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Degree three cohomological invariants of reductive groups

Donald Laackman and Alexander Merkurjev*

Abstract. We study the degree 3 cohomological invariants with coefficients in Q/Z(2) of a split
reductive group over an arbitrary field. As an application, we compute the group of reductive
indecomposable degree 3 invariants of all split simple algebraic groups.
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1. Introduction

Let G be a linear algebraic group over a field F. Consider a functor
G-torsors : Fieldsp —> Sets,

where FieldsF is the category of field extensions of F, taking a field K to the set of
isomorphism classes of G-torsors over Spec K. Let

® : Fieldsp —> Abelian Groups
be another functor. According to [8], a ®-invariant of G is a morphism of functors
I : G-torsors — @,

viewed as functors to Sets. We write Inv(G, ®) for the group of ®-invariants of G.
An invariant I € Inv(G, ®) is called normalized if I(E) = 0 for every trivial
G-torsor E. The normalized invariants form a subgroup Inv(G, ®),orm of Inv(G, H)

and
Inv(G, ®) ~ ®(F) & Inv(G, D)yorm.

We will be considering the cohomology functors ® taking a field K/ F to the
Galois cohomology H" (K, Q/Z(j)) (see Section 3.1) and write Inv” (G, Q/Z(j))
for the group of cohomological invariants of G of degree n with coefficients

in Q/Z(j).

*The work of the second author has been supported by the NSF grant DMS #1160206.
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If G is connected, then Invl(G,Q/Z(j))mrm: 0 by [13, Proposition 31.15].
The degree 2 cohomological invariants with coeflicients in Q/Z(1) (equivalently, the
invariants with values in the Brauer group Br) of a reductive group were determined
in [2, Theorem 2.4]: the group Inv? (G, Q/z(j ))mrm is isomorphic to the character
group of the kernel C of the universal cover of G.

The group of degree 3 invariants Inv?(G,Q/Z(2)) was determined by Rost
in the case when G is simply connected (see [8, Part II]). If G is a
split simply connected group, the group Inv3 (G, Q/ Z(2))norm is isomorphic to
S2(T*)" ) Dec(G), where T* is the character group of a split maximal torus T C G,
W is the Weyl group of G and Dec(G) is the subgroup of the “obvious” elements in
S2(THW (see §5).

The case of an arbitrary semisimple group G was considered in [20]. If G is split,
there is an exact sequence

0— C*® F* — Inv*(G, Q/Z(2))norm —> S*H(T*)V / Dec(G) —> 0,

where C is the kernel of the universal cover of G. If G is simply connected,
the group C is trivial and we get Rost’s result. The image of C* ® F* in
Inv3(G, Q/Z(2))norm is the subgroup of decomposable invariants. These invariants
are obtained from the degree 2 invariants by the cup-product with an element in F*.

The group of degree 3 invariants of algebraic tori was computed in [2] (this group
is trivial for split tori).

In the present paper we consider the case of a split reductive group G, i.e., we
generalize [20] in the split case. Our main result is the following theorem
(see Theorem 5.1). Note that the exact sequence is the same as in the split semisimple
case.

Theorem. Let G be a split reductive group, T C G a split maximal torus, W the
Weyl group and C the kernel of the universal cover of the commutator subgroup of G.
Then there is an exact sequence

0— C*® F* — Inv3(G, Q/Z(2))norm —> S*(T*)" / Dec(G) —> 0.

Note that neither of the approaches of [20] nor [2] could be used in the reductive
case. Instead, we employ another method, relating the étale motivic cohomology
of the classifying spaces of G and of its Borel subgroup B. The difficult part of
the proof is the exactness at the term S2(7*)" / Dec(G), i.e., to show that every
W -invariant quadratic form (on the dual of T*) gives rise to an invariant of G of
degree 3.

We give an application in Section 7. We compute the subgroup of reductive
invariants of all split (almost) simple groups. The reason we are interested in the
reductive invariants is that the group of unramified invariants (an important birational
invariant of the classifying space of the group, see [19]) is contained in the group of
reductive invariants [19, (10.1)]. In some cases, the group of reductive invariants is
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trivial (for example, case 4,1, see Section 7), and this allows one to conclude that
the group of unramified invariants is also trivial.

We don’t impose any characteristic restriction on the base field F', and we take
care of the p-part of the group of invariants when p = char(F) > 0 even if F is
imperfect. One should be careful since certain étale motivic cohomology groups of
algebraic varieties over an imperfect field are not homotopy invariant. The proofs of
some statements (e.g., Theorem 3.7) can be simplified if we invert p = char(F) > 0.
In this case all the functors considered in the paper are homotopy invariant.

Acknowledgements. We thank the referee for valuable comments.

2. Preliminary results

2.1. K-cohomology and Rost’s spectral sequence. Let X be a smooth algebraic
variety over F. For any i > 0, let X® be the set of points in X of codimension i.
Write K4 (L) for the Milnor K-group of a field L and define the K-cohomology
groups A' (X, K) as the homology group of the complex (see [22])

]_[ Ki—it1(F(x)) 2 ]_[ Kq—i(F(x)) N ]_[ Ki_i—1(F(x)).

xeXx (=D xeX® xeXG+D

In particular, A* (X, K;) = CH!(X) is the Chow group of classes of algebraic cycles
on X of codimension i and A°(X, K;) = F[X]* is the group of invertible regular
functions on X.

Let f : X — Y be a flat morphism. For every point y € Y write X, for the
fiber X xy Spec F(y) over y. There is Rost’s spectral sequence [22, §8]

EPT =] AY(Xy. Kn—p) = APTI(X. Ky) (2.1)
yeyr

for every n.

2.2. K-cohomology of G, G/T and G/B. We will be using the following notation
in the paper. Let

G be a (connected) split reductive group over a field F,

T C G a split maximal torus,

T* := Hom(T, G,,) the character group of T,

W the Weyl group of G,

B C G aBorel subgroup containing 7' (we have B* = T*),

H the commutator subgroup of G,
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0 = G/H asplit torus,
7 : H —> H the simply connected cover of G,
C = Ker(x), thus C is a finite diagonalizable group (not necessarily smooth),
Ay, the weight lattice of H (the character group of a maximal split torus of H).
The kernel of the natural homomorphism « : 7* — A, is isomorphic to Q*
and its cokernel is isomorphic to C*.

The smooth projective variety G/ B is the flag variety for the simply connected
group H. By [8, Part 2, §6], there is natural isomorphism

Aw —> CHY(G/B). (2.2)

This isomorphism extends to a ring homomorphism S*(A,) — CH*(G/B),
where S* stands for the symmetric ring.

Let E — Y be a G-torsor and J the pull-back E xy Spec(K) for a point
vy : Spec(K) — Y, so J is a G-torsor over K. Write f : E/B —> Y for the
morphism induced by the torsor £ — Y. The fiber of f over y is the (smooth
projective) flag variety J /B over K for the group Autg (J) over K, which is a twisted
form of Gg.

In the following proposition we collect known results on K-cohomology.

Proposition 2.1. Let G be a split reductive group, T C G a split maximal torus
and B a Borel subgroup containing T. Let E —> Y be a G-torsor with Y a smooth
variety. Then

(1) The pull-back homomorphism A*(E/B, Ky) — A*(E/T, K,) induced by the
natural morphism E/T —> E /B is a ring isomorphism.

(2) Forevery smoothvariety Z over F, the external product map yields isomorphisms

A*(Z,K,) ® CH*(G/T) —> A*(Z x (G/T), K),
A*(Z, Ky) ® CH*(G/B) — A*(Z x (G/B), Kx).

(3) There are natural isomorphisms Ay —> CHY(G/T) ~ CH'(G/B).

(4) The kernel of the surjective homomorphism
S%(Ayw) — CH?(G/T) ~ CH?*(G/B)

is equal to the group of W -invariant elements S*(A)Y in S*(Aw). Therefore,
CH?(G/T) ~ CH?(G/B) ~ S*(Ay)/S*(Aw)".

Proof. (1) The fibers of E —> E/B over a field K are B-torsors and hence
are split and isomorphic to Bg since B is a special group (all B-torsors over fields
are trivial). It follows that the fibers of the natural morphism E/T — E/B
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over K are isomorphic to (B/T)k and hence are affine spaces over K. By the
Homotopy Invariance Property of K-cohomology [6, Theorem 52.13], the pull-back
homomorphism is an isomorphism.

(2) It follows from (1) that for the rest of the proof we may consider only the
variety G/B. Since G/ B is cellular, the statement follows from [7, Proposition 3.7,
Lemma 3.8].

(3) follows from (2.2).

(4) was proved in [8, Part 2, Theorem 6.7 and Corollary 6.12]. 0
Remark 2.2. There is a natural W-action on G/T. By functoriality of the Chow
groups, the groups CH! (G/T) and hence CH! (G/B) are naturally W-modules.

Moreover, the maps in (2.2), (3) and (4) in Proposition 2.1 are homomorphisms of
W -modules.

2.3. K-cohomology of varieties associated to a torsor. Let £ —> Y be a G-torsor
over a smooth variety Y over F. Set X = E/T or X = E/Bandlet f : X — Y
be the natural morphism. Note that in the case X = E/B, the fiber X, of f overa
point y € Y is a projective homogeneous variety over the field F(y).

Proposition 2.3. Let E —> Y be a G-torsor with Y a smooth variety, X = E/T
or X = E/Band f : X — Y the induced morphism.

(1) The natural homomorphism
A°(Y. Ky) — A°(X. K>)

is an isomorphism.

(2) There is a natural complex
0 — AY(Y, K2) — ANX,K2) —> Ay ® F[Y]* —> 0.
The complex is acyclic if the torsor E is trivial.
Proof. By Proposition 2.1(1), it suffices to consider the case X = E/B.

(1) Rost’s spectral sequence (2.1) for the morphism f yields an exact sequence

0— A°(X. K2) — [ [ A%(X,. K2) — ] A°(X,. Ky).
yey O yey

The fiber X, is a projective homogeneous G-variety over the field F'(y). Therefore,
the natural homomorphism K; (F(y)) — A°%(X,, K;) is an isomorphism if i < 2
by [23, Corollary 5.6]. It follows that A%(X, K») ~ A°(Y, K>).
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(2) Rost’s spectral sequence yields a complex

a
ANY, Ky) — AN (X, Ko) — [ [ A" (Xy, K2) — [ [ 4" (X, K).
yey © yey ™
As X, is a projective homogeneous G-variety over F'(y), by [16, §3], the natural

map
Al(va Ki) — Al((Xy)sepy Ki) = Aw &® Ki—l(F(y)scp)

is injective and it identifies the group A!(Xy, K;) with a subgroup of
CHY(G/B) ® Ki_1(F(y)) = Ay ® Ki_1(F())
for i < 2. It follows that there is a natural map from Ker(d) to
A°(Y, Ay ® K1) = Ay ® A°(Y, K1) = Ay ® FY]*.

This defines the map «.
If E is a trivial torsor, we have X ~ Y x (G/B). By Proposition 2.1,

ANX, K2) = AN (Y, K2) ® (Aw ® F[Y]Y).

Note that the projection of 4! (X, K,) onto A, ® F[Y]* coincides with the map o.
O

2.4. K-cohomology of classifying spaces. Let G be an algebraic group. In [24],
Totaro defined the Chow ring CH*(BG) of the “classifying space” of G and more
generally, Guillot in [10] defined the ring A* (BG, K ) as follows. Fix anintegeri > 0
and choose a generically free representation V' of G such that there is a G-equivariant
open subset U C V with the property codimy (V' \ U) > i + 1 and a versal G-torsor
f U — U/G (see [24, Remark 1.4] or [5, Lemma 9]). Then set

A'(BG, K,) := A'(U/G, Ky).

This is independent of the choice of U since the K-cohomology groups are homotopy
invariant.

Let T C B be a split maximal torus and a Borel subgroup respectively in a split
reductive group G. As in the proof of Proposition 2.1(1), the fibers of the natural
morphisms U/ T — U/ B are affine spaces. By the homotopy invariance property,

A'(BB,K;) — A'(BT, K ).

The next statement follows from the Kiinneth formula [7, Prop. 3.7] (see [2,
Example A.5]).
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Proposition 2.4. Let T C B be a split maximal torus and a Borel subgroup in G,
respectively. Then

A'(BB,K;) ~ A'(BT,K;) ~ S"(T*) ® K;_;(F).

More generally if G acts on a variety X over F, one can define the equivariant
K-cohomology groups A (X, K;) (see [10]). In particular, if X = Spec(F) (with
trivial G-action), we have A (X, K;) >~ A"(BG, K;) and if X — Y is a G-torsor,
then A (X, K;) ~ ALY, K)).

The structure morphism G — Spec F yields then a homomorphism

A'(BB,K;) = A'y(Spec F, K;) — A%(G,K;) = A'(G/B, K).

The following statement is a consequence of [7, §3] and (2.2).

Lemma 2.5. The composition

T* ® K;—1(F) ~ A'(BB.K;) —> A'(G/B.K,) ~ CH'(G/B) ® K ;1 (F)
~ Ay @ Kj1(F)

coincides with k ® 1.

3. The motivic cohomology of weight < 2

3.1. The complexes Q/Z(j). Let X be a smooth variety over F. For every j € Z,
the complex Q/Z( ) is defined in the derived category D™ Shg (X) of étale sheaves
of abelian groups on X as the direct sum of two complexes. The first complex is
given by the locally constant étale sheaf (placed in degree 0) the colimit over n prime
to char(F) of the Galois modules ,u,?] , where p, is the Galois module of n™ roots
of unity. The second complex is nontrivial only in the case p = char(F) > 0 and it
is defined as _
co}llim W, Q{Og[— Jl

if j > 0, with WnQ{;)g the sheaf of logarithmic de Rham—Witt differentials
(see [11,1.5.7], [12]). The second complex is defined to be zero if j < O.

We write H™ (X ,Q/Z(j )) for the étale cohomology of a scheme X with values
in Q/Z(j). Then

H™(X.Q/Z(})){p} = colim H™ (X. %))
n
if p # char F and

H™(X,Q/Z(j)){p} = colim H" ™/ (X. Wo,,)
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if p = char F > 0. In the latter case, we have (e.g., see [2])

KX (F)® (Qp/Zp), ifm=j;
H™(F.Q/Z()){p} = { H*(F. K} (Fep))ip}, iftm=j+1 (D
0, otherwise,

where K j” are Milnor’s K-groups.
We write H"(Q/Z(j)) for the Zariski sheaf on X associated to the presheaf
Z — H;(Z,Q/Z())).

3.2. Unramified cohomology. For a scheme X and a closed subscheme Z C X we
write H2 (X, Q/Z(j)) for the étale cohomology group of X with support in Z and
values in Q/Z(j) [21, Ch. III, §1]. For a point x € X () set

HY(X.Q/Z())) = colim Hz, (U.Q/Z()).

where the colimit is taken over all open subsets U C X containing x. If X is a
variety, write

Ay : H"(F(X),Q/Z(j)) — HYT'(X.Q/Z(j))

for the boundary homomorphisms arising from the coniveau spectral sequence [4, 1.2].
It follows from [4, §6, Examples 7.3(1), 7.4(3)] that the cohomology groups
H"(X,Q/Z(j)) satisfy the purity property (see [3, §2]) and the sequence

0 — HE(X. H'(Q/Z(j)) — H"(F(X),Q/Z())) — [ [ HI (X.Q/Z())).

xeX®

where 0 = ][]0y, is exact for every smooth irreducible variety X. For every
irreducible smooth projective variety X, we have

HY (X, H"(Q/Z(j))) = HLL(F(X),Q/Z(j)).

the group of elements unramified with respect to all discrete valuations of the field
F(X) over F (see [3, Proposition 2.1.8]). This group is a birational invariant of a
smooth projective variety.

The following two statements are consequences of a more general theorem
[4, Theorem 8.6.1]. We give shorter proofs here of our special cases.

Proposition 3.1. Let X be a smooth irreducible projective rational variety. Then the
natural homomorphism

H"(F.Q/Z(j)) — Hz(X. H"(Q/Z(}))) = H,,(F(X). Q/Z(;))

is an isomorphism.
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Proof. The statement is well known (see [3, Theorem 4.1.5]) if one deletes the
p-primary component from Q/Z(j) in the case char(F) = p > 0.

In general, we argue by induction on dim(X). Since the group H2, (X, H"(Q/Z(})))
is a birational invariant, we may assume that X = P"~! x P!, Take an element

o € Hp, (X, H"(Q/Z()))) = Hy,(F(X).Q/Z(j)) C H"(F(X).Q/Z())).

n—1
F(@PYH

o € H Pk H (Q/Z()) = H"(F(P'), Q/Z()))

Pulling back with respect to the morphism P —> X, we have

by the induction hypothesis. By [2, Lemma A.6], applied to the projection X — P!,
o € HY (P, H"(Q/Z(j))). The rest of the proof is as in [2, Proposition 5.1]. The
coniveau spectral sequence for the projective line P! (see [2, Appendix A]) yields a
surjective homomorphism

H"(P',Q/Z(j)) — Hy, (F(P). Q/Z(})).

By the projective bundle theorem (classical for the p-primary component if p #
char(F) and [9, Th. 2.1.11] if p = char(F) > 0), we have

H"(P',Q/Z(j)) = H"(F,Q/Z(j)) ® H" *(F.Q/Z(j — D)t,

where ¢ is a generator of H?(P!,Z(1)) = Pic(P') = Z. As t vanishes over the
generic point of P!, the result follows. O

The following statement is a generalization of Proposition 3.1.

Corollary 3.2. For any smooth irreducible variety Z and a smooth irreducible
projective rational variety P, the pull-back homomorphism

HD(Z, H"(Q/Z(})) — HPW(P x Z, H"(Q/Z(})))
is an isomorphism.

Proof. Consider the commutative diagram

H2.(Z. H"(Q/Z(})))

Hp, (P x Z, H"(Q/Z(})))

H"(F(Z), Q/Z(})) —— HY\(Pr(z), H"(Q/Z(j)))—— H"(F(P x Z),Q/Z(}))

ez HIPH(X.Q/Z())) = ez HpL (P x Z,Q/Z()))

with the exact left column. The map 7 is an isomorphism by Proposition 3.1. The
bottom map is injective by [2, Lemma A7]. By diagram chase, the top homomorphism
in the diagram is an isomorphism. O
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Lemma 3.3. The étale sheaf on a smooth variety Y associated to the presheaf

Z v Hp, (Z. H"(Q/Z())))
is trivial if n # 0 andn # j.

Proof. Let y € Y and let O;hy be the strict henselization of ¥ at y. Then the stalk
at O;hy of the sheaf in the statement is equal to

H(Q/Z()(OY,) = HE (03, Q/Z(})).

If p is a prime integer different from char(F'), then the p-component of this group is
trivial since n # 0 and the complex Q,/Z,(j) is given by a sheaf placed in degree 0.
If p = char(F), the complex Q,/Z,(j) is given by the de Rham—Witt sheaf shifted
by —j, hence

HZ(03,.Q/Z(j){p} =0

sincen # j. O

Let G be a split reductive group and B C G be a split Borel subgroup.

Proposition 3.4. Let E —> Y be a G-torsorand f : X = E/B —> Y the natural
morphism. Then the étale sheaf associated to the presheaf

Z > HY.(f ' (Z), H(Q/Z()j)))

onY istrivial ifn > j > 0.

Proof. Asthe G-torsor f is trivial locally in the étale topology, we may assume that
the torsor F is trivial, i.e., f - (Z) ~ (G/B) x Z. It follows from Corollary 3.2 that

HY (S~ (Z2). HQ/Z())) ~ HY(Z. H"(Q/Z()))).

The statement now follows from Lemma 3.3. OJ

3.3. The complexes Zx (j). Let X be a smooth variety over F'. We consider the
motivic complexes Zx (j) of weight j = 0,1 and 2 in the category Dt Shg,(X). The
complex Zx (0) is Z (placed in degree 0) and Z(1) = G,,[—1]. We write Zx (2) for
the motivic complex 'y (2) defined in [14] and [15]. This complex is conjecturally
quasi-isomorphic to Voevodsky’s complex Zx (2).

We use the following notation for the étale motivic cohomology of weight j < 2:

H™ (X) 1= HI(X.Z()).
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By [12, Theorem 1.1], we have the following isomorphisms for the étale motivic
cohomology of weight 2:

0, ifn <0;
K3(F(X))ina, ifn =1,
A%(X, K>), ifn=2;
ANX, Ky),  ifn =3,

H"2(X) = (3.2)

where
K3(L)ing := Coker(K3(L) — K2 (L))
for a field L and K3Q (L) is Quillen’s K-group of L.
We will be using the following proposition proved in [12, Theorem 1.1].

Proposition 3.5. There is a natural exact sequence
0 — CH*(X) — H*?*(X) — Hp,(X.H*(Q/Z(2))) — 0

for a smooth variety X .

3.4. Homology of the complex Z s (2). Let G be a split reductive algebraic group
over F. Choose a maximal split torus 7" and a Borel subgroup B suchthat 7 C B CG.
Let E — Y be a G-torsor with Y a smooth variety, X = E/T or X = E/B and
f : X —> Y the induced morphism.

We write Z ¢ (2) for the cone of the natural morphism Zy (2) — R f«(Zx(2)) in
the category DT Sh¢,(Y). Thus, we have an exact triangle

Zy(2) — Rfi(Zx(2)) — Z7(2) — Zy (2)[1]. (3.3)

We compute the cohomology sheaves H"(Z r(2)) of the complexes Z r(2) for
small values of n.

Proposition 3.6. Let G be a split reductive algebraic group over F, Ay, the weight
lattice of the commutator subgroup of G. Let E —> Y be a G-torsor with Y
a geometrically irreducible smooth variety, X = E/T or X = E/B and let
f X —> Y be the induced morphism. Then

Hzp@) = =2
Ay ® Gy, ifn =3,
and there is an exact sequence of étale sheaves on 'Y
0 — [S*(Aw)/S*(Aw)" | — H*(Zs(2)) — N — 0,
where N is the étale sheaf on Y associated to the presheaf
Z v Hp (f~H(2), H}(Q/Z(2))).
The sheaf N is trivial if X = E/B.
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Proof. The complex Z(2) is supported in degrees 1 and 2, hence H"(Z(2)) = 0
if n < 0. The triangle (3.3) yields then an exact sequence
0 — H(Z;(2) — H'(Zy (2) = R fu(Zx(2)) —
H(Zs(2) — H2(Zy () —> R*fu(Zx(2)) — H2(Z;(2) — 0 (3.4)
of étale sheaves on Y and the isomorphisms
R” fu(Zx(2)) ~ H"(Zf(2)) forn > 3.

By [21, Proposition IT1.1.13], H" (Zy (2)) and R" f«(Zx (2)) are the étale sheaves
on Y associated to the presheaves

Z+— H™*(Z) and Zw— H™(f"'2),

respectively.
It follows from (3.2) that H!(Zy (2)) and R! f.(Zx(2)) are the étale sheaves
on Y associated to the presheaves

Z > K3F(Z)ina and Z > K3F(f ' Z)ina,

respectively. To show that the map s in (3.4) is an isomorphism, we may assume
that the torsor E — Y is trivial. The variety X is rational, hence the natural
homomorphism

K3F(Z)ina — K3F(f ' Z)ina

is an isomorphism by [17, Lemma 4.2] since the field extension F(f~1Z)/F(Z) is
purely transcendental. Thus, the morphism s in the sequence (3.4) is an isomorphism.

By (3.2), the étale sheaves H?(Zy (2)) and R? f.(Zx(2)) on Y are associated to
the presheaves

Z > H*2(Z) = A%Z,Ky) and Z > H**(f7'2) = A°(f7Z. K>).

respectively.
By Proposition 2.3(1), the morphism ¢ in the sequence (3.4) is an isomorphism.
The exactness of (3.4) implies that

H"(Zf(2)) =0, ifn <2.
The étale sheaf H3(Z 7(2) = R3 fx(Zx(2)) on Y is associated to the presheaf
Z— H>2(f712)=AYf"1Z,K>).
It follows from Proposition 2.3(2) that there is a natural isomorphism

HN(Zs(2)) = Ay ® Gy, .
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Now consider the case n = 4. The étale sheaf H*(Z s (2)) = R* fx(Zx(2)) on Y
is associated to the presheaf

Z— HY?(f7'2).
To study this sheaf, consider another étale sheaf M associated to the presheaf
Z — CH2(f'2).

Let z be a generic point of Z and L an algebraic closure of F(z). The fiber f~!(z)
is split over L, i.e., it is isomorphic to (G/T)r if X = E/T and to (G/B)p if
X = E/B. The composition (see Proposition 2.1(4))

CH?*(f~'Z) — CH*(f~!(2)) — CH*(G/D)L = S*(Aw)/S*(Aw)”

yields a morphism of M to the constant sheaf [Sz(Aw) / 52(Aw)W] over Y. We
claim that this morphism is an isomorphism. It suffices to assume that E is trivial
over Z, ie., f1Z ~ Zx(G/T)if X = E/T and f~'Z ~ Z x (G/B) if
X = E/B. By Proposition 2.1(2), we have

CH*(f~'Z) ~CH*(Z) ® (CH'(Z) ® CH'(G/T)) & (CH’(Z) ® CH*(G/T))
if X =E/T,and
CH?*(f~'Z) ~ CH*(Z) ® (CH'(Z) ® CH'(G/B)) & (CH’(Z) ® CH*(G/B))

if X = E/B. Note that the projection of CH?( f ! Z) onto the last direct summand
coincides with the map M(Z) —> [S5?(Aw)/S?*(Aw)"]. The sheaves associated
to the presheaves Z +—> CH'(Z) are trivial for i > 0. The claim is proved.

By Proposition 3.5, M is a subsheaf of H*(Z(2)) and the quotient sheaf is

the sheaf N associated to the presheaf Z Hgar(ffl(Z),”H3(Q/Z(j))). By
Proposition 3.4, the latter sheaf is trivial if X = E/B. O

3.5. Motivic cohomology of varieties associated to a torsor. We study certain étale
motivic cohomology of £/ T and E/ B for a torsor E under a split reductive group G.
The group H*? is not homotopy invariant (for the p-component if p = char(F))and
the natural map H*2(E/B) — H*?(E/T) is not isomorphism in general. The
Weyl group W acts naturally on E/T and hence on H*2(E/T) (see Remark 2.2).
We will show that H*4?2(E/B) is isomorphic to a W-submodule of H*2(E/T).

Theorem 3.7. Let G be a split reductive group over a field F, B a Borel subgroup,
E — Y a G-torsor with Y smooth connected variety and f : X = E/B — Y
the induced morphism. Then there are exact sequences of W -modules

0 — AY(Y, Ky) — AY(X, K3) — Ay ® F[Y]*
— H*?(Y) — H**(X) — H*(Y,Zs(2))
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and
0 — Ap®CH' (Y) — H*(Y,Z7(2)) — S*(Aw)/S*(Aw)” — Ay ®Br(Y).
The W -action on H*2(Y) is trivial and H*?(X) is a W -submodule of H**(E/T).
Proof. Let X’ = E/T and ¢ : X’ —> Y the induced morphism. Since
H"(Zyf(2)) =0=H"(Zg(2)) forn <2 and
HYZf(2) = Ao ® G = H(Zg (2)) (3.5)

by Proposition 3.6, there are exact triangles in D Shg (Y):

A ® Gpu[-3] — 1<4Z s (2) — H*Z(2)[~4] — Ay @ Gu[-2], (3.6)

Aw ® Gpu[-3] — 1<4Zg(2) — H*(Zg(2))[-4] — Aw @ Gu[-2], (3.7
where 74 is the truncation functor. It follows that

H(Y,t<aZy(2)) = H> (Y, 2y (2)) = Aw ® F[Y]* = H*(Y, Zg (2)).

Applying the cohomology functor to the exact triangles 3.6 and 3.7, we get a
diagram with the exact rows induced by the morphism X' —> X:

0——= Ay @ CH\(Y) —= H*(Y,Z(2)) —= H(Y, H*(Z £ (2))) — Ay @ Br(Y)

| ) lﬂ

0——= Ay ® CHY(Y) —— H*(Y, Z¢ (2)) — H°(Y, H*(Zg (2))) — Ay ®@ Br(Y),

There is a natural W-action on X’ and g is W-equivariant (with W acting trivially
on Y). Therefore, W acts on the complex Zg4 (2). It follows that the bottom sequence
in the diagram is a sequence of W-module homomorphisms.

By Proposition 3.6,

HO(Y, HYZy(2) = S*(Aw)/S*(Aw)?,

B is injective and H (Y, H*(Z s (2))) is isomorphic to the kernel of the W -equivariant
homomorphism
HO(Y. HY (Zg(2))) — N(Y).

where N is defined in Proposition 3.6.
By 5-Lemma, « is also injective and H*(Y, Z r(2)) is isomorphic to the kernel
of the W -equivariant composition

H*(Y,Z¢(2)) — H°(Y,H*(Z1(2))) — N(Y).

It follows that the top row in the diagram is a sequence of W -equivariant
homomorphisms. This gives the second exact sequence in the statement of the
theorem.
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Applying the cohomology functor to the exact triangle (3.3) and using (3.2)
and (3.5) we get exact sequences

0— AY(Y, K») — AN (X, Kp) — Ay @ F[Y] — H*2(Y) (3.8)
— H**(X) — H*(Y,Z7(2)) — H>(Y),

0— AYY, K») — AY(X',K») — Ay Q F[Y]* — H*2(Y) (3.9)
— H*2(X') — H*(Y,Z4(2)) — H>*(Y).

The first exact sequence in the statement of the theorem is (3.8). Comparing the exact
sequences (3.8) and (3.9) via the morphism X’ —> X, we get a commutative diagram
similar to the one above. We have shown that H*(Y,Zs(2)) is a W-submodule
of H*(Y,Zg(2)). Again, by 5-Lemma we see that H*2(X) is a W-submodule
of H*2(X'). It follows that (3.8) is an exact sequence of W -module homomorphisms.

O

4. Cohomology of classifying spaces

4.1. Balanced elements. Let A® be a cosimplicial abelian group and write /. (A°®)
for the homology groups of the associated complex of abelian groups. If A® is
a constant cosimplicial abelian group (all coface and codegeneracy maps are the
identity), we have ho(A4°®) = A% and h;(A®) = Ofor all i > 0.

Let G be a split reductive group over F'. Choose a generically free representation
V of G such that there is a G-equivariant open subset U C V with the property
codimy (V \ U) > 3 and a versal G-torsor f : U —> U/G (see [24, Remark 1.4]
or [5, Lemma 9]). Moreover, we may assume that (U/G)(F) # @.

Write U” for the product of n copies of U with the diagonal action of G. Let
H : SmVar(F) —> Ab be a contravariant functor from the category of smooth
varieties over F to the category of abelian groups. Then H(U*®/G) is a cosimplicial
abelian group. We have the two maps

H(p:): HU/G) — H(U?/G), i=1,2,

where p; : U?/G — U/G are the projections. An element v € H(U/G) is
called balanced it H(p1)(v) = H(p2)(v). We write H(U/G )py for the subgroup
of balanced elements in H(U/G). In other words, H(U/G)va = ho(H(U*®/G))
(see [2]).

We write H (X) for the cokernel of the homomorphism H(Spec F) — H(X)
for a smooth variety X over F induced by the structure morphism of X.

4.2. Cohomology of the classifying space. By [2, Corollary 3.5], the group

HY.(BG. H"(Q/Z(}))) := Hp,(U/G. H"(Q/Z(}))),,
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is independent of the choice of U and we have an isomorphism

Hy,(BG. H(Q/Z()))) — Inv"(G.Q/Z())). 4.1)
By [20, §3d] and Proposition 3.5, the group
H*?(BG) := H**(U/G)pu 4.2)

is also independent of the choice of U and there is an exact sequence
0 — CH*(BG) — H*?(BG) — Inv*(G,Q/Z(2)) — 0. (4.3)

Note that since the functor H*? is not homotopy invariant in general, we cannot use
the machinery of [24] and [10] to define H*?(BG).

Theorem 4.1. Let G be a split reductive group over F, T C G a split maximal torus
and C the kernel of the universal cover of the commutator subgroup of G. Then there
is an exact sequence

0— C*® F* — H(BG) — S2(T")Y — 0.
Proof. Applying Theorem 3.7 to the versal G-torsors f" : U" — U"/G for all n
we get an exact sequence
AY(U"/B, K3) — Ay ® FIU"/G]* — H**(U"/G)

— H*2(U"/B) — H*(U"/G,Zsn(2)) (4.4

of W-modules. The W -action on H*2(U"/G) is trivial. By Proposition 2.4,
AYU"/B,K;) = A'(BB,K,) =T* ® F*.
Note that
F*C FI[U"/G)* C FIU"* = F[V"|* = F*

by the assumption on the codimension of U in V', hence F[U"/G]* = F*.

Now we would like to determine the first homomorphism in the exact
sequence (4.4). Let Z be the generic fiber of U"/B — U"/G. The variety Z
is a twisted form of G/B over the function field F(U"/G), so Z; ~ (G/B)L over
an algebraic closure L of F(U"/G).

The pull-back map for the morphism Z — U" /B yields a composition

T*® F* ~ A'(BB, K,) = AY(U"/B. K») — AY(Z, K>)
—> ANZL. K2) = A'((G/B)L. K2) = Ay ® L™

By definition, the first homomorphism in the exact sequence (4.4) is given by this
composition. The composition coincides with

T*® F* ~ A'(BB. K;) — A'((BB)L.K2) — A'((G/B).K2) = Ay ® L™

with the map ¢ induced by the structure morphism G; —> Spec L (see 2.4).



Vol. 91 (2016) Degree three cohomological invariants of reductive groups 509

By Lemma 2.5, this composition is induced by the homomorphism« : T —> Ay,.
It follows that the first homomorphism in the exact sequence (4.4) is isomorphic to
Kk®R1:T*"® F* — Ay ® F*. Therefore, its cokernel is isomorphic to C* ® F*
since C* = Coker(T* —> Ay). Thus, (4.4) yields an exact sequence
0— C*® F* — H**(U"/G)
— H*?(U"/B) — H*(U"/G.Zs(2)). (4.5

Since B is special (see proof of Proposition 2.1), every invariant of B is constant.
The exact sequence (4.3) for the group B and Proposition 2.4 then yield:

H"?(BB) ~ CHX(BB) ~ S*(T*). (4.6)
Taking the balanced elements in the exact sequence (4.5) of cosimplicial groups

and recalling the definitions of H*2(BG) and H*?(BB) given in (4.2), we get a
sequence of homomorphisms of W-modules

0— C*® F* — H"(BG) — H>(BB) — H*(U/G.Z,(2)),

where f = f!:U — U/G. Note that the sequence is exact by [2, Lemma A.2]
since the first term in (4.5) is a constant cosimplicial group.

We will use the following simple lemma.

Lemma 4.2. Let 0 — A — B —> C — D be an exact sequence of W -
modules. Suppose that W acts trivially on A and B. Then the induced sequence
0— A— B— C" — DV isexact.

Recall that W acts trivially on C* ® F* and " (BG). Taking into account
Lemma 4.2 and using (4.6) we get an exact sequence

0— C*® F* — H(BG) — S2(T*)Y — HYU/G.Z;2)".
It suffices to show that the last term in the sequence is trivial. Recall that we write Q for
the factor group of G by the commutator subgroup. We have 0* = G* = CH!(BG).
The second sequence in Theorem 3.7 reads as follows:

0— Ay ® Q* — H*(U/G,Zs(2)) —> S*(Aw)/S*(Aw)?,

Since H'(W, S%2(A)") = 0, we have [S?(Ay)/S?(Aw)"]" = 0 and conclude
that H*(U/G,Zr(2))V = 0. O
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5. Degree 3 invariants

Let G be a split reductive group over F' and T C G a split maximal torus. We have
the following diagram

C*® F*

T

0 —= CH*(BG) —> H "(BG) — Inv3(G.Q/Z(2)) _—>0

norm
\

52(T*)W

0

with the exact row and column by (4.3) and Theorem 4.1.
Let Z[T *] be the group ring of 7* and let

¢i 1 Z[T*] — SU(T™)

be abstract Chern classes (see [20, 3c]). In particular, if a = ), e¥ € Z[T*] (we
use the exponential notation for the elements in Z[7 *]), then

c1(a) = in eSHT*)=T* and cy(a) = inxj e SX(T™).
i i<j

By [24, Corollary 3.2], the group CH?(BG) is generated by the second Chern classes
of representations of G. Since the representation ring of G is equal to Z[T*]W, the
commutativity of the diagram

ZIT* |V ———7Z[T*

CH2(BG) — CH2(BT) = S%(T™*)

implies that the image of y, denoted Dec(G), is generated by the image of the
restriction Z[T*]" — S2(T*)V of ¢,. As

c2(x +y) = ca(x) + ca(y) + cr(x)cr(y)

for all x,y € Z[T*]", the square of (T*)" is in Dec(G). The group Z[T*]V is
generated by the sums ) ; e*i, where {x; } is the W -orbit of a character in 7*. Since
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the composition

ZIT* Y — STV — SZ(T*)W/(T*W)Z
is a group homomorphism, the subgroup Dec(G) C S*(T*)W
elements of the following types:

is generated by

1) Zi<j xixj, where {x;} is the W-orbit of a character in 7",
2) xy,where x,y € (T*)" = Q*.

In other words, Dec(G) is the subgroup of the “obvious” elements in S2(T*)W .

By [2, Theorem 2.4], the group of the Brauer invariants of G
Inv?(G,Q/Z(1)), .= Inv(G. Br)norm
is isomorphic to Pic(G) = C*. The homomorphism
C* @ F* — Inv*(G, Q/Z(2))nom

is given by the cup-product, and invariants in the image of this homomorphism are
called decomposable invariants (see [20]).

Theorem 5.1. Let G be a split reductive group, T C G a split maximal torus and C
the kernel of the universal cover of the commutator subgroup of G. Then the sequence

0— C*® F* — Inv*(G, Q/Z(2))norm —> SA(T*)" / Dec(G) — 0

Is exact.

Proof. Everything except the injectivity of the first homomorphisms follows from a
diagram chase. Let H be the commutator subgroup of G. The composition

C* ® F* — Inv3(G,Q/Z(2)) — Inv*(H, Q/Z(2))
is injective and it identifies C* ® F* with the decomposable invariants of H by

[20, Theorem 4.2]. The injectivity of the first homomorphism in the composition
follows. 0

Write Inv3(G, Q/Z(2))inq for the factor group of Inv3(G, Q/Z(2))norm by the
subgroup of decomposable invariants. We have a natural isomorphism

Inv3(G, Q/Z2))ina =~ S2(T*)Y / Dec(G). (5.1)
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6. Restriction to the commutator subgroup

Let G be a split reductive group and H its commutator subgroup. We shall study the
restriction homomorphism

Inv3(G,Q/Z(2)) — Inv3(H,Q/Z(2)).
Consider the polar homomorphism
pol: S?’(Ay) — Aw ® Ay, Xy —>Xx®y+yQxX.

By [18, Proposition 2.2], pol(Sz(Aw)W) is contained in A, ® A,, where A, is the
root lattice.

By [19, §9], the embedding of A, into A4, factors as follows:

Ar 5 T* 5 Ay,
Let o be the composition
S2(Aw)” 25 (Aw ® AN 125 (Ay @ THV .

Let S be a split maximal torus of H contained in 7. The character group S* is
the image of . We have a commutative diagram

SZ(S*)W p_OI) S* ® *

[ |

2(A) — % (A @THY Lo Ay @ S* = Ay @ Ay.

Note that the kernel of the homomorphism Ay ® T* — Ay ® S* is equal
to Ay ® O*, where Q = G/H = T/S. Since (Ay, ® 0*)Y = 0, the
homomorphism f is injective. Therefore, we have the following commutative key
diagram

52(S*)W

T B

(Aw X T*)WC_> Ay ® S*

| |
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with vertical exact sequences, where C * = Ay /S* is the character group of the
kernel C of a universal cover H — H. A diagram chase yields a homomorphism

6:S%2(s"HY — Cc*® 0*. (6.1)
Lemma 6.1. An element u € S*>(S*)W belongs to the image of
S2THW — S2(5%)W
if and only if pol(u) belongs to the image of
S*@THY" — s*® S*.

Proof. Let X be the kernel of the natural homomorphism S?(T*) —> S2(S*). We
have an exact sequence

0— S*(0") — X —>S5*®0*—0
and the following commutative diagram with exact rows
X S%(T*) — S%(5%)
| | .
S*RO*——=S5*QT* —=S*® S*,

where the middle arrow is the composition of pol : S?(T*) — T* ® T* with the
natural homomorphism 7* @ T* — S* @ T*.

Since W acts trivially on S?(Q*), we have H(W, S?2(Q*)) = 0. It follows that
the right vertical map in the commutative diagram

SHTHW L S2(SHW —— ~ HY(W,X)
J |- |
(S*@THHW — = (5* @ S — = H\(W,S* @ 0%)
with exact rows is injective. The result follows by diagram chase. O

The following statement is a consequence of Lemma 6.1 and the key diagram
chase.

Proposition 6.2. The sequence
0
S2(r*VW — S2(sHY - Cc* ® 0F

Is exact.
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The first homomorphism in the proposition takes Dec(G) surjectively onto
Dec(H) (see the proof of [19, Lemma 5.2]). It follows that 6(Dec(H)) = 0.
Theorem 5.1, applied to H, gives then a composition

Inv3(H,Q/Z(2)) — S*(S*)" /Dec(H) — C* ® 0*.
The isomorphisms (5.1) for H and G, the injectivity of the map
S2(T*)Y ) Dec(G) —> S2(S*)" / Dec(H)

(see [19, Lemma 5.2(2)]) and Proposition 6.2 yield the following theorem.

Theorem 6.3. Let G be a split reductive group, H C G the commutator subgroup,
Q = G/H and C the kernel of the universal cover H —> H. Then the sequence

0 — Inv3(G,Q/Z(2)) — Inv?}(H,Q/Z(2)) — C* ® Q*

is exact.

Corollary 6.4. If H is either simply connected or adjoint, then the restriction
homomorphism Inv3 (G, Q/Z(2)) — Inv3(H, Q/Z(2)) is an isomorphism.

Proof. If H is simply connected, then C* = 0. If H is adjoint, S* = A,, so
the surjection 7* — S* is split by the map A, —> T*. It follows that the map
S2(T*)W — S2(S*)W is surjective, hence @ is zero in Proposition 6.2. O

7. Reductive invariants

Let H be a split semisimple group. A reductive group G is called a strict reductive
envelope of H (see [19, §10]), if H is the commutator subgroup of G and the
(scheme-theoretic) center of G is a torus. By [19, §10], if G is a strict reductive
envelope of H, the restriction map

v (G, Q/Z(2))ina — Inv>(H, Q/Z(2))ina

is injective (see also Theorem 6.3) and its image Inv3(H, Q/Z(2))eq is independent
of the choice of G. This is the subgroup of reductive indecomposable invariants
of H.

By [8, Part II, 6.10], the group S?(A,,)" is free abelian with canonical basis ¢ F
indexed by the set of irreducible components of the Dynkin diagram of G.

We write o;; € A, for the simple roots of the j™ component of the root system
of H and w;; € Ay for the corresponding fundamental weights. Let d;; be the
square of the length of the co-root (c;;)".
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Proposition 7.1. Letq =Y kjq; € S*(S*)" C $*(Ay)" withk; € L. Let I €
Inv3(H, Q/Z(2))ina be the element corresponding to q under the isomorphism (5.1).

Then 1 is reductive indecomposable if and only if the order of w;; in C* divides
dijk;j foralli and j.

Proof. By construction, the composition of 8 in (6.1) with the injective map
C*® Q* — C* ® T* factors into the composition

1
S2SHW — S2(Aw)” AL ® A, — C*QA, —> C*®T*.

As G is strict, A, is a direct summand of 7*, hence the last map in the sequence is
injective. Therefore, the sequence

SATHY — 5251 L cr e A,

is exact by Proposition 6.2.
It follows from Theorem 6.3 that [ is reductive indecomposable if and only if ¢
belongs to the kernel of 6”. By [19, §10], the polar form of ¢; is equal to

Zdijwij ®aij € Ay ® Ay

1

Since the roots «;; form a Z-basis for A,, g belongs to the kernel of 6’ if and only if
the order of w;; in C* divides d;;k; forall i and j. O

Remark 7.2. The implication “=" of Proposition 7.1 was earlier proved in [19,
Proposition 10.6].

We compute the group Inv3 (H, Q/Z(2))req for a simple group H. If H is ether
simply connected or adjoint, then all invariants are reductive indecomposable by
Corollary 6.4. In what follows we consider all simple groups H that are neither
simply connected nor adjoint (thus, the order of the center of the simply connected
cover of H is not a prime integer).

Case A,—1. Let H be a split simple group of type A,_1, i.e., H = SL, /i, for
some m dividing n. We claim that Inv3(H, Q/Z(2))q = 0. It is sufficient to show
that the p-primary component is trivial for every prime p. Let r be the largest power
of p dividing m. Note that the group GL,, /s, is a strict envelope of H and the
kernel of the natural homomorphism GL, /u, — GL, /iy, is finite of degree
prime to p. It follows from [19, Proposition 7.1] that the p-primary components of
the groups of degree 3 invariants of H and SL,, /u, are isomorphic. Replacing m
by r we may assume that m is a p-power.

Let ¢ be the canonical generator of S2(S*)W. It is proved in [1, Theorem 4.1]
that if Inv3(H, Q/Z(2))norm is nonzero, then mg € Dec(H ). On the other hand, by
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Proposition 7.1, if I is a reductive indecomposable invariant of H corresponding
to a multiple kg of ¢, then k divides the order of the first fundamental weight in
C* = Z/mZ. The latter is equal to m, i.e., m divides k, hence kg € Dec(H) and
therefore, the invariant / is trivial.

Remark 7.3. The group G = GL,, /uy, is a strict envelope of H = SL,, /um- A
G-torsor over a field K is a central simple algebra A of degree n over K and exponent
dividing m. Thus, every reductive indecomposable invariant of H is an invariant
of such algebras. We have shown that every normalized degree 3 invariant of A4 is
decomposable, i.e., it is equal to [A] U (x) € H3(K,Q/Z(2)) for some x € F*,
where [A] is the class of 4 in Br(K) = H?(K,Q/Z(1)). In other words, central
simple algebras of fixed degree and exponent have no nontrivial indecomposable
degree 3 invariants.

Case D,. If H is the special orthogonal group O;’n, then Inv (H,Q/Z(2)) = 0
(see the proof of [19, Proposition 8.2]). Finally H = HSpin,,, is the half-spin group
when n > 4 is even. Let g be the canonical generator of S?(S*)W. It is shown
in [1, Theorem 5.1] that

0, if n = 2 modulo 4 or n = 4;
Inv?(H,Q/Z(2))ina = {2Zq/4Zq, ifn = 4 modulo 8 and n.4;
Zq/4Zq, if n = 0 modulo 8,

where ¢ is the canonical generator of S?(Ay)". The orders of the fundamental
weights in C* = Z /27 are equal to 1 or 2. By Proposition 7.1,

0, if n = 2 modulo 4 or n = 4;
Inv? (H,Q/Z(2))rea = . _
27.q/4Zq, ifn = 0modulo4andn > 4.

Remark 7.4. It is shown in [20, Section 4b] that the group
v (H, Q/Z(2))ina = Inv> (H, Q/Z(2))rea

for the split adjoint simple group H of type D,, when n is divisible by 4, is isomorphic
to 2Z.q/4Zq. Therefore, in this case the pull-back homomorphism

Inv’ (H, Q/Z(2))rea —> Inv*(H, Q/Z(2))sea
is an isomorphism. In particular, the value of a reductive degree 3 invariant of the

half-spin group H at an H -torsor depends only on the corresponding central simple
algebra of degree 2n with a quadratic pair (see [13]).
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