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On the long time behavior of homogeneous Ricci flows
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Abstract. In this paper we prove the following structure results for homogeneous Ricci flow
solutions: Any homogeneous Ricci flow solution with finite extinction time develops a Type |
singularity. Any homogeneous Ricci flow solution on a compact homogeneous space, not
diffeomorphic to a torus, has finite extinction time. Any immortal homogeneous Ricci flow
solution develops a Type III singularity and the natural blow downs subconverge to an immortal
locally homogeneous Ricci flow solution.
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1. Introduction

A family (g(2)):e[o,7) of smooth, complete, Riemannian metrics on a smooth mani-
fold M is called a solution to Hamilton’s Ricci flow [20], if it satisfies the geometric
evolution equation

9
Eg(t) = —2ric(g(r)) and g(0) = go.

We call a Ricci flow solution a homogeneous Ricci flow, if the initial metric gg is
homogeneous. In this case the evolved metrics are homogeneous as well, in fact
the isometry groups do not change [24]. The Ricci flow on homogeneous spaces
has been investigated by many authors, in particular in low dimensions and on Lie
groups (see e.g., [1,3,11,13,14,21,22,28-30,35]). Still, in general the long time
behavior of homogeneous Ricci flows is completely understood only in very special
cases.

If a solution to the Ricci flow cannot be extended smoothly past time 7', then we
call T € (0,o¢] a singular time. If the singular time T is finite, the Ricci flow
solution is said to have finite extinction time. A Ricci flow solution with finite
extinction time is said to develop a Type I singularity, if there exists a constant
Cyg, > 0, such that

sup IR(g) gy - (T —1) < Cq,

forall t € [0, T). Here R(g(¢)) denotes the curvature tensor of the metric g ().
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By arecent result of Lafuente [26] a homogeneous Ricci flow has finite extinction
time if and only if the scalar curvature of the evolved metrics becomes positive close
to extinction time.

Our first main result is

Theorem 1. A homogeneous Ricci flow with finite extinction time develops a Type |
singularity.

We will also show that for such homogeneous Ricci flows the norm of the
curvature tensor can be controlled by the scalar curvature as soon as the scalar
curvature is positive (Remark 2.2). By [23], [16], [19] the homogeneity assumption
in Theorem 1 cannot be dropped, since on the Euclidean plane and on spheres there
exist rotationally invariant metrics, which lead to Type II singularities.

Our second main result is

Theorem 2. Let M" be a compact homogeneous space not diffeomorphic to the
torus T". Then any homogeneous Ricci flow solution has finite extinction time.

A compact homogeneous space admits in general homogeneous metrics with
negative scalar curvature; the spaces which do not have been classified by Wang and
Ziller [44] (see also [8]). Notice that any homogeneous metric on a torus is flat.

By general results of Naber [33] and Enders, Miiller, Topping [17] on Type I
singularities of the Ricci flow, it follows that along any sequence of times converging
to the finite extinction time 7', parabolic rescalings will subconverge to a nonflat
homogeneous gradient shrinking soliton. By work of Petersen and Wylie [37] such
a shrinking soliton is in our situation a finite quotient of a nonflat product metric of
a homogeneous Einstein metric with positive scalar curvature and a flat metric on
Euclidean space. Notice that the flat factor might be absent.

We turn to the question whether the compact homogeneous Einstein space E
appearing in the limit soliton can be related to the homogeneous space considered.
Recall that a homogeneous space is diffeomorphic to a coset space G/H, where G
is a Lie group acting isometrically and transitively on M" and H is the compact
isotropy subgroup of a point.

Theorem 3. Let M" = G/H be a compact homogeneous space not diffeomorphic
to the torus T™. Suppose that the isotropy representation decomposes into pairwise
inequivalent summands. Then for any homogeneous Ricci flow on G/H there exists
a compact intermediate subgroup K, such that Eo, = K/H.

The intermediate subgroup K corresponds to the most shrinking direction of the
metrics g(¢) (see Section 5) and depends only on the initial metric go. Notice though,
that for different initial metrics the group K may vary as can be seen easily from
considering homogeneous product metrics on S? x S2.

Since there exist homogeneous spaces K/H not admitting any K-invariant
Einstein metrics (see [44], [9]), in general not all intermediate subgroups can occur.
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For instance, let G = SO(2p+¢g), L = SO(2p)SO(g) and H = SO(p)U(1)SO(g),
where SO(p)U(1) C U(p) C SO2p). Then, if p > 5 and ¢ = 3, the
spaces G/H and L/H do not admit homogeneous Einstein metrics by [34], [44].
As a consequence the only possible intermediate subgroup is K = U(p)SO(q). If
p = 3 and g > 4, the space G/H does admit homogeneous Einstein metrics, that is
one can also have K = G for appropriate initial metrics.

We will show in Theorem 5.14, that for any sequence of times converging to 7T,
the restriction of appropriately rescaled metrics g(¢) to K/H subconverges to an
Einstein metric of positive scalar curvature. The limit Einstein metric depends only
on the initial metric and not on any subsequences chosen, if on K/H there exist
only finitely many solutions to the homogeneous Einstein equation of fixed volume
(cp. finiteness conjecture of [10]). Since in the first of the above two examples
the space K/H is isotropy irreducible, we get for any initial metric the same limit
soliton. Let us mention, that if the isotropy representation has two inequivalent
summands these results where obtained in [13].

We expect Theorem 3 to be true for arbitrary homogeneous spaces. In general
the most shrinking direction of the evolved metrics corresponds to a distribution,
which becomes integrable only in the limit. As a consequence, the Ricci flow on
such homogeneous spaces is much more difficult to deal with.

We turn to homogeneous Ricci flows on noncompact homogeneous spaces.
Bérard-Bergery [5] has shown that a homogeneous space admits a homogeneous
metric of positive scalar curvature if and only if the universal covering space is not
diffeomorphic to Euclidean space. By [26] it follows that on homogeneous spaces
with Euclidean universal covering space any homogeneous Ricci flow solution will
be immortal, that is 7 = oco. Recall that a homogeneous Ricci flat metric is flat
by [2]. As a consequence, for an immortal homogeneous Ricci flow solution, which
is not flat, the scalar curvature is negative and must converge to zero.

An immortal solution to the Ricci flow is said to develop a Type III singularity,
if there exists a constant Cg, > 0, such that for all # € [0, o0)

il;g IR(E()lgqr) -t < Cgy -

Our third main result is
Theorem 4. An immortal homogeneous Ricci flow develops a Type Il singularity.
As an immediate consequence of the above results we obtain

Corollary 5. For homogeneous spaces with compact or Euclidean universal cover-
ing space the following holds: The homogeneous Ricci flows on these spaces develop
either a Type I or a Type Il singularity, irrespectively of the chosen initial metric.

It is an open problem, whether this dichotomy holds for a arbitrary homogeneous
space. If true, this would imply the long standing conjecture of Alekseevskii on
noncompact homogeneous Einstein spaces (see [6], 7.57).



546 C. Bohm CMH

We turn to the question to which extend there should be counterparts of the above
mentioned results of Naber and Enders, Miiller, Topping for Type III singularities of
homogeneous Ricci flows on noncompact homogeneous spaces.

We consider for s > 0 the immortal solution gs(¢) := % - g(st). It follows
from Hamilton’s compactness theorem that if the injectivity radius of (M", g(¢)) is
bounded from the below by Cg,+/7, then for any sequence {5i}72, converging to
infinity the sequence (M", g5, (¢)) of blow downs subconverges to a homogeneous
immortal limit Ricci flow (M2, go0(¢)) on a possibly different homogeneous
space M . In general, by work of Glickenstein [18] and Lott ( [30], Corollary 5.14),
one obtains subconvergence to a limit flow on an n-dimensional, éfale groupoid. In
our situation such a groupoid is nothing but a locally homogeneous space, which in
general will be incomplete (see Section 6).

Our fourth main result is

Theorem 6. For any immortal homogeneous Ricci flow solution the above defined
blow downs subconverge to an immortal locally homogeneous Ricci flow solution.

By [41] a locally homogeneous space with nonpositive Ricci curvature can
be extended to a (complete) homogeneous space. In general this is not true
anymore. There exist even Einstein metrics of positive scalar curvature on locally
homogeneous spaces, which do not extend to a complete Einstein metric [39], [25].

Lott proved in [30], that if the sequence (M", gs(¢)) of blow downs has a limit
for s — o0, then this limit Ricci flow is an expanding Ricci soliton. In special cases
such as in dimension three and four [30] and for homogeneous metrics on nilpotent
or certain solvable Lie groups this is known to be true [28], [3].

Problem. Show that for any immortal homogeneous Ricci flow solution any blow
down subconverges to an expanding Ricci soliton on a locally homogeneous space.

Notice first, that such an expanding limit soliton might be flat even if the
scalar curvature of the approximating Ricci flow solution is negative for all times.
For instance on the isometry group E(2) of the Euclidean plane there exists a
homogeneous immortal solution to the Ricci flow such that |[R(g(?))llgq)) =~
exp(—ct) and scal(g(¢t)) ~ —exp(—2ct) for ¢ > 0 (see [21]). It follows, that
the curvature is so rapidly decreasing that any geometric limit solution must be flat.
Notice also that the norm of the curvature tensor is not controlled by the absolute
value of the scalar curvature in this example in contrast to Type I singularities.

Let us now turn to immortal homogeneous solutions, for which there exists a
constant cg, > 0, such that cg, < supyn |[R(g(2))| -t forall t € [0,00). At first
hand, one might hope that the bracket flow introduced by Lauret in [29] might be
helpful establishing the existence of a nonflat expanding limit soliton. Recall that
the bracket flow is a geometric flow on the set of Lie brackets, which is equivalent to
the Ricci flow. In example 4.4 in [27] Lafuente and Lauret provide an example
of a Type III solution (in fact an expanding soliton), such that the norm of the
corresponding bracket flow solution tends to infinity. It follows of course that the
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above blow downs will converge to the nonflat expanding soliton given. This limit
soliton can however never be obtained by considering any normalized bracket flow.
The paper is organized as follows: In Section 2 we prove Theorem 1, in Section 3
Theorem 2, and in Section 4 Theorem 4. Theorem 3 is proved in Section 5, and in
Section 6 we present a proof a Spiro’s result.
It is a pleasure to thank Jorge Lauret and John Lott for helpful comments.

2. Finite time singularities of homogeneous Ricci flows

In this section we will provide the proof of Theorem 1. Furthermore we will show
that the norm of the curvature tensor is controlled by the scalar curvature.

Recall that by [26] we may assume that for a homogeneous Ricci flow g(7)s¢[o0,1)
with finite extinction time 7" < oo we have scal(g(0)) = 1.

Theorem 2.1. A homogeneous Ricci flow (M", g(t)):e[o,) With finite extinction
time T develops a Type I singularity.

Proof. From the evolution equation for the scalar curvature along a solution to the
Ricci flow we know s'(¢t) > % - s2(t), where we have set s(¢) := scal(g(t)). Let
to € [0, T). As is well known, if s(t9) # 0, this implies

1
s(t) = — 5 . 2.1)
stto)  n (t - tO)
Since by assumption s(0) = 1, we conclude 7" < 5. Furthermore, we get
n
1) < ——— 2.2
50 = 57— 22)
for all £ € [0, T). If not, then there exists zy € [0, T) such that s(fg) = 2((1;_82(')‘) for
some ¢ > 0. From (2.1) we deduce for all ¢ € [ty, T') that
p T —1ty p _T+8't0_ e(T —ty)
1+e¢ o7 T +e 1+¢
Contradiction.
Let now K(t) := ||R(g(?))||¢() denote the norm of the curvature tensor at time

t € [0,T). We will show below that there exists a constant C > 0, such that

KW < Cforall € [0,T). This implies by (2.2)

C-.n
2 b

(T—1)- K@) =<(T=1)-s5(t)-C =

which shows that we have a Type I singularity.
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It remains to show that K((tt)) is bounded for ¢ € [0, T). Suppose the contrary:

Then there exist times ¢; € [0, T) with t; — T and K(l’) = {. Moreover, we can

assume that
K(z)

i:max{TUE[Otl]%.

Since the scalar curvature, i.e. 5(¢), is not decreasing, K(¢;) > K(¢) forall¢ € [0, #;].
We set Q; := K(t;) and rescale parabolicly at ¢ = #; by setting

t
gi(t) == Qi g(tz + Qz) .
The solutions g; live on (—Q; - t;, Q; - (T —t;)). Moreover the norm of the curvature
tensor of g; (0) equals to 1 for all i.

Recall that the doubling time estimate for the Ricci flow roughly says, that the
maximum of the norm of the curvature operator cannot grow too fast too soon as
time increases. More precisely, if (M", g(¢)) is a complete solution to the Ricci
flow with bounded curvature and if || R(g(0))[|g0) < K for a constant K > 0, then
for all ¢ € [0, 16K] one has || R(g(?))|lg:) < 2K (cf. [15], p. 213). In particular the
Ricci flow exists on the entire interval [0, ¢ K]

In the above situation this implies that any of the solutions g;(¢) exist as long
ast € [0, %]. It follows that the above intervals converge (along a subsequence
possibly) to (—o0, Tso) With T > 0.

By the choice of the #; we have ||R(g;(?))|lg;;) < 1fort € (=t; - Q;,0]. In
general, we do have of course no injectivity radius bound from the below. But due to
Theorem 5.12 in [30] there exists a convergent subsequence converging to a solution
on an étale groupoid which is Riemannian.

For the convenience of the reader let us recall how a complete Riemannian
manifold (M", g) with section curvatures between —K? and K? for some K > 0
can be considered a Riemannian groupoid G (see Example 5.7 in [30]). Given
r € (0, %), forany p € M" the exponential map exp,, : T, M" — M" restricts to a
local diffeomorphism from the r-ball B,(0,) in T, M" to B,.(p) C M". We endow
B (0p) with the pull back metric (exp,)*(g). Let now {p;}ier be points in M",
such that ( J;c; Br(pi) = M". One defines a Riemannian groupoid G with

GO = || {@i.v)) € B (0p,) x Br(0,) : exp,, (v) = exp,, (v))]
i,jel

and

G(O) — |_| Br(opi)

iel
by r(vi,vj) = v, s(v;,v;) = vj and (v;,vj) - (vj,vx) = (vi,vg). Then G is
isometrically equivalent to (M", g).
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Forv € GO, thatis v € B, (0 p), the orbit O, consists of precisely those
points v; € B;(0p;) with exp, . (vj) = exp,(v). A pointed groupoid (G, Oy) is
a groupoid G equipped with a preferred orbit O,. Now the smooth convergence of
a sequence of pointed n-dimensional Riemannian groupoids with uniform sectional
curvature bounds as above implies in particular, that on each of the balls B, (0, ) of
fixed radius r > 0 the above defined pull back metrics converge to a limit metric on
B (0p.,) in C*°-topology (see Definition 5.8 in [30]).

Since in our situation all the metrics considered are homogeneous the pull back
metrics are locally homogeneous. Now by [36] a Riemannian manifold (M", g) is
locally homogeneous if and only if any function on M” that can be expressed as a
polynomial in the covariant derivatives of the curvature tensor V;; Vi, --- V. Rjkim
and the inverse metric tensor g/, by contracting indices, is actually constant
on M™. This clearly shows that the limit metric on the limit ball B,(0,,) is locally
homogeneous as well.

We conclude that this groupoid is a locally homogeneous, ancient solution geo(?)
to the Ricci flow with nonnegative scalar curvature. At time ¢ = 0 we have
| R(80(0) [l gus0y = 1, but scal(g0(0)) = 0, since the function % is scale

K@)

invariant and by assumption we had i = S = Hence the limit
1

1
scal(g; (0))*
solution is locally homogeneous and Ricci flat, hence by Theorem 6.2 flat. This
is a contradiction to the fact that the norm of limit curvature tensoris 1 att = 0. [J

Remark 2.2. We have shown above that for any homogeneous Ricci flow solution
(g(t))re0,1) with scal(g(0)) > O there exists a constant Cg, > 0 such that for all
t €0, T) we have

IR(g() gy = Cg - scal(g (1))

3. An algebraic proof of Bochner’s theorem

As is well known by a theorem of Bochner [7] a compact homogeneous manifold
cannot admit a Riemannian metric of nonpositive Ricci curvature unless it is flat.
Moreover, the only compact homogeneous manifold admitting flat homogeneous
metrics is the torus ( [6], 7.61). Hence Theorem 2 follows from Theorem 3.2.

In this section we will provide an algebraic proof of the above result for compact,
locally homogeneous spaces (see Section 6). A locally homogeneous space G/H is
called compact, if the Lie algebra g of G is the Lie algebra of a compact Lie group G.
Recall that G = (Gy x---x Gy xT")/T, where Gy, ..., Gy are compact, simply
connected, simple Lie groups and T is a finite subgroup of the center of G. As a
consequence G = G1 X --- X Gy x R™.

Since the isotropy group H is not assumed to be a closed subgroup of G,
in general the locally homogeneous space G/H cannot be extended to a globally
homogeneous space (see [25]). In particular, Stoke’s theorem is not applicable.
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Theorem 3.1. Let G/H be a connected, compact, locally homogeneous space. Let g
be a homogeneous metric on G/H, which is not flat. Then the Ricci curvature of g
is not nonpositive.

Proof. Since G/H is a compact, locally homogeneous space, there exists an Ad(G)-
invariant scalar product Q of g. Let p denote the orthogonal complement of the Lie
algebra hh of H in g. Then p is Ad(H )-invariant. Let B denote the Killing form of G
and let g = g5 D a be the decomposition of g into its semisimple part g; = [g, g]
and its center a = 3(g). Notice that a is the kernel of B, whereas on g, the Killing
form B is negative definite. Let p, := p N a and let p; denote the Q-orthogonal
complement of p, in p. Then, since p, is Ad(H )-invariant, so is ps. Notice that
on ps the Killing form B is negative definite.

Any G-invariant metric on G/H corresponds to an Ad(H )-invariant scalar pro-
duct g on p. Using O := Q |, we may write

g, w) = Q(P v, w),

where P is an Ad(H )-equivariant endomorphisms of p, which is positive definite.
Using the decomposition p = ps @ p, we write

Pss Psa)
P = . 3.1
(PS’Z Pﬂa ( )

The endomorphism Py of pg is positive definite. Next, let (é1,...,é,) denote
an Q-orthonormal basis of Eigenvectors of Pss corresponding to eigenvalues
Pi1r---»Pn>0. We set e; := éi/\/ﬁ for 1 < i < n. Then (eq,...,e,) is
a g-orthonormal basis of ps. We extend (ey,...,e,) to an g-orthonormal basis
(e1,...,€en,€n+1,...,€,+7) of p. Then by [6], (7.38) for x € p we have

n+l n+l
ric(g)(x, x) = =3 B(x,x) — 3 D llx,eilyll; +5 Y Oleiejly, P(x)*.
i=1 i,j=1

Using [p. pl, = [p. plp, We arrive at

ric(g)(x, x) = —3B(x,x) — 3 Y _ llx,eilp 2 + 5 D Qe ejly,. P(x))°
i=1 i,j=1

n  n+l I

1373 Olerelo PP =1 Y lilxeelnl?.

i=1j=n+1 j=n+1
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Next, we show that the sum of the fourth and fifth term is nonnegative for an
eigenvector x € pg of Py corresponding to the largest eigenvalue p. We have for
ief{l,...,n}and j e{n+1,....,n+1}

O(lei.ejlp,. P(x))*~O([x. e/lp,. Pler))?
= p*- 0(lei.ej].x)* = p7 - O(lx. ¢5]. i)
= (p* = p})- Qe ejl.x)* = 0,

since Q is Ad(G)-invariant and consequently ad(v) skew symmetric for any v € g.

It remains to show that in the above estimate for ric(g)(x, x), for x € ps as
above, the sum of the first three terms is positive. Firstly, the second and the third
term depends only of Pgs and not on the other components of P. Secondly, we
denote by g’ the Q-orthogonal complement of p, in g, thatis g’ = b @ ps. Then g’
is a subalgebra of g. Moreover, the Killing forms of g and g’ restricted to their
semisimple part g5 = [g, g] = [¢', ¢'] agree. It follows that we may assume that B is
negative definite on p and that P = Pg;.

For any Ad(H )-invariant scalar product g on p, there exists a decomposition
P=p1 &P Py of pinto Ad(H )-irreducible summands, such that P is diagonal
with respect to Q. That is, we have

gZPI‘Q_|p1 —]—"'Lpr'Q_|pr

with py,..., p, > 0. Likewise, we have P|,, = p; -id|;. Foreach 1 <i <r, we
set —B|,, = b; - Oy, and d; = dimp;. Notice, that by assumption we have b; > 0
for all i. Moreover, we set

ijk] = 0(1ea.ép].2,)7.

where the sum is taken over {é}, {ég}, and {é, }, Q-orthonormal bases for p;, p;,
and py, respectively. Notice, that [ij k] is invariant under permutations. By [40], (see
also [44]), if x € p; is an eigenvector of P with Q(x,x) = 1 corresponding to the
largest eigenvalue p = p; of P, then we have by the above estimate

1 r 2 2 2
ric(g)(x,x) > — - | 2d1b1 — Z [UHM
4d; i PjPk

Notice that it is not difficult to deduce this formula from the above formula for the
Ricci tensor of g. By [44], the identity

.
dib; =2dic; + Y lijk] (3.2)
J.k=1

holds. For a Q-orthonormal basis {z;} of h, here Cg|, = — > ;adz; oadz; denotes
the Casimir operator and (Co|, )|p; = ¢; -idy;. Recall that ¢; > 0 with ¢; = 0 if and
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only if [h, p;] = 0. Notice that the proof of Wang and Ziller carries over to compact,
locally homogeneous spaces. We obtain

P>P—pi—pi+pipk

o 2pF—p S
diby — Y [jk|=E—— =2dic; + ) [1jk]- o
J

2 2
k
=1 PjPk Jhe=1

Since p is the largest eigenvalue of P we have p? — pf - pi + pjpr = 0for all

1 < j,k <r. Asaconsequence ric(g)(x, x) > l% > 0. This shows the claim under
the assumption that dim pg > 0.

If p, = 0, then p C a, thatis g = h @ a. Since b is an ideal in g we have h = 0
(by our definition locally homogeneous spaces are almost effective, see Section 6).
Consequently g is abelian, which implies that any locally homogeneous metric on
G/H is flat (cf. [6], (7.30)). OJ

As we have seen in the proof of the above theorem, a homogeneous metric g
on G/H can be considered an endomorphism P of p using a background metric Q.
It follows from the above proof that if g is not flat, then there exists X € ps with
Pss(X) =p-x,g(x,x) =1and

ric(x,x) > —.
9z
Here, —b denotes the largest negative eigenvalue of the Killing form B, restricted to
the semisimple part g5 of g. An immediate corollary of this is

Theorem 3.2. A homogeneous Ricci flow on a compact locally homogeneous space
M"™ = G/H has finite extinction time, if G/H does not admit flat metrics.

Proof. As in the proof of Theorem 3.1, given an Ad(G)-invariant scalar product Q
on g, we consider the decomposition p = p; B p, of the Q-orthogonal complement p
of h in g, where p, = p N 3(g) and p; denotes the Q-orthogonal complement of p,
in p.

Along a locally homogeneous solution (g(#));e[o,7) to the Ricci flow on G/H
we consider the function

@(2) :=max{g(t)(y.y) [ y € ps and [yl =1}.

Recall that ¢(¢) is nothing but the largest eigenvalue of Pss(f) in (3.1). Then by
[15, p. 531], for the Dini derivative

ﬂ(t) := limsup —(p(l +5) —¢lt)

dt s—0,5>0 §
we have
d*e

—; (O = max{=2ric(g(1))(x. x) | g(t)(x.x) = ¢(t) and x € ps. [|lx[lo = 1}.
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Using the estimate of Theorem 3.1 we conclude ric(g(¢))(x, x) > % > 0 for any
such x € py, where b denotes the smallest eigenvalue of (—B)|g,xg,. This shows
that 7 < 4-o00. O

If a compact, locally homogeneous space G/H admits a flat metric, by [41] G/H
is globally homogeneous and flat. It follows from the proof of Theorem 3.1 that G
does not have any compact factor, thus G is abelian. But then any homogeneous
metric on G/H is flat.

4. Immortal solutions of homogeneous Ricci flows

In this section we give the proof of Theorem 4. Before doing so let us note that
on the isometry group E(2) of the Euclidean plane there exists a homogeneous
immortal solution to the Ricci flow such that |R(g(¢))|lg¢)) ~ exp(—ct) and
scal(g(t)) = exp(—2ct) for a positive constant ¢ > 0 (see [21]). Hence for
immortal solutions the norm of the curvature tensor is not controlled by the absolute
value of the scalar curvature, which was true for homogeneous solutions with a
Type I singularity by Remark 2.2. Moreover, the above example provides parabolic
rescalings g; (¢), defined on [0, co) with ||R(g;(0))|| = 1, which converge on (0, c0)
to the flat metric. Recall also that locally homogeneous metrics maybe incomplete.
Theorem 4.1. An immortal locally homogeneous Ricci flow develops a Type Il
singularity.

Proof. Let (g(1))[0,00) denote an immortal locally homogeneous Ricci flow solution.
If the initial metric is flat the claim follows. If the initial metric is not flat, then by
rescaling we may assume that scal(gg) = —1. As above we write s(t) = scal(g(¢)).
By (2.1) we get lim; o s(¢) = 0.

In a first step we show that K(¢) := || R(g(?))||¢(;) must be bounded. Suppose
this is not the case. Then there exists a sequence {#; } of times converging to infinity,
such that i = K(#;) and K(t) < i for all + € [0,f;). We may assume that
t > 16+<(0)' Next, we choose #; € (0, f;), such that

- 1

ti—li :16—]((171) (41)

This is possible, since for #; = 0 we have ; > 16+<(o)’ whereas for f; = t; we have
0< 16+(t_1) Setting Q; := K(f;), we consider the parabolic rescaling
- t
gi(t):=0i-g (ti + —) : (4.2)
Qi
Notice that at time ¢ = 0 the norm of the curvature tensor of the metric g; (0) equals
to 1 for all i and that by (4.1) for given #;, f; we have t; = 1; + QL, if and only
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ift = %. As a consequence, by the doubling time property a locally homogeneous
limit flow goo(¢) will exist on [0, %] with || R(goo(%))ﬂ > 1 since K(t;) > K(f;).

Of course the scalar curvature of the limit flow is nonpositive. On the other hand
side the scalar curvature of the limit metric must vanish at t = %6 since i = K(t;)
and |scal(g(¢;))| < 1. As in Theorem 2.1 we obtain a contradiction.

In the second step we suppose that K(¢) is bounded but does not converge to zero
for t — oo. Hence there exists a sequence {#;} of times converging to +oo and a
constant ¢ > 0, such that K(#;) > ¢ . Since lim;—, o, s(t) = 0, we can argue as above
to exclude this case as well.

We conclude that K(#) must converge to zero for ¢ — oo. We suppose that the
solution g(¢) does not form a Type III singularity. Then there exists a sequence {¢; }

of times converging to infinity such that

K =7
1

and K(t) < ler_1 for all ¢t € [0,¢;). We may assume t; > m. As above we

choose 1; € (0, 1;), such that the identity (4.1) holds. Again we consider the parabolic
rescalings g; (¢) as in (4.2). By the choice of the sequence {z;} we have

_ r(i)
K(t) = = 4.3
)= 43)
with r(i) < i. On the other hand side the doubling time property yields
- K1) i i i

T K@) K@@+ K@ G+ axgy) T+ e
We deduce

In the final step we show that || R(g; (%)) || is bounded from the below by a positive
number. This follows from (4.1) and (4.3), since

R (o (L _ i+l _ i 1
H (g’(ﬁ))n_%'ziﬂ_%'(_16-r(z')+1)'

Let goo(?) denote a locally homogeneous limit solution for the sequence (g;(¢)),
defined on (0, 11—6]. By the above computation we have || R(gi(%))ﬂ € [%, 3] for
large i. Since s(0) = —1 we deduce from (2.1) that |s(¢)| - (1 + % -t) < 1 forall
t > 0. As a consequence, at time ¢ = ¢; we have

K(t) i ( 2 ) 2-i

— > A1+=-4) > —. 4.4

ls(t)] ~ 1 +1 no' n (4.4)
It follows, that the scalar curvature of the limit solution geo(¢) at time ¢ = 1—16

vanishes. Again, this is a contradiction. O
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5. Collapsing of homogeneous Ricci flows

In this section we will prove Theorem 5.14, from which Theorem 3 and the results
on the longtime behavior of the Ricci flow mentioned in the introduction below
Theorem 3 follow.

Let (g(?))se[o,7) be a homogeneous Ricci flow on M", which develops a Type I
singularity. Recall that by [26] we may assume that scal(g(0)) = 1. As is well
known there exist constants ¢(n) > 0 and Cg, > 0 such that

c(n) Cyo
S < IREO) e = 22

for all t € [0,T) (see e.g., [17]). Moreover, since for such homogeneous Ricci
flows the norm of the curvature tensor is controlled by the scalar curvature (see
Remark 2.2), there exist constants cg, > 0 and Cg, > 0 such that

Cg() < 1 t < CgO
7 =scalg(®) = ——

forall ¢ € [0,T). Let now (¢;);en be any sequence in [0, T) with lim; oo t; = T.
Let Q; := scal(g(#;)) and

(5.1)

t
git):=0Qi-¢g (li + E) :
The homogeneous Ricci flow (g; (¢)) is defined for ¢ € [-Q;t;, (T —t;)Q;) and
we have scal(g; (0)) = 1 foralli € N.
By Theorem 1.4 in [17], when setting A; := scal(g(z;)) and

. r
§i(l)1=/\i-g(T+—) ,
Ai

then (g;(7))ien subconverges to a nonflat shrinking soliton (geo(7 )ie(=00,0)>
‘i for
t

which of course is homogeneous. By (5.1) we know that scal(g(t;)) = 7=
¢i € [cgo> Cgpl. Notice now that

I+ ‘ 4T -t + ‘ o ci+1
scal(g(t:) Coseal(g(n) T scal(g(@)
Hence g;(t) := g;(t — ¢i). As a consequence, (g;(¢));en subconverges to a nonflat
homogeneous shrinking soliton (geo(?))se(—o0,Too)> With Too > cgo > 0.

The results of [37] imply that the homogeneous shrinking soliton g, (0) is
up to finite covering the Riemannian product of a compact homogeneous Einstein
manifold (EX, gl ) with positive scalar curvature and a flat space (R"7%, g2 )
endowed with a Gaussian shrinking soliton. In particular the Ricci curvature of any

such limit soliton is nonnegative.
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Remark 5.1. In [11] an example (g(¢));<[o,7) of a homogeneous Ricci flow solution
on M2 = Sp(3)/Sp(1)? has been discussed, where the Ricci curvature of g(t) is
not nonnegative for all # > Ty and some Ty € (0, T).

Since scal(g0(0)) = 1, it follows that there exists a constant roo > % such
that the eigenvalues of Ric(g.(0)) are either equal to ro, or to zero. Here, for a
Riemannian metric g the Ricci-endomorphism Ric(g) is defined by

ric(g)(+,-) = g(Ric(g) ") .

Theorem 5.2. For a homogeneous Ricci flow with finite extinction time the dimen-
sion of the Einstein factor of any limit shrinking soliton does only depend on the
initial metric.

Proof. There exists T < T such that for all # > T the eigenvalues of the Ricci
endomorphism of

(1) :=scal(g(1)) - g(1)

come in two blocks: The positive ones are bounded from the below by % and the
small ones are bounded from the above by ﬁ. Otherwise, there exists a sequence
(ti)ien of times converging to T, such that at least one eigenvalue of Ric(g;(0)) is
contained in [ﬁ, ﬁ] By passing to a subsequence the same is true for the Ricci
endomorphism of a limit soliton g.,(0). Contradiction. O

Notice though, that for different initial metrics the dimension of the Einstein
factor may vary: For the product Einstein metric on S? x S? the Einstein factor
of the limit soliton is of course 4-dimensional, whereas for any other homogeneous
initial metric the dimension of the Einstein factor is 2-dimensional.

We turn now to a class of homogeneous spaces, where we can describe how
the limit Einstein factor Eé‘o is related to the original homogeneous space M". Let
M"™ = G/H be a connected compact homogeneous space such that G and H are
compact Lie groups not necessarily connected. Let O denote an Ad(G)-invariant
scalar product on g and let p denote the Q-orthogonal complement to f in g. Then
for any G-invariant metric g on G/H there exists a Q-orthogonal decomposition
P =9p1 - @ p, into Ad(H )-irreducible summands, such that

g=x1'Q|p1L“'—Lxr'Q|pr (5.2)

where x1, ..., x, > 0. For any nonempty index set J C {1,...,r} we set

bri= @Pj-

jed
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Assumption 5.3. We assume that the moduls p1, . .., p, are pairwise inequivalent.

An example would be a homogeneous space where both G and H have the same
rank. Asis well known, under Assumption 5.3 the Ricci endomorphism also respects
the above decomposition of p; in general this is not true anymore.

Remark 5.4. There exist homogeneous spaces G/H which admit diagonal metrics
as in (5.2) allowing some of the moduls p; and p; being equivalent, such that the
Ricci endomorphism of all such diagonal metrics still respects this decomposition.
All the results proved in this section can also be obtained in that more general case.

So let (g(7))[0,7) be a homogeneous Ricci flow and assume that Assumption 5.3

holds. We write

g0y =x1(0)- Qlpy L+ Lx,(t)- Oly, (5.3)

forall t € [0, T) and call x1(¢), ..., x,(¢) the eigenvalues of g(z).

Lemma 5.5. Let (g(t))[0,1) be a homogeneous Ricci flow with finite extinction time
and scal(g(0)) = 1. Then, under the Assumption 5.3 there exists a nonempty subset
I C {1,...,r} and a positive constant ro, € [%, %], such that the following holds

true: For any ¢ > 0 there exist T () < T, such that for allt > T (g)
I Ric(g(t))lp; — roo idp, Il . [ Ric(GED]p, e Il < €.

Moreover, foranym € I,1 € I€ andt > T(¢) we have

C20
1) < xim(TE) () " (5.4)
X X ) | ——— .
mys = am T —T(e)
T —¢ 2€ég0
t) > x;(T | — . 5.5
50 = 00 (7275 ) 6:5)
Proof. From Theorem 5.2 it follows that there exists an index set I C {I,...,r}

and Ty < Two, such that for all ¢+ > Tj the eigenvalues of Ric(g(¢)) corresponding
to py are bounded from the below by %, whereas all the eigenvalues of Ric(g(?))
corresponding to p;c are bounded from the above by ﬁ. Here 1€ denotes the
complement of 7 in {1, ..., r}. Since for any sequence of times (Z;);en converging
to T there is a limit shrinking soliton (along a subsequence), the eigenvalues of
Ric(g(¢)) must pinch more and more. This shows the first claim.

Let r, (¢) denote the eigenvalue of the Ricci endomorphism Ric(g(¢)) restricted
to P, m = 1,...,r. Then, under Assumption 5.3 the Ricci flow equation is nothing
but x,, (1) = =2 - xp(t) - rp(t), m = 1,...,r. Since Ric(g(t)) = scal(g(?)) -
Ric(g(¢)) we deduce from (5.1) and the first claim the estimates (5.4) and (5.5) by
integrating the above differential equation. O

In the next steps, we describe the index set I in Lemma 5.5 more precisely.
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Definition 5.6. Let (g(¢)):c[o,7) be a homogeneous Ricci flow on a compact homo-
geneous space G/H with finite extinction time. Suppose that Assumption 5.3 holds.
Let {z,} denote a sequence of times converging to 7', such that the metrics

ga = scal(g(ta)) - g(ta)

converge to a nonflat limit soliton metric g.

We assume that at such times z,, the eigenvalues x1(¢5), . .., X, (¢;) of g(¢;) can be
ordered in blocks in the following manner. There exist nonempty, pairwise disjoint
subsets I1,...,Ipof {1,...,r} with

(,....r}=LU---UI,

such that the following holds

(1) For any 1 < s < { there exists a constant Dy > 0 such that for any i, j € I

we have % < Dy foralla € N.

X (ta)

(2) Forl <s <s </{andanyi € I; and any j € I; we have N oo for
a — oo.
(3) For any 1 < s < { there exists a permutation 7r; of Iy = {nsl, . ,nLIS‘},
1 [1s

ng < -+ <ng l, such that xns(n})(ta) <... < xn,(n‘,IS‘)(’a) forall a € N.

Let {f;}ien be any sequence of times converging to 7. We claim, that
we can always extract a subsequence {f,} as in Definition 5.6. To this end,
as noticed above we can assume that along a subsequence {f,} of {f;}ien, the
metrics g, converge to a nontrivial homogeneous shrinking soliton. Furthermore,
it is clear that the eigenvalues xi(#;), ..., Xx,(¢;) can be assumed to be ordered
along a subsequence, that is there exists a permutation 7 of {1,...,r}, such that
Xr1)(ta) < -+ < Xg(r)(ta) for all a € N. Next, the ratio % is either bounded
along a subsequence of {#,}, or it diverges. This shows that the index sets Iy,..., Iy
can be chosen as above. Notice that the index sets Iy,...,/; may depend on the

subsequence {t,} chosen.

Corollary 5.7. Let (g(t)):efo,1) be a homogeneous Ricci flow on a compact homo-
geneous space G/H with finite extinction time T. Suppose that Assumption 5.3
holds. Let {t;} denote a sequence of times converging to T as in Definition 5.6.
Then the index set I from Lemma 5.5 satisfies | = [y U---U I for some 1 < s < {.

Proof. This follows directly from the estimates (5.4) and (5.5) in Lemma 5.5 and the
definition of the index sets /1,...,I; in Definition 5.6. O

This result says, that the "small" eigenvalues of g(z,) are the eigenvalues x; (#)
withi € I and the "large" eigenvalues are those xj (f,) with j € 1€ ={1,....r}\I.

Recall that on a homogeneous space G/H an intermediate Ad(H )-invariant
subalgebra € = § @ pe, pe C P, is called toral (nontoral), if p¢ is (not) an abelian
subalgebra of g.
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Lemma 5.8. Let (g(?))se[0,1) be a homogeneous Ricci flow on a compact homoge-
neous space G/ H with finite extinction time. Suppose that Assumption 5.3 holds and
let {t;} be a sequence of times as in Definition 5.6. Then there exists so € {1, ..,£},
such that &s,_1 := h®p, B -EB]JISO_1 is a toral and €5, 1= €5, ®pr,, a nontoral
subalgebra of g, respectively. Moreover there exists a constant C(G, H) > 0, only
depending on G/H, such that

C(G, H)

scal(g(ty)) < .
xﬂSo (ng‘o) (ta)

Proof. By [44], for a homogeneous metric g as in (5.2) we have

dibi 1 < X;
scal(g) = = -2 > lijk] - ——. (5.6)
23 i,jk=1 XXk

Since lim, o0 scal(g(f;)) = +o00, we deduce that the terms [ijk] - % must be

bounded fori € I, j € Iy and k € Iy with s # s’. Consequently
[ I] =0 (5.7)

for s # s’. This shows that £; := h @ py, is a subalgebra. Moreover, it follows from
(5.6) that scal(g(z;)) < xC(G—H)) for a constant C(G, H) > 0 depending only on

(ta
1)
the pair H C G. If ¢, is a nontoral subalgebra, the claim follows.
So suppose that ; is a toral subalgebra. By [/1/; /1] = 0 we deduce

Xi (ta) Xj (ta) )
4 Z /K] (xj(ta)Xk(ta) +2xi(ta)xk(ta)

iely,j, kEIC

1 .. Xi (ta)
2 Z x (za) —g L WA X} (ta) Xk (a)

i,jkelC

1
scal(g(tq)) = Z (I -

Using the identity d;b; = 2¢;d; + Z';,kzl[ijk] (cf. (3.2)) and the vanishing of the
Casimir operator restricted to py,, we see that the terms of the first line of the right
hand side can be simplified to the following nonpositive term:

1 X (ta) . xiz(ta) )
> l( 5 2 1k (1 wela) 20 (o)) ) =

i€l jke IC

Here we have used [ijk] = [ikj] and the estimate 2 — x — % < 0 for x > 0. Since
scal(g(t;)) — oo for a — oo we obtain by induction the claim. O
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For an intermediate Ad(H )-invariant subalgebra ¢ of g we denote by H () the
subgroup of G generated by H and the connected Lie subgroup K¢y of G with Lie
algebra €. Notice that the Lie algebra of H(£) equals to ¢, but that in general H ()
might be disconnected.

For an Ad(H )-invariant intermediate subalgebra ¢ and for a G-invariant metric g
on G/H as in (5.2) we denote by

SK/H = &lpe

the induced metric on K/H, where K = H (¥).

Lemma 5.9. Let g be a homogeneous metric on a compact homogeneous space
G/H as in (5.2). Suppose that there is an index set I, C {1,...,r}, such that
€ = b @ py, is a subalgebra of 9. Then for m € Iy we have

) ) [mjk] X Xj x2 idy,,,

Proof. For m € {1,...,r} the following identity for the Ricci tensor of a
homogeneous metric g as in (5.2) holds true (cf. Section 3):

Ric(g)lp,,,
b 1 - Xk 1 d X
= km] - — km)- =" | -id 5.8
<2xm 7N kX_: km) - =+ 4 X_: [jkm] xm«) idy,,  (5.8)
Jok=1 J.k=1

1 < o x2 d ) Xp  Xj x2 id

= decm+‘Z[MJJ]—'£’+Z[ka]-(————’+ "‘) el
2j=1 X X; Xk XjXg 2dmXm

where we have used (3.2) again. By the above, the Ricci tensor of (K/H, gx/p) is
given by

. mjk X X; x2 id,,,
Rlc(gK/H)lpm = (dmcm+ Z %( ——k——J—I— )) Pm_

X;i X XiX dmx
kel J k Jrk maim

Since ¢ is a subalgebra of g, we deduce from the identity [/¢ /¢ EC ] =0form e I
the claim. O

The next lemma shows, that even when a nontoral subalgebra ¢ is not the Lie
algebra of a compact subgroup of G we may chose a subalgebra t of €, which is the
Lie algebra of a compact subgroup. Under the Assumption 5.3 this is trivial if both
groups G and H are connected, since then the isotropy representation contains at
most one trivial summand, which must be one-dimensional.
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Lemma 5.10. Let G/H be a compact homogeneous space and let € be a proper,
intermediate, nontoral, Ad(H )-invariant subalgebra of g. Then there exists a
nontoral Ad(H )-invariant subalgebra : of € containing Yy properly, which is the Lie
algebra of a compact subgroup of G.

Proof. By [12], Chapter 0, Theorem 5.1 there exists N € N with G C O(2N). The
negative of the Killing form on O(2N ), denoted by Q y, induces an Ad(G)-invariant
scalar product O on g, which we will use in the proof of this lemma.

Let a be any abelian subalgebra of g, corresponding to a compact subgroup A
of G. Let t denote any maximal torus of g with a C t. Our first claim is, that the
Q-orthogonal complement a' of a in t also corresponds to a compact subalgebra
of G. This is seen as follows: Conjugating the group G in O(2N) we may assume
that t is contained in the standard maximal torus Ty = (S')V of O(2N). We
denote by si,...,sy the standard Q y-orthonormal basis of 7,7y and identify
T, Ty with RV . Since A is compact by assumption, the subalgebra a, considered as
a subset of RY | has a rational basis ay, ..., ay € QN. As a consequence the Q -
orthogonal complement aﬁ of a in R¥ also has a rational basis, hence corresponds
to a compact subgroup of Tx. Now the Q-orthogonal complement at of a in t
equals to t N aJA-,. Since both t and uJA-, are Lie algebras of compact subgroups the
above claim follows.

Next, we claim, that if b C t is the Lie algebra of a compact subgroup and if
7 : t — at denotes the Q-orthogonal projection onto at, a as above, then 7(b)
is the Lie algebra of a compact subgroup as well. When considering t a subspace
of RY as above, both a and at, respectively, have a basis vy,..., v, € ZN and a
basis Wi, ..., Wp_m € ZN | p = dimt. Now any vector in t N ZN can be written in
this basis with rational coefficients. The second claim follows.

We decompose ¢ = €5 & 3(¢) and h = b D 3(h) into its semisimple part and its
center. Since &5 = [£;, &], it follows from

0G(6), &) = 0G®), [t.&]) = O([5(8). &]. &) =0

that both these decompositions are Q-orthogonal. Using hs C £, we can assume
that &5 # bj, since otherwise ¢ is a toral subalgebra.

We denote now by g, respectively r;, the Q-orthogonal projections from &
onto &5 and 3(£), respectively. Both projections are Ad(H )-invariant. Furthermore,
we denote by a; := ms(3(h)) and by a; := m,(3(h)). Let t be a maximal torus of g
with a; @ 3(8) C t. Notice that 3(h) C t. Next, we set t; := t N €. Then t; is a
maximal torus of & with a; C . Let t- denote the 0-orthogonal complement of tg
in t. Then, since 3(£) is orthogonal to €y, it is orthogonal to ty, hence contained in t;-.
As a consequence a; C ti. Since t is the Lie algebra of a compact subgroup of g,
by the above so is t--. We denote by 7 : t — ;- the Q-orthogonal projection. By
the above 7 (3(h)) = a;, since 3(£) C t and 3(h) C t; @ 3(£). As a consequence,
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is the Lie algebra of a compact subgroup of G. It is also clear that a; is Ad(H)-
invariant. We set now £ = £; @ a;. Clearly £ is a proper Ad(H )-invariant subalgebra
of h and €, which is compact. O

Next, we show that under Assumption 5.3, Ad(H )-invariant intermediate subal-
gebras always correspond to totally geodesic immersed submanifolds of G/H .

Lemma 5.11. Let G/H be a compact homogeneous space and suppose that
Assumption 5.3 holds true. Let K be a proper intermediate subgroup, that is
H < K < G. Then K/H is a totally geodesic submanifold of G/H, possibly
immersed though.

Proof. Since H < K, the Lie algebra ¢ = 0§ & p¢ is Ad(H )-invariant, hence
pe as well. It follows from Assumption 5.3 that py = p;; & --- & p;, for
1 <iy <--- <ig <r.Duetoformula (7.27) in [6], for Killing vector fields X, Y, N
on G/H one has

2g(VxY.N) = g([X.Y].N) — g(IN. X].Y) + g([Y. N]. X) .

By assumption, every G-invariant metric on G/H has the special form described in
(5.2). We deduce that for X,Y € pe and N L ¢ we have g(VxY, N) = O since
O(X.Y].N) = Q([X.N].Y) = 0. O

If the intermediate subgroup K is compact, then K/H is compact and totally
geodesic.

After these algebraic and geometric preliminaries we come to our first important
result on homogeneous Ricci flow solutions on G/ H, satisfying Assumption 5.3. For
a homogeneous Ricci flow solution (g(7));e[0,7) We denote by X, (7) the minimum
of the eigenvalues x1(¢), ..., x,(¢) from (5.2). Notice that for a sequence {z,} as in
Definition 5.6 we have Xy (n)) (t2) = Xmin(ta)-

Lemma 5.12. Let (g(1)):e[o,1) be a homogeneous Ricci flow on G/H with finite
extinction time. Suppose that Assumption 5.3 holds and let I C {1,...,r} be the
subset from Lemma 5.5. Suppose that scal(g(0)) = 1. Then there exists an € > 0
such that for all t € [0, T) one has

scal(g(?)) > ¢e- xm;(t) .

Proof. If such an ¢ > 0 does not exist, then there exists a function ¢ : N — N with
limg o0 (@) = 400 and a sequence {#,} as in Definition 5.6 converging to 7', such

that for all @ € N we have c¢(a) - xm(n{)(ta) < X(a), where

= . 1
@) = Gy

To simplify notation we permute the moduls pq, ..., p, and assume that

xX1(ta) < x2(tg) < -+ < X (ta)
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for all @ € N. That is we have
L=1{12,. . it} h={in+ 1, isy, e Ig =g+ 1, ig =7},
In this notation we have x; (f;) = Xmin(#4) and the above estimate reads
c(a)-x1(ty) < x(a). (5.9)

Notice that we can and will pass to a subsequence of {z,} whenever this is convenient.

By Lemma 5.8 we know that ¢; = b @ py, is an Ad(H )-invariant subalgebra
of g. Suppose that ¢; is nontoral. By Lemma 5.10 there exists an Ad(H )-invariant
subalgebra £ of €, which is the Lie algebra of a compact subgroup K; of G
containing H. By Lemma 5.11 K;/H is a compact, totally geodesic submanifold
of (G/H, g(t;)). We rescale the metric g(t;) by scal(g(ty)) = % to obtain the
metrics g,, which converge to a nonflat limit soliton. By the very definition of £, the

induced metric g(z,) &,/m 1s given by eigenvalues of order x; (t2). When rescaled
by % this means by (5.9) that the eigenvalues of (g,) &,/H converge to zero for

a — oo. It follows that the injectivity radius of (K;/H, (Z4) &/ ) converges to
zero for a — oo and consequently also the injectivity radius of (G/H, g,). But this
is impossible, since the limit soliton has the same dimension as G/H .

This shows that in the sequel we can assume that €; is a toral subalgebra of g.
By Lemma 5.8 we conclude that ¢ - x;, +1(ts) < X4 for all @ € N and a constant
¢ > 0. Next, we assume that there exists C > 0 such that X, < C - x;,4+1(t,) for all
a € N. By Lemma 5.9, using that Ric(gg,/z) = 0, we see that the largest positive

CRic(s : ¥a-X1(ta)
term in R1c(ga)|,1,,1 is of order T Gaxi, 1)

fora — ocodueto x; < C - x;,4+1(fz) we deduce Ric(ga)|p,l — 0 fora — co. But
this contradicts Corollary 5.7.

Since this term converges to zero

This shows that in the sequel we can assume that c(a) - x;,+1(tz) < Xx(a).
Since ¢ is a toral subalgebra £, = £; @ py, is an Ad(H )-invariant subalgebra of g
by Lemma 5.8. If £, is nontoral, then we see as above, that the injectivity radius of
(G/H, g4) converges to zero for a — co. Contradiction.

As a consequence we can assume in the sequel that £, is toral. By Lemma 5.8 we
conclude that ¢ - x;,+1(t;) < X4 foralla € N and a constant ¢ > 0. Next, we assume
that there exists C > O such that X, < C - x;,41(#;) foralla € N. By Lemma 5.9,
applied to the toral subalgebra £, we see that the largest positive term in Ric(g4)|, v

ia')_fil +1(a)
Xiy+1a)Xiy+1(ta)”
Xa < C - xjy41(tg) we deduce Ric(§¢,)|,982 — 0 for a — oo. Again we obtain a
contradiction. By induction the claim follows, since the limit soliton is not flat. [J

is of order Since this term converges to zero for a — oo due to
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Knowing that the scalar curvature of scal(g(t)) is as large as possible we can
deduce the following

Lemma 5.13. Let (g(1)):e[o,1) be a homogeneous Ricci flow on G/H with finite
extinction time. Suppose that Assumption 5.3 holds and let I C {1,...,r} be the
subset from Lemma 5.5. Then we have

(1) The space ¥ = by @ py is the Lie algebra of a compact subgroup K of G with
dim K/H = dim EX..

(2) There exists C > 0, such that for all t > 0 and all m,m € I we have
|xm(t)| <C.

X (2)
(3) The Ricci curvature of g(t) restricted to py is up to lower order terms given
by the Ricci curvature of scal(g(t)) - g(t)k/H-

Proof. Let (t;)qen be any sequence as in Definition 5.6. We suppose again, to
simplify notation, that x;(z;) < --- < x,(¢,) for all a € N (see Lemma 5.12).
Recall that g, = % - g(t,) and that scal(g,) = 1 for all @ € N. Furthermore,
by Lemma 5.8 and Lemma 5.12 there exists constants e(G/H) > 0 and C > 0, such
that

e(G/H) - x1(tg) < x(a) < C - x1(ta) (5.10)

for all a € N. From Lemma 5.8 it follows that £ = b @ py, is a nontoral subalgebra
of gand that [I1I;Iy] = O0fors #s',1 <s,5 <L.

We will show that for m € Iy with s > 2 we have Ric(g,)|,, — 0 fora — oo,
using (5.10) and the fact that the limit manifold (M, go0) has nonnegative Ricci
curvature. Notice that by Corollary 5.7 it is sufficient to show this for m = i; + 1.
We deduce this from (5.8): We examine for m = i; + 1 terms for g = g(¢,), which
when multiplied by x;(¢;) & X, can possibly have a positive limit for a — oo.
Since [111113] = 0 no such terms occur in the first sum of (5.8). In the second sum

such terms could occur for j € I; and k € I,. However since k > m = i; + 1 we

xx (ta) + xrzn(ta)
Xj (ta) Xj (ta)xi (ta)
such terms cannot force Ric(g4)|p,, to become positive when a — co. We deduce
I = I, from Corollary 5.7.

Since the above is true for any such sequence {#,} we deduce that (2) holds. To
this end notice, that if (2) does not hold, say along a sequence {t; } converging to T,
then we may pass to a subsequence as in Definition 5.6. However, since (2) does not
hold, we cannot have I; = I for such a subsequence. Contradiction.

We show now the claim (3): To this end we will show below that for any structure
constants with [ijk] > O andi € I and j,k € I€ one has iig; — 1fort > T. 1t
follows from Lemma 5.9 that Ric(g(?))l,, equals to Ric((g(?)) kx/# ) up to terms of
lower order. This shows (3).

have, using x,, (t;) < xx(t4), that — < 0. This means that also
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Moreover, since we know that Ric(g(#))|,, has a uniform positive lower bound
for large t we deduce that the Ricci curvature of the g(7) gz on K/H has a positive
lower bound, too. It follows that K/H is compact, hence K must be compact as
well. This shows (1).

We suppose now that there exist indices with [imi] > 0,i € [ andm # i € I€
such that for a subsequence {z,} converging to 7' we have x5 (t;) > (1 + €0)Xm (Z4)
for all @ € N and some g9 > 0. As above we assume x1(f;) < --- < x,(#5). By the
above we have I = ;. Moreover, 1 > m and m,m € Iy, for some 2 < 59 < £

since [I1I51y] = 0 for s # s’. We choose m and hence sy minimal.
Xm(tq)

Xi (ta)xm(ta)

. Notice that for this term the corresponding positive

From (5.8) we deduce that the term —[imm)] - in the formula for

Ric(g(ta))lp,, is of order

X1 (t
term [ mm] - x,(;n;—)(ctr:)(ta) in (5.8) is strictly smaller than the first term. This holds true

for any such i € /[ and any such m € I,.
Since the Ricci curvature of the limit space is nonnegative there must be further
positive terms of order o (t - Thus, there are indices i, j € Iy U---U I5,_{ such

that [ijm] > 0 and xl(fa”g—gj‘zt) is of order (t or larger; indices in /g, s > §¢, can
obviously not occur and indices in Iy, are already covered by the above. Assuming
i < j we see that we cannot have i € Iy, since then j € Iy, would follow from
[I[11515] = 0 fors # 5.

We pick the minimal index i € I, 2 < 51 < 5o — 1, with that property. From

(5.8) we deduce that the term —[ijm)] - M’;’g—% in the formula for Ric(g(#,))]p; is

of order ﬁ or larger. As above we conclude that there must also be large positive

% By the minimality of the above m € Iy, if these indices
x;i (ta)

are of type [I1 I, I,,], thatis j € I and k € I, then we must have e 1 for
a —> oo. From (5.8) we deduce that such terms to not contribute to terms of order
o (t 5- It follows as above that j,k € I, U---U I .

Assuming j < k we pick the minimal index j € I,,2 < s, < s; — 1, with
that property. Inductively we may assume j € . But the only positive terms which
could make up for such a negative term are of type [ijk] - % where i € I}
and k € I,. Hence we have shown that in our above assumption we must have had
m € I,. Since [I1111,] = 0 we obtain a contradiction. O

terms [ijk] -

Recall also that for the intermediate subgroup K from Lemma 5.13 we denoted
by gk /g the metric on K/H induced by a homogeneous metric g on G/H.

Theorem 5.14. Let (g(t)):ejo,7) be a homogeneous Ricci flow on G/H with finite
extinction time. Suppose that Assumption 5.3 holds. Then there exists a compact,
nontoral intermediate subgroup K such that the metrics

gk /u (1) = scal(g(t)) - gx/m (1)
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subconverge to an Einstein metric on K/H for any sequence {t;}ien converging
to T. Moreover, the limit Einstein factor Eé‘o is diffeomorphic to K/H.

Proof. By Lemma 5.13, the eigenvalues of g(t) = scal(g(t)) - g(¢) restricted to pe,
where £ = 0 @ py, have a uniform positive lower and an upper bound. Moreover,
Ric(g(t))|p, equals to Ric((g(7)) k) up to terms of lower order.

We consider now a normalized Ricci flow, which keeps the volume of gk /# ()
constant. To this end, let scalg /g (g) := tr(Ric(g)|p,) and k := dim K — dim H.
Then the following K /H -volume normalized Ricci flow

g'(t) = —2(ric(g (1)) — § - scalg/m (§(1)) - §(1)) (5.11)

is equivalent to the Ricci flow on G/H and leaves the volume of gx /g () constant.
This follows the same way proving that unnormalized Ricci flow and Ricci flow
are equivalent. The solution g(¢) can be obtained (up to parametrization) from a
solution g(¢) to the Ricci flow by rescaling to keep the volume gx,p (f) constant.
It follows from Lemma 5.13, (2) that for a solution g(¢) the eigenvalues of g(z)
restricted to pg are bounded uniformly. As a consequence, for any sequence of
times {#;} converging to 7 there exists a subsequence {f,} such that gx /g (ts)
converges to a limit metric g?/ gy on K/H. Using Lemma 5.13 and Lemma 5.5
again, we conclude that ggg/ y Mmust be an Einstein metric with positive scalar

curvature. Since by Lemma 5.12 the scalar curvature scal(g(¢)) is of order m
the metrics gx/m (fa) on K/H converge to a limit Einstein metric, too. This shows
the first claim.

Finally, we show that the homogeneous spaces (K/H, gk m (ta)) converge to
the Einstein manifold (Eé‘o, gl.). We use that (G/H, g(1,)) converges to (M, go0)
in pointed C°°-topology. It follows that the tangent spaces of the totally geodesic
submanifolds (K/H, gk m(t4)) converge to the tangent space of the Einstein factor
(E fo gl), since these are precisely the directions where the Ricci curvature is posi-
tive. As a consequence (K/H, gk m (ta)) converges to (E é‘o gl) in C*-topology.
By Theorem 1.1 in [10] the limit Einstein factor Eé‘o is diffeomorphic to K/H. [

There are two easy consequence of the above convergence result:

Corollary 5.15. Under the assumptions of Theorem 5.14 we have: If on K/H
there exist only finitely many solutions to the homogeneous Einstein equation, then
gk /H(t) converges fort — T to an Einstein metric on K /H .

Proof. If there are only finitely many solutions to the Einstein equation on K/H,
then g g/ m () must of course converge to one of those metrics by Theorem 5.14. [

Corollary 5.16. Under the assumptions of Theorem 5.14 we have: It there exists a
solution (g(t)):efo,T) such that gk, (t) does non converge to an Einstein metric
on K/H fort — T, then on K/H there exist infinitely many solutions to the
homogeneous Einstein equation.
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6. Locally homogeneous Ricci flat metrics are flat

Recall the following result

Theorem 6.1 (Alekseevskii, Kimel'fel’d [2]). Let (M", g) be a complete, homoge-
neous Ricci flat manifold. Then (M", g) is flat.

Notice that there is a very short proof using the Cheeger—Gromoll splitting
theorem (cf. [6], p. 191). Later, Spiro observed in [41] that the above theorem is
of local nature. For convenience, we provide a proof of Spiro’s result following
Spiro’s original approach.

We recall that a Riemannian manifold (M", g), not necessarily complete, is
called locally homogeneous, if for any two points p,q € M" there exists a local
isometry mapping p to g. Each locally homogeneous space is uniquely described
by its so called infinitesimal model. The Nomizu construction associates to each
infinitesimal model a Lie algebra g, a subalgebra h) and a reductive decomposition
g = h @ p (see [42]). Notice that g is the Lie algebra of the full local isometry group
of the Riemannian metric g on M".

Since there might be also smaller local Lie groups acting locally transitively
on M" the following algebraic definition of a locally homogeneous space has been
introduced, for instance in [41] or in [29]:

Let G and H be connected Lie groups with G simply connected and H C G.
Let g and h denote the Lie algebras of G and H, respectively. We call G/H alocally
homogeneous space, if the following conditions hold:

(h1) There exists an Ad(H )-invariant complement p of b in g.
(h2) There exists an Ad(H )-invariant scalar product (-, ), on p.
(h3) The Lie algebra § does not contain any nontrivial ideal of g.

Notice that (hl) is equivalent to ad(x)(v) € p for all x € h and all v € p, where
ad(x)(v) = [x, v] just denotes the Lie bracket of g. Condition (h2) is equivalent to
(ad(x)(v), w)p, = —(v,ad(v)(w)), for all x € h and all v, w € p. Notice that (h3)
ensures that the locally homogeneous space G/H is almost effective.

Having such an algebraic locally homogeneous space one may determine a
locally homogeneous metric g on a local quotient M " as described in [41].

The space G/H is regular or globally homogeneous, if H is a closed subgroup
of G. By [25] there exist locally homogeneous spaces which are not globally
homogeneous.

Theorem 6.2 (Spiro [41]). Let (X", g) be a locally homogeneous Ricci-flat mani-
fold. Then (X", g) is flat.

Proof. Let G, H be as above and let the homogeneous metric g be induced by an
Ad(H )-invariant scalar product (-,-), on an Ad(H )-invariant complement p of b
in g. We assume that H is not a closed subgroup of G.
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We define a scalar product on § as follows:

(x,y)p 1= —trp (ad(x)|p o ad(y)lp) .

We claim, that (-, -)y is Ad(H )-invariant. This is seen as follows: By (h2) we have

(x,x)p = Y _lllx. el

for any orthonormal basis (eg,...,e,) of p. We need to show that for v # 0 the
right hand side is positive. If not, then a short computation shows that the kernel ¢
of (-,-)y is Ad(H )-invariant and [€, p] = 0. Hence, € is a nontrivial ideal of g, which
was excluded by (h3).

The Ad(H )-invariant scalar product (-,-), and (-,-), on h and p respectively,
induce an Ad(H )-invariant scalar product (-, -} on g by requiring (h, p) = 0. Notice
that for x € h ad(x) acts skew symmetrically on g with respect to this scalar product.

Let H denote the closure of H in G and let h denote its Lie algebra. Furthermore
let h denote the orthogonal complement of § in . Since (-,-) is Ad(H)-invariant
it is Ad(H )-invariant as well. Consequently, ad(X) acts skew symmetrically on g
for ¥ € ht.

We turn now to curvature computations. We denote by g the G-invariant metric
on G, which corresponds to (-,-) and by gy the H-invariant metric on H, which
corresponds to (-, ).

By Lemma 2.1 of [32], for X € b+ we have Ricg; (¥, X) > Oand Ricg, (X, X) =0
if and only if (x,[v,w]) = O for all v,w € g. Using the O’Neill formula
for the Riemannian submersion (H,gy) — (G,gg) — (G/H,g) with totally
geodesic fibers (cf. [6], (9.36c), [6] 9.80 — this computation works also for locally
homogeneous spaces), we conclude that Ricg,; (¥,X) = 0, since Ricg = 0 by
assumption.

It follows that b~ L [g,g]. Let p denote the orthogonal complement of
in g. Then [g.h @ p] L b, that is h @ p is an ideal in g. As is well known
this ideal corresponds to a closed normal connected subgroup N of G, since G
is simply connected (cf. [38], p.81). Since N is closed and H C N we would
conclude H C N. This is of course a contradiction, meaning that H must have been
closed. O

It should be mentioned that Spiro’s result shows that any locally homogeneous
space with nonpositive Ricci curvature comes from a global homogeneous space.
Notice also that by [43] the space of globally homogeneous spaces is dense in the
space of locally homogeneous spaces.
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