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Ergodic properties of equilibrium measures for smooth three
dimensional flows
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Abstract. Let {T?} be a smooth flow with positive speed and positive topological entropy on
a compact smooth three dimensional manifold, and let u be an ergodic measure of maximal
entropy. We show that either {T*} is Bernoulli, or {T*} is isomorphic to the product of a
Bernoulli flow and a rotational flow. Applications are given to Reeb flows.
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1. Introduction and statement of main results

Introduction. In 1973, Ornstein and Weiss proved that the geodesic flow of a
compact smooth surface with constant negative curvature is Bernoulli with respect to
the Liouville measure [36]. Ratner extended this to variable negative curvature [43].
In the case of non-positive and non identically zero curvature, Pesin showed that
some ergodic component of the Liouville measure is open, dense, and Bernoulli
[39], [4, Thm 12.2.13]. It follows from his work that all other ergodic components
(if they exist) have zero entropy. Katok and Burns extended Pesin’s work to Reeb
flows [20]. Burns and Gerber proved that geodesic flows on certain surfaces with
some positive curvature (“Donnay’s examples”) are Bernoulli [11]. Hu, Pesin and
Talitskaya constructed smooth volume-preserving Bernoulli flows on every compact
manifold of dimension at least three [18].

Ratner’s work extends to general Anosov flows equipped with ergodic equilibrium
measures of Holder continuous potentials [43]. In this case the flow is either
Bernoulli, or isomorphic to a Bernoulli flow times a rotational flow (this happens in
the non-mixing case). Pesin’s work extends to all C !*¢ flows preserving an ergodic
hyperbolic measure whose conditional measures on the unstable manifolds are
absolutely continuous with respect to the induced Riemannian measure [21,27,32,38],
with the same modification in the non-mixing case.

*This work was partially supported by the Brin Fellowship and by the ERC award ERC-2009-StG
no. 239885.
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The measure of maximal entropy does not have absolutely continuous conditional
measures, except in special cases [19]. The purpose of this paper is to determine
the ergodic theoretic structure of this measure in the context of general smooth three
dimensional flows with positive topological entropy. Our methods also apply to
ergodic equilibrium measures of Holder potentials with positive entropy.

Basic definitions. Let (X, %, 1) be a Lebesgue probability space.

MEASURABLE FLow: A quadruple T = (X, %, u,{T"}) such that (z, x) — T'(x) is
measurable, and the time—t map (X, %, i, T") is probability preserving, V¢ € R.

EIGENFUNCTION: A non-constant measurable function f is an eigenfunction of T
(with eigenvalue e'®) if fora.e. x € X, f(T'x) = ¢'* f(x) forallt € R. Tis called
ergodic if 1 is not an eigenvalue, and weak-mixing if it has no eigenfunctions at all.

EnTtrROPY: The entropy of T is the entropy of the time—1 map 7T'!.

RoraTiONAL FLow: Given ¢ > 0, the rotational flow is T'(x) := x +1/c (mod 1) on
R/Z equipped with the Haar measure. c is called the period, and it is an invariant of
the flow since ¢ = min{r > 0: T* = Id}.

BerNouLLl FLow: T is called Bernoulli if T' is a Bernoulli automorphism. T is
called Bernoulli up to a period if T is Bernoulli, or if T is isomorphic to the product
of a Bernoulli flow and a rotational flow.

If T is a Bernoulli flow then 77 is a Bernoulli automorphism, V¢ # 0 [33].
Entropy is a complete set of invariants for Bernoulli flows [34], and entropy and
period (if it exists) are a complete set of invariants for Bernoulli up to a period flows
since the Bernoulli term is determined by the entropy and the rotational term is the
Pinsker factor, see [52, Prop. 4.4].

Main results. Let M be a three dimensional compact C*° Riemannian manifold
without boundary, let 4 be its Borel o—algebra, let X : M — TM be a C ' ¢ vector
field on M such that X, # 0, Vp € M, let T be the flow on M generated by X, and
let ;« be a T—invariant probability measure.

EQUILIBRIUM MEASURE: W is an equilibrium measure of a potential F : M — R if
h(TYY+ [y Fdp = sup{hy,(T')+ [;, Fdv}, where sup ranges over all T-invariant
probability measures v. If F' = 0, then u is called a measure of maximal entropy.

Equilibrium measures always exist if X is C° and F is continuous [29].

Theorem 1.1. Under the above assumptions on M, X, T, every equilibrium measure
of a Hélder continuous potential has at most countably many ergodic components
with positive entropy. Each of them is Bernoulli up to a period.
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Periods can exist (e.g. for the constant suspension of an Anosov diffeomorphism),
but sometimes they can be discounted. Let {7*} be a Reeb flow on a compact smooth
three dimensional contact manifold M (see Section 7 for definitions). For example,
{T"} could be the geodesic flow of a surface, or the Hamiltonian flow of a system with
two degrees of freedom on a regular energy surface [1]. Katok and Burns showed
that every ergodic absolutely continuous invariant measure with positive entropy is
Bernoulli [20]. The following result covers other measures of interest, such as the
measures of maximal entropy.

Theorem 1.2. If T is a three dimensional Reeb flow, then every equilibrium measure
of a Holder continuous potential has at most countably many ergodic components
with positive entropy. Each of them is Bernoulli.

Corollary 1.3. Let S be a compact smooth orientable surface without boundary,
with nonpositive and non-identically zero curvature. Then the geodesic flow of S is
Bernoulli with respect to its (unique) measure of maximal entropy.

Proof. Let m be the invariant Liouville measure. By the curvature assumptions, m
has positive metric entropy, see for example [40, Corollary 3]. Hence the geodesic
flow has positive topological entropy. Also by the curvature assumptions, S is a rank
one manifold [3], therefore there is a unique measure of maximal entropy [24]. By
uniqueness, it is ergodic. By Theorem 1.2, it is Bernoulli. 0

The “geometric potential” J(x) := —%h:o log [|dT*|guy)ll and its scalar
multiples (see [8] and Section 8) are not directly covered by Theorems 1.1 and 1.2,
because they are not necessarily Holder continuous or even globally defined on M.
But our methods do apply to them and give the following:

Theorem 1.4. Under the assumptions of Theorem 1.1, every equilibrium measure
of tJ (t € R) has at most countably many ergodic components with positive entropy.
Each is Bernoulli up to a period. If T is a Reeb flow, each is Bernoulli.

Corollary 1.5. ([39, Thm 9.7]) Let S be a compact smooth orientable surface without
boundary, with nonpositive and non-identically zero curvature. Then the geodesic
flow of S is Bernoulli with respect to every positive entropy ergodic component of the
invariant Liouville measure. There are at most countably many such components.

Proof. The invariant Liouville measure is an equilibrium measure for the geometric
potential J(x), by the Pesin Entropy Formula and the Ruelle Entropy Inequality. It
has positive metric entropy, as shown in the proof of Corollary 1.3. O

Methodology. Our approach is similar to that of [43,44]: First we code the flow as
a topological Markov flow (Holder suspension of a topological Markov shift), and
then we analyze equilibrium measures for the symbolic model. The first step was
done in [28]. The second step is the subject of the present work.
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The ergodic behavior of equilibrium measures on topological Markov flows
depends on the height function r. If r is cohomologous to a function taking values in
a discrete subgroup, then one can choose a coding with constant height function, and
deduce that the flow is isomorphic to the product of a Bernoulli flow and a rotational
flow. If r is not cohomologous to a function taking values in a discrete subgroup, then
one can exhibit a generating sequence of very weak Bernoulli partitions as in [36,43],
and conclude that the flow is Bernoulli. An important step in the proof of the very
weak Bernoulli property is to prove the K property. This is done using the method
of Gurevic [17].

In Ratner’s case the flow is Anosov, and the symbolic flow is a suspension over
a topological Markov shift with finite alphabet [42]. In our case the flow is a
general C! ¢ flow on a three dimensional manifold, and the topological Markov shift
has countable alphabet [28]. The thermodynamic formalism for countable Markov
shifts [12] provides us with the local product structure we need to implement the
ideas of [17,36,43,44].

The paper is divided into two parts. The first contains the analysis of topological
Markov flows. The second contains the application to smooth flows, and in particular
to Reeb flows and geodesic flows.

Part 1. Topological Markov flows

2. Topological Markov flows

Topological Markov shifts (TMS). Let¥ be a directed graph with countable set of
vertices V. We write v — w if there is an edge from v to w. We assume throughout
that for every v there are u, w such that u — v, v — w, and that ¢ is not a cycle.

ToporLoagicaL Markov sHIFT (TMS): The topological Markov shift (TMS) associated
to ¢ is the discrete-time topological dynamical system o : ¥ — X where

Y =3(9Y) :={pathson Y} = {{v; }iez : Vi = viy1, Vi € Z},

and o : {v;}iez H> {Vit1}iez is the left shift.

Points in ¥ will be denoted by x = {x;}iez. The topology of ¥ is given by
the metric d(x, y) := exp[—min{|n| : x,, # y,}]. The Borel g-algebra A(X) is
generated by the cylinders

mlao,....an—1]:={x € X : xj4m =a; foralli =0,...,n—1}.

The index m denotes the left-most coordinate of the constraint. If it is zero, we will
simply write [a] := ¢[a]. The parameter n is called the length of the cylinder, also
denoted by |a|. A cylinder is non-empty iff ag — --- — a,—; is a path on ¢. In this
case we call the word a admissible.
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Forx € Tandi < j inZ, letx] = (xj,...,x;), x% = (xi, Xi41....), and
xXLoo = (o, Xio1, Xg).

A TMS is topologically transitive iff for every u, v € V there is a finite path on ¢
from u to v. It is topologically mixing iff for every u,v € V there is N = N(u, v)
such that for every n > N (u, v) there is a path of length n on ¢ from u to v.

Every ergodic o—invariant probability measure on ¥ is carried by a topologically
transitive TMS inside . If the measure is mixing, then the TMS is topologically
mixing.

Every topologically transitive TMS has a spectral decomposition ¥ = L—fjf’ :_01 pIF
where each ¥; is the union of cylinders of length one at the zeroth position,
o? . ¥; — % is topologically conjugate to a topologically mixing TMS for every i,
and o (%;) = EH—l(mod D) [23].

Topological Markov flows (TMF). Letr : ¥ — R™ be Holder continuous, bounded
away from zero and infinity, and let 3, := {(x,¢) : x € 3,0 <1t < r(x)}.

ToporLocicaL Markov FLow (TMF): The topological Markov flow (TMF) with roof
function r and basis 0 : ¥ — X is the flow {0} on X, which increases the ¢
coordinate at unit speed subject to the identifications (x, r(x)) ~ (o(x), 0).

Formally, o is defined as o/ (x,t) := (0" (x).t + © — rp(x)) for the unique

n € Zsuchthat 0 <t 4+ v — rp(x) < r(0"(x)) where ry, is the n—th Birkhoff sum.
Recallthatr, :=r +roo +---4+roc” ! forn > 1, and that there is a unique way
to extend the definition to n < 0 so that the cocycle identity ry+n = rn + 1 0 0"

holds for all m,n € Z. Itis given by ro := 0 and ry, := —r},| o o~ "l forn < 0. The
cocycle identity guarantees that 7' T2 = ¢! 0 6,2 forall 71, 72 € R.

A TMF is topologically transitive iff its basis is a topologically transitive
TMS, but the same is not true for topological mixing. For instance, if the roof
function is constant then the TMF is never topologically mixing. By the spectral
decomposition [23], every TMF whose basis is a topologically transitive TMS can be
recoded as a TMF whose basis is a topologically mixing TMS. Just replace X by X
and r by r,. Let u be a o,—invariant probability measure on X;.

Inpucep MEASURE: The induced measure of w is the unique o—invariant probability

measure v on ¥ such that u = + — [5 for(x) Se.ndtdv(x).

Above, § denotes the Dirac measure. A o,—invariant measure is ergodic iff its
induced measure is. Every ergodic o,—invariant measure on %, is carried by a TMF
whose basis is a topologically transitive TMS.

Bowen-Walters Metric [9]. This is a metric which makes o, : X, — X,
continuous. Suppose first that = 1 (constant suspension).
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Let ¥ : ¥; — X; be the suspension flow, and introduce the following
terminology:

o Horizontal segments: Ordered pairs [z, w], € X1 x X where z = (x,¢) and
w = (y,t) have the same height 0 < ¢t < 1. The length of a horizontal segment
[z, w]y, is defined as £([z, w]p) := (1 —t)d(x, y) + td(o(x),0(y)).

o Vertical segments: Ordered pairs [z, w], € X1 X X1 where w = ¥'(z) for
some ¢. The length of a vertical segment [z, w]y is £([z, w]y) := min{|¢| > O :

w = y'(z)}.
to 131 h—2 th—1

o Basicpathsfromztow: y :=(zp =z —> 2] =+ —> Zp_1 —> Z = W)
with t; € {h, v} such that [z;_1, z;];,_, is a horizontal segment if #;_; = h, and
. . -1
a vertical segment if 7;_; = v. Define £(y) := > j—o £([zi, Zi+1]s;)-

BoweN—WALTERS METRIC ON X1: di(z,w) := inf{{(y)} where y ranges over all
basic paths from z to w.

Next we consider the general case r # 1. The idea is to use a canonical bijection
from X, to ¥; and declare it to be an isometry.

BowEN—WALTERS METRICON X, dr(z, w) := d1(3,(2), ¥r(w)), where ¥, : X — 3
is given by ¥, (x,t) := (x,t/r(x)).

Lemma 2.1 ([9,28)). d, is a metric, and af : Xy — X, is continuous with respect
1o dr. Moreover, (t, x) > ol(x) is Holder continuous on [—1, 1] x X.

Roof functions independent of the past or future. We say that r : ¥ — R is
independent of the past if r(x) = f(x¢,x1,...) for some function f, and it is
independent of the future if r(x) = g(...,x_1, xo) for some function g (note that
we allow dependence on the zeroth coordinate). The next lemma is an adaptation
of [43, Lemma 2]. Let o, : £, — X, be a TMF and u be an ergodic o,—invariant
probability measure.

Lemma 2.2. (X, 0, i) is isomorphic to a TMF with roof function independent of
the past, and to a TMF with roof function independent of the future.

Proof. Let us prove the first statement (the second is proved similarly). If u is
supported on a periodic orbit, then every function is independent of the past on the
support of ;. Henceforth we assume that u does not sit on a periodic orbit.

It is well known that there is a bounded continuous function 4% : ¥ — R such
that r* := r —h® + h® oo is bounded, Holder continuous and independent of the past.
Proofs for ¥ = X (%) with ¢ finite can be found in [6,51]. As noted in [14], these
proofs extend without much difficulty to the case where ¢ is countable. Since the r*
produced by the proofs may take negative values, we now explain how to change r
and /% to have r¥ > 0.

Claim. [t is possible to change r, h® such that 0 < h’ < %r. In particular r* > 0.
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Proof. Since h® is bounded, we can add a large constant to get a new h° that is
positive. The other inequality is more complicated. Let ¢ = sup(h®) < oo, and take
no € Nwith ¢ < %no inf(r). Let v be the induced measure of x. Since p is ergodic
and does not sit on a periodic orbit, v is non-atomic, hence there is a cylinder [b]
such that 0 < v[b] < %. Let gp(x) = inf{n > 1 : 0"(x) € [b]}. By the Kac
formula, @ fM] @pdv > ng. Thus there exists an admissible word a = b £ b such
that v[a] > 0 and @p 41> 0.

Recode the flow using the Poincaré section [a] x {0} to obtain a suspension flow
with basis 0%« : [a] — [a] and roof function R = r,,, where ¢,(x) = inf{n > 1:
0™ (x) € [a]}. The map 6% : [a] — [a] admits a countable Markov partition

S:=1la.§.al: ¢a Maga= lal + E[}\ 12}

Coding with S, 0%« : [a] — [a] becomes a TMS, therefore the suspension flow is a
TMEF. Under this new coding, R®* := R — h® 4+ h® o 0%2 is independent of the past
and Holder continuous. Note that ¢, > ¢p > ng = inf R > nginf(r) > 2¢ =
hs < 1R,

2

Henceforth we assume, without loss of generality, that 0 < A* < %r for the
original flow. Then r* is bounded, positive and uniformly bounded away from zero.
This allows us form the TMF o,s : ¥X,s — X,s. This TMF is isomorphic to
o, . X, — X, via the conjugacy
(x, & =h*(x)), if £ > A% (x)

e [ O N S B T O N T Y )

which recodes X, using the Poincaré section {(x, h*(x)) : x € X}. O

Strong manifolds and the Bowen-Marcus Cocycles [7]. The strong stable and
strong unstable manifolds of (x,t) are:

o W (x,1) 1= {(3,9) : dr(0F (x.1), 0 (1, 5)) —= O}
o WH(x,1) = {(y,8) 1 dr(0; 7 (x,1), 077 (7,5)) ——=> O}.

These are not manifolds, but they play the same role as their smooth analogues in
hyperbolic dynamics.

To calculate W55, W% we make the following definitions. Assume x is not
pre-periodic (i.e. there are no m, n such that x,; or x”  is a periodic sequence). Let

W% (x):={y € £ : Im,n such that y,° = x:°}
and define P*(x,-) : W¥5(x) —> R by
PP(x,y) == lim [rpikc(y) = e (x)]
k—00

for some (every) m, n such that y>° = x°.
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Similarly, let
W¥"(x) :={y € £ :3m,n such that y” | = x" __},
and set P¥(x,-): W**(x) — R by
Pi(x.y) = lim [ (y) = raic (1))

for some (every) m, n such that y™ = x" .

These definitions are independent of the choice of m, n, because in the non-pre-
periodic case any two possible pairs (m, n), (m’,n’) satisfym’ = m+ko,n’ = n+kg
for some ko € Z. The limits which define P (-, -) exist because they are the limits of
the partial sums of the series

rm(y) = r(x) + Y _[r(6" () = r(@"T*(x))] (t =1
k=0

or rm(y) = ra(x) = D _[r (@™ () = r(@" ()] (r =),
k=1

Since r is Holder continuous, the summands decay exponentially fast, and these
series converge. Define W¥loc(x) = {y € X : y0® = x0°} and W¥loc(x) =
{yeX:y—o0® = x—00"}.
Lemma 2.3 ([7]). Suppose x is not pre-periodic, then for t = s, u it holds:
(1) BoweEN-MARCUS CONDITION: (y,s) € W5 (x,t) iffy € W¥(x) and s —t =
PE(x,y).
(2) Surrr pENTITY: PP(0X,0)) — P*(x,y) = r(x) — r(y) wherever defined.
(3) CocycLE EQuATION: For all y,z € W% (x), P%(x,y) + P*(y,z) =
P%(x,2). In particular, P*(x,x) = 0and P*(x,y) = —P%(y, x).
(4) HOLDER PROPERTY: There are C > 0, 0 < a < 1 such that |P*(x, y)|
Cd(x,y)* forall y € W (x).

Ps(-,-), P%(-,-) are called the Bowen-Marcus cocycles.

IA

3. Equilibrium measures for topological Markov flows

Equilibrium measures. Let o, : ¥, — X, be a TMF, and let ® : ¥, — R be
bounded and continuous. The (variational) topological pressure of ® is

Piop(®P) := sup {hu (o} + / ®dp : p is op—invariant Borel probability measure .

EqQuiLiBRIUM MEASURE: W is called an equilibrium measure (for the potential ® and
the flow {0, }) if h,, (o)) + [ @dp = Pop(P).
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In this section, we will describe the equilibrium measures when X is topologically
mixing, ® is bounded and Holder continuous, and P,(®) < oo. Instead of
describing them directly, we describe the one-sided version of their induced measures.
Let i be a gr—invariant probability measure, and let v be its induced measure, a
o—invariant. v is a g—invariant probability measure on .

ONE-sIDED TMS: Let 5 : x € X +— (xg,Xx1,...). The one-sided TMS is the
discrete-time topological dynamical system oy : £° — X* where

¥ ={ms(x): x € T}
and oy : {X;}i>0 = {Xi+1}i>o0 is the one-sided left shift.

ONE-SIDED VERSION OF V: The one-sided version of v is the probability measure
v¥ :=vom; ! Itis a o,~invariant probability measure on *.

The probability measure v* determines v since v oo~}

Here is the description of v*.

= v, and v determines u.

Theorem 3.1. Leto, : ¥, — 3, be atopologically transitive TMF and ® : ¥, — R
be bounded and Holder continuous with P,(P) < 0o. Let p be an equilibrium
measure for ®, and v its induced measure. Then the one-sided version of v has the
form vS = h*ES, where:

(1) h* is a positive function on X5, and £° is a positive measure on °.
(2) There is ¢*° : £° — R bounded Hélder continuous with Py,(¢*) < oo such

that Lh® = Ah® and L*E° = A&°, where A = exp|Piwp(¢®)] and L is the

Ruelle operator of ¢°, (Lf)(X5) = Y. ye)mxse xPI6° (7§ (45°) for
all f X5 > R

3) )= li)m é’sl[g] " (L" 11q)) (x) for every cylinder [a] and x € T°.
n—>oo
(4) logh® is uniformly Hélder continuous on cylinders of length one at the zeroth
position.

(5) V¥ is ergodic.

Proof. Bowen and Ruelle proved the theorem in [8] for TMF built from finite
graphs, using Ruelle’s Perron—Frobenius Theorem [6,25,48]. Since Ruelle’s Perron—
Frobenius Theorem is false for general infinite graphs, we sketch the modifications
needed to treat our case.

Claim 1. v is an equilibrium measure for ¢(x) := for(x) ®(x,1)dt — Piop(P)r(x).
The function ¢ : ¥ — R is bounded Hélder continuous with Py,p(¢) = 0.
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Proof of Claim 1. This is proved exactly as in [8]. The function ¢ is clearly bounded
and Holder continuous. By the Abramov entropy formula [2], 2, (0,) = fr%hv (0).
Hence
(@) + [ [0 ™ ®(x, )dtdv(x)
[rdv

with equality iff p is an equilibrium measure for ®. This can be rewritten as
hy(0) + [x ¢(x)dv(x) < 0, with equality iff v is an equilibrium measure for ¢.
Therefore Piop(¢) = 0, and p is an equilibrium measure for @ iff its induced
measure v is an equilibrium measure for ¢.

=< Ptop(q))s

Claim 2. The measure v is an equilibrium measure for a bounded Holder continuous
potential that is independent of the past and has zero pressure.

Proof of Claim 2. By [6, 14,51] there is a bounded Holder continuous function v :
¥ — R such that ¢ + v —v oo is independent of the past. Since [(v—voo)dm =0
for every o—invariant probability measure m, Pip(¢p +v —v o0 0) = Piop(¢) = 0.

Now we proceed to the proof of Theorem 3.1. By Claims 1-2, there is
¢°® : ¥°* — R bounded Holder continuous such that ¢* oy = ¢ + v — v o 0,
v is an equilibrium measure for ¢° o 7y, and Piop(¢* o ) = 0. We want to conclude
that v* is an equilibrium measure for ¢*, and that Py, (¢*) = 0.

If v is a o—invariant probability measure then (X, v, o) is the natural extension
of (X%,v%, 05). Conversely, if v¥ is a os—invariant probability measure then it is the
one-sided version of some o—invariant probability measure v (its natural extension).
Since natural extensions preserve entropy, Piop(¢°) = Piop(¢p® o) = 0,and v is an
equilibrium measure for ¢* o 7y iff v* is an equilibrium measure for ¢°.

The structure of equilibrium measures for Holder continuous potentials on one-
sided TMS was determined in [12]. There it is shown that if ¥* is topologically
mixing (a consequence of the topological mixing of ), then ¢* is positive recurrent
in the sense of [49], and parts (1)—(3) of the theorem hold. Also, if the equilibrium
measure exists then it is unique [12, Thm 1.1], and this gives part (5). Part (4) follows
from part (3) and the boundedness and Holder continuity of ¢*. O

Corollary 3.2. Suppose X, is a topologically transitive TMF, and ® is a bounded
Holder continuous potential with finite pressure. Then ® has at most one equilibrium
measure and if this measure exists then it is ergodic.

Proof. By Theorem 3.1, v*® is ergodic. Therefore its natural extension v is ergodic.
If the induced measure is ergodic, then the original measure is ergodic. It follows that
every equilibrium measure is ergodic. This implies that the equilibrium measure is
unique: if there were two equilibrium measures, then their average would have been
a non-ergodic equilibrium measure. O
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Conditional measures of the induced measure. Theorem 3.1 can be used to
construct the conditional measures v(-|x3°) for all, rather than almost all, x € X°.
The basic tool is the g—function of v. This is the function g : £¥ — R given by

. e?" h’ o
£ oo d(vs o oy)

The reader can check that g > 0 and Zas(yOO)=x(c)>o g(»¢°) =1, whence 0 < g < 1.
Thus g is a g—function in the sense of [23]. The function log g is bounded and
uniformly Holder continuous on cylinders of length two, since ¢*, log #* are bounded
and uniformly Holder continuous on cylinders of length one at the zeroth position.

Theorem 3.3 ([26]). Let v, v¥, L as in Theorem 3.1.
(1) I f € LY0*) then Eys (f[x3%) = Ty ys0ymve 800 S(5°) vi—de.

(2) v¥(xolx1,x2,...) := lim v([xo]|1[x1,...,xk]) = g(x5°) V¥i-a.e.
k—o00
3) klim V(cn[xX—n, ..., x=1]lo[x0, ..., Xk]) is equal v—a.e. to
—>00

V(Xp, s X1 |Xg0) 1= gn(x3) 1= g(xZ5)g (x5 4 p) - g (x27). 3.1

Proof. Part (1) follows from the equations v¥ = h%&*, Lh® = Ah*, L*&5 = A&S
as in [26]. Part (2) follows from part (1) and the martingale convergence theorem.
Part (3) follows from part (2) and the invariance of v. ]

One should view (3.1) as a consistent set of equations which determine the
conditional probability measure v(-|x§°) on W3 (x), by specifying the weights these
measures give to cylinders. Consistency follows from ng(ng):xgo g(y®) = L
Henceforth, we define v(-|x{°) as follows.

MEASURE v (:|xg°): v(:|xg°) is the unique probability measure on W,
v(a|xg®) := gn(axg®) for all admissible words a of length n.

5.(x) such that
Lemma 3.4. Let v be as in Theorem 3.1. If ¥, is topologically transitive and %, is
not a union of cycles, then v(:|xg°) is non-atomic for v—a.e. x € X.

Proof. Since X, is topologically transitive and X, is not a union of cycles, the same
is true for X. In particular there is a state » with in-degree at least two. Fix one such
edge a — b. Since Zas(z(c)’°)=y8° g(zg°) = 1, we have g(z) < 1 for every z € ¥°
such that (zg,z1) = (a,b). By the Holder continuity of log g, we can find a word
w = (a,b,by,...,by) such that g ;< 1. By (3.1), v({z}|x§°) = 0 whenever
zeZ ={zeX: Z,'ZHM_I = w for infinitely many n < 0}. The conclusion is
that v(-|x§°) is non-atomic for every x3° such that v(Z|xg°) = 1.

Let us show that this last condition is true v—a.e. By Theorem 3.1, v is ergodic
and positive on cylinders, hence v(Z) = 1,ie. [v(Z|x§)dv(x) = v(Z) = 1, so
v(Z|x§°) = 1forv-ae. x € X. O
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Local product structure of the induced measure. Leto : ¥ — X be a TMS. The
following definitions are motivated by smooth ergodic theory, see e.g. [4]:

o Wi (x):={y e X:d(0"(x),0"(y)) —— 0}
n—>o0
= {y € X :3dn such that y;° = x°}.
o WH(x) :=1{y € £:d(0"(x),0"(y)) ——— 0}
n—>—oo
= {y € ¥ : In such that y" = x" _}.
o () :=={y € Z:y5° = x5°}.

o Wh(x):={yeX:y° =x°_}

(¢]

SMALE BRACKET OF POINTS: Let x, y € ¥ with x9 = yo. The Smale bracket of x, y
is [x,y] := z where z; = x; fori <0Oandz; = y; fori > 0.

If xo = yo = v, then

[Wioe (X), Wige )] = {[x", y'T : x" € Wig (%), y" € Wige ()}
=]={z€X:z0 =0}

We can also consider the Smale products of measures. Let o3, ,BJ’f be finite measures
on Wi (x), Wi (1), respectively.

SMALE BRACKET OF MEASUREs: The Smale bracket of ay., B} is a finite measure on
[Wize(x), Wige ()] = [v] defined by

(ay * BY)E) = / / 1g([x', y'Dday (x")dBy(y'), (E Borel measurable).
Wige () Wise(x)
The Smale product produces measures on X out of measures on W3 (x), W.(»).
We can also produce measures on W3 (x), WX () from measures on 2. Let:
o px t[¥ol = Wige(x), p3() = [, x].
o Py [xo] = Wige(x), px() = [x,].

. . ; N u
ProsectioN MEASUREs: The projections of v on W3 (x), Wi (y) are

vi:=vo(ps)~l, ameasure on W3 (x),

u . uy—1 u 3.2)
vy i=vo(py)~, ameasureon Wg (y).

Note that for t = u, s:

o vy = vy iff Wi (x) = Wiso ().

o v = (vyop}) Mwzx) Whenever xo = yo.
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LocAL PRODUCT STRUCTURE: V is said to have local product structure if for every

x,y € X such that xo = yo = v we have vy x Vi ~ v [[y).

Theorem 3.5. Let p be an equilibrium measure of a bounded Holder continuous
potential with finite pressure on a topologically transitive TMF, and let v be its
induced measure. Then v is globally supported, and v has local product structure.

Proof. Let 0 : ¥ — X be the associated TMS, and let ¢ be a directed graph
associated to X. Since the TMF is topologically transitive, ¢ : ¥ — X is
topologically transitive, hence any two vertices on ¢ can be joined by a path.

Claim. Every non-empty cylinder on ¥ has positive v—measure, and for every
edge v — w there is a constant Cyy, > 1 such that if m < 0,n > 0 and
mVms ..., o] # @, then

C—l < V(m[vmw-wvn]) < Cvovl.

YO = Yy (mlvm, ..., vo])v(o[vo, ... un]) —

Proof of the claim. Let v® be the one-sided version of v. Theorem 3.1 implies, as
in [50, Corollary 3.2], the existence of constants K, Dy > 0 such that

— US([a()y--'aan—l’bO"--7bk—1])

@ K,' < < K,,_, foralla, b such that
=1 = ps(lag, ... ,an—1))v*([bo, ... .br_1]) n—1

la. b] # 2,

. v¥([bo, ..., bx—-1])

(®) D, py = > (@ Do et) < D,,_,b, Whenever [a,_1,b] # @.

By (a)—(b), there are constants C,,, such that for all ¢, b with [a, b] # @ we have:

—1 < US([a(),...,an_l,b(),...,bk_l]) < C
an=10 = 35 ([ag, - s an1])V* ([@n—1, Do, - - - bg_]) — “n=1b0°

Substituting a = (v, ..., v0),b = (v1,..., V) gives the claim.

By the claim, if E is a cylinder contained in [v, w] and x, y € [v] then:

Cow X (V3 % V) (E) < V(E) < Cyy X (v % VY)(E). (3.3)
The collection of cylinders £ C [v, w] satisfying (3.3) is closed under increasing
unions and decreasing intersections. By the monotone class theorem, (3.3) holds for
every Borel set E C [v, w], whence vy * v ~ v [y O
Corollary 3.6. Let v be as in the previous theorem. If E C X is Boreland v(E) = 0,
then vi(E) = v¥(E) = 0 for v—-a.e. x.
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Proof. Let Qy := {x € ¥ : xo = v and vy (E) > 0}, and assume by contradiction
that v(£2,) > 0 for some v. Since v has local product structure, if x, y € [v] then:

/ f Loy (06 ¥ DV (v (') > 0,
WL () J WS (x)

loc

Note that [x, y'] € Q, & Vi (E) > 0 <:> V(E) >0« y €y (<:> is
because v[x/ n = ,) Hence lg (Ix",y = lg (y’). Calculating the double
integral, we find that v”[Q i [Wiee(x)] > 0 = vi[Q,] > 0. We use this to get a
contradiction.

Let y’ € Q,. Using that vy, = (V3 0 pY) Mwg, > We have

0 < v (E) = (vy o pOLE N W (0] = vidx" € Wi (x) - [¥', y'] € E}

_ / e (' YD dvE ().
W00

Since v;/ [R2,] > 0, if we integrate this inequality we obtain

thus (v * VF)(E) > 0. Since v has local product structure, this gives that v(E) > 0,
a contradiction. We have just proved that v[2,] = O for every vertex v, whence
vy(E) = 0 for v—a.e. x. By symmetry, v¥(E) = 0 for v-a.e. x. O

4. The Pinsker factor of a topological Markov flow

Review of general theory. Let (X, %, u, T) be an automorphism, i.e. (X, A, i)
is a non-atomic Lebesgue probability space and T is an invertible transformation
preserving u. Given E € B, letag ={E, X \ E}.

PINSKER FACTOR: E € 2 is called a Pinsker set if h,(T,ag) = 0. The Pinsker
o-algebra is P (T) := {E € % : E is aPinskerset}. (X, Z(T),u,T) is called
the Pinsker factor of (X, #,u, T).

The o-algebra &(T) is T—invariant [41], hence (X, Z(T), 1, T) is indeed a
factor. (X, #(T), u, T) has zero entropy, and if &/ C % such that (X, o7, u, T) is
a factor of zero entropy then &/ C (T) modulo w. Therefore (X, Z(T), u, T) is
the largest factor of (X, %, u, T') with zero entropy.

COMPLETELY POSITIVE ENTROPY: (X, A, u,T) is said to have completely positive
entropy if it has a trivial Pinsker factor, i.e. if 2(T) = {&, X } modulo pu.
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Note that (X, %, u, T) has completely positive entropy iff all of its non-trivial
factors have positive entropy.

TaIL 0—ALGEBRA: Given a o—algebra .o/ C % with T~/ C o7, the tail c—algebra
of & is Taill(&/) 1= [, T "

K properTY: (X, A, 1, T) has the K property if there is a c—algebra &/ C % such
that:

(@ T 'o Cc A,

w .
(b) T'o/ = % modulo u,
i=0

(¢) Tail(«/) = {@, X} modulo .

Theorem 4.1 (Rokhlin & Sinai [46]). (X, %, u,T) has the K property iff it has
completely positive entropy.

The K property is stronger than mixing. It implies continuous Lebesgue
spectrum [45], and the mixing property below, called K-mixing, see [13, §10.8].
Write 6—a.e. when a property holds for a set of atoms with total measure > 1 — 4.

Theorem 4.2. Let (X, B, i, T) be an automorphism with the K property, B € 2,
and B a finite measurable partition of X. Then for every § > 0 there is Ny =
No(B, ) such that for all N' > N > Ny and 6—a.e. A € \/IICV;N T*B it holds
|n(B|A) — uw(B)| < 8.

Now let T = (X, B, u,{T"}) be a flow. It is known that h,(T") = |t|h,(T")
and Z(T') = P(T'), ¥t # 0[2,17]. The Pinsker o—algebra of T is defined as
P(TY). Tis said to have completely positive entropy if its Pinsker factor is trivial
iff 3t # 0 such that (X, %, u, T?) is an automorphism with completely positive
entropy. T is said to have the K property if (X, %, i, T') is an automorphism with
the K property iff 3¢ # 0 such that (X, %4, u, T?) is an automorphism with the K
property. T has the K property iff it has completely positive entropy, and is in this
case K-mixing [13]. The next theorem is a tool for proving the K property. Given
a o—algebra &7 with T™'.o/ C o/, Vt > 0, let Tail(&/) := (| T~'< be the tail

>0

o—algebra of < .

Theorem 4.3 (Rokhlin & Sinai [46]). Let T = (X, B, u,{T"'}) be a flow, and let
o C B be a o—algebra such that:

() T'o C &, ¥t >0,
(b) V T'of = P modulo .

t>0

Then Z(T) C Tail(«?) modulo .
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An upper bound for the Pinsker factor ofa TMF. We now construct c—algebras as
in Theorem 4.3 for a topologically transitive TMF. The construction follows [17,44].

Let 0, : X, — X, be a topologically transitive TMF. By Lemma 2.2,
oy . Xy — X, isisomorphic to a TMF g,s : X,s — X,s such that r* is independent
of the past. Let U5 : X, — X,s be the isomorphism, ¥ o 0} = ol o ¥y, VI € R.

Points in s will be decorated by over bars as in (X, §).
Given (x,§) € Z,, let (x, ) := U5(x, ) and define
Wit (x.§) 1= 97 H(3.§) € Tps 1 75 = To7h
Any two such sets are either equal or disjoint, hence {W;3(x,&)} is a partition
of ¥,. Let #,5; be the o—algebra generated by {W,33(x,§)}. #,3 is generated by
the countable collection of sets ¥; H{(7,£) € Z,s : 70N_1 =a,§ € (a, B)} where
N € N, a is an admissible word of length N, and «, 8 € Q.
Using that r* is independent of the past and that 9 o 0% = o’ o ¥, one shows:
@ o7 W] C W3, Ve > 0,
() Vysp 01145 = 2 modulo .
Let /5% := Tail(#;3%). By Theorem 4.3, #(o,) C #* modulo pu.

Next we work with an isomorphism ¢, : ¥, — X,« where r* is independent
of the future and ¥, o o} = o’, o ¥y, YVt € R. Denoting points in X, also as

(%, &) := Oy (x, §), we can define for each (x, £) € =, the set

WSk (x.8) := 0,47 8) : 700 = X000}

sSu

and %5 as the o—algebra generated by the partition {WS¥(x,£)}. Similarly,

loc

ol W3¢ € #sE, Ve > 0, and \/,. o0, [#3¥] = 2 modulo p. Let #°% :=

loc loc loc

Tail(#;5*). Applying Theorem 4.3 to the inverse flow {o,’} and using that it has

the same Pinsker o—algebra as {o!}, we find that #(0,) C #** modulo p. We just
proved:

Theorem 4.4 ([17,44]). Let 06, : X, — X, be a TMF, and let | be an ergodic
or—invariant probability measure, not supported on a single orbit. Then % (0,) C
WS O WM modulo .

Corollary 4.5. Let o, : ¥, — X, be a TMF, and let 1 be an ergodic or—invariant
probability measure, not supported on a single orbit. If f : X, — R is
P (0r)—-measurable, then there is a set X of full u—measure such that for every

(x,8),(y,n) € X:
(D) If (y,n) € W(x,§) then f(x,§) = f(y,n).
(2) If (y.n) € W(x,§) then f(x,8) = f(y,n).

Proof. Recall the definitions of W*¥(x, £) and W*%(x, &) on page 71. We prove (1),
and leave (2) to the reader. It is enough to prove this for f = 1g where E € & (o).
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Since Z(0,) C #'*5 = Tail(#;55), there is a sequence of sets E; € o, (#,5%) such
that wW(EAE;) = 0. Theset X := X, \[(Uj>1 EAE;)U{(x,§) : x is pre-periodic}]
has full —measure.

If (x.£). (7.n) € X with (y.7) € W™ (x,£). then of(y. 1) € W& (0} (x. §)) fort
large enough. In particular, this holds for some t = i € N. We want to show that
(x,&) € E & (y,n) € E. By symmetry, itis enough that (x,§) € E = (y,n) € E.

Let (x,£) € E. Then (x,§)¢EAE; = (x,§)€E; = ol (x,§)€0i(E;) eWsS

. ; ‘ loc *
The atom of #3{ which contains o (x,§) is W3 ((o}(x,§)), so al(y.n) €
! !

ngg((ai(x,g)) - Ui(Ei) = (y,n) € E; = (y,n) € E (= is because
(y.m) € X). O

The Pinsker factor in the non-arithmetic case. Let o : ¥ — X be a TMS. A
Holder continuous r : ¥ — R is called arithmetic, if there are 6 € R, 6 # 0, and
h: ¥ — S! Hélder continuous such that ¢!?" = h/hoo [16].

Theorem 4.6. Let o, : X, — X, be a topologically transitive TMF, and let . be an
equilibrium measure of a bounded Hoélder continuous function with finite pressure.
The following are equivalent:

(1) r is not arithmetic.
(2)  is weak mixing.
(3) w is mixing.
(4) W has the K property, whence a trivial Pinsker factor.
In particular, if one equilibrium measure of a bounded Holder continuous function

with finite pressure satisfies one of (2)—(4), then all equilibrium measures of bounded
Holder continuous functions with finite pressure satisfy all of (2)—(4).

If ¥ is a subshift of finite type, then the equivalences of (2)-(4) are due to
Ratner [44] (a special case was done before by Gurevich [17]), and (1) < (2) is due
to Parry and Pollicott [37, Prop. 6.2].

Proof. (4) = (3) by general theory, and (3) = (2) is obvious. (2) = (1) because
if e’ = h/hoo forsome 6 # 0and h : & — S continuous, then F(x,§) :=
e 79 n(x) satisfies F o 0! = ¢ F, V¢ € R. By the weak mixing assumption, F
is constant p—a.e., whence everywhere (equilibrium measures of Holder potentials
on a topologically transitive TMF are globally supported). Thus 6 = 0.

It remains to show that (1) = (4). We prove that if the Pinsker o—algebra is not
trivial then r is arithmetic. Assume that &(o,) is not trivial, and fix a bounded

Pinsker-measurable function F that is not constant pu—a.e. Let Fs := % f08 Fooldt.

Ll
Note that Fj ———: F, thus Fjy is not constant pu—a.e for any  small enough. Fix
§—0

one such § and let H := Fs. H is a bounded Pinsker-measurable function that is not
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constant u—a.e. for which the map 7 — (H o 0?)(x, §) is continuous, V(x, ) € Z,.
We will use H to prove that r is arithmetic. Let v be the induced measure of w.
Recall the definition of the cocycles P¥, P¥ (see Lemma 2.3) and the measures v}
on W (x) defined in (3.2).

Claim 1. There is a Borel set E C X of full v—measure such that:
(1) E is o—invariant and contains no pre-periodic points.

(2) Forevery (x,€),(y,n) suchthat x,y € E:

2.1) If (y.n) € W¥(x.§) then H(y.n) = H(x.§).
(2.2) If (y,n) € W (x,§) then H(y,n) = H(x,§).
(3) Foreveryx € E, vi(E°) =Vv¥(E°) =0.

Proof of Claim 1. Let Ey := {x € X : xisnotpre-periodic}. Eo has full
v—measure, since v is ergodic and globally supported. By Corollary 4.5, there is
X C %, of full p—measure such that (2) holds for all (x, &), (y,n) € X. Since u is
equivalent to v X d§,

={x € Ep: (x,§) € X for Lebesgue a.e. £ € [0,r(x))}

has full v—measure. We claim that E; satisfies (2).

We prove (2.1) and leave (2.2) to the reader. Since x,y € Ej, there is an open
neighborhood U C Rof Osuchthat (x,&+4t¢), (y,n+t) € X forLebesgueae. t € U.
Find —> Osuchthat (x, §+1¢), (v, n+1tx) € X. ByLemma2.3(1), (y, n+1t;) €

WSS (x, 5 —I— tk) therefore by the definition of X we have H(x,&+1;) = H(y,n+1x).
Passing to the limit, and using that 7 > (H o 0})(x,§) and t — (H o ol)(y, n) are
continuous, we conclude that H(x, &) = H(y,n).

Now consider E := (),cz 0" (E1). The set E, has full v—-measure and satisfies
(1)-(2) but not necessarily (3). We define E3, E4, ... by induction as

E,={xeE,_1: v(syk(x)(E;_l) = vzk(x)(Eﬁ_l) =0,Vk € Z}.

{E,} is a decreasing sequence of o—invariant sets of full v—measure each, by
Corollary 3.6, thus E := (72, E, is o—invariant set of full v—measure. The set E
satisfies (1)—(2) of the claim, since E C Ey N E. To see that it also satisfies (3), just
note thatif x € E and v = s, u then vI(E€) = vi({J,~3 ES) = limvI(ES) = 0.

CONSTRUCTION OF THE HOLONOMY GROUP: Recall the weak stable and weak unstable
manifolds of x € X:

o W¥S(x):={y :3m,n suchthat x3° = y>°}.
o W¥¥(x) :={y :3m,n suchthatx” = y" __}.
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The following constructions are motivated by [10]:

o su—path: A finite sequence of points y = (x°,...,x") in E such that x’ €

WwT (xi=1) for some 7; € {s,u}. If x® = x" = x, then y is called an su—loop
atx.

o Lift of su-path: Suppose 0 < 6 < r(x°). The lift of y = (x°,...,x")

at zo:= (x°,0) is (zo,....zn) C X, where z; = ofti(x',0), and
z; € WS%(z;—1), i = 1,...,n. The parameters #; are uniquely determined
by the Bowen-Marcus condition, see Lemma 2.3(1): tp := 0, t; = t;i_1 +
Pl (xi—l’ xi)'

o Weight of su—loop: P(y) =1, =Y 1, PT(x'"1, x%).

Forx € E,let G, :={P(y) : y isan su-loop at x}. We will show that there is
a closed subgroup G C R such that G, := G|, = G, Vx € E.

Horonomy Group: It is the closed subgroup G C R such that Gy = G for some
(all x € E.

We first show that Gx = ¢Z for some ¢ # 0 independent of x € E, and then use
this to prove that exp[% r] is a multiplicative coboundary.

Claim 2. There exists ¢ # 0 such that Gy = cZ, Vx € E.

Proof of Claim 2. We divide the proof into few steps. Fix x € E.

Step 1. G, Gy are additive subgroups of R, and G/ , \ = G, Gg(x) = Gy.

a(x)

Proof. It is enough to prove the claims for G/.. G is an additive group:

o G, + G, C G, because P(y1) + P(y2) = P(y1V y2) where y; V y» is the
concatenation of y; and y,.

o G}, 30, because P({x,x)) =0.
o G, = -G, because P((x",...,x%) = —P((x°....x")).

Now we show that G(’T(x) = G,. Lety = (x°,...,x™) be an su-loop at x, and
leto(y) := (0(x?),...,0(x")). By Lemma 2.3(2),

Pi(o(x'™Y,0(x)) — PE(x"" 1 x") = r(x™1) — r(x").

Summing this over i gives P(o(y)) — P(y) = r(x") —r(x%) = 0.

StEP 2. There is a closed subgroup G C R such that G, = G, Vx € E.
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Proof. We claim that x — G, is constant on E N [v], for every state v. Take
x,y € E N [v], and define myy : Wi (x) — WS.(y) by mtxy(-) = [, y]. 7xy is
measure-preserving:

1 1

— —1 — —1
V)Sconxy :vo(p)sc) Onxy :Vo(”xyop;)

=vo(py)~ =13,

E has full vi-measurein W} (x). Since ) is measure-preserving, .y [E N W3 (x)]
has full vj—measure in W5 .(y). Thus mxy[E N Wi.(x)] N E # &, therefore
dz € E N W3 (x) such that w := [z,y] € E N W3.(y). By the definition of
the Smale product, W% (z) = W (w). In summary, we found z € WJ.(x) N E,
we I/Vlgc(y) N E such that loc(z) loc(w)

Every element of G equals P(y) for some su—loop y at x. Consider the
concatenation Y’ := (y,w,z,x) V¥ V {x,z,w, y). This is an su-loop at y with
Py = P{y,w,z,x,z,w,y)) + P(y) = P(y). Since y is arbitrary, this gives
the inclusion Gx C Gy. By symmetry, Gx = Gy,.

We see that for every v, there is a group G, such that G, = G, Vx € E N [v].
Fix some state vg. Since o : ¥ — X is topologically transitive, for any state v there is
an admissible path v9 = a9 — --- — a, = v. The measure v is globally supported,
thus we cantake z € EN[a]. By Step 1, Gy, = G; = Gg(z) = -+ = Ggon(z) = Gy,

whence G, = Gy, for all vertices v. This proves Step 2.

SteP 3. G equals cZ for some ¢ € R.

Proof. G is a closed additive subgroup of R, so either G = R or G = ¢Z for some
¢ € R. We will show that if G = R then H is constant u—a.e., a contradiction.

We implement the classical Hopf argument. The key observation is that H is
constant on the intersection of the strong (un)stable manifolds of o, with E, thanks
to Claim 1(2). Suppose y = (x°,...,x") is an su—path, fix some 0 < 6 < r(x?),
and let (zo, .. .,Zn) C Er be the lift of y at zg := (x°,6). Since x' € E, we have
H(zp) = H(zy) = = H(zy,). In particular, if x € E and y is an su—loop at x,
then H(x,0) = (H ool M) (x,0).

If G = R then the set of weights P(y) is dense in R. Since 7 — (H o ol)(x, 0)
is continuous, H(x,0) = (H oo!)(x, ) forall # € R. This proves that H oo! = H
on {(x,0) € X, : x € E}. Using that u is ergodic (Corollary 3.2), we conclude
that H is constant y—a.e., a contradiction. Thus G = ¢Z for some ¢ € R.

Ster 4. ¢ # 0.

Proof. Suppose by contradiction that G = {0}. We will show thatr = U oo — U
for some U : ¥ — R continuous, and derive a contradiction. Recall the definitions
of W¥3(x), W;3.(x) on page 71. Fix x € E and define U on W¥S(x) N E by
U(y) P3(y, x). By Lemma 2.3(3),

Ue(y) —U(») = P(@(y),x) + P*(x,y) = P*(a(y),y) = r(»).
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Our plan is to show that W¥¥(x) N E is dense in X, and Uis uniformly continuous on
W¥S(x)N E. Thus the unique continuous extension to X satisfies U oo —U =r.

Proof that W¥S(x) N E is dense in X. Let C := _,[v_,,...,v,] be a non-empty
cylinder in ¥. Since 0 : ¥ — X is topologically transitive, there is an admissible
path v, = vy41 — -++ = V1 — Xo. Now proceed as follows:

o Pick some w € C, and define y by y" = w” , yﬁilf = (Un+41>--+>Untk)s

Votk+1 = %o - Then y € W¥¥(x) N C, and there are integers £,m > n such
that 6™ (y) € ngc(ae(x)) N o™(C), whence 6™ (C) N [x¢] # @.

o Necessarily v7, (0™ C) = v[(piz(x))_l(amC)] = v(a™(C) N [x¢]). Since
v is globally supported, v’, - (c™C) > 0.

o Since E is o—invariant and x € E, 0*(x) € E and vée(x) (c™(C)NE)#DO.

is supported on W;%_(0*(x)), thus W$_(c*(x)) N 6™ (C) N E # @.

o v;e(x)
o Therefore W¥(x) NENC 2 G_m[ngc(oe(x)) Na™(C)NE] # @.
We see that W¥*9(x) N E intersects every non-empty cylinder C in X.
Proof that U is uniformly continuous on W**(x) N E. Fix y,z € W% (x) N E
such that y # z and yo = zo. We construct y! € W;.(y) N E such that
Q) z':=[ylz] e W¥S(x)NE,
(i) d(z,z') <d(y.z) and d(z',y") < d(z, ),
(iii) d(y.y") = 3d(y.2).

ZC Wu)S(x)

y y

Figure 1.

Here is how to do this. First, find z! € W;$.(z) N E arbitrarily close to z such that
y'i=[z'.y] € W3.(») N E. Such points exist because v§(E€) = 0, v$(E°) = 0,
v has full support in W;3.(2), and v; = vy o 2y for 7z, (-) = [-, y]. Automatically
z! = [y',z], and if z! is close enough to z, then d(z!,z) < d(z, y) and d(z', y) =
d(z,y) (the first place where z!, y disagree is the first place where z, y disagree).
Since y! = [z!,y], d(z!, y') < d(z',y) = d(z, y), proving (ii). Part (iii) follows

from (ii) and the triangle inequality.
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Lety = (y,z!, y!,y). Using that y € E and G = {0}, we have
P*(y.z') + P*(z', 1) + P*(y".») = 0. @.1)

By Lemma 2.33), |U(y) = U(z")| = [PS(y.zY)| < [P*(z'. D] + [Py ).
Since y! € WX (z), |P¥(z',yY)| < Cd(y,z)*, where C,a are given by
Lemma 2.3(4). Similarly, |P*(y!, y)| < 3%Cd(y,z)*. Thus [U(y) — U@zh| <
4Cd(y,z)*. Also by the cocycle equation, |U(z) — U(z")| = |P*(z.z")| <
Cd(y, z)*. Ttfollows that |U (y) — U (z)| < 5Cd(y, z)¥, proving that U is uniformly
continuous on W¥**(x) N E.

Therefore U extends continuously to a function U : ¥ — R. Sincer = Uoo—U
on W¥(x)NE,r = U oo — U on X. This cannot happen as it implies, by the
Poincaré recurrence theorem, that lim inf r,, = liminf[U c0” —U] < oo a.e., whereas
we know that inf r > 0, so liminf r, = co. Thus G # {0}.

Claim 3. Thereexistsh : ¥ — S Holder continuous such that exp %r] = h/hoo.

Let § := 2%, fix x € E and let ho: WeS(x)NE — S! by h(y) :=
exp[—i6P*(y,x)]. By Lemma 2.3(3), h/h oo = exp[ifr] on W¥*(x) N E. The
idea is to show that % is Holder continuous on W%*9(x) N E and then deduce as in the
previous proof that it extends Holder continuously to a function 4 : £ — S!. The
proof is the same as in the last step of Claim 2, except that one needs to replace (4.1)
by

explif(P*(y,z") + P*(z", y) + P° (YL )] = L.

As before, this implies that

i .
~(y) =e'®' with |e1| <4C|0]d(y,2)*,
h(zl)
h(z! -

and ~(Z ) =e'®2 with |ey| < ClOld(y, 2)*.
h(z)

So -
A )
~(_y) =¢e'* with |¢] <5C|0|d(y,2)%,
h(z)

whence the Holder continuity of T wws (x)NE — SL

Claim 3 completes the proof that if the Pinsker o—algebra of o, is not trivial
then r is arithmetic. Equivalently, (1) = (4) in the statement of Theorem 4.6, and
this completes the proof of the theorem. O
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The Pinsker factor in the arithmetic case. In the last section we saw that if the
roof function is arithmetic, then the Pinsker factor of every equilibrium measure of
a bounded Holder continuous potential with finite pressure is non-trivial. In this
section we show that in this case the Pinsker factor is isomorphic to a rotational flow.
In fact we will show more, that the flow is isomorphic to the direct product of a
Bernoulli flow and a rotational flow.

Theorem 4.7. Let o, : ¥, — X, be a topologically transitive TMF such that
el = hila fJor some 6 # 0 and h : ¥ — R continuous. There exists p € N such
that for every equilibrium measure | of a bounded Hélder continuous potential with

finite pressure, the following hold:

(1) (2,, 0., 1) is isomorphic to a topologically transitive TMF with constant roof
function equal to 27 /6.

2) (2, 0p, 1) is isomorphic to the product of a Bernoulli flow and a rotational
Sflow with period 2 p /6.

(3) The Pinsker factor of (X,,0r, ) is isomorphic to a rotation with period
2np/6.

Before the proof of the theorem, let us prove that constant suspensions over
Bernoulli automorphisms are the same as the product of a Bernoulli flow and a
rotational flow.

Lemma 4.8. Let T = (X,u,{T"}) be a measurable flow. The following are
equivalent:

(1) T is isomorphic to a constant suspension over a Bernoulli automorphism.

(2) T is isomorphic to the product of a Bernoulli flow and a rotational flow.
Proof. (1) = (2). Assume that the roof function is = 1. Then we can write
T=(Z1, 1. {T*)), T'(x,s) = (SUTs)(x), 1t + 5 — [t + 5]), where:

o (X,v,S) is aBernoulli automorphism.

o X is the suspension space over X with roof function = 1.

o =[5 [y 8idrdv(x).

By Ornstein Theory, (X, v, S) embeds into a Bernoulli flow (X, v, {S’}), see [33].
Let {R'} be the rotational flow with period 1. We claim that T is isomorphic to
(X xT,vxdt,{S" x R"}), the product of a Bernoulli flow and a rotational flow. The
conjugacy is the bijection p : 31 — X x T, p(x, s) = (S¥(x), s (mod 1)). First note
that p is well-defined since p(x, 1) = (S'(x),0) = (Sx,0) = p(Sx,0). Also:

(po T (x.s) = p(SUT(x),t +5— |t +5]) = (S (x). + 5 (mod 1))
= (8" x R")(S*(x),s (mod 1)) = [(S* x R") o p](x, 5).
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For all measurable A C ¥ andinterval I C T not containing zero, (uop™ 1) (Ax1) =
w(Ax I)=v(A)-|I|, hence u o p~' = v x dt, which completes the proof that p
is a conjugacy between T and {S’ x R'}.

(2) = (1). With the same notation as above, assume that T = (X x T,v x dt,
{S" x R'}). Then T is isomorphic to the suspension flow (X1, i, {T"}), where the
basis dynamics is the Bernoulli automorphism (X, v, S'). The conjugacy is the
same p as above, and the proof is analogous to (1) = (2). ]

Proof of Theorem 4.7. Part (1) is the content of [28, Theorem 7.2]. Denote this TMF
by o7 : Ef; — g;, with7 = 27/6.

Let p denote the period of 3. Recall from page 69 that, using the
spectral decomposition of S [23], o7 : S5 i is topologically conjugate
to a TMF o; : f; — f; where 0 1 & — is topologically mixing, and
T=Tp,=2np/0 =:a.

—
by

Let /& be the measure on s ; corresponding to w, and let U be the induced measure
of I&. V is an equilibrium measure of a bounded Holder continuous potential on by
with finite pressure. Since o : T > Tis topologically mixing and T is not a
singleton, o : T — T is Bernoulli [5,50]. By Lemma 4.8, o; : f; — ’E\; is
isomorphic to the product of a Bernoulli flow and a rotational flow with period «.

Since the Pinsker factor of a direct product is isomorphic to the direct product
of the Pinsker factors [52, Prop. 4.4], and since Bernoulli flows have trivial Pinsker
factor, it follows that the Pinsker factor of (X, 0, i) is isomorphic to Z(R") =
P(R') = R!, arotation with period 27rp /6. O

5. The Bernoulli property

We have proved so far that if o, : ¥, — X, is a topologically transitive TMF
and p is an equilibrium measure of a bounded Hdélder continuous potential with
finite pressure, then (X,, 0, i) is isomorphic to a Bernoulli flow times a rotational
flow when r is arithmetic, and (X2, 0, ) is a K flow when r is not arithmetic. The
purpose of this section is to complete the picture and prove the following result.

Theorem 5.1. Let 0, : ¥, — X, be a topologically transitive TMF. If r is not
arithmetic, then for every equilibrium measure | of a bounded Hélder continuous
Sfunction with finite pressure (X, 0., i) is a Bernoulli flow.

The theorem above strengthens Theorem 4.6 by saying that for equilibrium measures
of bounded Holder potentials with finite pressure, weak mixing is equivalent to the
Bernoulli property.
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Review of general theory. Let (X, %, ) be a non-atomic Lebesgue probability
space, and let « = (Aq,...,An) and B = (B1,..., By) be ordered partitions of
(X, %, ). Given x € X, define a(x) :=i if x € A;.

PARTITION DISTANCE: d (¢, f) := ZzN=1 w(A; AB;) = 2/ La ()£ A (x).

Let {o; }7 be a finite sequence of ordered partitions of (X, %, u), and let {B; }'| be
a finite sequence of ordered partitions of another non-atomic Lebesgue probability
space (Y, ¢, v). Suppose that each partition has N elements, say o; = (A}, ..., A§v>
and B; = (By.....By).

SAME DISTRIBUTION: We say that {&; }, {B;i}| have the same distribution, and write

{oi} ~ {Bil], if
ulAl NN AL =v[B) n---N B, V(i1.....in) € {l.....N}".
This is equivalent to the existence of a measure preserving map

0:(X,%,.n)— (Y,%,v)

such that

0[A} N---NA}]=B.N---NB}!
modulov, V(iy,...,iy) € {1,..., N}". This notion can be weakened in the following
way.

d—BAR DISTANCE: The d—bar distance between {«; |1, {B; }] is

— 1 « {a;}" are ordered partitions of
An AR e - — N - if
d({Ot, 1’{,31}1) := inf {n E ld(azvﬂz) . (Y,Cf, v) such that {az}’f ~ {ai}}il
i=

To understand how the d-bar distance weakens the notion of same distribution,
we first weaken the notion of measure preserving maps.

£—~MEASURE PRESERVING MAP: An invertible measurable map 6 : (X, %, u) —
(Y,%,v) is called e—measure preserving if 3E € 9B, u(E) < e, such that

—”Ef((:))) — 1’ <egforall A C X \ E measurable.

Lemma 5.2 ([36]). If 0 : (X, B, u) — (Y, €,v) is e—measure preserving such that

1 n
— 2 N spioen <

i=1

on a set of measure > 1 — ¢, then d ({o; T.4Bi}]) < 16e.
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In other words, {o;}],{Bi}] are close in d-bar distance if there exists an
e—measure preserving map 6 that matches «;(x) and B;(6(x)) on the average, for
most points. That is why the d—bar distance weakens the notion of same distribution.

We now explain the property we will use to prove an automorphism is
Bernoulli. Let (X,%,u,T) be an automorphism. Given 4 € % with
w(A) > 0, let (A, B4, 1 4) be the induced non-atomic Lebesgue probability space,
ie. By:={BNA:BecPB}and ug(-) = u(-|A). Every partition o of (X, A, u)
defines a conditional partition a|A = {C N A : C € a} of (A, B4, u4). Write
“e—a.e. A € a” when refering to a property that holds for a collection of atoms of «
whose union has measure > 1 — e.

VERY WEAK BERNOULLI PROPERTY!: « is called very weak Bernoulli (VWB) if for
every ¢ > 0 there is No = Ny(¢) such that forall # > 0 and N’ > N > Ny it holds

N/
3({T_ioz}”,{T_ia|A}’1’) < ¢ fors-ae. A€ \/ Tka.
k=N

V denotes the joining of partitions. Taking A € \/,[(V; N Tk means that we are fixing
the far past of 7'.

Theorem 5.3 ([30,33,36)). Let T = (X, %, 1, {T"}) be a probability preserving

measurable flow. If for some t, (X, A, u, T') has an increasing sequence of VWB
partitions which generates 9, then T is a Bernoulli flow.

Construction of VWB partitions for equilibrium measures [36, 43]. Let
o, : X — X, be atopologically transitive TMF. Throughout this section we assume
that r is not arithmetic, and independent of the past (which we can assume because
of Lemma 2.2). Fix an equilibrium measure p of a bounded Holder continuous
potential with finite pressure, and let v be the induced measure of u, i.e.

1 r(x)
w= W/E/O S(X,,)dldv(x).

Let my, 5 : ¥, — X be the projections on the first and second coordinates,
respectively. We now define three o—algebras:

o o = partition of ¥ into cylinders of length one at the zeroth position. \/j=, o la
is the o—algebra with information on the coordinates x§° of x € X.

o F_p = ny (\/i2_,0 'a), the o—algebra with information on x%, of
(x,t) € Xy

o H = 1y '[BR)], where B(R) is the Borel o-algebra of R. 7 is the
o—algebra with information on ¢ of (x,?) € X,.

I'This is the formulation in [36] and it implies the definition in [35]. The two definitions are equivalent
for Bernoulli automorphisms, since in this case every partition is VWB.
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We will abuse notation and write E,, (-|x%5,, 7) instead of E,,(-|.#_, V J€)(x,t)

—n

and u(E|x,,t) instead of E,(1g|.%#—, v ) (x,t). Since r is independent of past

_n b
coordinates, it can be easily checked that for all n > 0:

w(-|x%,,t) = L (xgoy>n (X, 1) - W(|x%) x 8] for pu—ae. (x,t). (5.1

Actually, there is a way to make sense of the right-hand-side for every (x,t): use
(3.1) to define v(+|xg°) for all x, and the identity v o ™" = v to extend to other n:

V(E|xZ) :=v(e T (E)|o™"(x)5°)- (5.2)

Given an admissible word a, let p(a) := inf{r(x) : x", = a}. Let0 < § < 1,
n > 0. Consider the following definitions.

(n,8)—cuBe: Aset C = {(x,t) : x", =a.t € [tr,7 + )}, where a is an admissible
word of length 2n + 1 and T > 0 such that [z, T + §) C [0, p(a)).

CANONICAL PARTITION INTO (7,8)—CUBES: A finite or countable partition whose
atoms are (1, §)—cubes, with the exception of an atom of the form {(x,?) : p(x”,) <
t < r(x)} with measure < §.

PSEUDO-CANONICAL PARTITION INTO (7,8)—CUBEs: A finite partition that can be
refined to a canonical partition into (7, §)—cubes.

Lemma 5.4 ([43]). If ng = 0 and 0 < ty < inf(r), then every pseudo-canonical

partition into (ng, 8)—cubes is very weak Bernoulli for (X, 010, 11).

Proof. This was proved (with different terminology and notation) in [36] for geodesic
flows, and in [43] for TMF built on subshifts of finite type. What follows is a detailed
exposition of the argument in [43], with some missing details added, and one (minor)
point clarified.

Let y be a pseudo-canonical partition into (79, 8g)—cubes, and take N’ > N >
%0 sup(r). Every A € \/,iv: N Urtoky is a countable union of sets of the form

{(x,t) : x € Dj,a;(x) <t < bj(x)},
2(0)

where D; are cylinders in \/’;= 1) o'a with
o | =no =1 =m@) <ma() < [ 85 ] +m0+1. 53)

and a;, b; are independent of the past coordinates.

Fix e > 0,and let n > 0,8 € (0, 1) to be determined later. Partition X, into
finitely many (n, §)—cubes C, s := {C1, ..., Cp} plus an additional “error set” with
measure < §.

Step 1. ANy = Ny(n,8) > 0 such that for all C € C, 3, forall N' > N > Ny, and

N’ : ANC
for8-a.e. Ae\/,_y oy, it holds % -1 <6
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Proof. Since r is not arithmetic, (X, arto, W) is a K automorphism (Theorem 4.6).
Now use Theorem 4.2 and the finiteness of C,, 5.

Step2. Forall A, C asinstep 1, thereis (z,s) € ANC suchthat u(ANC|z,,5) > 0
and u(-|z5,,s) is non-atomic. We choose one such pair for each A, C and write

(z,s) :=(2(4,C),s(4,C)).

Proof. By Lemma 3.4 and (5.2), v(:|z%,) is non-atomic for v-a.e. z, so
n(:1z%,s) = L (xge )>s1[V(+12%5,) x d5] is non-atomic for u-a.e. (z,5) € ANC.

Also %—1} <8<1=puANC)>0= uANC|z®,s) > 0fora
subset (z,5) € A N C of positive u—measure. Therefore there is (z,5) € AN C

satisfying step 2.

Given 8§ > 0, let us write @ = e whenever e < a < €.

SteP 3. Given § > 0, the following holds for all n large enough. If (x,t),(z,s) €
C € Cps, then the map O @ (C, u([x%5,1)) — (C, u(|2%5,.5)), OL1(r,1) =
(P (y),s), where ¥(y) = (y=11, %), has Radon-Nikodym derivative equal to e,

Proof. Write C = B x I, where B =_,, [b_,,...,by] contains x,z and [ is an
interval of length § containing #, s. The Radon-Nikodym derivative of @fci equals
the Radon-Nikodym derivative of  : (B, v(-[x%,)) — (B, v(:|z%,)). To estimate

this latter derivative, let B’ :=_¢,4m) [b—(u4m). - - - bn] C B be a cylinder, and let
en := »_ varg(logg). By (3.1) and (5.2),
k>n
v(B'|x%) _ gm(bf(,,er),X,fil) — oEen

’

U(ﬁ(B/NZE% B gm(bZ(n+m)aZ,cf§_1) B

thus v(B’|x®) = e*nv($(B’)|z>) for every cylinder B’ C B. Since the cylinders
generate the o—algebra of Borel sets of B, v(E[|x®) = e v(3(E)|z>) for all
Borel sets E C B, hence the Radon-Nikodym derivative of ¢ equals eie”. Since
log g is Holder continuous, &, —= 0, thus &, < § for all n large enough.

Step 4. For all A,C,(z,s) as in steps 1-2, there is an invertible bi-measurable
map ¥ : (C,u(-|z2,,5)) = (AN C,u(-|z%,.s)) with constant Radon-Nikodym
derivative. Call the constant D(A, C).

—n

Proof. Any two non-atomic Lebesgue probability spaces are measure theoretically
isomorphic. (C, u(-|z%,,s)) and (4 N C, u(:|z%,,s)) are non-atomic Lebesgue
measure spaces, so instead of an isomorphism there is an invertible bi-measurable
map ¥ : (C, u(:[z%5,,5)) — (AN C,u(-|z%,,s)) with constant Radon-Nikodym

derivative equal to D(4,C) := %.
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Let Q := 'L, Ci, u(Q) > 1-36.

Step 5. If § is sufficiently small, n is sufficiently large, and Ny = No(n,d) as in
Step 1, then for all N' > N > Ny, for 6—a.e. A € \/IICVZN oﬁoky, there is a map
E:(Z,, 1) = (A, u(-|A)) such that:

(1) B(x,1) = (y.1) with 2, = x5, for (x.,1) € Q,
(2) E is invertible and bi-measurable,
(3) E is 56—measure preserving.

Proof. Foreach A, C, (z,s) as in steps 1-2, define & ¢: C — AN C by
E(x.1) = (OFL 0 Wo O)(x.1).

Now define E on X, \ €2 to take values on A \ 2 via a bijective measure preserving
map. Thus (1) holds?2.
To prove (2), first note that C € .%_,, v ., hence we can write

i he=const [ pCle nduteo).
C

By Steps 34, E [c: (C, u(-|x%,,t)) — (AN C,u(:|x%,,1)) is an absolutely
continuous bijection, thus & |¢: (C,u) — (A N C, u) is bijective a.e., which
gives (2).

Let us now prove (3). By steps 34, E |¢: (C,u(-|x%,,1)) — (ANC,

u(:|x%5,, 1)) has Radon-Nikodym derivative et D(A,C), thus if E C C is
measurable then

PEE) = const | (@)% D)

:consteﬂ‘gD(A,C)/ W(E|xZ, t)du(x, 1)
C

= conste®?’ D(4, C)u(E).

(=]

Therefore & : C — A N C is absolutely continuous with Radon-Nikodym
derivative equal to e*28 K for some constant K = K(A,C). Since E is a
bijection a.e., K = eﬂg%. If § is so small that 1 —§ > e™2% Step 1 gives
that K = e**%1(A). Since C € Cp s is arbitrary, E q: (Q2,u) — (AN Q, 1) has
Radon-Nikodym derivative equal to e¥43 ;1(A4). After normalizing the measure of
A, we find that the Radon-Nikodym derivative of & : (2, ) — (4, uu(-|4)) equals
T4 on Q. If § is so small that e*® < 1 + 58, we conclude that E is 56—measure
preserving.

2Qur construction of & differs from [43], since it is not clear to us that her construction leads to a
measurable map. Instead, we follow the construction used in [36].
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SteP 6. If § is sufficiently small and n is sufficiently large, then for all m = 0, for all
N’ > N > Ny(n,$), and for 5—a.e. A € \/lNzN otl0y,

1 . .
—#{1 <i <m:0"(x,1),0."0(E(x,1)) are in different y—atoms} < ¢
m

holds for a set (x,t) € X, of measure > 1 — 4.

Proof. This follows, asin [36,43], from the fact that E (x, ) = (y, ) with y5, = x=,
for (x,t) € Q. Let us recall the argument.

Let ¥ denote the (countable) canonical partition into (n¢,89)—cubes which
refines y, and assume that n > ng. If Uﬁt" (x,t),aﬁ’o (y,s) belong to different
y—atoms, then they belong to different y—atoms. At least one of these atoms is an
(19, 80)—cube of the form C := B x [a,a + §) with B € \/"}° o/ a. Using that

j==no
n > ny, that r is independent of the past, and that x%, = y=, we get that a,”o (x,1)
belongs to d5(C) := Jg)<s 0% (B x {a,a + 8}). Let d5(7) be the union of all
ds(C), C as above. _ '
Defining Z,,(x,1) := %#{1 <i<m:ox,1),0.°(E(x, 1)) are in different
y—atoms} and Y, (x,7) := > iv, 185 o) (0:"(x, 1)), the previous paragraph and the
Markov inequality imply that

1 _ ~
WZm = €] < p[Ym = em] < %[Ymdu < e ' ufds @)
If we choose 8§ so small that 1[05(7)] < €2, then u[Z,, > €] < ¢ as required.

Completion of the proof of Lemma 5.4. Given ¢ > 0, let § be sufficiently small
and n sufficiently large such that steps 1-6 hold, and 100§ < . By Lemma 5.2, for
allm > 0, forall N’ > N > Ny(n,d), and for §—a.e. A € \/II<V=/N O',{“O)/ it holds
3({@_”0)/}’1”, {or_itoy|A}’1”) < 16x568 < ¢. Since ¢ > 0is arbitrary, y is VWB. [J

Proof of Theorem 5.1. Fix ¢y # 0, and construct an increasing sequence of pseudo-
canonical partitions into (ny, 8; )—cubes, with ny — oo and §y — 0. This sequence
of partitions generates the full o—algebra of ¥,. Since each of these pseudo-canonical
partitions is VWB for o,to (Lemma 5.4), it follows from Ornstein Theory [30,33,36]
that (X,, o, u) is a Bernoulli flow. O

Part I1. Smooth flows in three dimensions

6. Proof of Theorem 1.1

Let M be a three dimensional compact C °° Riemannian manifold,let X : M — TM
be a non-vanishing C!*¢ vector field, and let {7} be the flow on M generated
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by X. Let F : M — R be a bounded Holder continuous function, and let v be
an equilibrium measure of F. Our task is to show that v has at most countably
many ergodic components v; with positive entropy, and that {7} is Bernoulli up to
a possible period with respect to each v;.

That v has at most countably many ergodic components with positive entropy
was proved in [28] in the special case F© = 0. The same proof works for general
bounded Holder continuous F almost verbatim. Let us recap the idea. For a
fixed y > 0, we prove that F' has at most countably many y—hyperbolic3 ergodic
equilibrium measures. This happens because every ergodic equilibrium measure on
a TMS is carried by a topologically transitive TMS. If there were uncountably many
x-hyperbolic equilibrium measures for F, then some convex combination would
generate a y—hyperbolic equilibrium measure on a TMS with uncountably many
ergodic components. Taking the union over y, = 1/n gives countability.

It remains to show that if v is ergodic with positive entropy, then v is Bernoulli
up to a possible period. Given a TMF o, : X, — X, let

X = {(x,1) € =, : {Xi}i>0, {Xi }i<o have constant subsequences}.

By the Poincaré recurrence theorem, Ef has full measure for every o,—invariant
probability measure.

Apply [28, Theorem 1.2] to the flow (M, v, {T*}) to geta TMF 0, : =, — X,
and a Holder continuous map n, : ¥, — M such that:

() mpo0l =T " om,, V1t €R.

(2) 7-[=*] has full v-measure.

(3) 7, : ©F — M is finite-to-one.

Notice that ® := F o 7z, is a bounded Holder continuous function. Arguing as
in [28, Theorem 6.2], one can prove that @ has an ergodic equilibrium measure p
such that pu o 7~ 1 = y. By ergodicity, u is carried by a topologically transitive
TMF of ¥,. By Theorems 4.7 and 5.1, w is Bernoulli up to a period. Therefore

(M, v, {T"}) is a finite-to-one factor of a flow which is Bernoulli up to a period, so it
is enough to prove the lemma below.

Lemma 6.1. If a measurable flow is Bernoulli up to a period, then so are its finite-
to-one factors.

Proof. Suppose 7 : X — Y is a finite-to-one factor map between T = (X, u, {T*})
and S = (Y, n, {S’}). Suppose T is Bernoulli up to a period.

If T is Bernoulli, then 7! is Bernoulli. Since factors of Bernoulli automorphisms
are Bernoulli automorphisms [31], S! is a Bernoulli automorphism. By [33], Sis a
Bernoulli flow.

Assume that T is isomorphic to a Bernoulli flow times a rotational flow. By
Lemma 4.8, it is enough to prove the claim below.

3v is y—hyperbolic if v—a.e. point has one Lyapunov exponent > ) and another < —y.
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Claim. If T is a constant suspension over a Bernoulli automorphism, then S is a
constant suspension over a Bernoulli automorphism.

Proof. Assume without loss of generality that the roof function of T is = 1,
ie. T = (1w {T") where T'(x,s) = (UTIx),r +s5 = [t + s)),
w=[x fol Se.ndtdpo(x), and (X, j1o, 7) is a Bernoulli automorphism.

Let Yy := 7n(2Z x {0}). We claim that Yy is a Poincaré section for S. For each
yen(Zy),letl, :={t>0:8(y) € Yo}

oly, #3:y=mn(xs)=>1-s¢cl,.

o I, N (0,1) is finite: if S”(y) = 7(x,, 0) for infinitely many #,, x,, then y has
infinitely many pre-images (77! (x,), 1 — ).

o Iy isinfinite: y = w(x,7) = S"*(y) = n(t"(x),0) = n—t € I,,Vn > 0.

By symmetry, {t < 0 : S’(y) € Yy} is non-empty, infinite, and has no accumulation
points. Therefore Yy is a Poincaré section for S.

r(y) := min{t > 0 : S’(y) € Yo} is well-defined and positive n—a.e. Using
that 7 commutes T and S, we have r o S = r, thus r is constant n-a.e. Let
U:Yy— Yy, Uy) = S™@(y), and let ny := (1o X 8p) o 1. S is a constant
suspension over (Yo, no, U). But (Yo, no, U) is a factor of (X, o, 7), hence it is a
Bernoulli automorphism. O

7. Reeb flows

Let M be a compact three dimensional smooth Riemannian manifold without
boundary, equipped with the following objects [15]:

A Contact FOrRM: A smooth 1-form o on M such that  := o A do is a volume
form. In this case, ker(do), := {v € TxM : du(v,-) = 0} is one-dimensional for
allx e M.

THE REEB VECTOR FIELD (0f ¢): The unique vector field X such that X, € ker(da)y
and a(Xy) = 1 for all x € M. Necessarily ixw = do.

Tue ReeB FLow (of «): The flow {7’} generated by the Reeb vector field of . This
is a smooth flow with positive speed. {7’} preserves a, i.e. a(dT'v) = a(v) for
all v, since 4 (T7)*a = (T")*Lyxa = (T")*[dixa +ix(da)] = (T)*[0+0] = 0.
This setup covers geodesic flows of surfaces, and Hamiltonian flows of a system with
two degrees of freedom restricted to regular energy surfaces [1].

We now add the assumption that {7} has positive topological entropy. Let i be
an ergodic equilibrium measure of a Holder continuous potential with positive metric
entropy. By Theorem 1.1, T = (M, u,{T"}) is Bernoulli up to a period. We will
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show that T is Bernoulli. A similar result for absolutely continuous measures is due
to Katok [20, Theorem 3.6].

In dimension three, every ergodic invariant probability measure with positive
metric entropy is non-uniformly hyperbolic [47], hence there is a T—invariant set
My C M of full u—measure such that for all x € My we have T,M = E"(x) &
E®(x) & span(X(x)) where E%(x), E®(x) are one-dimensional linear subspaces
satisfying:

o lim tlog|ldTiv| < 0 for all non-zero v € E*(x),
t—to0

o lim %log |d T "v|| < 0 for all non-zero v € E¥(x),
t—=+o0

o dTIE*(x) = ES(T*(x)) and dTLE*(x) = E*(T"(x)), Vt € R,
o There is an immersed smooth curve W*(x) > x such that 7, W*(x) = E°(y)
and d(T'(x),T'(y)) —= 0, Vy € W*(x). An analogous result holds
—>00
for WH*(x).
See [4, §8.2].
QUADRILATERAL: A quadrilateral is a closed embedded curve y : [0, 1] — M such
that there are four distinct points xg, X1, X3, X3 € My with:
o Xj+1 € W' (x;) for some 7; € {s,u} (here x4 = xg),

o Ify(t;) = xi,theny |, . ,)issmoothwithy'(¢) € E% (y(t)),Vt € (t;, ti41).

tit1
Quadrilaterals are the four-legged geometrical version of su—loops considered
in page 83. Call xy,...,x3 the vertices of the quadrilateral. The next lemma is
standard.

Lemma 7.1. Let T = (M, 1, {T"}) be as above. Then E*(x) & E"(x) = ker(ay),
Vx € My. In particular, if y is a quadrilateral then fy o =0.

Proof. Letv € E*(x). By the T-invariance of «, «(v) = lim;— oo @(dT'v) = 0,
hence E¥(x) C ker(ax). Since contact forms are non-degenerate, dimker(oy) = 2
whence ES(x) @ E*(x) = ker(ay). If y is a quadrilateral then y'(¢) € ES(y(¢)) ®
E"(y(t)) except at the vertices, therefore fy a = fol a(y'(t))dt = 0. O

Proof of Theorem 1.2. Using the same notation of Section 6, there is a TMF o, :
¥, — 3, and a Holder continuous map 7, : ¥, — M such that:

() mpo0l =T " om,, Vt €R,

(2) 7[=*] has full u—measure,

(3) 7, : ¥ — M is finite-to-one,

4 (Z,,pom, 1,0,) is Bernoulli up to a period, and it has a period iff r
is arithmetic, iff the holonomy group equals c¢Z for some ¢ > 0 (see
Theorem 4.6).
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Assume by way of contradiction that there is a period.

Let v be the induced measure of o .~ 1 then v is globally supported on ¥ and
has local product structure (Theorem 3.5). Let vy, v} be the projection measures
of v, as in (3.2). These are globally supported measures on W;3.(x), WX (x).

Let E be the set constructed on page 82, then the holonomy group equals the
closure of the set of weights of su—loops with vertices in E. The assumption that T
has a period translates to the holonomy group being equal to ¢Z with ¢ > 0.

The Bowen-Marcus cocycle P7(-,-) is Holder continuous (Lemma 2.3(4)),
therefore 3§ > 0 such that d(x,y) < § = P%(x,y) < c¢/5 wherever defined.
We claim there exist four distinct points wo, ..., w3 € E such that d(w;, w;) < §
for all i, j and yp = (wo, w1, w2, w3, W) is a su-loop with P(ye) = 0. This can
be done as follows:

o Fix x,y € E suchthatd(x,y) < §and y ¢ W5 (x).

loc
o By Claim 1 of Theorem 4.6, vy (E) = vj(E€) = 0, hence {w € EN W3 .(x) :
[w, y] € E} has full vi—measure.

o vl is globally supported on W3 (x), thus there exist wo,w; € {w € E N
Wi.(x) : [w, y] € E} with d(wg, w;) < 8. Take wy = [wy, ¥], w3 = [wo, ¥].

o Yo = {(wo, w1, W2, W3, Wo) is a su—loop with | P (yo)| < 4?0 <c= P(y) =0.

Let ¢ be the lifted su—path of yo, and y := 7, (o). Since 7, : T¥ — M is finite-
to-one and v3, v¥ have global support, we can choose wg, wy so that diam(y) < §.

We claim that if §, & are small enough, then for every |¢| < ¢, the quadrilateral
T'y is the boundary of a piecewise smooth immersed surface T*U such that:

o T'U is the union of compact smooth embedded surfaces T'U;,i = 0,1,2, 3.
o T'U; are uniformly transverse to the Reeb vector field.
o T'U; have piecewise smooth boundaries and thy = fo(aU) = Z?:o th(EaU,-)'

Had y been a Euclidean rectangle, we could take U to be its interior, and U; the
four triangles described by the principal diagonals. The general case is similar. It is
enough to treat t = 0, since the case of small 7 follows from uniform transversality.

Let wg,...,ws € _N[a—N,...,an], where N is large to be chosen later. Let
Uy, ...,us be the vertices of y. If § is small enough, then y is covered by a chart
of M and we can think of #f; := u;, ¥(¢) := y(t) as vectors in R3. If N is sufficiently
large, then /() is nearly parallel to E*(ug) or E*(ug) at all points. Therefore y
is made of four curves which are C! close to the sides of a parallelogram such that
11 —1ig, Uy — U3 are nearly parallel to E*(uq) and 1, —1i1, 1i3 — i are nearly parallel
to E*(ug). There is no loss of generality in assuming that these vectors have norm
in (3.2). Let g9 := C! distance between y and a parallelogram with sides i1 — 1ig
and 13 — tig. Thengg — 0 as N — oo.

Let Z := (o + ++- + t3), then Z — 3(; + U 41) = 3(hi—1 — ;) + O(go),
where ; := U;(mod 4) (the approximation is an identity for real parallelograms). We
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define U; to be the cone with vertex z and base ;, where ¥; : [0, 1] — R3 is the
“leg” of y from ui; t0 Ul;41:

Ui = {Xi(s,t) :=sy;t) + (1 —5)Z :5,t €[0,1]}, i =0,...,3.
U; are embedded, and [, =[5, = S o fan. At X; (s, 1), U; is perpendicular to

o o N N i; + u; 1 o u; + i; 1 - o
= Git)-2)xyi) = (Vi([)—%) xy;(t) + (%—2) X Ji(2).

The first summand is O(go|y;(t)|), being the product of vectors at angle O(o).
The second summand is of size ~ |y/(¢)| and go—parallel to ¥ (uq) x €*(uo). By
Lemma 7.1, U; is almost parallel to ker(c), whence uniformly transverse to the Reeb
flow.

Fix o > 0 so small that D; := |J,¢[9 ;o] T Ui is a flow box. So

22 L= (= (L )
[ (o)

But by the Stokes Theorem, this equals [, J7t, @)dt = 0, since the inner integral
is zero by Lemma 7.1. We obtain a contradiction. O

8. Equilibrium states for the geometric potential

Let M be a three dimensional compact C °° Riemannian manifold, let X : M — TM
be a non-vanishing C !*¢ vector field, and let T be the flow on M generated by X.
Throughout this section we assume T has positive topological entropy.

THE SUBSET My, C M: p € My, if there are unit vectors e g € T, M such that

1 1
lim — log ||th »l <0 and lim —10g||th epll > 0.
t—=+o0 |t| t—>+to0 |t|

If e7,, €7, exist, then they are unique up to a sign, hence My, is T-invariant. By
the Oseledets theorem and the Ruelle entropy inequality, any T—invariant and ergodic
measure with positive metric entropy is carried by Myy,,.

THE GEOMETRIC POTENTIAL OF T [8]: J : My, — R given by

J(p) =—| _ loglldTyep|| = —lim 3 log|ld ey I

J is bounded, since {T*} is C'T¢.
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Some facts from [28]. We recall some facts from [28, §2]. There exists a Poincaré
section A C M with return map f : A — A and roof function R : A — R such
that:

(1) A is the union of disjoint discs transverse to X .
(2) inf R > 0 and sup R < oo.

(3) Let& C A denote the singular setof f : A — A, consisting of points p which
do not have a (relative) neighborhood V' C A \ dA which is diffeomorphic to
a disc, such that f|y, f~!|y are diffeomorphisms onto their images. There
is a constant ¢ such that R, f, f~! are differentiable on A’ := A\& with

SUPpep’ ”dRP” < C SUP e’ ”dfP” < C SUP e’ ||(dfp)_1|| < ¢, and
I flullcive < €1 f " Hullci+e < € for all open and connected U C A’.
See [28, Lemma 2.5].

(4) For all p € Apyp = (A\U,ez f(6)) N My, there are 3, v%

» € TpA
unitary such that

L log |54 > o.

1 nss i
n lim [n] log ”dfp vl’” <0 and nEI:}:loo In| pop

—+o00

See [28, Lemma 2.6] and its proof.

Suppose p is a hyperbolic T—invariant probability measure on M, and wp, the
“induced measure”, is the measure on A such that

1 R(p)
M= fR—dMA/A /o Sipdt | dun(p).
A

Then A can be chosen with the additional properties below.

(5) The induced measure pp on A satisfies:
(5.1) pa(®) =0.
(5.2) limy—oo 2dista (f"(p). &) = 0 up-ace.
See [28, Thm 2.8].

(6) There are a TMF o, : ¥, — X, and Holder continuous maps 7 : ¥ — A
and 7, : X, — M such that:

(6.1) moo = f om, m[X¥] has full up—measure, and every x € 7[X#] has
finitely many pre-images in ¥,

(6.2) np(x,1) = T'n(x), w, 0o0p = T o 7y, m,[X¥] has full u—measure, and
every p € m,;[X,] has finitely many pre-images in .

See [28, Thm 5.6]. Here %, £# denote the regular parts of ¥, X, see [28, §1].
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Finally, if u is ergodic with positive entropy then /1, (f) > 0 and pA (Anyp) = 1.
GEOMETRIC POTENTIAL OF f : A — A: J/ : Apyp — R, J/(p) = —log ldfpvyll.

J/ is bounded, since suppepr 1dfpll < € suppeps (df»)~ || < €. Even though
J, J 7 are not globally defined, we can define their equilibrium measures.

EQUILIBRIUM MEASURES OF J AND J/: W is called an equilibrium measure of J if
hy(TY + [ Jdu = Piop(J), where

v is T—invariant Borel probability

L— 1 :
Piop(J) 1= sup {hV(T ) + /M Jdv: measure with v(Myy,) = 1

Piop(J) is called the topological pressure of J. Similar definitions hold for J f
with T'1, My, replaced by f, Anyp.

Piop(J), Piop(J /) < oo, since J, J/ are bounded. Similar definitions can also be
given for functions of the formaJ,bf,a,b € R.

Lemma 8.1. Assume that A, f, R and | satisfy conditions (1)—(6) above. Then i is
an equilibrium measure of J iff L is an equilibrium measure of Jr - Piop(J)R.

Proof. Let J : Apyp — R, J(p) = fOR(p) J(T?®p)ds. As in claim 1 of the proof
of Theorem 3.1, u is an equilibrium measure of J iff ;15 is an equilibrium measure
of J — Pep(J)R. We will show that [, Jdv = [, J/dv for every f-invariant v
with v(Apyp) = 1, and deduce that u is an equilibrium measure of J iff A is an
equilibrium measure of J/ — Piop(J)R.

A simple calculation* shows that

o R(p) 4
J(P):—/O ar

Since f(p) = TR®P(p), we have dfpv = dTIf(p)v + (VR(p), v)X r(p),
Yv e T,A. Write T);‘, = a(p)ey, + B(p)Xp (necessarily a(p) # 0). Then

t _ R(p)
, log 14T eFs pllds = —log [|[dT el |.

=

df vy = dTRUJ)ﬁ;; + (VR(P). U)X £ (p)
= a(p)dTRP " + B(p)d TRP X, + (VR(p).0%4) X (p)
= 2a(p)[dTRP ek |le% ) + [B(P) + (VR(P). T4 X f(p).-

Similarly

df 5% = £||df 04]|5% ) = £@(fP)Idf 5%l + B (PDIALTENX £(p)).

“Leth(t) := —log el |, then 4(0) = 0 and —log e = h(t +5s)—h(s), therefore
h(z) T el |l h(0) \dT e || = h(t +5)—h(s)

_%‘z=0 log ||dT’gl}xp|| = %Lﬂ)[h(t + s) — h(s)] = h’(s). By the fundamental theorem of

caleulus, T (p) = [P 1/ (s)ds = h(R(p)) = —log |[dTRP e ||.
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Comparing theg’}(p) components, we get | (p)| ||dTR(1’)g; I = le(f(p)lldf B}‘, Il
Hence U : Ayyp, — R, U(p) := —log |a(p)| is a measurable function with

T=J/4+Uof—-uU.

We use this to show that p is an equilibrium measure for J iff A is an equilibrium
measure for J/ — Piop(J)R. By (4) and (5), (Myyp) = pa(Anyp). Let v be an
ergodic f—invariant probability measure with v(Ayy,) = 1. By the Birkhoff ergodic
theorem, limy,—co %7,1 = [y Jdv and lim,_ oo %Jnf = /i J/dv v-ae. By the
Poincaré recurrence theorem, liminf, . |[U(f"(p)) — U(p)| < oo v-a.e., hence
for v-a.e. p € A we have [, Jdv = liminf,oe 2J(p) = liminfy—eo 2J/ (p) =
[y J7/dv. By the ergodic decomposition, [, Jdv = [, J/dv for every
f—invariant v such that v(Ayy) = 1. The lemma follows from the discussion
at the beginning of the proof. 0

Lemma8.2. [J/ — Piop(J) flom is a Holder continuous potential on X with respect
to the symbolic metric.

Proof. Rom : ¥ — R is Holder by construction: R o w = r and roof functions
of TMF are Holder. J/ o 7 is Holder, because df is uniformly Holder on A’ and
XEY > 5:;(;;) is Holder by [28, Lemma 5.7]. O

Proof of Theorem 1.4. Fix y > 0, and let i be a y—hyperbolic> equilibrium measure
of J with h,(T') > 0. Take A, f, R satisfying (1)—(6) above. Since pu is carried
by Myyp, Lemma 8.1 implies that 14 is an equilibrium measure of J - Piop(J)R.
Arguing as in [28, Theorem 6.2], the function [J/ — Pop(J)R]om : ¥ — Rhas an
equilibrium measure jz such that a0~ = pa. The potential [J/ — Piop(J)R]om
is Holder continuous. Since ergodic equilibrium measures of Holder potentials on a
TMS are carried by topologically transitive TMS, [z has at most countably many
ergodic components. This shows that J has at most countably many y—hyperbolic
ergodic equilibrium measures: if there were uncountably many, then some convex
combination would generate a y—hyperbolic equilibrium measure with uncountably
many ergodic components.

Assume now that u is also ergodic. We can choose jta to be ergodic. The
measure ji, is the induced measure of some f on X,, hence /i o 7, ! = u. By
Theorems 4.7 and 5.1 (2, It, o) is Bernoulli up to a period. Since [& projects to i,
(M, u,{T"}) is also Bernoulli up to a period.

If additionally T is a Reeb flow, then it is Bernoulli and so is T. O
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5w is x—hyperbolic if (t—a.e. point has one Lyapunov exponent > y and another < —y.
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