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Slow manifolds for infinite-dimensional evolution equations

Felix Hummel and Christian Kuehn

Abstract. We extend classical finite-dimensional Fenichel theory in two directions to infinite
dimensions. Under comparably weak assumptions we show that the solution of an infinite-
dimensional fast-slow system is approximated well by the corresponding slow flow. After that
we construct a two-parameter family of slow manifolds S ¢ under more restrictive assumptions
on the linear part of the slow equation. The second parameter ¢ does not appear in the finite-
dimensional setting and describes a certain splitting of the slow variable space in a fast decaying
part and its complement. The finite-dimensional setting is contained as a special case in
which S¢ ¢ does not depend on {. Finally, we apply our new techniques to three examples
of fast-slow systems of partial differential equations.
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1. Introduction

In this work, we study infinite-dimensional fast-slow evolution equations of the form

gdu® = Au® + f(u®,v%),

1.1
0;v% = Bv® + g(u®,v%), (1)

where ¢ >0 is a small parameter, A and B are linear operators on Banach spaces X
and Y, respectively, f, g are sufficiently regular nonlinearities, and (u®,v®) =
(u®(2),vé(t)) € X x Y are the unknown functions, where the superscript indicates
the dependence of the solution on ¢. In particular, the class of systems (1.1) are
multiscale evolution equations, where the small parameter ¢ hints at a formal time-
scale separation between the variables u® and v®.

The motivation to study (1.1) is best explained via the finite-dimensional setting,
where (4%, v%) € R™ x R", A € R™™ B € R™", and one often assumes that f, g
are sufficiently smooth. Multiple time scale ordinary differential equations (ODEs)
are employed across broad areas of mathematics [21] and form one of the few classes
of higher-dimensional dynamical systems, where analytical results about nonlinear
dynamics can be obtained due to the time scale separation structure. If we let e — 0
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in (1.1) we obtain the slow subsystem (or reduced system)

0= Au’ + f(u° v,

(1.2)
9,v° = Bv® 4+ g(u®,v%),

which is a differential-algebraic equation defined on the critical set
So 1= {(uo, V) e R™ xR": 0 = Au® + f(u°, vo)},

which we shall assume to be a manifold referred to as the critical manifold. If §5 C Sy
is compact and normally hyperbolic submanifold, i.e., all eigenvalues of the matrix
A+Dy, f(z) € R™™ have nonzero real part for all z € 8, then Fenichel-Tikhonov
theory [14,32] guarantees the existence of a locally invariant slow manifold §,. Of
course, for practical applications, the case of a critical manifold, which is attracting
in the fast directions, is the most frequently encountered. This case occurs when
all eigenvalues of A + D,, f(z) have negative real part and we shall focus on the
attracting setting here. For any normally hyperbolic critical manifold, the flow on &,
is approximated well by the slow subsystem flow of (1.1); see also [18,21, 35] for
detailed expositions of Fenichel theory. One reason to intuitively expect such an
approximation result in finite dimensions is better visible on the fast time scale
r := t /e, which leads upon substitution in (1.1) to

0,u® = Au® + f(u®,v%),

1.3
3-v° = e(Bv® + g(u®,v°)). (13)
Indeed, sending ¢ — 0 in (1.3) yields the fast subsystem (or layer equations)
9,u’ = Au® + 0%,
r A ) (1.4)

9,0° = 0.

The full fast-slow system on R™ x R” can then be treated near §y as a bounded
perturbation of the fast subsystem since B and g satisfy local bounds due to the
assumptions of sufficient regularity on g, so the fast linear hyperbolic dynamics
driven by A + D,, f(z) for z € 8¢ dominates near z. To make this intuition precise is
already difficult in the finite-dimensional setting with Fenichel theory providing the
comprehensive standard [14], even for multiple time scale dynamical systems, which
cannot be written directly [34] in the standard form (1.1).

Transferring the finite-dimensional situation to general evolution equations on
Banach spaces turns out to be challenging. At first sight, one may hope that the
classical Fenichel approach to show the existence of §, via a Lyapunov—Perron
method or via a Hadamard graph transform [14, 35] can still be applied utilizing
variants/extensions of infinite-dimensional center manifold theory [33]. So far, the
best available results in this direction are due to Bates et al. [4,5], who cover the case
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of semiflows, when the perturbation induced by the slow dynamics is bounded. In
particular, this includes the case of partially dissipative systems, where A = A is
the Laplacian and B = 0 so that the slow variable dynamics is an ODE. Yet, even
for quite standard reaction-diffusion systems [15,16,22] with A = A and B = A
on bounded domains, there has been no major progress to generalize Fenichel’s
theory from the 1970s. The main problem is that on the fast time scale we can never
view & Bv? as a bounded perturbation if B is a differential operator (this statement will
be made precise below); indeed, for differential operators we encounter the formal
limit O - co since B is an unbounded operator. Furthermore, the classical concept
of normal hyperbolicity is problematic since ¢ Bv® is not necessarily “small” in any
norm compared to the linear part of the u®-variable. For example, when B = A
on a bounded domain, a spectral Galerkin decomposition shows that the v®-variable
may have fast decaying components in its linear part. This implies that the case of
hyperbolic operators for B (which we include here as well) is somewhat easier. In
fact, a very special case of fast-slow invariant manifold theory was carried out for
the Maxwell-Bloch equations in [25], where u® is governed by an ODE and B is a
first-order partial derivative.

Another hope might be that one can adapt the theory of inertial manifolds [28,31],
which has been used to constructed low-dimensional attracting invariant manifolds
for several classes of partial differential equations (PDEs). Yet, inertial manifold
theory is based on global dissipation and compact embeddings to construct reduced
lower-dimensional invariant manifolds. For the fast-slow evolution system (1.1), we
are not interested in global reduction but local persistence/perturbation of manifolds.
In fact, we shall see below that our slow manifold can even grow upon perturbation
in a suitable sense in comparison to the critical manifold.

In this work, we provide a quite general fast-slow invariant manifold theory for
the evolution equations (1.1). We briefly outline our results in a non-technical form:

* We identify the key problems with Fenichel theory in infinite dimensions via
several explicit examples including the problems with unbounded and differential
operators B as well as with the notion of normal hyperbolicity; see Section 3.

* We assume that A is the generator of a Cyp semigroup having zero in its resolvent
and that the nonlinearity is (locally) Lipschitz. Then we prove an approximation result
that the flow of the full evolution equation for sufficiently small ¢ > 0 is, near Sp,
well-approximated by the flow of the slow subsystem on Sy; see Theorem 4.13.

* Under suitable regularity assumptions on B and g, we prove the existence of a two-
parameter family of slow manifolds S, ¢. The second small parameter { > 0 controls
additional “fast” contributions of the v®-dynamics. We also prove differentiability
of S ¢ if f is C!, we show estimates on the distance of S, ¢ to the critical manifold,
and a result regarding local attraction of trajectories near S ¢; see Section 5.
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In the proofs, there are several important new technical steps. The approximation
result given in Theorem 4.13 does not provide a slow manifold, and is hence
weaker than classical Fenichel theory but it also uses weaker assumptions. It
shows that there exists a very general result that the slow subsystem can be used
to approximate the full dynamics in a suitable sense near Sy. In fact, the proof of
this result seems to be difficult to achieve on the fast time scale, or even directly
with the original full evolution equations (1.1) on the slow time scale. We use
an intermediate approximating evolution equation (see also the calculations starting
from equation (4.2)), which changes the right-hand side of the fast component as
follows

edu®® = Au® + f(u°,0°) —ed, A7 £ (h°(v°),0°),
3,v° = Bv® + g(h°(0°).0?),

where h%: Y — X is a local parametrization of the critical manifold. On the finite-
dimensional level, when X = R™ and Y = R” one can nicely see, why this choice
might be helpful. Looking formally at different orders of @ (£¥) one has for k = 0, 1
from the first equation

(1.5)

Au® + f@®0%) =0 and u®®+ A7 f(h°(°),v°) = constant,

so upon using an initial condition with 2°(v?) = u%? one just obtains the condition
of the critical manifold twice, to leading-order and to first order in €. This means that
our intermediate system (1.5) is likely to be a locally better approximation to the full
fast-slow dynamics near Sy and it is a regularization of the slow subsystem. Other
important ingredients to obtain the approximation result are the use of interpolation-
extrapolation scales and suitably adapted Gronwall-type arguments involving mild
solutions.

For the construction of the slow manifold family S, ¢, we use a re-partitioning the
slow dynamics into two parts, which can formally be expressed as

Y=Y}®YS.

The part Y Sg comes from modes/directions, where ¢B yields a sufficiently small
perturbation so that these modes are slow. Moreover, the linear part of the dynamics
on Y SC is supposed to exist also backwards in time. The other part wa comes
from modes, which are fast as B dominates the small parameter €. The parameter ¢
describes which parts of the linear dynamics in the slow variable space are considered
as fast and which ones are considered as slow. This is quantified in terms of an
exponential dichotomy. In a simplified special case, which already covers many
examples, this dichotomy is given by estimates of the form

¢ -1
leByrlly, < Cpe™rTET @0 Iyp|ly, (120, yr € YiN YY),

&,
leByslly, < Mpe™Ws e gy (6 >0, yr € YN Y1),
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Here, Y1 = D(B) denotes the domain of B, the parameter w4 is essentially the
growth bound of the Cy-semigroup generated by the operator A, the two constants Cp,

Mp > 0 are independent of ¢ and the two constants N g > NIS > 0 do depend on ¢.

The difference of N é and N} is an important quantity in our theory. It describes
how well the splitting separates fast and slow parts of the linearized slow dynamics.
It is related to gaps in the spectrum of the operator B. For the construction of
our slow manifolds, we need the spectral gaps to be of a certain size in relation
to the Lipschitz constants of the nonlinearities. In certain situations, especially if
the equation in the slow variable is a parabolic equation on a bounded domain, this
leads to similar conditions as the ones for the existence of inertial manifolds for
dissipative equations. However, since the slow manifolds we construct do not have
to be finite-dimensional, our spectral assumptions are not as restrictive as those for
inertial manifolds. In particular, unbounded spectrum in the imaginary direction will
usually not be a problem for our theory, so that hyperbolic or dissipative equations in
the slow variable are in a certain sense easier for our theory. The precise conditions
for the existence of slow manifolds will be given later in Section 5.1.

Having this splitting available, we then proceed to set up a Lyapunov—Perron
functional iteration to obtain the existence of S, ;. The dynamical properties of S, ¢
can be established using relatively long estimates in combination with mild solution
representations, time differentiation of the manifold parametrization along solutions,
and contraction mapping arguments.

The paper is structured as follows: In Section 2 we collect technical background
results regarding interpolation-extrapolation scales of Banach spaces and operators
on these spaces, as well as suitable variants of Gronwall-type lemmas. In Section 3,
we illustrate the difficulties of the classical Fenichel viewpoint and the barriers to
generalize the bounded perturbation results for semiflows. In Section 4, we prove
the general result on slow flow approximation for semiflows, while in Section 5 we
obtain the slow manifold family and its precise dynamic properties. We present three
illustrating examples in Section 6 and conclude with an outlook in Section 7.

2. Preliminaries

2.1. Interpolation-extrapolation scales. We briefly introduce some required no-
tions and results in connection with interpolation-extrapolation scales. As a general
reference, we would like to mention [1, Chapter V].

Let T: X D D(T) — X be a densely defined closed linear operator on a
Banach space X with 0 € p(T). Moreover, for 8 € (0, 1) let (-,-)y be an exact
admissible interpolation functor, i.e., an exact interpolation functor such that X; is
dense in (X, X1)g, whenever

d
Xl —> X().
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We define a family of Banach spaces (X¢)ae[—1,00) and a family of operators

(Te)ae[-1,00) € B(Xg+1, Xy) as follows:

* Fork € Ny we choose X := D(T*) endowed with x| x, := | T* x| x (x € D(T*)).
In particular, Xo = D(T°) = D(idy) = X. Moreover, T} := Tlxq-

* X_, is defined as the completion of X = X, with respect to the norm || x||x_, =
|T~'x| x,. The operator Ty = T is then closable on X_; and T_; is defined to
be the closure. One can also define (X_g, T—) for k € N by iteration, but we do
not go beyond k = —1 in this paper.

e Fork e NgU{—1},0 € (0,1) and ¢ = k + 6 we define Xy := (X, Xx+1)9 and
Ty = Tk|p(t1y), Where

D(Ty) ={x € Xg+1: Trx € Xqo}.
The family (Xy, To)ae[—1,00) 15 a densely injected Banach scale in the sense that

d
Xa —> Xﬂ y
whenever @ > f (i.e., the injection is continuous with dense range), and
To: Xo+1 = Xg

is an isomorphism for all @ € R. Moreover, Ty: Xo O Xo+1 — Xy is a densely
defined closed linear operator with 0 € p(Ty) for all « € R. The family (Xy, To)aeRr
is an interpolation-extrapolation scale.

One of the nice things about interpolation-extrapolation scales is that semigroups
can be shifted along these scales. More precisely, we have the following (cf. [1,
Chapter V, Theorem 2.1.3]):

Theorem 2.1. Let T be the generator of a Co-semigroup (S(t))s>o0 and let ws € R
be the growth bound of S, i.e.,

ws:=inf{w € R[IM >0V: >0:[|S()llgx) < Me”'}.

Then Ty: Xo D Xa+1 — Xq also generates a Cy semigroup (Sq(t))i>0 with the
same growth bound and for all a,B € [—1,00), @ > B, the following diagram

commutes:

X, Sa (1) X,

[y !

S
X 229 xy.

Moreover, if (S(t)):>o is holomorphic then the same holds for (Sg(t)):>o and for all
® > wg there is a constant C also depending on o and B such that

IS8l 84, E0) < CHP%e™" (¢ > 0).
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2.2. Estimates for the incomplete gamma function. In this paper we frequently

encounter terms of the form
t es_] w(t—s)
—— s
o &¥(t—s)l77

with y € (0,1], o < 0 and ¢ > 0. In the following, we derive certain elementary
estimates which we use several times. They might not be of great importance on
their own, but being able to refer to them will be useful at some places. Note that the
substitution r = —e~lw(t — s) yields

/t es_]a)(t—s) 1 /-51|a)|t e’ f‘()/, g_1|a)|[)
=2
0 0

ds = =
v (t —s)'7v lw]” ri-v lw|”

El

where f(y, t) = é re]—_ry dr denotes the incomplete gamma function.

Lemma 2.2. Forallt >0,& >0,y € (0,1] and w < 0 it holds that

t s lo@—s) tv T
f e—dsfmin%— (J/)}.
0

g¥(t —s)1-v yer' |w|Y

Here, I denotes the gamma function.

Proof. Holder’s inequality yields

/-t ea_lw(t—s) 1 /l 1 tY
S S — P ————
0 T T Jo ()7 T yer

On the other hand, since f‘(y, t) is increasing in ¢, it follows that

—1 _ ~ _ ~ _
/, ety Feeoln _ . TieTlol) _ T@)
0 &7 —5) ol Tl ol

which completes the proof. U
Lemma 2.3. Forallt >0,& >0,y € (0,1] and w < @ it holds that

t e Y w—a)s y

—1 € €
et @I - ds < ————.
R

Proof. By Lemma 2.2 it holds that
—1 _~
es_l(Et /t et (0—d)s & < es_lcﬁti.
o &¥st—v - yeY

The right-hand side attains its maximum at # = |ye@'|. This yields the assertion.
O
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Lemma 2.4. Forallt >0, >0,y € (0,1] and w < & < 0 it holds that
t —1 1—
[ 8_1|60|38715(t_s) /‘s —ea - drds < —F(y)lf.ol y.
0 o &Yri—v @
Proof. Using Lemma 2.2 we obtain
_1wr

t o N et o
/ e lwle® 1“’(t_s)/ drds < 8_1|a)|1_”F(y)/ RCIGORE
0 o &'rtv 0

1-y
< LWl
- w

Corollary 2.5. Forallt > 0,&e >0,y € (0, 1] and w < & < 0 it holds that

t esflws . s eafla)r 15 eV w|1-7 1
- (t—s) hd -
/0 (8J’s1—)’ te |w|/0 gvrl-v dr)e ds = (yl—erF(y))cB‘ )ay'

Proof. This follows from summing up the estimates of Lemmas 2.3 and 2.4. O

Lemma 2.6. Let w < 0 and y € (0, 1]. Then it holds that

t s 1+owt
/ e s < e +y
o (=97 Yol

Proof. This follows from
t ws t .—ws wt lw|t r
/ e—ds=e‘"’/ e—ds=e—/ = dr
o (t—9)t7 o s lwl” Jo  r17Y
- ew? 1 el 4 max{1,|w|t} e’ 4
Sl o 7T e
<17 (S - e‘wt) -y O
" o \y ylwl”
2.3. Some Gronwall type inequalities. In most of the proofs of this paper, Gronwall

type inequalities are essential ingredients. Here, we collect the versions which we
use throughout this work.

Lemma 2.7. Let T > 0, u,v,c: [0, T] — [0, 00) be continuous and suppose that ¢’
is locally integrable. If v(t) < c(t) + fot u(s)v(s)ds forallt € [0, T], then

v(r) < c(0) exp(/ot u(s) ds) + /: c'(s) exp(/t u(r) dr) ds (1 €]0,T)).

Proof. This is a well-known version of Gronwall’s inequality. A proof can, for ex-
ample, be found in [9, Corollary 2]. The statement therein is formulated for ¢ being
differentiable, but the argument relies on integration by parts and thus, also the
asserted version holds true. O
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Lemma28. Letx € R, s, N,T >0,y € (0,1], p e (1,00) andlet p' = p/(p—1)
be the conjugated Holder index. Let further v,c:[0,T] — [0, 00) be continuous.
=

Suppose that ¢’ is locally integrable and that [t +— e~ Lxt c(t)] is non-decreasing.

If

et Lx(t—s)

v(t) <c()+ N/ —yv(s) ds

ev(t

forallt € [0, T)], then we have the estimate
t
v(t) < pc(O)eg_]” + p/ (¢"(s) — e_lxc(s))eg_]x(’_s) ds (¢ €10,T)),
0
where X := x + pNY/7(p'/y)A=1/7.
Proof. Let 0() := supg;<, e=c xS v(s). Then we have the estimate
—e Ixt <, —e Ixt N ! 1 0 d
e v(t) <c(t)e + A m (s)ds.

If we choose o = (y/p’N)'/7 ¢, then we obtain

—e Ixt < —e Ixt N t U]+ 0 d
e v(t) <c(t)e + ; W (s)ds
! 1
N ————0()d
+ /[t o sV(t—s)l_V (z)ds
§c(t)e_8_l’” 8)/01 y/ 0(s)ds——[(t—s)"] [~ a]+0(t)

< C(t)e—&‘_lxt

/ O(s)ds + —0(1‘)

c¥ol-v

By the monotonicity of the right-hand side, it follows that we can replace et ' xly (1)
by 6(¢) on the left-hand side. Therefore, we obtain

- N !
0(1) < pe(t)e® ¥ 4 L [ 6(s) ds.
VoY 0

so that Lemma 2.7 implies

N
0(t) < pc(0) exp(gyil_y t)

P/t(c/(s) — e xe(s)) exp( e lxs + -
0

- s))
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and therefore

v(t) < pc(0) exp((e_lx + Eyl;j:]_y)t)

+p/(; (c'(s)—s_lxc(s))exp((s_lx+ = y)(t—s))

t
= pc(O)ea_lﬁ + p/ (c"(s) — e_lxc(s))eg_lx(t_s) ds. O
0

Remark 2.9. For the sake of simplicity, we will apply Lemma 2.8 with p = 2 most of
the time. However, this is not optimal in many cases. In particular, if y = 1 then it is
actually better to take p close to 1. This way, we may actually take w f > wq4+CyL
instead of @y = @ + (2C4L £)V/7(1/y)1="/7 later in this paper. This might be of
importance if one wants s to be as small as possible.

Lemma 2.10. Let x,y € R, &, N, M, T > 0 as well as y,§ € (0,1]. Let further
v,c:[0,T] — [0, 00) be continuous. Suppose that ¢’ is locally integrable and that
[t = e Yc(t)] is non-decreasing. If 0 < NT'(y)/(ey — x)? < 1 and if

Lx(t—s) (l )
U(l) <C(l)+N[ WU(S)dS‘f‘M/‘ mU(S)dS

fJorallt € [0,T], then forall u € (0,1 —(NT(y)/(ey — x)?)), we have the estimate

1
—(NT(y)/(ey —

yt ! / _ y(—s)
v(t) < - ) |:c(0)ey —{—/0 (c'(s) — yc(s))e” ds]

(t €[0.7]),
where 5 :=y + M (§u)0~D5(1 — p — (NT(y)/(ey — x)?)) 7"
Proof. The proof is similar to the one of Lemma 2.8. We define

O(t) := sup e v(s),

0<s<t
so that we obtain

x=y)(t—s)

e () <eYe(t)+ N e(s
— )

Q(S) ds + M/ ﬁ@(é‘) ds

o e(s x—y)(t—s)

SC y C(t)‘l‘N o st 0(t)+M/ ( )1 SQ(S)dS
vt I(y)

<e yc(t)—l-( )VG(Z)—i—M/ 7 )1 89(s)ds
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where we used Lemma 2.2. For some o > 0 we split again

[t—o]
e () <eYe(t) + MG(I) + / i M 0(s) ds
0

(ey —x)"

t
1
+/ M——_ds 6l
t—oly (t—5)'° )

NT(y) Mo?

<e () + ((8y — T3 )e(z) +

M t
3 /0 O(s) ds.

(o2

Now we choose i € (0,1 — (NT'(y)/(ey — x)¥)) and ¢ = (8u/ M) . If we also
use the monotonicity of the right-hand side, then we obtain

NT(y)

0(t) <e c(t) + ((gy v

+ u)@(z) + M V() @¢-D/8 /t 6(s) ds.
0

Since 0 < (NT'(y)/(ey — x)¥) + u < 1 this yields

1
0(t) < e Ye(t)
l—p—=(NT(y)/(ey —x)7)
M8 (§,)E-D/8 t
+ 61 / O(s)ds.
l—pu—(NT(y)/(ey —x)") Jo
Hence, the assertion follows from Lemma 2.7. O

3. Problems with fast-slow systems in infinite dimensions

Here we give some reasons why it is difficult to apply perturbation theorems for
normally hyperbolic invariant manifolds in infinite dimensions such as the ones
in [4, 5] to infinite-dimensional fast-slow systems.

3.1. Problems with small perturbations. In finite dimensions, the usual approach
to show the existence of slow manifolds is to show that the flow of the fast-slow
system on the fast time scale is a small perturbation of the flow generated by the
fast subsystem. Then the existence of slow manifolds follows from the persistence
of normally hyperbolic invariant manifolds under small perturbation. But even
though such persistence results are also available in infinite dimensions (see, for
example, [4,5]), this approach does not work directly for many interesting infinite-
dimensional examples. Consider for instance the following situation: Let X,Y be
Banach spaces. Suppose that

A:X DD(A) - X and B:Y DD(B)—>Y
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are generators of Cp-semigroups
(Ta())iz0 C B(X) and (TB(1))i=0 C B(Y),
respectively. Let further L € B(Y, X) and L, € 8B(X, Y) be bounded linear oper-

ators. Then the operator

A Ly\.
(8L2 SB).XXYDD(A)XD(B)—)XXY

generates a Co-semigroup (7 (¢));>o for all ¢ > 0. Hence, forall ug € X, vp € ¥
and all ¢ > 0 there is a unique solution to the fast-slow system

o,u® = Au® 4+ Lv®,
0;v% = eBv® + eLou®, (3.1
u?(0) = ug, v%(0) =g

on the fast time scale which is given by a semiflow

(+0) =70 ()
For the sake of argument, we assume that the embedding
D(A)x D(B) > X xY
is compact so that the intersection of the critical subspace
So :={(u,v) € D(A) x D(B) : Au + Ljv =0}

with the ball B(0, R) in D(A) x D(B) around 0 with arbitrary radius R > 0 is
relatively compact in X x Y. Note that this assumption is frequently satisfied for
differential operators on bounded domains. We are thus in a similar situation as
in finite dimensions. One would hope that one can apply the theorem given in the
introduction of [4] to So N B(0, R). However, if one wants to apply this theorem in
order to perturb the critical subspace Sy for (3.1) with ¢ = 0 to a slow submanifold S,
for (3.1) with ¢ > 0, one would — among other assumptions — need that

1To(t) — Te() | g(xxy)y > 0 (¢ —0) (3.2)
for some ¢ > 0. In fact, one just needs
1To() — Te(Dllcr(v;xxyy >0 (6 —0)

for a suitable neighborhood N of Sy N B(0, R). But since such a neighborhood
already contains a ball in X x Y around O with small radius, this implies (3.2)
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by linearity. However, (3.2) is not satisfied if B is an unbounded operator. This
can be seen as follows: One can use the variation of constants formula together
with a standard version of Gronwall’s inequality in order to show that there is a
constant C > 0, such that

sup (Ju®@®x + [lv°®lly) < C(lluollx + llvolly)-
&,t€[0,1]

Therefore, if (3.2) holds then we have that

0=1lim s [pry(Te() = To(D) (o, v0) iy

70 o,v0) T llx xy =1
= lim sup [ve(1) — voll¥

#70 u,v0) T | x v =1

1

= lim sup H(Tg(a) — idy)vo + 8/ Tg (8(1 — s))Lzua(s) ds H

&0 1 ug.v0) Tl x vy =1 0 Y
>tim s (I(Ta(e) —idy)volly)

0 1 w@o.v) T i x =y =1

1
— lim sup SH/ Tg(e(1 —s))Lou®(s) ds H
20 wov0) T xxy=1 "J0 Y

= lim sup (I(T5(e) —idy)voll¥).

€201 ug,00) T I x xy =1
Hence, we have
T (e) —idy [lgy)y = 0 (¢ —0),

i.e., the semigroup generated by B is norm-continuous at f = (0. But this holds if
and only if B is a bounded linear operator on Y, see for example [10, Theorem 1.3.7].
Therefore, one can not apply [4] directly to fast-slow systems, in which the dynamics
of the slow variable are given by a partial differential equation.

3.2. Problems with the notion of normal hyperbolicity. One of the central objects
in classical Fenichel theory is the notion of a normally hyperbolic invariant manifold.
The important properties of such a manifold M are that it is invariant under the given
(semi-)flow (T");>0 on the space X and that for each m € M it admits a splitting

X=X,®X,dX,,

such that
(i) X, is the tangent space to M at m;
(ii) the splitting is invariant under the linearized flow DT (m);

(iii) DT*(m)|xx expands, DT*(m)|x;, contracts, and both do so to a greater degree
than DT (m)| x¢ .
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Perturbation results for such normally hyperbolic invariant manifolds in infinite
dimensions have been obtained in [4]. Therein, property (iii) includes on a formal
level the condition

Amin{1,inf{|DT* (m)x¢ || xc : x¢ € X5, [x¢| = 1}} > DT (m)|xs | 3x3,)
3.3)
for some A € (0, 1). However, if we consider the uncoupled, linear case of a fast-slow
system, i.e., (3.1) with L; = 0 and L, = 0, then the center direction X, on the
critical manifold will be given by

Xp={(x,») e XxY :Ax =0} D{(x,y) € X xY : x = 0}.

Thus, if B is a standard parabolic operator as the Laplacian A on L p(]Rd) or the
Dirichlet Laplacian A p on L , (@) with O being a smooth domain, then the left-hand
side of (3.3) is equal to O so that normal hyperbolicity in the sense of [4, p. 11] can
not be satisfied.

3.3. Problems with the splitting in fast and slow time. In infinite dimensions,
one has to be careful with the interpretation of the notion “fast-slow system”. Many
interesting cases can (locally) be written as

edu® = Au® + f(u®,v%),
d;v® = Bv® + g(u®,v%), (3.4)
u®(0) = ug, v°(0) = vo,

where in infinite dimensions the operators A and B are unbounded operators on the
Banach spaces X and Y, the Lipschitz continuous nonlinearities f, g have Lipschitz
constants which are not too large and u¢, vg are certain initial conditions; note that in
many examples one may cut off the nonlinearity to make it Lipschitz due to invariant
regions [29] or due to global dissipation [28,31].

Already in finite dimensions, the speed of evolution of the fast variable can only
be considered faster than the one of the slow variable if they are related to their
norms. Obviously, if ||vg||y is very large, then v®(¢) may change quickly compared
to u®(t), even if ¢ is very small. However, in infinite dimensions | - || x and || - |y may
not be suitable for such a comparison for several reasons. First of all, unlike in finite
dimensions, not all norms are equivalent and thus, comparing || - || x and || - ||y might
not be very meaningful. But even if ones takes (X, || - |x) = (Y. || - ||y), one may
run into difficulties. For the sake of argument, we assume for the moment that there
is no coupling, i.e., f = 0 and g = 0. Since B is unbounded in many interesting
cases, we may take ug € D(A) with ||ug||x = 1 and vy € Y with ||vg]ly = 1 such
that || Bvg|ly > &~ !||Auo||x. Then we have

19:4°(0) | x = &~ [[Auollx < | Buolly = [13;v°(0)]y-
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Therefore, one could argue that v®(¢) is faster around ¢ = 0 than u*(¢), even though
it is called “slow variable”. Note that this argument breaks down if one takes ug
and vy to have graph norms of the same size, i.e., [[uo|| p4) = ||lvollpB) = 1. But
then we have to problem the other way round: ||d;v¥(0)||y might be smaller than
|0;uf(0)||x only because ||vg||y is much smaller than |ug||x. In order to illustrate
this, let us consider an example:

Example 3.1. We take X = L,(R%), Y = H2(R?), 4 = A — 1 with domain
H?(R%) and B = A — 1 with domain L,(R?). Again, we take f = O and g = 0
so that we obtain the system
gd;u® = (A — Du®,
2:v° = (A — 1)v®,
u®(0) = up, v°(0) = vo.

Now, we take

uo = 7 1[¢ e (®)] and vo = F [ 1 Tg ya(E — )]

1
H ———
1+ (617
for a certain £ € R?. Then we have

luollpcay = lluollL,@way + (A — Duoll L, ra)
= F7H A+ [EP) Fuoll,way = o3¢ lz,@ay =1
and
lvollp) = llvoll g—2@®a)y + (A = Dvoll r—2(gra)

< lvoll L,y = IMfo,17¢ - — &)l L, way = 1.
However, it holds that

o1 —g—1 2y o~ =1
||u8(f)||L2(]R<d) = |7 leme™ UFKEPr g M0||L2(]R<d) = e 2 t”uO”Lz(Rd)
and

g — - 2 lrod — 2
1)l g—2may = 1F e THED Z o0 oo gay < e g ]| g2 gay-

Hence, v®(¢) decays faster in relation to [|vo|| g—2(ga) than u®(7) does in relation to
luoll L, way if 150> > 267", even though [luollp(ay = llvollpsy = 1.

We also want to point out that norms can be a bad indicator of different time scales
in a system. Suppose that B generates a unitary group (¢'5);cr on a Hilbert space Y
and A generates an exponentially stable Co-semigroup of contractions (e/4);>o on X.
Since (e’B),cR is a family of isometric isomorphisms on ¥, we obviously have that

—1
1= [lePuolly > lle* “uollx
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for all choices of t > 0, vy € Y with ||vg|ly = 1 and ug € X with ||ug||lx = 1. But
still, the trajectories of (e’B )rer can have changes which are much faster than the
exponential decay caused by (efl’ 4,5 for certain initial values. Take, for example,
B = f—x on H~'(R) with domain L, (R). The corresponding group is given by the
family of shifts e’Zv = v(- + 1). If we take vy = \/E]l[o,k—l], then we have

—1
”Ck B

||vk||L2(R) = 1, Vg — Uk”Lz(]R) = \/E

Thus, no matter how small |¢] is, there will always be an initial value vy with
lvollL,(®) = 1 such that e’Bvg and vg have a distance of V2.

In principle, the fact that small & does not provide an intuitive splitting in fast
and slow time does not necessarily mean that carrying over the results from the
finite to the infinite dimensional setting has to cause problems. However, it shows
that both cases are different not only from a technical but also from a conceptual
point of view. Looking at the above examples one could even discuss whether using
the terminology “fast-slow system” is the most adequate in infinite dimensions as
one cannot immediately spot the scale separation from a standard form but we shall
nevertheless still use the finite-dimensional terminology as one can then formally
refer to the two evolution equations for #® and v® more easily.

4. General fast-slow systems in infinite dimensions

In Section 3.2 we have seen that the classical notion of normal hyperbolicity is
very restrictive in infinite dimensions. Unfortunately, it is not known if or how the
Lyapunov—Perron method or Hadamard’s graph transform can be carried out without
this condition and thus, slow manifolds have not been constructed in a general
infinite-dimensional setting so far. The main results of this section, Theorem 4.13
and Corollary 4.15, show that even without the construction of slow manifolds, one
can consider the slow flow as a good approximation of the semiflow generated by the
fast-slow system. In order to derive these results, we need a weaker version of normal
hyperbolicity. The idea behind this condition is that solutions of the fast equation

go;u® = Au® + f(u®,v®)

should decay unless the contribution of the slow variable v® prevents them from doing
so0. This could be formulated in terms of conditions on the spectrum of A+Dy, f(x, y)
or, as we do it later, by the estimate (4.4). For finite-dimensional fast-slow systems,
requiring the spectrum of A + Dy f(x, y) to have an empty intersection with the
imaginary axis is equivalent to normal hyperbolicity of the critical manifold. But in
infinite dimensions this is clearly not the case, since Section 3.2 shows that classical
normal hyperbolicity crucially depends on the operator in the slow variable.
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Altogether, one could summarize that in this section we derive weaker results
under weaker conditions than classical Fenichel theory. In Section 5 we will then
introduce a suitable stronger notion of normal hyperbolicity in infinite dimensions
which will suffice to construct slow manifolds. However, this stronger notion will be
more restrictive again and there are examples in which we are still forced to rely on
the results of Section 4.

4.1. The fast equation. First, we study the equation

e9;ut (1) = Aut(t) + f(t.u*(t)) (1 €[0.T)),

4.1
u*(0) = o, @b

under the following assumptions:
(1) e = 0, T > 0 are parameters and vy € X; := D(A) an initial value which

satisfies
0= Aug + f(0,ug) ife=0.

(2) The operator A: X D D(A) — X is a closed linear operator on the Banach
space X with D(A) being dense in X and with 0 € p(A). It generates the Cy-semi-
group (€4);50 C B(X).

(3) We write (fa, Aq)ae[~1,00) for the interpolation-extrapolation scale generated
by (X, A) and (X¢)ae[—1,00) for a scale of Banach spaces such that the norms || - || x,,
and || - || £, are equivalent. Moreover, we take constants C4, M4 > 0, w4 € R such
that

4 4 -
le" g < Mae®, e ax,.x) < Cat’'e®" (1 > 0),

where y € (0, 1] if (e'4);>0 C B(X) is holomorphic and y = 1 in the general case.

(4) Take again y € (0,1] if (e'4);>0 C B(X) is holomorphic and y = 1 in the
general case. Let § € [1 —y, 1]. The nonlinearity f: [0, 00) x Xs§ — X is continuous
and there is an L r > 0 such that

£, x1) = f(t,x2)|lx, < Lyrlxi—x2lx,,
[/Cou) = FCou)llergonxs_) = Lrllur —uzllerqo;xs):
forallt € [0,T], x1,x2 € Xy and uy,up € C1([0, T]; Xs). Here we assume that
ft,x)eX, for (¢,x) € [0, T] x X1,
fG,u) e CH([0,T]; Xs—1) foru e C'([0,T]; X;5).
(5) We define

I\a-»n/r
) ify € (0,1)

wf i=wq+ (ZCALf)l/y(;
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and take
wr>wq+CyLp ify=1.

According to Remark 2.9 the former definition will not be optimal in most cases,
but for the sake of simplicity, we make this choice. However, as the optimal choice
for y = 1 has a nice representation, we explicitly mention this case. We assume
that w r < 0, even though it is not necessary for the results in Section 4.1.

We work with these assumptions throughout this subsection.

Remark 4.1. Formally, one has to distinguish the different operators A, and the
corresponding semigroups (e/4«),¢ for different values of o € [—1, 00). However,
the difference is not essential for us. So we will in our notation just write A and
(e’A)tzo no matter on which X, we consider them.

Proposition 4.2. (a) Assume that L s|| A~ l8xs_,.x5) < 1. Then equation (4.1)
with ¢ = 0 has a unique solution

u® e C'([0, T]; X;).

(b) Equation (4.1) with ¢ > 0 has a unique strict solution u®, i.e., a solution
u® € C'([0, 00); X) N C ([0, 00); X1).
which satisfies (4.1) with ¢ > 0 for all t € [0, 00).
Proof. (a) Our assumptions imply that
£:CY[0,T); X5) = C([0. T X5), ur—>—A""f(-,u)

is a contraction. Since C!([0, T']; X5) is a Banach space, the assertion follows from
Banach’s fixed point theorem.

(b) Forn € R, let Cp([O, oo),eg_l”’; X1) be the space of all u € C([0, 00); X1) such
that
&

1
”u”Cb([O,OO),CS_lm;Xl) = Suge m||u(t)||X1 < o0.
>

We show that the operator

t
L) = e Ay + ! / et =94 £(5 u(s)) ds
0
has a unique fixed point in C ([0, 00), e"*; X) for n large enough. By our assump-
tions it holds for n > w4 that

”i(ul) - i(uz)”Cb([O,oo),es_l"’;XI)

8—1/(; ea_](t_s)A(f(s,ul(S))—f(S,u2(S))) ds‘

e Int

= supe

t>0 X1
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t ot (t=5)(@a—n)
< supoCA/ ————ds||lu;
0

(t—s)tver B uzncb([O’OO),eg_] ":X1)

t>0
LsCal'(y)
= = wgy 1T U2l @00ty

where I" denotes the gamma function. If even n > (L ¢ C4sT (Y)Y + wy, then £ is
a contraction. By Banach’s fixed point theorem, it follows that &£ has a unique fixed
point in Cp ([0, 00), et ": X1). Let u® be this fixed point. Then we have that

t
ut(t) = ea_ltAuo +&! / eg_l(t_s)Af(s, u®(s)) ds,
0

and which in turn implies that

ub(t) = ug + e_lA/t uf(s)ds + ! /t f(s,u®(s))ds (¢t € [0,00)),
0 0

see for example [23, Proposition 4.1.5]. Hence, it follows that for all # > 0 we have
that

& € t+h t+h
u (Hh}z WO _ i 1[[ " s_lAua(s)ds—i—e_l/t " f(s,ua(s))ds}

h—0
= e AUt (1) + e f Ut (1)),
where to convergence holds in X as Au®, f(-,u®) € C([0,00); X). This shows the
assertion. O

lim
h—0

Remark 4.3. Note that in the proof of Proposition 4.2 (b) we did not use the estimate

1fCour) = fCou)llergorixs.y < Lrllur —uzllcrqorxy
(u1,uz € CH([0, T]; X5)),

which we assumed to hold for f.
Proposition 4.4. Consider the situation of Proposition 4.2.

(a) Suppose that Lf||A_1||£(X,;,1,X,;) < 1. Let ¢ = 0 and let u® be the solution
of (4.1) from Proposition 4.2 (a). Then we have the estimate

1A~ | 8xs_1.x5)
— LA Y 8xs_,.x5)

14l go.17:x5) < 1 /GOl erqo,r1:x5 1)

(b) Lete > 0andn > wy. Then for all t > 0, we have the estimate
-1
[u®@)llx, <2Mae® “Muolx,

—1

o —oa =\ 1€ Ol to.nx

+2CA( — +r(y)‘”_A| )” I Z.oo.(10.11; 2
Y Y nNn—wfr (n_wf)y

where u® denotes the solution of (4.1) from Proposition 4.2 (b).
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Proof. (a) The assertion follows from

lullcrqo.rxs = 1A FCu®) e qorxs)

<A sxs_.x I ¢ u®)crqorrxs )

< 1A N axs_.xs (1S C.u®) = fC.Ocrqorxs ) + 1S COletqo.rxs )
<A Naxs_.x) (L1’ lcrqo.rrxs) + 1/ C. Ot qo.r1:x50))-

(b) In a first step we assume that w y < n = 0. For the solution of (4.1) we have the
implicit solution formula

t
ub(t) = e Ayg 4 g1 / et =94 £(5 0) ds
0

el / e DA £ u(5)) — £(5,0) ds.
0

Therefore, we obtain
t
—1 _ —1(s_
lué@)x, < lle® “llaaylluollx, + & 1/0 e D4 gx, xp)ll (5. 0) || x, ds

t
_ —1(—
+Lye 1/0 le® " g, x4 () lx, ds

t e lwq(t—s)

efla)At € .
< Mae” W gl + Ca [ S O Loy

t e lwg@t—s)

CuqL —|luf d
s [ S o)l 4

t e lwys

-1 €
= Mac” O ol + Ca [ S I O oy

t es_lwA(t—s)

CqL —|lu® ds.
+Caly [ S )l ds

Now we choose #p > ¢ and apply Lemma 2.8 with p = 2 together with Corollary 2.5.
If y = 1, then we apply Lemma 2.8 with p close to 1. Note that

t e loys
1 e
t>e & @al ds
o &Ysi—v

is non-decreasing since wy < 0. We get
—1
luf@)llx, <2Mae® " |uollx,

y 1—y -, 0 .
+2CA( clz_ N F(y)‘w_A| )Ilf( )IlLoo([o,to],Xy)‘
yi=v wf lw g [
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Taking 7o =1 yields the assertion for w < n = 0. For arbitrary w y < 7, we use the
transformation uz (¢) := e_s_l"tus(t). Then u;, satisfies

edus (1) = (A — s (t) + e 1 fe e TUE()) (1 = 0),
uy(0) = uo.

Our previous argument thus implies

—1 _
luf ()l x, <2Mae® @77 ugl|x,

1—7 [le¢ ' n() 0
n 2CA( nN—wa ) ) i S0 Looro.; Xy)
y'- n—wy (n—wr)”
Multiplying with st again yields the assertion. O

Proposition 4.5. Let f : X5 — X satisfy the same assumptions as f and let u® be
the solution of (4.1) for ¢ > 0 with f being replaced by f. Let further n > wy.
Then we have the estimate

n—w4 ‘1 V)

sup e 0= S)Ilf(s,e x) = f(s.e ) |x,
0<s<t,xeX;

e (1) — 7 (1) 1x, < ch(

(n—wyr)¥
Proof. We only treat the case n = 0. For the general case, one can use the same
transformation as in the proof of Proposition 4.4 (b). Variation of constants yields

') =0, = | | T A (5,7 () - 6. 7(5) as|
+ Hs_l /Ot es_l(t_s)A(f(s,us(s)) — f(s.7%(s))) ds HX1

te—a w4 (t—s) ~
<Cy / T s s fhx) - ol
0

g (t —s)t=v 0<r<tg,x€X;

t ee_ wg(t—s)
+ CyL ——|Ju’(s) — u°® d
Ly [ S 0 =T s

t e & TwAgS ~
=G Samds s 760 - Feol,
0o &Vs'TY

0<r<tgp,xeX;

! af wq(t—s)
CyL ———|Juf(s) — u® ds,
+Caly [ S (6 T ), &

where ¢ty > f. Applying Lemma 2.8 with p = 2 (or p close to 1 if y = 1 together
with Corollary 2.5 and taking #y = ¢ yields the assertion. O
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4.2. A modified fast equation. Under the assumptions of Section 4.1, we now con-
sider a modified fast equation

du®(1) = AusO(t) + f(1,u®"(1)) — ed, A7 f (1, u°(2)),
4.2)
u®%(0) = uy,

where u° denotes the solution of (4.1) with ¢ = 0 from Proposition 4.2 (a). Note
that for ¢ = 0 and ug such that 0 = Aug + (0, ug) the equations (4.2) and (4.1)
coincide. The reason why we choose u®° as a notation for solutions of (4.2) is
that (4.2) inherits properties from (4.1) both with ¢ = 0 and ¢ > 0. On the one
hand, if u¢ already satisfies 0 = Aug + f(0,up), then u? is a solution of (4.2) for
all € > 0. Thus, (4.2) is an e-dependent extension of (4.1) with ¢ = 0. On the other
hand, Proposition 4.8 shows that solutions of (4.2) and (4.1) with ¢ > 0 are only
an e-distance away from each other. In this sense, one could say that u®? is just a
modified version of u? that has been adjusted such that it contains (4.1) with ¢ = 0
and such that it even approaches the solution u°. Hence, we choose the notation %%
to emphasize the similarity to both u° and u®.

Since we work with u°, we assume that ||A™!| g(x,_,,x5)L s < 1 in this sub-
section. Even though it is not necessary for all the results, we will assume w4 <
wy < 0 from now on.

Lemma 4.6. Foralluy € X and all ¢ > 0, there is a unique strict solution of (4.2):
u®% e Cl([O, 00); X) N C ([0, 00); X1).
Proof. Let
£ l0,TIx X5 — X, (t,x) = f(t,x) —ed A7 f(t,u°(1)).
Since u® € C1([0, T]; Xs) by Proposition 4.2 (a) and since f maps C ([0, T]; Xs)

to C1([0, T]; Xs_1), it follows that 3,4~ f(-,u®) € C([0,T]; X5) so that f; is
well-defined. Moreover, we have

I fe(@. x1) = fet. x2)llx, = [/ (2. x1) — f(t. x2)llx, < Lyllx1—xallx,

for all (¢, x1), (¢, x2) € [0, T] x X;. By Remark 4.3 this suffices to apply Proposi-
tion 4.2 with f being replaced by f-. O

Proposition 4.7. Let u®° be the solution of (4.2) with ¢ > 0 and the u° solution
of (4.1) with ¢ = 0. Then we have the estimate

—1
[E00) = w0 (O)lx, < 2Mae® 7 Jug —u*(O)]1x,
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Proof. Using variation of constants and integration by parts yields
0 0
[ () —u” (O] x,

ee_ltAuo + /t s 1 Al=9) [e_lf(s, ue’o(s)) - 8SA_1f(s, uo(s))] ds — uo(t)H
0 X1

=

o )+ e [ e I 5000 — fl5.u0 0] s
0 =

e lwg(t—s)

t
-1
< Mae® 10 Jug —u®(O)|x, + CaL s / 140 (s) — u®(s) x, d.

o &¥(t—s)7v
Now, the assertion follows from Lemma 2.8. ]
Proposition 4.8. Suppose that C 4 is chosen such that additionally to the assumptions
of Section 4.1 we also have

el (xs.x,) < Cat® 14" (1 > 0).
Let u® be the solution of (4.1) and u®° the one of (4.2) for € > 0 with the same initial
data. Then we have the estimate

8

-8
0 =00, < (55 + T2 )

§1-6
Call A | B(x5_y.%5)
(1= LA a0y .xp) lof
Proof. Using variation of constants and choosing #y > ¢ yields that

lu® (1) —u®° ()l x,
- Hs_l / t e AT (5 uf(5)) — f(s.u0(s))] ds
0

|8 ”f(t O)HC ([Ot] Xs—1)°

t
—/ ee_l(t_s)AasA_lf(s,uo(s))dsHX
0

ee_lwA (t—s)

t
—1 0
< Cuell A7 | xs_1,x5) 10 f (- u )||Loo([0,to];Xa_1)/0 st

! a—E" w4 (t—s) 0
CL ———|Ju’(s) —u® ds.
oLy [ S <)y, s

Thus, a combination of Lemma 2.8 and Corollary 2.5 shows that

§
e w4
0 =00l < (55 + T[] )
CaelA7! ||£ Xs_1.X,
' wﬁ( S0, () | Lo o005 1)

s
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Moreover, it follows from Proposition 4.4 (a) that

19 f (- UO)”Loo([O,to];Xs—l) =S VA MO)HCJ ([0,20];X5—1)

IA

0
1FCOle, qororxs—y T Ll e} qoronxs)
1

1= |A Y gxs_.xL f

| f(z, O)“C,! ([0,20];X5-1)°

so that
& £,0 68 w |1-6
lu®@) —u®°O)x, < | o= +r(5)‘_‘
8 wr
Cal A" N 8(xs_,.x5) )
' — I/ Ol erqon: .
(1 - Lf”A_l”ia’(Xg_],Xs)) |a)f|5 Cp ([0,2]: X5-1)
This completes the proof. 0

4.3. Well-posedness of the full system. Now we consider the nonlinear fast-slow
system

edeu (1) = Aut(t) + f(u®(1),v°(1)),
0:v8(t) = Bve(t) + gw®(),v?()), (t<]0,T)), 4.3)
u®(0) = ug, v%(0) = vy.
We assume that:
(i) X,Y areBanachspaces,e > 0, T > 0are parametersandug € X7 = D(A),v; €
Y, = D(B) are initial values. If ¢ = 0, then u¢ has to satisfy 0 = Aug + f(ug, vo).

(ii) The closed linear operator A: X D D(A) — X generates an exponentially stable
Co-semigroup (e/4);>9 C B(X). The closed linear operator B:Y D D(B) — Y is
the generator of a Co-semigroup (e'5),5¢ C B(Y).

(iii) The interpolation-extrapolation scales generated by (X, A) and (Y, B) are, up
to equivalence of norms for each fixed & € [—1,00), given by (Xy)ae[-1,00) and
(Ya)ae[-1,00)- IfO & p(B), then (Y)qe[—1,00) Shall be equivalent to the interpolation-
extrapolation scale generated by B — A for some A € p(B).

(iv) Let yx € (0, 1]if (e'41);>0 C B(X) is holomorphic and yx = 1, otherwise. In
addition, we choose §x € [1 — yx, 1]. Let further §y € (0, 1]if (e'8);50 C B(Y) is
holomorphic and §y = 1, otherwise. The nonlinearities f: Xs, x Y;_s, — X and
g: X1 x Y1 — Yj, are continuous and there are constants L s, Lg > 0 such that
IfGery1) = (2. y2)llyy < Ly(lxn — x20x, + lly1 — y2lly,).
1/ Qs v1) = f 2. v2)ll 1 go,msx5, 1) = Ly (Jlur — uzllcrqo,en:x5,)
+ lvi = v2llciqo.:v))-
lgCer, y1) — g(x2, y2)llsy < Lg(Ix1 — xa2llx, + [y1 — y2lly;)
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for all x1,x2 € X1, y1.v2 € Y1,t > 0, uy,us € C([0, t]; Xs,), and all vy, vy €
C'([0,7];Y) N C([0,1]; Y15, ). Here, we assume that

f(x,y) € Xyy, glx,y) €Ys, if(x,y) € X1 x 11,
as well as
flu,v) e CH([0,1]; Xs,—1) if (u,v) € C'([0,1]: X5, x Y)
and v € C([O,t];Yl_gx).

(v) We assume that f(0,0) = 0 and g(0,0) = 0.

(vi) We choose constants M4, Mg,C4,Cp > 0, w4 < 0 and wp € R such that

le" gy < Mae®', e gx,, x;) < Cat? 'e®’,
X

||etA”$(X5X X1) < CAtSX—lea)At
and
el zry) < Mpe®s",  |le"®llqy,, ¥y < Cpt®r e8!

hold for all t > 0.

(vii) Again we define ws := wg + (2C4L £)V/7X(1/yx) 377X if yx € (0, 1)
and take w y > wyq + C4LF if yx = 1. Even though it is not necessary for all the
results, we will assume

wr <0,

1 -1 4.4
Lymax{| A7 8x,, . x0) 147 8K, —1.%5,)) <1

in the following. Note that A~! exists as a consequence of the Hille—Yosida theorem,
since A generates an exponentially stable Cp-semigroup. Recall that as described
at the beginning of Section 4 this is a weak version of normal hyperbolicity, as it
ensures that solutions of the fast equation would decay exponentially if there was no
influence of the slow variable v¢ in the fast equation.

Note that assumption (v) can in practice very frequently be ensured locally by just
moving the point of interest on the critical manifold via a coordinate transformation
to the origin and using Taylor expansion, so it is not really a restriction. We work
with all the above assumptions for the rest of this paper. Since we also assume global
Lipschitz conditions on the nonlinearities, we obtain the following well-posedness
results:

Proposition 4.9. (a) Let ¢ = 0. Then (4.3) has a unique strict solution

@® 0% e C'([0,T: X xY) N C([0.T]; X1 x Y1).

(b) Let ¢ > 0. Then (4.3) has a unique strict solution

W®,v%) € C'([0,T: X xY) N C([0.T]; X1 x Y1).
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Proof. (a) Let y € Y;. By assumption, it holds that
friXsy = X, x fH(x):= f(x,y)
is continuous and satisfies
1) = fy Gz, = 1/ y) = fGau W)y, < Lyl —x2llx,-

Since we assume ||[A7!| B(X,, . x L < it follows from Banach’s fixed point
theorem that there is a unique solution x € X; of

0= Ax + fy(x).

In the following we write h°(y) for this solution. Given y1, y» € Y7 it holds that

11°(y1) = R () lx, = AT F(R°(31). y1) — A7L F(R°(2). y2) I x,
<Ls||A”! ||£(XVX,X1)(||hO(y1) —h°2)lx, + Iy1 = y2llv).

and thus

1
12°(y1) = R°(»2) 1 x, < —
Tl LyA s, x)

y1 — y2lly,-

Therefore, the mapping
Yi = Y5,y gh®().y)

is continuous. Moreover, we have the estimate

g (1), y1) = g(h°(y2), y2)llys,

<( Ls ) )u ||
= — Y1 —)Y2lly;-
=LA Y8y, x)  © l

Therefore, it follows from Proposition 4.2 (b) together with Remark 4.3 with § = 1
and y = §y that there is a unique strict solution

v e C([0.T1:Y)NC([0,T]: Y1)
of the equation
9 v°(1) = Bv(1) + g(h°(0° (1)), v°(1)),  v°(0) = vo.
Now we take u°(t) := h°(v°(¢)), i.e., we have that

u’(t) = A7 f (1), ().
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Proposition 4.2 (a) shows that u® € C!([0, T]; X5,) € C!([0,T]; X). Moreover,
since h%:Y; — X is Lipschitz continuous, it follows that u® € C([0, T]; X1).
Altogether, it follows that

W@°,v%) = (h°(°),v%) € C'([0,T:: X x Y) N C([0. T]; X1 x Y1)
is the unique solution of (4.3) with ¢ = 0.

(b) The proof is similar to the one of Proposition 4.2 (b). This time, for some n € R
we consider the space Cp ([0, 00),e""; X1 x Y1) of all (u,v) € C(]0,00); X1 X Y1)
such that

(e, V), (10,00),07 %1 x 1) = Suge_m(ﬂu(t)ﬂxl + lv@®)|ly,) < oo.
t>

On this space, we define the operator £ by

THAyy e f(; s =94 £ (s), v(s)) ds)

eE
[L£(u,v)]() = ( !By + fé e(t—s)Bg(u(s), v(s))ds

We show that this operator is a contraction on Cp ([0, 00), e""; X1 x Y7) if n is large
enough. We have that

supee~!| T AL a1 (9),006)) — S a(6). v2(5))] s

>0

t e(t—s)(s_lwA—n)
=< LfCA fgg/(; m dSH(ML U]) - (Mz, v2)||Cb([0,oo),e”’;X1xY1)

LyCal'(vx)
< (87}——0)14)””(“1’ v1) — (U2, V2) |, ([0,00),e7 X x¥7)-

Similarly, we have that

supe "’
>0

/0 e(t—s)B [g(u1(S), vl(S)) — g(uz(s), Uz(S))] ds H

! olt=5)@p—n)
< LgCp SUP/O s ds|l(u1,v1) — (U2, v2)llc, ([0,00).7: X, x Y1)

t>0
LgCpT'(8y)
= W”(ul, v1) — (U2, v2) ¢, (10,00),e7 ;X x¥7)-

Therefore, we have that

[I[£ e, V() |, (10,00),e77 X, x¥71)
- (LfCAF()/X) LgCgI'(8y)
“\(n—w)?x  (n—wp)¥r

)||(u1, v1) — (U2, V2) ¢, ([0,00),7 ;X1 x¥1) -
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In particular, if 7 is large enough then £ is a contraction. Thus, there is a unique
fixed point (48, v®) € Cp ([0, 00),e""; X1 x ¥1). By the same line of arguments as in
the proof of Proposition 4.2 (b) it now follows that

W, v%) € C([0,T; X x Y) N C([0,T]; X1 x Y1)
and that it solves (4.3) with ¢ > 0. ]
Remark 4.10. (a) In the proof of Proposition 4.9 we introduced the mapping
oy, — X1, vy h%>y),
where h°(y) is the unique solution of

0= Ar(y) + f(h° (), ).

In particular, this mapping describes the critical manifold S over Y; by
So:={(h°().y):ye}C X xY.

Note that Proposition 4.2 (a) shows that if v® € C1([0, T];Y) N C([0, T]; Y1), then

1O0) € C1([0. T): X, ).

(b) Since (4.3) is autonomous, the solutions (1°,v°%) and (u%,v®) are given by

semiflows, i.e., continuous mappings

Te:[0,T]x Xy xY7 —> X1 xYy, To:[0,T] x So = So.

ue (1) up)  (u0) 7 (wo)
() =m0 () (o) =m0 ("5”).
4.4. Extended slow flow. One of our aims is to show that the semiflow of the fast-
slow system (7¢(?));>0 behaves similarly to the slow flow (7o (¢));>0. However, the
slow flow is only defined on the critical manifold So, while (7:(¢));>0 is defined
on X; x Y. Thus, we will compare (7¢(?));>¢ to an extension (7 o(¢));>o of the
slow flow to X; x Y;. This extension will approach the slow flow at an exponential

rate and on the critical manifold it will coincide with the slow flow. This extended
flow will be generated by the equation

edu®0(t) = Au®*(1) + fu®O(),v° (1) — ed; A™' f(R° (0O (1)), v° (1)),
3:v°(1) = Bv(1) + g(h°(v°(1)). v° (1)), (4.5)

MS’O(O) = Uy, UO(O) = Vo.

We write

In this equation, the slow variable satisfies the equation of the slow subsystem. The
fast variable however satisfies the equation of the fast-slow system with an additional
drift in the direction of the slow flow.
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Proposition 4.11. There is a unique solution
W%, 1% € C'([0.,T: X xY) N C([0.T]; X1 x Y1)

of (4.5) given by a semiflow (T;0(t))s>0 on X1 x Y1. The critical manifold Sy is
invariant under T (t) for all t > 0. Moreover, the restriction of (Tg,0())s>o to the
critical manifold coincides with the slow flow, i.e., (T,0(t)|sy)i=0 = (To(t))r>o0-

Proof. In the proof of Proposition 4.9 (a) it was shown that there is a unique solution
w2 e C([0,T:Y) N C([0,T]; Y1)
of the equation
9,v°(t) = Bv°(1) + g(h°(v°(1)),v°(1)), v°(0) = vy
for all vy € Y;. We define
Jen0:i [0, T x X5, — X, x = f(x, 00(1)) — d; AL F(h(° (1)), vO(2)).
Since v® € C1([0, T]; Y) N C([0, T]; Y1), it follows from Remark 4.10 (a) that
0, T] x X5, = X, (t,x)+— AR, F(R° (00 (1)), v° (1)),
and therefore f, o is also continuous. Moreover, we have the estimate
1 fe0 (2o x1) = fowot, X2) x,, = 1f (61, 0°(0)) = fx2,0° (1)) | x,
< Lyllx1 —x2|x,-
Now Proposition 4.2 (b) together with Remark 4.3 shows that there is a unique solution
u® e C1([0,T]; X) N C([0, T]; X;) of
dpu®0(r) = Au®®(1) + fu(1),v°(1)) — ed, A7 f(R°(0° (1)), v° (1)),
u®%(0) = uy.
The desired solution is given by (1%°, v°). Since (4.5) is autonomous, the solution is
given by a semiflow (7;,0(?))s>0. Note that if (19, vo) € So, then the slow flow with

initial value vg solves (4.5). Therefore, the critical manifold is invariant under T¢ o (¢)
forall > 0 and (7¢,0(¢))s>0 coincides with (T (?));>0 on the critical manifold. [

Proposition 4.12. For all t > 0 it holds that

0
\ Too(1) (zg) — To(1) (h 530))(

Proof. Since the second components of T o(¢) (1o, vo)T and To(t)(h°(ve), vo)T are
equal, we only have to estimate ||u®°(z) — u®(¢)| x,. But it was shown in Proposi-
tion 4.7 that

< 2Myef @5 ug — h°(vo)||x, -
X1 xY;

—1 .
[52(6) —u(0) 1 x, < 2Mac® O uo — hO(v0) I x,

This shows the assertion. O
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4.5. Approximation by the slow flow.
Theorem 4.13. There are constants C, ¢ > 0 such that

u u
[0 (30) =720 (30, = € el + £ o =1 el

holds for all (ug,vo)T € X1 x Y1, allt > 0and all ¢ € (0, 1].

Remark 4.14. Before we turn to the proof we briefly give a rough idea of how large C
and ¢ have to be. Actually, we have all the ingredients to explicitly give formulas
for these constants and we could also give them by keeping track of the constants in
the proof of Theorem 4.13. However, these formulas would be quite involved and
probably not sharp. Thus, we refrain from giving precise constants here.

The constant C > 0 should not be very large unless dy, yx or w s are close to 0.
If either of these values tends to 0, then C will tend to co. C is basically constructed
from the constants which were explicitly computed in Proposition 4.4 (b) (withe = 1
and y = 8y), Proposition 4.8 and Proposition 4.7.

For ¢ we are a little bit more precise, even though our rough estimate for ¢ can
probably still be improved: The constant ¢ can be taken to be

1-8y

1 — I
¢ =14 2(LgCo) [+ D" + (1 + L)) () T ifey € ©.1).
Y
c>1+LgCp(2+ L+ CiLy) if §y =1,

where Cj is given by

C1 = 2C4 (% + F(yx)\w—A)I_yX) L
Yx Wy | |7X
and where L denotes the Lipschitz constant of the critical manifold.
Proof of Theorem 4.13. In this proof, we use the notation
() =70 () (o) =700 ()
Variation of constants shows that

t
V(1) = e'Bug + / 9B g(u®(s5), v°(s)) ds,
0

t
v0(1) = e'Bug + / eC=9IBg(h0(v°(s)), v°(s)) ds.
0
Therefore, we have that
[v® () = v°(@)ly,
t e(z‘—s)a)B

(lu®(s) = R°2())llx, + lve(1) —v°(@)]ly,) ds. (4.6)
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The aim is to apply Gronwall’s inequality. But before we do this, we first estimate
the term [|lu®(s) — h°(v°(s))|| x,. Let & be the unique strict solution of

£0,71° = AT® + f(@@°,v°),

i (0) = uo,
which exists by Proposition 4.2 (b). By the triangle inequality, we have
u®(s) = h® () Ix, < llu(s) = #°(s)llx, + 17°(s) — u™*(s)llx,
+ [u0(s) = K (O (s)llx,
Using Proposition 4.5 with n = 0 we obtain that there is a constant C; > 0 such that

luf(s) = ()llx, <Ci sup [ f(x,0°(r) = f(x,0°()x,

0<r<s,xeX

< CiL s [[v* (1) = 0°(0)]ly; -

Proposition 4.8 and Proposition 4.4 (b) show that there are constants Cs, 52 > 0 such
that

15 (s) —u®(s) || x, < Caell £(0, UO)“C1([0,S];X3X_1)

-~ 0
< G Lyre||lv llc1o,s1:y)
< C2ee”%* |Jvg ||y, »

where

sy ( 1080y
0y = wp + (2CsLg(L + 1)) (5) if 8y € (0, 1), W

wg > wp +CpLg(L +1) ifdy = 1.
Moreover, Proposition 4.7 yields
—1 .
10 (s) = h° O ())llx, <2Mae® “7*|luo — h°(vo)l|x,-

By combining the previous four estimates with (4.6), we obtain that there is a constant
C > 0 not depending on wp, Up, Vg and € such that

() = v° @)y,

t e(t—s)a)B " »
_ gS e wrs 70
< C/O T (ee“*lvolly, + e lluo — h°(vo)||x, ) ds

et—s)wp

4 LeCy(1+CiLy) /0 ( 19°(s) — v°(5) 1y, ds

t —s)l-8y
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t
1 -1,
<ot | oy (Elol, e g — ), ) s
=

e([—S)Ll)B

t
+ L,Cp(1 +C1Lf)/
o (1

m”v‘s(s) — %)y, ds

8y e+§
SCe“’g’(gellvollyl + !

e o = 1ol )
4

e([—S)Cl)B

t
0
+LeCol+ CiLy) [ i 10" (9) =00y, s

< Ces D (e]luglly, + ™ uo —h°(wo)llx, )

(t—s)(wg+1)

t
c
4 LyCa(l+CiLy) / ( 1v5(s) — v°(5) |y, ds.
0

t —s)1=8r

where we used Lemma 2.6. Thus, Lemma 2.8 shows that there is a constant C > 0
not depending on wpg, Uy, vo and ¢ such that

0¥ (0) = v @)y, < Ce BT (e]lvolly, + &% lluo — h®(vo)llx,) (& = 0),

where

1 1\ (1=8y)/éy
¢ =142(LgCp)™ [(L+ DY +(1+ clLf)I/SY](g) if 8y € (0,1),

C>1+LgCB(2+L+C1Lf) iféy = 1.

Using this estimate for the slow variable, Proposition 4.5 and Proposition 4.8 we also
obtain for the fast variable

e (0) = w0 @) l1x, < u() =@ @)lx, + [7°() —u*@)]lx,

< Ce@s O (ellugly, + e Juo — h(vo)x,)-

Altogether, we obtain the assertion. O

Corollary 4.15. There are constants C, ¢ > 0 such that

[ (1) =10 ("),

< C(se(‘"B‘H")’||v0||y1 + (s‘gye(wB’LC)’ + ee_lwft)”uo —h°(vo)llx,)

holds for all (u, vO)T € X1 xYy,allt €[0,T] and all € € (0, 1].

Proof. This is a combination of Proposition 4.12 and Theorem 4.13. O
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5. Slow manifolds

Under additional assumptions on the operator B in the equation of the slow variable,
we now prove the existence of a family of slow manifolds S, ;. Unlike in finite
dimensions, this family will depend on two parameters. While ¢ plays the same role
as in the finite-dimensional setting, the parameter ¢ is new. As explained in Section 3
there might be parts of the slow dynamics which decay faster than other parts in the
fast equation evolve. Our idea is to find a certain splitting of the slow variable in a fast
and a slow part. The fast part of the slow variable will then be treated together with
the fast variable, while the slow manifolds are constructed as graphs over the slow
part. The parameter ¢ determines which parts of the slow variables are considered as
fast and which parts are considered as slow. In the language of normally hyperbolic
invariant manifolds one could say that the stable direction will consist of the fast
variable and the fast part of the slow variable, and the center direction will consist of
the slow part of the slow variable. Since the slow part of the slow variable should not
contain parts that evolve faster than the fast variable, we naturally obtain a restriction
on how we may choose ¢ in relation to e. This will be reflected in the condition
e < co(wy/wa)¢ for some fixed cg € (0, 1) that we impose below.

The finite dimensional situation will also be recovered as a special case: The
family of slow manifolds S, ; will then not depend on { so that one could omit it in
the notation and obtain a family S, as usual in finite dimensions. More generally,
if B generates a Cy-group, then the family of slow manifolds will not depend on (.
We will give applications of our techniques to systems of fast-slow partial differential
equations in Section 6. In the next subsection, we make our assumptions more
precise.

5.1. Our approach on how to resolve the issues of Section 3. For the problems
explained in Section 3.2 and Section 3.3, we assume that for small ¢ > 0 satisfying
e < colwy/wa)¢ with a fixed ¢o € (0, 1) we have a splitting of the slow variable
space
Y=Y @Y
F s

in a fast part Yﬁ and a slow part Y, SZ such that

(1) The spaces Y;- and Yé are closed in Y and the projections Pry¢ and Pryt commute
with B on Y;.

(i) The space wa N Y; is a closed subspace of Y; and will be endowed with the
norm || - ||y,.

(iii) The space Yé N Y; is a closed subspace of Y; and will be endowed with the
norm || - ||y, . Moreover, the nonlinearity g satisfies

I pryc[g(x.yr.ys) — (X FF.55)]lv,
S
< L& Y(Ix = Xlx, + lyvr = FFllv + s — Fsln)-
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(iv) The realization of B in YE, i.e.,
By Y¢ O D(Byg) = Y. v Bu
with . .
D(B = YeND(B): B Y
( Y§) {UOE S ( ) Vg € S}
tB

generates a Co-group (etByg )ter C JS’((YSZ, Il - ll¥)), which satisfies etByg =e
on Yg fort > 0.

(v) The realization of B in Y5, i.e.,
Byc:Yfp D D(Byg) = Yg, vis Bu
F
with
D(Bye) = {vo € YS : Bug €Y}
has 0 in its resolvent set.

(vi) The space YC N Y5, contains the parts of Y, that decay under the semigroup
(e’B),>0 almost as fast as the space X; under (ec tA),>0 The space Yg NnY;
contains the parts of ¥; which do not decay or which only decay slowly under the
semigroup (e%),>¢ compared to X; under (eg_ltA)tzo. More precisely, there are
constants Cg, Mg > 0 such that for all { > 0 small enough there are constants
0< NIZ, < Né < —t'wysuchthatforallr > 0, yr € Ylg NYs, and yg € YSZ nY,
we have the estimates

1 dy—1 ¢ —1
I yrllvy < Ca(51E(N§ = NE)) T eMERET O ey, o (s
—_ _(NC g1
le™Byslly, < Mge™NsHE @) |yl (5.2)
(vii) We have the estimate

22X Ly Cal'(yx) 203y, (CpT'(8y) + Mp) -
(2471 = Vw4 + e(N§ + Nj))'~ Né— NE

1, 5.3)

which will be needed for an application of Banach’s fixed point theorem.

These conditions might seem very restrictive at first. However, in many applica-
tions it is possible to find such a decomposition. In many cases, it can be obtained
by using Riesz projections corresponding to B. This can for example be done if B is
a parabolic operator on a bounded domain. If B generates a group, then it will even
suffice to take Yﬁ = {0} and Yé =Y for small &. In particular, one can always find
such a decomposition if the equation for the slow variable is given by an ordinary
differential equation.
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Besides the parameters ¢ and ¢, the quantity N g —-N f, also plays a certain role. It
measures how far one can separate the decay properties of the fast and the slow part
in the slow variable. In many situations this number corresponds to size of spectral
gaps in the real part of the spectrum of B as one approaches —oo. For example, if B
is the Laplace operator A on L5 ([0, 27r]) with Dirichlet boundary conditions, then
the eigenvalues are of the form —k2. The gaps between two consecutive different
eigenvalues will then be given by 2k + 1, i.e., it will behave almost like the square
root of the size of the eigenvalues times a constant. In such a situation, N N
w111 behave like C¢71/2 as ¢ — 0. If B generates a group, then it will hold that
N N behaves like ¢!,

We use this splitting to rewrite the fast-slow system (4.3) as

e0u’ (1) = Aut(t) + f (), v (1), v5 (1)),
0rv (1) = Bup (1) + prye g(u™(1), vp (1), v (1)),

905(1) = BU§ (1) + Pryg (" (1), v5 (1), V5 (1),
& _ & _ & _
u(0) = o, vi(0) = pryg vo.  v5(0) = pryg vo.

tel0,Th) (4

with an abuse of notation: Actually, f and g only depend on two variables, but we
use the convention

S (@), v (1), v5(1) := fu®(0), vE (@) + v5(1))

as well as
gt (1), v (1), v5(1) := gu®(t), v (1) + v5 (1))

We should point out that, as already mentioned at the beginning of Section 4, there are
also certain situations in which the space of the slow variable does not admit such a
splitting. The main example we have in mind is if B is a parabolic operator such as the
Laplacian A on the whole space R”. If it is considered on L , (R"), then there are no
gaps in the spectrum and it will not be possible to find the constants 0 < N < N
In such a situation, we will not be able to construct slow manifolds. If B is a parabohc
operator on a bounded domain in dimension n > 3, then it admits such a splitting,
but the spectral gaps will usually not grow as { — 0. This follows for example from
Legendre’s three-square theorem for a domain such as the n-dimensional torus. In
this case, (5.3) will usually not be satisfied, unless the Lipschitz constants of the
nonlinearities are small. It should be noted that the case n = 2 is different. Here,
spectral gaps can indeed become large, but only very slowly, see for example [27].
Nonetheless, even if there are no spectral gaps, we can still use the results of Section 4
to justify that one may reduce the fast-slow system to the slow subsystem.

Remark 5.1. In an earlier version of this work, the estimates in the assumptions were
slightly different. Instead of (5.1) it was assumed that

.
”etByF”Yl < CBlfsy—le(NF-l-C 1wA)t||yF||Y3Y-
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As a consequence of this, Banach’s fixed point theorem required
2'X L s C4T(yx) 25 L, CpT'(8y) 20 ~'L,Mp

. £ £\ 7x § i ST
(2(s¢71 = Dwa + e(NS + N§) (NS — N&ysr Né—NE

instead of (5.3). This old set of assumptions was used for example in [11]. It should
be noted that both sets of assumptions and their corresponding results are possible
and the proofs and results are the same up to modification of some terms according
to the modified assumptions. For §y = 1 both settings are even identical. However,
it turns out that if 8y € (0, 1), then the new set of assumptions is more realistic for
applications, which we will see later in our analysis of the Stommel model.

5.2. Existence of slow manifolds. Now we want to construct a family of slow mani-
folds S, ¢ which are given as graphs of certain functions

hoE(YENY) - Xy x (YE N 1),
over the slow part of the slow variable, i.e., we have that
Set = {(he’g(vo), Vg) : Vg € YSg NY1}.

In the following, we write h;f for the first and hs’g for the second component. We
use the Lyapunov—Perron method for the construétion of slow manifolds, i.e., we
construct fixed points of the operator

ivo’s,gi C,, — C,,,

y e [l e M S (u(s), vF (5), Vs (5) ds
vr | |t | S0P prye gu(s).vr (). vs(s) ds ,
vs eBug + fo €IB proc g(u(s), vr (s), vs(s)) ds

S

where vg € Y¢ and C, 1= C((—00,0],e"; X; x (Y5 N Yy) x (Y$ N Yy)) for

N + Ny
2
is the space of all (u, vp,vs) € C((—00,0]; X1 X (Y,E NYp) x (Yg N Y7)) such that

ni={"log+

[(u,vF,vs)llc, := Sulge_"’(llu(t)llxl + lvr@)lly, + llvs(®)lly,) < oco.
t<

Then we obtain the function 4% which describes the family of slow manifolds S, ¢
by

RS (YE N YY) = X1 x (Y5 N Y1), v+ ™(0),v2(0)7,
i.e., h®% gives the first two components of the fixed point (1", v}, v5°)T of Ly .0
evaluated at = 0.
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Proposition 5.2. Let vy € Y ; NY1. Then £y, ¢ ¢ has a unique fixed point in Cy.

Proof. We show that £, , ¢ isacontractionon C,. Let (u, vr,vs), (iU, VF, Vs) € Cy.
Since showing that &£, , c maps C, into C;, and showing that &£, . ¢ is a contraction
on C, works in a similar way, we only show the latter. For the first component, we
have that

sup e pry, (Lug,e.c (1), vF (1), 5 ()T = Log e (@), Tr (1), Ts ()71 x,

t<0

t =) wa—n) B _ B
= LfCA /_oo mds”(u — U,V —UVfF,VU§ — vS)”Cy]

_ LrCat o0 o g r e vs — )]
(e — wg) ,UF —VF, Vs —Us)|lc,
2'X Ly Cql'(yx)

(2(e7" = Dwg + e(N§ + Np))'* "

For the second component, we have that

supe™"" | pry¢ (Loge. (D), vF(0), 05T = Lo e (#(0), TF (1), Ts (1)) Iy,

<0
- é—b’y—ngCB
- 28y—l(N§ _ N§)5y—1
/z =) wa+Ni—n)

ds|(u — %, vF —VF,vs —05)llc
. (=) II( e,

_ TN NG = Np) T L CaT (8y)
251 (n— £ lwg — Nj)OY
_ 265 1L, CT (8y)
N§ = Nf

[(u -, vF —VF,vs —Vs)lc,

[(u =1, vF —TF.vs —Ts)lc,-

Finally, the third component satisfies

sup e ™| Pryt (Luge.z (@), v (0),v5(O)T = Lo e (@(0), TF (1), Ts (1)) |y,

t
< LyCp / gBr 1= At NS=0) s || (u — i1, v — Tr.vs — s)c,
0

§8Y_1LgMB
T Tlwa+ N
20 L Mg

= ——— 7 N —i,vr —VF,vs = TUs)lc,-
Ng —Ng

(-, vF —0F,vs —Us)llc,
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Thus, if (5.3) is satisfied, then &£, , ¢ is a contraction. Hence, it has a unique fixed
point in this case. O

Proposition 5.3. Consider the situation of Proposition 5.2 and let (u®, vy, v®)T
be the unique fixed point of £ ¢.c. The mapping

RS (YEN YY) — Xy x (YEN YD), vo > (u”(0), v2(0))"
is Lipschitz continuous.

Proof. Let vy, vy € YSZ N Y; and let (u,vr,vs) € Cy and (4, VF, Us) € Cy be the
fixed points of &£, ¢ and £5, ¢ ¢, respectively. As in the proof of Proposition 5.2 it
follows that

_ - XL CuT'(yx)||(u — U, vF —VF,vs — Us)llc
supe™ [lu(t) — (0) | x, < —~ 2

1<0 (2271 = Dwa + e(N& + N£))'™X
_ - 208y =1L, CpT Sy)||(u — &, vF — TF,vs — Ts)|c
supe " |lvp (1) — Vp (1)|ly, < £ ; : L8
t<0 NS — NF
supe " lus (1) — Us ()| x, < Mg|vo —Tolly,
t<0

205V L Mp||(u — 1, vF — TF,vs — Bs)|lc,

Ns = Ni
Thus, if
P 2VXL s CqT (yx) N 2057 1Ly (CT'(8y) + Mp) -
(2(s¢7" = Dwa + e(N& + NE))TX N§ - Np,

then we may sum up the three estimates, subtract L || (u — il, vp — U, vg — Us) lc,
and divide by 1 — L. This gives the Lipschitz continuity. L

Remark 5.4. The proof of Proposition 5.3 even shows that the mapping which

maps vg to the unique fixed point of &£, ¢ ¢ is Lipschitz continuous from Y SZ nYy;
to C,.

5.3. Distance to the critical manifold.

Proposition 5.5. Consider the situation of Proposition 5.2 and choose co € (0, 1).
There is a constant C > 0 such that for all e, > 0 small enough and which satisfy
e < colwy/wa)¢ and for all vy € Yg N Yy it holds that

§8y—1

h% (vo) — h°(vo)
‘ o EC(£+w)HU0HY1~
s —IVf

e (vo)

X]XY]
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Proof. Let (u,vF,vs) € Cy be the unique fixed point of &£, . ¢, i.e.,
(@, 5r,Bs) = (h§ (V). hEE (Bs), Us).
F

Since (&, Vr, Us) solves (5.4) on (—oo, 0] we have that vs € C!((—o0,0],e";Y)
and

supe™ " (s (t)lly, + 18: 05 ()ly) < L(1 + [ Bllsy,.v) + Lg)llvolly,

t<0

where L denotes the Lipschitz constant of the mapping which maps vg to the unique
fixed point of £, ;. Moreover, we have that

t
I8 @s @l = [ [ 9% pryg g5 @5 .05 @s o). Ts o) s,

A

1 Sy—1 _ — L =
< (EON§ = NE)) T LaCae™ (55 @). 5 (5). ) e,

ds

t o= ' wa+Nf—n)
. /_oo (t —s)1- 9y
B LEY Y (N§ — Np)Y 1Ly CpT (Sy)e™
21— g — Nf)Y
2L 1L, CpT (Sy)em
N¢—N§

lvolly,

lvolly, - (5.5)

Furthermore, integration by parts shows that for 7o < ¢ < 0 it holds that
W5 @s () — k(s (1))
= [ s s o0, Ts6)
+ 47 f (s (1)), 0, Vs (1))
= /_ Oo e A (1, @5 (9)). ik (s ). D5 (5)) ds

4ot A 41 £ (30 (56 (1)), 0, Ts (fo))

+ / t et =4 415 F(h°([@Ws(5)).0,vs(s)) ds

e / o DA £ (5 (s (), h;’% (Ts(s)), Ts (s))

— £(h°(@s(5)).0.Ts(s))] ds.
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Therefore, we obtain

1158 (@s (1)) — h° (s (1)) || x,
e w4 (t—10)+n1 &8 &8 =\ & 0 € AT mito=)

< LfCAe A(t—to T)0||(h)}1(US),hY’§(US),US)HC,, /;Oom )
—1 _ —_ — —

+ Ly Myet @alt=to)ltnio| 4 1”53(XyX,X1)||(hO(US)70, vs)llc,

+ e LrCall A7 8(xsy1,X5 )

t oe wa—n)(1—s) us )
. —— —ds sup(e” vs (s + |[0svs (s
[ = L G (O TAACIN)

20—V L CyL,CpT(8 £ el 0a =)
. ¢ rC4LgCp (Y)enl/ © ds|lvolly,
Ng — Nf o EVX (1 —5)t7rx

0

t e(;_la)A(t—S) et — 0,—
+LsCy / ey I 5 (60) = KOs 51y, s

_o—1 —1
< Clunkn (g +1)er e

P é-Sy—l ;

+C“U0HY1( Sy + ¢ ¢ )en
(en =)™ " (en—wa) (N5 = Nf)

t eaa_lwA(t—s)

gYx (t — s)l—)/x

+LCa [ 1155 (@5 () — h (s () 1x, d.

to

Now, Lemma 2.8 applied to
v(r) = [h5E @s(r + 10) = h°@s(r + 10)lx,  (r € [0.1 —to])

yields that

1 e .
mﬂhxl Ws(t)) —h°@Ws ()| x,

(o ) oo * armamoi D)
~ \\(en—wa)rx (en— @)X (g — wq)x (N§ = NE)

. er]to-i-s*la)f(t—tg)

P é-(gy—l
" ((sn “wax (e — wA)?X (N§ — Nli))

t
. / (r]—e_la)A)e”Ses_l‘”f(’_s) ds
to
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“ (= ) e * e as)
— \\(en —wa)7x (e — o)X " (en— wa)rx (N§ — N&)

. ento+s—‘ o £ (t—to)

P g-(s'y—l
" ((877—60A)8X " (en—a)A)VX(Né —Nﬁ-))

_ 1
nN—¢& w4 (etn _ er}to-{—s_la)f (t—tO))

' n—eloy
Note that since 7 > ¢ w4, it follows from & < co(w s /w4)¢ that
n > é'_la)A > C()S_la)f.

Hence, choosing ¢ = 0 and letting ty — —oo shows that

1% (wo) — h°(vo) 1 x,

Sy —1 —1

e — & ‘wy

sc( i+ A )’7_ ——Jlvolly,.
(en — wa) (en— wa)’X (Ng — Np)/ N =€ 0f

Since en — w4 and en — w ¢ are bounded away from 0, it follows that

) é-(sy—l
1755 (o) — h® (o)l x, < C(s + ——— )lIvolly,
NS _NF

for some constant C > 0. Moreover, (5.5) turns into

é-(gy—l

£ =
1757 @s@)|ly, < C———=Ilvolly,.
Y ¢ ¢ 1
Altogether, we obtain the assertion. O

5.4. Differentiability of the slow manifolds. Now, we suppose that the nonlineari-
ties f: X1 x Y1 — X, and g: X1 x Y1 — Ys, are continuously differentiable such
that

IDfCe Mlsexixvx, ) = Ly IDgO, Y8, xv¥s,) < Lg- (5.6)
The aim is to show that
(Yé NnYi, |- ||Y1) - (Xla [ - ||X1) x (Ylg NYy |- ||Y8y)’

vo = (5 (v0). iy (vo))

is differentiable.
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Proposition 5.6. Under the general assumptions in this section and the differentia-
bility assumptions in this subsection, the slow manifold S ¢ is differentiable.

Proof. Given vy € Ysg we write U(-,vg) := (u(-,v9),vF (-, v0),vs(-,v0)) € Cy
for the fixed point of &£, .¢. Fix vo, Vo € Yg. Effectively, any classical approach
to show smoothness [13, 17, 35] is based around estimates, which show that the
derivative exists as the best local linear approximation of the graph of the manifold.
We follow this strategy and write

0
U(-To) — U(-vo) = T[U(- o) — U(-vo)] = 0 + 1(Vo, vo),
eBO@y — o)

where

g1 fioo e~ t=94D £(U(s, vo))z (s) ds
T:Cp—Cy. z> |t ]| [ et™E Prys Dg(U(s, vg))z(s) ds
0

and (¥, vo) = (11, I, I3)T (¥y, vo), where
11, vo) = [r e /_ e (U (s, To)) — f(U(s, vo)
D f(UGs. vo)[U(s. To) — U(s, v0)]) ds],
15(o, vo) = |:f s /_ =8 Pry¢ (g(U(s, %)) — g(U(s, vo))
— Dg(Uls, vo) [U(s. To) — Us, v0)]) ds},
I3(Vg, vo) = 0.
The aim is to show that ||7'|| g(c,) < 1 and that

”1(507 UO)HX]X(YEOY])X(YéﬂYﬂ = 0(”50 - vO”Y]) as o — vo.

Then we have

0
U(0. ) — U0, vg) = (1 — T~ 0 1 o(I%o — volly,)
eBO(Tp — vo)

as Up — Vg, so that A
g, et .
U©,-) = (h% ,hYIg,ldYé)
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is differentiable. The fact that

”T”B(Xlx(yﬁmyl)x(ygmyl)) <1

follows from the same computation as the one for showing that &£, ¢ ¢ is a contraction
in Proposition 5.2. Concerning / one can treat both its components similarly. Hence,
we only carry out the usual argument for the first component. By our assumptions
on f, forall o > 0 there is an N > 0 such that

e

min{—N,t} .
el / o DA (U5, 7)) — f(Us. v0))

—00

~ D/ (WU(s. v0) (s T0) — Uls. vo))) ds |

min{—N.,t} 6(8_1 ®A—7)(t—s)

<oLsCalUe T - Ut [ S
—00 X -

< > 1%0 — voll¥,

| Q

for all # < 0. Having fixed such an N > 0, we obtain that

e e / t & CIA(F(U(s, To)) — F(U(s, vo))

min{—N,t}

— D f(U(s, vo)[U(s. To) — U(s. vo)]) ds

X
t e twa—n)(—s)

< Cy||U(,v9) = U, v V. e
< C4|lU(-,v0) — U( O)HC"/min{—N,t} &0 —5)17x

1
. [0 IDf(rU(s. To) — (1 —r)U(s, vo))

—Df(UGs. UO))”.,@(Xlx(YﬁﬂYl)x(Yanyl),x,,X) drds

‘ e wa—n)(t—s)

fcu’ﬁo—vonn/

min{—N,z} SyX([ _S)I_VX

1
-/(; IDf (rU(s, To) — (1 = r)U(s. vo))

- Df UG, UO))”$(X1x(YﬁﬂYl)x(anyl),x,,X) drds.

By dominated convergence and the continuity of the integrand, it follows that the
integral is smaller than o/2C if vy is close enough to vg. Thus, for all ¢ > 0 there



104 F. Hummel and C. Kuehn CMH

isa & > 0 such that for all vy € YSZ with [|Up — volly, <& and all # < 0 it holds that
e M

e /_ &~ DA (U5, T0)) — f(U(s. v0))

=D/ (Uls. vo) [U(0.5) = UO.vo)l) ds| <o [To — volly.

A similar computation can be carried out for the second component of /. Thus, we
have that

11(Do. vo)llc, = o(llTo — volly,) as To — vo,

which shows the differentiability of the slow manifolds. O

5.5. Attraction of trajectories. Consider the situation of Proposition 5.6 and let
(5 (v)- B (v0). v0) € S

Let (4, vF, vg) be the solution of (5.4) with initial value (h;f (vo), h‘;g (vo), vg) and

let (u®, v, vg) be the solution of (5.4) with initial value (uo, vo,F'vo.s). Since
(u,vF,vg) is a strict solution, it holds that

eu(r) = e~ Au(r) + &' fu(0),vp(1),v5(t)) (= 0).

On the other hand, since S, ¢ is invariant and since it is differentiable, it holds that
u(t) = h;f (vs(t)), and therefore

deu(r) = 3:h (vs (1) = (DhSE (vs (1)) [rvs ()]
= (Dh‘;}f(vs(l)))[Bvs(l) +prye gu(r). vr (0), vs(1))] (t = 0).
Combining both equations for # = 0 and using
(), vr () = (A% s ). A5 vs(0))
F
yields that
1%, (o) = eA™" (DI, (v0)) [Buo + pry¢ (1%, (vo). h;é (v0). v0)]
— A7 £ (R (v0), RS (v), o). (5.7)
F
Similarly, it holds that
&, — 5,; S,C E,Z
hY§ (vo) = Byg (Dthr (vo))[Bvo + Pry¢ g(th (vo), hY§ (o). vo)]

- 19 £
= By ¢ pryz g (k% (v0). Al (v). vo). (5.8)
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Note that (5.7) and (5.8) hold for arbitrary vy € Y N Y1 In partlcular they also
hold for vo = v§(7). In addition, the dlfferentlablllty of h&f x, and het vé shows that

0:hS (05(D) = (DAY (0§ (1) [BU§ (1) + prye g (). vi (0. 05 ()], (59)
8,h’;’§; (v5(1) = (Dh‘;é W5 ())[BU§ (1) + prye g (). v (1), v5(1)]. (5.10)

Proposition 5.7. Consider the situation of Proposition 5.2 together with the assump-
tions of this subsection. Then there is a constant K > 0 such that the following holds:
Ifedr—1 /(Né — Né) < K and if ¢ and € are small enough, then there are constants
C, ¢ > 0 we have the estimate

i.e., solutions of (4.3) approach the solutions on the slow manifold at an exponential
rate.

u (1) — S (05 (1))
Vi (1) — i (050))

wo — W5 (vo.s)
Vo,F — h’;ﬁ (UO,S)
F

’

XIXY1

X1XY1

Proof. 1t holds that
& 5 & 871 s 871 s s &
u (1) — b5 W5 (0)) = ¢ “A(ug — h5E (vo.s)) + e ARG (vo,5) — h (v5(1))
t
Fet [ e DA £ (5), 5 (5), 05 (s)) ds
e 1t4 ,Z ! e l(t—s)A188 &
o — 5 (vo,5)) — /0 (e 1 (05 (s)) ds
U e A £ (s), v (5), V5 (5)) ds

0

- /0 e =947 [h%E (v (s))] ds
+e! /Ot e T (P (5), v (5). v (5)) ds.
Combining this with (5.7) and (5.9) yields
u (1) — h (05 () = e (g — h$ (vo.s))
+ ’ es-‘v—sM(Dh;f (W5 6) [pryc g (4°(), V5 (5), 05 5))

= pryg 8%, (05 (6)). i (5(5)). v5(5)) ] ds
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+¢&7! /Ot es_l(’_s)A[f(us(s), v (5), v5(5))
= [ (5 @5 () hE (059)). 5 (5)) | ds.
Similarly, it holds that
V() = hye (050) = € (v, — 1% (vo.s)

+ / VB (DAL (05 () [Pryz g (uf (), v (), V5 (5))
0 £ °

= pryg 8%, (05 (5)). e (5(9)). v5(9)) ] ds
+ /0 JRCRL prye [£(u(5), v (), v5(5))
— g (] (05 (). e (05(9)), v5(9)) ] ds.
Thus, if we define
0(0) = [ (©) = h 5 ) 1x, + 105 () = He @5 O) .
then we obtain

—1 —1 ¢
@(t) < Mye® A" ||lug — h?{f (vo,9)llx, + Mpe® @aTNE |yg g — h;i (vo,s) v,
F

— 1
ef (t—s)w 4

t
+CA(8LgL+Lf)/ @(s)ds
0

evx ([ — S)I_VX
=) 0 +Nf)

(t —s)t-dy

Sy — t
+ (3 =NE) " CattsL + Ly | o(5) ds.

2

Here, L denotes the Lipschitz constant of the slow manifold. If now ¢ by—1 /(N g —-N f,
< K for a small enough constant K > 0, then

Sy—1 § _
(VG — NE)™ ™ < K(NE— NE)™ < —Kout ™,
Hence, Lemma 2.10 shows that there are constants C, ¢ > 0 such that

Uo — h;ﬁ (UO,S)

t) < Ce
() = Vo,F — h’;§ (Uo,S)
F

XIXYI

This is the assertion. O
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5.6. An approximation of the slow flow. In Section 5.3 we measured the distance
of the slow manifolds to the subset So ¢ of the critical manifold given by

So.¢ := {(h°(vo). vo) € So : Pryt Vo = 0.

In many cases So ¢ will not be invariant under the slow flow. Thus, one might wonder
how meaningful the result in Section 5.3 is. However, our aim is not to reduce the
fast-slow system (4.3) with ¢ > 0 to the slow subsystem (4.3) with ¢ = 0, but to the
reduced slow subsystem:

0 = Aug(t) + f@(), vg (1)),
0= prye v (1),
08(1) = Bod(1) + prye gul(n), v3 (1)),
v?(O) = Pry¢ Vo.

(5.11)

Obviously, Sy ¢ is invariant under the reduced slow flow generated by (5.11).

Proposition 5.8. Let wg be defined by (4.7). Forall T > 0 there is a constant C > 0
such that for all t € [0, T] and all { > 0 small enough it holds that

m@—%WW1MM)

(a’g —{lwa — N}g;)(?y

W@ = v lly, = C(II Pry¢ volly, +

Proof. Variation of constants shows that

10 @) = vl

-1 ¢ 1 dy—1
< MBC(Z wA+NF)t|| er;: volly, + (EC(Ng — N;))

e @A+ NE)(—s) 0, 0 0
LiCo [ S Gl + 1576 ) s

e@B(—s)
+ LyCp / i (106 = R, + 1°(6) = 1)) ds
(z(zvg - N nvonyl)
(Cl)g _ C_ICUA _ N§)8Y

LF“A_IH.B(XgX1,X5X)LgCB/ wg(t )
(t —s)%r

< Ces! (n pryc voly, +

¢ 10°(s) = v2(s) Iy, ds
[— Lrl A 30k, 1 Xsp) e

Now the assertion follows from Lemma 2.8. O
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Corollary 5.9. Consider the situation of Proposition 5.7. Let wg be defined by (4.7).
For all T > 0 there is a constant C > 0 such that for allt € [0,T] and all e, > 0
with & < co(w r/w)§ small enough it holds that

us (1) — hO(vQ(1))
‘ Ve (1) = v2(1)

Y,

1
< C<|| Pry¢ volly, + (8 + =y N;.)SY)HUOHYI
g —YF

+ (88" + ee_lwft)“uo - hO(UO)”Xl)'

In particular, for initial values on the slow manifold it holds that

ut(t) — h° (v (1))
‘ vo(1) = v2(1)

Y,

Sy —1 _
<C<8+ (¢(NE = NE)) ghr =1 )||Uo||Y-
- (0g — ¢loa— NE)T  N§—Nj ‘

Proof. The first estimate is a combination of Corollary 4.15 and Proposition 5.8. For
the second estimate, we use the first estimate together with Proposition 5.5 and the
triangle inequality

N4 Ny
I Pryg volly =< lIpryg vo — AT wollln + IIh3e (vo)llrs.

lluo — 1% (o)llx, < lluo — higf (vo)llx, + ||h§}§ (v0) — h® (o) x, O

Remark 5.10. (a) Note that we do not need the existence of slow manifolds for the
first estimate in Corollary 5.9.

(b) If the initial values are not on the slow manifold, then it looks like the term
I Pry¢ vol|ly, might prevent the trajectories of semiflow generated by the fast-slow

system from converging to the ones of the reduced slow flow as ¢, { — 0. However,
sometimes it holds that || pry¢ volly, — 0 as { — O uniformly in vo running through
certain sets. For example, if one takes vy from a bounded set in Y5, then this will
hold in many situations.

6. Three examples

In most applications nonlinearities are not Lipschitz continuous as we assume in
our abstract theory, but only locally Lipschitz continuous. This means that we have
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to use cutoff techniques and our theory can only be applied locally. So before we
start with the examples, let us briefly explain how this can be done for polynomial
nonlinearities in toroidal Bessel potential spaces H; (T"). The space H; (T") with
s > 0 is defined as the space of all f € L,(T") such that

1l erg comy = Hx o 3 (1 kP Feiks

kezn

<0
Lo (T")

where f (k) denotes the k-th Fourier coefficient.
The main idea is to use Young’s inequality for convolutions together with
Plancherel’s theorem. First, we observe that for u, v € H5 (T") it holds that

(1+ kP) a0k = (1+ k122 3t —Doa)
lezn
<2 3 (L4 Ik —12)ak — Do) +2° 3 (1+ 11P) Pk — Hs)
lezn lezn
= 2°((1+ I 2)"%206)) gn * (B06)) ez
+25(000)) g g * (1 + K12 20(0)) -

Now it follows from Young’s inequality for convolutions together with Plancherel’s
theorem that

luvllzgermy = 1((1+ k) T0(K)) e pnlleszm
< 2[((1 + K1) 2 200)) e 2@ 1 (0K)) e ey 2

+ 2°1(@0)) ezl @ I (1 + 152 2506)) g lles

= 2°1(0(K)) ez ey @ el g comy + 2° 1@ (K)) ez lley @y 10l a5 oy -
6.1)

Therefore, a first idea to make polynomial nonlinearities Lipschitz continuous
via a cutoff would be to use a smooth cutoff function on £;(Z") and cut off
functions for which the £1(Z")-norm of the Fourier series is large. However, it
is well known that nontrivial smooth functions with bounded support do not exist
on £1(Z"), see for example [7, Theorem 2]. Fortunately, the situation is better
for other integrability parameters. More generally, it was observed in [26] that a
separable Banach space X admits an equivalent continuously differentiable norm
(i.e., a norm that is continuously Fréchet differentiable on X \ {0}) if and only if
its topological dual is also separable. This also includes our Bessel potential spaces
with integrability parameter 2. Note that (6.1) together with

1(#@(K)) ez €y )
<I((r+ |k|2)_S/2)kezn leszm (1 + |k|2)s/217(k))kezn e,z

= csllull ggcrm
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fors > n/2and ¢y := ||(1 + |k|?)™*/?)kezn ll¢5(zn) yields the well-known fact that
the Bessel potential spaces with regularity s > n/2 and integrability parameter 2 are
an algebra. More precisely, we obtain

luvll gy erny < 2% esllull mgerm vl s rm)- (6.2)

On Banach spaces X with continuously differentiable norm, e.g., H5(T"), one can
now define a cutoff function as follows: One may take a function y € C*°(R; [0, 1])
with support in B(0, C3) for some C, > 0 and with y(x) = 1 for |x| < C; for some
C1 €(0, C,) and compose it with the differentiable norm ||- || x. Then yx := x(||:|/x)
is a continuously differentiable and Lipschitz continuous cutoff function from X
to [0, 1]. The function yx may even have an arbitrarily small Lipschitz constant, if y
is chosen accordingly.

The observations on smooth cutoff functions can now be combined with the
estimate (6.1) in order to obtain the following result:

Proposition 6.1. Let p: R? — C be a polynomial of degree d € Ny given by

p(u,v) = Z aqu*tv*?

aeNZ, |a|; <d

for some ay € C. We fix s > n/2 and define

cs o= (1 + 1kP) ™) g lea@m

as above. Let y be a continuously differentiable cutoff function on H*(T") with
Lipschitz constant L, > 0 which is supported in B(0,R) C H*(T") for some
R > 0 as described before. Then the mapping

py HY(T") x H*(T") — H*(T"), (u,v) = p(x(u, x(v)v)
is globally Lipschitz continuous with Lipschitz constant not larger than

> aalleli 5B T 4+ 25 ¢ RL).

a€Z?,|al;<d
Proof. (1) In a first step, we show that
H*(T") — H*(T"), uw~— y(wu

is Lipschitz continuous. So let u,uq € H*(T"). If ||ul|gscTny, |uoll@s ) > R,
then it trivially holds that

|l x)u — y(uo)uoll gscrny = 0 < |lu — uo|| grs(Tn).
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If ||u||HS(T”)’ ||u0||Hs(Tn) < 2R, then it follows that

X @)u — x(uo)uoll s (Tn)
=< llxGou — x@uoll s rny + | (x () — x(wo))uoll as(rm)
< llu —uollrsrny + 2" es RL yllu — uol| s rny
= (1 + 2" 1es RL ) llu — uol| rrs(rm)

If |u|l gscrny < R and ||ug|| gs(Tny > 2R, then ||u — uo|| gs(Tn) = R so that
lxu — x(uo)uollgs(rny = Ilx)ulgsry < R < |lu—uollgs(rn)-

The same holds if |[u||gs(r7) > 2R and ||uo| gs(cr»y < R. Altogether, we have
shown that

Il x@)u — x(uo)uoll rrs(rmy < (1 + 25T ey RLy) lu — uol| s (T

for all u,ug € H5(T").

(i1) In the second step, we show that
HS(T™) — H5(T"), u+ (y(u)u)*

is Lipschitz continuous for any k € N. Let again u,uo € H*(T"). Then it holds
that

1Ge@)u)* — (r(uo)uo) || zrscrn)

k—1
= | X2 Grtomy’ Grtao)uo) =~ G — xtwoyuo) |
j=0

Hs(T")
k-1
< 2%¢y Y (@)’ (x(uo)uo) ™ || s omllx)u — x(uo)uoll s (rn)
=0

< (25cs) TR 4+ 25T ey RLy ) Ju — wol| s (rny.-

(iii) Finally, we turn to the assertion. So let u,ug,v,v9 € H*(T"). Then it holds
that

| > ™ @)™ = " aa(eo)ue)™ (x(o)vo)*

Hs(T)
acZ? acZ?
ol =d lal1 =d
<2 Y laal (IGw)* = (x(o)uo)® | s crm | x@)0)* || s (xmy
aeZ?
laly =d

+ (X (@)v)** = (x(v0)vo)** |l s vy | (X (o) u0)*! | s (7))
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<2 Y agl(20es) ey R + 25T g RLy) (2 ¢s) !

R « R*|Ju — uol| s ()
(2 e ey R (1 4 27 ey RL) (2= R s — o e o)
_ ( 3 |aa||a|1<zScSR>'“'l—‘(1+zs+1csRLX))||u—uoumn). 0
acZ?
||y <d

6.1. The spatial Stommel model. Now we apply our methods to a version of Stom-
mel’s box model for oceanic circulation in the North Atlantic (see [30] and [6, (6.2.4)])
in which we add diffusion in both variables. These equations are then given by

gou® = Au® —u® +1-— 8148[1 + % ((u®)? — (w‘g)z)],
dw® = Aw® + p— w1 + (> — (w*)?)]. (6.3)
u®(0) = uo,  w*(0) = vo,
where 1, n > 0 are certain parameters. We study this system with periodic boundary
conditions, i.e., on the torus T, and partly also on T”.

Theorem 6.2. Let s > 0, n € N and §y € (%, 1) such that 2s + 4(1 — 8y) > n.
Let further T > 0 be fixed. We write (u®, w¥) for the strict solution of (6.3) with
e > 0 and (u°, w®) for corresponding slow flow. Then for all R > 0 there are
constants €9 > 0 and C, ¢ > 0 such that for all ¢ € (0, g9,

Ug € H§+2(']fn) with ||u0||H§+2(T,,) <R,

Vg € H§+2+2(1_8Y)(T") with ||u0||Hs+2+2(1—8y) R
2

<
(T?) —
it holds that
sup  ([[u®(t) —u @)l gs+2,pny + 1WEE) = 2O, s+2420-5y)
05t5T(R)( Hy () H, YT ))
< C(88Y + e—cs_]t)’
where T (R) is defined by

T(R) := inf {t e[0,7T]: max{||u0(t)||H2s+z(Tn), ||w0(t)||H;+2+2<1—5y)(Tn),

& &
[|u ([)”H‘z‘“(?r")’ |lw (t)||H;+2+2(1—sy)(Tn)} > R}.

Theorem 6.3. Let n = 1, s > 0 and 8y € (3.1) such that 2s + 4(1 — §y) > 1
and let T > 0 be fixed. Then for all R > 0 there are £y > 0 and a family of finite-
dimensional slow manifolds Se ¢ C H3?*(T) x H;+2+2(1_8Y)(T) with0 < ¢ < ¢
and 0 < ¢ < c(wy/wa) for constants wr, w4 which we define later and some
¢ € (0, 1) such that the following assertions hold:
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(a) Foreach( € (0, o] there is a splitting
H2s+2(1—8y)(T) _ Yg e v,

where YSZ is the projection of H25+2(1_8Y)(T) to the k-th Fourier modes with |k|
being smaller than a certain number k({) depending on {. We also have that Y, is
the projection to the remaining Fourier modes.

(b) Let By¢(0, R) be defined as
s

Bye(O.R):={f € Y$: 11l s 2203 R).

) =

Then S, ¢ is given as the graph of a differentiable mapping

&¢. .
h&s: (BYg (0, R), | ||H;+2+2(l—8y)(,]r))

> H3Y2(T) x (Yﬁ A H2s+z+z(1—8y)(qr), [ - ||H;+2+2‘HY)(T))'

(¢) Se,¢ is locally invariant under the semiflow generated by (6.3), i.e., the semiflow
can only leave Sg ¢ through its boundary.

(d) Let
So,e :={(u,w) € So:w € BY§(0, R)}

be the submanifold of the critical manifold which consists of all points whose slow
components are elements of BY;(O, R). Then there is a constant C > 0 depending
on R such that S

dist(Se,¢. So,¢) < C (e + §8y—1/2) <1z,
(e) Suppose that

0
Il g2y < R voll yyasaaspr gy < R 1H0@0) gy < R

<
(T) —

and let (ug, w?) be the solution of the truncated slow subsystem of the diffusive
Stommel model given by

0= Aug — ug +1,
dwg = pryg[Aw? + 1 —wl+ P (w))? — W), (6.4)
0 _ ;0 0
=h , 0) = .
U (pryg vo),  wg(0) Pry¢ Vo

Assume that (ug, vo) € Sg¢. Then for each T > 0 there is a constant C > 0 such
that

Sy—1/2
sup ||u£(t)—u0(t)|| s+2 +||w€(t)—w°(t)|| sH242(1—=8y) <CeY ,
ostsT(R)( T H, T ¢, Y (T))
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where T (R) is defined by

T(R) := inf{t €0, 7T]: max{|lu(§)(t)||H,s,+2(T)’ ||w?([)||H;+2+2(175Y)(T),

& &
1" O gs+2 ) w0 (I)IIH;+2+2<1—6y)(T)} > R}.

Remark 6.4. (a) Inboth theorems the condition 25 + 4(1 —8y) > n is not essential,
but cutoff techniques would get more tedious without this assumption. This condition
has the advantage that the nonlinearities are already well-defined and locally Lipschitz
continuous in the spaces we work with later on without having to cut them off.
Cutoff techniques are then only required to turn local Lipschitz continuity into global
Lipschitz continuity.

(b) In Theorem 6.2 we may allow T” as underlying domain, as its proof only uses
the results of Section 4, which do not require large spectral gaps in the slow variable.

(c) We could also work in Hj with p # 2. But then the proofs would be more
complicated since we would have to use Fourier multiplier theorems instead of just
Plancherel’s theorem.

Now we show how our general theory can be applied to derive Theorem 6.2 and
Theorem 6.3.

In order to remove constants in the nonlinear terms, we introduce the dummy
variable i which takes values in R and satisfies

81‘@8 = O’ ws(o) = (\/Ev M’ /'L)

for some M > 0 that we choose later. We make the following choices:

* The fast variable is given by u®. The slow variable is given by v®= (w®, w{, w5, W%).
As underlying spaces we choose

X = HJ(T") and Y = H3P2070)(17) x R3
such that 2s + 4(1 — 8y)) > n.
» The linear operator in the fast variable is given by
A: HS(T™) D> HST2(T") — H3(T™), u+> Au—u.
The linear operator in the slow variable is given by
B: H2s+2(1—8Y)(Tn) <R3 > H2s+2+2(1—8y)(Tn) <R3 — H2s+2(1—8Y)(Tn) % R3,
(v,21,22,23)" > (Avy, =21, =22, —23)"

for some dy € (%, 1); we compensate the terms z; — —z; from the linear part by
inserting maps z; > z; in the nonlinear part defined below.
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» The Banach scales are given by
Xy = HP2*(T") and Y, = H P20 F20pmy g3,

e We have already chosen §y € (%, 1). Moreover, we take yy = 1—8y anddy = 1.
Thus, we have to define continuous nonlinearities

f:X1XY—>X, gZXIXY1—>Y5Y
satisfying the Lipschitz conditions
| f (1, p1) — f(xz,J’2)||X1_5 = Lf(||x1 —x2||X1 + Iy — J’2||Y1),
Y
Iy, v1) = f(uz.v2)llcrqox) < Ly (lur —uzllcrgonx)

+ v = valle1qo,:v))-
lg(x1. 1) — g2, ¥2)llys, < Lg(llx1 —x2llx, + ly1 — y2ly)-
With our choices of spaces this translates into
FrHSAT) x Hy PO (T X R? — H3(T™), ©5)
g H3T2(T") x Hy P20 (1) 5 R? — HSH2(T") x R3

and

I/ (x1, y1) = f(x2, y2)||H§+2“‘5Y)(1rn)
< Ly(llxr = x2ll g2 gpmy + lly1 = J/2||H;+2+2<1—8y>(Tn)xR3)’
1/ Ger,v1) = fu2, v2)llc1 o a5 (T
< Lf(”ul - u2||C1([0,t];H§+2(’]I‘”)) + ||U1 - vz“Cl([O,t];H;+2(]_3Y)(’]I‘")X]R3))’
lgCer. y1) = g(x2. y2)ll gs+2(pnyums
< Lg(||X1 — X2||H.2v+2(Tn) + ly1 — yz||H2s+2+2(1—sy)(Tn)xR3). (6.6)
Note that if

f: H§+2(Tn) % H;+2(1_8Y)(Tn) <R3 H§+2(1_8Y)(Tn),

(6.7)
g H3P2(T") x Hy P20 (1) x R® — H342(T7) x R?
are differentiable with
”Df(-x’ y)”£(H£‘+2(Tn)XH;+2(lf‘sY)(Tn)XRB’Hg‘Fz(l*SY)(Tn)) = Lf’ (6 8)

||Dg('x’ y) “£(H§+2(T,1)XH;+2+2(1—8Y)(Tn)xR3’H§‘+2(Tn)XR3) S Lgv
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then both (6.5) and (6.6) as well as (5.6) are satisfied. Since H3(T") is a multipli-
cation algebra whenever 2s > n, it follows that the nonlinearities

f: H2s+2(11‘”) x stz(l_SY)(T") % R3 N H;+2(1_8Y)(Tn),
1
(x,y,21,22,23) > 722 + zlzx[l +n?(x% — yz)],
g HSYA(T") x Hy P07 (1) x R? — HSY2(T") x R?,
('x’ y721’227 Z3) = (Z3 - )’[1 + nz(xz - yz)]’ 21722723)’

are well-defined and satisfy (6.8) locally. In order to obtain these properties globally,
we use cutoff techniques as described in Proposition 6.1. Let R > 0 be arbitrary and
choose C !-functions

qu: Hy 207" > [0.1), ot HP(T™) — [0, 1],
X3! H;+2+2(1_8Y)(T”) =01,
which equal 1 on the ball B(0, R) around 0 with radius R in their respective topologies

and which equal to O in the complement of B(0,2R). For 0 > 0 we further choose
Yo € C*°(R) taking values in [0, 1] such that

2
Vo(z) = 1if|z]| <0, Yo(z) =0if |z| > 20, and |Y.(z)] < = forz e R.
o

Now, the nonlinearities

f: H2s+2(11‘”) % H§+2(1—5Y)(r]rn) N3N H;+2(1_8Y)(Tn),

(v.3.21.22.73) b 2222 + Yo G0 0N 1200 — (00)0)?)],
g H3Y2(T") x Hy P01 x R® — HS+2(T") x R?,
(x.y.21.22.23) = (23 — 3(WY[1 + 7 ((2()xX)* = (3 ¥)?)]. 212 22. 23).
satisfy (6.8) globally. Moreover, if we choose o > 0 small enough, then we have

2

Ly < —.
AN

With these choices, we may rewrite (6.3) as

edu® = Au® + f(u®, v, Ve, M, ),
9, 0% = Bv® + g(u®,vé, Ve, M, i), (6.9)
u®(0) = ug, vj(0) = vo.
If ||u£||Hs+2(T,,), ||U(19||Hx+2+2(1—6y) T = R and ¢ < o2, then (6.3) and (6.9)
coincide. “This is why wé have to introduce T'(R) in the statements of Theorem 6.2

and Theorem 6.3. For the proof Theorem 6.2 we just have to check whether the
assumptions of Section 4.3 are satisfied:
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(i) Itis well known that X = H;(T")and Y = H;+2(1_8Y)(T") x R3 are Banach
spaces.

(ii) The Laplacian generates a bounded holomorphic Cyp-semigroup (e’4);>o on any
of the spaces H3T*(T"), & € R, which is given by

e f () = 3o M F ke,

keZ

where f (k) denotes the k-th Fourier coefficient. Accordingly, A generates an exp-
onentially decaying holomorphic Cy-semigroup and B generates a holomorphic Cy-
semigroup.

(iii) It follows from complex interpolation that the spaces X, = H3T2*(T") and

Yo = H2s+2(1_8”)+2a (T™) x R3 are valid choices for our Banach scales.

(iv) We used cutoff techniques in order to ensure that f and g satisfy the continuity
assumptions of Section 4.3.

(v) Weintroduced the dummy variable w°¢ the ensure that f(0,0)=0and g(0,0)=0.
(vi) Theorem 2.1 ensures that there are constants M 4, C4 and Cp such that

le" gy < Mae®, e gx,, x;) < Cat? 'e®",
X

Sx—1_ wat
b

A
e’ l8xsy.x1) < Cat e

and

el < Mpe®s",  [le"® |l ey, ¥y < Cpt®r 'e?s!

hold for all # > 0. Since (e/2);> is a bounded holomorphic semigroup on any of the
spaces H IS,+°‘ (T"™), o € R, we may take w4 to be an arbitrary number larger than —1.

(vii) We chose o >0suchthat L r <2/M. If we take M >32C4 and w4 close to —1,
then we have
1 )(I—VX)/VX

w4 + (2C4L £)M7¥ ()/_X

1
<wy+—=<0,

2

so that we may take w ¢ such that

w4+ (2CoLs)I7¥

1 \0-vx)/yvx
(—) <wy <0.

Altogether, all the assumptions of Section 4.3 are satisfied and we obtain Theorem 6.2
Let us turn to Theorem 6.3. Our task now is to find the splitting

Y=Y,®Ys
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for any ¢ > 0 small enough. For the Stommel model we may simply take the trunc-
ation to certain Fourier modes. If —(|ko|+1)? < {'wy < —|ko|? for some kg € N,
then we take

¥ := span{lx > e**] 1 k € Z. k| < [ko| — 1},

Vi =l ssaa-sy) o, (spanf{lx > e**] 1k € Z. k| > [kol}).
D

(T)
where cl HST20=8) 1y A means that we take the closure of a set
p

AC HyPU(T) in HyPO(T),

Now we choose
Y¢ = Vi xR3 Yi =TV} x {Ogs).

These definitions indeed yield a splitting
Y =Y; @Y.

Let us check the conditions of Section 5.1.

(i) Since YSZ is finite-dimensional and since Yé is defined as a closure, both spaces
are closed. Moreover, in the Fourier image it is easy to see that the their projections
commute with B.

(i1) By our construction 1715 consists of all f € H;+2(1_8Y)(T) such that f(k) =0
for all kK € Z such that |k| < |ko| — 1. Therefore,

v +24+2(1-8
Y5 n HyTPTO0 (T

consists of all f € H23+2+2(1_8Y)(T) such that f(k) = 0 for all k € Z such that
|k| < |ko| — 1. This makes Yﬁ a closed subspace of Y7 = H2s+2+2(1_5y>("ﬂ“) x R3.

(iii) Obviously, Yé is a closed subspace of Y; and thus the same holds trivially for
Y S; N Y;. In addition, we know that

g: X1 xY] — Y8Y
is Lipschitz continuous and Plancherel’s theorem yields
Iprye < ¢!
p Y§ B¥sy Y1) = .

Hence, we obtain that
pryc g X1 x Y1 = Y3
s

is Lipschitz continuous with Lipschitz constant L g Sy -1,
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@iv) YSE is a finite-dimensional space. Therefore, the realization of B in Yg is
bounded and thus generates a Cy-group (e’Byg )rer. It is obvious that is group
coincides with (e'® lye) fort > 0.

S

(v) We show that the realization of B in Y’ ,S has 0 in its resolvent set by simply giving
a formula for the inverse. It is given by
HS+2+2(1 8Y)(v]r) % {OR3} N HS-‘rZ(l 8y)(rﬂw) % {OR3}

ikx
( > f(k)eikx,o,o,o) H( A ((jg; o,o,o).

keZ, keZ,
|k[=lkol Ik|>|kol

This is well-defined if ¢ is small as k = 0 does not appear in the sum.
(vi) We have already observed that (e’®), is given by
B f= [x — Ze_lklztf(k)eikx]
keZ
Thus, Plancherel’s theorem shows that for yg € Y é and ¢ > 0 it holds that

- _12
||e tBys||H§+2(l—8Y)(T) < e(lk()l 1) t’

so that we may take
_ 2
Né = = oy — (ol = 1)%.
Since —(Jko| + 1)? < ¢ w4 < —|ko|? it holds that Né > 0. Similarly, we can take
Nf = —t"wa — [kol? + lko| + 1,

so that Né — Nf,- = |ko| > /—¢'wy4. Therefore, we have Né — Nf, > 112
if ¢ is small and if w4 is close to —1. For (5.1) we now have to verify that there is a
constant C > 0 which is independent of yr € HST2+20-8Y) k| > |ko|, > 0 and
¢ > 0 small enough such that

1/2
+242(1-8y) ~ _ 2
( Yoo (1 +1kP) V95 e )

|k|2>ko |2
1/2
< Clre(Ng = N o (ST (k) )
|k|2>ko|?

We do this buy showing that there is a constant C > 0 independent of |k| > |ko],
t > 0and ¢ > 0 such that

(1 + |k|2)1—5ye—|k|2t < C(lf(st . Nﬁ-))gy_le(Nlt"l'é_lwA)t'
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Using the definition of N Is and the fact that N § - ng ~ 712 ko this is the
case if and only if there is a constant C > 0 such that

R2A-8e kP (1 2)' ek < ¢ ()T kol
— \lkol

Thus, it suffices to show that

tlk|?\1-8
(t,k, ko) — (%) ¥ pUkol2=Ik|2=lko|—1)t

for ¢t > 0 and |k| > |ko| is bounded. For fixed k, ko, one can compute the critical
points in ¢. This yields that the maximum is attained at

1 -4y

[ =
k|2 + |ko| 4+ 1 — |kol?

and is given by

( (1= 8p)lkI? )“‘”esy_l
(Ik|?> + lkol + 1 — |ko|?) kol '

But for |k| > |ko| this expression is decreasing in |k| so that its maximum is attained
at |ko| = |k| and is given by

((1 - 5Y)|ko|2)1‘5Y€sY_1
(Ikol + |kol?) ’

which is bounded by (1 — 8y )% %Y ~1. This shows that (5.1) is satisfied.

(vii) If wetake { > Osmallenoughande < c(wy/w4)¢ for some constantc € (0, 1),
then (5.3) is satisfied for §y > %

Altogether, all the assumptions we need to apply our theory are satisfied.
The application of our abstract results to the diffusive Stommel model to obtain
Theorem 6.3 is straightforward. We should point out though that for the proof of
Theorem 6.3 (e) one formally has different initial conditions for (#®, w¥) and (ug, wg)
due to our dummy variables: For (6.3) we have z, = 4/¢ and for (6.4) we have z, = 0.
However, the well-posedness (6.3) ensures that the difference of the solutions of (6.3)
with z, = /¢ and z, = 0 are of the order O(4/¢) on bounded time intervals. Thus,
for the derivation of Theorem 6.3 (e) we can just use Corollary 5.9 together with an
application of the triangle inequality.

6.2. The doubly-diffusive FitzHugh—-Nagumo equation. The techniques we used
for the Stommel model can also be applied to the doubly-diffusive FitzZHugh—Nagumo
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equation, which has recently been of interest in pattern formation [8]. It is a
modification of the classical FitzHugh—Nagumo equation and given by

s0:u® = Au® +uf(1 —u®)(W® —a) — w®,
d:w® = Aw® +u® — yw®, (6.10)

u?(0) =uo, w*(0) = vo,

where y > 0 and a € (0, %). Of course, it is well known from many works (see [21]
and references therein) that at the two fold points of nonlinearity, there is loss of
normal hyperbolicity even without the Laplacian terms. Our methods can be applied
to describe the dynamics in the stable parts of the phase space away from the set
of bifurcation points. In order to study the full dynamics, additional techniques
are needed to treat the behavior close to the bifurcation points. First steps in this
direction for a transcritical bifurcation have been taken in [12], but much more work
has to be done before this can be applied to describe pattern forming phenomena.
Hence, we just illustrate our methods locally at a point on an attracting branch of the
critical manifold. We simply select this point as the origin but other points could be
treated similarly upon translation of the coordinates locally. Furthermore, compared
to the Stommel model we have the additional difficulty that the nonlinearity in the
fast variable does not get small as ¢ — 0. However, we have the advantage that
we do not have to introduce dummy variables and that all terms are actually linear
in the slow variable. The latter property will help us to derive better convergence
results, since we can avoid certain cutoffs that would cause problems with different
topologies. This way, we obtain:

Theorem 6.5. Let E € {T, R}, i.e., let E either be the torus or the real line. We write
(uf, w®) for the strict solution of (6.10) with ¢ > 0 and (u°, w®) for corresponding
slow flow. Then there is a neighborhood U C HZ(E™) of 0 which only depends
on a, and constants g9 > 0 and C,c > 0 such that for all ¢ € (0, &), ugp € U and
vo € HF(E™) it holds that

o1
sup (||u8(t) — uo(t)”sz(E") + [[w(t) — vo(t)”sz(]E")) <C(e+e t)’
0<t<T(R,U)
where T (R, U) is defined by
T(R,U) :=inf{t € [0,T]:u® ¢ U oru® ¢ U}.

Theorem 6.6. There is a neighborhood U C HZ(T) of 0 which only depends on a,
a constant o > 0, and a family of finite-dimensional manifolds S, ¢ C HZZ(T) X
HZ(T)with0 < ¢ <oand0 < ¢ < C(ws/wa)¢ for some C € (0, 1) such that the
following assertions hold:

(a) Foreach( € (0, o] there is a splitting

Ly(T) = v5 @ Y,
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where YSE is the projection of Ly(T) to the k-th Fourier modes with |k| being
smaller than a certain number k() depending on {. We also have that Y 5 is the
projection to the remaining Fourier modes.

(b) The manifolds Sg ¢ are given as the graph of a differentiable mapping

B (Yg N- l ggrery) = HZ(T) x (Yg 0VHZ (D).l gz ey)-

(T)

(¢) The intersection of Sg ¢ with U X Y is a slow manifold which is locally invariant
under the semiflow generated by (6.10), i.e., the semiflow can only leave S, ¢ N
U x Y through its boundary.
(d) Let
Soev = {(u,w) € So:we Yg} NUxY
be the intersection of U x Y with the submanifold of the critical manifold which

consists of all points whose slow components are elements of Ysg . Then constant
C > 0 such that

dist(Se.c, So.e) < Cle + ¢V/?) < C¢1/2,

(e) Suppose that uy € U and let (ug, w?) be the solution of the truncated slow sub-
system of (6.10) given by

0= Aug — ug(l — ug)(ug —a)— v?,
8tw? = er§ [Aw? + Mg - yvg], (611)
u®(0) = h®(pryz vo).,  w*(0) = pry¢ vo.
S S

Assume that (g, vo) € Sg.¢e N U x Y. Then for each T > O there is a constant
C > 0 such that

sup  ([[u(t) = uf Ol g2¢ry + I0g @) = v Ol g2ry) = €52,
0<t<T(U)

where T(R, U) is defined by

T(WU):=inf{r € [0.T):uf ¢ U oru® ¢ U}.

Remark 6.7. One might wonder why we have to introduce the neighborhood U in
Theorem 6.5 and Theorem 6.6. The reason is that we have only treated the attracting
case in our general theory. In order to ensure that we stay in this attracting case, we
use cutoff techniques to modify the nonlinearity in the fast variable where it would be
positive. However, this means that our results are only related to the system (6.10) as
long as the fast variable stays in the region where we did not modify the nonlinearity.
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Let us give a sketch on how these results can be obtained. Again, we only treat

the case E = T. First, we rescale the slow variable and define v® = %ws so that
(6.10) turns into
edu® = Au® +u(1 —u®)(u® —a) — %ve,
2
0,0 = Av® + —u® —y0”, 6.12)
a

u®(0) = ug, v%(0) = zvo.
Now we make the following choices:
¢ As underlying spaces we choose X = L,(T")and Y = L,(T").
» The linear operator in the fast variable is given by
A:Lo(T") D HF(T") — Lo(T"), u+> Au—au.
The linear operator in the slow variable is given by
B:Ly(T") D HF(T") — Ly(T"), u+ Au—yu.

* The Banach scales are given by X, = H3*(T") and Y, = H?*(T").

¢ We choose yx = 6x = 8y = 1. This is the main difference to the Stommel
model and will lead to better convergence rates. With these parameters, it suffices to
choose a differentiable mapping f: X; x ¥ — X which is also differentiable as a
mapping from X; x ¥; to X such that

IDf(x, ) 8x,xv,x) < L <a,
IDf(x, VI 8xixyy.x) < Ly <a.

Moreover, for the nonlinearity in the slow variable we may choose a continuous
mapping g: X x Y — Y which is differentiable as a mapping g: X; x ¥; — Y7 with
bounded derivative. With our choices of spaces this translates into

FiHF(T™) x Lo(T") — Lo(T™),
g La(T") x Lo(T") — Lo(T"),

and

”Df(xv y)”$(H22(’]1‘n)xL2(']1‘n)’L2('ﬂ‘n)) =< Lf <a,
IDf(x, y)”Q(H%(TH)XHZZ(’]I‘n)’H%(Tn)) <Ly <a,

[Dg(x, J’)||$(H22(TH)XH22(T"),H22(T"))) = Lg.
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For the definition of f, we choose a small number 1 > ¢ > Oanda C 1_function

X HF(T") — [0,1]
such that

y) =1 if ||”||H22(T") <o?,

xu) =0 if ||u||H22(T,,) > 20,
and ||D)(||£(H22(Tn);R) < ¢. Then we define

FiHF(T™) x Lo(T") — Lo(T™),
(. v) > —(xu)® + (1 4 a) (x(w)u)* - %v,
g Lz(Tn) X Lz(T”) — Lz(T”),

2
(u,v) > —u.
a

If o is small enough, then it will hold that L 5 < a.

With these choices, the equation

ed;u® = Au® + f(u®,v%),
0,v% = Bv® + g(u®,v%)

is equwalent to (6.12) as long as |u®|| H2(Tn) = 02. Concerning the splitting
Y = Y 4> Y we make analogous ch01ces as for the Stommel model. Now, as
for the Stommel model one can verify that our theory can be applied.

6.3. The Maxwell-Bloch equations. We consider the Maxwell-Bloch equations
in the slow time scale

edsuf = pwus — (1 +id)uj,
I

gouy, =y (A + 1 —ub) — E(w uf + wus),

1 (6.13)
dw® = —0xw® + K(;u’i - wa),

u‘i(O) = Uo,1, ug(O) = Uop,2, w*(0) = vo,

on the one-dimensional torus T. Here, yj,«,8,A > 0 are certain parameters and
n = \/)t_y” . The existence of slow manifolds for this system which are given as
graphs over a certain subset of the slow variable space has been shown in [25] by
a direct approach. We want to illustrate that these equations are a special case
accessible through our more general methods. In order to be consistent with [25],
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we work with the scale generated by (C(T), —(dx + «)) and write C~!(T) for the
extrapolation space of (C(T),—(dx + «)). Concerning the cutoff of nonlinearities,
this scale is more difficult and easier at the same time. It is more difficult because
smooth functions with bounded support do not exist on these spaces; see [7]. But
on the other hand, cutoff techniques are easier because we may use superposition
operators instead. Although the set of globally Lipschitz continuous superposition
operators on C k(T) for k € N is quite small (see, for example, [3, Theorem 8.4]),
they have nice properties in C(T); see [3, Section 6]. In particular, if we choose
a globally Lipschitz continuous C *°-function y: R” — [0, 1] which is equal to 1 in
a ball of a given radius and which is O outside of a ball of a given radius, then the
superposition operator

px:C(T) x C(T) = C(T),  (u,v) = p(xwu, x(v)v)

for a polynomial p: R? — K is smooth and globally Lipschitz continuous.

Theorem 6.8. Let R > 0 be large enough, T > 0 and wg € C(T, C) be fixed. Let
further (u®, w®) be the strict solution of (6.13) with ¢ > 0 and let (u°, w®) be the
corresponding slow flow. Then there are a neighborhood U C C(T,C) of wy and
constants g, C,c > 0 such that for all ¢ € (0, &), ug € C(T;C) x C(T;R) with
luo1llccr.cy + [Ho2llccr:ry < R and vo € U it holds that

sup  ([uf(2) —u® @)l cer:oyxcer:r) + lw (@) — w° @)l ccr:c))
0<t<T(R,U)

< C(8 + 6’_66_1[),
where T(R, U) is defined by

T(R.U) :=inf{t € [0, T] : max{|u’(®)|lc(T:Cc)xC(T:R)
) llccroxeryf > R
orw®(t) ¢ U or w®(t) ¢ U}. (6.14)
Theorem 6.9. Let R > 0 be large enough and let wy € C(T, C) be fixed. Then there
are g9 > 0, a neighborhood U C C(T, C) of wg and a family of infinite-dimensional

slow manifolds S, C C(T,C) x C(T,R) x C(T, C) with 0 < & < g9 such that the
following assertions hold:

(a) The slow manifold S¢ is given as the graph of a differentiable mapping

h*: (U, |l - lecr,c)) = C(T,C) x C(T,R).

(b) S is locally invariant under the semiflow generated by (6.13), i.e., the semiflow
can only leave S, through its boundary.
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(c) Let
Sou = {(u,w) eSo:we U}
be the submanifold of the critical manifold which consists of all points whose
slow components are elements of U. Then there is a constant depending on R

such that
dist(Se, So,v) < Ce.

(d) Suppose that ||uo|lc1(r.c)xc(r:r) < R vo € U. Assume that (ug, vo) € Se.

Then for each T > O there is a constant C > 0 such that

sup  (uf(2) —u’ @)l cer:oyxer:ry + [w (@) — w @) cer:c)) < Ce,
0<t<T(R,U)

where T(R, U) is again defined by (6.14).

First, we rescale (6.13) so that the constants in front of the nonlinearities in the
fast variable can be chosen small. We define 7¢ := o~ 'w? for some o > 0 and
obtain

ediui = opv®us — (1 +id)uj,
oW — ~
edul = —ypus +y(1+ 1) — TM(v‘”u? + %uf),
(6.15)

1
9,7° = —d,0° + K(—ui - 58),
op

~, v
w5 0) = o, W50) =uop. T(0)= .

A straightforward calculation shows that the critical manifold to this rescaled equation
is given as the graph of

. (A+1ov
ho(@): 1 = i8) oo (6.16)
o5 (1482 (A+1) ' '

1+82+02AJvg |2

In particular, 22 will be bounded in the spaces we choose later with a bound that can
be chosen independently of o. This fact will be useful for the cutoff procedure of the
nonlinearities.

As for the Stommel model, we introduce the dummy variable Ww° to ensure that
the nonlinearities vanish at 0. This way, we may rewrite (6.15) as

ediu§ = U/L('ﬁs — %)ug — (1 +i8)uf + pnvous,
o ~ Ol (-, Vo ~ Vo\—5
gdius = —E(voui + vou§) — yyus + oW — 7((1)5 — ;)ui + (vs - ;)ui),
1
9,5 = —a,5 + K(aui — 58), 6.17)
3,@8 - 0,
A+1

ui(0) =uop,1, u50)=upp, V°(0)= ?, wé(0) = %.
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Now we make the following choices:
* As base spaces we take

X :=C(T;C)xC(T;R) and Y :=C YT:;C)xC.

Here, we identify C = R x R and treat it as a real vector space. This way complex
conjugation is a differentiable mapping.

» The fast variable is given by u® := (u§,u5) and the slow variable is given by
ve = V¢, w®).

* The linear operator A of the fast variable is even a bounded operator

Re(u1) —Re(u1) + 8Im(uy) + pRe(vo)uz
A X — X, Im(u;) | — —6Re(uy) — Im(uy) + uIm(vg)us ,
Uz —pRe(vo)Re(u1) — plm(vo)Im(uy) — y

i.e., it is given by the multiplication with matrix

1 8 pRe(vo)
_ -1 pIm(vg)
—uRe(vg) pIm(vg) — —y

The eigenvalues A1, A5, A3 of this matrix have a negative real part. Let
K := | max{Re(11), Re(A,),Re(A3)}|.
The linear operator B of the slow variable is given by
B:Y DD(B)—Y, (v,v3)— (—0xv; —kvy,0),
where the domain is given by
D(B)=C(T;C) xC.

¢ We choose the parameters yy = §y = 1 and §x = 0. Thus, we only need the
Banach scales for o € {0, 1}. Since A4 is a bounded operator, the Banach scale in the
fast variable is just given by X = X;. Forthe fast variable wehave Y1 = C(T; C)xC
endowed with the norm

(v, v2)lly, = lvillecr;oy + lv2l.

¢ The nonlinearities f, g are given by
~ T o — %) x
f:XxY) - X, ((XI’XZ) )r—> wn ") >

1) \ovs = (= P = (= 9)%)
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(Xl,xz)T) (Lxl)

X XY —>Y, I .

& ((yl P Y2)T 0

In order to make ]7 globally Lipschitz continuous, we use cutoff functions again,

this time in form of superposition operators. Suppose that the critical manifold is
bounded by

M = sup 129 ()l et (T:cyxc (T:R)-
veC(T;C),0<o<1

Let further R > 2M and y1:R — [0, 1] be a C*°-function such that
x1(x) =1 for|x| <2R,
x1(x) =0 for|x|>2R +2.
Moreover, let K > 0 large enough and y,:R — [0, 1] be a C *°-function such that
x2(x) =1 for |x| < K/2K o,
x2(x) =0 for |x| > K/K o,
lx'(x)] <3Kuo/K forall x € R.

Now we define

[ XxY > X,
((XI’XZ)T) . op(y1 = L) x2x1(x2) x2(y1 — )
T L
(y1,¥2) 0Yy2 — %((yl - lf,—o))n - (yl - l(),—o)x_l))(l(xl))(z(yl - 1;,—0)

With these choices it holds that (6.13) is given by
Y 1+ )L))

o
80° = Butg(u®. v°), (6.18)

e0;uf = Au® + f(ug, vy

~ v
ui(0) =uo,1, u3(0) =upa, V°(0) = FO,

as long as |ui|lccr:c) < R, |u5llc(r;ry < R and |lov] — vollc(T;c) < K /10K pu.
Let us now check the conditions of Section 4.3 for this example.

(i) It is well known that X = C(T;C) x C(T;R)and Y = C(T;C) x C are
Banach spaces.

(i) Since all eigenvalues of A have a negative real part and since A is bounded, it
follows that it generates an exponentially stable analytic semigroup. Moreover, it is
well known and straightforward to verify that

0,:C Y(T;C)>C(T;C) - CYT;C), v
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generates the translation group (7°(¢))ser given
T)v(x) = v(t + x).

Therefore, also B generates a Cy-group which even is exponentially decaying.

(iii) Since yx = 8y = 1 and §x = 0, we only need the spaces X, Y, X1, Y; which
we already defined. If we wanted, we could complete the scales by adding Holder
spaces, but this is not necessary for our considerations.

(iv) The differentiability of f: X x ¥; — X and g: X x Y — Y in the real sense is
obvious. It is also clear that g: X; x Y; — Y is Lipschitz continuous. We also have
that f: X x Y1 — X is globally Lipschitz continuous due to the cutoff. We need the
Lipschitz constant of f to be smaller than the decay rate of e/4, i.e., smaller than K.
Butifo — 0and K — 00, then we have that

IDf(x, y)laxxy,,x) = 0.

This shows that both Lipschitz conditions on f hold true with small Lipschitz
constant L .

(v) We introduced the dummy variable w* so that f(0,0) = 0 and g(0,0) = 0.

(vi) Let wg € (—K,0) be close to —K. Since we have yx = §y = l and 6x = 0,
the estimates
lel gy < Mae®'. llellgex,, xp) < Car?* le®al,

Sx—1_ wat
ki

A
e’ l8xs, . x0) = Cat e

B B -
e gy < Mae®®", el 8ery, 1) < Cpr® '

hold trivially.

(vii) Since we can make L s arbitrarily small by choosing o small and K large
enough, we can choose an w s satisfying wqg + C4Ly < wy <O.

Now, the proof of Theorem 6.8 is a direct application of Corollary 4.15.
Concerning Theorem 6.9 we are in the easy situation that B already generated a
Co-group. Thus, we may choose the trivial splitting

Y=YieYi=(0)aY
for all { > 0. Therefore, we may take { = Ce for some C € (0, 1), N% =0and

Né = —w 4C71 — k. If ¢ > 0 is small enough, then all the conditions of Section 5.1
can easily be verified and Theorem 6.9 follows from the results in Section 5.
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7. Outlook

We have provided a quite general theory to use time scale separation in infinite-
dimensional evolution equations with a focus on slow manifolds. Evidently, there are
always further generalizations one could pursue. Examples are trying to weaken the
conditions on the linear operators 4 and B, trying to lift the theory into a completely
non-standard form setting [34], or extending it to quasilinear problems [2]. In
addition, the case of loss of invertibility/hyperbolicity of the fast dynamics has been
a key focus in many finite-dimensional problems [21], i.e., in this scenario one has
to track invariant slow manifolds through special regions. Therefore, combining our
slow manifold theory here with the recent development of the blow-up method for
fast-slow PDEs [12] is a natural challenge for future work. Furthermore, it would
be interesting to connect our results to the normally elliptic (instead of the normally
hyperbolic) case occurring in fast-slow Hamiltonian systems [20, 24].

From the viewpoint of applications, several directions are likely to be important.
First, one may want to compute the invariant slow manifolds numerically, and
we refer to [21, Ch.11] for a survey of methods available for computing slow
manifolds for finite-dimensional fast-slow systems. In fact, our analytically
intermediate approximation (4.5) provides a hint, how to prove rigorous error
estimates for computational methods based upon the invariance equation and/or
iterated asymptotics for infinite-dimensional fast-slow dynamics. Second, working
out concrete examples from pattern formation problems will be relevant as this can
provide additional insights, which aspects of the theory need extensions, while others
are immediately applicable. Third, trying to make many results, which have been
obtained only via formal asymptotic matching methods for PDEs, rigorous is likely
to be possible since a similar strategy using Fenichel theory has worked already in
finite dimensions [19,21].
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