s € [—1,1],

() ¢(s,z) €{|t| =a,|x| <8} forallz € = (Ry),s € [-1,1].

Given ¢ € C, define #({) € [0,1) by { = ¢ (Lo, P(¢)) and let ¥/ ({) € R be
such that ¢(s9'(¢), g2(Lo)), s € [0,1] is a positive reparametrization of the path
g(@p(s9(2), o)), s € [0, 1]. Clearly % and ¥’ are continuous on C \{{} and they have
a simply discontinuity at {y. Let 7 be the projection (¢, x) — ¢ in R. Given z € Ry,
make ¢(z) = m o h™!(z) and let f(z) € R be such that ¢(—s6(z),z), s € [0,1] isa
positive reparametrization of /1 o ¢p(—s¥(£(2)), h~1(2)), s € [0, 1]. From (2) and the
definition of @ it is easy to see that ¢p(—0(z),z) € D forall z € Rg . In Section 10
we found the function 7 defined on . Now, we extend t to Rg, by making:

7(z) = —0(2) + 1 0 p(—0(2), z) + ¥ (¢(2)). (11.1)

Assertion. T is continuous and ¢(st(z),z) € R' forallz € Rg/, s € [0, 1).

Let zg € O. It is sufficient to show that t(z) — t(z¢) whenever z — zg € D
with 1/2 < §(¢(2)) < 1. If #(¢(z)) — 1 we have that 8(z) — 0y, where 6 is such
that ¢(—s6p,2¢), s € [0,1] is a positive reparametrization of & o ¢(—s, h~1(zp)),
s € [0,1]. Then zy := ¢(—0,z0) = hop(—=1,h"1(z9)) € D. Lety: [0,1] > D
be any path such that y(0) = z; and y(1) = z¢. For all ¢ € [0, 1] define the paths y;
and a; by y;(s) = (1T o y(s), y(s)) and

ar(s) = ¢((1 —$)t7(z0) + s(17(21) — 60). 20)

for s € [0,1]. The paths «; * y; are closed and give a homotopy between ag * y
and «q * ;. By the definition of 6y, the path o is homotopic in R’ to the path
ho¢(—s,h™'(zp)), s € [0,1]. Then ag * y is homotopic to the path h(& * j),
where @ is the path ¢(—s,h71(z9)), s € [0,1] and 7 = h~! o y. But the path & *
is homotopic to —C in R. Then, it follows from the definition of g that ap * y
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is homotopic to g(—C) in R’. Therefore oy * y; is homotopic to g(—C) in R’.
Observe that, since y; C X, the path «; * y; is homotopic in R’ to the closed path
o (1 — 5)t(z0) + s(t(21) — 00),g(C0)), s € [0,1]. Then g(—C) is homotopic to
o (s(t(z1) — t(z0) — 00),q), s € [0,1], where ¢ = ¢(t(20), g({o)). On the other
hand, since 9 (¢(z)) — 1 as z — zo with 1/2 < §(¢(z)) < 1, it follows from
the definition of ¥’ that ¥/({(z)) — &, where § (equal to 1 or —1) is such that
o (—s€&, g(Co)), s € [0, 1] is a positive reparametrization of g(—C) = g o ¢(—s, {p),
s € [0,1]. Then g(—C) is homotopic to ¢(—s&, g(Lo)) = ¢(—s&,q), s € [0,1]. It
follows that the paths ¢ (s(t(z1) — 7(z9) — 60),q) and ¢(—s&, g) are homotopic in
R’ and this implies that
& =—1(z1) + t(20) + bo.
Thus, if z — zgwith 1/2 < 9(¢(z)) < 1, wehavethat6(z) — 6y, T0¢p(—0(z),z) —
T o p(—00,20) = t(z1), ' (¢(2)) = & = —1(21) + 7(20) + Oo and by replacing in
(11.1) we obtain that t(z) — 7(z¢). Therefore t is continuous. On the other hand it
is easy to see that ¢ (st(z),z) € R forall z € Rg, s € [0, 1]. The assertion is proved.
Define the map

fiRy =R, f(2) =¢(t(2).2).

This map f is an extension of the map f: & — X given by Proposition 32. Given
{=(t.0)eC,letg(¢) = (té, 0) and define the sets

De = h({(tz,x) : 0 < |x] < 8}),
e = (17, x") 1 X[ < B}

Observe that f(z) € X¢ for all z € D¢ N Rg. Moreover, the map fr =
flosnry : D¢ N Rgr — ¢ may be expressed as fr = g’ fohgh™', where g(w) =
(=), w), g'(w) = ¢ (). w) and fo = flonr,. Clearly g and g’ are
diffeomorphisms and by Proposition 32 the map fo is a homeomorphism. Then f:
is a homeomorphism onto its image and f¢(z) tends to the divisor as z tends to the
divisor. Then we conclude that

(1) f is a homeomorphism onto its image,
(2) f(z) tends to the divisor as z tends to the divisor,
(3) f maps D¢ N Ry into the vertical Xe.

Observe that, for some §; > 0, f o h maps each vertical {(#;,x) : 0 < |x| < 1}
into the vertical (té,x’) 10 < |X| < b'}.

Now, for some ¢ > 0, §” > 0, we will extend f totheset V = {(t’,x') :a’—¢ <
[t'| <a’ +¢0 < |x'| <§”}. Take first any 6” € (0,68’). For ¢ > 0 small enough we
may extend the flow ¢ in the natural way:

(1) ¢ isdefinedon V,
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(2) ¥’ 1is invariant by ¢,

(3) ¢(s,z) = (e?™5¢', %) whenever z = (', %).
By reducing ¢ if necessary we have the following property: given z € V, there is a
path e : [0, 1] — {(¢,x) : 0 < |x| < b} such that

(1) a; is contained in the leaf of ¥ and a;(0) = h~!(z),

(2) oz(s) = (t:(s), x2(2)) with £(s) = (1 — 5)2;(0) + sa%,

that is, o, is the lifting to a leaf of a radial segment in {x = 0} such that «,(0) =
hY(z)anda;(1) € R. Lety;(s) = hoa,(s) = (1.(s), x.(s)). There is a continuous
function 6 : [0, 1] — R with 8,(0) = 0 and such that

1;(0)
|2(0)]

Observe that y,(1) € R’ for all z € V and we may assume y,(1) € Rg if §” is taken
small enough. Then we extend 7 and f by the expressions

7(2) = 0:(1) + z(y=(1))

11s) = 2 )] 0).

and
f(z) =¢(z(2),2).

It is easy to see that these functions are continuous. Let Rg~(r) = {|t'| = r,0 <
|x'| < 8"yand R'(r) = {|t'| = r,0 < |x'| < b’}. Lettg € C be such that 2 ({(z9, x) :
0 < |x| < 8o}) is contained in R’(r). We may write g = kug with k > 0 and
|uo| = a. We know h({(ug, x) : 0 < |x| < 8o}) is mapped by f homeomorphically
into a set {(ug,x’) : 0 < |x'| < b’} with |ug| = a’. It follows from the construction
that, if D(to.€) = h({(fo,x) : 0 < |x| < €}) is contained in R'(r), then D(to.€)
is mapped by f homeomorphically into X (t9) = {((r\a")ug.x’) : 0 < |x’| < b'}.
Then f maps each Rg (r) homeomorphically into R’(r). Moreover, it is not difficult
to see that

(1) ¢(st(2),z) € R'(r)forall z € Ry, s € [0, 1],

(2) for all p € [0, 1] we have that g,(z) = ¢(pt(z),z), maps R (r) homeomor-

phically into R'(r),

(3) g, tends to the divisor as z tends to the divisor.
Now, take p: [a’ —¢,a’ +&] > [0, 1] such that p(a’ —¢) = p(a’+&) =0and p = 1
on a neighborhood of ¢’ and define

F(z) = ¢(p(r)t(2).2) ifz € Ry (r).

It is easy to see that

(1) F preserves the leaves of %,
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(2) F maps V homeomorphically onto its image,

(3) F =idon Rg/(a’ — &) U R}, (a' + ¢),

(4) if € > 0 is small and [to| is close to a, then F maps each set D(tg,€) =
h({(to, x) : 0 < |x| < €}) homeomorphically into a vertical {t' = cte},

(5) F(z) tends to the divisor as z tends to the divisor.

We may extend F to a topological equivalence of ' with itself.
From above we have that 1 = F o & is a topological equivalence between & and
F'. By reducing b if necessary we may assume that

(1) hmaps {|t| <a,0 < |x| <b}into {|//| <a’,0 < |x'| <b'},
(2) there are numbers a; € (0,a), a} € (0,a’) such that h extends as a homeomor-
phism to the set {(¢,0) : a; < |¢t| < a} which is mapped onto {(t",0) : a] <
t] < a’}.
Let P ={|t| <a,< |x] <b}and P/ = {|t'| < a’,0 < |x| < b’}. By Lemma 31
there are homeomorphisms g and g’ such that
(1) g maps P\{(z,0) : |7] < a1} onto P\{(0,0)},
(2) g' maps P'\{(t',0) : |t'| <a}onto P\{(0,0)},
(3) g and g’ preserve the leaves of ¥ and ¥ respectively,

(4) g maps {(¢,0) : a1 < |t| <a}onto{(¢,0):0 < |t| < a} with g(¢,0) — (0,0)
as |t| — aq,

(5) g’ maps {(¢',0) : a} < |t'| <a’}onto {(t',0):0 < |t'| <a’} with g(¢',0) —
(0.0) as |t'] — .

(6) g =idand g’ = idon {|t| = a, |x| < b}and {|t'| = d’, |x’| < b’} respectively.

We may extend g and g’ to topological equivalences of # and F" respectively. Then
h = g’ ohog™!isatopological equivalence between ¥ and F' and it is easy to see
that & extends to P as a leaf preserving homeomorphism.

Proof of Corollary 6. If the projective holonomy is non-solvable, we can construct
a topologically equivalence extending after resolution (see Remark 34). Since the
equivalence is transversely holomorphic, by a well known lifting path argument we
can modify this equivalence near each non-nodal singularity to obtain a topologically
equivalence h which is holomorphic near each such singularity. The last statement
of the corollary follows from Proposition 13. O
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