
Comment. Math. Helv. 90 (2015), 543–571
DOI 10.4171/CMH/364

Commentarii Mathematici Helvetici
© Swiss Mathematical Society

On the long time behavior of homogeneous Ricci flows
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Abstract. In this paper we prove the following structure results for homogeneous Ricci flow
solutions: Any homogeneous Ricci flow solution with finite extinction time develops a Type I
singularity. Any homogeneous Ricci flow solution on a compact homogeneous space, not
diffeomorphic to a torus, has finite extinction time. Any immortal homogeneous Ricci flow
solution develops a Type III singularity and the natural blow downs subconverge to an immortal
locally homogeneous Ricci flow solution.
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1. Introduction

A family .g.t//t2Œ0;T / of smooth, complete, Riemannian metrics on a smooth mani-
foldM n is called a solution to Hamilton’s Ricci flow [20], if it satisfies the geometric
evolution equation

@

@t
g.t/ D �2 ric.g.t// and g.0/ D g0 :

We call a Ricci flow solution a homogeneous Ricci flow, if the initial metric g0 is
homogeneous. In this case the evolved metrics are homogeneous as well, in fact
the isometry groups do not change [24]. The Ricci flow on homogeneous spaces
has been investigated by many authors, in particular in low dimensions and on Lie
groups (see e.g., [1, 3, 11, 13, 14, 21, 22, 28–30, 35]). Still, in general the long time
behavior of homogeneous Ricci flows is completely understood only in very special
cases.

If a solution to the Ricci flow cannot be extended smoothly past time T , then we
call T 2 .0;1� a singular time. If the singular time T is finite, the Ricci flow
solution is said to have finite extinction time. A Ricci flow solution with finite
extinction time is said to develop a Type I singularity, if there exists a constant
Cg0 > 0, such that

sup
Mn

kR.g.t//kg.t/ � .T � t / � Cg0

for all t 2 Œ0; T /. Here R.g.t// denotes the curvature tensor of the metric g.t/.



544 C. Böhm CMH

By a recent result of Lafuente [26] a homogeneous Ricci flow has finite extinction
time if and only if the scalar curvature of the evolved metrics becomes positive close
to extinction time.

Our first main result is

Theorem 1. A homogeneous Ricci flow with finite extinction time develops a Type I
singularity.

We will also show that for such homogeneous Ricci flows the norm of the
curvature tensor can be controlled by the scalar curvature as soon as the scalar
curvature is positive (Remark 2.2). By [23], [16], [19] the homogeneity assumption
in Theorem 1 cannot be dropped, since on the Euclidean plane and on spheres there
exist rotationally invariant metrics, which lead to Type II singularities.

Our second main result is

Theorem 2. Let M n be a compact homogeneous space not diffeomorphic to the
torus T n. Then any homogeneous Ricci flow solution has finite extinction time.

A compact homogeneous space admits in general homogeneous metrics with
negative scalar curvature; the spaces which do not have been classified by Wang and
Ziller [44] (see also [8]). Notice that any homogeneous metric on a torus is flat.

By general results of Naber [33] and Enders, Müller, Topping [17] on Type I
singularities of the Ricci flow, it follows that along any sequence of times converging
to the finite extinction time T , parabolic rescalings will subconverge to a nonflat
homogeneous gradient shrinking soliton. By work of Petersen and Wylie [37] such
a shrinking soliton is in our situation a finite quotient of a nonflat product metric of
a homogeneous Einstein metric with positive scalar curvature and a flat metric on
Euclidean space. Notice that the flat factor might be absent.

We turn to the question whether the compact homogeneous Einstein space E1
appearing in the limit soliton can be related to the homogeneous space considered.
Recall that a homogeneous space is diffeomorphic to a coset space G=H , where G
is a Lie group acting isometrically and transitively on M n and H is the compact
isotropy subgroup of a point.

Theorem 3. Let M n D G=H be a compact homogeneous space not diffeomorphic
to the torus T n. Suppose that the isotropy representation decomposes into pairwise
inequivalent summands. Then for any homogeneous Ricci flow on G=H there exists
a compact intermediate subgroup K, such that E1 D K=H .

The intermediate subgroup K corresponds to the most shrinking direction of the
metrics g.t/ (see Section 5) and depends only on the initial metric g0. Notice though,
that for different initial metrics the group K may vary as can be seen easily from
considering homogeneous product metrics on S2 � S2.

Since there exist homogeneous spaces K=H not admitting any K-invariant
Einstein metrics (see [44], [9]), in general not all intermediate subgroups can occur.
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For instance, letG D SO.2pCq/, L D SO.2p/SO.q/ andH D SO.p/U.1/SO.q/,
where SO.p/U.1/ � U.p/ � SO.2p/. Then, if p � 5 and q D 3, the
spaces G=H and L=H do not admit homogeneous Einstein metrics by [34], [44].
As a consequence the only possible intermediate subgroup is K D U.p/SO.q/. If
p D 3 and q � 4, the space G=H does admit homogeneous Einstein metrics, that is
one can also have K D G for appropriate initial metrics.

We will show in Theorem 5.14, that for any sequence of times converging to T ,
the restriction of appropriately rescaled metrics g.t/ to K=H subconverges to an
Einstein metric of positive scalar curvature. The limit Einstein metric depends only
on the initial metric and not on any subsequences chosen, if on K=H there exist
only finitely many solutions to the homogeneous Einstein equation of fixed volume
(cp. finiteness conjecture of [10]). Since in the first of the above two examples
the space K=H is isotropy irreducible, we get for any initial metric the same limit
soliton. Let us mention, that if the isotropy representation has two inequivalent
summands these results where obtained in [13].

We expect Theorem 3 to be true for arbitrary homogeneous spaces. In general
the most shrinking direction of the evolved metrics corresponds to a distribution,
which becomes integrable only in the limit. As a consequence, the Ricci flow on
such homogeneous spaces is much more difficult to deal with.

We turn to homogeneous Ricci flows on noncompact homogeneous spaces.
Bérard-Bergery [5] has shown that a homogeneous space admits a homogeneous
metric of positive scalar curvature if and only if the universal covering space is not
diffeomorphic to Euclidean space. By [26] it follows that on homogeneous spaces
with Euclidean universal covering space any homogeneous Ricci flow solution will
be immortal, that is T D 1. Recall that a homogeneous Ricci flat metric is flat
by [2]. As a consequence, for an immortal homogeneous Ricci flow solution, which
is not flat, the scalar curvature is negative and must converge to zero.

An immortal solution to the Ricci flow is said to develop a Type III singularity,
if there exists a constant Cg0 > 0, such that for all t 2 Œ0;1/

sup
Mn

kR.g.t//kg.t/ � t � Cg0 :

Our third main result is

Theorem 4. An immortal homogeneous Ricci flow develops a Type III singularity.

As an immediate consequence of the above results we obtain

Corollary 5. For homogeneous spaces with compact or Euclidean universal cover-
ing space the following holds: The homogeneous Ricci flows on these spaces develop
either a Type I or a Type III singularity, irrespectively of the chosen initial metric.

It is an open problem, whether this dichotomy holds for a arbitrary homogeneous
space. If true, this would imply the long standing conjecture of Alekseevskiĭ on
noncompact homogeneous Einstein spaces (see [6], 7.57).
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We turn to the question to which extend there should be counterparts of the above
mentioned results of Naber and Enders, Müller, Topping for Type III singularities of
homogeneous Ricci flows on noncompact homogeneous spaces.

We consider for s > 0 the immortal solution gs.t/ WD 1
s
� g.st/. It follows

from Hamilton’s compactness theorem that if the injectivity radius of .M n; g.t// is
bounded from the below by Cg0

p
t , then for any sequence fsig1iD1 converging to

infinity the sequence .M n; gsi .t// of blow downs subconverges to a homogeneous
immortal limit Ricci flow .M n

1; g1.t// on a possibly different homogeneous
spaceM n

1. In general, by work of Glickenstein [18] and Lott ( [30], Corollary 5.14),
one obtains subconvergence to a limit flow on an n-dimensional, étale groupoid. In
our situation such a groupoid is nothing but a locally homogeneous space, which in
general will be incomplete (see Section 6).

Our fourth main result is

Theorem 6. For any immortal homogeneous Ricci flow solution the above defined
blow downs subconverge to an immortal locally homogeneous Ricci flow solution.

By [41] a locally homogeneous space with nonpositive Ricci curvature can
be extended to a (complete) homogeneous space. In general this is not true
anymore. There exist even Einstein metrics of positive scalar curvature on locally
homogeneous spaces, which do not extend to a complete Einstein metric [39], [25].

Lott proved in [30], that if the sequence .M n; gs.t// of blow downs has a limit
for s !1, then this limit Ricci flow is an expanding Ricci soliton. In special cases
such as in dimension three and four [30] and for homogeneous metrics on nilpotent
or certain solvable Lie groups this is known to be true [28], [3].

Problem. Show that for any immortal homogeneous Ricci flow solution any blow
down subconverges to an expanding Ricci soliton on a locally homogeneous space.

Notice first, that such an expanding limit soliton might be flat even if the
scalar curvature of the approximating Ricci flow solution is negative for all times.
For instance on the isometry group E.2/ of the Euclidean plane there exists a
homogeneous immortal solution to the Ricci flow such that kR.g.t//kg.t// �
exp.�ct/ and scal.g.t// � � exp.�2ct/ for c > 0 (see [21]). It follows, that
the curvature is so rapidly decreasing that any geometric limit solution must be flat.
Notice also that the norm of the curvature tensor is not controlled by the absolute
value of the scalar curvature in this example in contrast to Type I singularities.

Let us now turn to immortal homogeneous solutions, for which there exists a
constant cg0 > 0, such that cg0 � supMn kR.g.t//k � t for all t 2 Œ0;1/. At first
hand, one might hope that the bracket flow introduced by Lauret in [29] might be
helpful establishing the existence of a nonflat expanding limit soliton. Recall that
the bracket flow is a geometric flow on the set of Lie brackets, which is equivalent to
the Ricci flow. In example 4.4 in [27] Lafuente and Lauret provide an example
of a Type III solution (in fact an expanding soliton), such that the norm of the
corresponding bracket flow solution tends to infinity. It follows of course that the
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above blow downs will converge to the nonflat expanding soliton given. This limit
soliton can however never be obtained by considering any normalized bracket flow.

The paper is organized as follows: In Section 2 we prove Theorem 1, in Section 3
Theorem 2, and in Section 4 Theorem 4. Theorem 3 is proved in Section 5, and in
Section 6 we present a proof a Spiro’s result.

It is a pleasure to thank Jorge Lauret and John Lott for helpful comments.

2. Finite time singularities of homogeneous Ricci flows

In this section we will provide the proof of Theorem 1. Furthermore we will show
that the norm of the curvature tensor is controlled by the scalar curvature.

Recall that by [26] we may assume that for a homogeneous Ricci flow g.t/t2Œ0;T /
with finite extinction time T <1 we have scal.g.0// D 1.

Theorem 2.1. A homogeneous Ricci flow .M n; g.t//t2Œ0;T / with finite extinction
time T develops a Type I singularity.

Proof. From the evolution equation for the scalar curvature along a solution to the
Ricci flow we know s0.t/ � 2

n
� s2.t/, where we have set s.t/ WD scal.g.t//. Let

t0 2 Œ0; T /. As is well known, if s.t0/ ¤ 0, this implies

s.t/ �
1

1
s.t0/
�
2
n
� .t � t0/

: (2.1)

Since by assumption s.0/ D 1, we conclude T � n
2

. Furthermore, we get

s.t/ �
n

2.T � t /
(2.2)

for all t 2 Œ0; T /. If not, then there exists t0 2 Œ0; T / such that s.t0/ D
.1C"/n
2.T�t0/

for
some " > 0. From (2.1) we deduce for all t 2 Œt0; T / that

t <
T � t0

1C "
C t0 D

T C " � t0

1C "
D T �

".T � t0/

1C "
:

Contradiction.
Let now K.t/ WD kR.g.t//kg.t/ denote the norm of the curvature tensor at time

t 2 Œ0; T /. We will show below that there exists a constant C > 0, such that
K.t/
s.t/
� C for all t 2 Œ0; T /. This implies by (2.2)

.T � t / �K.t/ � .T � t / � s.t/ � C �
C � n

2
;

which shows that we have a Type I singularity.
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It remains to show that K.t/
s.t/

is bounded for t 2 Œ0; T /. Suppose the contrary:

Then there exist times ti 2 Œ0; T / with ti ! T and K.ti /
s.ti /

D i . Moreover, we can
assume that

i D max
�
K.t/

s.t/
j t 2 Œ0; ti �

�
:

Since the scalar curvature, i.e. s.t/, is not decreasing,K.ti / � K.t/ for all t 2 Œ0; ti �.
We set Qi WD K.ti / and rescale parabolicly at t D ti by setting

gi .t/ WD Qi � g

�
ti C

t

Qi

�
:

The solutions gi live on .�Qi � ti ;Qi � .T � ti //. Moreover the norm of the curvature
tensor of gi .0/ equals to 1 for all i .

Recall that the doubling time estimate for the Ricci flow roughly says, that the
maximum of the norm of the curvature operator cannot grow too fast too soon as
time increases. More precisely, if .M n; g.t// is a complete solution to the Ricci
flow with bounded curvature and if kR.g.0//kg.0/ � K for a constant K > 0, then
for all t 2 Œ0; 1

16K
� one has kR.g.t//kg.t/ � 2K (cf. [15], p. 213). In particular the

Ricci flow exists on the entire interval Œ0; 1
16K

�.
In the above situation this implies that any of the solutions gi .t/ exist as long

as t 2 Œ0; 1
16
�. It follows that the above intervals converge (along a subsequence

possibly) to .�1; T1/ with T1 > 0.
By the choice of the ti we have kR.gi .t//kgi .t/ � 1 for t 2 .�ti � Qi ; 0 �. In

general, we do have of course no injectivity radius bound from the below. But due to
Theorem 5.12 in [30] there exists a convergent subsequence converging to a solution
on an étale groupoid which is Riemannian.

For the convenience of the reader let us recall how a complete Riemannian
manifold .M n; g/ with section curvatures between �K2 and K2 for some K > 0

can be considered a Riemannian groupoid G (see Example 5.7 in [30]). Given
r 2 .0; �

K
/, for any p 2M n the exponential map expp W TpM

n !M n restricts to a
local diffeomorphism from the r-ball Br.0p/ in TpM n to Br.p/ �M n. We endow
Br.0p/ with the pull back metric .expp/

�.g/. Let now fpigi2I be points in M n,
such that

S
i2I Br.pi / DM

n. One defines a Riemannian groupoid G with

G.1/ D
G
i;j2I

n
.vi ; vj / 2 Br.0pi / � Br.0pj / W exppi .vi / D exppj .vj /

o
and

G.0/ D
G
i2I

Br.0pi /

by r.vi ; vj / D vi , s.vi ; vj / D vj and .vi ; vj / � .vj ; vk/ D .vi ; vk/. Then G is
isometrically equivalent to .M n; g/.
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For v 2 G.0/, that is v 2 Br.0p/, the orbit Ov consists of precisely those
points vj 2 Br.0pj / with exppj .vj / D expp.v/. A pointed groupoid .G;Ov/ is
a groupoid G equipped with a preferred orbit Op . Now the smooth convergence of
a sequence of pointed n-dimensional Riemannian groupoids with uniform sectional
curvature bounds as above implies in particular, that on each of the balls Br.0pi / of
fixed radius r > 0 the above defined pull back metrics converge to a limit metric on
Br.0p1/ in C1-topology (see Definition 5.8 in [30]).

Since in our situation all the metrics considered are homogeneous the pull back
metrics are locally homogeneous. Now by [36] a Riemannian manifold .M n; g/ is
locally homogeneous if and only if any function on M n that can be expressed as a
polynomial in the covariant derivatives of the curvature tensor ri1ri2 � � � rirRjklm
and the inverse metric tensor gij , by contracting indices, is actually constant
on M n. This clearly shows that the limit metric on the limit ball Br.0p1/ is locally
homogeneous as well.

We conclude that this groupoid is a locally homogeneous, ancient solution g1.t/
to the Ricci flow with nonnegative scalar curvature. At time t D 0 we have
kR.g1.0//kg1.0/ D 1, but scal.g1.0// D 0, since the function K.t/

s.t/
is scale

invariant and by assumption we had i D K.ti /
s.ti /

D
1

scal.gi .0//
. Hence the limit

solution is locally homogeneous and Ricci flat, hence by Theorem 6.2 flat. This
is a contradiction to the fact that the norm of limit curvature tensor is 1 at t D 0.

Remark 2.2. We have shown above that for any homogeneous Ricci flow solution
.g.t//t2Œ0;T / with scal.g.0// > 0 there exists a constant Cg0 > 0 such that for all
t 2 Œ0; T / we have

kR.g.t//kg.t/ � Cg0 � scal.g.t// :

3. An algebraic proof of Bochner’s theorem

As is well known by a theorem of Bochner [7] a compact homogeneous manifold
cannot admit a Riemannian metric of nonpositive Ricci curvature unless it is flat.
Moreover, the only compact homogeneous manifold admitting flat homogeneous
metrics is the torus ( [6], 7.61). Hence Theorem 2 follows from Theorem 3.2.

In this section we will provide an algebraic proof of the above result for compact,
locally homogeneous spaces (see Section 6). A locally homogeneous space G=H is
called compact, if the Lie algebra g ofG is the Lie algebra of a compact Lie group NG.
Recall that NG D .G1 � � � � � Gs � T

r/=� , where G1; : : : ; Gs are compact, simply
connected, simple Lie groups and � is a finite subgroup of the center of NG. As a
consequence G D G1 � � � � �Gs � Rn.

Since the isotropy group H is not assumed to be a closed subgroup of G,
in general the locally homogeneous space G=H cannot be extended to a globally
homogeneous space (see [25]). In particular, Stoke’s theorem is not applicable.
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Theorem 3.1. LetG=H be a connected, compact, locally homogeneous space. Let g
be a homogeneous metric on G=H , which is not flat. Then the Ricci curvature of g
is not nonpositive.

Proof. SinceG=H is a compact, locally homogeneous space, there exists an Ad.G/-
invariant scalar product Q of g. Let p denote the orthogonal complement of the Lie
algebra h ofH in g. Then p is Ad.H/-invariant. Let B denote the Killing form of G
and let g D gs ˚ a be the decomposition of g into its semisimple part gs D Œg; g�
and its center a D z.g/. Notice that a is the kernel of B , whereas on gs the Killing
form B is negative definite. Let pa WD p \ a and let ps denote the Q-orthogonal
complement of pa in p. Then, since pa is Ad.H/-invariant, so is ps . Notice that
on ps the Killing form B is negative definite.

Any G-invariant metric on G=H corresponds to an Ad.H/-invariant scalar pro-
duct g on p. Using NQ WD Qjp we may write

g.v;w/ D NQ.P � v;w/ ;

where P is an Ad.H/-equivariant endomorphisms of p, which is positive definite.
Using the decomposition p D ps ˚ pa we write

P D

�
Pss Psa
P Tsa Paa

�
: (3.1)

The endomorphism Pss of ps is positive definite. Next, let . Oe1; : : : ; Oen/ denote
an Q-orthonormal basis of Eigenvectors of Pss corresponding to eigenvalues
p1; : : : ; pn > 0. We set ei WD Oei=

p
pi for 1 � i � n. Then .e1; : : : ; en/ is

a g-orthonormal basis of ps . We extend .e1; : : : ; en/ to an g-orthonormal basis
.e1; : : : ; en; enC1; : : : ; enCl/ of p. Then by [6], (7.38) for x 2 p we have

ric.g/.x; x/ D �1
2
B.x; x/ � 1

2

nClX
iD1

kŒx; ei �pk
2
g C

1
4

nClX
i;jD1

NQ.Œei ; ej �p; P.x//
2 :

Using Œp; p�p D Œp; p�ps we arrive at

ric.g/.x; x/ � �1
2
B.x; x/ � 1

2

nX
iD1

kŒx; ei �psk
2
g C

1
4

nX
i;jD1

NQ.Œei ; ej �ps ; P.x//
2

C
1
2

nX
iD1

nClX
jDnC1

NQ.Œei ; ej �ps ; P.x//
2
�
1
2

lX
jDnC1

kŒx; ej �psk
2
g :
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Next, we show that the sum of the fourth and fifth term is nonnegative for an
eigenvector x 2 ps of Pss corresponding to the largest eigenvalue p. We have for
i 2 f1; : : : ; ng and j 2 fnC 1; : : : ; nC lg

NQ.Œei ; ej �ps ; P.x//
2
� NQ.Œx; ej �ps ; P.ei //

2

D p2 �Q.Œei ; ej �; x/
2
� p2i �Q.Œx; ej �; ei /

2

D .p2 � p2i / �Q.Œei ; ej �; x/
2
� 0 ;

since Q is Ad.G/-invariant and consequently ad.v/ skew symmetric for any v 2 g.
It remains to show that in the above estimate for ric.g/.x; x/, for x 2 ps as

above, the sum of the first three terms is positive. Firstly, the second and the third
term depends only of Pss and not on the other components of P . Secondly, we
denote by g0 the Q-orthogonal complement of pa in g, that is g0 D h˚ ps . Then g0

is a subalgebra of g. Moreover, the Killing forms of g and g0 restricted to their
semisimple part gs D Œg; g� D Œg0; g0� agree. It follows that we may assume that B is
negative definite on p and that P D Pss .

For any Ad.H/-invariant scalar product g on p, there exists a decomposition
p D p1 ˚ � � � ˚ pr of p into Ad.H/-irreducible summands, such that P is diagonal
with respect to NQ. That is, we have

g D p1 � NQjp1 ? � � � ? pr �
NQjpr

with p1; : : : ; pr > 0. Likewise, we have P jpi D pi � idjpi . For each 1 � i � r , we
set �Bjpi D bi �Qjpi and di D dim pi . Notice, that by assumption we have bi > 0
for all i . Moreover, we set

Œijk� D
X

Q.Œ Oe˛; Oeˇ �; Oe /
2 ;

where the sum is taken over f Oe˛g, f Oeˇ g, and f Oeg, Q-orthonormal bases for pi , pj ,
and pk , respectively. Notice, that Œijk� is invariant under permutations. By [40], (see
also [44]), if x 2 p1 is an eigenvector of P with NQ.x; x/ D 1 corresponding to the
largest eigenvalue p D p1 of P , then we have by the above estimate

ric.g/.x; x/ �
1

4d1
�

0@2d1b1 � rX
j;kD1

Œ1jk�
2p2

k
� p2

pjpk

1A :

Notice that it is not difficult to deduce this formula from the above formula for the
Ricci tensor of g. By [44], the identity

dibi D 2dici C

rX
j;kD1

Œijk� (3.2)

holds. For a Q-orthonormal basis fzig of h, here CQjh D �
P
i ad zi ı ad zi denotes

the Casimir operator and .CQjh/jpi D ci � idpi . Recall that ci � 0 with ci D 0 if and
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only if Œh; pi � D 0. Notice that the proof of Wang and Ziller carries over to compact,
locally homogeneous spaces. We obtain

d1b1 �

rX
j;kD1

Œ1jk�
2p2

k
� p2

pjpk
D 2d1c1 C

rX
j;kD1

Œ1jk� �
p2 � p2j � p

2
k
C pjpk

pjpk
:

Since p is the largest eigenvalue of P we have p2 � p2j � p
2
k
C pjpk � 0 for all

1 � j; k � r . As a consequence ric.g/.x; x/ � b1
4
> 0. This shows the claim under

the assumption that dim ps > 0.
If ps D 0, then p � a, that is g D h˚ a. Since h is an ideal in g we have h D 0

(by our definition locally homogeneous spaces are almost effective, see Section 6).
Consequently g is abelian, which implies that any locally homogeneous metric on
G=H is flat (cf. [6], (7.30)).

As we have seen in the proof of the above theorem, a homogeneous metric g
on G=H can be considered an endomorphism P of p using a background metric NQ.
It follows from the above proof that if g is not flat, then there exists Nx 2 ps with
Pss. Nx/ D p � Nx, g. Nx; Nx/ D 1 and

ric. Nx; Nx/ �
b

4p
:

Here, �b denotes the largest negative eigenvalue of the Killing form B , restricted to
the semisimple part gs of g. An immediate corollary of this is

Theorem 3.2. A homogeneous Ricci flow on a compact locally homogeneous space
M n D G=H has finite extinction time, if G=H does not admit flat metrics.

Proof. As in the proof of Theorem 3.1, given an Ad.G/-invariant scalar product Q
on g, we consider the decomposition p D ps˚pa of theQ-orthogonal complement p
of h in g, where pa D p \ z.g/ and ps denotes the Q-orthogonal complement of pa
in p.

Along a locally homogeneous solution .g.t//t2Œ0;T / to the Ricci flow on G=H
we consider the function

'.t/ WD maxfg.t/.y; y/ j y 2 ps and kykQ D 1g :

Recall that '.t/ is nothing but the largest eigenvalue of Pss.t/ in (3.1). Then by
[15, p. 531], for the Dini derivative

dC'

dt
.t/ WD lim sup

s!0;s>0

'.t C s/ � '.t/

s

we have

dC'

dt
.t/ D maxf�2ric.g.t//.x; x/ j g.t/.x; x/ D '.t/ and x 2 ps ; kxkQ D 1g :
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Using the estimate of Theorem 3.1 we conclude ric.g.t//.x; x/ � b
4
> 0 for any

such x 2 ps , where b denotes the smallest eigenvalue of .�B/jgs�gs . This shows
that T < C1.

If a compact, locally homogeneous spaceG=H admits a flat metric, by [41]G=H
is globally homogeneous and flat. It follows from the proof of Theorem 3.1 that G
does not have any compact factor, thus G is abelian. But then any homogeneous
metric on G=H is flat.

4. Immortal solutions of homogeneous Ricci flows

In this section we give the proof of Theorem 4. Before doing so let us note that
on the isometry group E.2/ of the Euclidean plane there exists a homogeneous
immortal solution to the Ricci flow such that kR.g.t//kg.t// � exp.�ct/ and
scal.g.t// � exp.�2ct/ for a positive constant c > 0 (see [21]). Hence for
immortal solutions the norm of the curvature tensor is not controlled by the absolute
value of the scalar curvature, which was true for homogeneous solutions with a
Type I singularity by Remark 2.2. Moreover, the above example provides parabolic
rescalings gi .t/, defined on Œ0;1/ with kR.gi .0//k D 1, which converge on .0;1/
to the flat metric. Recall also that locally homogeneous metrics maybe incomplete.

Theorem 4.1. An immortal locally homogeneous Ricci flow develops a Type III
singularity.

Proof. Let .g.t//Œ0;1/ denote an immortal locally homogeneous Ricci flow solution.
If the initial metric is flat the claim follows. If the initial metric is not flat, then by
rescaling we may assume that scal.g0/ D �1. As above we write s.t/ D scal.g.t//.
By (2.1) we get limt!1 s.t/ D 0.

In a first step we show that K.t/ WD kR.g.t//kg.t/ must be bounded. Suppose
this is not the case. Then there exists a sequence ftig of times converging to infinity,
such that i D K.ti / and K.t/ < i for all t 2 Œ0; ti /. We may assume that
ti >

1
16�K.0/

. Next, we choose Nti 2 .0; ti /, such that

ti � Nti D
1

16 �K.Nti /
: (4.1)

This is possible, since for Nti D 0 we have ti > 1
16�K.0/

, whereas for Nti D ti we have
0 < 1

16�K.Nti /
. Setting Qi WD K.Nti /, we consider the parabolic rescaling

gi .t/ WD Qi � g

�
Nti C

t

Qi

�
: (4.2)

Notice that at time t D 0 the norm of the curvature tensor of the metric gi .0/ equals
to 1 for all i and that by (4.1) for given ti , Nti we have ti D Nti C t

Qi
if and only
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if t D 1
16

. As a consequence, by the doubling time property a locally homogeneous
limit flow g1.t/ will exist on Œ0; 1

16
� with kR.g1. 116 //k > 1 since K.ti / > K.Nti /.

Of course the scalar curvature of the limit flow is nonpositive. On the other hand
side the scalar curvature of the limit metric must vanish at t D 1

16
since i D K.ti /

and j scal.g.ti //j � 1. As in Theorem 2.1 we obtain a contradiction.
In the second step we suppose thatK.t/ is bounded but does not converge to zero

for t ! 1. Hence there exists a sequence ftig of times converging to C1 and a
constant " > 0, such thatK.ti / � " . Since limt!1 s.t/ D 0, we can argue as above
to exclude this case as well.

We conclude that K.t/ must converge to zero for t ! 1. We suppose that the
solution g.t/ does not form a Type III singularity. Then there exists a sequence ftig
of times converging to infinity such that

K.ti / D
i

ti C 1

and K.t/ < i
tC1

for all t 2 Œ0; ti /. We may assume ti > 1
16�K.0/

. As above we
choose Nti 2 .0; ti /, such that the identity (4.1) holds. Again we consider the parabolic
rescalings gi .t/ as in (4.2). By the choice of the sequence ftig we have

K.Nti / D
r.i/

Nti C 1
(4.3)

with r.i/ < i . On the other hand side the doubling time property yields

2 �
K.ti /

K.Nti /
D

i

K.Nti / � .ti C 1/
D

i

K.Nti / �
�
Nti C 1C

1
16�K.Nti /

� D i

r.i/C 1
16

:

We deduce
i > r.i/ �

i

2
�
1

16
:

In the final step we show that kR.gi . 116 //k is bounded from the below by a positive
number. This follows from (4.1) and (4.3), sinceR

�
gi

�
1

16

�� D i

r.i/
�
Nti C 1

ti C 1
D

i

r.i/
�

�
1 �

1

16 � r.i/C 1

�
:

Let g1.t/ denote a locally homogeneous limit solution for the sequence .gi .t//,
defined on .0; 1

16
�. By the above computation we have kR.gi . 116 //k 2 Œ

1
2
; 3� for

large i . Since s.0/ D �1 we deduce from (2.1) that js.t/j � .1 C 2
n
� t / � 1 for all

t � 0. As a consequence, at time t D ti we have

K.ti /

js.ti /j
�

i

ti C 1
�

�
1C

2

n
� ti

�
�
2 � i

n
: (4.4)

It follows, that the scalar curvature of the limit solution g1.t/ at time t D 1
16

vanishes. Again, this is a contradiction.
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5. Collapsing of homogeneous Ricci flows

In this section we will prove Theorem 5.14, from which Theorem 3 and the results
on the longtime behavior of the Ricci flow mentioned in the introduction below
Theorem 3 follow.

Let .g.t//t2Œ0;T / be a homogeneous Ricci flow on M n, which develops a Type I
singularity. Recall that by [26] we may assume that scal.g.0// D 1. As is well
known there exist constants c.n/ > 0 and Cg0 > 0 such that

c.n/

T � t
� kR.g.t//kg.t/ �

Cg0
T � t

for all t 2 Œ0; T / (see e.g., [17]). Moreover, since for such homogeneous Ricci
flows the norm of the curvature tensor is controlled by the scalar curvature (see
Remark 2.2), there exist constants cg0 > 0 and NCg0 > 0 such that

cg0
T � t

� scal.g.t// �
NCg0
T � t

(5.1)

for all t 2 Œ0; T /. Let now .ti /i2N be any sequence in Œ0; T / with limi!1 ti D T .
Let Qi WD scal.g.ti // and

gi .t/ WD Qi � g

�
ti C

t

Qi

�
:

The homogeneous Ricci flow .gi .t// is defined for t 2 Œ�Qi ti ; .T � ti /Qi / and
we have scal.gi .0// D 1 for all i 2 N.

By Theorem 1.4 in [17], when setting �i WD scal.g.ti // and

Qgi . Qt / WD �i � g

�
T C

Qt

�i

�
;

then . Qgi . Qt //i2N subconverges to a nonflat shrinking soliton . Qg1. Qt //Qt2.�1;0/,
which of course is homogeneous. By (5.1) we know that scal.g.ti // D

ci
T�ti

for
ci 2 Œcg0 ;

NCg0 �. Notice now that

T C
Qt

scal.g.ti //
D ti C T � ti C

Qt

scal.g.ti //
D ti C

ci C Qt

scal.g.ti //
:

Hence gi .t/ WD Qgi .t � ci /. As a consequence, .gi .t//i2N subconverges to a nonflat
homogeneous shrinking soliton .g1.t//t2.�1;T1/, with T1 � cg0 > 0.

The results of [37] imply that the homogeneous shrinking soliton g1.0/ is
up to finite covering the Riemannian product of a compact homogeneous Einstein
manifold .Ek1; g

1
1/ with positive scalar curvature and a flat space .Rn�k; g2flat/

endowed with a Gaussian shrinking soliton. In particular the Ricci curvature of any
such limit soliton is nonnegative.
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Remark 5.1. In [11] an example .g.t//t2Œ0;T / of a homogeneous Ricci flow solution
on M 12 D Sp.3/=Sp.1/3 has been discussed, where the Ricci curvature of g.t/ is
not nonnegative for all t � T0 and some T0 2 .0; T /.

Since scal.g1.0// D 1, it follows that there exists a constant r1 � 1
n

, such
that the eigenvalues of Ric.g1.0// are either equal to r1 or to zero. Here, for a
Riemannian metric g the Ricci-endomorphism Ric.g/ is defined by

ric.g/. �; �/ D g.Ric.g/ �; �/ :

Theorem 5.2. For a homogeneous Ricci flow with finite extinction time the dimen-
sion of the Einstein factor of any limit shrinking soliton does only depend on the
initial metric.

Proof. There exists NT < T such that for all t � NT the eigenvalues of the Ricci
endomorphism of

Ng.t/ WD scal.g.t// � g.t/

come in two blocks: The positive ones are bounded from the below by 3
4n

and the
small ones are bounded from the above by 1

4n
. Otherwise, there exists a sequence

.ti /i2N of times converging to T , such that at least one eigenvalue of Ric.gi .0// is
contained in Œ 1

4n
; 3
4n
�. By passing to a subsequence the same is true for the Ricci

endomorphism of a limit soliton g1.0/. Contradiction.

Notice though, that for different initial metrics the dimension of the Einstein
factor may vary: For the product Einstein metric on S2 � S2 the Einstein factor
of the limit soliton is of course 4-dimensional, whereas for any other homogeneous
initial metric the dimension of the Einstein factor is 2-dimensional.

We turn now to a class of homogeneous spaces, where we can describe how
the limit Einstein factor Ek1 is related to the original homogeneous space M n. Let
M n D G=H be a connected compact homogeneous space such that G and H are
compact Lie groups not necessarily connected. Let Q denote an Ad.G/-invariant
scalar product on g and let p denote the Q-orthogonal complement to h in g. Then
for any G-invariant metric g on G=H there exists a Q-orthogonal decomposition
p D p1 ˚ � � � ˚ pr into Ad.H/-irreducible summands, such that

g D x1 �Qjp1 ? � � � ? xr �Qjpr (5.2)

where x1; : : : ; xr > 0. For any nonempty index set J � f1; : : : ; rg we set

pJ WD
M
j2J

pj :



Vol. 90 (2015) On the long time behavior of homogeneous Ricci flows 557

Assumption 5.3. We assume that the moduls p1; : : : ; pr are pairwise inequivalent.

An example would be a homogeneous space where both G andH have the same
rank. As is well known, under Assumption 5.3 the Ricci endomorphism also respects
the above decomposition of p; in general this is not true anymore.
Remark 5.4. There exist homogeneous spaces G=H which admit diagonal metrics
as in (5.2) allowing some of the moduls pi and pj being equivalent, such that the
Ricci endomorphism of all such diagonal metrics still respects this decomposition.
All the results proved in this section can also be obtained in that more general case.

So let .g.t//Œ0;T / be a homogeneous Ricci flow and assume that Assumption 5.3
holds. We write

g.t/ D x1.t/ �Qjp1 ? � � � ? xr.t/ �Qjpr (5.3)

for all t 2 Œ0; T / and call x1.t/; : : : ; xr.t/ the eigenvalues of g.t/.

Lemma 5.5. Let .g.t//Œ0;T / be a homogeneous Ricci flow with finite extinction time
and scal.g.0// D 1. Then, under the Assumption 5.3 there exists a nonempty subset
I � f1; : : : ; rg and a positive constant r1 2 Œ 1n ;

1
2
�, such that the following holds

true: For any " > 0 there exist T ."/ < T , such that for all t � T ."/

kRic. Ng.t//jpI � r1 � idpI k ; kRic. Ng.t//jp
IC
k < " :

Moreover, for any m 2 I , l 2 IC and t � T ."/ we have

xm.t/ � xm.T ."// �

�
T � t

T � T ."/

� cg0
n

(5.4)

xl.t/ � xl.T ."// �

�
T � t

T � T ."/

�2" NCg0
: (5.5)

Proof. From Theorem 5.2 it follows that there exists an index set I � f1; : : : ; rg
and T0 < T1, such that for all t � T0 the eigenvalues of Ric. Ng.t// corresponding
to pI are bounded from the below by 3

4n
, whereas all the eigenvalues of Ric. Ng.t//

corresponding to pIC are bounded from the above by 1
4n

. Here IC denotes the
complement of I in f1; : : : ; rg. Since for any sequence of times .ti /i2N converging
to T there is a limit shrinking soliton (along a subsequence), the eigenvalues of
Ric. Ng.t// must pinch more and more. This shows the first claim.

Let rm.t/ denote the eigenvalue of the Ricci endomorphism Ric.g.t// restricted
to pm,m D 1; : : : ; r . Then, under Assumption 5.3 the Ricci flow equation is nothing
but x0m.t/ D �2 � xm.t/ � rm.t/, m D 1; : : : ; r . Since Ric.g.t// D scal.g.t// �
Ric. Ng.t// we deduce from (5.1) and the first claim the estimates (5.4) and (5.5) by
integrating the above differential equation.

In the next steps, we describe the index set I in Lemma 5.5 more precisely.
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Definition 5.6. Let .g.t//t2Œ0;T / be a homogeneous Ricci flow on a compact homo-
geneous space G=H with finite extinction time. Suppose that Assumption 5.3 holds.
Let ftag denote a sequence of times converging to T , such that the metrics

Nga D scal.g.ta// � g.ta/

converge to a nonflat limit soliton metric g1.
We assume that at such times ta the eigenvalues x1.ta/; : : : ; xr.ta/ of g.ta/ can be

ordered in blocks in the following manner. There exist nonempty, pairwise disjoint
subsets I1; : : : ; I` of f1; : : : ; rg with

f1; : : : ; rg D I1 [ � � � [ I`

such that the following holds
(1) For any 1 � s � ` there exists a constant Ds > 0 such that for any i; j 2 Is

we have xi .ta/
xj .ta/

� Ds for all a 2 N.

(2) For 1 � s < Qs � ` and any i 2 Is and any j 2 IQs we have xj .ta/

xi .ta/
! 1 for

a!1.
(3) For any 1 � s � ` there exists a permutation �s of Is D fn1s ; : : : ; n

jIs j
s g,

n1s < � � � < n
jIs j
s , such that x�s.n1s /.ta/ � � � � � x�s.njIs js /

.ta/ for all a 2 N.

Let ftigi2N be any sequence of times converging to T . We claim, that
we can always extract a subsequence ftag as in Definition 5.6. To this end,
as noticed above we can assume that along a subsequence ftag of ftigi2N, the
metrics Nga converge to a nontrivial homogeneous shrinking soliton. Furthermore,
it is clear that the eigenvalues x1.ta/; : : : ; xr.ta/ can be assumed to be ordered
along a subsequence, that is there exists a permutation � of f1; : : : ; rg, such that
x�.1/.ta/ � � � � � x�.r/.ta/ for all a 2 N. Next, the ratio x�.2/.ta/

x�.1/.ta/
is either bounded

along a subsequence of ftag, or it diverges. This shows that the index sets I1; : : : ; I`
can be chosen as above. Notice that the index sets I1,. . . ,I` may depend on the
subsequence ftag chosen.
Corollary 5.7. Let .g.t//t2Œ0;T / be a homogeneous Ricci flow on a compact homo-
geneous space G=H with finite extinction time T . Suppose that Assumption 5.3
holds. Let ftag denote a sequence of times converging to T as in Definition 5.6.
Then the index set I from Lemma 5.5 satisfies I D I1[ � � � [ Is for some 1 � s � `.

Proof. This follows directly from the estimates (5.4) and (5.5) in Lemma 5.5 and the
definition of the index sets I1,. . . ,I` in Definition 5.6.

This result says, that the "small" eigenvalues of g.ta/ are the eigenvalues xi .ta/
with i 2 I and the "large" eigenvalues are those xj .ta/with j 2 IC D f1; : : : ; rgnI .

Recall that on a homogeneous space G=H an intermediate Ad.H/-invariant
subalgebra k D h ˚ pk, pk � p, is called toral (nontoral), if pk is (not) an abelian
subalgebra of g.
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Lemma 5.8. Let .g.t//t2Œ0;T / be a homogeneous Ricci flow on a compact homoge-
neous spaceG=H with finite extinction time. Suppose that Assumption 5.3 holds and
let ftag be a sequence of times as in Definition 5.6. Then there exists s0 2 f1; ::; `g,
such that ks0�1 WD h˚pI1˚� � �˚pIs0�1 is a toral and ks0 WD ks0�1˚pIs0 a nontoral
subalgebra of g, respectively. Moreover there exists a constant C.G;H/ > 0, only
depending on G=H , such that

scal.g.ta// �
C.G;H/

x�s0 .n
1
s0
/.ta/

:

Proof. By [44], for a homogeneous metric g as in (5.2) we have

scal.g/ D
1

2

rX
iD1

dibi

xi
�
1

4

rX
i;j;kD1

Œijk� �
xi

xjxk
: (5.6)

Since lima!1 scal.g.ta// D C1, we deduce that the terms Œijk� � xj .ta/
xk.ta/

must be
bounded for i 2 I1, j 2 Is and k 2 Is0 with s ¤ s0. Consequently

ŒI1IsIs0 � D 0 (5.7)

for s ¤ s0. This shows that k1 WD h˚ pI1 is a subalgebra. Moreover, it follows from
(5.6) that scal.g.ta// �

C.G;H/
x
�1.n

1
1
/
.ta/

for a constant C.G;H/ > 0 depending only on

the pair H � G. If k1 is a nontoral subalgebra, the claim follows.
So suppose that k1 is a toral subalgebra. By ŒI1I1I1� D 0 we deduce

scal.g.ta// D
1

2

X
i2I1

dibi

xi .ta/
�
1

4

X
i2I1;j;k2I

C
1

Œijk� �

�
xi .ta/

xj .ta/xk.ta/
C 2

xj .ta/

xi .ta/xk.ta/

�
C
1

2

X
i2IC

1

dibi

xi .ta/
�
1

4

X
i;j;k2IC

1

Œijk� �
xi .ta/

xj .ta/xk.ta/
:

Using the identity dibi D 2cidi C
Pn
j;kD1Œijk� (cf. (3.2)) and the vanishing of the

Casimir operator restricted to pI1 , we see that the terms of the first line of the right
hand side can be simplified to the following nonpositive term:

1

2
�

X
i2I1

1

xi .ta/

X
j;k2IC

1

Œijk� �

�
1 �

xj .ta/

xk.ta/
�

x2i .ta/

2xj .ta/xk.ta/

�
� 0 :

Here we have used Œijk� D Œikj � and the estimate 2 � x � 1
x
� 0 for x > 0. Since

scal.g.ta//!C1 for a!1 we obtain by induction the claim.



560 C. Böhm CMH

For an intermediate Ad.H/-invariant subalgebra k of g we denote by H.k/ the
subgroup of G generated by H and the connected Lie subgroup K0 of G with Lie
algebra k. Notice that the Lie algebra of H.k/ equals to k, but that in general H.k/
might be disconnected.

For an Ad.H/-invariant intermediate subalgebra k and for aG-invariant metric g
on G=H as in (5.2) we denote by

gK=H D gjpk

the induced metric on K=H , where K D H.k/.

Lemma 5.9. Let g be a homogeneous metric on a compact homogeneous space
G=H as in (5.2). Suppose that there is an index set Ik � f1; : : : ; rg, such that
k D h˚ pIk is a subalgebra of g. Then for m 2 Ik we have

Ric.g/jpm D Ric.gK=H /jpm C

 X
j;k2ICk

Œmjk�

4dm
�

�
2 �

xk

xj
�
xj

xk
C

x2m
xjxk

�!
�

idpm

xm

Proof. For m 2 f1; : : : ; rg the following identity for the Ricci tensor of a
homogeneous metric g as in (5.2) holds true (cf. Section 3):

Ric.g/jpm

D

 
bm

2xm
�

1

2dm

rX
j;kD1

Œjkm� �
xk

xmxj
C

1

4dm

rX
j;kD1

Œjkm� �
xm

xjxk

!
� idpm (5.8)

D

 
2dmcm C

1

2

rX
jD1

Œmjj �
x2m

x2j
C

rX
j<k

Œmjk� �

�
2 �

xk

xj
�
xj

xk
C

x2m
xjxk

�!
�

idpm

2dmxm
;

where we have used (3.2) again. By the above, the Ricci tensor of .K=H; gK=H / is
given by

Ric.gK=H /jpm D

 
dmcm C

X
j;k2Ik

Œmjk�

4
�

�
2 �

xk

xj
�
xj

xk
C

x2m
xjxk

�!
�

idpm

dmxm
:

Since k is a subalgebra of g, we deduce from the identity ŒIkIkICk � D 0 for m 2 Ik
the claim.

The next lemma shows, that even when a nontoral subalgebra k is not the Lie
algebra of a compact subgroup of G we may chose a subalgebra Qk of k, which is the
Lie algebra of a compact subgroup. Under the Assumption 5.3 this is trivial if both
groups G and H are connected, since then the isotropy representation contains at
most one trivial summand, which must be one-dimensional.
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Lemma 5.10. Let G=H be a compact homogeneous space and let k be a proper,
intermediate, nontoral, Ad.H/-invariant subalgebra of g. Then there exists a
nontoral Ad.H/-invariant subalgebra Qk of k containing h properly, which is the Lie
algebra of a compact subgroup of G.

Proof. By [12], Chapter 0, Theorem 5.1 there exists N 2 N with G � O.2N /. The
negative of the Killing form on O.2N /, denoted byQN , induces an Ad.G/-invariant
scalar product QQ on g, which we will use in the proof of this lemma.

Let a be any abelian subalgebra of g, corresponding to a compact subgroup A
of G. Let t denote any maximal torus of g with a � t. Our first claim is, that the
QQ-orthogonal complement a? of a in t also corresponds to a compact subalgebra

of G. This is seen as follows: Conjugating the group G in O.2N / we may assume
that t is contained in the standard maximal torus TN D .S1/N of O.2N /. We
denote by s1; : : : ; sN the standard QN -orthonormal basis of TeTN and identify
TeTN with RN . Since A is compact by assumption, the subalgebra a, considered as
a subset of RN , has a rational basis a1; : : : ; am 2 QN . As a consequence the QN -
orthogonal complement a?N of a in RN also has a rational basis, hence corresponds
to a compact subgroup of TN . Now the QQ-orthogonal complement a? of a in t
equals to t \ a?N . Since both t and a?N are Lie algebras of compact subgroups the
above claim follows.

Next, we claim, that if b � t is the Lie algebra of a compact subgroup and if
� W t ! a? denotes the Q-orthogonal projection onto a?, a as above, then �.b/
is the Lie algebra of a compact subgroup as well. When considering t a subspace
of RN as above, both a and a?, respectively, have a basis v1; : : : ; vm 2 ZN and a
basis w1; : : : ; wp�m 2 ZN , p D dim t. Now any vector in t \ ZN can be written in
this basis with rational coefficients. The second claim follows.

We decompose k D ks ˚ z.k/ and h D hs ˚ z.h/ into its semisimple part and its
center. Since ks D Œks; ks�, it follows from

QQ.z.k/; ks/ D QQ.z.k/; Œks; ks�/ D QQ.Œz.k/; ks�; ks/ D 0

that both these decompositions are QQ-orthogonal. Using hs � ks , we can assume
that ks ¤ hs , since otherwise k is a toral subalgebra.

We denote now by �s , respectively �z, the QQ-orthogonal projections from k
onto ks and z.k/, respectively. Both projections are Ad.H/-invariant. Furthermore,
we denote by as WD �s.z.h// and by az WD �z.z.h//. Let t be a maximal torus of g
with as ˚ z.k/ � t. Notice that z.h/ � t. Next, we set ts WD t \ ks . Then ts is a
maximal torus of ks with as � ts . Let t?s denote the QQ-orthogonal complement of ts
in t. Then, since z.k/ is orthogonal to ks , it is orthogonal to ts , hence contained in t?s .
As a consequence az � t?s . Since ts is the Lie algebra of a compact subgroup of g,
by the above so is t?s . We denote by � W t ! t?s the QQ-orthogonal projection. By
the above �.z.h// D az, since z.k/ � t?s and z.h/ � ts ˚ z.k/. As a consequence, az
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is the Lie algebra of a compact subgroup of G. It is also clear that az is Ad.H/-
invariant. We set now Qk D ks˚ az. Clearly Qk is a proper Ad.H/-invariant subalgebra
of h and k, which is compact.

Next, we show that under Assumption 5.3, Ad.H/-invariant intermediate subal-
gebras always correspond to totally geodesic immersed submanifolds of G=H .

Lemma 5.11. Let G=H be a compact homogeneous space and suppose that
Assumption 5.3 holds true. Let K be a proper intermediate subgroup, that is
H < K < G. Then K=H is a totally geodesic submanifold of G=H , possibly
immersed though.

Proof. Since H < K, the Lie algebra k D h ˚ pk is Ad.H/-invariant, hence
pk as well. It follows from Assumption 5.3 that pk D pi1 ˚ � � � ˚ pis for
1 � i1 < � � � < is � r . Due to formula (7.27) in [6], for Killing vector fieldsX; Y;N
on G=H one has

2g.rXY;N / D g.ŒX; Y �; N / � g.ŒN;X�; Y /C g.ŒY;N �;X/ :

By assumption, every G-invariant metric on G=H has the special form described in
(5.2). We deduce that for X; Y 2 pk and N ? k we have g.rXY;N / D 0 since
Q.ŒX; Y �; N / D Q.ŒX;N �; Y / D 0.

If the intermediate subgroup K is compact, then K=H is compact and totally
geodesic.

After these algebraic and geometric preliminaries we come to our first important
result on homogeneous Ricci flow solutions onG=H , satisfying Assumption 5.3. For
a homogeneous Ricci flow solution .g.t//t2Œ0;T / we denote by xmin.t/ the minimum
of the eigenvalues x1.t/; : : : ; xr.t/ from (5.2). Notice that for a sequence ftag as in
Definition 5.6 we have x�1.n11/.ta/ D xmin.ta/.

Lemma 5.12. Let .g.t//t2Œ0;T / be a homogeneous Ricci flow on G=H with finite
extinction time. Suppose that Assumption 5.3 holds and let I � f1; : : : ; rg be the
subset from Lemma 5.5. Suppose that scal.g.0// D 1. Then there exists an " > 0

such that for all t 2 Œ0; T / one has

scal.g.t// � " � 1
xmin.t/

:

Proof. If such an " > 0 does not exist, then there exists a function c W N! N with
lima!1 c.a/ D C1 and a sequence ftag as in Definition 5.6 converging to T , such
that for all a 2 N we have c.a/ � x�1.n11/.ta/ � Nx.a/, where

Nx.a/ WD 1
scal.g.ta//

:

To simplify notation we permute the moduls p1; : : : ; pr and assume that

x1.ta/ � x2.ta/ � � � � � xr.ta/
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for all a 2 N. That is we have

I1 D f1; 2; : : : ; i1g ; I2 D fi1 C 1; : : : ; i2g ; : : : ; I` D fi`�1 C 1; : : : ; i` D rg :

In this notation we have x1.ta/ D xmin.ta/ and the above estimate reads

c.a/ � x1.ta/ � Nx.a/ : (5.9)

Notice that we can and will pass to a subsequence of ftagwhenever this is convenient.
By Lemma 5.8 we know that k1 D h ˚ pI1 is an Ad.H/-invariant subalgebra

of g. Suppose that k1 is nontoral. By Lemma 5.10 there exists an Ad.H/-invariant
subalgebra Qk1 of k1, which is the Lie algebra of a compact subgroup QK1 of G
containing H . By Lemma 5.11 QK1=H is a compact, totally geodesic submanifold
of .G=H; g.ta//. We rescale the metric g.ta/ by scal.g.ta// D 1

Nxa
to obtain the

metrics Nga, which converge to a nonflat limit soliton. By the very definition of k1, the
induced metric g.ta/ QK1=H is given by eigenvalues of order x1.ta/. When rescaled
by 1

Nxa
this means by (5.9) that the eigenvalues of . Nga/ QK1=H converge to zero for

a ! 1. It follows that the injectivity radius of . QK1=H; . Nga/ QK1=H / converges to
zero for a!1 and consequently also the injectivity radius of .G=H; Nga/. But this
is impossible, since the limit soliton has the same dimension as G=H .

This shows that in the sequel we can assume that k1 is a toral subalgebra of g.
By Lemma 5.8 we conclude that c � xi1C1.ta/ � Nxa for all a 2 N and a constant
c > 0. Next, we assume that there exists C > 0 such that Nxa � C � xi1C1.ta/ for all
a 2 N. By Lemma 5.9, using that Ric.gK1=H / D 0, we see that the largest positive
term in Ric. Nga/jpI1 is of order Nxa �x1.ta/

Nxi1C1.ta/xi1C1.ta/
. Since this term converges to zero

for a!1 due to Nxa � C � xi1C1.ta/ we deduce Ric. Nga/jpI1 ! 0 for a!1. But
this contradicts Corollary 5.7.

This shows that in the sequel we can assume that c.a/ � xi1C1.ta/ � Nx.a/.
Since k1 is a toral subalgebra k2 D k1 ˚ pI2 is an Ad.H/-invariant subalgebra of g
by Lemma 5.8. If k2 is nontoral, then we see as above, that the injectivity radius of
.G=H; Nga/ converges to zero for a!1. Contradiction.

As a consequence we can assume in the sequel that k2 is toral. By Lemma 5.8 we
conclude that c �xi2C1.ta/ � Nxa for all a 2 N and a constant c > 0. Next, we assume
that there exists C > 0 such that Nxa � C � xi2C1.ta/ for all a 2 N. By Lemma 5.9,
applied to the toral subalgebra k2 we see that the largest positive term in Ric. Nga/jpk2
is of order

Nxa � Nxi1C1.ta/

xi2C1.ta/xi2C1.ta/
. Since this term converges to zero for a ! 1 due to

Nxa � C � xi2C1.ta/ we deduce Ric. Nga/jpk2 ! 0 for a ! 1. Again we obtain a
contradiction. By induction the claim follows, since the limit soliton is not flat.
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Knowing that the scalar curvature of scal.g.t// is as large as possible we can
deduce the following

Lemma 5.13. Let .g.t//t2Œ0;T / be a homogeneous Ricci flow on G=H with finite
extinction time. Suppose that Assumption 5.3 holds and let I � f1; : : : ; rg be the
subset from Lemma 5.5. Then we have

(1) The space k D h˚ pI is the Lie algebra of a compact subgroup K of G with
dimK=H D dimEk1.

(2) There exists C > 0, such that for all t � 0 and all m; Nm 2 I we have
j
xm.t/
x Nm.t/
j � C .

(3) The Ricci curvature of Ng.t/ restricted to pI is up to lower order terms given
by the Ricci curvature of scal.g.t// � g.t/K=H .

Proof. Let .ta/a2N be any sequence as in Definition 5.6. We suppose again, to
simplify notation, that x1.ta/ � � � � � xr.ta/ for all a 2 N (see Lemma 5.12).

Recall that Nga D 1
Nx.a/
� g.ta/ and that scal. Nga/ D 1 for all a 2 N. Furthermore,

by Lemma 5.8 and Lemma 5.12 there exists constants ".G=H/ > 0 and C > 0, such
that

".G=H/ � x1.ta/ � Nx.a/ � C � x1.ta/ (5.10)

for all a 2 N. From Lemma 5.8 it follows that k D h˚ pI1 is a nontoral subalgebra
of g and that ŒI1IsIs0 � D 0 for s ¤ s0, 1 � s; s0 � `.

We will show that for m 2 Is with s � 2 we have Ric. Nga/jpm ! 0 for a !1,
using (5.10) and the fact that the limit manifold .M n

1; g1/ has nonnegative Ricci
curvature. Notice that by Corollary 5.7 it is sufficient to show this for m D i1 C 1.
We deduce this from (5.8): We examine for m D i1 C 1 terms for g D g.ta/, which
when multiplied by x1.ta/ � Nxa can possibly have a positive limit for a ! 1.
Since ŒI1I1I2� D 0 no such terms occur in the first sum of (5.8). In the second sum
such terms could occur for j 2 I1 and k 2 I2. However since k � m D i1 C 1 we
have, using xm.ta/ � xk.ta/, that �xk.ta/

xj .ta/
C

x2m.ta/

xj .ta/xk.ta/
� 0. This means that also

such terms cannot force Ric. Nga/jpm to become positive when a ! 1. We deduce
I D I1 from Corollary 5.7.

Since the above is true for any such sequence ftag we deduce that (2) holds. To
this end notice, that if (2) does not hold, say along a sequence ftig converging to T ,
then we may pass to a subsequence as in Definition 5.6. However, since (2) does not
hold, we cannot have I1 D I for such a subsequence. Contradiction.

We show now the claim (3): To this end we will show below that for any structure
constants with Œijk� > 0 and i 2 I and j; k 2 IC one has xj .t/

xk.t/
! 1 for t ! T . It

follows from Lemma 5.9 that Ric. Ng.t//jpI equals to Ric.. Ng.t//K=H / up to terms of
lower order. This shows (3).
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Moreover, since we know that Ric.g.t//jpI has a uniform positive lower bound
for large t we deduce that the Ricci curvature of the g.t/K=H onK=H has a positive
lower bound, too. It follows that K=H is compact, hence K must be compact as
well. This shows (1).

We suppose now that there exist indices with Œim Qm� > 0, i 2 I andm ¤ Qm 2 IC

such that for a subsequence ftag converging to T we have x Qm.ta/ � .1C "0/xm.ta/
for all a 2 N and some "0 > 0. As above we assume x1.ta/ � � � � � xr.ta/. By the
above we have I D I1. Moreover, Qm > m and m; Qm 2 Is0 for some 2 � s0 � `
since ŒI1IsIs0 � D 0 for s ¤ s0. We choose m and hence s0 minimal.

From (5.8) we deduce that the term �Œim Qm� � x Qm.ta/
xi .ta/xm.ta/

in the formula for
Ric.g.ta//jpm is of order 1

x1.ta/
. Notice that for this term the corresponding positive

term Œim Qm� � xm.ta/
xi .ta/x Qm.ta/

in (5.8) is strictly smaller than the first term. This holds true
for any such i 2 I1 and any such Qm 2 Is0 .

Since the Ricci curvature of the limit space is nonnegative there must be further
positive terms of order 1

x1.ta/
. Thus, there are indices i; j 2 I1 [ � � � [ Is0�1 such

that Œijm� > 0 and xm.ta/
xi .ta/xj .ta/

is of order 1
x1.ta/

or larger; indices in Is , s > s0, can
obviously not occur and indices in Is0 are already covered by the above. Assuming
i � j we see that we cannot have i 2 I1, since then j 2 Is0 would follow from
ŒI1IsIQs� D 0 for s ¤ Qs.

We pick the minimal index i 2 Is1 , 2 � s1 � s0 � 1, with that property. From
(5.8) we deduce that the term �Œijm� � xm.ta/

xi .ta/xj .ta/
in the formula for Ric.g.ta//jpi is

of order 1
x1.ta/

or larger. As above we conclude that there must also be large positive

terms Œijk� � xi .ta/
xj .ta/xk.ta/

. By the minimality of the above m 2 Is0 if these indices

are of type ŒI1Is1Is1 �, that is j 2 I1 and k 2 Is1 , then we must have xi .ta/
xk.ta/

! 1 for
a ! 1. From (5.8) we deduce that such terms to not contribute to terms of order
1

x1.ta/
. It follows as above that j; k 2 I2 [ � � � [ Is1�1.

Assuming j � k we pick the minimal index j 2 Is2 , 2 � s2 � s1 � 1, with
that property. Inductively we may assume j 2 I2. But the only positive terms which
could make up for such a negative term are of type Œijk� � xj .ta/

xi .ta/xk.ta/
where i 2 I1

and k 2 I2. Hence we have shown that in our above assumption we must have had
m 2 I2. Since ŒI1I1I2� D 0 we obtain a contradiction.

Recall also that for the intermediate subgroup K from Lemma 5.13 we denoted
by gK=H the metric on K=H induced by a homogeneous metric g on G=H .

Theorem 5.14. Let .g.t//t2Œ0;T / be a homogeneous Ricci flow on G=H with finite
extinction time. Suppose that Assumption 5.3 holds. Then there exists a compact,
nontoral intermediate subgroup K such that the metrics

NgK=H .t/ D scal.g.t// � gK=H .t/
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subconverge to an Einstein metric on K=H for any sequence ftigi2N converging
to T . Moreover, the limit Einstein factor Ek1 is diffeomorphic to K=H .

Proof. By Lemma 5.13, the eigenvalues of Ng.t/ D scal.g.t// � g.t/ restricted to pk,
where k D h ˚ pI , have a uniform positive lower and an upper bound. Moreover,
Ric. Ng.t//jpk equals to Ric.. Ng.t//K=H / up to terms of lower order.

We consider now a normalized Ricci flow, which keeps the volume of gK=H .t/
constant. To this end, let scalK=H .g/ WD tr.Ric.g/jpI / and k WD dimK � dimH .
Then the following K=H -volume normalized Ricci flow

Qg0.t/ D �2
�
ric. Qg.t// � 1

k
� scalK=H . Qg.t// � Qg.t/

�
(5.11)

is equivalent to the Ricci flow on G=H and leaves the volume of gK=H .t/ constant.
This follows the same way proving that unnormalized Ricci flow and Ricci flow
are equivalent. The solution Qg.t/ can be obtained (up to parametrization) from a
solution g.t/ to the Ricci flow by rescaling to keep the volume QgK=H .t/ constant.
It follows from Lemma 5.13, (2) that for a solution Qg.t/ the eigenvalues of Qg.t/
restricted to pk are bounded uniformly. As a consequence, for any sequence of
times ftig converging to T there exists a subsequence ftag such that gK=H .ta/
converges to a limit metric Qg1

K=H
on K=H . Using Lemma 5.13 and Lemma 5.5

again, we conclude that Qg1
K=H

must be an Einstein metric with positive scalar
curvature. Since by Lemma 5.12 the scalar curvature scal.g.t// is of order 1

xmin.t/
,

the metrics NgK=H .ta/ on K=H converge to a limit Einstein metric, too. This shows
the first claim.

Finally, we show that the homogeneous spaces .K=H; NgK=H .ta// converge to
the Einstein manifold .Ek1; g

1
1/. We use that .G=H; Ng.ta// converges to .M n

1; g1/

in pointed C1-topology. It follows that the tangent spaces of the totally geodesic
submanifolds .K=H; NgK=H .ta// converge to the tangent space of the Einstein factor
.Ek1; g

1
1/, since these are precisely the directions where the Ricci curvature is posi-

tive. As a consequence .K=H; NgK=H .ta// converges to .Ek1; g
1
1/ in C1-topology.

By Theorem 1.1 in [10] the limit Einstein factor Ek1 is diffeomorphic to K=H .

There are two easy consequence of the above convergence result:
Corollary 5.15. Under the assumptions of Theorem 5.14 we have: If on K=H
there exist only finitely many solutions to the homogeneous Einstein equation, then
NgK=H .t/ converges for t ! T to an Einstein metric on K=H .

Proof. If there are only finitely many solutions to the Einstein equation on K=H ,
then NgK=H .t/must of course converge to one of those metrics by Theorem 5.14.

Corollary 5.16. Under the assumptions of Theorem 5.14 we have: It there exists a
solution .g.t//t2Œ0;T / such that NgK=H .t/ does non converge to an Einstein metric
on K=H for t ! T , then on K=H there exist infinitely many solutions to the
homogeneous Einstein equation.
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6. Locally homogeneous Ricci flat metrics are flat

Recall the following result

Theorem 6.1 (Alekseevskiĭ, Kimel’fel’d [2]). Let .M n; g/ be a complete, homoge-
neous Ricci flat manifold. Then .M n; g/ is flat.

Notice that there is a very short proof using the Cheeger–Gromoll splitting
theorem (cf. [6], p. 191). Later, Spiro observed in [41] that the above theorem is
of local nature. For convenience, we provide a proof of Spiro’s result following
Spiro’s original approach.

We recall that a Riemannian manifold .M n; g/, not necessarily complete, is
called locally homogeneous, if for any two points p; q 2 M n there exists a local
isometry mapping p to q. Each locally homogeneous space is uniquely described
by its so called infinitesimal model. The Nomizu construction associates to each
infinitesimal model a Lie algebra g, a subalgebra h and a reductive decomposition
g D h˚ p (see [42]). Notice that g is the Lie algebra of the full local isometry group
of the Riemannian metric g on M n.

Since there might be also smaller local Lie groups acting locally transitively
on M n the following algebraic definition of a locally homogeneous space has been
introduced, for instance in [41] or in [29]:

Let G and H be connected Lie groups with G simply connected and H � G.
Let g and h denote the Lie algebras ofG andH , respectively. We callG=H a locally
homogeneous space, if the following conditions hold:

(h1) There exists an Ad.H/-invariant complement p of h in g.

(h2) There exists an Ad.H/-invariant scalar product h� ; �ip on p.

(h3) The Lie algebra h does not contain any nontrivial ideal of g.

Notice that (h1) is equivalent to ad.x/.v/ 2 p for all x 2 h and all v 2 p, where
ad.x/.v/ D Œx; v� just denotes the Lie bracket of g. Condition (h2) is equivalent to
had.x/.v/; wip D �hv; ad.v/.w/ip for all x 2 h and all v;w 2 p. Notice that (h3)
ensures that the locally homogeneous space G=H is almost effective.

Having such an algebraic locally homogeneous space one may determine a
locally homogeneous metric g on a local quotient M n as described in [41].

The space G=H is regular or globally homogeneous, if H is a closed subgroup
of G. By [25] there exist locally homogeneous spaces which are not globally
homogeneous.

Theorem 6.2 (Spiro [41]). Let .Xn; g/ be a locally homogeneous Ricci-flat mani-
fold. Then .Xn; g/ is flat.

Proof. Let G;H be as above and let the homogeneous metric g be induced by an
Ad.H/-invariant scalar product h� ; �ip on an Ad.H/-invariant complement p of h
in g. We assume that H is not a closed subgroup of G.
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We define a scalar product on h as follows:

hx; yih WD � trp
�

ad.x/jp ı ad.y/jp
�
:

We claim, that h� ; �ih is Ad.H/-invariant. This is seen as follows: By (h2) we have

hx; xih D
X
kŒx; ei �k

2
p

for any orthonormal basis .e1; : : : ; en/ of p. We need to show that for v ¤ 0 the
right hand side is positive. If not, then a short computation shows that the kernel k
of h� ; �ih is Ad.H/-invariant and Œk; p� D 0. Hence, k is a nontrivial ideal of g, which
was excluded by (h3).

The Ad.H/-invariant scalar product h� ; �ih and h� ; �ip on h and p respectively,
induce an Ad.H/-invariant scalar product h� ; �i on g by requiring hh; pi D 0. Notice
that for x 2 h ad.x/ acts skew symmetrically on g with respect to this scalar product.

Let NH denote the closure ofH inG and let Nh denote its Lie algebra. Furthermore
let h? denote the orthogonal complement of h in Nh. Since h� ; �i is Ad.H/-invariant
it is Ad. NH/-invariant as well. Consequently, ad. Nx/ acts skew symmetrically on g
for Nx 2 h?.

We turn now to curvature computations. We denote by gG theG-invariant metric
on G, which corresponds to h� ; �i and by gH the H -invariant metric on H , which
corresponds to h� ; �ih.

By Lemma 2.1 of [32], for Nx 2 h? we have RicgG . Nx; Nx/ � 0 and RicgG . Nx; Nx/ D 0
if and only if h Nx; Œv; w�i D 0 for all v;w 2 g. Using the O’Neill formula
for the Riemannian submersion .H; gH / ! .G; gG/ ! .G=H; g/ with totally
geodesic fibers (cf. [6], (9.36c), [6] 9.80 – this computation works also for locally
homogeneous spaces), we conclude that RicgG . Nx; Nx/ D 0, since Ricg � 0 by
assumption.

It follows that h? ? Œg; g�. Let Np denote the orthogonal complement of Nh
in g. Then Œg; h ˚ Np� ? h?, that is h ˚ Np is an ideal in g. As is well known
this ideal corresponds to a closed normal connected subgroup N of G, since G
is simply connected (cf. [38], p.81). Since N is closed and H � N we would
conclude NH � N . This is of course a contradiction, meaning thatH must have been
closed.

It should be mentioned that Spiro’s result shows that any locally homogeneous
space with nonpositive Ricci curvature comes from a global homogeneous space.
Notice also that by [43] the space of globally homogeneous spaces is dense in the
space of locally homogeneous spaces.
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