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Abstract. This article gives a characterization of quotients of complex tori by finite groups
acting freely in codimension two in terms of a numerical vanishing condition on the first and
second Chern class. This generalizes results previously obtained by Greb—Kebekus—Peternell
in the projective setting, and by Kirschner and the second author in dimension three. As a key
ingredient to the proof, we obtain a version of the Bogomolov—Gieseker inequality for stable
sheaves on singular spaces, including a discussion of the case of equality.
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1. Introduction

Let X be acompact Kihler manifold of dimension n such thatc; (X) = 0 € H2(X, R).
An important application of Yau’s resolution of the Calabi conjecture [46] is the
following uniformization result: X is isomorphic to the quotient 7 / G of a complex
torus 7" by a finite group G acting freely on T if and only if there exists a Kéhler
class @ € H?(X,R) such that co(X) - a" 2 = 0.

In recent years, a lot of effort has been devoted to generalizing the above
uniformization criterion to a class of singular varieties arising naturally in the Minimal
Models Program, called varieties with Kawamata log terminal singularities (klt for
short). A first roadblock consists in defining Chern classes, e.g. c2(X). This is quite
delicate for singular varieties, as several possible definitions exist that do not coincide
in general. We will gloss over this problem in the introduction and refer to Section 2
and the references therein for a more in-depth discussion.

In the projective case, i.e. when X is a projective variety with klt singularities
with ¢;(X) = 0 and o = ¢ (L) is the class of an ample line bundle £, the uniform-
ization problem has been solved by [20] and [28]. More precisely, Greb—Kebekus—
Peternell [20] proved that if X is smooth in codimension two, then X is the quotient
of an abelian variety provided that co(X) - =2 = 0. Later on, Lu—Taji [28] were
able to lift the assumption about the codimension of the singular locus using the
theory of orbifold Chern classes initiated by Mumford [32].
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In the transcendental case however, the slicing arguments used in loc. cit. to
reduce to a complete intersection surface are certainly not available anymore,
and new ideas are required. The threefold case has recently been settled by
Kirschner and the second author [16], but the key techniques therein do not
seem to generalize to the higher dimensional case. In this paper, we rely on the
recent Beauville-Bogomolov decomposition theorem [2] as well as our Bogomolov—
Gieseker inequality, Theorem B below, to settle the uniformization problem in the
transcendental case, assuming that X is smooth in codimension two.

Theorem A. Let X be a compact complex space of dimension n with kit singularities,
smooth in codimension two. The following are equivalent:

(A.1) We have c1(X)=0€H?(X,R), and there exists a Kihler class o € H*(X,R)
as well as a resolution of singularities f:Y — X which is an isomorphism
over Xyeg such that

LCZ(Y) A(f*a)"2 =0.

(A.2) There exists a complex n-torus T and a holomorphic action of a finite group
G G T, free in codimension two, such that X = T / G.

Strategy of proof of Theorem A. In the smooth case, the cohomological assumption
¢1(X) = 0 can be turned into the existence of a Ricci-flat Kidhler metric w in the
class a [46]. The numerical condition ¢, (X) -2 = 0 can then be easily translated
into the vanishing of the full curvature tensor of w [8]. When X is merely a compact
kit Kéhler space with vanishing first Chern class, it is known that X admits a singular
Ricci-flat metric [12], but the curvature tensor of (X, @) is not known to be L2-
integrable in general, and there does not seem to be a way to compute the quantity
c2(X) - "2 using w.

To circumvent this intrinsic difficulty, in addition to the Beauville-Bogomolov
Decomposition Theorem cited above, we use the following statement that generalizes
the classical Bogomolov—Gieseker inequality to the singular case. We refer to Sec-
tion 2 for a more detailed discussion of the notion of Chern classes used below.

Theorem B (Bogomolov-Gieseker inequality). Let X be a normal compact Kdhler
space of dimension n together with a Kdéhler class a € H>(X,R). Assume that X is
smooth in codimension two. Furthermore, let € be a rank r reflexive coherent sheaf
on X which is slope stable with respect to «.

(B.1) The discriminant A(€) := 2r c2(&) — (r — 1) ¢3(€) satisfies the inequality
AE)-a"2>0.
(B.2) If equality holds in (B.1), then we have
AE)-B"2=0
for any Kdihler class B € H>(X,R).
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(B.3) Ifca(&) -a" 2 =c2(&) - a2 = 0, then we have
(&) -pr2 = C%(E) B2 =0

for any Kdhler class B € H*>(X,R).
Let us give a couple of remarks about the result above.

Remark. Bogomolov-Gieseker inequality (B.1) is also showed to hold for merely
semistable sheaves, cf. Proposition 3.5.

Remark. The definition of the Chern classes used in Theorem B does not rely on the
assumption that X is smooth in codimension two, and the statements continue to hold
(with the same proof) if that assumption is dropped. However, if X has singularities
in codimension two, these notions can behave quite counterintuitively. For example,
it may happen that c; (€) is zero, but ¢2(€) is not (cf. Example 2.6). For this reason,
we have chosen to include the smoothness in codimension two assumption in the
above statement.

With Theorem B at hand, the roadmap to proving Theorem A is then the following:
take X as in the statement, i.e. klt, smooth in codimension two and with ¢;(X) = 0.

¢ Deduce from (B.1) the semipositivity of the second Chern class, i.e. ca(X) -
a""2 > 0 for any Kihler class «. This is not entirely immediate because the
tangent sheaf Ty will in general not be stable. Therefore, we first generalize (B.1)
to semistable sheaves in Proposition 3.5, from which the sought semipositivity
follows easily.

¢ Decompose a cover of X as a product of a complex torus, irreducible Calabi—Yau
(ICY) and irreducible holomorphic symplectic (IHS) varieties. Use the first step
to show that if ¢, (X) vanishes against a Kéhler class, then the same is true of each
factor in the above decomposition. We are thus reduced to showing that for ICY
and IHS varieties, c; is strictly positive against any Kihler class.

e If X is an ICY variety (hence projective), argue by contradiction. Assuming
that ¢, (X) is zero against some Kéhler class, use (B.3) to obtain vanishing against
an ample class. This contradicts the projective case of Theorem A.

e If X is an IHS variety, the required positivity is achieved via a complete description
of ¢2(X) using the (generalized) Fujiki relations, cf. Proposition 4.4.

Relation to earlier and recent work. As mentioned above, the projective case of
Theorem A was settled by Shepherd-Barron and Wilson [39] in dimension three,
and by Greb—Kebekus—Peternell [20] in general, always assuming that « is a rational
class. Lu-Taji [28] later removed the smoothness in codimension two assumption.
Inequality (B.1) has recently been obtained by Wu [45], but he does not discuss
the case of equality. Note that his result is formulated for polystable sheaves, but the
proof actually assumes stability. His line of argument is very similar to ours: Pull
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everything back to a resolution and prove an openness of stability type statement
there. This basic idea goes back at least to [11, Proposition 6.9].

Even more recently, Chen and Wentworth [9] have likewise obtained a Bogomolov—
Gieseker inequality in a setting similar to ours. Their results, once combined with
our previous paper [10], readily imply that if X is a compact Kihler space with
kit singularities, smooth in codimension two and c;(X) = 0, then there exists an
admissible Hermite-Einstein metric 4 on T, .. Assuming additionally that

(X)) a"? =0

for some Kihler class «, this should imply that (Tx,,,h) is hermitian flat and
therefore X is a torus quotient by [10, Theorem D]. There are at least two reasons
why Theorem A is still not an immediate consequence of [9] and [10]:

* In[9] the authors make the quite strong assumption that there is a global embedding
X < M into a compact Kéhler manifold M, and that the Kihler metric on X
extends to M. This is used in order to define the second Chern class and also
to relate Chern numbers to integrals of Chern forms against powers of Kihler
metrics. We do not know any natural condition that would guarantee the existence
of such an embedding.

¢ A delicate point is to prove that
Cz(X) . an—2 = / Cz(‘IX‘_eg, h) VAN Cl)n_2
reg

if w is a Kéhler metric representing . This is currently not completely clear to us.

Open problems. In Section 6, we have collected some natural conjectural gener-
alizations of Theorem A. These concern group actions on complex tori that are not
necessarily free in codimension two. In this case one needs to consider a different
notion of second Chern class, as well as pairs in the sense of the Minimal Model
Program.

Acknowledgements. We would like to thank Stéphane Druel for bringing the pap-
er [40] to our attention, in connection with Proposition 6.3. We also thank the referee
for her/his careful reading and for her/his questions, helping us to improve the content
of this article. The second author would like to thank Philipp Naumann, Mihai Paun
and Thomas Peternell for inspiring discussions.

2. Chern classes on singular spaces

We will use the following notions of Chern classes on singular spaces. In what
follows, X denotes an n-dimensional connected normal compact complex space.
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Definition 2.1 (Chern classes of sheaves). Let £ be a torsion-free coherent sheaf
on X, andlet f:Y — X be aresolution such that f”& = f*e/tor(f*g) is locally
free. For any number 1 <i < n and any class a € H>" 72/ (X, R), we set

ci(€)-a:=ci(f*€)- f*(a) e H"(Y.R) =R.
The Chern classes ¢; (€) thus defined are elements of
H* 72 (X,R)’ = Hap—2: (X, R).

For the existence of a resolution with the required property, see [36, Theorem 3.5].
Well-definedness follows from the simple observation thatif 2: Z — X is aresolution
which factors as

Z—Y — X,

then there is an exact sequence
g*(tor(f*€)) — h*e — g*(f*e) — 0,
hence h*€ = g*(f*€) and consequently

ci(h*e) - h*(a) = g*ci(f*e) - g*(f*a) = ci(f*E) - f*(a).

Remark 2.2 (Polynomial combinations of Chern classes). The above definition
applies more generally to weighted homogeneous polynomials in the Chern classes,
where c; has degree i. For example, we may set

(&) -a:=c}(f*e)- f*(a)

and then c2(&) will be an element of Hp,—4(X,R). Note that we cannot directly
define “c?(&) := ¢1(&) - c1(€)” because in general there is no ring structure on the
homology H. (X, R).

In a similar vein, we can also define combinations of Chern classes of different
sheaves. E.g. if £, F are torsion-free, we pick a resolution f:Y — X such that both
f# and f*F are locally free. Then c;(&) - ¢1(F) € Han_4(X,R) is defined by
setting

c1(€)-c1(@) -a=ci(f*e) - c1(f*F) - f*(a).

Remark. While the above definitions are sufficient for our purposes, they turn out to
be rather moot for general coherent sheaves. In particular, they do not behave nicely
in short exact sequences. For example, the Chern classes of a torsion sheaf would
obviously all vanish.

In the case where X is kit and & = Ty is the tangent sheaf, there is another
reasonable way to define the second Chern class.
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Definition 2.3 (Second Chern class of X). Assume that X has klt singularities, and
let f:Y — X be a resolution which is minimal in codimension two. For any class
a € H>"~*(X,R), we set

c2(X)-a:=c(Y)- f*(a) e H*(Y,R) = R.

For existence of such a resolution and well-definedness of ¢, (X), see [16, Proposi-
tion 5.3]. Again, we have c,(X) € H?" 4(X,R)" = H,,_4(X.R).

Remark. The kit assumption in Definition 2.3 can be weakened. In fact, the proof of
independence of ¥ does not use it, and hence the only question is whether a resolution
minimal in codimension two actually exists. This is true e.g. whenever X has kit
singularities in codimension two (equivalently, quotient singularities in codimension
two) and thus in particular if X is smooth in codimension two.

The next result, together with Example 2.6, clarifies the relationship between
Definitions 2.1 and 2.3.

Proposition 2.4 (Compatibility, I). If X has kit singularities and is smooth in co-
dimension two, i.e. codimy (Xse) > 3, then we have c3(X) = c2(Tx) as elements of
H2n—4 (Xa R)

Proof. Let f:Y — X be a resolution such that f#T is locally free. It is clear
from the construction in [36] that f can be chosen to be an isomorphism over X,
since there Ty is already locally free. As X is assumed to be smooth in codimension
two, such a resolution f will automatically be minimal in codimension two. So it is
sufficient to show that

o (f*Tx) - ffa=c(Y)- f*a

for all a € H?2""#(X,R). This follows from Lemma 2.7 below applied with Z =
Exc(f), once we know that (f*a)|Z = 0. But

(f*a)l, = f*(alpz) =0

because f(Z) = X, and H*""*(X,, R) = 0 by dimension reasons (the real dim-
ension is at most 2n — 6). ]

Going back to the original setup (where X is only assumed to be normal), recall
that the determinant of the rank r torsion-free sheaf € is defined as det & := (/\" €)",
where (—)" denotes the reflexive hull (= double dual). By definition, this is a rank one
reflexive sheaf. We are interested in situations where it is actually Q-Cartier. If this
is the case, we may as usual consider c;(det€&) € H?(X,R), and more generally
c’f (det &) € H2*(X,R). By abuse of notation, we will also consider

ok (det &) € Hyp_nk (X, R)
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via the natural map
H*(X.R) - H*" (X, R)" = Hyp_5(X. R)

given by the cup product pairing (or equivalently, by cap product with the fundamental
class of X'). We compare this notion to Definition 2.1:

Proposition 2.5 (Compatibility, IT). Assume that X is normal and smooth in codim-
ension k > 1, that & is locally free in codimension k, and that det & is Q-Cartier.
Then we have

(&) =ctdete) foranyt <k

as elements of Hy,—o¢ (X, R). In particular, if X is smooth in codimension two, & is
reflexive, and det & = Oy, then ¢3(&) = 0.

Proof. Let f:Y — X be aresolution such that f fe is locally free. As before, we
may assume that f is an isomorphism over the locus where both X is smooth and &€
is locally free. Pick m > 0 such that £ := ((det £)®™)" is a line bundle. Then we
need to show that

et /1) - fra =~ eh(1°0) - f7a

for all a € H?*72¢(X,R). This follows from Lemma 2.7 applied with Z = Exc(f),
since (det £#€)®™ and f*£ are isomorphic outside of Z and (f*a)|z = 0 as in the
proof of Proposition 2.4.

For the second statement, it suffices to show that € is locally free in codimension
two. After discarding X, this follows from the fact that a reflexive sheaf on a smooth
space enjoys this property [34, Lemma 1.1.10]. O

Example 2.6. Without assuming that X is smooth in codimension two, the Chern
classes co(X) and ¢, (Tx) are in general different. For instance let f: Y — X be the
minimal resolution of a Kummer surface X = 4 / 41, where A is a complex 2-torus,
with exceptional divisor E. The surface Y being K3, we have c(X) = c2(Y) = 24.
On the other hand, we have f#Ty = Ty(—log E) as shown by the computations
below. The dual of this sheaf sits inside the residue sequence

0— Q) — Q) (logE) — O — 0
and then quite generally, a Chern class computation shows
c2(Qy (log E)) = c(Y) + Ky - E + E*.
In our situation, this means that

c2(Tx) = c2(Ty(—logE)) =24+ 0—32 = —8 # 24 = co(X),
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as E is the disjoint union of sixteen (—2)-curves. The same example also shows that
Proposition 2.5 fails if £ > k. Indeed, the sheaf & = Tx has trivial determinant,
hence c?(detTx) = 0, but

A(Tx) = A(Ty(=log E)) = (—(Ky + E))> = E2 = =32 #0,

Let us finally justify the equahty ATy = Ty (- log E). The claim being local,
we can assume that X = C / 41 and we denote by pu: Z — Z the blow -up of the
origin in Z = C? with coordinates u,v. The Z/2-action lifts to Z and we get a
commutative diagram:

V4

ot

Y=2/+1 ——X=2/+1.

p

y N

In one chart of the blow-up, the map p is given by p(x, y) = (xy, y) with exceptional
divisor £ = {y = 0} and the Z/2-action is given by (—1) - (x,y) = (x,—y).
In particular, in this chart, coordinates on Y are given by (s,z) = (x,y?) and
E ={t=0}.

We now notice that the 2-form w := du A dv on Z is Z/2-invariant and hence
descends to X, where it induces an isomorphism Ty = Q[;] by contraction. The
same is true for u*(w): it descends to wy a nowhere vanishing 2-form on Y, namely
ds A df up to a non-zero constant. Hence, wy induces an isomorphism Jy = Ql
Since (g« Q )Z/ 2 is reflexive by [19, Lemma A.4], the fact that ¢ is quasi- etale
implies that pullback of reflexive forms along g induces an isomorphism

! = (g.05)”.

The latter sheaf is generated by the (images of the) 1-forms u du, u dv, v du and v dv;
their pullbacks to Z are

2
xy?dx + x?ydy = p*(st ds + %dt), xydy = p*(% dt),

1
yzdx—{—xydy:p*(tds—{—%dt), ydy:p*(idt)

The sheaf f ”Q[l] C SZY is generated by the terms in brackets, and thus by the
1-forms d¢ and ¢ ds Consider the following commutative diagram:
le ley

ko] J—}
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The vertical arrows are isomorphisms, given by contraction as explained above. The
upper horizontal arrow is obtained by adjunction from the map Ty = f,. Ty [44,
Proposition 1.2]. The lower horizontal arrow is obtained similarly from Q[;] = Q1
cf. e.g. [19, Theorem 4.2]. The map f*Tx — Ty is generically injective (it is an
isomorphism outside of E). So its kernel is the torsion subsheaf of f*Tx, and
consequently its image its nothing but f#Ty. Similar remarks apply to the bottom
map f* Q[l] — Ql In order to obtam generators of f#T, it is therefore sufficient
to contract the generators of f ﬁQ determined above by wy. Doing so yields that

Jd 0
h =<— z—):ir —log E
% = {5, 15, y (—log E)
in the given chart. The proof is finished using similar computations in the second

affine chart of Z.

Remark. We have only used the following facts about the singularities of X: they
are quotient singularities, they are Gorenstein and they admit a crepant resolution.
It should hence be possible to extend the above argument e.g. to arbitrary canonical
surface singularities. We do not need this level of generality here.

Lemma 2.7. Let X be a compact complex manifold of dimension n, Z C X an
analytic subset and U := X \ Z. Suppose two locally free coherent sheaves F,G
on X are given such that there is an isomorphism ¥y = G|y. Then

ci(F)-a=ci(G)-a foranya € H* 2 (X,R) with a|Z =
A similar statement holds for degree i polynomials in the Chern classes.

Proof. Pick a sufficiently small neighborhood Z C W C X which deformation
retracts onto Z viaamap r: W — Z. This exists because we can find a triangulation
of X such that Z is a subcomplex [27, Theorems 2 and 3]. Set W* := W \ Z, and
note that the inclusion j: (W, W*) — (X, U) satisfies excision. We define a map
@:H? (X, U) — Hj,_»:(Z) as follows (everything is with real coefficients):

. j* . N[w «
H2 (X, U) — s B ) 2 W) — s Hawai(2).

The first map is an isomorphism by excision. The second map is a cap product with
the fundamental class! [W]z € Hy, (W, W>). The third map r is an isomorphism
because r is a deformation retraction. (The map ¢ itself is also an isomorphism, but
we do not need this. The reason is that the dual map ¢": H>*~2(Z) — Hy; (X, U)
is an isomorphism by [23, Proposition 3.46].)

IRecall that for an oriented #-manifold M and a compact subset K C M, the fundamental class
[M ]k is the unique element of H,, (M, M \ K) which at each point x € K induces the local orientation
in H, (M, M \ {x}) given by the orientation of M (here we are using integer coefficients). In case
K = M is compact, this reduces to the usual notion. Cf. [23, Lemma 3.27] for proofs.
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We now have a commutative diagram

H (X, U) — 22— W2 (X) —— % H2(U)
(PJ( lﬂ[X]
(tz)*
Hap—2i(Z2) -z Hap—2i (X),

where the upper row is the long exact sequence of relative cohomology. To see
commutativity, first note that under the isomorphism H,, (W, W>) =~ H,,(X,U),
the fundamental classes [W]z and [X]z correspond to each other. Now pick an
arbitrary class o € HZ (X, U) and calculate

(t2)+@(@) = (tz)+r+(j @ N [W]z) by definition

= Jjx (j *a N [W]Z) r is a deformation retraction
=aN j«W]z projection formula

=aN[X]z remark above

= o N p«fX] where p.:Hs,(X) — Hyp(X,U)
= p*a N[X] by definition.

Let us now return to the original setting. The assumption on F and G clearly
implies that (7, (c; (F)) = [;(ci(9)), hence the difference ¢ := ¢; (F) — ¢;(9) lies
in the image of H?'(X,U). By the above diagram, ¢ N [X] = (1z)«0 for some
0 € Hz;—2i(Z). The claim now follows easily:

c-a=(cN[X].a) = ((tz)+0.a) = {0,17a) =0,

since 1 a = a|z = 0 by assumption. Here (—, —) denotes the natural pairing
between homology and cohomology. The proof for arbitrary polynomials in the
Chern classes is the same, and hence is omitted. O

Remark. In Lemma 2.7, we do not require the existence of a global map ¥ — G
whose restriction to U is an isomorphism. This greatly simplifies the proof of
Proposition 2.4. Indeed, as the sheaf of Kéhler differentials Q}( is not locally free,
from the natural map f *Q; — Q%, we cannot by dualizing deduce a map
Ty — f*Tx. If we choose f to be the functorial resolution, there is indeed a
map f*Ty — Ty, cf. e.g. [15, Fact 2.2] and the discussion thereafter. But then we
do not know whether f#Ty is always locally free.

Slopes and stability. If « € H?(X,R) is a Kihler (or merely big and nef) class
on X, one can define the slope (with respect to «) of a non-zero torsion-free sheaf €
as

— 1 n—1
Ha(8) = s ci(&) o'
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In case det € is a Q-line bundle (i.e. when there exists N € Nt such that (det &)V
is locally free), one recovers the usual definition of the slope (cf. e.g. [21]) thanks to
Proposition 2.5. We say that € is (slope) stable with respect to « if for any non-zero
coherent subsheaf & C € of rank strictly less than rk €, we have gy (F) < g (E).

As before, let f:Y — X be a resolution such that f#& is locally free. Given
a subsheaf F C &€ of rank s > 0, f*F will in general not be locally free, but its
determinant is a line bundle since Y is smooth. Thanks to the observations above,
we can still compute the slope of F as uy (F) = % i (f*F) - franl.

3. The Bogomolov-Gieseker inequality

In this section, we prove Theorem B and give an application to varieties with vanishing
first Chern class (Corollary 3.10).

Setup 3.1. Let X be a normal compact Kiihler space of dimension 7, leta € H2(X, R)
be a Kihler class represented by a Kihler metric w. Recall that by definition, this
means that  is a genuine Kéhler metric on X, such that for some (or equivalently
any) covering X = |, 4 Uy by open sets admitting an embedding j,: Uy — cN
for some integer N, the smooth form (jo)«(@|yre) is the restriction of a Kéhler
metric defined on an open neighborhood of j,(Uy) C CV. Moreover, any such
metric induces a cohomology class [w] € H(X,R), cf. e.g. [16, Section 3.A].
Next, let € be a reflexive coherent sheaf of rank » on X. In particular, the locus

Z = Xsing U {x € X; € isnot locally free near x}

satisfies codimAX (Z) = 2; one sets X° = X \ Z. Once and for all, we fix a log
resolution f: X — X of (X, Z) such that € := fﬁE = f*g/tor f*&is locally free.
The exceptional divisor of f is denoted by F = ) F;. Finally, we set

A€)-a" %= (2rca (&) — (r — 1)c3(8)) - o2

to be the Bogomolov-Gieseker discriminant of € against the class @ 2 H2"~4(X R).
Let us emphasize that in this section, we do not assume that X is smooth in
codimension two, unless explicitly mentioned otherwise.

3.A. Openness of stability. The goal of this subsection is to prove an openness-type
property for stable sheaves on a resolution of singularities, cf. Proposition 3.4. This
was previously observed in the smooth case in [5, Proposition 2.1]. As an immediate
consequence, we obtain (B.1) from the introduction.

Lemma 3.2. In Setup 3.1 above, € is stable with respect to « if and only if € is stable
with respect to f*a.
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Proof. Assume that & is stable and let Gcébea proper subsheaf. Note that
by reflexivity of &, the natural morphism & — fi f*& induces an isomorphism
(f« €)™ = &. Similarly, taking the direct image of the canonical surjection
f*e — € and dualizing induces an isomorphism ( fx€)** = €. Now the subsheaf

§:= (f*g)** C (f*é‘)** ~ ¢

is such that ¢q (f ﬁ9) —C1 (§) is a linear combination of the F;, and therefore
Hr*a(9) = 1a(9) < 1a(&) = nra(E).

In the other direction, assume that € is stable with respect to f*a and let F C €
be a proper subsheaf. The image of f*F — f#€ yields a subsheaf F of & which
coincides with f*J away from F. In particular, ¢ (f*F) —c; (ff) is supported on F',
hence

1a(F) = ptrra(F) < (@) = pal8)

and the lemma follows. ]

Lemma 3.3. In Setup 3.1 above, assume that & is stable with respect to «. Let B be
a Kdhler class on X. Then,

(3.3.1) The sheafé is stable with respect to f*a.

(3.3.2) There exists a constant C > 0 such that for any subsheaf Fc&and any
integer k € [0,n — 1], one has

(@) - (fra)k - gtk < c.

(3.3.3) There exists § > 0 such that for every subsheaf F C & with rk(f;r) < rk(g),
we have

wrea(F) < ppeal®) =8,

Proof. The first item is an immediate consequence of Lemma 3.2.

The second item can be proved in a similar way as the case of a single Kihler
polarization, see e.g. [26, Chapter V, Lemma 7.16]. Let us provide the main ideas.
First of all, since saturation increases the slope, one can assume that Fi is saturated
in€. In particular, ff cé corresponds to an inclusion of vector bundles F C E on
abig open set U C X ie. X \ U has codimension at least two.

Next, we pick a Kéhler metric @ € B and a smooth hermitian metric &z on E
it induces a hermitian metric /2 z on F |y and their respective Chern curvature forms
satisfy

iO(F,hp) <prpi®(E, hg)lp onU, (3.4)

where prz is the orthogonal projection onto F with respect to hp. Taking the
(endomorphism) trace of (3.4) and wedging with f *wk A @n17k we get

ct(F.hp) A f*oF A" 7K < Clli®(E hg)|h 66" onU, (3.5)
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where C depends only on trg(f*w). The right-hand side does not depend on F
anymore; hence its integral over U (or equivalently over X)is bounded independently
of F.

Finally, using a log resolution of ()? X \ U), one can compute the integral
of the left-hand side of (3.5) over U and see that it is convergent, and coincides
with cl(gr) - (f*a)k - B~k since the codimension of X \ U is at least two,
cf. [26, Equation (x*) on p. 181]. This proves the claim in the second item.

The last item is a consequence of the proof of Lemma 3.2 and the fact that the
statement is true for subsheaves F of & with rank strictly less than rank(&). As for
the latter fact, it derives e.g. from the finiteness of components of the Douady space
of quotients of € with slope at most (&) + 1, cf. e.g. [42, Corollary 6.3] applied
to S = pt. O

Proposition 3.4 (Bogomolov-Gieseker inequality). In Setup 3.1 above, assume that €
is stable with respect to o. Then, there exists g9 > 0 such that the sheaf € is stable
with respect to f*a + &f forany 0 < ¢ < g¢. In particular, one has the Bogomolov—
Gieseker inequality

A(€)-a" % = (2rca(€) — (r — Dej(€)) - "> > 0.

Proof. With the notation of Lemma 3.3 above, letus set &g := §/(2(n —1)C). Then,
one has for ¢ < g and any subsheaf F C € of rank strictly less than rk(&):

R R 1n—2 L R . L
Hrratep(F) = yea) + - Y & e (B) - frak g

k=0
< ppra(@) =8+ (n—1)Ce
< 1 rea(€)—8/2,

where the first inequality follows from (3.3.2) and (3.3.3) in Lemma 3.3.

For the second assertion, one can use the Kobayashi—Hitchin correspondence to
obtain for any ¢ > 0 a Hermite—Einstein metric 4, on € with respect to a Kéhler
metric w, of the form w, := f*w + ¢® where w € « (resp. @ € B) is a Kéhler
metric on X (resp. on X). Itis classic to get the inequality

(2rea(€,he) — (r — Der (€, he)?) A2 >0

pointwise, for any ¢ > 0. Integrating over X and letting & go to zero, one gets the
expected inequality. O

3.B. Bogomolov—-Gieseker inequality for semistable sheaves. In this section, we
explain how to extend Proposition 3.4 to the semistable case. This is quite likely
standard, but we will give the details for the reader’s convenience. The results in this
section are strictly speaking not needed in the rest of the article, but they do simplify
the proof of Corollary 3.10 somewhat.
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Proposition 3.5 (Bogomolov—Gieseker inequality for semistable sheaves). In Set-
up 3.1 above, assume that & is semistable with respect to a. Then

AE)-a" 2> 0.

The natural strategy is to consider the Jordan—H®older filtration of € and analyse
how the discriminant behaves under a short exact sequence. This is the content of
Lemmas 3.6 and 3.7 below. If y is a Kéhler class, then Lemma 3.6 is contained in [26,
Chapter V, Theorem 7.18], but without a proof. A statement similar to Lemma 3.7
can be found in [24, Corollary 7.3.2].

Lemma 3.6 (Jordan—Holder filtrations). Let X be an n-dimensional compact Kdhler
manifold, y € H"1(X,R) a nef and big class and & a y-semistable reflexive sheaf.
Then & admits a Jordan—Holder filtration, i.e. a filtration

0=E& Ccé&C---C&;=¢,

where for eachi = 0,...,d — 1, the sheaf Gr; £ = 8i+1/8i is torsion-free and
y-stable with ., (Gr; €) = u, (&).

Proof. Consider the set of all filtrations €, of & whose graded pieces are torsion-
free and semistable of slope (,(€). This set is non-empty and partially ordered
by refinement. Furthermore, if € is not stable, then there is a proper subsheaf &’
with 11, (&) = wy(€). Clearly both & and € / &’ are semistable. This means that
any filtration having a non-stable graded piece can be refined. Consequently, a
filtration maximal with respect to refinement (which exists due to rank reasons) is a
Jordan—Héolder filtration. O

Lemma 3.7 (Discriminant of extension). Let X be a compact Kdhler manifold of
dimension n, and let y € H1(X,R) be a nef and big class. Assume that we have a
short exact sequence

0—>FE,—>FE—>E,—0

of reflexive sheaves such that i, (E1) = p,(E2) and A(E;)-y"™2 > 0fori = 1,2.
Then,
A(E)-y" % = 0.

Proof. Let r; = 1k(E;), a; = ¢1(E;), Bi = c2(E;) (resp. r = tk(E), @ = ¢1(E),
B = c2(E). We have

r=ri+r, a=o +oa, p=pB+p6+aa.
Therefore, we get

2rB = 2r1B1 + 2ra B2 + 2rajas + 2raB1 + 2r1 B2,

(r—1Da? = (r; — l)af + (r2 — 1)0(% +2(r — Dajas + rzozf + r10t§.
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Rewriting the inequality A(E;) - "2 > 0 as

2riBi - y" 7 = (i — Do - y" 72,
we get
2rBy" 2 > ((rl—l)af—i—(rz—1)a%+2ro¢1a2+(r2—1);—;a%+(r1—1):—?0@)-)/”_2,
hence

(2r,3 —(r— 1)052) . yn_2

r r
> (2041042 + r—z[(rl —1)— rl]af + r—l[(rz -1)— Vz]a%) 2
1 2

2 ri _
= (2a1a2 - =l - —a%) Sy T2
ri 2
o 0N\,
=—rirnpl—-——) -y" "
ri )

Now, since 1y (E1) = py (E2), we have (‘;‘—11 — ‘;‘—22) -y"=1 = 0, hence

ap a\2 _
() o
r ra

by the Hovanskii—Teissier inequality, cf. [11, Proposition 2.5]. The lemma is proved.
O

We can now finish the proof of Proposition 3.5.

Proof of Proposition 3.5. Let f: X — X be a resolution as in Setup 3.1 and set
a = [ *a. The class @ is a nef and big class on the compact Kéhler manifold X.
Since € is @-semistable (cf. the proof of Lemma 3.2), by Lemma 3.6 it has a Jordan—
Holder filtration

OZE()CElC"'ng:é

whose graded pieces Gr; € are G-stable.

Claim 3.8. Pick a Kihler class f on X. Thenfore > 0 sufficiently small, the sheaf
Gr; € remains (& + ¢f8)-stable.

Proof of Claim 3.8. For instance, this follows from [5, Proposition 2.1] (cf. also the
proof of [7, Lemma 3.2]), but one could also appeal to Lemma 3.3. In order to do
so, define inductively the saturation &; of f (§l| 2\ F) inside &; 11, starting from
i =d —1downtoi = 1. The arguments of Lemma 3.2 show that the torsion-free
sheaves Gr; € := Ci+1 / &, are a-stable. By the proof of Lemma 3.3, Gr; € remains
(& + &B)-stable, which had to be shown. O



784 B. Claudon, P. Graf and H. Guenancia CMH

By Claim 3.8 and the same perturbation argument as in Proposition 3.4, we
conclude that

A(Gr; &) -@" 2 > 0.
Using Lemma 3.7 inductively, we get
A(€)-@" 2 > 0.

Since the left-hand side equals A(€) - «”~2 by definition, Proposition 3.5 is proved.
O

3.C. Application to varieties with trivial first Chern class. Let X be a compact
Kihler space with kit singularities such that ¢;(X) = 0 € H?(X,R). In that
setting, the Abundance conjecture is known, i.e. Kx is a torsion Q-line bundle,
cf.e.g. [6, Corollary 1.18]. If we assume additionally that X is smooth in codimension
two, we immediately infer that c?(Tyx) - @"~2 = 0 for any Kéhler class « thanks to
Proposition 2.5. Moreover, the recent Decomposition Theorem [2, Theorem A]
asserts that up to a quasi-étale cover, X splits as a product of a complex torus,
irreducible Calabi—Yau varieties and irreducible holomorphic symplectic varieties,
where the latter two are defined as follows.

Definition 3.9 (ICY and IHS varieties). Let X be a compact Kéhler space of dimen-
sion n > 2 with canonical singularities and wy = Oy.

(3.9.1) We call X irreducible Calabi—Yau (ICY) if HO(Y, ng]) = 0 for all integers
0 < p < n and all quasi-étale covers Y — X, in particular for X itself.

(3.9.2) We call X irreducible holomorphic symplectic (IHS) if there exists a holo-
morphic symplectic two-form o € HO(X, Q[;]) such that for all quasi-étale
covers y: Y — X, the exterior algebra of global reflexive differential forms
is generated by y*lo.

Given the Bochner principle [10, Theorem Al], it is relatively easy to show that
the tangent sheaf Tx of an IHS variety X (resp. ICY variety X) is stable with respect
to any polarization. The following result is then an immediate consequence of the
Decomposition theorem and Proposition 3.4. However, we can give a more pedestrian
proof by relying only on the polystability of Ty (actually only its semistability) rather
than a global structure result.

Corollary 3.10 (Semipositivity of c,). Let X be a compact Kdihler space with kit
singularities such c1(X) = 0 € H2(X,R). Assume furthermore that X is smooth in
codimension two. Then, one has

(X)) -a" 2 >0

for any Kdihler class a € H?>(X,R).
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Proof. We recalled above that Ky is torsion; in particular, there exists a quasi-
étale cover p: X — X such that detTg = O, hence c(Tg) - p*a” 2 =0 by
Proposition 2.5. By [16, Proposition 5.6]), we get
1
ATx) - a" 2= ——co(Tg) - pra" 2.
deg(p) ~ ¥
The corollary now follows from the polystability of T with respect to any Kéhler
class [22, Theorem A] combined with Proposition 3.5. ]

Remark. It is instructive to return to the Kummer surface X of Example 2.6 to
see how the above proof fails if codimy (X)) = 2. In that example, A(Tyx) =
4-(—8) — (—32) = 0, but c3(Tx) is non-zero and c»(Tx) ends up being negative.
Of course, the statement of Proposition 3.5 itself still holds in this example.
Remark. In the spirit of [31, Theorem 6.6], it would be interesting to prove the
inequality c(X) - @2 > 0 under the weaker assumption that Ky is nef, although
this is probably quite challenging.

3.D. The case of equality. In this subsection, we prove (B.2) and (B.3). That is,
we discuss what happens if equality holds in the Bogomolov—Gieseker inequality.
Proposition 3.11 below asserts that if ¢3(€) and ¢, (€), seen as symmetric multilinear
forms on H?(X,R), vanish against one Kihler class, then they vanish against any
Kihler class. In case X has rational singularities, the Hodge structure on H?(X, C) is
pure and the statement has a nice reformulation in Hodge-theoretic terms: the Chern
classes in question vanish against H>! (X).

Proposition 3.11 (Vanishing discriminant, I). In Setup 3.1, assume that € is stable
with respect to «. Let B be an arbitrary Kdihler class.

G111 IfAE) -a" 2 =0, then A(E)-B" 2 = 0.
(3.11.2) Ifc3(&)-a" 2 = (&) -a" 2 =0, thenc3(8) - f"2 = c2(8) - p" 2 = 0.

Corollary 3.12 (Vanishing discriminant, II). In Setup 3.1, assume that X has rational
singularities and that € is stable with respect to o.

(3.12.1) If A(€) - a2 = 0, then we have
A€)-ar oy =0

foranyay,...,a,—» € HY1(X,R) := F'H?(X,C) N H?(X,R).
(3.12.2) Ifc3(&) - a2 = c3(€) - "2 = 0, then

C%(E) “Qp Oy = 02(8) SO Qp_p = 0

forany ay, ... ,a,—» € HY1(X,R).
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Remark 3.13 (Topological vanishing). In Corollary 3.12, it would be very desirable
to show the vanishing on all of H2(X, R), if only because it would drastically simplify
the proof of Theorem A. The reason is that the vanishing would then be a topological
statement and hence propagate to any locally trivial algebraic deformation. In
particular, we would not need the full force of the Decomposition theorem, but
only the affirmative answer to the Kodaira problem [2, Theorem B].

If X is smooth, the classical argument shows that both classes are actually zero as
elements of H*(X, R) and, in particular, they are also zero as symmetric multilinear
forms on H2(X,R). However, we are not able to derive the latter conclusion in our
setting. For instance, we do not know about the vanishing of c,(€) - (6 + )" 2
if o € H*%(X) is non-zero. The underlying difficulty here is that reflexive forms,
which naturally represent classes in H?>%(X), may not be smooth, i.e. they may not
be the restriction of smooth forms under local embeddings X < C¥. As a result,
we do not have in general foe

(c+5)"2 <2

if o is a reflexive 2-form and @ a Kihler metric, thus preventing the argument below
from going through.

Proof of Proposition 3.11. Denote by E the vector bundle on X associated to g, and
letw € a (resp. ' € PB) be a Kihler metric on X. As in the proof of Proposition 3.4,
we pick an Hermite—Einstein metric s, on E, i.e.

iO(E, he) Aol = Adds ol

where

we = ffo+ewp
for w ¢ an arbitrary Kihler metric on X , and

c1(E)- [we]"!
r(we]”

Ao =

A standard computation (see e.g. [26, Theorem 4.7]) using the Hermitian—Einstein
condition shows that

/)?(2rcz(ﬁ,hs)—(r— Der(E he)?) Al ™2 = d,,/g||®:||i5,ws-wf

and

2 n
.a)s’

&,We

~ 1
/A Cq (E, h€)2 A Cl)g_2 = _dn /A ” _trEnd(G)a) : Idﬁ
X x\r

where @, := O(E, h;) and ©F = O, — Ltr,q(©;) - 1dz and d,, =

1
4n2n(n—1)"
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Proof of (3.11.2). Assume c{(£)?-a" 2 = c3(&) - a2 = 0.
Given the assumptions above, one finds respectively

cl(E) - [we]" 2 = ci(E)?- (f*a)" 2 + O(e) = O(e),
2 (E) - [ws]" 2 = c2(E) - (f*a)" 2 + O(e) = O(e).

Combined with the identities above, one finds that there is a constant C; > 0 such
that

[H@ 17, .0, - @2 < Cre. (3.3)

Let us set w, := f*w’' + ewg. Clearly, there exists C; > 0 such that Cz_la)g <
w; < Crw,, which yields another constant C3 satisfying

C3 M 1Oell . = 18l op = C3llOcll}, -
Given (3.3), we find
lim /X 18ell7, o - @ =0. 3.4

Now, write

(E)-(f*B) 2 = = lim / ca(E he) A w2
and remember that up to some dimensional constants, one has
c2(E . he) = trena(O A ©;) — trna(©5)”,

so that
E h m=2| « ®.12 L an
)?CZ( ’ 8)/\('08 — 4 ),(\ || 8||h£,a)é a)a

and (3.11.2) follows from 3.4. L]

Proof of (3.11.1). Assume A(€) - a2 = 0.
Observe that by a standard computation, one has A(End(E)) = 2r2A(E).
Moreover, ¢;(End(E)) = 0 in H2(X, R) so that the assumptions yield

ci1(End(E))*- f*a"2 =0 and cy(End(E))- f*¢"2=0. (3.5

The Hermite-Einstein metrlc he on E with respect to w, above yields a Hermite—
Einstein metric h on End(E ). From 3.5 and the proof of (3.11.2), it follows that the
curvature tensor of h converges to zero in L2 norm with respect to w,, or equivalently
with respect to . (3.11.1) now follows. O
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Proof of Corollary 3.12. Let f:Y — X be aresolution of singularities, where Y is
Kihler. Since X has rational singularities, we have the following diagram, where the
horizontal maps are induced by multiplication withi = «/—1:

H2(Y,R) ——— H?(Y, Oy)

] [

H2(X.R) —— H?(X, Ox)

This implies immediately that H"!(X,R) C ker 8. For the other inclusion, recall
that any morphism of mixed Hodge structures is strict with respect to both the Hodge
and the weight filtration [35, Corollary 3.6]. Pick an arbitrary element y € ker §.
Then the (0,2)-part of f*(y) is zero. Equivalently, f*(y) € F'H?(Y,C). By
strictness, it follows that y € F'H?(X, C). As y is real, we see that y € HV'! (X, R),
as desired.

Now let PHy be the sheaf of real-valued pluriharmonic functions on X. By [2,
Proposition 6.3], the natural map H! (X, PHy) — H?(X, R) is injective with image
equal to ker 8 and we obtain

H"!(X,R) = H'(X,PHy).

Recall also that the Kéhler cone is open in H'(X,PHy) by [16, Proposition 3.8].
For the actual proof of Corollary 3.12, we focus on (3.12.1), since the proof
of (3.12.2) is entirely similar. By (3.11.1) and the above remarks, the assumptions
of (3.12.1) first imply that A(€) - =2 = 0 for any B € H'"! (X, R). The vanishing
for possibly different classes a7, . .., a,—» € H1(X,R) then follows by a standard
polarization argument [41]. O

4. The second Chern class of IHS varieties

In this section, we discuss the second Chern class of singular holomorphic symplectic
varieties X. The main result is as follows. Note that here we do not assume X to be
smooth in codimension two.

Proposition 4.1 (Positivity of c;). In Setup 4.2 below, we have c5(X) - b>"~2 > 0
for any class b € H>(X,R) with qx (b) > 0. In particular, this holds whenever b is
a Kdhler class.

Remark. If X satisfies the condition codimy (X)) > 3 (which, by results
of Namikawa and Kaledin, is equivalent to codimy(Xs) > 4), the proof of
Proposition 4.1 can be somewhat simplified. To be more precise, from Proposition 4.4
we only need the existence of the Fujiki constant C, but not its positivity and
deformation invariance. Instead, we can obtain C > 0 from Corollary 3.10 and
C # 0 from Lemma 4.3.
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For the rest of this section, we work in the following setup.

Setup 4.2. Let X be an IHS variety of com;[)lex dimension 2n > 2 in the sense of
Definition 3.9. We denote by o € H(X, Q )?]) a holomorphic symplectic 2-form,
which is unique up to a scalar. Furthermore, we denote by gx: H?(X,C) — C the
BBF (= Beauville-Bogomolov—Fujiki) form of X. We will always normalize gy in
such a way that it comes from an indivisible integral quadratic form H*(X,Z) — Z,
cf. [3, Lemma 5.7]. With this convention, the BBF form is a topological invariant

of X. In particular, it is invariant under locally trivial deformations.

Lemma 4.3 (Non-vanishing of ¢5). We have c2(X) # 0 on H?(X,R). That is, there
exists a class a € H*(X, R) such that c5(X) - a*"~2 # 0.

Proof. By [3, Corollary 1.4], X admits a locally trivial algebraic approximation
X — A, where A is smooth. Let ) — X be the simultaneous resolution obtained
in [17, Lemma 4.2], and let X;, Y; be the fibres of the respective maps. Note that the
fibrewise resolutions Y; — X, are then minimal in codimension two. For any ¢ # 0,
we have a commutative diagram

H* (Yo, R) «+—— H*(2),R) —— H*(¥;, R)

T T T

H*(Xo, R) +—— H*(X,R) —— H*(X;,R),

where the horizontal maps are isomorphisms due to the topological triviality of
the locally trivial maps ) — A and X — A, which itself follows e.g. from [1,
Proposition 6.1]. Note that the relative tangent sheaf Ty), A is locally free, so we can
consider its second Chern class ¢»(Ty,a) € H*(2),R). By construction, this class
gets mapped to c2(Yp) and c,(Yy), respectively, under the upper horizontal maps in
the above diagram. Since Xy = X, this shows that the following conditions are
equivalent:

(4.3.1) For any a € H%(X,R), we have c5(X) - a?"2 = 0.
(4.3.2) For any a € H*(X,R), we have c5(Ty,a) -a**2 = 0 € H*(9),R) = R.
(4.3.3) Forany a € H*(X;,R), we have co(X;) - a?"~2 = 0.

We now argue by contradiction and assume that condition (4.3.1) is satisfied. Let
t € A be such that X; is projective. Pick an arbitrary ample divisor H on X;. Then

c2(Xy) - H?" 72 =0

by (4.3.3). Applying [21, Theorem 7.1], we obtain a finite quasi-étale cover A; — X,
where A; is an abelian variety.? By the argument in the proof of [10, Lemma 8.8],

2The cited reference makes the extra assumption that X; be Q-factorial. However, this is not used in
the proof. In fact, a general complete intersection surface S C X, will again have canonical singularities
and in particular be rational and Q-factorial. Therefore, [21, Lemma 7.2] can be applied to S.
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this quasi-étale cover can be extended to a quasi-étale cover 2l — X such that the
induced map 2 — A is again locally trivial. In the situation at hand, 2l — A will
even be smooth since A; is smooth. By the local constancy of Hodge numbers in
smooth families, we see that

h%(Ao. Q) = h°(A;. QY,) =2n > 0.

On the other hand, #°(4,, 9}40) = 0 because 49 — Xo = X is a quasi-étale cover
and X is IHS. This is the desired contradiction. O

The following result is an adaptation of a well-known property of Chern classes
on smooth IHS manifolds, cf. e.g. [33, Proposition 2.2]. It has to be noticed that the
proof given in [3, Proposition 5.20] has a different flavor. Also, the first result in this
direction (under stronger assumptions) appears to be [29, Lemma 2.4].

Proposition 4.4 (Fujiki relations for c,). There exists a positive rational constant
C = C(X) € QT, called the Fujiki constant with respect to ¢, (X), such that for any
a € H>(X,R), we have

(X)) -a®? 2 =C-gx(a)" L.

Furthermore, C(X) is constant in locally trivial families. More precisely, if X — B
is a locally trivial deformation over a (reduced and connected) base B, then C(X;) =
C(Xy) forallt,s € B.

Proof. We mimic the proof of [33], claiming no originality. Let X — A be a rep-
resentative of the semiuniversal family over the locally trivial deformation space
Def''(X). (See [14] for the existence and construction of Def!'(X).) The germ A is
smooth according to [3, Theorem 4.7]. We consider the period map

o A — Q(X) = {x e P(H*(X,C)) | gx (x) = 0},
|t PH2(X)))

that is a local isomorphism as stated in [3, Proposition 5.5]. Let us now consider the
degree 2(n — 1) homogeneous polynomial defined by

G(@) = cr(X) - a®"2

for any @ € H?(X,C). Type considerations (and Gauss—Manin invariance of the
second Chern class) yield that

Yai,...,oap— EHZ(X,(C), / Cz(Xt)/\O'tn A0 A+ ANdy_p =0,

X

where o7 is the symplectic form on X; (for £ € A). The latter can be interpreted as
saying that all the derivatives of G up to order n — 2 vanish along the image of .
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The Zariski closure of the image of 7 being 2(X), the zero locus of the quadratic
polynomial gx (see above), we infer that G has to be of the form

G=C-q%! (4.4)

with C € C a constant. Lemma 4.3 immediately implies C # 0, and by evaluat-
ing (4.4) at some a € H?(X, Q) with gx (a) # 0, we see that C € Q. This argument
also shows that C remains constant in a locally trivial family, using the fact that g x
is unchanged under such a deformation.

It remains to be seen that C > 0. To this end, let X — A be as above, and pick
t € A such that Y := X; is projective. Let H be an ample divisor on Y. By the
above observations, it suffices to show that C(Y) > 0. Since gy (H) > 0, this is
equivalent to

c2(Y)- H* 72 >0,

which is what we will show. By [30, Corollary 8.6], the cotangent sheaf Qg/l]
is generically nef, hence H-semistable, as c;(Y) = 0. By [13, Theorem 1.2],
the restriction Qg,l]|s to a general complete intersection surface S C Y remains
semistable. Since S has only quotient singularities, Qg,l]|s is automatically a Q-
vector bundle and we may apply [25, Lemma 2.5]. This yields

S(Y)-H>™ 2 >0,

where T, (Y') denotes the second orbifold Chern class (or Q-Chern class) of Y in the
sense of [39]. We know, however, that the inequality

S(Y)-H 2 <cy(Y)- H¥ 2

holds in this situation: if dimY = 3, this is [39, Proposition 1.1]. In general, the
proof is just the same, as has already been observed in [28, Remark 1.5]. L

Proof of Proposition 4.1. The first part of the statement is clear from Proposition 4.4.
It only remains to be seen that gx (b) > 0 for any Kihler class b € H?(X,R). To
this end, note that the “usual” degree zero Fujiki relations on X yield

/ b2n — MQX(b)n
X

for some p > 0, see [38, Theorem 2]. We conclude by noting that the left-hand
side is strictly positive. Alternatively, one may also resort to the original definition
of gx as a certain integral on a resolution of X. There, one uses the Hodge—Riemann
bilinear relations, cf. the proof of [18, Equation (4.5.1)]. ]
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5. Characterization of torus quotients

We are now in a position to prove Theorem A.

Setup 5.1. Let X be a normal compact Kéhler space of dimension n with kit
singularities and trivial first Chern class ¢; (X) = 0 € H?(X,R). Assume that X is
smooth in codimension two.

Theorem 5.2. In Setup 5.1, assume that there exists a Kdihler class a € H*(X,R)
such that c3(X) -a" =2 = 0. Then there exists a complex torus T and a holomorphic
action of a finite group G G T, free in codimension two, such that X = T / G.

Proof. We proceed in three steps.

Step 1. Rgduction to the split case. By [2, Theorem A], there exists a finite quasi-étale
cover p: X — X which decomposes as

)?:TxHYixl_[Zj,

iel jeJ

where T' is a complex torus, the Y; are ICY varieties and the Z; are IHS varieties,
cf. Definition 3.9. In particular, X has canonical singularities because all its factors
do.

Since X is smooth in codimension two, the quasi-étale map p is necessarily étale
in codimension two, and hence X is still smooth in codimension two. Therefore

c2(X) - (p*a)"™> = deg(p) -c2(X) -a" > = 0

by [16, Proposition 5.6]. Also, p*a is a Kdhler class by [16, Proposition 3.6]. Finally,
if the conclusion of Theorem 5.2 holds for X , then it also holds for X, by taking
Galois closure [10, Lemma 2.8]. We may and will therefore replace X by X (and a
by p*a) for the remaining argument. In order to finish the proof, it is sufficient to
show that I = J = @ in the above notation.

Step 2. Chern class computations. The following calculation gets slightly messy due
to the fact that we need to work on a resolution, but the basic idea is very simple.
Since H'(Y;,R) = H'(Z;,R) = O foralli € I,j € J, the Kiinneth formula
implies that the class a decomposes as

a=p}ar+2pi*bi+2p;cj, (5.1
iel jeJ

where ar (resp. b;, c¢;) is a Kéhler class on the torus T (resp on Yl, Z ;) and the
maps pe are the projections. We pick strong log resolutions Y, > Y, Z — Zj and

setf.X—>X,where
iel jeJ
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with projections p.. The first Chern class of each factor is (either zero or) supported
on the exceptional divisor of f and as X is smooth in codimension two and ¢, (7)) = 0,
we have

(X)) f*@ ) =) prea)- f* @+ Y piea(Z)- f*@ ). (5.2)
iel jeJ
We have used Lemma 2.7 to see that the “mixed terms” such as p; cl(Y )- p cl(Z )

vanish against f*(a"~2). Putting together (5.2) and the pullback of (5.1) to X, and
remembering our very definition of ¢, as a result one gets

(X) a2 =3 hie (V) b4 Yy ea(2y) T (53)
iel jeJ
for some positive constants A;, it; > 0. More precisely, for ip € I, jo € J, up to
some binomial coefficient, we have

Aig _a%lmT l_[bdlel ) dlmz )
i#io jeJ
and similarly for u .
In Corollary 3.10 we saw that the numbers ¢, (Y;) -bf mYi=2 and cy(Zj)-c AimZ; =2

are non-negative. As the left-hand side of (5.3) is zero, they must therefore all vanish.

Step 3. Eliminating the non-torus factors. By Proposition 4.1, one must have J = 0.
Assuming i € I # @, note that the ICY variety Y; is projective by Kodaira’s
Embedding theorem because H?(Y;, Oy,) = 0. The vanishing

implies the vanishing of c;(Y;) against any ample class by Proposition 3.11. Apply-
ing [21, Theorem 7.1] yields that Y; is a torus quotient, contradicting the definition of
ICY varieties. Hence, I = 0. In particular, X = T and the theorem is proved. [

Proof of Theorem A. The implication “(A.1) = (A.2)” follows immediately from
Theorem 5.2. More precisely, as X is smooth in codimension two, the resolution f
is clearly minimal in codimension two, being an isomorphism over X,. Therefore
the assumptions of (A.1) imply that co(X) - a" "2 = 0.

The other direction “(A.2) = (A.1)” can be proven exactly as in [ 16, Theorem 1.1]:
letm: T — T/ G = X be the quotient map. Since

W91 = oy,
we have ¢;(X) = 0 € H?(X,R). By [43, Chapter IV, Corollary 1.2], X is Kiihler.
As 7 is étale in codimension two, we have
0=cy(T) - 7*a" 2 = deg() - co(X) - a2

for any Kihler class o on X, according to [16, Proposition 5.6]. Theorem A is thus
proved. O
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6. Open questions

In this last section, we outline a few natural open problems that fit in the framework
of this paper.

6.A. Actions free in codimension one. First of all, one would like to study also finite
group actions without the condition that they be free in codimension two. If instead
one imposes freeness in codimension one, then a close analog of Theorem A is likely
to hold. However, one needs to replace the second Chern class from Section 2 by the
“orbifold” second Chern class T, (X) introduced in [16, Definition 5.2]. In loc. cit.,
the following conjecture has already been formulated and proven in dimension three.

Conjecture 6.1 (= [16, Conjecture 1.3]). Let X be a compact complex space of
dimension n with kit singularities. The following are equivalent:

(6.1.1) We have c1(X) = 0 € H?(X,R), and there exists a Kdihler class o €
H2(X,R) such thatS,(X) - "2 = 0.

(6.1.2) There exists a complex n-torus T and a holomorphic action of a finite group
G G T, free in codimension one, such that X = T / G.

To attack Conjecture 6.1 in general using the strategy of this paper, it is necessary to
obtain a version of Theorem B for orbifold Chern classes.

6.B. General actions. For general group actions, i.e. without any freeness assump-
tions, one has to work with “standard pairs”. Below we recall this notion and we
explain how the characterization of torus quotients in this setting can be reduced to
Conjecture 6.1 using a covering construction.

So let (X, A) be an n-dimensional compact klt pair, with X a complex space
and A a standard boundary. This means that

A= Z(l — mii)Ai,
iel

where m; > 2 are integers. We can define the orbifold second Chern class ¢ (X, A)
of the pair (X, A) in the spirit of [16, Section 5]: let U C X be the open subset
where the pair (U, Aly) is an orbifold. By that, we mean that one can cover U by
euclidean open subsets U, admitting a finite, surjective Galois cover py: Vy — Uy
from a smooth manifold V, such that p, ramifies in codimension one exactly along
supp(A) N Uy, of order m; along A; N U,. Equivalently, one has

Ky, = py(Ku, + Aly,)-

For such an orbifold pair (U, Al|y), we consider the locally V -free sheaf on U given
by Ty, in each chart p,. It is standard to associate Chern classes to a locally V -free



Vol. 97 (2022) Numerical characterization of complex torus quotients 795

sheaf, cf. e.g. [37] or [4, (1.6)—(1.9), (2.10)]. In particular, we obtain an element
(U, Aly) € HY(U, R).
Note that X \ U has codimension at least three in X and hence the natural map
H2"~4(U,R) — H?"~*(X, R) is an isomorphism. We define the class

(X, A) € H" (X, R)"

as the unique element whose restriction to U is the class ¢§°(U, A|y) € H*(U,R) =
H2"~4(U, R)", where the last equality is Poincaré duality.
With all preliminaries in place, we suggest the following analog of Conjecture 6.1:

Conjecture 6.2 (Characterization of torus quotient pairs). In the above setting, the

following are equivalent:

(6.2.1) We have c1(Kx + A) = 0 € H%(X,R), and there exists a Kihler class
a € H2(X,R) such thatS>»(X, A) - a2 = 0.

(6.2.2) There exists a complex n-torus T and a holomorphic action of a finite group
G G T suchthat X =T / G and supp A is exactly the codimension one part
of the branch locus of the quotient map T — X. More precisely: for each
i €l,themap T — X is branched over A; with multiplicity m;, and it is
quasi-étale when restricted to X \ supp A.

Evidence for Conjecture 6.2 is provided by the following result.
Proposition 6.3. Conjecture 6.1 implies Conjecture 6.2.

Proof. Assume (6.2.1). According to [6, Corollary 1.18], abundance holds for the
pair (X, A), so Kx + A is Q-linearly equivalent to zero. As explained in [40,
Example (2.4.1)],3 we can find a finite cyclic cover r: X — X that branches exactly
over A; with multiplicity m;. In other words, we have

Kg = 7*(Kx + A),

and X has canonical singularities and vanishing first Chern class. Set U:=n"" U);
we claim that each pomt y € U has a nelghborhood U admitting a quasi-étale cover
Vy — Uy, where Vy is smooth. In particular, U is included in the orbifold locus
of X and X \ U has codimension at least three.

In order to check the claim, let x = 7 (y) and let U, be a neighborhood of x
admitting a finite cover py:Vy, — Uy, where V, is smooth, p, ramifies at order m;
along A; N Uy and nowhere else in codimension one. Set l7x = 7~ 1(Uy) and let I7x
be the normalization of U « XU, Vx; we have the following diagram

Vie———Vx

Uy ¢ U

3We would like to thank Stéphane Druel for bringing Shokurov’s construction to our attention.
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Since py and 7 ramify at the same order in codimension one, I7x — V, and I7x U x
are quasi-étale. Since V, is smooth, it implies that I7x — Vx is étale. In particular,
ﬁx is smooth as well, hence the claim.
By the above, if / is an orbifold hermitian metric on Ty, then 7 */ is an hermitian
metric on 73 and
7*eP((U, Aly), h) = co(U, *h)

as (orbifold) forms of degree 4. Recalling that @ € H?(X,R) is the given Kihler
class, let a € a2 be a representative with compact support in U (that is, it is an
orbifold form of degree 2n — 4). By definition, one has

S(X, A) a2 =/chfb((U,A|U),h)Aa

= /Cz(ﬁ,n*h)/\n*a
degm Ji

_ 1! &(X) - ¥ 72,
deg
hence G, (X) - n*a"~2 = 0. As *« is still a Kiihler class, by Conjecture 6.1 there is
a quasi-étale Galois map 77 — X with T’ a complex torus. Considering the Galois
closure of the composition 77 — X > X proves (6.2.2). The other implication is
similar, but easier (in particular it does not rely on Conjecture 6.1). L
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