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Cutoff on Ramanujan complexes and classical groups
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Abstract. The total-variation cutoff phenomenon has been conjectured to hold for simple random
walk on all transitive expanders. However, very little is actually known regarding this conjecture,
and cutoff on sparse graphs in general. In this paper we establish total-variation cutoff for simple
random walk on Ramanujan complexes of type Az (d > 1). As a result, we obtain explicit
generators for the finite classical groups PGL,, (IF,) for which the associated Cayley graphs
exhibit total-variation cutoff.
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1. Introduction

The e-mixing time of a finite Markov chain is the earliest time at which the distribution
on states becomes e-close to the stationery one, regardless of the starting distribution.
There are several distance functions which one may use, and we focus on L L or total-
variation (see (1.1)). The parameter ¢ can be thought of as a measure of “standards”:
for example, in a professional poker tournament one expects the dealer to shuffle
the decks longer than in an amateur one. Loosely speaking, a sequence of Markov
chains is said to exhibit the cutoff phenomenon if it is insensitive to ones’ standards.
Namely, whether one seeks to be at most 0.01 away from the stationary distribution
or at most 0.99 away from it, it will roughly take the same amount of time. In
other words, for a long period of time the distribution is at almost maximal distance
from stationery, and then over a short period of time it mixes almost completely.
This counter-intuitive phenomenon was first demonstrated by Diaconis—Shahshahani
and Aldous [1, 6], and was subsequently shown to hold in many naturally occurring
Markov chains (see the surveys [5,23]). Common to all of these examples is that the
number of legal moves grows together with the number of states.

The case of a bounded number of legal moves — for example, simple random walk
(SRW) on a family of graphs with bounded degrees — turned out to be more resistant,
and much less is known about it. In 2004, Peres has conjectured that SRW on every
family of transitive bounded degree expanders exhibits the cutoff phenomenon [4],
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even though at the time no family of bounded degree expanders was known to do so.
In [16], Lubetzky and Sly used probabilistic methods to show that random regular
graphs exhibit cutoff asymptotically almost surely. The next big breakthrough was
achieved by Lubetzky and Peres [15], who showed that SRW on all Ramanujan graphs
(which are optimal expanders) exhibit cutoff. A main ingredient of [15] is to show
first that non-backtracking random walk (NBRW) on Ramanujan graphs exhibits
cutoff at an optimal time. The last assertion was generalized in [14] to the context of
Ramanujan complexes, which are high-dimensional analogues of Ramanujan graphs,
defined in [13,20]. In the paper [14], Lubetzky, Lubotzky and the second author
establish optimal-time cutoff for a large family of asymmetric random walks on the
cells of these complexes (in the graph case, NBRW is an asymmetric walk on edges).
However, the techniques of [14] cannot be applied neither to any symmetric random
walk, nor to any walk on vertices.

The goal of the current paper is to establish cutoff for SRW on Ramanujan
complexes arising from the group PGL; over a non-archimedean local field.
Interestingly, while SRW on vertices only “sees” the 1-skeleton of the complex,
our proof makes use of asymmetric random walks on cells of all dimensions of the
complex, showing that the high-dimensional geometry can play an important role
even when studying walks on graphs. A main motivation to study these complexes is
the study of expansion in simple groups: the finite groups PGL, () admit a Cayley
structure of a Ramanujan graph due to Lubotzky, Phillips and Sarnak [18], whereas
the groups PGL, (IF,) for general d can be endowed with a Cayley structure which
is the 1-skeleton of a Ramanujan complex. Thus, we establish here cutoff for SRW
on the groups PGL,; (IF,), with respect to the appropriate generators. We remark that
the situation in the case d > 3 is even more striking than in the graph case (d = 2):
by Kazhdan’s property (7'), for d > 3 every generating set of PGL4(Z) gives rise
to an expander family of Cayley graphs of PGL,; (IF;) [21], but — except for the case
which we handle in this paper — it is unknown whether these families exhibit cutoff
or not.

We now move on to rigorous terms. Let D be a connected directed graph
(digraph), which we assume for simplicity to be k-out and k-in regular. Consider

random walk on D starting at a vertex vy with uniform transition probabilities, and
denote by “i@ - its distribution at time ¢. The e-mixing time of D is

bmin (8) = fmix (6. D) = min{t € N | Vug € D°, [y, =7 llrv <&},

where g is the uniform distribution on D? (the vertices of D), and || - |7y is the
total-variation norm

1
[w —vilry = max [u(A) —v(A)| = |l — vl (1.1)
ACDO 2
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A family of digraphs {D, } is said to exhibit cutoff if

Imix (&, Dn) n—0o0

1
tmix(1 — &, On)

for every 0 < & < 1. The cutoff is said to occur at time ¢ (n), if for every ¢ > 0 there
exists a window of size w(n, &) = o(t(n)), such that |tix(e, Dp) — t(n)| < w(n,e)
for n large enough. If #(n) = log |D,| we say that the cutoff is optimal, since a
k-regular walk cannot mix in less steps.

Recall that a connected k-regular graph is called a Ramanujan graph if its
adjacency spectrum is contained in [-2+/k — 1,2+/k — 1] U {k}.

Theorem ([15]). The family {G,} of all k-regular Ramanujan graphs exhibits
(1) cutoff for SRW at time ksz logy_1 |Gy|, with a window of size O(y/log |Gy|);

(2) optimal cutoff for NBRW (at time log;_; |G,|), with a window of size
O(loglog |Gy)).

In [15], SRW-cutoff is first reduced to optimal NBRW-cutoff, by studying the
distance of SRW on the tree from its starting point. To obtain optimal cutoff for
NBRW new spectral techniques are developed for analyzing non-normal operators.

To see how the notion of Ramanujan graphs generalizes to higher dimension,
recall that [-2+/k — 1,2+/k — 1] is the L2-adjacency spectrum of the k-regular tree,
which is the universal cover of every k-regular graph [12]. In accordance, Ramanujan
complexes are roughly defined as finite complexes which spectrally mimic their
universal cover; for a precise definition, see Section 2. In [14], a vast generalization
of part (2) of the theorem above is proved: say that a walk rule is collision-free if two
walkers which depart from each other can never cross paths again.

Theorem ([14]). Let B be an affine Bruhat-Tits building (see Section 2.1), and fix
a collision-free walk rule on cells of 8. The family of Ramanujan complexes with
universal cover B exhibit optimal cutoff with respect to the corresponding walk rule
on them.

This recovers NBRW on Ramanujan graphs, since NBRW is indeed collision-free
on the edges of the tree. In higher dimension, NBRW is not collision-free anymore,
but in [14, Section 5.1] it is shown that collision-free walks do exist, on cells of
every dimension, except for vertices. As SRW is not collision-free, the techniques
of [14] cannot address it (in fact, they cannot address any operator on vertices; see
[22, Remark 3.5 (b)]).

The goal of this paper is to establish cutoff for SRW on Ramanujan complexes.
We fix a non-archimedean local field F' with residue field of size ¢, and denote by
B = B4, the Bruhat-Tits building associated with PGL4 (F).

Theorem 1.1 (Main theorem). The family {X,} of all Ramanujan complexes with
universal cover B exhibits total-variation cutoff for SRW at time Cq4 4 log, | X0 |, with
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a window of size O(y/log|Xy|). The constant Cq 4 is determined in (4.2) and for
each d, is a rational function in q of magnitude

o
ld/2][d /2] q
(see Table 1).

We emphasize that the graphs underlying these walks are not Ramanujan graphs
when d > 2. For example, in the two-dimensional case (where d = 3), the 1-
skeleton of X is a 2(¢% + g + 1)-regular graph. If it was a Ramanujan graph, its
second largest adjacency eigenvalue would be bounded by

2v2¢g% +2q + 1 ~ 2.8¢q,

but in truth this eigenvalue equals 6¢ — 0, (1) (cf. [13,24]), reflecting the abundance
of triangles in X . In this case, the cutoff is achieved at time

> +q+1

— 1
2q2—1) o”

(see Theorem 3.1).

A motivation for our result, which does not require the notions of Ramanujan
complexes or buildings, is the study of expansion in finite simple groups; see [3] for
a recent survey. A celebrated result of Lubotzky, Phillips and Sarnak [18] uses the
building of PGL,(Q) to show that the groups PSL,([F,;) have explicit generators
for which the resulting Cayley graphs are Ramanujan, so that [15] yields total-
variation cutoff for SRW on these groups. Turning to PSL;(FF,), the work of [15]
does not apply anymore, since it is not known whether PSL; (IF;) have generators
which yield Ramanujan Cayley graphs. Nevertheless, by considering the building of
PGL; (F4((2))), it was shown by Lubotzky, Samuels and Vishne ([19], see also [25])
that the groups PSL,(IF,) have explicit generators, for which the resulting Cayley
graph is precisely the 1-skeleton of a Ramanujan complex of type Ag. Ford =3,
such generators can also be given using the building of PGL3(Q) [2,7]. We thus
achieve:

Corollary 1.2. (1) Fixd > 3 and a primedpower q- The family {PSLg(F ¢)}¢—o00
-1

has an explicit symmetric set of k = d |4 (Gaussian binomial coefficients)
generators exhibiting TV-cutoff.

J=1lj
(2) For d = 3 and infinitely many pairs of primes p # q, the family PSL3(IF,) has
an explicit symmetric set of 2(p? + p + 1) generators exhibiting TV-cutoff (at

. 2
time g(;;’j)l log, | PSL3(Fy)|).

We remark that even though this is a claim on Cayley graphs, the proof makes
use of the high-dimensional geometry of their clique complexes!
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Let us briefly explain our strategy for proving Theorem 1.1. Given a walk on X,
we lift it to a walk on 8B, and then project it to a sector 8§ C 4, which can be identified
with the quotient of B by the stabilizer of the starting point of the walk. If X is a
k-regular graph then 8 is the k-regular tree, and & is simply an infinite ray which we
identify with N: SRW on 8B then projects to a (%, %)-biased walk on this ray, and
the projected location £ € N of the walker is precisely its distance from the starting
point. On the other hand, this point is also the projection to & of all terminal vertices
of non-backtracking walks of length £; combining this with the optimal cutoff for
NBRW is used to establish SRW cutoff in [15].

For the building of dimension d, the so called Cartan decomposition gives an
isomorphism § = N, and the projected walk from 8B on § is an explicit, homogen-
eous, drifted walk on N¢ (with appropriate boundary conditions). Following the
Lubetzky—Peres strategy, we would have liked to use this walk to reduce SRW-cutoff
to some collision-free walk from [14], for which optimal cutoff is already established.
However, the terminal vertices of the various walks studied in [14] are all located on
the special rays in § which correspond to the standard axes in N¢. This is enough
for the graph case (when d = 1), but not in general. Our solution combines all the
walks from [14], using cells of all positive dimensions. For each point o € §, we
construct a concatenation of collision-free walks on cells of different dimensions, so
that the possible paths of the walk terminate in a uniform vertex in the preimage of «
in 8. The results of [14,22] are then used to bound the total-variation mixing of the
corresponding concatenated walk on a Ramanujan complex.

For the convenience of the reader, we have divided the proof to the two-
dimensional case (namely PGL3) in Section 3, and the general case in Section 4.
The case of d = 3 is considerably simpler, due to the fact that it has additional
symmetry: in this case PGL3(F) acts transitively on the cells of every dimension
of B; see [9-11] for detailed combinatorial studies of B(PGL3(F)). In addition, it is
easier to visualize (see Figure 1), and some computations can be made more explicit
and give sharper bounds.

Acknowledgements. The authors are grateful to Ori Gurel-Gurevich for his help with
proving Proposition 4.2. They also thank Eyal Lubetzky, Alex Lubotzky and Nati
Linial for helpful discussions and encouragement. M.C. was supported by ERC grant
339096 of Nati Linial and by ERC, BSF and NSF grants of Alex Lubotzky. O.P. was
supported by ISF grant 2990/21.

2. Preliminaries and notations

We briefly recall the notion of Bruhat—Tits buildings of type ;fd and the Ramanujan
complexes associated with them. For a more detailed introduction, we refer the reader
to [13,17,20].
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2.1. Bruhat-Tits buildings. Let F' be a non-archimedean local field with ring of
integers (9, uniformizer @, and residue field 9/w 0 of size g. The simplest examples
are

F=Q, with (0, @,q) = (Zp, p, p),
F =TFq,(t) with (9, @.q) = (Fg[t].1.q9).

Let G = PGL,(F) and K = PGL;(0O), which is a maximal compact subgroup
of G. The Bruhat-Tits building B = B(G) of type Ag_y associated with G is
an infinite, contractible, (d — 1)-dimensional simplicial complex, on which G acts
faithfully. Denoting by B/ the cells of B of dimension j, the action of G on B is
transitive both on B° and 897!, Furthermore, there is a vertex, which we denote
by £, whose stabilizer is K, so that 8° can be identified with left K-cosets in G. In
this manner each vertex g§¢ is associated with the F'-homothety class of the (O-lattice
g0 < F4._ A collection of vertices 1gi&}_, forms an r-cell if, possibly after
reordering, there exist scalars ; € F* such that

©g00% < 0,8,09 <or_1g,-10% <+ < 18109 < go09.

It follows that the link of a vertex in B can be identified with the spherical building
of PGL; (O /@ O) = PGL,4 (F,), the finite complex whose cells corresponds to flags
inF g. In particular, its vertices correspond to non-zero proper subspaces of F4, so
that the degree of the vertices in B is

deg(§) = Z?;i [? ]q, where [31 ]q are Gaussian binomial coefficients

(see examples in Table 1). The vertices of B are colored by the elements of Z/dZ,
via
col(gé) = ordy det(g) € Z/dZ (g € PGLy(F)), 2.1

and this coloring makes 8 a d -partite complex, namely, every (d — 1)-cell contains
all colors. For j > 1, we say that an ordered cell o € B is of type one if

colojy1 =colo; + 1 (mod d) for0<i < j,
and we denote by i)’l’ all j-cells of type one.
2.2. Ramanujan complexes. A branching operator on a set €2 is a function
T:Q — 2%,

By a geometric operator T on B we mean a branching operator on some subset €
of the cells of B (e.g., all cells of dimension j), which commutes with the action
of G. If T is a torsion-free lattice in G = PGLy4(F), then the quotient X = I'\ B
is a finite complex, equipped with a covering map ¢: 8 — X, and 7 induces a
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branching operator T'|x on the cells I'\€ in X, via T|x = ¢T¢ " !. A function

on X is considered trivial if its lift to a function on B is constant on every orbit
of G’ = PSL;(F), and an eigenvalue of T |y is called trivial if its eigenfunction is
trivial. Denote by L2 (X)) the space of trivial functions, and by L3(X) its orthogonal
complement.

Definition 2.1. The complex X = T'\B is called a Ramanujan complex if for
every geometric operator 7 on € C B, the non-trivial spectrum Spec(7'| L%(F\f)) is

contained in the spectrum of T acting on L2(€).

In the above notations, we denote by Or (8B) the digraph with vertices €, and
edges {oc — o' | 0 € €, ¢’ € T(0)}, and similarly Dy (X) for the induced digraph
on I'\€.

Theorem 2.2 ([14, Theorem 3 and Proposition 5.3]). Let T be a k-regular geometric
operator on B . If Dy (B) is collision-free and X = T'\B is a Ramanujan complex,
then O (X) is a (d) j-normal Ramanujan digraph (where (d); = d!/(d — j)!).

This requires some explanation. A k-regular digraph D is called:

(1) collision-free if it has at most one directed path between any two vertices;

(2) r-normal if its adjacency matrix Agp is unitarily similar to a block diagonal
matrix with blocks of size at most r X r;

(3) a Ramanujan digraph if the spectrum of A g is contained in

{zeC||z| =kor|z| < Vk}.

Denoting by L3 (D) the orthogonal complement to all A p-eigenfunctions with eigen-
value of absolute value k, we have the following theorem.

Theorem 2.3 ([22, Proposition 4.1]). If D is a k-regular r-normal digraph with
A =max{|z| |z € Spec(A;o|Lg($))}, then

£+r—1 e
”Aflf)|L%(JD)||2§( . )kr Tt

In particular, if D is a k-regular r-normal Ramanujan digraph, then we have
|A| < vk forevery A € Spec(Ag)|L%(@)), so that

L+r—1 _
HA%’L(%(‘D) ”2 < ( . il )k(€+r /2 <+ r)rk(é—i-r)/z. 2.2)
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2.3. Cartan decomposition. With the notations of Section 2.1, the fundamental ap-
artment A C B is the subcomplex of B induced by all translations of £ by diagonal
matrices in G. Geometrically, # is a simplicial tessellation of the affine space R4,
The edges in # are as follow: every vertex w®¢ = diag(w®!, ..., w% 1, w%)E is
connected to w*tY§ where y runs over all non-constant binary vectors, i.e. y €
{0, 13¢\{0,1} (here 0 and 1 denote the all-zero and all-one vectors in {0, 1}¢,
respectively).
We denote by § C «A the sector in «+ induced by A&, where

A= {w“ = diag(w®,..., %2, w% -1 1) |a; > >a4_1 > 0g = 0}-

It is easy to see that & is a fundamental domain for the action of S; < G (the so
called spherical Weyl group) on #. We identify § with N4~ via

diag(w®!, ..., %2 w1 1) > (@1 — 0, ..., 0G0 —Ug_1,04_1),

thereby giving N4~ a graph structure. Denote by 3§ the boundary of 8, which corre-
sponds to
N4 = {x e N9=1 | x; = 0 for some i}.
Except at 38, the edges are the same as in s, parametrized by y € {0, 1}9\{0, 1}.
For w® € 348, it might happen that w®*Y ¢ 8, e.g. when o; + y; > i1 + Vi—1,
and one obtains the appropriate terminus of y by reordering the entries of w®*” in
descending order, and then dividing it by its last coordinate if it is not 1. The case of
d = 3 is depicted in Figure 1.
The Cartan decomposition for PGL,; states that

G = |_| KaK, or (equivalently) 8% = |_| Kaé,
acA acA

and the proof is a simple exercise (see e.g. [8, Section 13.2]). It follows that & can
also be identified with the quotient of 8 by K, and we denote the obtained projection
from B to N9~1 by ®. In conclusion, we have identified four complexes:

K\B =~ S;\A =8 =~ NI

3. The PGLj case

In this section, 8 = B3 r is the two-dimensional Bruhat-Tits building of G =
PGL;3(F). The 1-skeleton of B is a k-regular graph, with

k = deg(§) = 2(¢> + ¢ + 1),

where ¢ is the size of the residue field of F.

Theorem 3.1. Let X = I'\B3,r be a Ramanujan complex with n vemces Then
SRW on the underlying graph of X has total-variation cutoff at time < +q+1 log,2n
with a window of size O(+/logn).
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3.1. A lower bound on the mixing time. Throughout this section we fix ¢ > 0.
Denote by B(&, r) the r-ball around &, i.e. the vertices of graph distance at most r
from £ in B. First, we show that the ball of radius

ro =log,2n —3log,zlog > n

can cover only a small fraction of any n-vertex quotient of B:

Proposition 3.2. For n large enough, |B(§,19)| < en.

Proof. Given r > 1, the r-sphere S(&, r) is shown in [7] to be of size
ISE. ) = (r + Dg* +2rg* ™ +2rg* 72 + (r = 1)g* .
Thus, one can crudely bound the size of the r-ball by | B(£,7)| < 8r2¢>", hence

8(log > n)?
|B(§,r0)| < 8r§q*° < Mﬂ <eéen
(log,2 n)?

for n large enough. O

Let (X;) be a SRW on B starting at £. We would like to determine until when
does the walk remain in the ro-ball around & with high probability. Since the distance
from £ is K-invariant, we have

dist(¢, §) = dist(®(Z), ®(§)) = dist(P(¢), (0,0))

for £ € B°, which leads us to consider the projection of X; by ®. In this manner,
we obtain a (non-simple) random walk (®(X;)) on N2 , and we define

o(t) = dist(®(X;), (0,0)) = dist(X;, £).

Recall that we identified 8§ =~ N2 by mapping diag(w®, w?, 1)£ to (« — B, B), and
the edges in N2 (except at the boundary) are &(1,0), &(0, 1), (1, —1); see Figure 1.

Let X and y be the boundary lines of § (the x and y axes in Figure 1). The
transition probabilities of the projected random walk are as follows: from (0, 0) there
is a probability of % of moving to (1,0) and to (0, 1). Outside the boundary, the
edge (Ax, Ay) is taken with probability g2xT2»*1/k. On X\ (0, 0), the edges with
Ay = —1 are folded back in, giving the probabilities shown in Figure 1, and on y
the folding is symmetric.

Denote y(z) = dist(®(X;), x) and x(¢z) = dist(®(X;), ¥), which measure the
distance of the projected walk from the boundary. Clearly, p(t) = y(¢t) + x(¢). We
consider y(¢), x(¢) and p(¢) as random walks on N starting at zero.
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Y (0.3)
q q°
2
0,2) ! q
1 q
0,1)
> +q+1 q+1 @’ +4q
q>+q+1 1 q>
(0.0) (1.0)  (2.00 (3.0 X

Figure 1. The sector 8 € B as N2, and transition probabilities projected from SRW on 3,
scaled by 2(¢% + g + 1).

Proposition 3.3. The walks x(t) and y(t) are transient.

Proof. We treat only x(¢), and the proof for y(¢) is analogous. Although the
distribution of the random variable dx () = x(¢) — x(¢ — 1) depends on the position
of the walk at time ¢ — 1, there are only four cases to consider: when the walk is at
the origin, when the walk is on X or ¥, and when both x(r — 1) and y(r — 1) are
positive. In all of these cases, we have

2
Efox() = 502
2> +q+1)
Thus, for ¢ > 2, the value of x(¢) is expected to strictly grow at each step and
thus x(¢) is transient. To cover the case of ¢ = 2, one can look “two steps ahead”,
namely on 3%x(f) = x(t) — x(t — 2). There are more cases to check, but explicit
computation shows that

4q* +q3 — 59> —9q — 7

2
Ex()) 2 =

’

which is positive for all ¢ > 2, giving again transience. O

Define
t
S@)=)_ v,
i=1
where Y; = p(i) — p(i — 1) whenever x(i — 1), y(i — 1) > 0, and otherwise Y; is a
random variable independent of any other, attaining 1, 0, —1 with respective probab-
ilities 2g2/k, 2q/k, 2/ k. It follows that the Y;’s are i.i.d., and by the central limit
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theorem, we have

-~ S —&
S@t) = N(0,1),
(?) o 0,1)
where
2 _q )
- =" U:m, (3.1)
9> +q+1 > +q+1

and N (0, 1) is the standard normal distribution. Let &(t) = (p(t) — S(1))/o /1.
Since x(i) and y(i) are transient, the difference p(t) — S(¢) is bounded with
probability 1, so that

PlER)| < €] =51
for every C > 0. Hence, &(¢) converges to the Dirac measure concentrated at 0, and
p(t) —Et
- ~

Recall that ¢ > 0 and ro were fixed at the beginning of Section 3.1.

=S@)+ &) = N(O,1). (3.2)

Proposition 3.4. For n large enough and any s > 0, at time

2

q-+q+1

l0=fo(5)=2—
g% —1

logzn — (s +1),/log,2n (3.3)
the distance of X from & satisfies

Plo(to) > ro] < P[Z >4 -] + e,
where Z ~ N (0, 1) and

e 42—}
C, = =
7 o (%2 +q+ 1)(g® +49% + q)

(see (3.1)).
Proof. We note that p(ty9) > ro is equivalent to
=(10) ro — Eto (s + 1)8,/10gq2 n— 310gq2 long n
© > = .
0 o4/t o./ty
For n large enough we have €, /log 2 n > 3log,2 log,2 n, and thus
(s + D& /logan —3logzlogan  s€ /logan
> )
o/l o\/to
and from /7y < €71/2, /log,2 n it follows that

s€./log,2n . 5&3/2
o/to o

= ¢y4S.
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Lastly, since E(#p) converges to Z in distribution and ¢ N oo, for n large
enough, we have
|P[E(t0) > cgs] —P[Z > cy4s]| < &.

All in all, we conclude that
Plp(to) > ro] < P[E(to) > c4s] < P[Z > cys] + . O

Now let X be a quotient of B with n vertices. For any v € X° we can choose the
covering map ¢: B8 — X to satisfy ¢(§) = v. This map induces a correspondence
between paths in X starting at v and paths in B starting at £, and in particular,

¢(B(§.r)) = B(v,r).

The projection X; = ¢(X;) isa SRW on (the 1-skeleton of) X starting at v. We recall
that p’y = /th,u denotes the distribution of (X;) and wx the uniform distribution
on X°.

Proposition 3.5. There exists s = s(q, €) such that for n large enough, the (1—3¢)-
mixing time of SRW on X is at least tg = ty(s).

Proof. Using ¢(B(&,r)) = B(v, r), which implies in particular
Iy (B(v,1)) = g ¢ (B(E, 1)),
together with Propositions 3.4 and 3.2, we have for n large enough

1%, = x| 7y = 7x(XO\B(. ro)) — 1'¢ , (X°\ B(v. o))

S ) e V)
> M—P[Z > cqS] — €

>1—-2e—P[Z > ¢y4s].

This implies in particular

max ||;L§()v —nx|rv =1 =26 =P[Z > cys],
veX0 ’

and we can choose s such that P[Z > ¢;s] < ¢, and thus fpix (1 — 3¢) > fo. O

3.2. An upper bound for the mixing time. Recall from (2.1) that B is tri-partite
via col: B8 — Z/3Z. The quotient X = I'\ B is tripartite if and only if the map
col factors through X °, which is equivalent to ord,, dety € 3Z for all y € I'. When
this is the case, the trivial functions Lfol X9) (see Section 2.2) are those which are

constant on each color, and when X is not tri-partite, Lfol(X 0) are the constant
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functions. Denote by #% and Py the orthogonal projections corresponding to the
decomposition L?(X°%) = L2 (X°) & LZ(X°). For any ¢, we have

col
Iy —mxllry < I1Po(u) Ty + | Par(ty) — wx 7w (3.4)

We first bound the second term.
Proposition 3.6. There exist tn = ta(e) such that | Reo(1y) — nxllTy < & for
anyt = ta.

Proof. If X is non-tripartite then J’Col(,ufx) = my, as both are constant functions of
sum one. If X is tripartite, col induces a simplicial map col: X — A, where A is
the 2-simplex with vertices Z/3Z. In this case, Fo01(1’y) is the pullback of SRW on
the 2-simplex starting at 0 = col(v), i.e.

3
Feot (y ) (w) = p * Wa (col(w)).

The triangle is connected and non-bipartite, so there exists a time 7, not depending
on 7, such that ||u’, — a7y < € fort > ta, hence

[ Pot(ty) — 7xll7v = [0 — 7allry <e. O

Next, we define

= long n+16log,2 log,2 n,
9’ +q +
g% —
where s is as in Proposition 3.5. Observe that by time 1; SRW on B leaves B(,r1)

with high probability: the same arguments as in Propositions 3.4 and 3.5 give for n
large enough

= log,2n + (s + 1),/log 2 n,

Plp(t1) <r1] S P[Z > cg4s] + & < 2e. (3.5)

It is left to bound || o(u )|l v, and for this we use for the first time the assumption
that X is a Ramanujan complex. We decompose /,L 'y by conditioning on the values
of p, x, y at time #1: denoting

T =Bl =505

we have

120k 7v = [Pote) < n]Po(P[X, = | p<z1)<r1])

+ 3 PLET IR0,
ri<x-+y
<2¢e+ max ||5Po t"xy)”TV, (3.6)

ri=x+y=<t
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using x () + y(t) < 1 and (3.5). To understand the L3-projection of the conditional
distribution wy 1Y we turn to study the fiber ®~!(x, y), using carefully chosen
geometric operators on the cells of B.

Recall the definition of cells of type one from Section 2.1. While g € G does
not preserve colors in B in general, it does preserve the difference between colors,
so that the cells of type one in X are well defined (namely, X 1’ =T\B{). Let Ty
and T be the geodesic edge-flow and triangle-flow operators from [14, Section 5.1]:
the operator 7 acts on B/, taking a (directed) edge vw to all edges wu of type one
such that vwu is not a triangle in B. The operator T, acts on B2, taking the (ordered)
triangle vwu to all triangles wuy with y # v. We introduce the operators:

Tor: B° — 311 To1(v) = {wv | w € B® (and wv is of type one)},
Ti2: B — B,  Tiz(wv) = {uwv | uwv € BF},
Tao: BF — B°, Tro(uwv) = {v}.

All of the operators T;, T;; are regular and geometric.
Proposition 3.7. For any (x,y) € N2, we have ®~1(x,y) = T(x,) (&), where
Teyy = Tao 0 T} 0 Tiz o Tf o Top: 8° — 8°.

Proof. 1f 01, 07 are two cells in 8 with corresponding G-stabilizers G, , any double
coset G4, gGy, defines a geometric branching operator from the orbit Goy to Goy,
by

(Go,8Go,)(g'01) = §'Gy, g02. 3.7)

Defining
e1 = diag(w, w, 1)§ > & and 1, = [diag(w, 1, 1)§, diag(w, w, 1)§, £],

we have orbits B8° = G¥¢, i)’l = Geyq, !812 = G 11, and stabilizers

0O 00 0 0 0
K = Gg, P1=Ge1=(w(9(9(9)ﬂK, P2=Gr1=(w(9<9(9)ﬂK.
w0 O O w0 w0 O

The operators we defined arise as
w
Toy = KP, T\ = Pl( 1 I)Ph T2 = PPy,

T, = Pz(w ! 1)Pz, Tyo = P>K.

Thus, successively applying (3.7) we obtain

Ty (§) = KPl(Pl(w 1 I)Pl)xPle(Pz(w ! I)Pz)zszé'-
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Explicit computation in [14, Section 5.1] shows that

(P("1)n) ={(7 F) tep e o/mropr
and we note that K(wx « ﬁ) _ K(wx 1 )
1 1
for a, B € O, so that
Tix,y)(§) = K<wx 1 I)Ple(Pz(w ! 1>P2>2y$
(we have used also P;, P, < K). Denoting

Kip={(",) | ne0O* AecGL(0)},

one can verify that Py P, € K; > P5. In fact,

e (n(Cg0)ls

X
and since the elements of K; > commute with (w 1 ) ) this implies

Tem®=K(7"1 )(a(w" )a) 5

Finally, explicit computation shows that

(=" ) = (" 8) s <o)

yielding (with «, B ranging over O /w?” )

wXty w¥a wXty 1
T ® = k(" 0 3 e = k(7 o Je= 0t O
1 1

11,x

Proposition 3.8. Ifr| < x + y < t, then for n large enough || Po(1'y™”)|7v < e.

Pmof Recall that ¢ induces a correspondence between SRW on 8 and X, so that
p55 (for any ¢, x, y) is the pushforward ofpo i ’y by ¢:

wy W) = wgE 07 W) = P[X e g7 ) [ 3HT] Yw e x°
It follows from the Cartan decomposition that the distances from X and y together
determine a unique K-orbit in B°. Since the SRW on B commutes with K, this
implies that for any distance profile (x, y) € N x N the distribution s, xéy is the

uniform distribution over ®~!(x, y), which we denote by 7, . We conclude that

L,x,y -1
My =W =Txyo@ .
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For any of the geometric operators T = T;, T;j, T(x,y), we denote by T the corre-
sponding stochastic operator on L2-spaces, e.g.

To1: L2(8%) — L2(B)), (Torf)(e) = Z %'

w:e€Tpr (w)

By Proposition 3.7, we have
supp T(x,y) (Le) € @71 (x, y).

Furthermore, T(T,;,)(]lg) is K-invariant as

Teey (1) (kE') = Tiepy (Lim1)(E) = Tixpy (1) (),
hence .
T(x,y)(]lé) = Tx,y-

The stochastic operator T |x correspondingto T'|x = 9T ¢
T|x (og@™") for any distribution 1 on B, so that

-1 1

satisfies (T/L)O(p_ =
WY = Tan(e) 097" = Ty () = Too T3 T T7 Tor| y (1) (3.8)

It follows from the regularity of incidence relations in X that the operators T; |x and
T;j|x decompose with respect to the direct sums L? = L2 & L2 of the appropriate
cells, and in particular

Po(5) = Tiapy| 4 (Po(lv)).

The operators T; and 7> are g2- and g-regular, respectively, and they are shown
in [14, Proposition 5.2] to be collision-free. By Theorems 2.2 and 2.3, this implies

—_ 1 [x+2 _ x+2 _
”Tlle%(Xll)”ZSqE( 5 )614‘61x 2=( ) )CIZ 5,

e 1 (2y+5 _ 2y +5
2 y 5 2y—5 y 5/2—
”szlL%(Xlz)”Z = Ty( 5 )‘] V47T = ( 5 )CI /27y,
In addition, we have

ITotlxll2 =1/vVa?+q+1, |Tualxlla=1/vVq + 1.
IT20lxll2 = V(g2 + g + )(g + 1)

by degree considerations and evaluation on constant functions. Returning to (3.8),
weuse || - [|7y < \/T;” - ||2 to conclude that

1205 7 = 21T ey PoCt

VA )

n —
< 5 H T(x,y) |L3(X0) ”2 = 2gx+y
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Taking now r; < x + y < t;, we assume 7 is large enough that ; < 3rq, hence for n
large enough

\/ﬁ(3r12+2) (6r15+5) 9/2 \/—(77'1)7 9/2
2g" - 2q"
(Tlog,> n + 1121og,» log,o n) ¢/
2(10ng n)8 N

H (r“tl’ ’y)”TV

IA

We come to the proof of the main theorem of this section.

Proof of Theorem 3.1. From (3.4), Proposition 3.6 (which applies once #; > ta),
(3.6), and Proposition 3.8, we conclude that

15| 11,X,y
— < 3¢ max < 4e,
Iy xllry <3¢+ ynax_ H Poliy )||TV =

so that t,x(4e) < . Together with Proposition 3.5, this implies the cutoff
phenomenon at time £ +q+1 log,2 n, with a window of size O(,/log,2 n). O

4. The case of PGL,; for alld > 2

The main difference between PGL3 and the general case is that PGL3 acts transitively
on B/ for all j, but the same does not happen for general d. As aresult, the projected
walk on the sector § = K\ B is no longer isotropic — some directions are more likely
to be chosen than others. Our approach is to define a suitable metric on § and B,
which takes this asymmetry into account. Albeit, PGLy still acts transitively on B°,
so the 1-skeleton of B is a regular graph.

4.1. The projected walk on §. As in Section 3, we consider a SRW (X;) on B
starting from &, which projects modulo K to a weighted random walk on §. Recalling
the identification 8 = N9~ we define x;(f) to be the i-th index of the projected
walk ®(X;), so that

O(Xr) = X(1) = (x1(0)..... xa—1(1)).

We consider § as a weighted directed graph, with the weight of an edge being the
probability that the projected walk chooses this edge. The weights are easier to
describe outside the boundary: it follows from the identification of the link of a
vertex as the flag complex of IF; that for every y € {0, 134\{0, 1} (see Section 2.3)
and w®*& € §\08, the probability of moving from w®£ to w* V£ is

q%r
deg &’

At the boundary, the only difference is that y which leads outside of & is folded back
into it by the action of the spherical Weyl group Sy.

Plw%t - w*t7E] =

where Z,, = #{(i, j) | i < j, yi =1, y; =0}
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Claim 4.1. If ®(X;_;) ¢ IN?~!, then
Plxi(t) —xit =1) = 1] =¢q-Plxi(t) —x;¢ =) =—-1] (I =i=d-1).

Proof. When moving along y (except at the boundary) the i-th index x; of the
projected walk changes by y;_; —y;. The permutation 7 on {0, 1}¢, which transposes
the i-th and (i — 1)-th indices, induces an involution on {0, 1}¢\{0, 1} that reverses
the change in x;. If y;_y = 1and y; = 0, then Z, = éZr(y), so for every edge that
decreases x; there is an edge which increases it whose weight is g times larger. [

In what follows, for y € 72 we denote by y’ the difference vector

V' =1 — Y2, V2= V3r-- s Va1 — va) € 297V

Proposition 4.2. The projected walk ®(X;) visits N4~ only a finite number of
times with probability one.

Proof. In essence this follows from the fact that the boundary is sink-less, and on its
complement the walk is a positively-drifted walk on Z4~!. Namely, from any point
in N9~ the probability to enter

D={aeN"|Vio=>d-1}

in d(d — 1) steps is at least (deg£)~?@~1_ Let P; be the probability that a walk
which starts from ¥ € N4~1 ever touches the boundary. This is the same as the
probability of the walk on 72~ with transition probability g%/ deg & of moving
along y’, where y € {0,1}4\{0, 1}, to ever reach from X to a point with a zero
coordinate. This is bounded by

d—1
2 P
i=1

where Py ; is the probability that the i-th coordinate ever vanishes. But on 741
each coordinate is a drifted walk as in Claim 4.1, hence it follows from standard
arguments that P;; < 1/q*. Thus, for X € D we obtain P; < d/q? < 1, and it
follows that the expected number of visits to the boundary is bounded by

Z di(deg£)?@—1 /g4 < . O
i=0

4.2. Geometric operators on 8(PGL;). For 1 < j < d, the geodesic j-flow T}
defined in [14] is a ¢~/ -regular branching operator on B (the j-cells of type one),

which takes the (ordered) cell [vo, ..., v;] to all cells [vy, ..., v;, w] € B} such that
{vo,....vj, w} ¢ B. Defining

& = diag(w* D, 1")E and o/ =[£,,E_1,..., &),
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we have 31’ = Go/, and the operator T; corresponds to the double coset Pjw; P;,
where

P =G, = {g €K |grcewlforc Smin(j,r—l)},
I

Ii_;

(note B? = B° = Go%and Py = K, though there is no O-flow). Each double coset
P;jPj41 (0 < j <d —2)gives via (3.7) an operator

Tj,j+1:£{ — i)’{“,

which takes o € 3{ toall vo € SB{H (v € 8°). In addition, Py_, Py yields
Ty10: 8971 — 8°,

which returns the last vertex of a cell.

Proposition 4.3. For any X € N9~ the fiber @~ (X) equals Tz (£), where

1
Ti=Tgn0 [[ T/ Tj-1,:8°— 8°

j=d—1
Proof. Denoting g; = diag(zw™1 % X2ttt Xt 1 ... 1), we claim
that
d—1
T:(5) = ng—l[ ] P,-(w,-pj)m}g forl <t <d. (4.1)
j=t

For t = 1, the definitions of 7% and the operators T;, T; ; indeed give

d—1 d—1
To(6) = [1‘[ Pj-1 Py (P P;)fX-f}Pd_IPos - Kgo[ 1 7w, Pj)f"f}s.
j=1 j=1

Assume that (4.1) holds for some 1 < ¢ < d — 1. Explicit computation as in [14,
Section 5.1] gives

Xt
Pt(thl)txt — ( « It ‘ Mth—t((g) )Pl‘a

0 | Iis
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and using K to perform row elimination we obtain

Xt d—1 .
To(6) = Koy ( woz, Mixa—:(0) )Pt[ I Pj(ijj)fo:|§

Lo j=t+1
d-1 ,
= thPtPt+1|: I1 Pj(ijj)’xf}S-
j=t+1

Next, observe that P; P,y decomposes as Sy P;+1 when §; C K is any set which
takes o to all (f + 1)-cells containing it. There are (44~ — 1)/(q — 1) such cells,
as in the spherical building o corresponds to a #-dimensional subspace of F¢, and
these cells to the minimal subspaces containing it. This also shows how to compute
such a transversal S;, and

F, 1
= | | diag(di. Q;.14—1—;). where Q; = ]F < GL;(0),
Jj=1 lq 0 - 0

is one option. Since the matrices in S; above commute with g; (and lie in K), this
shows that

d—1 d—1

ngPthH[ I Pi(ijj)”f}E=th[ I P,,-(w,,-Pj)fxf}g,

j=t+1 j=t+1

establishing (4.1) for ¢t + 1. Taking t = d in (4.1), we obtain

T:(6) = Kga—16 = @7 (x1..... Xa_1). O
The decomposition of ®~!(X) suggests the metric to impose on 5.
Definition 4.4. The R-norm on N¢~1 =~ § is

d—1
R(x1.....xq-1) = Y j(d — j)x;.

Jj=1

In addition, we obtain a bound on the size of the fiber above X.
Corollary 4.5. For X € N2~ the size of the fiber ®~1(X) is bounded by

Jj+1 _ . .
o7 ()] < H T 1RO < q1g@Drr),

Proof. This follows from Proposition 4.3, since 7T is qd_f -regular, T ;41 is
(g%~ —1)/(g—1)-regular (see proof of Proposition 4.3), and T4y—1,01s 1-regular. [
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Later, we will be interested in the long-term behavior of the R-distance of the
random walk on & from &. The change in the R-distance distributes in the same
manner whenever the walk is not at the boundary 8. We denote this distribution
by D:

9%

P[D:j]: Z m,

ye{0,139\{0,1}:R(y")=

and define £; = E[D] and o5 = /Var[D] (note that £ from Section 3 is £3/2).
The reciprocal of € is the constant Cy 4, which appears in Theorem 1.1:

1 R(V’)qZV}_1
Cagi= — = [ LAV ENES 42)
Ay 2 ia®
ye(0,139\(0,1}

Proposition 4.6. We have &4 = |£][4]+ O(3).

|:d:| =ﬁqd—i+1_1
VN PR g —1

i=1

Proof. Recall that

Writing f ~ g for f(q) = g(q)(1+ O(1/q)), this implies [4], ~ ¢//~7), and thus

[d/2] J
d 3—(-1)
deg(®) ~ ) L] %thd/zndm_
j=ld/2) = -4

Similarly, Z, is largest when y is a sequence of |d /2] or [d /2] ones, followed by
zeros. In this case, we have Z,, = |d/2][d /2], and also R(y’) = |d/2][d/2],
hence it follows from (4.2) that E4 =~ |d/2]|[d/2]. O

We demonstrate the first few cases of €4 and deg(§) in Table 1.

4.3. Cutoff on B(PGLy). Fix ¢ > 0. For r > 0 we define BR(£, r), the R-norm-
alized r-ball around £, to be the set of vertices ¢ € B satisfying R(®(¢))) < r.
From Corollary 4.5, we obtain the bound

IBR(E. )| < [{F | R(F) < rildig®F < d1g®) . pd=1gr. 4.3)

Defining
ro = log, n —dlog, log, n,

we obtain, for n large enough, that

-1 .
|BR(€.1r0)| < al!q(‘i’)M < en. (4.4)

logg (n)
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—8¢% — 129 —20
6 9¢° +23¢® +22¢7 +25¢°
+21¢° + 3¢* — 15¢°
—28¢% —25¢ — 35
7 24¢" + 209" 4 52¢'° + 524°
+ 56¢% + 32¢7 4 244°
—8¢° —40g* — 524°
—60g% — 44q — 56

d_
d &g deg(t) deg(®) = Y9214,
2 g-1 qg+1
3 4g% -4 2% +2g +2
4 4q* +8¢> +2¢*>— 49— 10 g* +3¢> +49%> +3q +3
5 12¢% +8¢° + 164* + 4¢3 2¢% +2¢° + 64* + 64>

+6¢* +4q + 4
C]9+36]8+4C]7+7C]6
+9¢° + 11¢* + 943
+8¢%>+5¢+5
2q12+2q11+6q10+18q6
+16¢° + 8¢° + 12¢®
+ 1297 4+ 16¢* + 124>
+ 10g> + 6g + 6

Table 1. The polynomials which arise in the computation of deg(§), 4. Cq 4.

For a finite quotient X of 8 and v € X°, we choose a covering map ¢: 8 — X
with ¢(£) = v as before, and define BR (v, r) = p(BR (&, r)) (this is independent of
the choice of ¢ as R is K-invariant). As in Section 3, (X;) = ¢(X;) isa SRW on X
starting from v. We define

d—1

p(t) = R(®(X)) = D j(d — j)x; (1),

j=1

and recall that p(t) —p(t —1) ~ D when ®(X;_;) ¢ IN¢~1. By the same arguments
as in PGL3 (with Proposition 4.2 replacing Proposition 3.3), we see that

(p(1) = €41)/(0a~/1) = N (0,1).

Proposition 4.7. There exists s = s(q,¢e) such that tmix(1 — 3¢) > to for large
enough X, where

1
to = alogqn — (s +1),/log, n.

Proof. Using a similar computation to the one in Proposition 3.4, we obtain

Plp(to) > ro] < P[Z > cs] + ¢

for Z ~ N'(0,1) and ¢ = c(q,d) = £2/*/a,. Combining this with (4.4), the proof
continues as that of Proposition 3.5, with BR(v, r¢) replacing B(v, ro). O
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We turn to the upper bound, starting again with the trivial spectrum. For X =
'\ B, we have

{ordgp dety |y e '} = mZ
foraunique m | d, and we say that X is m-partite. We obtainamap col: X® —7Z/mZ,

which we again consider as a simplicial map from X to A,,—1, the (m — 1)-dimen-
sional simplex. We have

L2,(X°) = col ™ (LA(AY_))),

and L(Z)(X 0), Peot, Po are defined as before. The walk induced from X on A,,_;
is not simple, but every edge is taken with positive probability. Furthermore, unless
d = m = 2, the walk is aperiodic, since even if m = 2 there are loops at the vertices
of Ay when d > 3. The case d = m = 2 is that of bipartite Ramanujan graphs,
on which SRW does not mix, and for the rest of the paper we exclude this case. We
conclude as before that there exists 1o = ta(e) with || Ro(1’y) — mxllrv < € for
any f > fa, hence

Po() v + |Pa(pty) — x| 7v

Iy —axllry < |15
< | Po(u)llrv +e. (4.5)

‘We now choose

r1 =log,n +4d!log,log, n,
1

t
1 e

log,n + (s + 1),/log, n,

and the same ¢ and s as in Proposition 4.7 give for n large enough
Plo(ty) < r1] < P[Z > ¢cs] + & < 2e.

Denoting M}i =P[X;=-|X(t)=X] and

d—1
S = {)? e N4-1 | in <t and R(X) > rl}’

i=1
we obtain
|20 |7y = |PLo(1) < 1] Po(PLXe = | pltr) < ]

+ Y P[E(n) = F]Po(uy”

fc:rl SR()_C')

TV

t1,5c'

<2e+ rpax” Po(iLy )HTV. (4.6)
xeS
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Proposition 4.8. If Z;tll x; <ty and R(X) > ry, then for n large enough, we have

| o™ |4y < e

Proof. Denote by 73 the uniform distribution on ®~!(¥). Using the same argument
as in Proposition 3.8, with Proposition 4.3 replacing Proposition 3.7, for any ¢, we
obtain

Py =mzop !l =Ti(lg)og™

1
=T33y ) =Tacro [] T7%Tjors]x @)
Jj=d—1

Again the operators ﬁ| x and ﬁ; |x decompose with respect to L2 = L2 & L2, so

col
that R .
Po(iy") = Tz| x (Po(1n)).
By [14, Section 5.1], the j-flow operator T is g%~7 -regular and collision-free, and
using Theorem 2.2 and (2.2), we obtain

—_—

X+

175 gl = q@nix; (jxj + (@) @)=

—j . (d); .
_ (@90 4+ (@))) @ 2q¢dn) @
- qd=0ix;/2 = qU@-Dixjl2

where (k) assumes n is large enough. If T is a branching operator of out-degree d,
and in-degree d;, then |||, = /d;/d,, so that
1

I Ta-1.0ll2 1_[ 171512 = 1.
j=d—1

Using Z?;} (d); <2-d!, we obtain for n large enough that

d-1 —
||T}|L3(X0)”2 = l_[ ”Tjjxj |Lg(x{)”2
Jj=1
d—1 p @ (2qddtl)2d!—l
= grer 1 @atdn® = = agm—
j=1

Taking n large enough such that #; < % log, n, we obtain from R(X) > rq thatforn
large enough

N

|25 7y = 1T x (Po@D | 7y = 5172 2 x5
- (4q9d & log, n)>4!
2(log, )24

< &. O
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We conclude with the proof of the main theorem:

Proof of Theorem 1.1. From (4.5), (4.6), and Proposition 4.8, we conclude that
tmix(48) <n

for n = |X°| large enough. Together with Proposition 4.7, this implies the cutoff
phenomenon at time i log, n, with a window of size O(4/logn), and

1

1 1
Cea =g, =tz * °;)

by Proposition 4.6. O
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