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On the existence of three closed magnetic geodesics for
subcritical energies
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Abstract. We consider exact magnetic flows on closed orientable surfaces. We show that for

almost every energy k below Maiié’s critical value of the universal covering there are always at
least three distinct closed magnetic geodesics with energy «. If in addition the energy level is
assumed to be non-degenerate we prove existence of infinitely many closed magnetic geodesics.
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1. Introduction

In this paper we study the problem of existence of closed orbits with prescribed
energy for exact magnetic flows on closed orientable surfaces.

Let (M, g) be a closed oriented Riemannian surface and let 8 be a smooth
I-formon M. Set f := *xd0, where « is the Hodge star operator of g. The magnetic
geodesics y : R — M are the solutions to the ordinary differential equation

Dy
E—f()/)l%

where D/dt is the covariant derivative and i is the almost complex structure
naturally associated to the oriented Riemannian surface. Magnetic geodesics were
introduced by V. I. Arnold in [3]. Certainly, the solutions to this ODE preserve the
kinetic energy E(x,v) := [v]2/2.

The above ODE is the Euler-Lagrange equation of the Lagrangian L : TM — R
given by

1
L(x,v) = S I3 + 6x(v),

which is fiberwise strictly convex and superlinear, and hence satisfies the standard

hypotheses in Aubry—Mather theory. The corresponding Hamiltonian on T*M is
given by

1
H(x, p) = 71p = O[3
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We are interested in closed magnetic geodesics with prescribed energy «, and
hence it is useful to have a variational principle that picks up these orbits. This is
easily achieved by considering the free-period action functional

T
Se(y) := /0 (L(y(t), )'/(t))—l—lc) dt = T/T(L(x(s),fc(s)/T)—{—K) ds =: Se(x,T),

where y : [0, T] — M is an absolutely continuous closed curve and x(s) := y(T's)
is its reparametrization on T := R/Z. This functional is smooth on the Hilbert
manifold M := HY(T,M) x (0,+0c0), and its critical points correspond to
periodic magnetic geodesics of energy « (as usual, H'(T, M) denotes the Hilbert
manifold of absolutely continuous closed loops x : T — M whose derivative
is square integrable). Elements of M are denoted indifferently as closed curves
y :[0,T] — M or as pairs (x, T), as above.

In [13] the authors proved that every energy level E~1(x) (k > 0) contains a
closed magnetic geodesic. The proof hinges on the consideration of certain critical
energies known as Mafié’s critical values. For our purposes there are two of these
critical energies which are significant, and they are defined as follows:

¢y ;= inf{k € R|Sc(y) =0

for every absolutely continuous contractible closed curve y},

co ;= inf{k e R|Sc(y) >0

for every absolutely continuous null-homologous closed curve y}.

Clearly ¢, < c¢ and equality holds for M = S? and M = T?. However for surfaces
of higher genus the inequality could be strict [26]. If ¥k > ¢, it is possible to show
that S, satisfies the Palais—Smale condition and it is bounded from below on each
connected component of the free loop space [12]. Thus one is able to derive the
same existence results as in the case of the geodesic flow of a Finsler metric. In
particular every non-trivial free homotopy class contains a closed magnetic geodesic
with energy « > ¢,. Actually, for k > ¢ the flow on E~! (k) can be reparametrized
to a Finsler geodesic flow. In particular, when M = S? the flow for energies above
cy = co has always at least two closed magnetic geodesics by [6]. Katok’s example
from [18] shows that in this case there may be only two closed magnetic geodesics.

If « belongs to the interval (c,,, co], then there are infinitely many closed magnetic
geodesics of energy «. Indeed, this interval is non-empty only if M has genus greater
than 1, and in this case M has infinitely many connected components with the
property that no element of one of these is the iteration of an element of another
one. In this case, we can find infinitely many closed magnetic geodesics with energy
k > ¢, by minimizing S, on each of these connected components.
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In this paper we are concerned with the more difficult range of subcritical
energies in the interval (0, c,). What makes this range of energies harder is that
there are basically no tools to tackle it: the free-period action functional is no longer
bounded from below and it may not satisfy the Palais—Smale condition. One is
tempted then to deploy the Symplectic Topology arsenal, but unfortunately, as it
was shown in [13], the energy levels below c( are never of contact type at least for
M # T2

The idea used in [13] to produce a closed magnetic geodesic goes back to
I. Taimanov [29, 30, 31] (who proved similar results but with different methods)
and consists in considering just simple closed curves to make the action functional
bounded from below. Technically the space of simple closed curves is not the best
to work with but by considering integral 2-currents with suitable multiplicity one
can use the compactness and regularity results from Geometric Measure Theory. In
the end one obtains for k < c¢p a closed magnetic geodesic o, which has negative
Si-action. This orbit has also the property of being a local C !-minimizer. To obtain
this orbit one may need to pass to a finite cover (see Section 3) but this is not much
of a problem.

The other result that is available in the subcritical range is due to G. Contreras
[11]. He proved that for almost every k € (0, c,) there is a closed contractible
orbit y, with energy « and positive S,-action (this holds in any dimension and for
any Tonelli Lagrangian). The fact that y, and o, have actions with different signs
implies they must be geometrically distinct (i.e. one is not an iterate of the other)
and hence we deduce that for almost every k € (0, ¢,) there are at least two closed
magnetic geodesics with energy «.

The main purpose of the present paper is to upgrade this to almost everywhere
existence of at least three closed magnetic geodesics. Moreover, assuming in
addition that the energy level is non-degenerate we shall prove the existence of
infinitely many closed orbits with energy « € (0, ¢;,).

Theorem. Let (M, g) be a closed oriented Riemannian surface and let 6 be a smooth
1-form. Then there exists a full measure set K C (0, ¢,,) such that for every k € K
there are at least three closed magnetic geodesics with energy k. Moreover, if for
k € K the energy level E~'(k) is non-degenerate, then there are infinitely many
closed magnetic geodesics with energy k.

Let us clarify the meaning of “non-degenerate energy level". A closed orbit
y = (x,T) of energy « is said to be transversally non-degenerate if the alge-
braic multiplicity of the eigenvalue 1 of de7(y(0), y(0)) is exactly two, where
¢ : TM — TM denotes the Lagrangian flow of L. This is equivalent to the fact
that the linearized Poincaré map associated to a transverse section to the orbit (y, y)
in £~ (k) does not have the eigenvalue 1, and is also equivalent to the fact that the
second differential of S, restricts to a non-degenerate form on the normal bundle of

T.(x,T):={(x(c +),T) |0 €T}.
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The latter equivalence is discussed in Appendix A. Transversal non-degeneracy
implies that there is a smooth family {(x, 4o, T (k + 0))}ge(—¢,s) Of critical points of
Sk+¢ (an orbit cylinder) such that (x,, T (x)) = (x,T) (see [2, Theorem 8.2.2] or
[17, Proposition 4.2]). The energy level E~!(k) is said to be non-degenerate if every
closed orbit on it is transversally non-degenerate.

Non-degeneracy is C”-generic for every 1 < r < oo: for every k > 0 there
exists a subset of the space of exact 2-forms d# which is residual in the C" topology
for which E~!(k) is non-degenerate (see [24, Theorem 1.2]).

Thanks to results of J. A. G. Miranda’s, our main theorem implies that if k be-
longs to the full-measure set K C (0, ¢,) which is associated to the magnetic
form d6, then there is an exact 2-form d 6 with |[d6 — df|c1 < € such that the
exact magnetic flow associated to d 0 on the energy level k has positive topological
entropy: if E~!(k) is non-degenerate, then this follows from the existence of
infinitely many closed orbits, thanks to [25, Theorem 1.2]; if E _1(/() is not non-
degenerate, then it contains a non-hyperbolic closed orbit, and the existence of
d @ follows from [25, Theorem 1.1] (when E~'(k) has at least one non-hyperbolic
closed orbit, d 6 can be chosen to be close to d6 in the C™ topology).

Let us briefly describe the idea of the proof of the Theorem. Since we are working
on an orientable surface the iterates o of o, are also local minimizers. Using that
the action of «, is negative and ideas in [4] we construct for all sufficiently large
values of n an appropriate negative minimax value and via Struwe’s monotonocity
argument [27] applied to the free-period action functional we prove the existence for
a.e. k € (0,cy) of a closed orbit B, , with energy «, negative S,-action and which
is not a strict local minimizer. These facts ensure that B, , is not an iterate of o, or
V. Struwe’s monotonicity argument is used to bypass the lack of the Palais—Smale
condition as in [11]. In the non-degenerate situation we show that the mean index
of the minimax orbits B, is actually positive which excludes the possibility that
the curves B, for n € N are all iterates of finitely many simple periodic orbits.
To prove positivity of the mean index we use the following fact which is proved
in Section 2 and has independent interest: if a transversally non-degenerate closed
orbit has 7’(x) > 0, then it must have positive mean index (or equivalently there
are conjugate points along the orbit). The tools used in the proof of this fact allow
us to prove that the mountain pass closed orbits are either non-hyperbolic or odd
hyperbolic (see Proposition 2.3 and Remark 8.2).

In [4, Theorem 4] Bangert shows that a Riemannian metric on S? which
possesses a “waist" must have infinitely many closed geodesics. A waist is a closed
geodesic which is a local minimum of the energy functional. The situation that
we have for subcritical energies is similar: as we mentioned above ¢, is a local
minimizer of the free period action functional so at this stage it seems reasonable to
conjecture that for almost every k < ¢, there are infinitely many closed magnetic
geodesics with energy «, regardless of any non-degeneracy assumption. We hope to
address this question in a subsequent paper.
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2. Mean index of the free-period action functional

The contents of this section hold for arbitrary Tonelli Lagrangians on configuration
spaces of arbitrary dimension.

Let M be a smooth orientable manifold and H : T*M — R a Hamiltonian dual
to a Tonelli Lagrangian L : TM — R (thatis, L is fiberwise superlinear and satisfies
dyyL(g,v) > 0) via the Legendre transform £ : TM — T*M. Consider the free
period action functional

Se(x,T) = T/(L(x(s),fc(s)/T) + K) ds, (x,T)e C>®(T,M) x (0, +00).
T

If (x, T) is a critical point of Sg and y(¢) = x(¢/T) is the corresponding 7 -periodic
solution of the Euler—Lagrange equation associated to L, we define

z(t) := £(y(0), (1))

Then H(z(t)) = k, and z is a T-periodic orbit of the Hamiltonian vector field X g
on T* M, which is defined by

Ix,0 =—dH,

where w = dp A dgq is the standard symplectic form on 7* M. We denote by ¢; the
flowof XgonT*M.

The vector Xy (z(0)) is an eigenvector with eigenvalue 1 of the differential of
the flow

der(z(0)) : To)T*M — T, T*M.

Since the above linear map is symplectic, the eigenvalue 1 has algebraic multiplicity
at least two. Let us assume that (x, T') is transversally non-degenerate, meaning that
the algebraic multiplicity of the eigenvalue 1 of d¢7(z(0)) is exactly two. In this
case, the closed orbit z admits a (unique) orbit cylinder: there exists a smooth map

(k,t) > z(t), (k,t) € (k—€,k+€)XR,
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which is unique up to time-shifts, such that each z, is a closed orbit of Xz with
period T'(k) on H™'(k),and zz = z, T(k) = T (see e.g. [2, Theorem 8.2.2] or [17,
Proposition 4.2]).

The presence of this orbit cylinder allows to decompose d¢r(z(0)) in the
following way (see also [23, pages 104—105]). Set

d
¢ = _%ZK(O) i’

K
By differentiating the identity H(z,(0)) = k with respect to « at k, we obtain
—dH(z(0))[¢] = 1.
Therefore

(X (2(0).8) = —dH(z(0)[{] = 1,

s0 Xz (z(0)) and ¢ form a symplectic basis of the plane V' spanned by these two
vectors. By differentiating the equation

¢T(K) (2 (0)) = z,(0)

with respect to k at i, we obtain the identity

T'(€)X 1 (2(0)) — dor (2(0)[] = =4,

which shows that the plane V is d¢r(z(0))-invariant and that the restriction of
dpr(z(0)) to V is represented by the matrix

()

with respect to the symplectic basis Xg(z(0)),{. Then the w-orthogonal comple-
ment W of V in T, 0y T* M is also d¢7 (z(0))-invariant. Being w-orthogonal to X 77,
W is contained in the kernel of dH(z(0)), so it is the tangent space of a Poincaré
section, that is a hypersurface in H~!(i) which is transverse to the flow of Xz at
z(0). If we denote by P : W — W the differential at z(0) of the Poincaré return
map associated to such a section, we see that d¢r(z(0)) has the form

1 T'(&) 0
der(z(0)=]0 1 0 @2.1)
0O 0 P

with respect to the symplectic decomposition T;y7*M = V @ W. Therefore,
the transversal non-degeneracy condition is equivalent to the fact that the linearized
Poincaré map P does not have the eigenvalue 1. From this, it can also be shown that
(x, T) is transversally non-degenerate if and only if the kernel of the second Gateaux
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differential of the free period action functional S at (x,T) is one-dimensional
(hence spanned by the vector (x,0)). We include a proof of this in the appendix
where we also describe in full the kernel of d?Sg (x, T').

Denote by i(x, T') the index of the second differential of Sg at (x, 7). We will
also consider the fixed period action functional SET (x) = Sg(x,T). The index of
d ZSET at a critical point x will be denoted by i (x). Clearly,

0<i(x,T)—ir(x) <1. (2.2)

When (x, T') is strongly non-degenerate, meaning that the eigenvalue 1 of d¢r(z(0))
has algebraic multiplicity two and geometric multiplicity one, or equivalently that P
does not have the eigenvalue 1 and T'(k) # 0, the Morse indices of the free period
action and of the fixed period action are related by the formula

ir(x)+1 ifT'(&) >0,

Ty =9 Vi) it TR <0,

(2.3)
which is proved in [23, Theorem 1.3]. When (x, T') is transversally non-degenerate
but 77 (k) = 0, the second differential d 2SET of the fixed period action functional has
a two-dimensional kernel. The lower-semicontinuity of the Morse index allows to
generalize the above formula to the transversally non-degenerate case:

Proposition 2.1. Let (x, T) be a transversally non-degenerate critical point of Sg,
and let

zk 'R/ T(K)Z — M, k€ (k—¢€,k+e¢€),
be the corresponding orbit cylinder. Then the Morse indices of the free period and
of the fixed period action functional are related by the formula

ir(x)+1 ifT'(ik) >0,
ir(x) ifT'(}) <O0.

Proof. 'We just have to deal with the case T’(k) = 0. We modify the Hamiltonian
H as follows

i(x,T)=

H)LZhAOH, A eR,

where £ is a diffeomorphism of R such that ||/ —id|¢c2®) — 0 for A — 0, and
such that

1
hy(k) =k + EA(K —i)?,
for k close to k. In particular,
h@®) =k, hy@) =h)'E® =1 ()& = -1

The Hamiltonian H, is Tonelli for |A| small, and we denote by L, its dual
Tonelli Lagrangian. The flow of the vector field X, = h)(H)Xpg is a time
reparametrization of the flow of Xg: if z is an orbit of Xz of energy H = «,

t > z(h) (k)t)
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is an orbit of Xg, of energy H; = h; (k). Since hy (k) = k and b} (k) = 1, zz is a
closed orbit of H) of energy H) = k, and

2e (1) 1= 2y (W (B3 (0))1)

is the orbit cylinder of zg with respect to Xg,. The closed orbit z* has energy
H); = k and period

T(x)

R S ) G
Ty(k) = W) (h; ") ()T (k).
Since T’ (k) = 0, we find
T;(&) = (h;")'(R)T (k) = —AT (k). (2.4)

The point (x, T') is critical for the free-period action functionals which is associated
to the Lagrangian L) and the energy k, for every |A| small. Being transversally non-
degenerate with respect to the Lagrangian Ly = L, (x,T) remains transversally
non-degenerate for the Lagrangian L) for |A| small enough, and the Morse index
i (x, T) with respect to the free period action functional associated to L is constant:

i(x,T)=1i(x,T) for|A|small.

By (2.4), (x, T) is strongly non-degenerate for L, when A # 0, and by (2.3) the
index i %(x) of x with respect to the fixed period-7" action functional associated to
L is

A ) ix, T)—=1 if A <0,

T =\ i) ifA >0
Since the second differential at x of the fixed period-7 action functional associated to
L, varies continuously with A, the lower semi-continuity of the Morse index implies
that

ir(x) =id(x) =i(x,T)— 1.
O

The mean index with respect to the free period action functional is defined as
~ N
1(x,T):= lim —i(x",nT),
n—oon

where x"(s) := x(ns) for every s € T. By (2.2), the above limit exists, as
it coincides with the classical mean index with respect to the fixed period action
functional

~ .1
ir(x) = lim ;lnT(Xn),

and it is positive if and only if there are conjugate points along the orbit.
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Theorem 2.2. Let y = (x, T) be a transversally non-degenerate critical point of Sg,
and let z be the corresponding T -periodic orbit of X . Assume that the period T (k)
in the orbit cylinder which passes through z satisfies T' (k) > 0. Then1(x,T) > 0.
As a consequence, if a transversally non-degenerate critical point (x,T) satisfies
i(x,T)>1, thenT(x,T) > 0.

A prototypical example is the pendulum, with phase space T*S': the con-
tractible periodic orbits (i.e. the orbits whose energy is below that of the separatrix)
form an orbit cylinder for which 77 > 0, and indeed these orbits have positive mean
index; the non-contractible periodic orbits form an orbit cylinder for which 7" < 0,
and they all have zero mean index.

Proof. Since M is orientable, the vector bundle y*(T'M) can be trivialized, and the
linearization of the Euler—Lagrange equation along x produces a linear second order
Lagrangian system in R”. Following [7] one can associate to such a linear system
an index function A : S! — N such that A(1) = iz (x). We will make use of the
following properties of A. For the proofs we refer to [7], [21], or [22, Section 2.2].

(i) The discontinuity points of A are contained in S' No (d¢7(z(0))), where o (+)
indicates the spectrum of a linear map.

(ii) The splitting numbers S*(z) := lim,_ 4 A(e*®z) — A(z) are non-negative
and depend only on the restriction of d¢7 (z(0)) to the generalised eigenspace
associated to the eigenvalue z.

(i) fp7(x™) = 0=y A(2).
It follows from (iii) that

Tx, T)=17r(x) = %/Sl A(z)dz.

Thus, we conclude from the properties above that 7(x,7) = 0 if and only if
inT(x™) = 0 for every n.

By property (ii), by the expression (2.1) for d ®7(z(0)), and by the assumption
that P does not have the eigenvalue 1, the splitting numbers S*(1) are determined

by the matrix
1 T'(k)
0 1 '

It turns out that the condition 7”(k) > 0 ensures that ST(1) = S™(1) = 1, see
[7, Examples I and II, page 181] and [21, page 198]. Therefore, by properties (i)
and (i) we deduce that A(e*?¢) > 0if &¢ > 0 is sufficiently small and consequently
(x,T) > 0.
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Finally, assume that i (x,T) > 1. If T'(k) < O then the orbit is strongly non-
degenerate and (2.3) implies that

ir(x) =i(x,T) =1,
so7(x,T) > 0. If T'(k) > 0 then7(x, T) > 0 by the above statement. O

The tools in the proof of the previous theorem can also be used to prove the
following proposition. Let us recall that a periodic orbit is hyperbolic if every
eigenvalue of its linearized Poincaré map P has modulus different from one. We
say that a periodic orbit is odd hyperbolic if it is hyperbolic and the number of
eigenvalues (counted with algebraic multiplicity) in the interval (—1, 0) is odd.

Proposition 2.3. Let y = (x, T) be a critical point of Sg such that the Morse index
i(x,T) is odd and y is a hyperbolic periodic orbit. Then y is odd hyperbolic.

Proof. Let i(x,T) = 2k + 1, k € N. Since the only eigenvalue of d¢7(z(0))
in the unit circle is 1, Bott’s index function A is completely determined by the
Morse index of x (for the fixed period action functional) and the splitting number
S*(1) = S7(1). There are two possibilities:

(i) T'(k) < 0: in this case ir(x) = i(x,T) = 2k + 1, by (2.3), and
St(1) = S7(1) = 0 (see again [7, Example II, page 181]); hence Bott’s
index function is constantly equal to 2k + 1.

(i) T'(x) > 0: in this case i7(x) = i(x,T) — 1 = 2k, by Proposition 2.1,
and ST(1) = S™(1) = 1 (see again [7, Examples I and II, page 181]);
consequently A(1) = 2k and A(z) = 2k + 1 forevery z € S! \ {1}.

By Bott’s formula
i (") = ) A@).
zn=1
we conclude that in both cases the indices of the odd and even iterates of x have
different parities (more precisely, i,7(x") = (2k + 1)n in case (i) and i,,7(x") =
(2k 4+ 1)n — 1 in case (ii)).

Following [20, 21], one can define the index of a symplectic path (starting at
the identity) as the infimum of the Conley—Zehnder indices of a non-degenerate
perturbation in the C°-topology (see [20, 21] for details). In this way, one can
define the index of a periodic orbit as the index of the symplectic path given by
the linearized Hamiltonian flow using a symplectic trivialization of TT*M along
the orbit. This index depends on the choice of the trivialization, but its parity does
not. Moreover, it coincides with the Morse index for Tonelli Hamiltonians if one
uses a vertical trivialization, that is, a trivialization of T 7* M that sends the vertical
distribution to a fixed Lagrangian subspace in R?", see [21, Theorem 7.3.4] and [22,
Theorem 2.3.5].
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Now, write z*(T T*M) as a direct sum } & WV, where the subbundles V and W
are obtained by applying the differential of the flow ¢, to V and W (recall that V'
and W were introduced just before equation (2.1)) By construction, these subbundles
are invariant by d¢;, symplectic and symplectic orthogonal. Fix a trivialization of

z*(TT*M) that sends V and W to fixed symplectic subspaces of R?”. Assume also

that it sends ¢; := ——ZK (Z)‘ and Xy (z(¢)) to fixed vectors that do not depend

on ¢. Notice that this tr1v1ahzat10n does not need to be vertical, but, as mentioned
above, it does not affect the parity of the index. Consequently, the parities of the
indices of the odd and even iterates are different.

By properties of the index, the index of z (with respect to this fixed trivialization)
is given by the sum of the indices of the linearized flow restricted to V and W.
The linearized flow restricted to V' is a symplectic shear and it is not hard to see
that the parity of its index is the same for every iterate (see [21, Theorem 8.1.4];
in fact, one can actually show that the index is constantly equal to 0 in case (i) and
—1 in case (ii) for every iterate). Thus, the parities of the indices of the even and
odd iterates of the linearized flow restricted to YV must be different. But it is well
known that this property holds if and only if the number of eigenvalues (counted
with algebraic multiplicity) of the linearized return map in the interval (—1, 0) is odd
(see, for instance, [1, Proposition 1.4.5] or [32, Lemma 3.2.4]). ]

3. Existence of local minimizers

In this section we recall some of the main results in [13] and we show how
these results imply the existence of local minimizers of the functional S, on
HY(T, M) x (0, 4+00), for every positive energy « below the Mafi¢ critical value
Co.

Let M be a closed oriented surface and let p : My — M denote the abelian
cover. If k < ¢y, there exists an absolutely continuous closed curve y : [0, T] — M,
with negative S,-action (here the action S, of a closed curve in M| is associated to
the lift of L to My). By the procedure explained in [13, Lemma 3.3] there exists
a simple piecewise smooth closed curve B in My with constant speed ~/2k and
negative S,-action. The curve p o B is homologous to zero and has negative S;-
action, but it may not be simple. To remedy this we pass to a finite cover N — M
as follows. Since the group of covering transformations of p : My — M is abelian,
it is residually finite (i.e. the intersection of all its normal subgroups of finite index
is trivial). Hence given a compact set K C M) there exist coverings py : N - M
and my : My — N such that py o my = p, py is a finite covering and 7y | g is
injective. Since the image of 8 is a compact set, we can find coverings as above with
7ty o B asimple closed curve.
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Now if ¥ < ¢g, Theorem C.5 in [13] shows that there exists a multicurve « in
N homologous to zero and with negative S,-action such that each component is a
simple closed magnetic geodesic with energy «. In addition if 7 is any other smooth
simple closed multicurve homologous to zero, then

V2K £(7) —I—/Q > V2 () + / 0 = Sk(a),
where £ denotes length. Using the elementary estimate
Sk(t) = V2K (7)) + / 0,
T

we deduce that
Se(r) > Si(@)

i.e. o is a global minimizer of the free-period action functional in N among all
simple closed multicurves homologous to zero. This implies in particular that each
component of « is a local minimizer of the free-period action functional on the
space C1(T, N) x (0,400) (because the set of C'-embeddings of the circle is
C!'-open). Since the S,-action of the multicurve is negative, we find at least one
closed curve in N which has negative Sy-action and which is a local minimizer in
CY(T,N) x (0,+00). If we project such a curve to M we find a closed curve
o, in M which continues to have negative S,-action and is a local minimizer in
C!(T, M) x (0, 4+00). The latter assertion follows from the fact that the projection
map
CY(T,N) x (0, +00) — C(T, M) x (0, +00)

is open. The curve o, may not be simple, but that is not an issue for us.

With a slight abuse of terminology, we say that « = (x,T) is a strict local
minimizer of S, in CY(T, M) x (0, 400) (resp. in H'(T, M) x (0, +-00)) if the
T-orbit of «

T-a={x(+:),T)|oeT}

has a neighborhood ¢/ in C!(T, M) x (0, +00) (resp. in H(T, M) x (0, +-00)) such
that
Sk (y) > Se(a) VyeU\T:«.

We notice that if « is a local minimizer of S, but not a strict local minimizer, then
there is a sequence () C (T - )¢ of local minimizers which converges to «, and in
particular there are infinitely many closed magnetic geodesics.

We need to know that (strict) C!-local minimizers are also (strict) H !-local
minimizers. This follows from the lemma below, whose proof was communicated
to us by M. Mazzucchelli (see also [8], [9] and [28] for similar results in different
settings and with different proofs):
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Lemma 3.1. Let « = (x,T) be a closed magnetic geodesic which is a local
minimzer of S, in CY(T,M) x (0,4+00). Then o is also a local minimizer
of S¢ in HY (T, M) x (0,+00). If moreover o is a strict local minimizer in
CY(T, M)x(0, +00), then it is also a strict local minimizer in H' (T, M)x (0, +00).

Proof. Let us prove the first assertion. We assume that « is not a local mini-
mizer in H'(T, M) x (0, +00) and we prove that it is not a local minimizer in
C (T, M) x (0, +-00) either. We carry out our argument after a few preliminaries.
Let U be a neighborhood of a in H'(T, M) x (0,400) such that the elements
(v, S) € U have uniform bounds

0<Ty <SS <T; <+o00 and ||y||L2(T) <C.

In particular, I/ is an equicontinuous family of periodic curves y : R — M. Then
we can find a natural number 2 which is so large that the following holds: for
every y = (v,5) € U and every j = 0,1,...,h — 1 there is a unique curve
[jS/h,(j + )S/h] — M which minimizes the Lagrangian action among all
absolutely continuous curves on [jS/h, (j + 1)S/h] with end points y(jS/h) and
y((j + 1)S/h) (see e.g. [22, Theorem 4.1.1]). For such a large i we can define the
continuous map

A:U— HYT, M) x(0,4+00), y+> 7,

which maps every y = (y,S) € U to the unique curve y : R/SZ — M such that
forevery j =0,1,...,h —1:
@) 7(S/h) =y(jS/h);
(i) ?ljs/h,(j+1)s/n) minimizes the Lagrangian action among the absolutely
continuous curves on [jS/h,(j + 1)S/h] with end points y(jS/h) and
y((J + DS/ h).
The continuity of A is a consequence of [22, Theorem 4.1.2] (and holds with a target

space having a much finer topology). The curve y = A(y) is a h-broken solution of
the Euler—Lagrange equation of L. By (ii) we have

Se(A(y)) =Se(y) ¥y el.

Moreover, being a smooth solution of the Euler-Lagrange equation of L and by our
choice of &, « is a fixed point of A.

Let p € C°°(T) be a smooth non-negative function with support in (—1/2,1/2)
and integral 1. For each € > 0 we set pc(t) = p(t/€)/e, so that p. converges to
the Dirac delta ¢ in the sense of distributions for ¢ — 0. By Whitney’s theorem,
there exists an embedding M < R and, for a tubular neighborhood U C R¥ of
M, a smooth retraction r : U — M. For each sufficiently small € > 0 we define a
continuous mapping

Oc¢: U — C®(T, M) x (0, +00)
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by Oc(¥,S) := (ye, S), where
Ve ;=1 o (Y * pe),

and * denotes the convolution on T.
Consider a sequence y, = (xn,7T,) which converges to « = (x,7T) in
H'(T, M) x (0, +00) and such that

Sk(Yn) < Sg(@) Vn eN.

The sequence P, = (X5, T,) := A(y,) also converges to  in H (T, M) x (0, +00)
and
Sk(Pn) < Sk(yn) < Sg() Vn eN. 3.1

Each restriction X, |[j/n,(j+1)/4] 1S @ reparametrized Euler—Lagrange curve whose
end-points converge to x (j/h) and x((j + 1)/ h). By the continuous dependence of
the absolute minimizers of the Lagrangian action with respect to the end-points (see
[22, Theorem 4.1.2]), we have the convergence

Xnltj/nGi+n/m = XL/ nG+ /8] (3:2)
in the C *°-topology, forevery j =0,1...,h — 1.
By (3.1), we can find an infinitesimal sequence (¢,) C (0, +00) such that
Sk (®en (fn)) <Se(@) VneN.

There remains to prove that @, (£,) converges to x in the C!-topology.
Since x, is continuous and piece-wise smooth, it is absolutely continuous and its
a.e. defined pointwise derivative agrees with its distributional derivative. Therefore

[t r=
pn - X
¢ ds Loo(T)
d d
= ‘(5(Xn—x)) e+ () # e =S|
d .
) (g(xn_x))*pén Loo(T) H _x)*(pen_&)) Loo(T)
d .
= —(xn—x) N1 pes ||L1(T)+ *(Pen So)
ds Loo(T)

L®(T) ~————
=1

=:Pn =iqn
The sequence (p,) is infinitesimal by (3.2). The sequence (g,) is also
infinitesimal because x is smooth and (pe,) converges to §o in the distributional
sense. Therefore,

d . d
H%(Xn * ,Oen) — d—x

S

— 0 forn — oo.
Loo(T)
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Since the retraction r is smooth and fixes x, we conclude that

d . d
H $®e(xn) - %x

— 0 forn — oo.
Loo(T)

This proves the first statement.

Now assume that the local minimizer « = (x, T') is not strict in H (T, M) x
(0, +00). Then we can find a sequence of local minimizers y, = (x5, T,) in the
complement of T - & which converges to o in H(T, M) x (0, +00). In particular,
(x) converges to x uniformly and, up to a subsequence, (dx,/ds) converges to
dx/ds almost everywhere. Since the curves y, are solutions of the Euler-Lagrange
equation, the smooth dependence of the Cauchy problem on initial data implies that
(xn,) converges to x in C°°(T, M). In particular, the local minimizer ¢ = (x,T) is
not strict in C!(T, M) x (0, +00), as we wished to prove. O

Summarizing, we have proved the following:

Lemma 3.2. For every k € (0,cq) there is a closed magnetic geodesic o, with
energy k and S(a,) < 0 which is a local minimizer of S, in H'(T, M) x (0, 4+00).

We observe that in principle o, may belong to a non-trivial homotopy class and
might even be not null-homologous (since we have chosen one suitable component
of the null-homologous cycle «).

4. Persistence of local minimizers

Set M := H'(T, M) x (0, +00). The fact that M is an orientable surface implies
that a closed curve in M which is a (strict) local minimizer of S, on M remains a
(strict) local minimizer also when iterated:

Lemmad.l. Ifa : [0,T] — M is a local minimizer (resp. strict local minimizer) of
Sk on M, then for every n > 1 its n-th iterate & (t) : [0,nT] — M is also a local
minimizer (resp. strict local minimizer) of Sy on M.

This type of result fails in dimensions greater than or equal to three even in the
Riemannian case as examples of Hedlund show [14]. It also fails for non-orientable
surfaces, cf. [19, Exercise 9.7.1].

The proof of Lemma 4.1 hinges on the following lemma, in which we say that a
sequence of C! curves y;, : [Sh.Th] — M converges toacurve y : [S,T] — M
in CLiff T, — S, — T — S and x3(s) := yu(Sp + (T, — Sp)s) converges to
x(s) := y(S + (T — S)s) in C'([0, 1], M).

Lemma 4.2. Let y : [0,T] — M be a smooth immersed closed curve, let n > 2

be an integer, and let yy, : [0, Ty] — M be a sequence of C' closed curves which
converges to the n-th iterate y" : [0,nT] — M in C'. Then, up to a subsequence
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and up to time-shifts in parametrization of the closed curves yy, and y, there exists a
sequence Sy, € [0, Ty, such that:

(i) Sp, = T;
(ii) yn(0) = ya(Sn) = yn(Th);

(iii) the sequence yp|[o,s,] convergesto y in Ccl;

(iv) the sequence yy|(s,,T,] converges to Yy linCl

Proof. Extend the functions y and y;, to the whole R by periodicity. Since M is an
orientable surface, we can choose coordinates (6, 1) € R/ TZxR on a neighborhood
of the immersed closed curve y(R) in such a way that

y(t) =@ +TZ,0) VteR.

Up to neglecting finitely many terms, the sequence ()) consists of curves whose
image is in such a neighborhood and hence

yu(0) = (On(t) + TZ, Ap (1)),

where the sequences of C! functions 6,1, : R — R converge to the identity and
to the zero function in C (R, R), Ay, is Tj,-periodic, and 6}, satisfies

On(t +Ty) =nT + 0,(t) Vit eR.

Up to neglecting finitely many terms, 65 : R — R is a C! diffeomorphism and its
inverse satisfies
0, (s +nT) =Ty + 0, '(s) VseR. 4.1)

Fix some & € N. The real bi-infinite sequence

()jez = (Mn(67'GT)))

JEZ

is n-periodic. In particular, it cannot be strictly monotone: w.l.0.g. we can find an
integer k = kj, € [1,n — 1] such that

k-1 < g and g > fi41.
Then the continuous function
f(o) = Ah(e,;l((k + o)T)) A (9,;1((k 1+ 0)T)>

satisfies f(0) > 0 and f(1) < 0. Therefore, there exists o5 € [0, 1] such that
f(or) = 0. Set

sw =0, ((kn —1+0p)T) and 1, := 6, ((kp, + o) T).
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Up to a subsequence, (s5) converges to some § and (f;) converges to some 7 with
t —5 = T. Since oy, is a zero of f, we find

Va(sn) = ((kh — 1+ 0T + TZ Ay (65 (ki — 1 + oh)T)))
- ((kh + o) + TZ Ay (07 (ki + o) T) — Th)>

= (G + 00T + T2 24(6; " (Ui + 0)T)) ) = vu(an),

where we have used (4.1) and the Tj-periodicity of A;. Moreover, the sequence
Yilisy,e,) converges to y|[§,,-] in C!, while Yrliy,sn+1,] converges to V|[T,t’+nT]
in C!. The conclusion follows by shifting y; by s; and y by §, and by setting
Sy =ty — sp. O

Proof of Lemma 4.1. We assume that « is a local minimizer (resp. strict local
minimizer) and we prove that also «” is a local minimizer (resp. strict local
minimizer) for every n € N. We argue by induction on »n, the case n = 1 being
trivially true. Assume the statement to be true for n — 1 and, by contradiction, that it
fails for some n > 2. Then Lemma 3.1 implies that &” is not a local minimizer (resp.
not a strict local minimizer) in the C! topology: there exists a sequence of closed
C! curves yy, : [0, T;] — M which converges to ™ in C! and satisfies

Se(yn) < Sg(a”) = nSy(a) 4.2)
(resp. yp & T - o and S (yn) < Sk (") = nSe(a)).

By Lemma 4.2, up to a subsequence and time-shifts, yy, is the juxtaposition of two
curves Yplo,s,] and yp|(s,,7,] such that y,(0) = y4(Ss) = y»(T}), which converge
to o and &"! in C', respectively. The curves yjljo,s,] and yxlis,,r,] belong a
fortiori to M, and they converge to o and &' in the topology of M. Since a
and o~ ! are local minimizers (resp. strict local minimizers) in M by the inductive
hypothesis,

Se(valio.5,1) = Se(@).  Se(valis, 1)) = Se(@ ™) = (n — DSe (),
(resp. Sk (valfo,s,1) > Sk (@) or yalio,s,] € T -,
Se(valis,.1y1) > Se(@" 1) = (n — 1)Se(a) or yalis,, 7, € T -,

for h large enough, from which we obtain

Se(yn) = SK()’h|[0,Sh,]) + S/<(7/h|[Sh,Th,]) > Se(a) + (n — 1)Se(a) = nSe(x),
(resp. S (yrn) > Se(a) + (n — 1)S(a) = nSe(a) or yp € T-a™),

which contradicts (4.2). O
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5. The negative gradient flow of S, and strict local minimizers

Let ¢ : (0,400) — (0,400) be a smooth function such that ¢(7) = T2 for
T <1/2and ¢(T) = 1 for T > 1. Following [11], we endow the Hilbert manifold
M = HY(T, M) x (0, +00) with the Riemannian structure

(¢1.711), 52, 2)) e,y = 1172 + @(T) (61, 62)x,
where (x,T) € M,
(¢1.711). (E2.72) € TxM = T H' (T, M) x R,

and (-, -)» denotes the standard Riemannian structure on H (T, M) which is induced
by a Riemannian structure on M. Since ¢(T) — 0 for T — 0, this metric has
more non-converging Cauchy sequences than the product one and is a fortiori not
complete.

The functional S, is smooth on M, and VS, denotes its gradient vector field
with respect to the Riemannian structure defined above. We shall use the following
results from [11].

Lemma 5.1 ([11], Lemma 6.9). Let (x,T) : [0, p) — M be a flow line of —VSy
such that
liminf 7'(r) = 0.
r—p

Then
lim S, (x(r), T(r)) = 0.
r—>p

Lemma 5.2. Let « > 0 and let (xp, Ty) be a Palais—Smale sequence for Sy i.e.
Sk (xp, Ty) remains bounded and ||d Sy (xp,, Tp)|| tends to zero. If (Ty) is bounded,
then (xp, Ty,) has a convergent subsequence in M.

Proof. The sequence (7}) is bounded away from zero: if not, Proposition 3.8 in
[11] would imply that a subsequence of (xj;) converges to a constant loop which
is an equilibrium orbit with energy «. But in the case of a magnetic Lagrangian, all
constant loops are equilibrium orbits with zero energy. The results now follows from
the fact that Palais—Smale sequences (xy, T3) with (73) bounded and bounded away
from zero have a converging subsequence by [11, Proposition 3.12]. 0

The above result implies in particular that the Palais—Smale condition holds
locally, and this allows to prove that the T-orbit of a strict local minimizer o has
neighborhoods on whose boundary the infimum of Sy is strictly larger than S, («):
Lemma 5.3. Let « = (x,T) be a strict local minimizer of S, on M. If the
neighborhood U of T - « is sufficiently small, then

inf S¢ > Sy ().
u
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Proof. Denote by Ns the open § -neighborhood of the set T - o in M. Let § > 0 be
so small that the gradient of S, is bounded on N and there holds

Se(¥) > Se(@) Vy e N5\ T-a. (5.1)

Let U be a neighborhood of T - @ which is contained in N /2, and assume by
contradiction that

inf Sy = Sy ().

au

Let € > 0 be such that
ou C Ng/z \M

Let ¢ be the negative gradient flow of S,. Since the gradient of S, is bounded on
N, the above inclusion implies the existence of a positive number p such that

#(00. o1 x U) € N5 \ Ny

Let (y) C 0U be a sequence such that (S, (y;)) converges to S, (o). Since

min |
r€[0,p]

1 [° 1 [ d
ase@ o = < [“laso ol ar == [" s omyar

1 1
= ;(SK(Vh) —Se(pp(rn)) = ;(Sx(wl) —Sk(@)) — 0,
the functional S, has a Palais—Smale sequence

n = @ (pn.vn) € Ns \Nej2.  pn € [0, p],

such that (S, (y7)) converges to S, (o). By Lemma 5.2 we deduce the existence of a
critical point

Y € /\_/8 \ -/ve/z
such that S, (y) = Sk (). This contradicts (5.1). O

6. The minimax values

For any k € (0,¢c,) C (0,¢o) let ¢, € M be a local minimizer of S, with
Sk (i) < 0, whose existence is guaranteed by Lemma 3.2. Let P C (0, ¢,) be the
set of values of k for which the local minimizer o, is strict, and let Q C P be the set
of values k for which ¢, is transversally non-degenerate (see the Introduction and
Section 2 for the definition). By Lemma 4.1, ¢! is a strict local minimizer for every
k € P and every n € N (when « € Q,  may not be transversally non-degenerate
for n > 1, because the linearized Poincaré map of «, may have eigenvalues which
are roots of 1).
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We shall define two minimax values: the first one is associated to energies close
to a value k4« € P, the second one is associated to energies close to a value k. € Q.

We begin with the case of an energy level «x in P. Since k4« < ¢, the infimum
of S, over all contractible curves is —oo, so we can find an element & € M in the
same free homotopy class of o, such that

SK* (l’(’) < SK* (aK*) < 0

Since Sy — Sy, pointwise for k — k4, we can find an open interval I C (0, c,)
containing k such that

Se(p) < Se(a,) <0, Vkel. (6.1)
For every n € N we set
Pui={u € CO([0,1], M) [ u(0) = &, u(1) = p"},
and we define a function p, : I — R by

pn(K) = ulengn Gl;l[%?ﬁl] Sk (u (0)).
Since S, depends monotonically on «, the function x — p, (k) is (not necessarily
strictly) increasing for every n € N.

Now let ks € Q. Therefore, the kernel of d2S,, (c,) is one-dimensional and
coincides with the tangent line to T - o, at . Let I C (0, ¢;;) be an open interval
containing k for which there is a smooth orbit cylinder {@, }cer With @y, = oy, : G
is a T'(k)-periodic orbit of energy «, with T'(k«) # 0. The closed curve &, may or
may not coincide with «,.. Up to reducing 7, we may assume that ¢, is a transversally
non-degenerate local minimizer of S, for every x € I.

Since k« < ¢, we can find a closed curve u € M in the same free homotopy
class of a,,, such that

Sk, (1) < Sk, (o) < 0.

Up to reducing / even more, we may assume that
Se() < Se(@) <0 Vikel. (6.2)
For every k € I and every n € N we set
Qu() := {u € CO([0. 1, M) | u(0) = & u(l) = u"}.
and we define a function g, : I — R by

k)= inf max S,(u(0)).

gn(K) UEQn (k) 0€[0.1] K( ( ))

Notice that, unlike P,, the class O, (k) depends on the energy level x. Therefore,
the monotonicity of ¢, does not follow directly from the monotonicity of k + S,
but requires a proof:
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Lemma 6.1. The function q, : I — R is monotonically increasing.

Proof. Let kg < k1 be elements of /. For every u € 9,(k1) we define the path
v € Qn(ko) as

2(0) = &I’ZO+ZG(K1_KO), if0<o <1/2,
uRo —1), if1/2<o0 <1.

Since & is a critical point of S,., we find
d [B&K] 4 N

) i s
ESK(QK) = dS,(ay) F W(aK) = W(ak) =T (k) > 0.

Therefore we have for « € [kg, k1]
Sko (@) = 1Sk (@) < 1Sk (@) < 1Sk, (G,) = Sk, (&) = Sk, (u(0)),
from which we obtain

max Sg,(v(0)) < max_ Sy, (u(0)).
a€l0,1] o€l0,1]

By taking the infimum over all u € 9, (k1) we conclude that ¢, (ko) < gn(x1). O

The following lemma is based on an argument which is due to V. Bangert [4]:

Lemma 6.2. Let (g, 41 € M be in the same free homotopy class, and let
Rp:={uc C°([0,1], M) | u(0) = up, u(l) = wi} -
Fix a number «k and set

cp = inf max Sg(u(o)).
UERL 0€[0,1]

Then there exists a number A such that
¢n = n max{Sc(to). Sc(n1)} + 4 VneN.
Proof. Letu = (x,T) € R be such that the curve
7:[0,1] > M, 1(0):= x(0)(0)

is smooth and let 7 be the inverse curve, T(o) := (1 — 0).
Let n be a natural number. Let v € R, be the homotopy connecting g to uf
which is obtained from u by pulling one loop at a time (see [4, Fig. 1]). That is, for
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a typical value of o in [0, 1], v(0) is obtained as the juxtaposition of the following
curves:

Mﬁ:[OhTo]—>M
Tl[o,s7 : [0, 5] —

ys:[OT]—>M 63
|51y 0 [s. 1] = M, 6.3)
whh=r 0, (n—h— 1)1y — M,

7:[0,1] > M,

for some natural number # = k(o) < n — 1 and for some real number s = s(0) €
[0, 1]. For other values of o € [0, 1] the form of the curve is different, because the
first loop o has still to be transported to w1, or all the loops have been transported
to p} and there is still to eliminate the curves t and 7. See [5, proof of Theorem 1]
for the precise construction.

Notice that here we never reparametrize the curves, we just juxtapose them
by shifting their original parametrization. The free period action functional S, is
additive with respect to such a way of juxtaposing curves, therefore the action of the
curve v(o) defined by (6.3) is

Sk (v(0)) = hSc(1t0) + Se(tljo,s) + Sk (ys) + (n —h = DS (1) + Se (7).
This quantity can be bounded from above by
Se(v(0)) = n max{S (o), Se(u1)} + 4,
where the number

A = —min{S, (1o), Sk (t1)} + max SK(Tl[O,s]) + Se(7) + max_Si(ys)
s€[0,1] s€[0,1]
does not depend on n. The thesis follows. O

Let us consider again the case kx € P. Fix a number «* € I such that «* > k..
If we apply the above lemma to (o = ., 41 = @ and k = «*, by (6.1) we can
find an integer n¢ such that

Pn(k*) <0 Vn > ng.

By the monotonicity of p,, we deduce that, up to the replacement of / by the interval
I N (0, k™), we may assume that

pn(k) <0 Vi el,Vn > ny.
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Since a0 is a strict local minimizer of S, , by Lemma 5.3 we can find a bounded
neighborhood U € M of T - a? which does not contain " and such that

inf Sy, > S, (a0).

au *
Since S, — Sy, uniformly on bounded sets for k — k., up to reducing the interval
I even more we may assume that

ianfSK > Se(el), Vel
u

Since any path belonging to P,, must cross 0/, the above inequality implies that
Pno (k) > Se(ag®), Vi el. (6.4)

Recalling also (6.1), we have proved the following:

Lemma 6.3. For any k« € P there is a natural number ny and an open interval
1 C (0, ¢y) containing i« such that

Se (") < SK(‘XZ:) < Pno(k) <0

foreverykin I.
Now let k.« € Q. Applying Lemma 6.2 to k = «*, for some k* € I, k* > ks,
Ho = G+ and 1 = W, by (6.2) we have
lim g,(k*) = —oc.
n—oQo

Since ¢y, is increasing, up to the replacement of / with the interval I N (0,«™) we
may assume that

lim ¢,(k) = —oco uniformly ink € I, (6.5)
n—>oo
and in particular there exists an integer no > 1 such that
gn(k) <0 Vi el, Yn > ny.

Let« € I. Since @, is a strict local minimizer, Lemma 4.1 implies that &} is a strict
local minimizer for every n € N. Therefore

gn(k) > Se(@?) Vikel, VneN.

Notice that here, unlike in (6.4), the strict inequality between the minimax value and
the value of the functional on one end-point of the paths in the mountain pass class
holds for every n and every k € I. In (6.4) instead, enlarging the set of n for which
the inequality is strict may force to reduce the interval /. Recalling also (6.2), we
have proved the following:

Lemma 6.4. Let kx € Q. Then there is a natural number nog and an open interval
I C (0, cy) containing K such that

Se(u™) < Se(@) < gn(k) <0

for every k in I and every n > ny.
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7. The monotonicity argument

The following lemma uses Struwe’s monotonicity argument [27] (see also [11,
Proposition 7.1] for an application of this argument to the free period action
functional) and replaces the classical deformation lemma.

Lemma 7.1. Let kx € P (resp. kx € Q). Let ng and I be as in Lemma 6.3 (resp.
6.4). Let k € I be a point where the function

c(K) := pno(k) (resp. c(k) := qn(k) for some n > ng)

has a linear modulus of right-continuity, that is there exist § > 0 and M > 0 such
that
c(k)—clk) < Mk —k), Vk€li,k+368) Cl. (7.1)

Then for every open neihborhood U of the set
critSg N {Sg = c(k)}
there exists an element v of P, (resp. of Qn(i)) such that
v([0,1]) C{Sk <c(k)} UU.

Proof. Let (kp) C I be a strictly decreasing sequence which converges to i, and set
€p 1= kp —k | 0. We pick uy, in Py, (resp. in Q,(ky)) such that

max S, (up(0)) < c(kp) + €.
max, en (UR(0)) < clkn) + €n

Lety = (x,T) € uy([0, 1]) be such that Sg(y) > c(k) — €. Since i satisfies (7.1),

we have

Se, (V) =Se(y) _ clen) +en — (k) + en
Kp — K - €n

T = <M+2.

Moreover,
Se(y) = Sk, (v) = clkn) + €n < c(k) + (M + Dép.
By the above considerations,
up([0,1]) C Ap U {Sk < c(k) — en}. (7.2)
where
Ap i ={(x,T) e M|T <M +2and Sg(x, T) < c(k) + (M + 1)ep}.

The estimate

1 . « _ 1. .
Se(v.T) = 57 [HOP ds + [ x°60) 48T 2 51~ 10l
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implies that the set A, is bounded in M, uniformly in 4. Set
Ao = S,z((x,’:f) in the case k4 € P,
Ao = Se(@;) inthecasekx € Q.
By Lemmata 6.3 and 6.4 we can find numbers A, A5, A3, A4 such that
Ag < A1 < Ay <c(k) < Az < A4 < 0.

In the case kx € P we have uy(0) = o and uy,(1) = ™0, so Lemma 6.3 implies
that
Se(up(0)) = Ao < A1,  Se(up(1)) < Ao < A;. (7.3)

In the case kx € Q the left-hand point of uy is instead &, , but the continuity of
k — &, guarantees the existence of n > 0 such that

Se(@) < Ay Vk € (k—n,k+n), (7.4)
so also in this case
Se(up(0)) < A1, Sg(up(l)) < Ag < Ay, (7.5)

for h large enough.

Let ¢ be the flow of the vector field obtained by multiplying —VS; by a suitable
non-negative function, whose role is to make the vector field bounded on M,
vanishing on

1Sk < A1} U {Sg > A4},

while keeping the uniform decrease condition

d
ESE(%(Z)) < —min{[|dSe (¢ ()%, 1}, if 42 < Sk(¢r(2)) < 43.  (7.6)

Then ¢ is well-defined on [0, +o00[xM: the only source of non-completeness is T
going to 0, which by Lemma 5.1 happens only for negative-gradient flow lines for
which the action tends to 0; but we have made the vector field vanish near level O.
Since S decreases along the flow lines and ¢ maps bounded sets into bounded sets,
we have from (7.2)

¢ ([0, 1] x ux([0,1])) C By U {Sg < c(¥) — en}, (7.7)
for some uniformly bounded set

Bp C {Sk < c(k) + (M + D)ep}. (7.8)

Let B C M be a bounded closed set which contains 5, for every & € N. Since the
Palais—Smale condition holds on bounded sets (Lemma 5.2), the set

K = BnecritSg N {Sg = ¢(i)}



180 A. Abbondandolo, L. Macarini and G.P. Paternain CMH

is compact. The open set U is in particular a neighborhood of K. Since K consists
of fixed points of the flow ¢, we can find an open neighoborhood V C U of K such
that

¢([0,1] x V) C U. (7.9)

Since S satisfies the Palais—Smale condition on 3, we can finde > 0and0 < § < 1
such that

[dSe()Il =8 Vy e (B\V)N{c(k) —€ < Sg < c(k) + €} (7.10)
By (7.7) and (7.8), for every (r,0) € [0, 1] x [0, 1] and every & € N there holds
¢r(up(0)) C (BN {Se < (k) + (M + Dep}) U {Sk < c(k)}. (7.11)
Let o € [0, 1] be such that
Se(¢1(un(0))) = c(k) and  ¢1(up(0)) ¢ U. (7.12)

By (7.9), ¢, (u (o)) cannot belong to V for any r € [0, 1], and together with (7.11)
and the fact that S; decreases along the orbits of ¢, we obtain

¢ ([0, 1] x {up(0)}) C (B\V) N{c(k) < Sg = c(k) + (M + Der}.
If h is so large that (M + 1)ep < €, (7.10) implies that
ldSe(¢r (up(@))I =6 Vre[0,1],
so by (7.6)

d
C(®) = Se(114(0))) = Seholun(o)) + [ S-Se(@run(o)) dr
<c(k) + (M + )¢, — 5%

The above inequality implies that €, > §2/(M + 1). Since (e3,) is infinitesimal, this
gives us an upper bound on 4: when £ is larger than this upper bound, then there
cannot be any o € [0, 1] such that (7.12) holds. For such a large 4 we must hence
have

d1(up(0)) e{Se <cl)yulU Yo € [0, 1]. (7.13)

Let & be a large natural number, so that (7.13) holds. In the case kx € Q we also
require A to be so large that k; < i + 71, where 7 is the positive constant appearing
in (7.4). In the case k« € P we define

V1= @1 0 Up,

and we observe that, since the flow ¢ fixes the points in {Sz < A1}, (7.3) implies
that v belongs to P,.
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In the case kx € Q the end points of the path uj, € Q, (k) are also fixed by the
flow ¢ because of (7.5), and we obtain an element of Q,, (k) by setting

Ui +20 (icp—K) for0 <o <1/2,

v(o) :=
¢1(up(2o0 —1)) forl/2 <o <1.

Since for k € [k, kp]
S(@e) < A1 < c(k)

by (7.4), we conclude that in both cases

v([0, 1]) C {Sz < c(k)} UU.

8. The proof of the Theorem

Lemma 7.1 has the following consequence, where we incorporate a result about the
nature of the set of critical points found by a mountain pass minimax which, under
the assumption that the Palais—Smale condition holds, is due to H. Hofer (see [15]
and [16]).

Lemma 8.1. Let ki € P (resp. kx € Q). Let ng and I be as in Lemma 6.3 (resp.
6.4). Then for almost every k in I the number ¢ := py,(k) (resp. ¢ := qn(k) for
any n > ny) is a critical value of Sg. Furthermore, every open neighborhood U of

critSg N {Sg = ¢}
has a connected component Uy such that the set
Uo N {Sk < ¢}

is non-empty and not connected. In particular, there is a critical point 8 of Sg of
action Sg(B) = ¢ which is not a strict local minimizer. If such a B is transversally
non-degenerate then it has Morse index 1.

Proof. Let J C I be the set of points at which p,,, is differentiable (resp. g, is
differentiable for every n > ng). Since pj, (resp. g,) is a monotone function, J
has full measure in / (in the case x« € @ we also use the fact that a countable
intersection of sets of full measure has full measure).

Letk € J. Then ¢ = pp (k) (resp. ¢ = gn(k) for some n > ny) is a critical
value of Sg: if not we can take I/ = @ in Lemma 7.1 and we find v in Py, (resp.
9, (ic)) such that

v([0, 1]) C {Sk < ¢},

thus contradicting the definition of ¢ = p, (k) (resp. ¢ = qn(k)).
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Now let U be an open neighborhood of
critSg N {Sg = ¢}

and assume by contradiction that for each connected component Uy of U/ the open
set
Uo N {Sg < ¢}

is either empty or connected. By Lemma 7.1 we can find v in Py, (resp. Q,(k))
such that
v([0,1]) C{Sg <c}UU.

Consider the open set
U:=v'U) clo1].

Since Sg o v < ¢ on the compact set / \ U, we have

maxSgov < c.

I\U
Since the function S o v is uniformly continuous on [0, 1], we can find a positive
number § such that if Uy is a connected component of U with length less than § then
Sk o v < ¢ on Uy. Therefore, there are at most finitely many connected components
Uy, U,, ..., U of U where the supremum of Sg o v is at least ¢c. Then we can find
numbers

O<ay<bi<ay<by<---<ap<bp<l

such that
[aj,bj] C U]' Vj =1,2,...,k

and

max Sgov <ec.
[0, 1\U5 = (a;.b,)

Since v(a;j) and v(b;) belong to the same connected component of U, our
assumption implies that there exists a continuous path v; : [a;,b;j] — M such
thatvj(a;) = v(a;), v;(b;) = v(bj), and

vi(laj.b;]) CUN{Sg < c}.

Therefore the path

w(o) = ) V(@  foro € 0.1\ Uj_y(@;.b))
) vj(o) foro €laj,b;], j =1,2,...,k,
is in Py, (resp. Q,(k)) and satifies

max Sg ow < c.
[0,1]
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This contradicts the definition of ¢ = p, (k) (resp. ¢ = ¢, (i)) and implies that there
is at least one component of ¢/ whose intersection with {Sg < c} is non-empty and
not connected.

In particular, critSz N {Sg = c} contains a point 8 which not a strict local
minimizer: if this set consists of strict local minimizers, then it has an open
neighborhood U such that U N {Sg < ¢} is empty.

When f is transversally non-degenerate, the connected component of crit Sz N
{Sg = ¢} containing B is of the form T - B, and the Morse-Bott Lemma implies that
this component consists of critical points of Morse index 1: Morse—Bott components
of index zero have neighborhoods Uy such that Uy N {Sg < c} is empty, while
Morse—Bott components of index larger than one have neighborhoods Uy such that
U N {Sg < ¢} is connected. O

Remark 8.2. Since the Morse index of § is one if it is transversally non-degenerate,
Proposition 2.3 implies that the eigenvalues A, 1/ of the linearized Poincaré map
P of the closed magnetic geodesic § are either on the unit circle (that is, 8 is non-
hyperbolic), or in (—o0, 0) \ {—1} (B is odd hyperbolic).

Let R C (0,c,) be the set of values k for which the energy level E~!(k) is
non-degenerate. Notice that

RC QcCPcC(0cy).

The above lemma, together with known results, has the following consequence:
Lemma 8.3. Let k be an energy level in (0, cy). Then:

(1) if k € P° = (0,cy) \ P then there are infinitely many closed magnetic
geodesics of energy k;

(ii) every k € P is contained in an open interval I(k) C (0, ¢,,) in which there is a
set Io(x) of full measure such that for every ko € Io(k) there are at least three
closed magnetic geodesics of energy ko

(iii) every k € Q is contained in an open interval J (k) C (0, ¢y,) in which there is a
set Jo (k) of full measure such that for every kg € Jo(k) N R there are infinitely
many closed magnetic geodesics of energy K.

Proof.

(1) If k € P, then the local minimizer ¢ is not strict, hence S, has a sequence
of local minimizers in M \ T - o, which converges to «,. In particular, there are
infinitely many closed magnetic geodesics of energy «, proving (i).

(i) G. Contreras has proved in [11] that for almost every « in (0, ¢;,) there exists
a closed contractible orbit y, with energy « and positive S,-action (for more general
systems on arbitrary compact configuration spaces, of any dimension). In particular,
Vi 1s geometrically distinct from o, all of whose iterates have negative S, -action.
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By Lemma 8.1, k € P is contained in an open interval /(x) C (0, ¢,) such that
for almost every ko € I(k) the functional S,, has a critical point 8 with action
Sko(B) = pny(ko) < 0 which is not a strict local minimizer. In the case ko € P€,
there are infinitely many closed magnetic geodesics of energy k¢ by (i). In the case
ko € P, the closed magnetic geodesic B cannot coincide with an iterate of o,
because all such iterates are strict local minimizers. Moreover, it cannot coincide
with an iterate of y,, because these iterates have positive Sy -action. Therefore for
almost every kg € I(k) there are at least three geometrically distinct closed magnetic
geodesics of energy k.

(iii) By Lemma 8.1, k € Q is contained in an open interval J(k) C (0,cy)
which has a subset Jo(x) of full measure with the following property: for every
ko € Jo(k) N R and every n > ng the functional S, has a critical point By, , of
action S, (Bio,n) = ¢n (ko) and Morse index i (Bx,,») = 1. We claim that the closed
magnetic geodesics Bi,.n, 1 > ng, cannot be the iterates of only finitely many closed
magnetic geodesics. Indeed, if by contradiction this is the case, we can find a closed
magnetic geodesic 8 and a sequence of integers (my), my > no and my — +o0,
such that B, m, is the iterate B¥n, for some sequence of integers kj > 1. Since the
sequence

dmy, (K0) = S (Beo.mp) = ki Sico (B)

tends to —oo (see (6.5)), the sequence (k) must diverge to +o00. Therefore, 8 has
mean index zero:

. kh . 1
78 = tim P gy Prom) o L
h—o0 kh h—o00 kh h—o0 kh
On the other hand, Theorem 2.2 implies that B, m, has positive mean index, and
hence

1
1(p) = H?(,Bko,mh) > 0.

This contradiction proves that the set {,BKO,,, |n > no} consists of infinitely many
geometrically distinct closed magnetic geodesics of energy k.
O

Proof of the Theorem. The Theorem stated in the Introduction follows from Lemma
8.3 purely by set- and measure-theoretic arguments. Indeed, for every x € P let
1(k) and Io(k) be as in Lemma 8.3 (ii). Since the topology of R admits a countable
basis, there exists an at most countable subset Py of P such that

pc | 1. 8.1

k€ Py
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By Lemma 8.3 (i) and (ii), the energy level £~!(k) admits at least three magnetic
geodesics whenever « belongs to the set

Ky :=PU (] Iy(x).
keP

where P€ denotes the complement of P in (0, ¢,,). We must show that the above set
has full measure in (0, ¢,,), that is, that its complement

4
PN (U IO(K))
keP
has measure zero. By (8.1), the above set is contained in
c
(U 100) n (U 1) .
ke Py keP
which is clearly contained in
U (16 \ To ().
ke Py

The above set has measure zero, being an at most countable union of sets with
measure zero. This proves that K3 has full measure in (0, ¢;,).

Now let J(x) and Jo (k) be the sets given by Lemma 8.3 (iii), and let Q¢ be an at
most countable subset of Q such that

Rcoc | Jw. (8.2)
k€Qo

By Lemma 8.3 (iii) the energy level E~!(k) admits infinitely many magnetic
geodesics whenever « belongs to the set

Koo == [ J (Jot) N R) C R.
keQ

We must prove that Ko, has full measure in R, that is, that R \ K, has measure
zero. We have the inclusion

R\ Koo =R\ | J (Do) N R) C R\ | ] Jo(x).

keQ keQo
from which, together with (8.2), we obtain
R\ Koo € (1 700)\ (U %00) ¢ U (V&) \ o).
k€Qo keQq k€Qo

Therefore, R \ Ko has measure zero.
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We conclude that the set
K :=K;N(R°UKy) C(0,cy)

satisfies the requirements of the Theorem. Indeed, K has full measure in (0, ¢;)
because K§ and

(R°UKoo)* = RNKS, = R\ Koo

have measure zero. Being a subset of K3, K consists of energy levels for which there
are at least three closed magnetic geodesics. From the inclusion

RNKCRN(R UKo)=RNKo = Koo

it follows that for every energy level in R N K there are infinitely many closed
magnetic geodesics. 0

A. The second differential of the free period action functional

In this appendix we characterize the kernel of d?S,(x, T). In particular, we show
that a periodic orbit (x, T') is transversally non-degenerate if and only if the kernel
of d2S,(x, T) is one-dimensional (that is, spanned by the vector (x’, 0)).

For our purposes it suffices to assume that M = R” and ¥ = 0 is a regular
energy level (hence orbits with energy zero are non-constant). The free period action
functional is denoted simply by S, while ST denotes the action functional on the
space of T -periodic curves.

The critical points of ST are the T-periodic solutions of the Euler—Lagrange
equation

d ) .
ELv(% Y)=Lq(y,7)

associated to L, and its second differential at a critical point y has the form
T
ST = [ (LA + Log DE 1)
+ Lo DIE il + Lag (. DIE 1)) dt,
where £, 7 € H'(R/TZ,R"). Integration by parts and the fundamental lemma of

the calculus of variations show that a curve £ is in the kernel of d%2S7(y) if and only
if it is a (smooth) T -periodic solution of the linear equation

D(y)§ =0,
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where D(y) is the linear second order differential operator which is obtained by
linearizing the Euler—Lagrange equation along y:

d . d . d .
D)= 47 (Lo 5+ Lavtr?)) = Lugr )5 = Lag )
The fact that the energy

E(q,v) := Ly(q,v)[v] = L(q,v)

is a first integral of the Euler—Lagrange equation implies that also the linear equation
D(y)& = 0 has a first integral:

Lemma A.1. If§ € C*®°(R,R") is a solution of D(y)& = 0, then

dE(y, 7)[(£.£)] = const.

Proof. By multiplying the equation D(y)& = 0 by y, we obtain

7 (va(y, V)§ + Lgu(v, V)E) V= Logr)E V] + Log (. DE. 7] (AD)
By differentiating the function

dE(y, MIE &) = Eq(r. DIE] + Ev(r. D)IE]
= Lgv (. PIE. 7] — Lg(r. P)[E]l + Low(. MIE. 7]

with respect to the time variable, we get

d .
(Lo 7 + Lav(r1)8) -7

+ Lov (. MIE.F] = Lag(r. 1)y, ] = La(v. IE].

d ) .
7 AE@PIE O] =

Together with (A.1) we find

TAE@DIE O = Log(r-D)E 71+ Low(r. 9 71 = Lg (7. )E]
= (Lov (1) + Log(r7)7 = Lg (7)) - .
The latter term vanishes because y is a solution of the Euler—Lagrange equation. [

We now compute the second differential of the free period action functional S at a
critical point y = (x, T') along a pair of variations (4, o), (w,7) € H'(T,R") xR.
If we set

§@):=u@/T), n@):=v(/T),



188 A. Abbondandolo, L. Macarini and G.P. Paternain CMH

we find
oT r
8 D). (0.0] = a7Vl + 75 [ L) de
o T
+ 2 [ (LD = Log D1 = Lanr D )
0

i .
+ 7 [ (LGP = Logr 178 = Lon v 2171 .

By using the energy, the expression for d2S(x, T') can be simplified as
2 2qT ot (T N [5]2
d"S(x, T)[(u.0), (w.0)] = d*S" (y)[§. 0l + ﬁ/() Ly (y. P)Iy]”dt

o (T . . (T . 3
—7/0 dE(w)[(n,n)]dt—T/O dE(y. p)[(§.8)]dr.

Let us determine the kernel of d?S(x, T'). An element (u, o) belong to this kernel if
and only if
d*S(x, T)[(u,0),(0,7)] =0 VreR,

and
d*S(x, T)[(u,0),(w,0)] =0 Yw e HY(T,R").

The first condition is equivalent to

T T
g . .12 — . C
d /0 Low(. )1 dt /0 dE (. )(E D) d1.

Since the first integral is positive (we are assuming that y is a non-constant periodic
solution), the above equation tells us that ¢ is uniquely determined by £ as

- Jo dE@IE D1t
Jo Loy D71 de

Integration by parts and the fundamental lemma of the calculus of variations imply
that the second condition is equivalent to

d
DO)E = 7 (G B D)~ Egv D))

Therefore, we have proved that an element (#,0) € H'(T,R") x R belongs to the
kernel of d?S(x, T) if and only if the curve £(7) := u(t/T) is a (smooth) T -periodic
solution of the linear equation
T . :
Jo dE(y. P, §)]dt
T N
fo Lyy(y. Y)[y]* dt

d
Diy)t = (B0 -E0D). @2
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and o is given by

T . :
T Jo dE(y. P)I(E.6)] dt. A3)

T N
fo Loy (y, P)Iy)* dt
It is useful to simplify this characterisation of the elements of the kernel of
d?S(x, T). We start by observing that D(y)y = 0 and that the identity

d
Dyl =1Dy)y + Lov(r.7)7 + - (Lov(v.7)7) "

d
= _Ev b Y _E 9, Y
T (v, 7) — Eq(y.7)

holds.
Assume that (1, o) is an element of the kernel of @2S(x, T'), and set £(t) := u(t/T).
We define { € C*°(R,R") as

¢@t) = (1) — %t)'/(t) Vi € R.

Notice that
(t+T)=¢(t)—oy(t) VteR.
Since £ and o satisfy (A.2) and (A.3), ¢ solves the equation

D()¢ = D(y)§ = ZD()lt7] = 0.
because of (A.4). Moreover
dE(. ) 6] = dE1)IE O] = = (dEQ. DG 9)] + Ev( 1))

By integrating this identity over [0, 7] and by using (A.3), we obtain
T .
| e bnar
o (T o (T( d
= — L Ny12dt — — t—EW,y) + Ey,(v, V)[y] ) dt
T/o v (1, P)[V] T/o ( 7 Er 7))+ Euly V)[V])

o (T s o (T .
=2 [ Lwtitd-Z [ Entilar
T Jo T Jo
where we have integrated by parts and used the fact that E(y, y) = 0. Since

Ey(y. V)[V] = Lyy(y. V)[V]z,

the integral of dE (y, p)[(¢, Z )] over [0, T'] vanishes. Since this function is constant
by Lemma A.1, we conclude that

dE(y, M. D] = 0.
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Conversely, assume that { € C*° (R, R") is a solution of D(y)¢ = 0 such that
§+T)=080()—oy@) VieR,

for some o € R, and )
dE(y, ). §)] = 0.

Then the above computations show that the T'-periodic curve

o .
§0) = L0) + 170

satisfies (A.2) and (A.3). We can summarize the above discussion into the following:

Lemma A.2. The kernel of d*S(x, T) is isomorphic to the vector space

Z:={{ e C®[R.R") | D(y){ =0, dE(y.7)[(£.0)] =0,
do € Rsuchthat{(t + T) =((t) —oyp(t) Vt € ]R}.

The isomorphism is given by the map

(u,0) > £(t) i= u(t/T) — %zx(z/T).

The non-vanishing vector (X, 0) always belongs to the kernel of d2S(x, T'). The
line R(x, 0) corresponds, by means of the above isomorphism, to the line Ry.

Let ¢; be the Euler—Lagrange flow on R” x R” which is induced by L. This
flow preserves the hypersurface £~!(0), and the point (y(0), y(0)) is a fixed point
of gr. Therefore, the linear mapping der(y(0),y(0)) maps the linear space
T(y(0).7(0y) E ~1(0) onto itself. Moreover,

7(0). 7(0)) € Ty(0).j0n E~(0)

is an eigenvector with eigenvalue one of dor(y(0),y(0)). The induced quotient
mapping

To@iE O Tos0pE"'0)

- R@(0).7(0) R(y(0).7(0))
is the linearized Poincaré map associated with the 7 -periodic orbit y. The orbit y is
said to be transversally non-degenerate if P does not have the eigenvalue one.

Proposition A.3. There is an isomorphism

kerd?S(x,T)

R(x.0) ~ ker(P —I).

In particular, y is transversally non-degenerate if and only if the kernel of d*S(x, T)
is one-dimensional (and hence spanned by (X, 0)).
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Proof. Thanks to Lemma A.2, it is enough to construct an isomorphism
Z
— = ker(P —I).
Ry

By Lemma A.1, by the existence and uniqueness of the solution of the Cauchy
problem associated to D(y), and by the T-periodicity of the coefficients of D(y),
the evaluation

¢+ (£(0),2(0))

maps Z isomorphically onto the space of pairs (a,b) € R" x R" such that (a, b) €
T(y(0),5(0) E~"(0) and

dor(y(0),y(0)[(a. b)] — (a,b) € R(y(0), 7(0)).

Taking the quotient by Ry we obtain an isomorphism onto ker(P — I). O
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