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Convergence of spherical averages for
actions of Fuchsian groups

Alexander I. Bufetov, Alexey Klimenko, and Caroline Series

Abstract. We prove pointwise convergence of spherical averages for a measure-preserving
action of a Fuchsian group. The proof is based on a new variant of the Bowen—Series symbolic
coding for Fuchsian groups that, developing a method introduced by Wroten, simultaneously
encodes all possible shortest paths representing a given group element. The resulting coding is
self-inverse, giving a reversible Markov chain to which methods previously introduced by the
first author for the case of free groups may be applied.

1. Introduction

1.1. Formulation of the main result

Let G be a finitely generated group with a symmetric set of generators Gy. For g € G,
denote by |g| the length of the shortest word in G representing g. Let S(n) be the
sphere of radius n in G:

S(n)={g€G:|g|=n}

Suppose that G acts on a probability space (X, i) by measure-preserving transforma-
tions Ty, g € G. For a function f € L'(X, 1), consider spherical averages

1
Su(f) = Mg;(n)fﬂg. (1)

The main result of this paper, Theorem A below, gives the almost sure convergence
of spherical averages for measure-preserving actions of Fuchsian groups and for f €
Llog L(X, ), that is, whenever

/ |f | og™ | f|dp < oo,

where log™ | f| = max (0, log | f ).

2020 Mathematics Subject Classification. Primary 22D40; Secondary 20H10, 37A30.
Keywords. Ergodic theorem, pointwise convergence, Fuchsian group, spherical averages.


https://creativecommons.org/licenses/by/4.0/

A. 1. Bufetov, A. Klimenko, and C. Series 42

Let G be a Fuchsian group and let R be a fundamental domain for G. Assume
that the sides of R are paired by a set of elements Gy C G. As is well known, Gy is
a symmetric set of generators for G. The images of &R under the action of G induce
a tessellation Tg = {gR : g € G} of the hyperbolic disk . Following [10], we
say that R has even corners if the geodesic extension of every side of R is entirely
contained in T g, more precisely in the union of boundaries of all domains gR € Tg.

Let v € D be a vertex of Tg. If R has even corners, then the boundary of Tg
in a small neighborhood of v consists of n geodesic segments intersecting at v and
dividing our neighborhood into 2n sectors. Write n = n(v) and let N(R) denote the
number of sides of R inside D. We need the following assumption on R.

Assumption 1.1. The assumption is in two parts.
(i) &R has even corners.
(ii) One of the following conditions holds for R:
© N&R) =5

*  N(R) = 4 and either R is non-compact or R is compact and does not
have two opposite vertices v, v’ such that n(v) = n(v') = 2,

e N(R) =3 and R is non-compact.
Our main result is the following:

Theorem A. Let G be a non-elementary Fuchsian group G and let R be its funda-
mental domain with side-pairing transformations Go and satisfying Assumption 1.1.
Let G act on a Lebesgue probability space (X, i) by measure-preserving transfor-
mations. Denote by T G2 the sigma-algebra of sets invariant under all maps Tg, g,
g1, 82 € Gy. Then, for anyfunctlon f e Llog L(X, ), asn — 0o, we have

Son(f) — E(f|IG(2)) almost surely and in L'

The condition that &R has even corners is not as restrictive as it appears. In fact, it
is clear that our result only depends on the generators G and the coding, and not on
the precise geometry of JR. Thus Theorem A extends immediately to any presentation
of a Fuchsian group for which one can find deformed group G’ which has a funda-
mental domain R’ with the same pattern of sides and side-pairings and even corners,
see [10,20] and [48] for a detailed discussion. The need to restrict to spheres of even
radius can be seen by considering the action of the free group F» on the two-element
set {0, 1} in which both generators of F, act by interchanging the elements, in which
case the value of S,,( /) depends on the parity of n.

We note that the conditions of Assumption 1.1 are not quite identical with those
in [3,46] and elsewhere, the main difference being the weaker restriction if N(R) = 4
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In fact, all results of those papers should apply under these somewhat weaker assump-
tions.

The Cesaro convergence of the averages S,, (/) is proven by Bufetov and Series
in [20] using the Bowen—Series Markovian coding [10] (see also [3,46,48]) in order
to reduce the statement to the ergodic theorem for Markov operators, cf. [12, 13]. The
Bowen—Series coding allows one to assign states to group generators in a suitable
product representing an arbitrary group element as a shortest word in such a way
that the admissible sequences of states form a Markov chain. This gives rise to a
Markov operator as described in [20]. However the proof in [14], which establishes
convergence of the spherical averages themselves for free groups, does not extend in
any obvious way. This is because the argument of [14] relies on a symmetry condition
for the coding, namely that the coding is reversible or self-inverse, which allows one to
relate the Markov operator generated by the coding to its adjoint. The Bowen—Series
coding of [10] fails to be symmetric in this sense.

The main construction of this paper is a new self-inverse coding for Fuchsian
groups, which allows us to adapt the proof in [14] to this new case.

This new coding is constructed using a variant of that introduced by Matthew
Wroten [50], see also a related idea in [23] and [47]. Wroten’s idea is to encode all
possible representations of a group element as a shortest word simultaneously. This
involves assigning states to all possible ways of building up shortest words step by
step. The set of states together with allowed transitions defines a Markov chain with
the property that the transition rules, that is the set of all admissible paths, can be
inverted. From this we construct an associated Markov operator with the required
symmetry condition on its adjoint, and then derive a suitably modified version of the
convergence theorem in [14].

It would be interesting to obtain a similar coding for a more general hyperbolic
groups. In particular, it is not clear to us how to invert paths in the classical Cannon—
Gromov coding [22,31].

To explain the ideas in a bit more detail, let us briefly describe Wroten’s approach
in our setting. Every shortest word in the Fuchsian group G corresponds to a short-
est path in the Cayley graph of G relative to the given generators G¢. This graph is
embedded in D by sending g € G to gO € D, where O is some fixed base point in
int R. Vertices g0, hO are joined by an edge if and only if g7'h € Gy. If B is a
shortest path in the Cayley graph, we refer to the sequence of domains traversed by
the edges of B also as a shortest path. If g € G then the thickened path [g] associated
to g is by definition the collection of all those AR, h € G which are traversed by some
shortest path from R to g&R. Every domain 2R € [g] is endowed with an index, which
equals the distance in the Cayley graph from R to hR. The set of all domains with
index k we will refer to as a level of [g] and denote by [g].
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The coding works as follows. We will define a space of states & = {X1,..., X}
and a E x & transition matrix IT = (IT;;) such that IT;; = 1 if transition from X;
to X; is possible and I1;; = O otherwise. There is a subset E5 C & of start states,
and another subset E p C & of end states.

The states in E represent how [g]x and [g]x+1 are attached to each other. It turns
out that every [g]x contains at most two fundamental domains and the domains from
[g]k+1 are glued to the ones from [g]x across one, two or three sides, see Figure 6. We
endow this geometrical configuration with some additional data to obtain a Markov
chain generating thickened paths; in particular, the data records the generators needed
to carry out the gluing. Then we define a transition matrix IT and subsets Eg and E
of E and prove that thickened paths from R to gR with |g| = n are in one-to-one cor-
respondence with admissible sequences of length n starting in 2 5 and ending in E f.
The required reversibility or self-inverse symmetry condition follows since inverting
a thickened path yields a thickened path and the coding preserves this symmetry.

In terms of the associated Markov operators, this symmetry property can be exp-
ressed as follows. We introduce two maps y, w: € — G, closely related to the attaching
maps between [g]r and [g]x+1, see Section 7. These maps satisfy certain relations,
see Lemma 7.1. Following [14], we then construct Markov operators P and U on
L'(X x 2), which as a consequence of these relations satisfy

P*=UPU, U*=U"'=U.

Then we can apply the Alternierende Verfahren method in a manner similar to [14].

For this application we need an inequality between P” and (P*)* P*, which is
the basis for the maximal inequality in the Alternierende Verfahren scheme. For free
groups this inequality was

CUPzn_l(p 5 (P*)nPn(p

for any non-negative ¢, see [14]. In the present case, the inequality becomes more
complicated, both because the index on the right-hand side may vary slightly and also
because there are a small number of possible sequences for which the required geo-
metrical statements fail. To correct this, terms on the right-hand side of the inequality
have to be summed over a small bounded interval of indices near 7, and the inequality
also contains an error term Ay, see (14) in Section 8 below. The proof of the geo-
metrical statement associated to the proof of this inequality, Lemma 8.12, is one of
the most technically complicated parts of the paper.

A short announcement of the results of this paper with a more detailed outline
of the coding can be found in [19]. The purpose of the present paper is to provide
detailed proofs and the reader may well find it helpful to look at [19] first before
becoming involved in the details explained here.
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1.2. Organization of the paper

The paper is organized as follows. In the next section we give some notation and
preliminaries regarding Fuchsian groups and their fundamental domains. In partic-
ular, we show in Lemma 2.1 that under Assumption 1.1 three geodesic lines in the
boundary of the tessellation T cannot form a triangle.

Section 3 deals with the local structure of the thickened paths. Namely, we show
that each thickened path is split into bottles by levels (bottlenecks) which contain only
one copy of the fundamental domain, and the structure of each bottle is then described
by Lemma 3.9. The local rules from this description give rise to the construction of
the Markov chain in Section 4. The main result of this section, Theorem 4.10, shows
that every thickened path can be produced by this Markov chain, and conversely that
every path defined by this chain is indeed a thickened path. This result should be of
independent interest and may have applications elsewhere.

In Section 5 we present some techniques for cutting and joining thickened paths
which we use in Section 6 to show that the Markov chain is strongly connected and
aperiodic or, in other words, its adjacency matrix IT has a power with all elements
positive. The same techniques are also used in Section 8.

Section 7 shows that these properties of the Markov chain allow us to construct its
Parry measure and then to relate the spherical averages for our group to powers of a
Markov operator P associated to this coding. We also show that the symmetry of the
coding yields a relation between P and its adjoint P*.

Section § concludes the proof of the main theorem. To do this, we first formulate
the new general theorem on pointwise convergence of powers of a Markov operator,
Theorem 8.6. Most of Section 8 is then devoted to checking that the conditions nec-
essary for this theorem apply in our case, including the most complicated one, that
involving an inequality between the operator and its adjoint, as discussed above. This
is proved in Section 8.3 using techniques from Section 5. The proof of Theorem A
assuming Theorem 8.6 is concluded in Section 8.4.

Finally, in Section 9 we give the proof of the new general result, Theorem 8.6 on
pointwise convergence for Markov operators. As discussed above, the argument here
follows that in [14] and is based on Rota’s “Alternierende Verfahren” scheme.

We remark that many of the proofs, especially in Sections 5 and 8.3, may seem
rather long and complicated; this is partly because of the generality in which we are
working. In many cases the situation with N(R) > 5 simplifies considerably; on the
other hand the cases N(R) = 3, 4 simplify in different ways and N(R) = 3 encom-
passes in particular the modular group SL(2, Z). In almost all cases (to be precise,
everywhere except in case (4) of Proposition 6.4), our proofs depend only on the
geometry of R and not on analysing the particular pattern of side pairings.
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1.3. Historical remarks

For two rotations of a sphere, convergence of spherical averages was established by
Arnold and Krylov [1], and a general mean ergodic theorem for actions of free groups
was proved by Guivarc’h [32].

The first general pointwise ergodic theorem for convolution averages on a count-
able group is due to Oseledets [42] who relied on the martingale convergence the-
orem. The first general pointwise ergodic theorems for free semigroups and groups
were given by Grigorchuk in 1986 [28], where the main result is Cesaro conver-
gence of spherical averages for measure-preserving actions of a free semigroup and
group. Convergence of the actual spherical averages for free groups was established
by Nevo [37] for functions in L2, and Nevo and Stein [39] for functions in L7,
p > 1 using spectral theory methods. Nevo, Stein, and Margulis [36, 40] considered
ball averages for actions of connected semisimple Lie group with finite center and
no non-trivial compact factors and showed that these ball averages converge almost
everywhere and in L?, p > 1. Note that, as shown by Tao [49], whose argument is
inspired by Ornstein’s counterexample [41], pointwise convergence of spherical aver-
ages for functions in L' does not hold even for actions of free groups.

The method of Markov operators in the proof of ergodic theorems for actions of
free semigroups and groups was suggested by Grigorchuk [29, 30], Thouvenot (oral
communication), and in [12]. In [14] pointwise convergence is proved for Marko-
vian spherical averages under the additional assumption that the Markov chain be
reversible. The key step in [14] is the triviality of the tail sigma-algebra for the corre-
sponding Markov operator; this is proved using Rota’s “Alternierende Verfahren” [45],
that is to say, martingale convergence. Another result in this direction was obtained
in [5]; it states the mean convergence for analogues of spherical averages for an arbi-
trary Markov chain satisfying very mild conditions. It is not known whether similar
result holds for pointwise convergence.

The study of Markovian averages is motivated by the problem of ergodic the-
orems for general countable groups, specifically, for groups admitting a Markovian
coding such as Gromov hyperbolic groups [31] (see e.g. Ghys—de la Harpe [25] for a
detailed discussion of the Markovian coding for Gromov hyperbolic groups). The first
results on convergence of spherical averages for Gromov hyperbolic groups, obtained
under strong exponential mixing assumptions on the action, are due to Fujiwara and
Nevo [24]. For actions of hyperbolic groups on finite spaces, an ergodic theorem was
obtained by Bowen in [4].

Cesaro convergence of spherical averages for all measure-preserving actions of
Markov semigroups, and, in particular, Gromov hyperbolic groups, was established
in [15, 16]; earlier partial results were obtained in [11, 13]. In the special case of
hyperbolic groups a shorter proof of this theorem, using the method of Calegari
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and Fujiwara [21], was later given by Pollicott and Sharp [43]. Using the method
of amenable equivalence relations, Bowen and Nevo [6-9] established ergodic theo-
rems for “spherical shells” in Gromov hyperbolic groups. For further background see
the surveys [17,27,38].

2. Definitions and notation

Let G be a finitely generated non-elementary Fuchsian group acting on the hyperbolic
disk D with fundamental domain R, which we take to be closed. We suppose R to be
a finite-sided convex polygon with vertices contained in D = ID U I, such that the
interior angle at each vertex is strictly less than . By a side of R we mean the closure
in D of the geodesic arc joining a pair of adjacent vertices. We allow the infinite area
case in which some adjacent vertices on dID are joined by an arc contained in dID; we
do not count these arcs as sides of R. Further we usually mean by vertices of R only
vertices inside ). Sometimes it is convenient to count as vertices also the side ends
that belong to dD, these instances will be specified explicitly. Two sides are called
adjacent if they share a common vertex lying in ID. We refer to each image gR of R
by an element g € G as either a fundamental domain or, for brevity, a domain.

We assume that the sides of R are paired; that is, for each side s of R there is a
(unique) element e € G such that e(s) is also a side of R and the domains R and e(R)
are adjacent along e(s). Notice that this includes the possibility that e(s) = s, in which
case e is elliptic of order 2 and the side s contains the fixed point of e in its interior.
The condition that the vertex angle be strictly less than = excludes the possibility that
the fixed point of e is counted as a vertex of JR. Since the element pairs the side to
itself the possibility of more than one elliptic fixed point on one side is excluded, for
the existence of two such points implies the existence of infinitely many contained in
the one side. Note also that the treatment of order two elliptic fixed points in [3] and
elsewhere is slightly different.

We denote by dR the union of the sides of R, in other words, R is the part of
the boundary of R inside the disk D. Each side of dR is assigned two labels, one
interior to & and one exterior, in such a way that the interior and exterior labels are
mutually inverse elements of G. We label the side s C dR interior to R by e if e
carries s to another side e(s) of &R, while we label the same side exterior to R by e~ !,
see Figure 1. With this convention, R and e~ ! (R) are adjacent along the side s whose
interior label is e, while the side e(s) has interior label e~ 1.

Let Gy denote the set of group elements which label sides of RR. The labelling
extends to a G-invariant labelling of all sides of the tessellation T of D by images
of R, where by a side of Tz, we mean a side of g for some g € G. The conventions
have been chosen in such a way that if two domains gR, hR are adjacent along a
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Figure 1. Labelling the sides of the fundamental domain R. Note that the label e is interior
to R on the side of R adjacent to the domain e~ ! R.

common side s, then 7~!g € G and the label on s interior to g&R is A~ g, while that
on the side interior to 28R is g~ 'h. Suppose that O is a fixed basepoint in R and that y
is an oriented path in D from O to g0, g € G, which avoids all vertices of Tg, and
which passes through in order adjacent domains

R =goR,g1R,...,gnR =gR.

Then the labels of the sides crossed by y, read in such a way that if y crosses from
gi—1R into g; R we read off the label ¢; = g;~ -1 gi of the common side interior to g; R,
are in order e, es, ..., e, so that g = eje; ... e,. This proves the well-known fact
that G generates G; see, for example, [2].

As explained in the introduction, the fundamental domain R is said to have even
corners if for each side s of R, the complete geodesic in D which extends s is con-
tained in the sides of Tx. This condition is satisfied for example, by the regular
4g-gon of interior angle 7/2g whose sides can be paired with the standard gener-
ating set

g
{ai,bi, i=1,... , 8 ‘ H[ai,bi]}
i=1
to form a surface of genus g. It is also satisfied by the modular group SL(2, Z) with
the classical fundamental domain {z : |fz| < 1/2,|z| > 1} in the upper half plane. For
further discussion on the even corners condition, see the references in the introduction.

Note that under the even corners condition there exists a “chequered coloring” of
the domains in Tg (or elements of G): one can color each domain either in black or
white in such a way that each side of T separates domains of different color.

We will frequently consider the union (or the collection) of all 2n(v) domains
in T adjacent to a vertex v. We call this the flower at v and denote it by %, and refer
to the individual domains in %, as petals, while the sides between its petals we call
its radii. Note that %, is a convex polygon. Indeed, it is a star domain (where this use
of domain is not to be confused with our usual convention that a domain is a copy
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of the fundamental region ) with respect to v and the internal angle at any vertex u
on its boundary contains either one or two sectors; since n(u) > 2, this angle does
not exceed 7. Moreover, the angle 7 may occur only at the common vertex w of two
petals of the flower, and in this case n(w) = 2.

Let us also denote the geodesic line passing through a side s or a pair of vertices
u,vin Tg as £(s) or £(uv).

We start with some properties of the tessellation T g which are consequences of
Assumption 1.1.

Lemma 2.1. Under Assumption 1.1, there are no vertices a, b, ¢ of Tg such that the
lines £(ab), £(bc), and £(ca) belong to IT g.

Proof. Assume the contrary: there exists a triangle A = abc in dT . Note that A
cannot be a fundamental domain since Assumption 1.1 excludes compact triangular
domains. Therefore, on dA there is a point p belonging to at least two fundamental
domains in A. Then there is a ray « in 0T g that starts at p and goes inside A. The
ray o cuts A into two regions, at least one of them being triangular. Choose this region
as a new triangle A’, which also violates the statement of the lemma.

This process can be repeated indefinitely, and each iteration decreases the number
of fundamental domains inside the triangle. However, this number is finite since the
area of the triangle is finite, and we arrive at a contradiction. [

The next proposition was stated under slightly stronger assumptions in [10, Lem-
ma 2.2] in the case in which P is a fundamental domain. We will use it for P equal
to either a fundamental domain or a flower; see Corollary 2.3 below.

Lemma 2.2. Suppose that Assumption 1.1 holds for T g and consider a convex poly-
gon P with sides lying in 0T 5. Take any two different lines {1, £, from 0T g that
intersect P but not int P. Then either £1 and £, do not intersect or they intersect at
a vertex of P.

Proof. Assume the contrary: {1 N £, = p ¢ 0P; see Figure 2. The line £; meets 0P
either in a side s; or a vertex v;. In the former case let v; be the end of s; closest to p.
Let uguy ... ux (ug = v1, Ux = vz) be the vertices, in order, of the segment of 9P
between v; and v, that lies inside the triangle A = v, v, p, and let y be the piecewise
geodesic joining these points. Note that the s;’s are not included in y.

Among all pairs ({1, £5) violating the statement of the lemma choose the one for
which the number k of sides of y is minimal.

If Kk = 1, Lemma 2.1 for the triangle vyv; p in 0T & yields a contradiction. Oth-
erwise, consider the ray o C £(uou1) that is the continuation of the side uou; past
the point ©;. This ray enters the region D bounded by the curve y and the segments
v1 p, U2 p, since the inner angle of D at u; is more that 7. This ray must exit D at
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Figure 2. The proof of Lemma 2.2.

some point ¢, which cannot belong to y (otherwise P is not convex) or to vy p (since
L(uou1) and £, intersect only at v;). Therefore, g belongs to v, p, and £} = £(uguy),
¢, = €, is a pair of lines also violating the statement of the lemma but for which
y' =y \ uouy has k — 1 sides. [

Corollary 2.3. Suppose that Assumption 1.1 holds for T g. Consider any two different
sides s1, 2 of fundamental domains lying on the boundary of the flower %,. Then
either £(s1) and £(s2) coincide, or they intersect at one or other end of either s1 or s3,
or they do not intersect.

Proof. We need some care since one side of ¥, as a convex polygon can contain two
sides of Tg: if a common vertex w # v of two domains in ¥, has n(w) = 2, then
two sides on the boundary of ¥, adjacent to w lie on the same geodesic and thus they
form one side of ¥, as a polygon. Let us refer to such side of the polygon ¥, as a
compound side.

In view of Lemma 2.2, we only need to rule out the case in which s; and s,
are contained in two adjacent compound sides of the polygon ¥, separated by an
intervening side or sides. We will show that compound sides cannot be adjacent.
Indeed, assume that both u;u, and u,u3 are compound, where the u; are vertices
of petals of %,. Thus uju, and u,u3 contain vertices w; and w, in their interiors.
Since each vwj is a side common to two petals of F,, it follows that either vw u,w,
or vwiu, is a fundamental domain. We see that either N(R) = 4 and n(w; ) = 2,
or N(R) = 3 and R is compact, both of which cases are excluded by Assump-
tion 1.1. ]

3. Structure of thickened paths

As explained in the introduction, a thickened path between two domains 4 and 3
in Tg is the union of all translates of R crossed by any possible shortest paths
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between 4 and B. In this section we describe the detailed structure of thickened
paths. The results will be used in Section 4 to construct a Markov coding that gener-
ates all possible thickened paths: we will show there that the features discussed are
also sufficient conditions for a union of fundamental domains to be a thickened path.

From now on, we suppose Assumption 1.1 holds for G and R and do not mention
this explicitly in the statements.

3.1. Thickened paths

Let 4, B be two fundamental domains from T®. A path from 4 to B is a sequence
R =(Ro=A,R1,..., Ry = B) of domains from T g, so that R; and R;+; have a
common side for alli = 0,...,n — 1. The number n here is the length of the path R.
Equivalently, if R; = g; R then R is a path if and only if g = (go, ..., gn) is a path
from a = g to b = g, in the Cayley graph of G with resp_ect to Gy.

The path R is shortest if its length is minimal among all paths with the same ends.
The distance dist(+A, B) between + and B is the length of a shortest path between
them.

The thickened path from 4 to B is the collection of all domains in T ¢ that belong
to some shortest path from + to B. This thickened path § is decomposed into lev-
els Sk, k=0,1,...,n =dist(+A, B). Namely, a domain € € § belongs to the level Sy
if dist(+A, €) = k, and therefore

dist(€, B) = n — k.

We also observe that two domains €, €’ in § = (8o, ..., S,) can have a common side
only if their levels k, k” differ by one. Indeed, if K < k’ — 1, then

n = dist(A, B) < dist(A, €) + dist(€, €') + dist(€', B)
=k+1+n—-k')<n.

The case k = k' is impossible: the cycle ACE'A of odd length 2k + 1 contradicts
the “chequered coloring” of Tg (see the discussion of the even corners condition in
Section 2).

3.2. Convexity of thickened paths

In this subsection we prove that the thickened path between two domains 4 and 3B
is the smallest convex union of domains containing them. We begin by describing an
alternative method of finding the distance between two fundamental domains.

Let us say that a geodesic y in 0T g separates domains 4 and B if A and B
lie in different half-planes with respect to y and denote the set of geodesics separat-
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ing A and B by Sy, 4. In particular, if A and $B share a common side s, we have
Sa.s = {€(s)}.

Now consider any path R = (Ry,. .., R,) from A to B and let s; be the common
side of R; and R;4+;. Then every geodesic y € S4, g appears at least once among
the £(s;),i = 0,...,n — 1. (Note that we are not at this point assuming the £(s;) are
distinct, see below.) Indeed, otherwise for every i the domains R; and R;4 lie in
the same half-plane with respect to y, so by transitivity 4 = Ry and B = R, also
lie in the same half-plane. This means that dist(+4, B) > #S 4 g. Let us show that this
inequality is indeed an equality.

Lemma 3.1. The distance between two fundamental domains A and B equals the
number of geodesics in S 4, 3.

Proof. From the consideration above we see that it is sufficient to construct a path
of length m = #S 4, g from 4 to B. To do so choose points a € intA and b € int B
so that the geodesic segment / = ab does not pass through any vertex of T®. Then
the geodesic lines from 0T g crossed by I are exactly the geodesics separating a
and b, or, equivalently, 4 and $B. The points of intersection of / with these m lines
from S 4,8 are different and by convexity / cannot enter any domain twice. Hence, /
traverses (m + 1) domains Rg = A, R1,..., Ry = B,and foranyi =0,...,m—1
the domains R; and R; ;1 have a common side. [ ]

Remark 3.2. Let us say that a path R = (Ro = A, ..., Ry = B) crosses a line y
if y = £(s;) for some i, where 5; = R; N R;4+1. Then if y is the shortest path
between 4 and B, it crosses every line y from S4, g exactly once (i.e. y = £(s;)
for only one i) and does not cross any other lines.

Proof. We saw above that every line from S 4, g appears in the sequence {€(s;)}"_,
at least once. If some line from S 4, g appears twice in this sequence, or if any line
outside of S 4, g appears there, we have n > #S 4 g. On the other hand, for the shortest
path we have n = dist(#4, B) = #S4,8 by Lemma 3.1. u

The following proposition describes a thickened path as a convex set.

Proposition 3.3. Let A and B be two fundamental domains in Tg. The thickened
path from A to B is the minimal convex union of fundamental domains that contains
both A and B. If R is compact, then the boundary of this thickened path contains at
least one side of A and one of B.

Proof. We divide the proof into steps.

Step 1. Denote by NS4 g the set of all lines £ C 9T & that do not separate +4 and B.
For every £ € NS4 g consider the half-plane H, bounded by £ and containing both 4
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and B. Set

g = ﬂ Hy.

LeNS 4. 8

We claim that § is the thickened path from # to 8. By the previous corollary, no
shortest path from + to B intersects any line £ € NS4 g. Therefore, the thickened
path from #4 to B is contained in §.

On the other hand, consider any fundamental domain € C §. As in the proof of
Lemma 3.1, choose generic points a € A, b € B, ¢ € C so that the segments ac and c¢b
do not contain vertices. The sequences

Ro= A Ri,....Re =€, Rk =C,Rics1....Rps1 = B

of fundamental domains traversed respectively by ac and cb are shortest paths from
A to € and € to B, respectively. Since § is convex, the segments ac and cb lie in §
and hence so do all the RR;’s.

It remains to show that Ro, R, ..., Rk is a shortest path. Let £; be the geodesic
line separating R; and R, 4 1. Then the lines (¢; );‘;Lé_l are the consecutive geodesics
intersected by the path ach. Every geodesic y in dT g intersects either none or two
sides of the triangle abc. If y intersects the sides ac and cb, then y does not separate a
and b. But then ¢ € € does not belong to H,, and hence to §. On the other hand,
y intersects ab if and only if it belongs to S 4, g, thus each line from S 4, g crosses the

curve acb exactly once. Therefore,
k +1 =#S4 8 = dist(A, B).

Step 2. Assume that §’ C § is a smaller convex union of fundamental domains con-
taining + and B. Note that & (hence, §’) contains only finite number of fundamen-
tal domains, since there are only finitely many domains at distance not more than
dist(+A, B) from . Thus §’ is a convex polygon and the supporting half-planes of its

sides are Hy, ,k = 1,..., K, for some lines {; € NS4 g. Therefore,
K
g’:ﬂHng m H,=96.
k=1 LeNS 4. 3

Step 3. To prove the final statement, choose generic points a € A, b € B so that the
line £(ab) does not contain any vertices of Tg. Denote by « the ray in £(ab) starting
from a in the direction away from b. Let a’ be the first intersection of & with T g and
let £ > a’ be the corresponding geodesic line from 0T g; a’ exists since 4 is compact.
Thus £’ € NS 4,8 as it does not cross the segment ab. Therefore, no point on « after a’
belongs to Hy, and hence to &, and no point before a’ is separated from a by any Hy.
Thus « N'§ = aa’, so a’ € 3¢ and the side of + that contains a’ belongs to 0§. m



A. 1. Bufetov, A. Klimenko, and C. Series 54

3.3. Levels of thickened paths

Each level in a thickened path is a union of domains. We now show that each level
can contain at most two domains.

LetS = (So = A, 31,...,8, = B) be the thickened path from 4 to B. Consider
its closure closg § and its boundary dg5$ in D. They are homeomorphic respectively
to a closed disk and a circle.

Consider the intersection dgS N dgoA. It is nonempty: if R is compact, this is
stated in Proposition 3.3, otherwise any point of dg -4 N dID belongs to dgS. More-
over, it is connected. Indeed, take any p and p’ lying on different sides in this intersec-
tion and consider a segment J C # connecting p and p’. Then J separates closg §
into two connected components. If both components contain fundamental domains
(besides parts of #4), choose any € # 4, B such that 8 and € lie in different com-
ponents. Then the path from € to 8B inside ¥ must cross J and hence #, so € cannot
belong to a shortest path from A to B. Therefore, one connected component contains
only a part of #. But then the boundary of this connected component apart from J is
a segment of d5 S N dg o4 that connects p and p’.

We conclude that 5§ \ (35 U dB) consists of two arcs, which we call the left
and right boundaries of § and denote d7,g$. Namely, going clockwise around dg S
we pass through an arc of dg 4, then 91§, then an arc of d5 B, and dg$. Both . rS
are oriented from dg # to d B. Sometimes we will use the same notation d S for
the parts of these boundaries that lie inside D.

Proposition3.4. Let S = (So = A, S1,...,8, = B) be a thickened path from A to B.
Consider the sequence of adjacent domains £o = A, £1, ..., Ly = B which meet
d1.8 in a point or side and the similar sequence of domains Ro = A, R1,..., Ry =
B which meet ORS. Then:

(1) both these sequences are shortest paths from A to B, hence m = m’ = n;

(2) every domainin § belongs to one of these two sequences, hence S; ={£;, R, }
forevery j =0,...,n; itis possible that £; = R;.

Proof. We consider each point in turn.

(1) Consider the side s; between &£; and &£; . Then £(s;) passes inside § and
hence separates # and 8B by Proposition 3.3. Moreover, every geodesic £ in Tg sep-
arating + and B intersects § in a segment /(£) with one end on dz§ and another
one on dg3. Thus if s; C I(£) then s; is adjacent to the end of /(£) lying on d.§.
Therefore, each of the n geodesics separating # and B produces exactly one such s;,
som = n.

(2) This is [3, Lemma 2.7]. We give a proof for the sake of completeness.
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Assume that the fundamental domain € lies strictly inside §. Then € is compact.
Lets;,i = 1,..., N(R) be the consecutive sides of € and let H; be the half-plane
bounded by £(s;) that does not contain €. By Lemma 2.2 the lines £(s;) and £(sx)
intersect only for adjacent sides s; and si. Therefore,

H,NHy #9

also only for adjacent s; and sx. This means that at most two lines £(s;) separate
from € and at most two separate B3 from €. Hence there are at least N(R) — 4 lines
of the form £(s;) that do not separate + and B. In the case N(R) > 5 we arrive at
the contradiction with Step 1 in Proposition 3.3: a line not separating 4 and B cannot
enter the interior of §.

If N(R) = 4, the only remaining case (up to renumbering the s;) is that

AC HNH,, B CHzNH;,.

Then p = 55 N s3, ¢ = s4 N 51 are opposite vertices of €. Assumption 1.1 states
that n(p) > 2 or n(q) > 2. If, say, n(p) > 2, there is a line £* from 0T & that inter-
sects € only at p. Denote the half-plane bounded by £* and not containing € by H *.
Lemma 2.1 yields that £* does not intersect £(s1) and £(s4), thus

HNH*=H,NH*=0.

Therefore, again using Step 1 in the proof of Proposition 3.3, both 4 and B lie out-
side H™*, so we arrive at the same contradiction for £*. n

3.4. Bottles and bottlenecks

Continuing our consideration of thickened paths, let § = (So = 4, S1,...,8, = B)
be the thickened path between fundamental domains + and 8. We callalevel §; € § a
bottleneck if it contains only one fundamental domain € say, so that, with the notation
of Proposition 3.4, £; = R; = €. Thus all shortest paths from o = A to §, = B
must pass through €. The bottlenecks of a thickened path § divide it into bottles.
Namely, if §, and §; are bottlenecks and S, r < k < s are not, then

N
=%
k=r

is a bottle (so each bottle has two bottlenecks, one at each end). The bottle is trivial if
s=r+ 1.

We now focus on the structure of one bottle. Note that if in a thickened path §
the levels §; = {A'} and § = {B’} contain one domain each, then (S,-)f-‘= ; is the
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thickened path from 4’ to B’. Therefore, every bottle is a thickened path between its
two bottlenecks, and we assume for the rest of this section that § = (8¢, S1,...,3x)
is a non-trivial bottle: §; contains two domains for every j = 1,...,n — 1 and one
domain for j =0 and j = n.

Denote by SJL (respectively, s]R) the common side of &£; and &£; 1 (respectively,
R; and R;41) and consider the set

n n—1
A = (int(£:) Uint(R)) U | (int(sf) U int(s)).
i=0 i=0

This set is homeomorphic to an annulus and can be retracted to the boundary of the
closed disk closg; (S). Now let

T =intS \ A.

This set is a union of all vertices and sides of T & that lie inside § and have no points
in common with d5$; note that 7 cannot contain fundamental domains by Proposi-
tion 3.4. Thus the set 7 is closed, connected and simply connected. In other words,
the graph 7 is a tree. We call 7 the core of the bottle.

Proposition 3.5. The core T of a non-trivial bottle is a linear graph, that is, its
vertices can be enumerated as vy, V1, . . ., Uy in such a way that forevery j =1,...,r
the vertices v; 1 and vj are adjacent and its edges are sides v; _1v; for j =1,...,r.

Proof. (We are grateful to the referee for suggesting the following rephrasing of our
original proof.)

A tree is a linear graph if and only if it has not more than two leaves, a leaf being
a vertex with only one adjacent edge. Let § be a thickened path between 4 and B,
assumed to be a bottle with core 7. We want to check that 7 cannot have more than
two leaves.

If v is a vertex of 7, then the flower %, cannot be contained in | J;_, £; or
U?:o R;. Indeed, if F, contains two fundamental domains of least index, we are
done; otherwise, there is a unique fundamental domain € of least index i and the two
fundamental domains adjacent to € in %, have same index, i + 1, therefore one of
them is &£;4+; and the other is R; 1.

Suppose that v is a leaf of 7. If v is the only vertex in 7, we are done. Other-
wise, let s be the only edge adjacent to v. Walking through fundamental domains,
going cyclically around v, one encounters £;’s and R;’s. There are only two ways
of going from the left side to the right side and vice-versa: either crossing an edge
of 7, or passing through a bottleneck; since s is the only edge that can be crossed, the
flower ¥, contains a bottleneck.
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Moreover, if a bottleneck is contained in a flower contained in the bottle, then the
center of the flower must be the intersection of the bottleneck with its two adjacent
fundamental domains in the bottle.

In summary, the flower around any leaf of 7 contains a bottleneck and a bottle-
neck is contained in a unique flower; therefore, there are at most two leaves. [

In reading what follows, the reader may find it helpful to refer to Figure 3.

Since each of #,, and ¥,, contains a bottleneck, inverting the sequence (v;)
if necessary, we will assume for the rest of the section that o C ¥y, $p C F,.
Each flower \’ij, Jj =1,...,r—1,is split by the edges v;_;v; and v;vj4 into two
sectors, one containing domains from &£ and the other from R. For j =0or j =7r
similar sectors overlap only in the respective bottlenecks. Thus the “left” sector of %,
consists of the petals &£o, . . ., £;, in counterclockwise order. The part of the boundary
to vg, a segment vov; ...v; C T, > 1, and the side si%, which goes from v, to 05 S.

of &£;, lying inside the bottle is the union of the side s which goes from dg5$

Then there are some domains &;,, ..., £;, that are consecutive petals in the “left”
sector at vy, and so on. Denoting iy = --+ = i,_; = iy, etc., we arrive at the following
statement.

Proposition 3.6. Let a bottle S = (So,...,S8,) have a core T = vy ... v, oriented in

such a way that So € ¥y, Sn € Fy,. Then there exist numbers
i-1=0=<ip<i1 =+ Zip—1 =n=lry1

such that the sequence £;._,, ..., Li, enumerates in clockwise order the consecutive
petals of ¥, from vg_1Vs t0 VsVs41, where v_1vg = s§, VpUpy1 = s,f_l.
The same is true for the path R and a sequence (i j’ ). Here the petals are enumer-

ated in counterclockwise order and one should assume v_1vy9 = sé, VpUpg1 = snL_l.
The next two lemmas establish some properties of the sequences (i;) and (i ,’.).

Lemma 3.7. If v; is incident to the domains &£;, ..., Litk—1 or Ri, ..., Ritk—1,
thenk <n(vj) + 1.

Proof. If this is not the case, then the part of the path &£ between £; and £; {x—; can
be replaced by a shorter one which goes around the other side of v;, and similarly
for R. This would contradict Proposition 3.4 (1). |

Let/ ]/ and r; be the number of domains in &£ and R, respectively, that are incident
to vj so that/} < n(vj) + 1, and define [; = I} —n(v;), r; = r; — n(vj).
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Figure 3. A typical bottle, in this case with levels from 0 to 13. The bold piecewise geodesic
joining v, ..., vq is its core and the shaded regions indicate the left hand path &£. With the
notation of Lemma 3.8 one has (lg,r9) = (0, 1); (I1,r1) = (1,=1);(l2,r2) = (—1,1);(I3,r3) =
(0,0); (I4,r4) = (1,0). Note that a continuation of the core to a vertex vs = u as indicated by
the dotted line, with two consecutive right turns, would give instead (I4,r4) = (—1, 1) resulting
in the inadmissible string (72, r3,74) = (1,0, 1).

Lemma 3.8. Ler T be the core of a bottle, that is, the chain of sides between vertices
Vo, ..oy Up.

(1) We have lj,rj <1forall j =0,...,r.

(2) If0< j <rthenl; +r; =0, hence (I, r;) € {(—1,1),(0,0), (1,-1)}.
Ifj=00rj=r, wherer >0, thenl; +r; =1, hence (I;,r;)€{(0,1),(1,0)}.
Ifj=0=rthenl; +rj =2, hence (I;,r;) = (1,1).

(3) The sequences (I j)j=o and (rj);_o cannot contain a segment of the form
1,0,...,0,1 (witht > 0 zeroes between the two 1’s).

(4) The side vivgyy separates either £y and Ry if the last (I;,r;) # (0,0)
with j <k hasr; =1, or £511 and R if this (I;,r;) has |; = 1.

(5) For any s the domains £ and R of the same level share a common vertex
v; € 7.

This lemma controls the shape of the core of a bottle. Items (1) and (2) together
say that the segments of the core of a bottle turn through at most one sector (petal) at
each vertex v;. Item (3) implies that successive bends alternate between turns to the
right and turns to the left. The lemma is illustrated in Figure 3, which shows a typical
bottle.

Proof. We consider each point in turn.

(1) This follows from the previous lemma.
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Figure 4. The proof of Lemma 3.8. The solid lines represent the subpath (&£;/,...,£;~) and
the dashed ones indicate a shorter alternative.

(2) All2n(v) domains around v are counted either in / j’ orin r]’.. The only domains
that are counted both in / ]’ and rj’- are £o = Ro and £, = R,,.. As we have seen above,
these domains are incident only to vg and v, respectively.

(3) Assume that [y =1I»=1,1;=0for k' <i < k”. Then the edges vi/vg/ 41, ...,
Vg7 —1Vk~ form a geodesic segment y. Let &£ be the first domain in &£ adjacent to vg/
and £;~ be the last one adjacent to vg~. The condition implies that the path from
&L to £~ crosses y both at vy, and vg~. But this is impossible by Remark 3.2; see
Figure 4.

(4) We prove this by induction on k. The statement clearly holds for k = 0. Sup-
pose the edge vi_; vy separates £5 and Ry, while vg vy separates £, and Ry . If
(I, rie) = (0,0), then

t=s+ng)—1, t'=s+n(y) -1,

hencet —t’ = s — §’, so the statement for k — 1 implies it for k.
Similarly, if (lx, rx) = (1, —1) then the previous non-zero (/;, r;) should have
rj = 1 by item (3), hence s’ = s + 1 by the induction assumption. Also,

t=s+nw), t'=s+nk) -2,

thus r = ¢’ + 1 and we have proved the statement for k.

(5) Define my € Z + 1/2 so that the edge vi vy separates domains from the
levels my — 1/2 and my + 1/2, (thus, for example, in Figure 3, m, = 7.5, since v,v3
separates £7 and Ryg), also set

m_y=-1/2, mpy1=n+1/2.

Then from item (4) and Proposition 3.6 one can see that (1, ) is an increasing sequence
and the flower 7, contains all domains in the levels §; with m;_; < s < my. [ ]
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Besides describing the core of the bottle, Lemma 3.8 also allows us to describe
how adjacent levels in the bottle are attached to one other. The reader may find it
helpful to refer again to Figure 3, see also Remark 3.10.

Lemma 3.9. Let § = (S0, 31,...,38,) be a bottle.

Every level Sy, k = 1,...,n — 1 contains two domains with a common vertex v.
The flower ¥, is split by these two domains into two sectors, each containing an odd
number of petals. The sector bounded by the two radii of ¥, which make up Si_1 N S
we call the “past” sector and that bounded by the radii making up S N Sk the
“future” sector.

(1) If the future sector for Sy contains at least three petals, then Sy consists of
the two petals in this sector adjacent to Sy.

(2) If the future sector for Sy contains only one petal, there are the following
possibilities:

(@) k+1=nands§, is the only domain in the future sector; or

(b) let the boundary of the future sector be vy vVR, where the segment vvy,
is the next one after vvg when going counterclockwise around v. Then
Sk+1 contains either the two domains from ¥, adjacent to S (the “left”
subcase), or the two domains from ¥, , adjacent to Sy (the “right” sub-
case).

Proof. Assume that S belongs to ¥,;. We have seen that the future sector of F;
contains s domains (in clockwise order): Lxy1, ..., Li+p> Rk4g,---» Rit1, where
either £y, = Rryq = Sy or L£i 4, and Ry, are adjacent via a segment v; Vj 4.
In the former case

p=9q. s=p+q—1,
and in the latter case

p=q*l. s=p+gq

by item (4) of Lemma 3.8. Thus in both cases s is odd, as is the number 2n(v;) —s — 2
of petals in the past sector.

If s > 3, we have p,q > 1, so £ and Ry belong to the future sector and
are adjacent to its radii; this is case 1. Now assume s = 1 and let 4 be the single
domain in the future sector. If #4 is the only domain in Sk, it is a bottleneck, so
k + 1 = n (case (2a)). Otherwise # is either Rx4; or £x41. Note that v;v; 4 is the
common side of the last domains in &£ and R belonging to %y, so either A = Ry 11
and vj41 = vy (the “left” subcase) or A = &£ and v; 1 = vg (the “right” one).
It remains to consider the flower %, i1: say, in the left subcase it contains £ and
Ri+1 adjacent via v;vj11, and £ is the other petal adjacent to L. ]
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Remark 3.10. Case (2b) corresponds to the transition from the domains around v; to
the ones around v; 1. If transitions v; — vj41 and vj41 — v; 42 belong to the same
(“left” or “right”) subcase, then item (4) of Lemma 3.8 implies that fij 41 contains
the same number of domains from &£ and (R, so the segment v;v; 41V of the core
curve is straight. Similarly, if the transition v; — vj4; belongs to the “left” subcase
and vj41 — vj42 to the “right” one, the core curve v;jv;j41v;42 bends to the right
through one petal. For example, in Figure 3, the transitions v — vy (k = 2), v; — v3
(k =17), vz —> vq (k = 9) are in case (2b) left, and v — v, (kK = 5) is in the case (2b)
right, hence the core curve bends to the right at vy, to the left at v,, and remains
straight at vs.

4. The Markov coding

As was explained in the introduction, states of our Markov chain should describe
how the “past” level S_ = Sy of a thickened path is attached to its “future” level
S+ =Sk +1. More specifically, a state of the Markov chain should describe the arrange-
ment of S_ and S up to the G-action. The set g of possible arrangements is listed
in Definition 4.2. However, to construct the actual states E of our Markov chain we
have to endow these arrangements with some additional data; this is done in Sec-
tion 4.1. In Section 4.2 we list the admissible transitions between states, thus defining
the transition matrix IT. In Section 4.3 we prove the important result that there is a
bijective correspondence between admissible sequences and thickened paths. Finally,
Section 4.4 presents a time-reversing involution on the set of states.

4.1. States of the Markov chain

4.1.1. Types of adjacency. As we have seen in Lemma 3.9, the adjacency graph
for the domains in S_ U S has one of the following types as illustrated in Figure 6
below:

A. #§_ = 1, #51 = 1, and the graph contains the only possible edge from S_ to § .
This corresponds to a trivial bottle.

B. #§_ = 1, #5+ = 2, and the graph contains both edges from $_ to §. This state
starts a bottle.

C. #5_ = 2, #51 = 2, and the edges join the left domain in S_ to the left domain
in 4 and the right domain in S_ to the right domain in Sy (this is the case from
item (1) of Lemma 3.9).

D. #5_ =2, #5+ = 1, and the graph contains both edges from S_ to §. This state
ends a bottle (the case (2a) of the lemma).
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vy (e)

Figure 5. The definitions of vertices vy, (¢), vr(e) and labels [(e), r(¢). Labels e1, e2 € Gg are
adjacent.

E. #5_ =2, #54 = 2, and the graph contains three edges, the two described for
type C, and one more. This type is subdivided into the type Er, where the third edge
goes from the left domain in $_ to the right domain in S5, and the type Er, where
it goes from the right domain in S_ to the left domain in S4. The states of type E
correspond to the transitions from one flower to the next one inside a bottle (the “left”
and “right” subcases in case (2b) of the lemma).

4.1.2. Labelling. The notation for each state of our Markov chain includes the type
A ... E of the state from the list above and the label(s) corresponding to generators on
the sides separating S_ and .. More precisely, these separating sides form a polyg-
onal curve, which is co-oriented from S_ to 4, and thus oriented from left to right
when looking from S_ to §. The notation for a state is found by recording in order
from left to right the labels on the S -side of the separating sides; see Definition 4.2
below.

Importantly, the same orientation on this separating curve allows us to define “left”
and “right” domains in each of $_, namely, £ 1 (respectively, R+ ) is the only domain
in §4 that borders the leftmost (respectively, the rightmost) edge of the separating
curve. As before, if S+ contains only one domain we have £ = R1.

Clearly, the labels which appear in the notation of the state must satisfy some
restrictions. To express these we introduce some notation regarding vertices, sides,
and labels as shown in Figure 5. For any e € Gy, consider the side s, of &R so that its
label inside R is e. We co-orient this side from the outside to the inside of R, and the
corresponding orientation of s, allows us to define its left vertex v (¢) and the right
vertex vR(e). Note that vy (e) or vg(e) is undefined if the corresponding end of s, lies
on dD. The same notation vz, g(s) will be used for the ends of a co-oriented side s of
the tessellation T .
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o T

(a) A(e) (b) B(eL.eRr) (¢) Ca(eL,eRr)
(d) D(er.er) (e) Er(er,enrr,er)

Figure 6. Configurations for states of the Markov coding. The domains in $— and S are
indicated respectively by the dark and the light shades of gray.

Definition 4.1. The labels e; and e, are called adjacent if the sides of R with these
outgoing labels have a common vertex, i.e. either e; = e, or vz (ej!) = vr(es'), or
vice versa, see Figure 5.

We now define maps / and r on the set of labels as shown in Figure 5. Informally
speaking, we do the following: for e € Gy we go around vr (s,) in the counterclock-
wise direction, then the next side we cross after s, has the label /(e) outside R.
Similarly, going clockwise around vg(s.) we obtain 7(e). Formally we define /(e)
and 7 (e) as the labels such that

vr(l(e)™") = vrle), vi(r(e)™!) = vrle).

Note that /(e) or r(e) is undefined if the corresponding end of s, lies on dD.

A~
—
®

4.1.3. The possible arrangements Z. The following definition specifies the set g
of all possible arrangements of S_ and S up to the action of G. Later, we will refine
this in order to list the actual states & of the Markov chain.

Definition 4.2. The set £ consists of the following elements (see Figure 6):

A(e): #S_ = #81 = 1, and e is the label on the S, -side of the common side of S_
and S .
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B(ep,er): #5_ = 1, #8+ = 2, ey, and e are S -labels on the common sides of S_
with the left and the right domains in $4 respectively. Since these sides of S_ are
adjacent, we have that

vr(ep') = vr(eg').

Cr(ep,er): #5_ = #54+ = 2, and all four domains in 1 share a common vertex v.
The label ey, (respectively, er) is the S -label on the common side of the left (respec-
tively, right) domains in §_ and $4, and the sector of the flower at v between these
two sides that contains S_ consists of 2k + 1 petals. Denoting

n(er,er) = n(v) = n(vr(er)) = n(vr(er)).
then 1 < k < n(er,er) — 2, and we have
12k+1(eZ1) = eg.

D(er,er): #S_ =2, #5+ = 1, e, and eg are $-labels on the common sides of the
left and the right domain in S_ with the domain S.. The adjacency condition gives

vr(eL) = vp(eRr).

Er r(er,enm,er): #5_ = #S = 2. The four domains in S_ and S do not have a
common vertex, and there are three sides separating them. The state Ej represents
the case when these sides form an N-shaped line, that is, the left past domain borders
both future domains via sides with the $ -labels ey, and ejs, and the right past domain
borders only the right future domain via the side with the label eg. Thus we have

ve(ep') = vrley'). vr(em) = vr(er).
The state Eg is the same with left and right inverted: the boundary is U-shaped, and
vrler) = vi(em), vi(ep) = vrleg"):

4.1.4. Refining the arrangements. It is clear that every configuration of adjacent
levels in a thickened path belongs to the set €. On the other hand, the set of all
possible sequences of configurations cannot be generated by a Markov chain. For
example, for a vertex v with n(v) > 3 it is allowed that §;, S; 41, S; 4> are consecutive
petals around v, say, in the counterclockwise direction. Then if e is the label on the
future side of §; N §;41, the label on the future side of S;+1 N S;4+5 is I(e), and
we have that the transition A(e) — A(/(e)) is admissible. On the other hand, a long
sequence
A(e) — A(l(e)) — Al (e))) — ---
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is not admissible, since the respective sets §; are still the consecutive petals around v,
and a thickened path cannot have v on its boundary and contains more than n(v) petals
around v.

To solve this problem we endow the states of type A with some additional infor-
mation based on the following statement.

Proposition 4.3. Let § be a thickened path. Suppose a vertex v € 8 belongs to the
boundary of Sy fork =1i,...,j + 1, where j > i. Then either

(1) j =i + 2 and both pairs (S;, Si+1), (Si+1, Si+2) represent E-states (see
Figure 7), or

) forallk =i +1,...,j — 1 the pair (Sk, Sk+1) represents a state of type A,
for k =i it represents a state of type A or D, and for k = j it represents a
state of type A or B, depending on whether S; or S;1 respectively contains
two domains. Moreover, j —i < n(v).

Proof. Suppose first that a vertex v € D belongs to three consecutive levels Sy, Sg+1,
Sk+2 of the thickened path, and #S = 2. If, say, v belongs to 91§, then dz Sk 4+
consists of the vertex v only. Then R must be compact and hence N(R) > 4.

The two domains in S ; must be petals of ¥, for some vertex u # v. The left
domain £ in the level Sk 41 must meet S, along at least two sides, one emanat-
ing from v and one from u. Moreover, these sides, being common sides of one domain
in two levels, must themselves be adjacent, hence meet in a vertex w say. By the same
argument, £y meets S along two adjacent sides which meet in a vertex w’ say.
Hence, N(R) = 4, and each of £ 41 N S and £ 41 N Sk, contains two sides, see
Figure 7. We deduce that the states representing the pairs (S, Sg+1), (Sk+1, Sk+2)
are of types Er and Ej, respectively. In particular, this means that v cannot belong to
four consecutive levels of the thickened path, and we see that were are in case (1) of
the proposition.

It remains to consider the case when #§; = 1 forallk =i +1,...,j — 1. If §;
contains two domains and §;4; contains one, then (8;, $;+1) must be of type D;
otherwise §; contains one domain and (S;, §;+1) must be of type A, with a similar
argument for the transition (S;, $j41), which implies case (2) of the proposition. =

Remark 4.4. Assumption 1.1 yields that in the first case in this proposition we have
n(v) > 3. Indeed, N(R) = 4, R is compact, and for the common vertex u of the two
domains in S 4 ; we have n(u) = 2; see Figure 7.

Let (Sk, Sg41) form a configuration A(e) and s; be the common side of §; and
Sk+1. Then one can define four numbers i+ 7 and i+ g as follows: i_ 4 (resp., i+ ),
o € {L, R}, is the number of m < k (resp., m > k + 1) such that §,, contains vy (sg).
If the vertex v (sk) is not defined, we set iy o = 1.
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Figure 7. Two consecutive E states, see Proposition 4.3.

Note that it is not possible to have i_ ; > 1 and i_ g > 1 simultaneously: these
conditions mean that both 07, 8y and dg S each consist of a vertex only, say v and v’.
Indeed since the sides of §; adjacent to v and v’ must both be in common with 8y 1,
and since by assumption the transition is of type A, this would mean that vv’ is the
common side s of S, Sx11. But the sides 7, ¢’ of S adjacent to s must also both be
adjacent to Sx_1. Now £(¢), £(t') cannot meet, otherwise we have a triangle in T g, so
they separate Sj_; into two disconnected components which is impossible. The same
argument applies to iy 7 and iy g.

The convexity of § at v, (sx), « = L, R, implies thati_ o + i1 o < n(ve(sk)). It
follows that the configuration A(e) can be subdivided as follows (see Figure 8):

Ao(e): all four iy ;,g equal one.

Apli—,iy](e): herei_; =i_,iy j =iy,i— g =it g =1, and the indices i+ should
satisfy
3<i_+iy <n(vp(e)).

ARli—,it](e): symmetric to the previous case; here
3<i_+4iy <n(vgr(e)).

Aprli—,it](e): herei_j =i_,iy gr =iy,andiq = i_ g = 1. The conditions on
the indices i+ are

2<i_<n(ur(e)—1, 2<iy <n(vg(e))—1.
Agrpli—,it](e): symmetric to the previous case; here
2<i_<n(vr(e))—1, 2<iy <n(vp(e))—1.

Remark 4.5. If N(R) = 3 and R has a compact side (as is the case for example for
the classical fundamental domain for the group SL(2, Z)), some of these states may



Convergence of spherical averages for actions of Fuchsian groups 67

(@) Ao(e) (b) AL[2.1](e) (¢) ALR[3.2](e)

(d) Impossible “A g[2,2](e)”: (e) Impossible subtype:
i— + iy >n(vr(e)), thus bothit 7 and iy g are
convexity in v (e) fails. greater than 1.

Figure 8. Possible (a—c) and impossible (d—e) subtypes for type A states. The dark and medium
gray domains are respectively the past and the future domain for the current state, light gray
domains are other domains from the thickened path. In the figure, n(vz (¢)) = 4, n(vr(e)) = 3.

be absent. Namely, let s be the only compact side of R and g be its label outside of R.
If (Sg, Sx+1) has the form A(g), then S, must contain at least one of the domains
adjacent to the sides of Sk, hence either iy ; or iy g is greater than one so there
are no states Ao(g). Similarly, either i 7 > 1 or i_ g > 1. This case needs special
consideration in several statements below, and we usually refer to it as “the special
case from Remark 4.5”.

Note that even in this case the list of A (g)-states is not completely empty.
Indeed, since s is the only compact side, it must be paired to itself: g = g~ 1. There-
fore, the ends of s are swapped by the action of g, hence n(vz(g)) = n(vg(g)) = n.
Let « and B be the angles of R at the ends of 5. Consider the flower around a vertex
v € D. Note that the sides incident to v are alternately compact and non-compact, and
the angles between these sides are alternately o and §. Therefore, na + nf = 2.
On the other hand, the sum of angles in the hyperbolic triangle R is @ + 8 < 7.
Consequently, n > 3, and for example, the state Ay r[2,2](g) is allowed.
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4.1.5. The states of the Markov chain. Finally, we are able to list the states E.

Definition 4.6. The set of states E of our Markov chain is the set of all states of types
B, C, D, E from the set E and of all subtypes of type A states enumerated in the
previous list. We denote the projection from E to E by 7.

Finally, let us define sets Eg, & C & as follows:

Es ={A4o(e), AL[1,i+](e), Ar[l.i+](e), B(eL,eRr)},
:F = {Ao(E), AL[i—’ 1](6)7 AR[i—’ 1](6)’ D(eL3 eR)}v

I

where the parameters i4, e, er, eg admit all possible values. In the special case
from Remark 4.5 these definitions are amended as follows: if g = g™ ! is the label
on the compact side of R, we include Arg[2,i+](g), ArL[2.i+](g) in Egs and
Aprli-,2](g), ArL[i—, 2](g) in E F in place of the A states listed above.

4.2. The admissible transitions

Definition 4.7. The set of admissible transitions in our Markov coding is enumerated
in the following list. We denote by IT the corresponding E x Z adjacency matrix and
write j — j’ if the transition from j to j’ is admissible (thus I1;;» = 1). (Recall that
the adjacency of labels was described in Definition 4.1; in particular, every label is
adjacent to itself.)

Ag(e) for ¢’ non-adjacent to e~ !,
Ao(e) Ar[1,i+](e’) for ¢’ non-adjacent to e~!, any admissible i,
[ ] 0 e ﬁ
Ag[1,i1](e’) for e’ non-adjacent to e~!, any admissible i,
B(er,eRr) for any ey , eg non-adjacent to e .
e Ifiy > 1then
Arli- + 1,14 —1]d(e)),

ALl 1)) = ALrli- + L@, [t e i,
B((e), r(I(e))™Y), ifi, = 2.

 Arli—, 1](e) — (the same cases as for Ag(e)).

ifi, =2,

* Appli—,it](e) — (the same cases as for Az[1,it](e)).

* The transitions for the Ag- and Ay g-states are similar with the exchange of left
and right.

* B(er,er) = Ci(r(er),l(er)) if n(er,er) = 3, if n(er, er) = 2 the transitions

for B(er, eR) are the same as for Cp(¢; p)—2(eL,er) below.

 Ci(ep,er) = Ciy1(r(er),l(er)), fori < n(er,er) —2,
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D(r(er).l(er)).
Chiep.er)—2(eL,er) = { EL(r(r(er)™"),r(er),l(er)),
Er(r(er),l(er). l(l(er)™)).

Ao(e) for ¢’ non-adjacent to e; !, %",
Ar[l,i](e) for ¢’ non-adjacent to eZl , e,}l,
AR[1,it+](e) any admissible i,

for e} , €/ either not adjacent to e; ', e,

B(e]. ) or ad].acent v?a a vertex v Wlt'h n() > 2,
or adjacent via two such vertices

(the latter is possible for N(R)=4 only),

Ar[2,i4](I(eL)) if n(vy(er)) > 2,
Arr[2,i+]((er)) for any admissible i,
ARr[2.i4](r(er)) } if n(vg(er)) > 2,

* D(er.er)—

ARrp[2,i+](r(eRr)) for any admissible i .

* FEjr(er,enm,er) has the same set of transitions as B(er, epr).

* FERg(er,epm,er) has the same set of transitions as B(er, er).

Remark 4.8. The reader may check that the transition j — j’ is admissible if and
only if it satisfies the following three sets of restrictions. First, there should be three
unions S_, S, §4+4+ of fundamental domains such that (S, §4) represents 7 (j),
(84, S++) represents w(j'), and S— and S+ have no common domains. Second,
the indices of A-states should be compatible: for example, if sides s = §_ N S and
s’ = 84 N $4+4 have the same left end, then the left indices for j and j’ should
satisfy i ;E 1 = i+, F 1. Finally, the boundary of a thickened path should be convex
at any of its vertices v, that is, no more than n(v) domains should belong to §. This is
mostly guaranteed by the inequalities for the indices i+ given in the list of subtypes
of A-states above. Part 1 of the proof of Theorem 4.10 discusses this in more detail.

4.3. Correspondence with thickened paths

We now come to the important result that admissible sequences of states do indeed
correspond to thickened paths. Precisely, define

F . . - . - . —
Pyf = {Go-..jn-1) CEYN 1 jo € s, jn-1 € EF,

Oj jyyy = Lfork=0,....N=2}. (2

We will show that P§~
paths of length N.

IF isin 1 : I-correspondence with the set of the thickened
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Definition 4.9. Say that a sequence j of states generates a sequence of domains § if
for each k the pair (Sg, Sx+1) represents the configuration 7 (j).

Theorem 4.10. Let § = (So, ..., SN) be a thickened path starting at R. Then there
exists a unique sequence of states j € va__’lF which generates the sequence S. More-
over, this mapping of thickened paths of length N starting in R to the set va__’lF isa

bijection.

Proof. The proof is split into two parts. It is rather straightforward to see that every
thickened path § is generated by a unique admissible sequence j: this follows from
the local properties of the thickened path, mostly from its convex_ity at boundary ver-
tices. Thus the map § + j is well-defined and also injective: if for two thickened
paths § and §’ we have S, = S/ fori =0,...,m—1and S, # S, then for the
generating sequences we have 7 (j,—1) # 7(j,,_,)- The second part of the proof, the
surjectivity of this map, is more difficult: we need to deduce a global property of the
sequence § from its local behavior given by Definition 4.7. The precise global prop-
erty is given by Claim 4.11, informally it says that the levels of § cannot first “leave”
a vertex v and then “return” back to it.

Part 1. Every thickened path § =(8y, ..., Sn) can be generated by a unique sequence

: S—F
J € PRz

Step 1. By hypothesis, each pair (Sg, Sx+1) in a thickened path § represents a unique
configuration i € E. Further, for every configuration of type A one can recover the
indices i1 1,/ r as described above, thus arriving at the states ji with 7 (jx) = Ji. Note
that if Jo = A(e) then the state jo hasi_; =i_ g = 1,50 jo € Es. In the special case
from Remark 4.5 we need to amend these indices as follows: if 7 (jo) = A(g), where g
is the label on the compact side, then either iy ; > 2 or i g > 2. In the former case
we then set i_; = 1, i_ g = 2 and in the latter we set i_ ; = 2, i_ g = 1; this
corresponds to the addition of the “virtual domain” §_; to our thickened path. Note
that the state Agy[2,i+](g) has the same set of allowed transitions as the non-existent
“state Ar[1,i+](g)”.

Now we have to check that all transitions jp — jx+1 are admissible. There are
three types of restrictions on the pair of states (jg, jx+1) in the list of Definition 4.7.

First, there are restrictions on the configurations Jx, Jk+1, 7 (jx) =Jk. For exam-
ple, if jr = Cj(er, eRr), then 4+ = Sy is a pair of petals meeting at a vertex v
with 2n(v) — 2] — 1 petals in the “future” sector in %,,. Therefore, if [ < n(v) — 2
by Lemma 3.9 we see that S = Si4, is the pair of petals in the “future” sector
adjacent to S, hence

Jie+1 = Cr1(ep . e)

with e} =r(er), ep = I(eR).
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Second, there are restrictions on the indices i1+ of A-states. If j is an A-state with
iy, > 1 then Sgya, ..., Sk+i, , +1 should contain the consecutive petals around
the vertex vy (sg) going from Siq in the counterclockwise direction. Hence, by
Proposition 4.3 the sequence (jk+1,---, jk+iy ,) 18 either of type (4, ..., A) or
(A,..., A, B). Therefore, if iy 1 > 2 then Jk+1 = A(l/(e)), and for its indices i/, ;,
we have

i’_,L =i_p+1, iy =iy —1L

Similarly, if iy ; = 2, we have either Jx4+; = B(l(e),r(l(e))™!) or Jr+1 = A(l(e))
with the same relations for i L_L ;.- In the latter case i :L 1 = 1 s0 we have two subcases:
either

ihg=1 or i} p>1,

which correspond in Definition 4.7 to the transitions to Ay - and Ay r-states respec-
tively.

Finally, there are restrictions related to the convexity of 0§ (see Proposition 3.3)
which we need to check for the boundary vertices v that are incident to at least three
levels in §. These cases are enumerated in Proposition 4.3. In the cases when the
corresponding sequence of states contains A-states, the convexity is guaranteed by
the inequalities on the indices i1 for these states, so we need to consider only the
cases when (jx, jr+1) have types (Er, ER), (ERr, EL), and (D, B). In the first two
cases the convexity at v holds, see Remark 4.4. The remaining case (D, B) is specially
mentioned in Definition 4.7: if v is a common vertex of Sx_; N S and S N Sg+1,
we require that n(v) > 2.

Step 2. It remains to prove that the above-constructed sequence j is the only one
in va__’lF that generates §. Namely, we have to check that the indices i+ /R for
A-states cannot be chosen in a different way. One can see that the “past” indices i 7 /g
for the state j; are uniquely defined by the configurations 7 (jx—1), 7(jx) and by
the past indices for the state j;_; (assuming j;_; has type A). The past indices for
Jo € Es are i_ 1 /r(jo) = 1, hence one can successively find these indices for all
successive states ji, ..., jy—1. Similarly, the “future” indices iy 7/r (jx) are succes-
sively found starting from the end of the sequence:

itr/R(jn-1) = 1.

The special case from Remark 4.5 again needs separate consideration if jo = A(g).
Here 71 = A(e), where e is a label on a non-compact side of R, and either e = /(g)
or e = r(g). In the former case, say, this yields i4 1, (jo) > 2, thus jo € Es implies
Jjo = ARrL[2,i+](g) with some i . Therefore, we find the past indices for jo and can
now proceed as in the general case.
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Part 2. Every sequence j € P;f,__’lF generates a thickened path.
The proof is in several steps. In Step 1 we reformulate what needs to be proved as
Claim 4.11 and Steps 2-5 are devoted to proving this claim.

Step 1. We begin by constructing the Sg’s inductively, starting with §9 = R. To
define S 41 we take a configuration (S_, S ) representing 7 (jx ), choose & such that
hS_ = Sy and define S;4 1 = hSy. The choice of such an 4 is possible for k = 0
since all states from E g have only one “past” domain, and for k£ > 1 this is possible
since if j — j’is admissible, and (S—, S+ ), (S, 8/ ) are configurations representing
7(j) and 7 ('), respectively, then $; and §” can be translated to each other by an
element of G: §' = h§. Moreover, as described in Section 4.1.2, one can define
left domains £ and right domains R+ in S+, as well as £/, , R/, in §’_, and these
definitions agree: £’ = hL, R’ = hRy. Thus we have defined all levels S and
the domains L, Rr C S forall k = 0,..., N. Observe also that S contains only
one domain since jy—1 € EF.
We need to show that

N
Us=Us
k=0

is the thickened path from §y to Sy and that the Si’s are its levels. This is obtained
from the following statement, which will be established below.
Claim 4.11. The following assertions hold.

(1) The intersection S N 8y, with | # m contains no fundamental domains, and
contains sides only if || —m| = 1.

(2) The set|J$ is convex.

To prove the result given Claim 4.11, let I be the actual thickened path from ¢
to S . The second item in the claim together with Proposition 3.3 gives

UreUs

Now consider some shortest path A = (Ag¢ = Sg, A1,..., Ay = Sy) from Sg to Sy.

Then,
Am C | T c|s.

Define d,,, by A, C Sg4,, so that in particular dyy = N. The first item of the claim
implies that |d,, — dm—1| = 1, hence dpy < M. On the other hand, the two length N
paths £ = (£o,...,En) and R = (Ro, ..., Rn) connect Sy and Sy, and hence
M < N.Therefore, M = N and £, R are shortest paths connecting Sy and $ . Thus
&£, R are contained in | J 7. But

Us=2uz

and hence | S Cc JT.
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We now turn to the proof of Claim 4.11. To do this, we will construct a nested
sequence of convex regions Dx D Dy 1 whose intersection is | §, with some further
properties listed in Claim 4.12. Step 2 sets up notation and Step 3 proves that | J § is
locally convex. Step 4 states Claim 4.12 and proves that this is sufficient to deduce
Claim 4.11. Lastly, Step 5 proves Claim 4.12.

Step 2. We begin with some notation. From here to the end of the proof we consider
all domains, curves, vertices, etc. to lie in the closure I of the hyperbolic plane.

Let sp = Sk N S+ be the curve separating Sy and Si 4. This curve is the union
of no more than three sides of domains in Tg, and, as one can see from the adja-
cency matrix, the curves s;_; and s contain no common sides of dS;. Moreover,
08k \ (Sx—1 U sg) is a union of two curves, one joining the left ends of sx_1 and sy,
and the other joining the right ends; it is possible that one or both of these curves
consists of a single vertex and no sides, see the discussion following Remark 4.4. We
denote these curves by dz Sx and d g Si respectively. For k = 0, N there is only one s;
to remove, so we define

0080 = 080 \ 50, 0oSy = SN \ sn—1.

Fork =1,...,N — 1, we also denote dpS; = 91,8, U 0rSk.

Next, let us orient the curves d__ S in such a way that Sy lies locally to the left
of the curve when moving in positive direction. Then all these curves can be joined
into one closed oriented curve in the following order, so that the end of each curve
coincides with the beginning of the next:

ey 808N,8LSN_1, “e ,8L8k+1,
0.8k,....0.81,0080,0RS1,...,0RSk, ORSk+1,.--,0RSN-1.003N. ...
dosk

Denote the part of this curve bracketed in the formula by 9o S¥.

Step 3. Since our object is to show that the region _J § is convex, we start by checking
local convexity of the closed oriented curve above, that is, that for a vertex v of the
boundary there are no more than n(v) — 2 consecutive boundary curves d, S which
consist solely of the vertex v and no sides.

First of all, let us find all transitions jr_; — ji such that dz S contains only a
vertex. This is an analogue to Proposition 4.3 but for sequences of levels generated by
admissible steps in our Markov coding instead of by thickened paths. In all steps of
the arguments which follow it is understood that there is a similar statement with the
indices L, R interchanged.

Assume first that S; contains only one domain. Then the outgoing indices on the
sides of the curve s C 08 are the indices from the state jr, while the outgoing
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indices on the sides of sp_; C 9S8y are the indices from j;_; inverted (see Section 4.4
below for a precise definition). It follows that in all “non-adjacent” cases in the list in
the Definition 4.7, the curves sx—; and s; have no common vertices, as for example
in the transition Ag(e) — Ag(e’) with e non-adjacent to ¢’. The remaining cases are

(AL’ARLs or D) — (ALvALRv or B).

Now suppose that S contains two domains £; and Rj. Referring to the con-
figurations in Figure 6, we see that the sections of the curves sx_; and s contained
in 0Ly meet in a vertex of £; forming a continuous segment ¢ in dL;. Moreover,
d1, 8% is the complement of ¢ in the boundary d£; of £. However, if d7, S consists
of a single vertex v, then the sides of d£ adjacent to v are contained in sx_; U s¢ so
that 07 S C sx—1 U s¢, from which it follows that (R is compact (note that none of the
interior vertices of s lie on dD) and hence that N(R) > 4. On the other hand, each of
sk—1 and sz contains at most two sides of £, so they can cover d£ entirely only if
N(R) = 4 and they contain exactly two sides each. Thus the transition (jz—1 — Jjx)
must be (Egr — Ep) as shown in Figure 7.

Now consider a segment {k, ...,k +m — 1}, with

vV =0L8k = 0LSk+1 = = OLSk+m—1,

and the corresponding sequence of states jx_; — +++ — jr4m—1. We are going to
prove that m < n(v) — 2.

If there are no Ay -states in this sequence, then we are in one of the cases above, in
particular m = 1. Thus we need to check that n(v) > 2. The case Egr — E| is shown
in Figure 7 (with the levels numbered k, k + 1,k + 2 there instead of k — 1, k, k + 1
as here). The common vertex u of £; and Ry has n(u) = 2, so for the opposite
vertex v of L we have n(v) > 3. For a D — B transition, Definition 4.7 explicitly
specifies that n(v) > 2. Finally, if jy_1 = Agr[i—,2](e) or jr = ALr[2,i+](e), we
have

n(v) =n(ve(e)) =3

from the definition of the A_ -states above.

Now assume that there are Ay -states in the sequence. Then one can see that its i_-
indices grow by one with each step to the right in the sequence jy_1 =+ = jk+m—1
as long as we remain in an Ay -state. Moreover, if ji_; is of type Ary, or D then j; =
Ar[2,i4]. Therefore, in any case for which ji_q4; is of type Ap,ithasi_ > s + 1.
Similarly, the i -index of Ay -states grows by one with each step from right to left, so
we have iy > m — s + 1. Therefore, considering any jr_14+s = Ar[i—, i+], we have

m+2<i_+iy <n(vr(e)) =n),

and the statement is proven.
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Step 4. We now construct the sets Dy referred to above. Let J€; be the collection of
all half-planes H such that dH contains a side of dp S and H contains Si. Denote

By construction, Dy is a union of fundamental domains and is convex, moreover
clearly Dy C Di—1. We want to show that

Noc=Us

From the definition of the Dy, we will use the local convexity of the curve going
around § to see that each Dy contains | J §, and further, that Dy can obtained
from Dy by removing half-planes until we touch all segments of 07 Sg+1 U OrSk+1-
In more detail:

Claim 4.12. Fork =0,..., N — 1 we have the following (see Figure 9):

(i) The curve sy lies in the interior of Dy, joins two points on its boundary, and
divides Dy, into two parts.

(ii) One of these parts is the union of all §; with j = 0, ..., k. We denote this
part by D, and the other part by J),j' .

(i) 0D, = sx U doSk, while BJD,j consists of sy and two rays V.1, ViR that
are continuations of the first and the last sides in o Sé‘ beyond the ends of si.
These rays do not intersect inside D.

(iv) Dy C Dy—1, or, more precisely, Sy U i),;F C i),j_l. Finally, fork = N, we
have Dy = JS.

To deduce Claim 4.11 from this statement note thatif / = m + b, b > 0, then
Sm+b C i);+b—1 C i)r_r|z—+b—2 C--C D,

hence §; has no domain in common with §,, C O,,. Moreover, if S, N $;,+5 contains
a common side s, then s C i),;l1r N O,, = sm, and by construction one of the two
domains adjacent to s, belongs to $,, and the other does to $,,+1. This proves the
first statement in Claim 4.11. The second is immediate from Dy = | J §.

Step 5. Finally, let us verify Claim 4.12 by induction on k. The base, k = 0, is clear.
Let us assume that this claim holds for some k and check it for k + 1. Since sy
lies in the interior of g, the points of S that are close to s lie inside D, and
since i)]:r is the union of fundamental domains, Sx+1 C O‘D,j .
To construct O 41, we need to add to the intersection (). 70 H defining Oy the
half-planes H € 1 1. Assume first thatk + 1 < N.
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BE =vit1.L
BR = yit1.r

Figure 9. Illustrating the proof of Claim 4.12.

If 043x+1 for @ = L, R consists of a single vertex, there are no new half-planes
to be added on 0y Sk 1. Otherwise, d, Sk 41 consists of sides joining a sequence of
vertices ugu{ ... uy, . Let H} be the half-plane in #yiq with dH[ = £(uf_,u?),
and let ¥ C £(u}_,u}) be the ray starting from u7_, and passing through u{; see
Figure 9.

Add the half-planes H J‘?‘ to the intersection one by one with j increasing. For
J = 1 the line £(u{u$) may contain the ray y o, so the intersection is not changed.
Otherwise the line ﬁ(u;’-‘_l u;’-‘) crosses the boundary of the current intersection at u;’-‘_l
and by the local convexity from Step 3 it enters this intersection in the direction of ,8;’
Therefore, by adding H ;" we cut the intersection along ,3;" and remove the part that
does not contain S 4. The removed regions are shown in white in Figure 9.

Note that ,BjL and B ﬁ do not intersect for any j, j’. This follows from Lemma 2.2
applied to the domain P = Sy if x4+ contains only one fundamental domain, and
to P = ¥, if both domains in S share a vertex u. Therefore, by adding H?, the
intersection is cut along the whole of ﬂ;‘, not just its initial segment.

Let us now check that s¢; lies in the interior of Dx 4. Let v; 1, v; g be the left
and right ends of s; and let v; Lu; 1 and u; grvj r be the sides of s; adjacent to these
ends. We will show that vk, uk+1,1 lies inside Dy 4.

There are two cases. First, if v := vg41 1 coincides with v z then using Step 3
again, for some r < n(v) the domains £, ..., Lix+2 are consecutive petals in
the flower ¥, while £x1_, is not in ¥, and the ray yxy; 1 = Yk, contains the
side wv C d1, Sk +1—,. But then the angle wvug 41 s, contains at most n(v) — 1 petals,
SO VUg 41,z is not the continuation of wv and hence is not contained in yx 11,1

Similarly, if v # vg, 1, then Y1,z is the continuation of the side wv = ”anL—l u,’;lL
of d7,8k+1 adjacent to v, and the angle wvug ;7 contains only one sector, namely,
&L +1. Thus again, vug 4,z lies inside Dy 1.
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This proves item (i) of Claim 4.12 if s contains one or two sides. If it contains
three sides: Sx+1 = Vk+1,L%k+1,LUk+1,RVk+1,R. it remains to rule out the possibility
that ug 11,7 € Yk+1,r. Butin this case the triangle ug 41 1 Uk +1,RVk+1,r has all of its
sides lying in dT g, and this is impossible by Lemma 2.1. Therefore, uj4; 7 and
Ug+1,R lie inside Ok and item (i) is fully established.

Further, by construction D, ; \ &, is bounded by

008k+1 U sk U Sk+1 = 0841,

hence D, 1 \ Dy = Sk+1, and item (ii) holds. Items (iii) and (iv) for k + 1 are also
now clear.

In the case k + 1 = N we likewise consecutively cut Oy _; along the rays through
the segments of dp S ; on the last step we cut along the last segment of this boundary.
Therefore, On \ Dy, _, is bounded by

sN—1UdoSy = dSn,

hence Dy \Dy_, = Sn, verifying the final statement of Claim 4.12. ]

4.4. The time-reversing involution

The Markov coding defined above has the following property: the Markov chain with
time reversed, that is, the Markov chain with the matrix TT7, is the same as the ini-
tial one with the states renamed. This is possible precisely because the thickened
path between domains B and + is exactly the thickened path from #4 to B read in
the opposite direction. Thus we obtain an involution which inverts arrangements and
states; informally it swaps the past and the future domains for each state. Precisely,
we define the involution t: 2 — E by:

Ag(e) <> Ag(e™), Agli—,iy](e) <> Agliz.i_](e™") (¢ = LR,RL),
Apli—,it](e) < Agliq,i_](e™h), B(er,er) <> D(egx' e,
Cr(er.eRr) < Cuiep.er)—k—1(eg' ez "),

Ey(ep,em,er) < Ea(egl,e;,ll,ezl) (¢ = L, R).

Proposition 4.13. The involution « maps the Markov chain with the adjacency mat-

rix I1 to the same chain with reversed time, that is, T1,(j), ) =Ig;. Also, (Es)=EF
and vice versa.

Proof. This follows directly from the definitions. |
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5. Operations with thickened paths

In this section we develop some techniques for manipulating thickened paths which
will be used in Section 6 to establish strong connectivity and aperiodicity of the
Markov chain. The same techniques will also be used in Section 8.3 to verify the
convergence conditions for Theorem A.

5.1. Adjusting the labels of states

Recall from Definition 4.9 that a sequence j of states generates a sequence of dom-
ains § if for each k the pair (Sg, Sk+1) reprgsents the configuration 7 (ji). In certain
circumstances, we will need to adjust the sequence j while leaving the sequence it
generates, and hence the sequence 7 (j ), unchanged._Such an adjustment is achieved
by the following technical lemma. It will be crucial later to note that the required
changes do not propagate beyond a definite bounded distance which depends only on
the tessellation T g.

As we have noted in the proof of Theorem 4.10, the sequence 7 (j) is uniquely
determined by §, while the indices i_ ;g of any A-state j; are defined uniquely
from the corresponding indices for the state j;_;, and the indices i ;g are similarly
defined in the backwards direction.

Lemma 5.1. Suppose that the admissible sequence j = (jo, ..., jm—1) generates a
sequence of domains § = (So, ..., Sm). Assume tha?n(jm_l) = A(e). Let j,,_, be
any A-state such that 7(j,,_,) = A(e) and i— o (jm—1) = i—a(j,,_1) fora = L, R.
Then there exists an admissible sequence j' = (j{,.... j,,_,) generating the same
sequence S. Moreover, if s; = §; N Si+1,_ then j; = j; whenever either j; is not
of type A or s; and s;,u—1 have no common points. In particular, j; = j! for i <
m—ng + 1, where ng = max{n(v) : v is a vertex of T }. (While the lemma is trivial
if R has no vertices inside D, we set ng = 2 in this case. This will be used below.)

We remark that the same result holds mutatis mutandi adjusting states forwards
from jj.

Proof. Firstassume thati_ 7 (jm—1)=i— r(jm—1)=1. Then the states j,,—; and j, _,
belong to the set

{Ao(e), AL[1.i+](e), AR[l.i+](e)}.

One can see from Definition 4.7 that all these states have the same set of allowed
preceding states, so the sequence j’ = (jo, ..., jm—2, j,,_;) is admissible.

Now assume that, say, i_ 1, (jm__l) = k > 1. Then the states j,,—; and j,,_, belong
to the set

{ALlk,iy](e), ALrlk.i4](e)}.
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Let! =it 1(jm—1),1e.

I =iy if jm—1 = ALlk.iy](e), and
I=1 if jym—1 = ALrlk,i+](e);

let I’ be defined in the same way for j, _,. Then the suffix (ju—k, ..., jm—1) of the
sequence j has the following form:

ALl 1 4+ k —1](er)
Appli—, 1 +k —1](e1) ¢ ,AL[2,] + k —2](e2), - . .,

D(ey,e1)
Arlk,ii](e
Aclk = 11+ ey, § 2@ g
ALrlk,it](e).
Heree; 41 =I(e;) fori =1,...,k — 1, where e; = e. Formally speaking, it is possible

that the whole sequence j is only a suffix of the sequence in (3); the proof for this
case is the same. -

Define the sequence j’ as follows: j/ = j; fori =0,...,m —k — 1, and for
i=m—k,...,m—2 define J; by the formula (3) with /" in place of / (that is,
jr/n—k = Jm—k if jm—r = D(e1,€1)). Observe that these states are allowed: it is clear
that all indices are positive and

i L) FivGpm) =Gk +1=0)+1"+i-1)
=k+!U'"=i_1(p ) +ir,L(m_y) <n(rle)), 4)

and since s,,—; and s,,—; have the same left end, we may replace e by ex41—; in the
right-hand side of this formula. Also it is clear that j’ is an admissible sequence.

To prove the last statement observe that if ne = 2, then 7(7) = A(e) implies
7 = Ag(e), hence j = j’, while for ng > 3 we have the following two cases. If | =1,
then j/ = j; for all i f_m — 2; otherwise, max(/,[") > 2, so (4) for j and j' yields
k <ng—2,and j/ = j; fori <m —k — 1. Hence, in all cases a a

Jji=1Jji fori <m—no+1. ]

5.2. Narrowing

The next lemma shows how a sequence § can be “narrowed” by reducing its final level
from two domains to one. This will be useful, for example, when § = (S¢,...,Sn) is
a thickened path between its ends and we need to find a thickened path §” between Sq
and some intermediate domain £ for which §; contains two domains.
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Figure 10. The proof of Lemma 5.2. The original sequence § contains all shaded domains,
while §” contains only those shaded dark gray. Numbers inside the domains indicate their levels.
The states j; and jl.’ are shown above the curves s;. In all figures k = 8.

One way to deal with this situation is to consider the thickened path as a minimal
convex union of fundamental domains. Then one can see that the desired thickened
path is a subset of (Sy, ..., Sx) obtained from U;-C:O 3; by cutting along aline £ C 3T &
incident to a common vertex of £ and Ry as shown in Figure 10.

However, since below we are mostly interested in the corresponding sequences
of states, from now on we will consider not only thickened paths but any sequence
(S0,...,8n) of domains generated by admissible sequences of states (jo,..., jn—1),
in other words, we drop the conditions that jo € Es, jy—1 € EF.

Suppose the sequence S = (S, ..., S,) is generated by an admissible sequence
of states j = (Jo,..., jm—1). By the directed adjacency graph associated to § we
mean the?graph whose vertices are the domains in § with a directed edges going from
a domain A € S to B € Sx+1 whenever #A and B share a common side.

Lemma 5.2. Suppose that the sequence S = (S, ..., Sn) is generated by an admis-
sible sequence of states j = (jo, ..., jm—1). Assume that S, contains two domains
Lm, Rm and let §;, be one of them, for definiteness £,,. Then there is a narrowed
sequence 8’ from 8¢ to S,, which can be described as follows.

(1) Let S l/ be the set of domains A C 8; such that there exists a path in the directed
graph from A to S,,. Let k be the maximal number such that there is an edge Ry —
Li+1; we set k = —1 if there is no such edge. Then §; = §; for | <k, and §; = £,
forl >k + 1.
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jl jl/

B(er.eRr) Ag[l,n(er,er) —1](er) or ALgr[i—,n(er.er) —1](er)
Er(er.em,er) D(er.em)

Ci(eL,eR) AR[i +1,n(eL,eR)—i—1](eL)

Er(er,enm,er) Ag[l,n(er,enm)— 1](er)

Table 1

(2) The sequence 8’ can be generated by an admissible sequence
J'=Uose s m=1)s

where one can assume that j; = j] if w(j;) = m(j}) and either j; is not of type A or s;
/

has no common vertex with si. In particular, jo = j; ifSnO_1

defined in Lemma 5.1.

= Spo—1, Where ng is

Proof. We consider each point in turn.

(1) This is illustrated in Figure 10. Let us go backward from [ = m to [ = 0.
Every path from A € §; to §;, should pass through 8 € §;_ . For/ > k + 1 there is

I+1°
only one edge, £; — £;41 that ends in Sl’+1 = &£;41, hence §; = £;. Similarly, for
| < k, we obtain Sl’ =§.

(2) Assume that §;, = £,, and let k be the same as in the first statement. Then,
following Lemma 3.8 (4) and still referring to Figure 10, the state j is of type either B
or Eg (if k > 0), and the states jgi1,..., jm—1 are of types C and E..

Let us define the states jl’ forl =k,...,m —1asin Table 1 (see Figure 10 (a)).

In the first line there are several options, we will choose one of them later. Note
also that if the table suggests Ag[1, 1](e), it should be replaced by Ag(e). It is clear
by the construction that for all / > k the state j; is well-defined, 7 () is represented
by the pair (§;, §;. ;) and the transition j; — j/_ | is allowed.

If k = —1, this ends the proof; otherwise we have to define jl’ forl =0,....k—1,
as well as to choose j; from the set given above in such a way that the transitions jj; —
-+ — j, are allowed. By default we set j; = j;, although sometimes a correction is
needed: this will be stated explicitly and only occurs in the final paragraph of the
proof.

If jx = ERr(eL,epm,eR), then either

n(eg,epm)>2 and jr—1 = Cpu(e; ens)—2(€L. €R).
or

n(eL,eM) =2 and jk_1 € {B(/e\L,é\R),ER(g, EL,é\R),EL(é\L,é\R,E)}.
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In all these cases e, = r(eL), ey = [(eR), and the transition jx_; — j, = D(eL.em)
is allowed.

If jx = B(er,eRr), there are several cases. As above, lets; = §; N Sj41.

First of all, suppose that s; and s;_; have no common vertices, i.e. jr_q equals
Ao(@), Apli—, 1](e), ARr[i—, 1](é), or D(éL,ég) with ey, eg non-adjacent to & !
(or QL_I,?EI). Then we set

Jjr = Arl[l.n(er.er) — 1](er).

so the transition jz_; — jlé is allowed.

Now assume that the left ends of s and sx—; coincide (see Figure 10 (b)), i.e. jr—1
equals Ay i, 2](€), Arp[i—, 2](€) with e, = [(€), or jr_; equals D(er,er) with
e;, = l(er). In the first of these three subcases we set

-]]é = ALR[i— —+ l,l’l(eL, eR) - 1](8L),

and in the remaining two we set j,é = Apgr[2,n(er,er) — 1](eL).

It remains to consider the case when the right (but not left) ends of s; and s;_1
I,c+1
Then either ji,_; equals Ag[i—, 2](e) or Apr[i—, 2](€) with eg = r(€), or it equals

D(er,er) with eg = r(egr). Let

coincide (see Figure 10 (c), hence s;_; and s,’c =3 ,’c ns have no common vertices.

Ji = Agr[l,n(er.er) — 1](er).

so in the last subcase the transition jz_; — j; is admissible. In the first two subcases
apply Lemma 5.1 to define the sequence (jg. ..., j,_,): if jx—1 = ARli-.2](@), let
jlé—l = Agli—, 1](e), and if jr_1 = Apgr[i—,2](@), let jlé—l = Arli—, 1](e).

The last part of the statement, which estimates the common part of j and j ’

follows from the corresponding part in Lemma 5.1: S,’,O_l = Spo—1 yields k> no—1,
so when we apply that lemma with m = k > ng — 1, we can have j; # j/ only for

i>m—ng+1>0. [

5.3. Joining

The next lemma deals with how to join two sequences of domains, § ™ =(S_,,,...,30)
and $* = (8o, ..., 8,), which have a common end 8, containing only one domain.
The result of such a join is not necessarily a thickened path between its ends, since

u=|Js ul st

may fail to be convex at the vertices of Sy.

the union
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Figure 11. Joining two paths at a minimally concave vertex; see Definition 5.3. The union
of the two thickened paths shown in dark gray is minimally non-convex at the vertex v. The
lighter colors show the consecutive flowers we add to the path: we first add the flower %3, so
the adjacent vertex 1> on y becomes minimally concave, then we add ¥,,,, making u; = w—
minimally concave, and then ¥,,,. The vertices u4 are non-concave since they are incident to
at most n(v4) — 1 domains in U and the addition of the flowers increases this number by one.
For details, see Lemma 5.4 (3).

If the union is convex, we show that it can be generated by an admissible sequence
of states. If convexity fails at some vertex v, there are two cases: either v is incident
to n(v) + 1 domains in the union, or to more than n(v) + 1. In the former case we
will show that the union can be enlarged to a thickened path, while in the latter case
the union cannot be so enlarged: the part of U between the first and the last domain
adjacent to v can be shortcut by a path that goes “the other way around v”. A possible
enlargement in the first case is illustrated in Figure 11.

Consider the case in which convexity fails because v is incident to n(v) + 1
domains in the union U. Then one can add to U the remaining domains in the
flower ¥, and these domains can be assigned levels in such a way that the levels of
adjacent domains differ by one, see Figure 11. However, this adds one domain adja-
cent to a vertex u next to v in U, so if U had a straight angle at u, now u is adjacent
to n(u) + 1 domains in U = U U F,. Thus we need to add F,, and so on until we
arrive to the ends u4 of the maximal geodesic segments in dU starting from v in
both directions. Since the vertices u 4 are incident to less than n(x+) domains in U,
the addition of one more domain does not destroy convexity at these points. It can
be shown that the resulting union of fundamental domains can be generated by an
admissible sequence of states, and hence is a thickened path between its ends.

In fact, the whole analysis of thickened paths presented in this paper can be per-
formed using this “convexification” technique, i.e. the successive addition of flowers
to vertices of a collection of domains, where the convexity failed; one can find a
detailed exposition of this approach in the first version of the preprint [18]. Rather
than doing this, however, we keep track of states using Lemma 5.4 below.
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Definition 5.3. Suppose given sequences of domains §~ = (S_,,,...,Sp) and $* =
(S0,...,8,) such that 8y contains only one domain, and as usual denote s;=8; N 8;+1.
We call the common vertex v of s_; and s concave, if it is incident to more than n(v)
domains in the sequence § = (S_, ..., 8,). It is minimally concave it is incident to
exactly n(v) + 1 domains in § = (S—p, ..., ).

Lemma 5.4. We have the following cases:

(1) Let sequences of levels 8~ = (S—m.....S0) and 8T = (Sy....,Sy,) be gener-
ated by sequences of states j~ = (j_m,..., j—1) and j* = (jo...., ju—1). Assume
that 8¢ contains only one domain and that the curves_s_l and s¢ have no common
sides. Then at most one vertex in s_1 N So Is concave.

(2a) Assume that there are no concave common vertices. Then the sequence § =
(S—m.....80,...,8,) can be generated by a sequence of states 7.

(2b) (See Figure 11.) Assume that there is a minimally concave common vertex v.
Let u_v and vuy be the maximal geodesic segments in 38~ \ 08 and 9S8 \ 38,
respectively. Let wi be the internal vertices of the curve u_vuy that are closest
to u; it is possible that one or both of wx coincide with v. Define the curve y =
w_vw4. Then there exists a sequence 5 = (§_m, e, §n) generated by an admissible
sequence of states ] such that

G) S CS;foralli;
(>i1) g,- = §; if §; has no common vertex with y;
(i) U §A is the union of | ) 8 and of all flowers F,, where w is a vertex of y;

(3) Let § = s—1 U sq in the case from (2a) and § = u_vu in the case from (2b).
Then one can assume that J; = j; if 7 (Jy) = w(j;) and either j; is not of type A or s;
has no common points with 8. In particular, j,—1 = Ju—1 if n > ng — 1 and (in the
case from (2b)) Sp—pny+1 = gn_no_l,_], where ng is defined in Lemma 5.1.

Proof. We consider each case in turn.

(1) Assume the contrary: both ends v, vg of the curves s_; and s¢ coincide. Then
So is compact, so N(R) = 4, and j_; is of type D and jj is of type B. Therefore,
both vz, and vg are incident only to S_1, Sg, 81, but at least one of vy, vg hasn(v) > 3
by Assumption 1.1.

(2a) Since § contains one domain, the state j_; is of type D or A, and the state jj
is of type A or B.

First suppose that s_; and s¢ have no common vertices. Then if j_; is of type A,
apply Lemma 5.1 for j_; with i; ;/gr(j—1) = 1, otherwise let 7~ = j . Similarly,
if jo is of type A, apply the analogue of Lemma 5.1 with time inverted for the state 70
with i 1/r(Jo) = 1, otherwise let 7~ = j ™.
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The case when s_; and so share both ends is trivial: here j_; is of type D, jj is
of type B, and the convexity in the common vertices vy, g means that n(vz, g) > 3, so
the transition j_; — jo is admissible.

Finally, suppose that s_; and so share their left end only: s_y Nso = vp. Letn
(respectively, n_) be the number of levels §; with k > 0 (respectively, k < 0) that are
adjacent to vz,. By our assumption,

n+ny—1<n(vy), ng>2.

Let us construct the sequence 7~ = (J_s, ..., J—1) as follows. If j_; is of type D
we set 7~ = j; otherwise the construction is performed in two steps. First we have
to ensure that

i—p(j-1) =n-—1

This is in fact true for j_; unless all domains in § ~ are consecutive petals in the same
flower. Namely, let us say that the state j; (with [ < 0) is “correct”, if either it is
not of type A, or it is of type A and the index i 1, (j;) coincides with the number of
domains in (S—,,, ..., 8;) that are incident to the left end of s;. One can check that if
the transition j; — j;4; is not of type A — A, orifitis of type A — A and 97,874
contains at least one side, then j;4; is correct. Also, if j; — jj4;isof type A — A
and the state jj is correct, then j;4 1 is correct.

Thus the state j_; is correct unless the states j_,,, ..., j—; are of type A and the
curves S—_g, ..., S—1 are segments with the same left end vy. If j_; is correct, let
J ~=J, otherwise use Lemma 5.1 to obtain the sequence 7~ with i_ 1 (j_m)=1;
note that since -

i—,L(T—m) = i—,L (j—m)’

the state j_,, is allowed. Now J_,,, and hence j_; are correct.
Apply Lemma 5.1 again to transform 7~ into 7~ with it r(j-1) = n4 and
i+,r(J=1) = 1. Note that the state j_; is allowed, since

(o) =i () =n_—1
due to its “correctness”, so
i p(J-1) +it,(J-1) =n_+ny—1=<n(vy).

Likewise, we construct a sequence 7 = (Jo, ..., Ju—1) With i— 1. (Jo) = n—,
i+.0(Jo) = n4 — 1 that generates the same domains $*. It remains to check that
the transition j—; — Jo is admissible. Clearly it belongs to one of the four types,

D—-B, D—A A— B, A— A.
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In the first case the argument from part 1 above works, while the next two cases
correspond to the transitions

D(er,er) = ArL,Lr[2,...1(I(eL)), AL.rL[---.2](e) = B((e),...),

which are admissible. Finally, the case A — A splits into four subcases:

Arli—,iy](e) } R {ALU’_, i1 (e))
ARrrli-,i+](e) Arrli”, il ]((e))

Definition 4.7 reduces the existence of such a transition to the subcase A; — Ar,

replacing Arp[i—.it](e) by Ar[l,iy](e) and Argrl[i”, i ](I(e)) by AL[i’, 1](I(e)).
In the resulting transition

AL- T4 ](e) — AL, T'1](e)) Q)

one can express the indices in terms of 7 ¢, so that in all four subcases the transition (5)
is of the form Az [n_ — 1,n4](e) - Ap[n—,n+ — 1](I(e)), which is allowed.

(2b) Let k be such that 97, S_ D u_w_; see Figure 11. Let us show that the states
J—k+1,---,j—1 are of type A, while j_ is of type A or D.Indeed, letug=u_,uq,...,
u, = v be the consecutive vertices on u_v, thus u_w_ = uouy. Then there are

—k=i0<i1<---<ip_1§—1

such that d1.8;, = us;u;4; fort =0,...,p—1,andfort =0,...,p—land i, <
i <i;t1,wehave 078; = u;41, here i, = 0. By Proposition 4.3, each segment J; =
(Jigs- -+ Jiz41—1) has the form

(ErR,Er) or (AorD,A,...,A Aor B).

Since $o contains one domain, the segment J,_; has the form (A or D, 4, ..., A).
Assume that p>1 and J,_ starts with D. Then J,_» ends with B or Ey,, hence Iip_l
intersects each of Sip_1—1 and Sip_ in one side and these sides meet in a vertex
of £;,_,.Thusif 1 8;, | = up—1up, the domain &£;,_, would be a compact triangle,
which is not allowed. Hence, J,—; has the form (4, ..., A) and J,—, has the form
(Aor D,..., A). Repeating this argument p times, we obtain the desired statement.

Moreover, let e; be the internal label on u;_qu; and let n; = n(u;). Then one can
see that the sequence j_g, ..., j—; has the following structure:

AL[1,n1 —1](l(e1))
Arcli—,ny — 1](I(e1)) ¢ . AL[2.n1 = 2](I*(e1)). ... . AL[ny — 1, 1](" " (er)), oo,
D(l(er). r(l(er))™)
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Ar[ln, —1](U(er). AL[2.n; — 2](1%(er)). - ... AL[n, — 1, 111" 7 (1)) oo,
Ap[l,m— —1]((ep)), ..., ALln— —2,m_ —n_](I"~"2(ep)),

Aplne —1,m— —n_ + 1](I"="(ep))
{ALR[n— — 1LitJ(" ")t

where n_ is the number of levels in §~ adjacent to v, and the number m_ can be
chosen arbitrarily satisfying the inequality n— < m_ < n(v); the case marked with ¥
is allowed only if m_ = n_. Here every segment separated by “.-...” is one of the J;’s.
(Note that here and below we somewhat abuse the notation for states: thus for exam-
ple, ALr[1,i+](e) means Ag[l,it](e), Ar[1, 1](e) means Ag(e), etc.)

Similarly, let K be such that 07 Sg+1 D wyuy, let Uy = v, Uy, ..., U; = uy
be the consecutive vertices on vu 4, let E; be the external label on U;_;U; and let
N; = n(U;—1). Then the sequence (jo, ..., jx) has the form

Aplmy —ny 4+ 1ng — 117" (Ey))
Arpliy.ny =11+ (Ep)T } ’
Aplmy —ng + 2,0y = 2J(1°7"H(E). ..., ALlmg — 1L1J(I7N(EY)), e,
AL, N; — 1IN (ED), AL[2, Ny = 2117 N (EY), . . .
ALIN; = 11 Y(E)), o ALINg — 1L1)(N(E)). ..
AL[Ng — 1L1J(I7Y(Ey)
AL[Ng —2,2](7%(Eg)), { ALrINg — Lit](I7H(Ey)
B(I7N(Eg). r(I7 (E9)™Y)

where 7 is the number of levels in § T adjacent to v, the number m should satisfy
ny <m4 < n(v), and the case marked with } is allowed only if m4 = n.

Let us now define the states J g, ..., jk; see Figure 12. In some sense, this is
opposite to the transformation in the proof of Lemma 5.2. For/ = —k,...,—1 we use
the following substitutions:

Al JA@)| [ B e il = —k,
Agel... ] (e)) Er(l(e7)~1 e~ 1 I(e)) otherwise,
Aprgli.... 10 () = Cioa(rP e ). I (e)), i =2,
D(l(e),8) — Er(e”',1(e),?),

while for! =0, ..., K, we use

Al A7) N D117 f)) ifl = K,
ALrl.-JA7N) Ep(r(f), f~L17Y(f)) otherwise,
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Ap[2.1] Ap[l,%]
C ERr
Arpll,2]
Ao <
ER

_
>
L

Figure 12. The proof of Lemma 5.4. The original sequence § ~ U § T contains only dark gray
domains, while §A contains both light and dark gray ones. Numbers inside the domains indicate
their levels. The states j; and J; are shown above or below the curves s;. A The asterisk in j_;
represents 1 or 2. It is also possible that j_; = Ag[1,i4] and/or jo = Arp[i—,2].

ALRLL - A10T(N) = G- CTHHSTHAT). iz 2,
B(I7'(f).&) = Er(fTLITN(). @)

It is straightforward to check all transitions within (7_g, ..., 7—1) and (o, ..., Jk—1)
are admissible. Let us verify that 7_; — Jp is also admissible.
Indeed, if n_ > 2, we have

Jo1 = Cua(r"2(e7 ). 1" (en)).

and if n_ = 2, this state is of type B or Eg and has the same allowed next states as
“the state Co(eq,[(e1))”. Similarly,

Jo= Crw)—ny+1 (”z_n+(f1_1)’ 1 (f):

for ny = 2, this formula means that 7o has the same allowed previous states as this
“state Cpp)—1(...)".
By the assumptions of the lemma, v is adjacent to n(v) + 1 domains in §, hence

n@)=n-+ny =2, O = ;7 'O e = £

Indeed, going around v from u,_1v to vu; in an anti-clockwise direction, one crosses
all these n(v)+ 1 domains in §, while going clockwise one passes through the remain-
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ing n(v) — 1 domains in %,,. Therefore, the transition j_; — Jp takes the form
Cs(er.er) = Csq1(l(er). r(er)).

which is admissible.
It remains to define the states J; for [ < —k and [ > K. To do so, we join the
sequences
ST =0-mr--.S5k), §++ = (Sk+1,--+»5n)

with the respective sequences of states

i = (j—m3---sj—k—1)a l++ = (jK—‘rl’ .. '7jn—1)

to the constructed sequences
§o:(s—k1---aSK+l)a zoz(j\—kv"~’j\K)'

If $_; contains two domains, then j_j is of type D, J_j is of type Er, and they
have the same set of admissible previous states, thus the joining is just a concatenation.

Otherwise let us show that the joining can be done by item (2)a of this lemma.
Compare the conditions there for the joining of § ™~ and §A ¢ and for that of $ ™~ and
(S_k,....S0), which is clearly admissible. Since S_; = s_; Uuou; and upu; C 98~,
the curves s_j_; and 5_; have no common sides. If s_;_; and s_; share their right
end w, no domains adjacent to w are added in §A °, so w is convex for both joinings.
Now consider ©y. By definition the angle of 7§~ at uy is less than 7, hence it is
adjacent to less than n(u¢) domains in the first joining. The only domain adjacent
to ug that is added in §A° is the one adjacent to S_j, via the side uou;. Therefore, ug
is adjacent to at most n(uo) domains in the second joining. Note also that since J_x
J°

is of type B, the sequence J° stays the same after this joining.

Therefore, both sequences can be joined to 5 ¢ at the same time. This operation
can change only those states in j~~ and j T+ where the corresponding levels are
adjacent to an end of 5_; or §k. Moreover, this end should be adjacent to different
numbers of domains in §A° andin (S_g,...,Sk+1), henceitisu_ or u.

(3) This statement is again a direct consequence of the estimates in Lemma 5.1. In
the case from (2a) we replace jo by Jo representing the same configuration and adjust
the next states by that lemma. Hence we can get j, # J; only fort < ng — 3, and not
fort =n —1 > no — 2. Similarly, in the case (2b) the equality S,,_,,4+1 = §,,_n0+1
means that K < n — ng + 1, hence the modification of j ™+ = (jx41,..., ju_1)
reaches to at most j(x 41)4no—3,and (K +1) +n9—3 < n— 1, whence again fn_l =

Jn—1- u
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The following corollary describes a precise sense in which the operations of nar-
rowing and joining are mutually inverse. It is needed in the proof of Lemma 8.12
which is crucial for verifying Assumption 8.4 for convergence in Section 8.1.

Corollary 5.5. Let S be constructed from S~ and 8T asin Lemma 5.4. Then applymg
Lemma 5.2 to the sequence S §—= (S )0 m OF S = (S )i—o and the domain SO = 3o,
we arrive at the original sequences S*.

Proof. If there are no concave vertices in 3, then §A =3, §0 contains only one domain,
hence no domains are removed when applying Lemma 5.2. Let us now assume that the
vertex v, which is the common left end of s and s_;, is minimally concave. Using the
notation of Lemma 5.4, one can see that any side in u_v separates SCIH and ﬁl =
for some [ < 0, while sides in vu 4 separate J%l = §; and éﬁl 1 with / > 0. Hence it is
1mp0551ble to connect the domain B in S to Ro = §o by a path of ad_]acent domains
in S with monotonic indices if and only if 8 is one of the domains £ K1y - é(i K>
which comprise |_J § \ 8. Therefore, these are the domains removed when we apply
Lemma 5.2. ]

6. Strong connectivity and aperiodicity

In this section we will establish strong connectivity and aperiodicity of the Markov
chain (&, IT) constructed in Section 4. Together these properties yield the existence
of N > 0 such that all entries of the matrix TT"V are positive, where IT is the adjacency
matrix as defined in Section 4.2.

Definition 6.1. Let X and M be respectively the set of states and the adjacency matrix
of a topological Markov chain.

(1) (X, M) is strongly connected if for any x, y € X there exists a sequence
Z0 = X,Z1yes 2 =Y

such that z; — z;41 is an admissible transition forall j =0,1,...,k — 1.

(2) (X, M) is aperiodic if there does not exist ¢ > 1, together with a map 7: X —
Z/cZ., such that for every admissible transition x — y, one has

(y) = t(x) + 1.

We remark that the terms “Markov chain” and “topological Markov chain” as used
here are interchangeable, both meaning a “subshift of finite type”.
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6.1. Head and tail paths

We start by constructing some special short admissible sequences, of length depend-
ing only on the geometry of T, which will be useful in enabling us to pass from
one state to another. Since these sequences can be attached either to the beginning or
end of an admissible sequence, we call them “head” and “tail” sequences, whence the
notation, #¢ and 7°.

Proposition 6.2. There exists M < 4, depending only on Tg, such that for every
e € Gy there is an admissible sequence of states

i¢=(ig > =iy, =tle))

with the following properties. First, i§ = Ao(e) unless R belongs to the special case of
Remark 4.5 and e is the label on the compact side, in which case ig can be chosen to be
either ALR[2.2](e) or ARL[2.2](e). Let T¢ = (Tyf = R, T¢....,Typ) be the sequence
of levels generated by i¢ and let yr, YR be the maximal geodesic segments of the curve
07 ¢\ 07y adjacent respectively to the left or right end of so = T,° N T,° provided
that this end is in D, otherwise let y, gr be empty. Then yr, g have no common points
with spp—1 = Tpp_y N T
Similarly, there exists a sequence of states

le = (h(e) = jEp = = Jj)),

so that if j¢ generates a sequence of levels J® = (HEy, HE (..., Hs = R),
then the maximal geodesic segments of the curve K¢ \ 0K starting at its ends lying
inside D have no common points with K€, 0 H¢, |, and j¢, = Ag(e) except for
the label on the compact side in the special case of Remark 4.5, where j€, is any of

ALR[2.2](e), ARL[2.2](e).

Proof. The proposition and proof is illustrated in Figure 13. We will construct the
paths ¢ in such a way that all states i} are of type A.

If N(R) > 5, take M = 3 and consider a path T ¢ such that 97 7;° and 0g 7,° con-
tain at least two sides each, see Figure 13 (a). Then the geodesic segments y;, g cannot

ass through the internal vertices of d7 7,¢ and d g 7.¢, hence they cannot touch 77¢.
p g 1 2 y 3
rJ"e

If N(R) = 4 and R is non-compact, one can construct
ure 13 (b) or (¢).
Suppose N(R) = 4 and R is compact and has no opposite vertices with n(v) = 2.

as shown in Fig-

Let 51 be the side of 7, = e&R opposite to 5o, and choose T,° to be the domain on
the other side of s;. Then there are the following three cases. If both ends of s; have
n(...) > 3, we use the path shown in Figure 13 (d). Alternatively, if both ends of s
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Figure 13. “Tail” paths 7 from Proposition 6.2. The domains 7" are shaded gray. Dashed lines
show the maximal possible extent of the segments Y7, g. Numbers in circles indicate n(. . .) for
the vertex, oo meaning that the vertex lies on dID. Note that t(e) = Ao(€) in all cases except (f),
in which case t(e) = AL [2, 1](e).

have n(...) > 3, the same holds for both ends of s,, the side of 7, opposite to 51, and
we use the path from Figure 13 (e). The remaining case is when both s¢ and s; have
ends with n(...) = 2. Then these ends lie on the same (say, right) boundary, and the
left ends of s¢, 51, and s, all have n(...) > 3. Then we construct our path as shown
in Figure 13 (f).

If N(R) = 3 and all of the sides are non-compact, we can use the paths shown in
Figure 13 (g),(h).
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Finally, in the special case from Remark 4.5 the paths ¢ are defined as shown in
Figure 13 (i),(j). If e is the label on the compact side then as in Figure 13 (j), we have

ig = ALr[2.2](g).

while the analogous symmetrical path gives the sequence with i§ = Arr[2,2](g).
As for the second statement concerning the head paths #¢, one can set

Jo =), He =T k=0.... M.

In particular, we have h(e) = ((t(e™1)). [

The next proposition describes two important combinations of the “head” and
“tail” sequences, which will be directly used to prove connectivity and aperiodicity.

Proposition 6.3. There are two cases to consider.

(1) Take any e, e such that & # e~ and let #¢, T be the paths from Proposi-
tion 6.2. Then Lemma 5.4 can be applied to join #H ¢ and T €. The resulting path is
generated by an admissible sequence k of states with k_y; = h(e), kpr—1 = t(e).

(2) Take any e, e such that € # e~ and denote Sg = R, §1 = eR. At most one
vertex w of S is shared with Jffl. Choose any side of 1 that is not incident to w
and let € be the label on this side outside S1. Denote $;11 = erffforl =0,..., M.
Then one can apply Lemma 5.4 twice to join the three sequences,

ST=H8 S° =Sl ST=(spMil

The sequence of states k corresponding to this joining starts with h(€) and ends
with t(€).

Proof. We consider each case in turn.

(1) We use the notation of Lemma 5.4. The sides
S—1 = S_l N S() and S0 = S() N 31

do not coincide since € # e~ 1. Assume that they have a common vertex v. In the non-
special case, v is incident to only two domains, S_; and 8o, in ¢ since ifl = Ao(e).
Similarly, v is incident to only two domains in 7 ¢. Therefore, v is incident only
to S_1, So, 31 in 3, hence v is either convex or minimally concave. In the special
case from Remark 4.5 at most one of the sides s_j, 59 is compact, hence by the same
argument v is adjacent to at most four domains in §, and we use that n(v) > 3. The
last part of the statement follows directly from Proposition 6.2.
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(2) The paths §~ and $* are generated by the sequences J ¢ and (i,‘f_l),i”: .
respectively, while §° is generated by any state of the form A__(e). As in the first
part of the proof, we can apply Lemma 5.4 to the paths §~ and $° and obtain the
path ;S" and the sequence of states (71)?:_ r Such that

S-M = S—p NS—m+1

have no common points with the domains added in this step and j_3s = h(e).

Let us now consider two cases. Assume first that no domains are added at the first
step. Then 5y = s and 51 = §; N 8, are different sides of §1, and if they have a
common vertex u, then u # w, hence u is incident only to ¢ and 8 in S , that is, u is
either convex or minimally concave in 5 U 8. Therefore, we can apply Lemma 5.4
to 5 and § T and obtain a path §A and corresponding sequence k of states. As above,

ky =i, = t(@).

To show that k_j; = J_ps, we need to check that the maximal geodesic segment y
in 85 \ 57 starting at u does not reach s_ps. Clearly, if y does not go past an end z
of s¢, it does not reach s_,s. On the other hand, if y goes past z, then it ends at the
same point as the maximal geodesic segment of dH¢ \ s¢ starting from z, hence y
does not reach s_js in this case also.

Now assume that we have added some domains in the first step. This means that
the vertex w exists, the curve 5o = §0 N 87 consists of the two sides of §; that are
adjacent to w, and §0 = 89 U A consists of two domains adjacent to these sides.
Therefore, the curves 5y and s; have no common sides, and if they have a common
vertex W, then w is the end of 5y, hence it is adjacent only to SO and § 1 in S There-
fore, we may apply Lemma 5.4 and get kps = t(€) as in the previous case. To show
that k_»s = h(e), it remains to check that the domains added in this step have no
common points with s_ps. Indeed, no domains are added to §l with / < 0 since §0
already contains two domains. On the other hand, if s_ps has a common point with § !
for [ > 1, then it has a common point with

§0=§0=S()UA.

The side s_ps has no common points with §¢ by the construction of # € and if s_py
has a common point with 4, we arrive at a contradiction with the first application
of Lemma 5.4: the addition of + then changes the indices i ;g for the state corre-
sponding to s_pz, i.e. J_pr # j_EM. ]

6.2. Connectivity and aperiodicity

Proposition 6.4. The topological Markov chain (B, I1) introduced in Definition 4.7
is strongly connected.
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Proof. The scheme of the proof is the following. We will consider several cases. In
each case we choose the set Q C E with ((2) = Q and prove two properties:

(i) forevery j € E there exists a path along the arrows in the adjacency graph of
the Markov chain from j to some state k € 2;

(ii) for every k1, k, € Q2 there exists a path from k; to k».

Let us write j ~> k to indicate that there exists a path going from j to k. Observe
that properties (i) and (ii) imply strong connectivity. Namely, from (i) we have that for
any states j, j/ € E there exist k, k' € Q such that j ~» k and ((j’) » k’. Applying
the involution ¢ to the second of these relations, we get t(k’) ~> j'. Finally, (ii) yields
k ~> 1(k"), and we have

Jjow kv (k') »w gl

Property (i) is proven in the same way in all cases. Namely, if R does not belong
to the special case of Remark 4.5, let Q = {Ag(e) : e € Gy}. First of all, we can
reach an A-state from a state j via a series of states of the form C ... CDA. Then
we transform an A-state to a state with smaller index i, arriving eventually at a
state k with (k) = A(e) and iy ; r(k) = 1. Then the state k can be followed by a
state Ag(e), where e is any label not adjacent to & ~!.

In the special case of Remark 4.5 we set

Q = {Ag(e) : se is not compact}. (6)
The procedure given above brings us either to €2 or to an A-state with i = 2, say,
7(k) = A@), iy1(k) =2, iprk)=1.

If s5 is compact, we have k — Ap[i—, 1](€) — Ao(€), where € = [(€) is the label on
a non-compact side, and i— = i_ 1 (k) + 1. Similarly, if s is non-compact, then sz is
compact, k — Arr[i—,2](¢), and we reduce this case to the previous one.

It remains to check property (ii).

(1) Assume N(R) > 5. Let us construct the tail paths 7 ¢ from Proposition 6.2
and shown in Figure 13 (a) in a uniform manner, namely, we choose the domains 'J'ze 3
in such a way that dg7,° and 07, 7,° contain one side each. Denote by #(e) the label
such that

t(e) = Ao(z(e)):

t(e) is shown as ¢ in Figure 13 (a). Then t: Gy — Gy is a bijection. Indeed, for any
e’ € Gy,apathT = (Ti)i3=0 such that (73, 73) represents the configuration A(e’) and
017> and drJ; contain one side each is unique up to the group action. Hence, if we
require 7o = R, we have T = T ¢ for some e € Gy, thus ¢’ = ¢(e). Note also that for
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the map £ defined by h(e) = Ay (h(e)), we have
h(e) = (t(e™" )™

by the construction of the paths #€.
Now take any f, f € G such that f # ! and denote

e=17'(f), e=hn"(H=c"F)"

Hence, e # ¢!, and we may consider the path from the first part of Proposition 6.3
for these e, &. This shows that Ag(f) ~ Ao(f) for any f, f such that f # f~L.
Finally, to verify Ao( f) ~ Ao(f 1) choose any e € Go \ {f. f~!} and observe that

Ao(f) » Agle) » Ao(f1).

(2) Let us assume that N(R) = 4 and R is compact, and define the bijection
7: Gog — Gy as follows. For e € G consider the side of KR with the inside label e,
then the outside label on the opposite side of R equals 7(e). Then Ag(e) — Ao(z(e)).
Choose m such that ™ = id.

Assumption 1.1 implies that there is a label f € G¢ such that n(vz(f)) > 3 and
n(vgr(f)) > 3. Then we have

Ao(f) » Ao (f)) = AL[L21(f)
— AL[2.1]((f)) = Ao(z(L(f))) »> Ao((f)).

Similarly, Ag(f) » Ao(r(f)), thus Ag(f) v Ag(g) forall g # f~1. By the invo-
lution, we get Ag(g) v Ao(f 1) for g # f. The inequalities n(vy g(f)) > 3 imply
that n(vg..(f 1)) > 3, so by the same argument we have A¢(f 1) » Ag(g) for

all g £ f, Ao(g) ~ Ao(f) for g # 1. Finally, Ao(f) <w> Ao(f 1) since for
h # f, f~1, we have

Ao(f) <w> Ag(h) <w> Ag(f 1),

hence property (ii) holds.

(3) The argument from the previous case works for a non-compact R with
N(R) = 4 if there exists a label f € Gy such that for both « = L, R we have that
either vy (/) is undefined or n (v (f)) > 3. If, say, the left end of s¢ lies on dID then
one can simply write

Ao(f) = Ao(I(f)).

(Here we use an extended definition of /(f): the left end of s and right end of s;( £y~
are either the same point of dID or they are joined by an arc from dg R N dD.)
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Figure 14. The proof of Proposition 6.4 (4) and (5). The notation is similar to that of Figure 13.
The first and the last domains in the paths are shaded dark gray and light gray respectively.

(4) Consider now a non-compact R with N(R) = 4 which is not covered by the
previous case. Then R has either one vertex/arc on dID or two such vertices in opposite
corners. It is easily checked that the only possible arrangements of side pairings are
as shown in Figure 14 (a). In both cases 7 has a pair of 2-cycles and we have

Ao(e) = Ao(f) — Aole), Aole™) — Ag(f™") — Aole™).

In the left case we have Ag(e) — Ao(f 1), Ao(e™ 1) — Ao(f), while in the right
case the path shown in Figure 14 (b) yields Ag(e) » Ag(e™1):

Ao(e) = Ble, [) = D(f".e™") > Ag(e™),

and similarly Ag(e™!) »> Ag(e). Thus in both cases the cycles of t are linked.

(5) Finally, consider the special case from Remark 4.5, where €2 is defined by (6).
Let a side sy be non-compact, say g = r(f), where s¢ is the compact side. Then
property (ii), namely, that Ag( f) ~> Ao(f 1), is shown in Figure 14 (c):

Ao(f) = AR[L2)(f) = ArL[2.21(8) = ALR. (ST = Ao(f7"). =

Proposition 6.5. The topological Markov chain (E, I1) defined in Definition 4.7 is
aperiodic.

Proof. Suppose that our Markov chain has a period c, that is, an index (i) € Z/cZ
can be assigned to every state i € & in such a way that all allowed transitions i — j
satisfy 6(j) = 8(i) + 1.
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Take any ey, e and choose & # e !, e;!. Then using the paths from the first part
of Proposition 6.3, we have

S(t(es)) =8h(@) +2M -1, s=1,2,

whence §(t(e1)) = 6(t(e2)). Therefore, 5(t(e)) is the same for all e, we denote it by §;.
Similarly, 6 (h(e)) equals the same number &y, for all e, and §; = 8, + 2M — 1. On the
other hand, any path from the second part of Proposition 6.3 yields & = o, + 2M.
Therefore,

2M — 1 =2M(mod ¢),

whence ¢ = 1. u

Corollary 6.6. By Propositions 6.4 and 6.5 the Markov chain (E, I1) is strongly con-
nected and aperiodic, hence there exists Ny > 0 such that all entries of the matrix 1Mo
are positive.

Proof. That this result is implied by strongly connectivity and aperiodicity is well
known; see, for example, [34]. n

7. Spherical sums and Markov operator

In this section we express the spherical averages from equation (1) in terms of powers
of a Markov operator (see Lemma 7.5), and obtain an identity relating this Markov
operator with its adjoint; see Lemma 7.6.

7.1. Thickened paths and spheres in the group graph

Consider a state k € E and let (S—, $4) be a representation of the configuration 7 (k).
Let £4, R4 be the left and the right domains in $; as usual, if the state has only one
past (respectively, future) domain then £_ = R_ (respectively, £+ = R4).

Define the maps y, w: E — G as follows: let £_ = hR, then

£ =hy(k) 'R, Ry =hok) 'R, (7

Clearly, these definitions do not depend on the choice of a representation for k.

Lemma 7.1. The maps defined above y and w satisfy the following identities:
(1) w((k)) = wk)™! foranyk € E,

2) (k) =) y((j)tw(k) forany j, k € B such that k — j is an admis-
sible transition.
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Proof. We prove each identity separately.

(1) Consider a representation (S—, $4+) of the state k as above. Then (§_, §+) =
(54, 8-) is a representation of the state ¢(k), and

£i=Rs, Ri=%=.
Hence, if £_ = hR, Ry = gR, then
wk) ' =hr""g, ok) =g h

(2) If k — j is admissible, one can consider the sets S_, S1, and §44 such
that (S—, S4+) represents k and (S, S++) represents j. Define £, Ry as above for
ae€{—,+,++}. Let £_ = hR. Then

L+ =hy()T' R, Ry =ho()'R, Rt =hy() o) R.

On the other hand, (5_, §+) = (§4++,S5+) represents the state ¢ (), hence the formula
for £_ = R4 yields that

Ry =1 =hy() 'w() y(()) R -

Recall that the set P,f__’lF defined by equation (2) is the set of all admissible
sequences of length n which begin and end in start and end states respectively. By
Theorem 4.10, P;f__’lF is in bijective correspondence with the set of thickened paths
of length n and hence to the sphere of radius # in the graph of G. More precisely, we
have the following lemma.

Lemma 7.2. Consider the map ®: PS_’F — G, where
@(jo = -+ = jn-1) = ©®(Jn-1)¥Y(Jn—2) ... ¥(jo)-
Then ® is a bijection ofPS_’F onto the set S,(G) = {g € G : |g|c, = n}.

Remark 7.3. Note that for j,_; € EF there is only one future fundamental domain,
hence w(jy,—1) = ¥(jn—1). The reason for using w rather than y in the final step will
become apparent later, see Lemma 7.5.

Proof. As observed above, sequences from PS _’F bijectively correspond to thickened
paths § from R to gR with g € S,,(G). Take l € P,f__’F . Let the sequence

S=(So=®R,....5)

be generated by j and let £k, Ry be the left and right domains in 8. Define iy € G
so that £, = hiR. Then

g = hn—lw(jn—l)_1
= hn—2y(jn—2)"'@(jn—1)""
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[©(jn-1)yUn=2) - ¥ G,

1

and it remains to use that g + g~ is a bijective map of the sphere S, (G). |

7.2. Parry measure

Let IT be the adjacency matrix of the topological Markov chain described in Defini-
tion 4.7. By Corollary 6.6 for some N all elements of the matrix TN are positive.
The Perron—Frobenius theorem then yields that the matrix IT has a unique (up to a
scaling) eigenvector 2 with non-negative coordinates and that all coordinates of 4 are
positive:

> Mijhj =2Ah; and h; >0  foralli € E.

J

Moreover, the corresponding eigenvalue A > 0 has multiplicity one and is larger than
the absolute value of any other eigenvalue of I1. The eigenvalue A is called the Perron—
Frobenius (PF) eigenvalue and 4 is called the right Perron—Frobenius eigenvector. The
matrix 7 = (p;;j) with entries
h;
Ah;

is stochastic and the corresponding Markov chain has the following property: the

Dij = I1;; (8)

probability of an admissible sequence of transitions depends only on the initial and
the final states in this sequence and the number of steps:
hs

In
Pigiy -+ Pipy—vin = _Hi()il L IT
A”hm

_ hi,
frmtin = T ©)
The Markov measure defined by the matrix w = (p;;) is called the Parry measure. Its

stationary distribution is
pi = aih;, (10

where « is the left PF eigenvector of IT: o1 = A, normalized by ah =) ; i h; = 1.
The time-reversing involution on the set of states implies certain symmetries for
the Parry measure.

Proposition 7.4. Suppose given an involution 1. E — & such that I1,(jy,x) = Ig;
forall j.k € B. Then the transition probability matrix (p;j) and the stationary distri-
bution (p;) of the Parry measure corresponding to the matrix 11 satisfy the following
equations:

Pkj

Pk . -
D) = Pj» Dtk = forall j.k € E.

J
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Proof. Let J be the matrix for the substitution:. Then J = J7 = J~1, JT1J = 117
As above, let A be the Perron—Frobenius (PF) eigenvalue for IT and let & and /4 be its
left and right PF eigenvectors, normalized by ah = 1. Then J is a left PF eigenvector
for JTIJ = TI7, whence («J)T = JaT is a right PF eigenvector for I1. Therefore,
JaT is proportional to A: o, k) = chi. Now

1
Py = yhuy = chy - S% =P

and

D = Mgy _ Tije™ e Tijhj heow _ pipi
Ltk Aht(]‘) /\C_IOlj )&hk thlj Dj ’

7.3. The Markov operator

Recall that the group G acts on a Lebesgue probability space (X, i) by measure-
preserving maps Tg. We denote Tg f := f o Ty ! for any function f € L?(X, ).
Denote

Si(f)=)Y T, '/

lgl=n

Su() = 2 _ Dleimn T S
S.(1) #g:lgl=n}
where S, (f) is defined by (1).
Consider the probability space Y = E x X with the product measure v = p x .
Here p({i}) = pi, where p; is defined by (10). It is convenient to identify a function
¢ € L'(Y,v) with a tuple of functions (¢;);cz, where ¢;(-) = @(i, - ), so that its

L?-norm is given by
wM=ZmLmvw
i

forany p € [1,00) and [|¢|lco = max; [[¢i co-
Define the following operators P, U: L1 (Y,v) — L(Y,v):

(Po)i =Y piiTyhei-  U9); = Tolyeu- (11)
J

then

Then P and U are measure-preserving Markov operators, meaning that both are unit
norm contractions on every L? (Y, v), p€[1, co], and map the positive cone into itself.

Lemma 7.5. For any function f € L'(X, j1) define a function o) € L'(Y,v) by

1 i€ B
((P(f))j _ hL(j)f ] € g,
0 otherwise.
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Then
Sa(f) =A""1 Y (P URY); (12)
JEES

Proof. Indeed,

Su(f) = > Wigiy -+ Wiy aines Ty yy(in—)eytio) |

l()GuS ln 1€u1:
i1500sin—2€E

1
-1 -1
= A" > hiopioi e Pinaino Ty o) - Ty Tt/

loeusln 1€EF,
i1,.e0sip—2€8

=" N hy,

ip€EE s

_ _ - XEr (in—1)
x (Z Pioir Tyt ( - (Z Pin-2in-1 Ty(iy ) Tw(}n_l)(;—nf)) ))
i

: Ip—
in_1 n—1

Ui,y
= 2" hig (PP U, n
io
7.4. The dual (adjoint) operator

Let us recall that for ¢, ¥ € L?(Y, v) we have

=Y pelor. Vi)

keE

A short computation shows that if an operator Q has the form

()i =Y _ piiTijo;.

je&

then its dual satisfies

Pk Pkj
(Q*¥); =) ——LT .
keE Pj

Therefore, for P defined by (11) we have

(P*y); =) PP _k] Ty V- (13)
Pj

keE

Lemma 7.6. The Markov operators P and U defined by (11) satisfy the following
identities:
U=U"'=U* P*=UPU.
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Proof. These identities follow from Lemma 7.1 and Proposition 7.4. For example, let
us prove the second:

—1 —1 —1
UPUY); = Ty (PUVLG) = Tolyy D Piina Tyiign (U
l
-1
—sz(m o) Ty Tot) Vi)
= ZPL(;)L(k) (N1 y (N o) Vk-

For the last equality we substitute / = ¢(k) and use the first identity in Lemma 7.1.
Now using Proposition 7.4, the second identity in Lemma 7.1 and formula (13) one
can see that the right-hand side equals (P*v);. |

8. Proof of the main theorem

To prove our main result, Theorem A, we use a new theorem on pointwise conver-
gence for powers of a Markov operator, Theorem 8.6, which is stated in Section 8.1;
its proof is postponed to Section 9. The result is an elaboration of that used in [14]
under weaker assumptions. In order to apply Theorem 8.6 to the operators defined
by (11) some work is needed to check that these assumptions hold.

In Section 8.2 we check Assumptions 8.2, 8.3 in the ergodic case, that is, when the
sigma-algebra I ;2 is trivial. The remaining Assumption 8.4 is checked in Section 8.3,
concluding the proof of Theorem A in the ergodic case. Finally, in Section 8.4 we deal
with the general, non-ergodic, case.

8.1. General theorem on pointwise convergence

Let (Z,n) be a Lebesgue probability space, and let Q be a measure-preserving Markov
operator on L(Z, ). In order to state our convergence result, we need the following
assumptions.

Assumption 8.1. There exists a decomposition Q = VW, where V and W are meas-
ure-preserving Markov operators, so that Q* = WV.

Assumption 8.2. Foreveryn € N the equation Q" = has only constant solutions
in L*(Z,n).

Assumption 8.3. There exists m € N such that the equation (Q*)™ Q™Y = ¢ has
only constant solutions in L*(Z, n).
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Assumption 8.4. There exists a sequence of operators Ay, a constant C > 0, and
a,b € N so that for all n > my := [a /2] the following inequality holds for any non-
negative ¢ € L'(Z,n):

b
WO <C Y (0" Q"o+ Ang. (14)
j=—b

Here W is the operator from Assumption 8.1. The operators A,: L' (Z,n) — L'(Z,n)
map non-negative functions into non-negative ones, and for any p € [1, oo] map
LP(Z,n) to itself. Moreover, ||AnllLr < oy, with fo:mo ap < 00.

Remark 8.5. Applying V' = QV to both sides of (14), we arrive at the inequality

b
Q™" o <CV' Y (00" g + A (14)
j=—
with the same estimates on the norms of the operators A/,. We will use both (14) and
(14") below.

Theorem 8.6. Let Q: L'(Z,n) — L'(Z,n) be a measure-preserving Markov opera-
tor acting on a Lebesgue probability space (Z,n) and satisfying Assumptions 8.1-8.4.
Then for every function ¢ € Llog L(Z,n) the sequence Q"¢ converges almost surely
andin L' to [, ¢ dnasn — oco.

As remarked above, the proof of this theorem is deferred to Section 9.
We now proceed to check that the above assumptions hold in our case.

8.2. Checking Assumptions 8.2 and 8.3
Let P, U be the Markov operators defined in (11) and define
Q=P2 V=PU W=UP. (15)

In this subsection we check Assumptions 8.2 and 8.3 of Theorem 8.6 for these Q, U,V
in the case in which the sigma-algebra I G2 is trivial. To do this we express the equa-
tions from these assumptions in terms of the components ¢;, j € &, of a function
@ € L2(Y,v).
Proposition 8.7. Let P be the Markov operator defined by (11). Then the following
hold.

(1) A function ¢ € L2(Y,v) is a solution to the equation P*¥¢ = ¢ if and only if

for any admissible sequence ig — i1 — -+ — i of states we have

-1 -1
Pio = TyGio) -+ Tytix—n) Pirc (16)
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(2) For k > Ny, where Ny is defined in Corollary 6.6, a function ¢ € L*(Y,v)
is a solution to (P*)k Pk ¢ = @ if and only if, for any admissible sequences
ip > i1 = -+ —>ipand jo > j1 — -+ — jg with iy = jo, we have

1 -1 o =1 -1 .
Lin - TyGeonPic = TyGioy - TyGeen) Pic-
Proof. We consider each assertion separately.

(1) The equation P¥¢ = ¢ is equivalent to

k -1 -1
Dig = (P w)io = Z Digiq - - -Pik_lik Ty(io) o Ty(ik_])¢ik’

i1

hence, since the T, ’s are unitary,

leiolzz < D Pioir - Pix—yix I ig 1 2 (17)

i1 eesige

Multiplying these inequalities by p;, and summing them up for all iy € &, we obtain

" piollgiolz < Z[ S piopioi ...pik_lik}nwik 2 = 3 piy iz
)

ik Ti0seslk—1 ik

Therefore, for each iy inequality (17) is indeed an equality, and the vector (||¢;||2)ieg
is a right eigenvector of the stochastic matrix ¥, where the matrix 7 = (pij) is
defined by (8). Corollary 6.6 and the Perron—Frobenius theorem yield that (1,...,1)
is the only eigenvector of 7 with non-negative coordinates up to scaling, hence all ¢;
have the same L2-norm.

Finally, in the Hilbert space L2(X, i) the triangle inequality (17) attains equality
only if all non-zero summands are proportional to each other with positive coeffi-

cients, whence ¢;, = ¢ - T}

oy - Tyi, ) ®in- Calculating the L2-norms of both sides,

we getc = 1.

(2) Similarly, (P*)* P¥p = ¢ yields

Z PjoPjojr - - Pir—1jk

Pjx =
* Pix

Pjoiy Piyip - - - Pig_yig
JOs-sJk—1
L] seeslfe

-1 -1
X Ty(jg—y) - - TY(jl)Ty(il) s Ty(ik_l)(pik]'

The remaining proof is the same as in the first statement: (]|¢;||)ieg is a right eigen-
vector of the stochastic matrix (77 *)* 7% with positive entries, where we have (7 Nij =
pj pji/ pi; hence the L?-norms of all ¢;’s are equal, and the same argument with the
triangle inequality completes the proof. ]
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Lemma 8.8. Let M and Ny be defined as in Proposition 6.2 and Corollary 6.6. Then
forany | > I* := max(2M, Ny), the following holds: if a function ¢ € L*(Y,v) sat-
isfies equalities

-1 -1 —
T L9 =T

1 —1
Y yGn - TyGon @i (18)

for all admissible sequences iy — iy —> -+ — i, jo = j1 — -+ — J; withig = jo,
then ¢(x, k) does not depend on k € E: ¢(x,k) = ¢°(x), and ¢°(x) is G2-invariant.

Remark 8.9. If (18) holds for all pairs of sequences of a given length /, then it holds
for any pair of sequences

ip —> i1 —> - — iy, Jo— Jj1—>— jr

of length /" < [ with iy = jo. Indeed, append an arbitrary prefix i_g_;) — --- — ip
to these sequences and apply (18) to the resulting sequences of length /. One can see

that
7! T,
y(i_(/_l/)_H) © Ty(io)

cancels out and we arrive at (18) for the original sequences of length /’.
Let us first deduce Assumptions 8.2 and 8.3 from Lemma 8.8.

Corollary 8.10. In the ergodic case, that is, assuming I G2 is trivial, Assumptions 8.2
and 8.3 hold for the operator Q defined by (11) and (15).

Proof. We divide the proof into two steps.
(1) Suppose that Q"¢ = ¢. Choose s such that [ = 2ns > [*. Then

Plo = (0" = ¢.

Therefore, (18) holds, as both sides are equal to T),,)¢i, by (16). Lemma 8.8 then
implies that all ¢; are equal to the same function ¢°, where ¢° is Gg—invariant and
hence, by ergodicity, constant.

(2) Suppose that (Q*)" Q™¢ = ¢, where m satisfies 2m > [*. Proposition 8.7
implies that (18) holds for ¢ with [ = 2m, so ¢ is constant. |

It remains to prove Lemma 8.8.

Proof of Lemma 8.8. For every e € Gy, let J£¢, T¢,i¢, j*, h(e), and t(e) be defined
as in Proposition 6.2. Recall that 7 = H§ = R and define g, h, € G such that
Th—1 = 8eR, J(fM+1 = h.R, whence

ge =y .yl he =yt v aran)-

Denote ¥, = Ty, ¢1(e)-
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Take any ey, e, and choose € # e7!,e;!. Let % (@ = 1,2) be the paths from the
first part of Proposition 6.3 applied to e, and €, and let k* = (k%,, — --- — k§;_,)
be the corresponding sequences of states. Then

8%a1 = Heppir = heR,  SH_| = T = geu R,
hence
8ew = hey Ky )7y (ki)™
Therefore, (18) for the sequences k¢ yields
Ty Ty, Pren) = Ty1 Ty, $rce)s

whence V., = ¥.,. We thus obtain that all v, are equal to the same function ¥°.
Now again take any ey, €5, choose & # e7 ', e5 !, and apply the same argument to
the paths from the second part of Proposition 6.3 for ¢, e, and €,. We have that

Dizte Ve = Thizterg, 9@ = Tizlesg, 91@) = Tiz1e, Voo,
Therefore,
Teflezwo = wo’

so Y° is G(z)-invariant. Then the function Ty ° is independent of & € Gg; denote it
by ¥°. The function ¥* is also G3-invariant and T,y * = ¥° for all & € G.

Finally, fix 7 = t(e) and take any 7 € E. With N = Nj as in Corollary 6.6, we
can consecutively choose iy —1, ..., i1, so that the sequence

ip—> - +—>IN_1 —>IN=T
is admissible, and then, since (HNO),AOJ~ > 0, we can choose ji, ..., jy—1 such that
o =jo—>j1—=> = jN-1 > JN=17
is also admissible. Using (18) for these sequences and taking into account the defini-
tion of v, we see that

07 = Ty 1)y GOY D)= oo iy )= 1 (06 GOV

The number L = 2N + M — 3 of the generators in the product is the same for all 7,
hence all the @7 are the same; they are equal to either ¥° or ¥* depending on the
parity of L. ]
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8.3. Checking Assumption 8.4

Lemma 8.11. Assumption 8.4 holds for the operators defined by (11) and (15). Pre-
cisely, inequality (14) holds fora = 6 and b = 2.

The proof rests on a rather complicated geometric statement which is needed to
compare terms on the two sides of estimate (14) in Assumption 8.4. The underlying
meaning of this geometric statement, made precise in Lemma 8.12, is the following.
Consider a thickened path § = (S¢ = #, ..., 82, = B). Then if this thickened path
does not belong to a small set of “exceptional” paths, it can be embedded into a tri-
angle ABE of thickened paths such that (1) the lengths of A€ and € B are not more
than n + const, and (2) the triangle has, informally speaking, “zero angles” in all its
vertices. In the simplest case of free group “zero angle” in vertex 4 means the coinci-
dence of the levels of the paths 48 and AT that are adjacent to 4. One can easily see
that here we have no exceptional paths: choose € to be any neighbor of §,, other than
Sn—l and Sn+1, then €A = ('6, Sn, Sn—l, ey 30) and €8 = (t’, Sn, Sn+1, ey SZn)
have length n + 1.

In the general case the states of our Markov chain are not uniquely recovered
from the configurations of the domains, so we say that “zero angle” in 4 means the
coincidence of the first elements in the sequences of states generating A8 and AC.
Another amendment in the formal statement of the lemma is that we deal with any
sequences generates by our Markov chain, not only with thickened paths.

To find such a triangle we cut the sequence 48 near its midpoint and then modify
the halves to construct A€ and €B. This is done by the lemmas from Section 5,
which allow us to keep track of the generating sequences of states throughout the
modification process.

Denote by P, the set of all admissible sequences i = (ip — --- — i,) of states in
the Markov chain and let A > 1 be the Perron—Frobenius eigenvalue of its adjacency
matrix IT.

Lemma 8.12. For all sufficiently large N, there exists an exceptional subset
Exn-—1 CPan—g

with #E,n_1 = O(AYN), such that the following holds for everyi € Poy_1 \ Ean_1:
there exista € {1,2,3,4}, B € {—1,0, 1,2}, and admissible sequences

. . \N— — N -
J=Goisd T k= Gy e

with the following properties:

(i) Jjo=ko, jN—p+a—1 = t(i0), kN4 p+a—1 = i2N—-1.
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k2 (n45)—1

k2(n+s)

i4n—2a\+l‘§

Figure 15. Illustrating Lemma 8.12 and formula (22).

(ii) Let S = (So,-..,32n) be any sequence of domains generated by i and let
U= Uo,...., UN-+a)s V= Vo,....VN18+a)

be the unique sequences generated by j and k, respectively, with the property
that UN_/;+,,, = o, vN—',—ﬂ—i—a = Son. Then Ug = V.
(i) j1 # k1.
Moreover, the mapping i > (j, k) with (j, k) satisfying ()—(iii) is injective.

This lemma is illustrated in Figure 15. Every state from the sequences i, j, k is
represented by a straight arrow, while the past and the future domains of the state are
shown as the pairs of squares near the start and the end of this arrow. Other details of
this figure, including the numbering for elements of j and k, which is different from
that in the statement of the lemma, are discussed below when proving equality (22).

Remark 8.13. In the lemma, B can be set to zero except in the special case of
Remark 4.5.

Statements (i) and (ii) remain true if the same admissible sequence ¢ = (tl)?z_ s
with ¢ = jo = ko is prepended to both J and k. Statement (iii) requires J and k to be
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chosen without this common initial part. The possibility of adding or removing such
a common initial segment will be used later.

Proof of Lemma 8.11 assuming Lemma 8.12. The values of a and b in the statement
of Lemma 8.11 are in fact b = max ||, @ = b 4+ max «, where the possible values
of @ and B are described in the course of the proof of Lemma 8.12; see Claims 8.14
and 8.17.

Let us examine the terms on each side of (14). First, for a non-negative function
¢ € LY(Y,v), we have

(WQ4g), = (UP*—2a+1g),
= Z Pu),iy Piriz - - Pian—2aian—2a+1
i1,eidn—2a+1
< Ty Tyaan v - Totian—sa) Pian—zat1- (19)
The coefficient in a term of the last sum is non-zero if and only if the sequence ¢(/) —

i1 = +++ = l4n—24+1 is admissible. Since (p;;) is the matrix for the Parry measure,
formula (9) yields

(WQ?"4¢); < 61)&_4" Z Tw(io)T (o) Ty(tl) Tl/_(i14n—2a)g0i4n_2“+l’ (20)

i€Pap—24+1,
io=t(l)

where we use w(1(/)) = w(l)™!; see Lemma 7.1. Similarly,

()" Q" g);
Pjo

= Z Pl Pjon—11Pjrn—2jan—1 - - - Piojr Pjok1 Pkika - - - Pkoptos—1kon+os

J2n—1s-+-3J0s
kise-skopntos

—1
X Ty(jap—r) - Ty(io) T, (j())Ty(kl) Ty(k2n+2s_1)(pk2n+2s’

hence (9) yields the estimate

(" Q" p); = CoA™*"

—1
X Z TY(/211—1)“‘T)’(J())T(k())Ty(kl) Ty(k2n+2_\<_1)¢k2n+2s‘ 2D

JEP2, kEP2y o,
Jo=ko,j2n=1

Here C, is chosen in such a way that this inequality holds for any s with |s| < b.
Apply Lemma 8.12 to a sequence i from (20) with N = 2n —a + 1. There are O (A%")
sequences in the exceptional set E45,—5,+1, and the corresponding terms in (19) com-
prise (A,9);. Thus || A, || = O(A~2"), hence the series Y, || An || converges.
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Suppose now thati ¢ E4n—24+1. Choose paths 7 €P2y—4—p+q and ke Poy—uiB+a
as in Lemma 8.12. Denote n = a — « + 8 > 0, consider any admissible sequence

ZZ(Z_H—>---—>Zo=j0=k0),

and adjoin ¢ to both 7 and E to construct j € P>, and k € Py, 408.

Let us prove that the terms in (20) and (21) (with s = B) corresponding to this
choice of i, j, and k are equal. Indeed, / = t(ip) = jon and kap425 = ian—24+1, SO
it remains to_prove that

w(io)y(io) ' y(i) ™ .. y(is—2a)

8i
= y(jan-1)---y(o) (ko) " ... y(kant2s—1)"", (22)
8 8k

where we define g;, g, and g as shown.

Statements (i) and_(ii) of Lemma 8.12 hold for j and k, so let §, U, and 'V be
generated by i, j, k as in statement (ii). Let 7R be the right domain in §;, then the
definitions of y(_ -) and w(-) in formula (7) imply that hw(ip)R is the left domain
in 8o, hw(ip)y(ig) 'R is the left domain in §q, ..., and hgi R is the left domain
inSan—2a+1-

On the other hand, as ¢ = Uz, +1 and ig = ¢(j2,), we have that S; = U,, and
h&R is the left domain in U, . The same argument as above gives us that hg ;R is the
left domain in U, which coincides with the left domain in Vo, so hg; gx R is the left
domain in V,,4,. But as -

Vontas+1 = San—2a+2 and  Kapi25 = ign—2a+1.
we obtain that the left domains in V,, 425 and $4,—24+1 coincide. Therefore,
hgiR = hg;gkR,

0 (22) holds. This is illustrated in Figure 15: the curved arrows link the domains 2g R,
where g is an initial segment of either the left-hand or the right-hand side of (22); the
shaded squares correspond to ¢ = id (left), g = g; (top), g = gi = &, g (right).

Therefore, we have proved that for every term in the right-hand side of (20) except
those with i € E4,—24+1, there exists an equal term in the right-hand side of (21) for
some s with |s| < b.

Finally, we check that different terms in (20) correspond to different terms in (21).
Indeed, by the last statement of Lemma 8.12 different sequences i € Psy—24+1 \
E4n—24+1 correspond to different pairs (7, E) On the other hand, by item (iii) of

this lemma the pair (J, k) is uniquely determined by the pair (/, k): to see this find



A. 1. Bufetov, A. Klimenko, and C. Series 112

maximal s > 0 such that j; = k; forall [ =0, ..., s and remove the common initial
segment (jo, ..., js—1) from j and k. Therefore, different sequences i yield different
pairs (/, k), hence

b
Z Tg£¢i4n—2a+l = Z Z nggl_(qpk2n+23‘

i€P4p—24+1\Ean—2a+1> s==b jEP2,,keP2, 105,
io=t(l) Jo=ko, jan=1
Combining this inequality with (20) and (21), we establish (14). [ ]

Proof of Lemma 8.12. The proof will be carried out in a number of steps. At various
points we perform certain operations from Section 5 on the sequences in question and
then check that the number of sequences for which this alters states so as to make the
requirement (i) in the statement of the lemma impossible is O(A).

As in Lemma 5.1, let ny be the maximal value of n(v) for all vertices of R,
no = 2 if R has no vertices inside ID. From now on we assume that N > ng + 5;
otherwise one can set E;y—1 := Pox—1. Take any i € P, y_; and consider a sequence
S =(S0,...,3>n) that is generated by i; let s; = §; N S741.

Step 1. We begin by splitting § at a suitable point $_g near Sy, where B is chosen
as in the next claim. Note that if N(R) > 4 we can take 8 = 0 and the proof simplifies.

Claim 8.14. There exists € {—1,0, 1,2} and a domain A € Sy_g with a side 5 not
belonging to sy_g—1 U sy—g. In the special case from Remark 4.5 we also require
that s has an end v that either belongs to 0D or is incident to at most n(v) — 1 domains
ins.

Proof. Assume first that there exists a level Sy_g, B € {—1,0, 1, 2} which contains
two fundamental domains. Then Sy_g has 2N(R) sides with at most six of them
included in sy_g—; U sy—g. Any other side in dSy_g can be chosen as § with 4
being the domain in §y_g adjacent to 5.

Thus further consideration is needed only when N(R) = 3 and both states iy _g_;
and ixy_g are of type E. The states of type E exists only if there are two adjacent
vertices in dR that lie inside D, hence we are in the special case from Remark 4.5.
However, (E — E)-transition needs a vertex u with n(u) = 2, and this is ruled out in
this remark. We have thus proved that there exists a side

5S¢ SN—g—1 UsSn_g.

Note that in the special case the side 5 is not incident to the common vertex of two
fundamental domains in $y_g, whence § is non-compact.
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Now assume that each Sy_g, B € {—1,0, 1,2}, contains only one domain. Then
SN—1 U sy consists of two sides of Sy . In the non-special case any other side in 98y
can be chosen as 5. In the special case this can fail if the side

s =08y \ (sy—1 Usn)

is compact. Then let u be the common vertex of s and sy —1. If u is incident to n(u) > 3
levels of §, then u is incident to the only domain in Sy _,. Therefore,

§=08N-1\(sn—2Usn-1)

is the only side of §,y_; non-adjacent to u, hence § is non-compact. |
Step 2. Having split the sequence § into two halves at § y _g, the next step is to narrow
these halves, reducing Sy_g to the domain A chosen as above in Claim 8.14 (and

fixed for the remainder of this proof). This we do by applying Lemma 5.2 to the
. \N—B-1 N-8 .
sequences (i7);_,  and (S;);_, to obtain sequences

GO s
with Uy, _ g = 4. Similarly, from (it p and (SN, 5> We obtain sequences
KkDiNyts. (VDIy_p
with Vy, N_pg =
Claim 8.15. Let ES&_I be the set of sequences i € Pyn_1 such that
Jo#io or kiy_y #ian-1.

Then #ESN_ = O(AN).

Proof. As one can see from the second statement of Lemma 5.2, j| # io implies that
nO 1 # uno 1

Hence, all states in the sequence (ll) I=ny _1 are of types C and E,, where a =L
ifA=4Ey panda = Rif A= Ry_g. Th1s means that the states (ll)l —no— 1 are
uniquely determined by ix_g—_;. Therefore, there are finitely many possibilities for
(il);vz_oﬂ_1 and O(A") possibilities for (il)lzivﬁiﬂ. ]
Step 3. Assume now that i ¢ Eé}&_l. The next step is to shift the numbering in the
sequences constructed above and invert the first pair, after which we join a short head
sequence as defined in Proposition 6.2 to the beginning of each of them.
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Let M be the number from Proposition 6.2, then we define ;i = (j;’ )M+N p-1

Wy = U as

b}

= Upin-p—ir JI = Upmsn—p-1-1)
and k" = (k,,)M—‘,-N-‘rﬁ 1 rV// _ (V//)M-FN"rﬂ
S+ -+

V=V p-msrr K =ky_pg_pir-

Further, let A = aR and let € be the label on the side § inside 4. Define
Jl =k =GRt U =V = @ )i,

where j ¢ and ifg are defined in Proposition 6.2.

Apl_le Lemma 5.4 to join U” and U’ . Except in the special case of Remark 4.5
this is possible because j_g1 is type Ao so that the path U” adds only one domain
incident to each end u of 5, so for the union of these paths the vertex u is either convex
or minimally concave. In the special case of Remark 4.5 and compact side § this is
amended as follows: U” adds two domains to one of the ends of §; by choosing # ¢
to be either the path from Figure 13 (j) or its mirror image we make this end to be the
vertex v from Claim 8.14.

Thus by joining U” to U’;, we obtain new sequences and states which we rename

as

= U)EMP =G

El

We have jo = j€ by the construction of the path ¢ Similarly, we join V" and vy

to obtain

_ )N+M+ﬂ k = (k; )N+M+ﬂ 1

’ El

and we have kO = JEM = jo, as well as ‘Mo = Q%EM = VO-

Claim 8.16. Let ES&_I be the set of sequencesi € Poy_1 \ ES&_I such that
IN+M—g-1 F j1/\,/+M_ﬁ_1 or knim+p-1# k;(]+M+ﬂ_1-

Then #E3) | = O(AN).

Proof. We first consider changes to states made at the joining step to see to what
extent the joining changes the states j, see Lemma 5.4. As above, jyym—g—1 #
jI,\,’—e—M—ﬂ—l implies

U +N—p—no 7 Unt 4 N—g—no-

Assume that § lies on the left boundary of Sy _g. Then each level (U} )M+N B=no

contains only one domain and these domains are the consecutive domains adjacent to a
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geodesic segment on the right boundary of U, , that is, the left boundary of U’. More-

over, the states (j; )M+N p=no-1

many j l’s (or, equivalently, j i”’s) such that

are uniquely defined by j;;, so there are finitely

JN+M—p—1 F N+ M—p—1-

Now we consider changes to states made at the narrowing step, for which we
use Lemma 5 2 Let us show that each of these j"’s can be obtained from finitely
many (zl) = 0 . Indeed, assume that ‘u/ 3 7é Sn—p—3, i.e. that the narrowing
step changes at least the four last domams in (Sl) = Oﬁ Then for / = 1,2, 3, we have
that

N,Bl_:ﬁNﬂl

and all dp U’y _ —p-1 belong to the same geodesic segment; see Figure 10 (a).
We have shown that the same holds for

since the joining step adds domains to all levels up to U Therefore,

M+N—B-no+1°
each of dr R U’y _ p—1 is either a side or a vertex since the [ = 2 region is joined to
the / = 1 and [ = 3 regions across one side only. This means that N(R) < 4 and R
is compact. Assumption 1.1 now yields that N(R) = 4 and each of d1, g u/]\]—ﬂ—l is
a segment. Thus U’ has a straight angle at every vertex u of ‘L(’N_ B2 On the other
hand, there are only two domains in U’ that are adjacent to u, hence n(u) = 2. This
contradicts Assumption 1.1.

Therefore, jn+mM—g—1 7 Jy4p— _p—y only for finitely many sequences (il);\’:_o‘g ,
and hence for O(A) sequences i = (zl)ZN L n
Step 4. Assume now thati ¢ Eoy—1 1= ES& U ES\), 1- Then we have

JN+M—B=1 = jyim—p—1 = L) = t(io),

Un+m—p = Uyiy_p = Uy = So.

Similarly, we have ky 4 ar4—1 = ian—1 and Vy 48 = San. Also we have seen
above that jo = k¢ and U = Vy. Therefore, statements (i) and (ii) of the lemma hold
for the constructed sequences.

Step 5. The next claim allows us to prove both (iii) and the final statement of the
lemma, that is, that the map i — ( Js k) is injective. The claim itself will proved in
Step 6 below.

Claim 8.17. Assume that we have sequences U,V as in (i) and (ii) with Uy = Vy
and let M be as in Proposition 6.2 and Step 3 above. Then:
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(1) Let s be the maximal number such that j; = kj forl =0,...,s. Thens < M.

(2) Let s' be the maximal number | such that U; and V) have a common domain.

Then s' = M and Up N Vi = A with A as in Claim 8.14 above.

(3) Lemma 5.2 applied to the sequence (U;),_,, M+N=p

sequence U\ . Similarly, ("VI)M+ +h yzelds VY.

and the domain A yields the

(4) Lemma 5.4 applied to the sequences U', V' produces the original sequence §.

As we have noted in Remark 8.13, one needs to remove from j and k their com-
mon initial segment to satisfy statement (iii). Item (1) of the claim means that, after
removing their common initial segment, the sequences j and k belong to Py 411
withae = M — s € {1,2,3, 4}, proving (iii). -

Now assuming Claim 8.17, let us check that the map i — (J, k) is injective. Sup-
pose given j and k satisfying (i) and consider the sequences y_and V constructed as
in (ii), so that Uy = Vo. The domain + is identified uniquely from (2) of the claim,
then by (3) one can restore U’} and V! (and hence U’ and V'), and by (4) the original
sequence §. Thus we have a unique sequence of domains § generated by i, together
with its initial and final states

io =t(jN—B+a—1)> I2N-1 =KkNiBta-1-

Hence, we can uniquely restore the whole sequence i as in item (2) of the first part in
the proof of Theorem 4.10 as required.

Step 6. Finally, we establish the last claim.

Proof of Claim 8.17. It is convenient to deal with sequences i which start and end
in the states g, & f, respectively. Thus we begin by showing that the statements of
Claim 8.17 for suitably extended sequences imply the same statements for the original

ones.

2N—1+e¢

Consider any admissible sequences (i 1)?:_ s and (i), 2,y

suchthati_g € Eg,
ioN—1+¢ € & F and denote

This extends the sequence § to a sequence S = (Sl)lziv_’t; generated by 7. Provided

thati ¢ E;n—1, we can apply the above procedure of narrowing and joining to these
extended sequences. For all sequences involved in this procedure we use the notation
as above with an added hat, for example,

u// . (u//)M-i-N ,B+8
L=

Note that the narrowing and the joining in the original procedure does not change
the terminal elements in § and i. Therefore, the same operations for the extended
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sequences do not modify any of the added segments. In other words, the sequences
7 E , ‘l_j(/jr etc. are the extensions of the corresponding sequences without hats by the
segments (it 5 G (S5, and (Sl)?iv;g\fﬂ, or their inversions.

Thus the statements of Claim 8.17 for the extended sequences imply the same
statements for the original ones. From now on we deal with the extended sequences

only.

Above we have constructed a Y-shaped combination of the three thickened paths
a,, Vi, aké, (23)

all meeting in the domain 4. Now we construct a related Y-shaped triple of rays. To
do this, consider generic points

O ecintA, Xq € 8OUX4+N—;3+8’ Xy € 30"71/(4+N+ﬁ+8, Xy € 80(aJ€EM)

such that the lines £(0OX ), J = U, 'V, #, do not contain any vertices of Tg, where
we recall that dp denotes those part of the boundary of the terminal domain in a path
that is not shared with the adjacent domain of this path. The segments OX s lie inside
the corresponding convex sets:

oxy c| Ut oxyc| V. 0xgc|Jak®

These sets are the thickened paths between their ends hence each of these segments
crosses all consecutive levels in its respective thickened path; see Section 3.2. In par-
ticular, these segments leave +4 via different sides: OX4q; crosses a side from sq :=
SN—g—1 N 34, OXy crosses a side from sy := sy_g N dA, and OX g crosses 5.

Define ay to be the ray on £(OX ) that starts at O and contains X and let
a}L C «ay be the ray starting at X ;. The rays oy cut D into three sectors; denote the
sector bounded by oy and @y’ by X /.

From these definitions one can see that none of the curves §, sq;, sy intersect with
the “opposite” sector. Hence, every path in (23) intersects the “opposite” sector only in
an appropriate part of the domain +4. Indeed, | J ﬂ’jr isaconvex set. If x € ﬂﬁr \ A,
there is a point y € Ox that belongs to sq;. On the other hand, if x € Xy, then
y € Ox C Xyg and we arrive at a contradiction.

The ends of 5 belong to Xq;5 and Xy g, we denote them by vq, and vy, respec-
tively. Then the domains added to ﬂ’ " by the application of Lemma 5.4 belong to Xq; %.
Indeed, the set Uﬁ \U ﬂ’ " is a connected set that contains vqy € X9 g on its bound-
ary. This set cannot intersect the curve X OX g which lies inside U ?_1” . And if it

intersects, say, a‘a, then the intersection aq; N | U is a segment that goes beyond Xy,.
"
M+N-B+

required that no domains adjacent to Uy, , g, 5 are added to U".

This means that |_J ﬂ contains the domain bordering U s at Xy But we have
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We now pass to the proof of the statement of the claim.

(1) This statement follows directly from the second one: if j; = k; for/ =0,...,
M, then Uy = Vp yields U; = V; forl =1,..., M + 1, hence Upr4+1 N Va4 is
nonempty.

(2) Let us show that
JanJ? = Jaz
Indeed, the domains in ‘l_’l fall into three classes:
(a) those from a # ¢
(b) those from J U” \ A,
(c) those added by the joining.

The first two classes are disjoint since ﬁ is a thickened path between its ends, so its
different levels do not intersect. The domains in f are similarly classified into the
classes (a), (b'), and (c’). The classes (b) and (b") belong to the two different halves
of the thickened path 5 and hence do not intersect. The classes (b) U (¢) and (¢’) do
not intersect since the former contains no domains intersecting X+ g, while the latter
lies in this sector. Hence, the intersection | J ‘l_’l ny YA consists of the domains of the
class (a) only.

(3) This follows directly from Corollary 5.5.

(4) A joining as in (3) is a minimal convex union of fundamental domains that
contains both U’ and 'V, hence it lies inside | J S. Since i ¢ E5y—1, the union

UainJvy=UJunJv

contains all domains in §; with/ <ng—1or/ > 2N —ng + 1. Therefore, the joining
adds no domains to these levels and hence yields an admissible sequence 7 with i; = i;

for/ <0and! > 2N — 1. Then each of 7 and 7 belongs to Pg;’_Fl ote and generates
the thickened path between S_g and S 4., hence 7 = 7 by Theorem 4.10. [
This completes the proof of Lemma 8.12. ]

8.4. Conclusion of the proof of Theorem A

Take an ergodic decomposition of the measure p with respect to the action of the
subgroup of G generated by Gg = {g142 : &1, &2 € Gy} and consider an ergodic
G2-invariant measure [i.

Note that in general the operator P does not preserve the measure fi X p, but
the operators Q, V, W defined by (15) do, as they contain only terms of the form
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foTg oT,, for g1, g2 € Gy. Formula (12) then yields

Son(f) =221 Y hi (0" W),

JEES
Note also that #5(2n) equals the number of paths from E g to E g of length 2#, thus

#S(2n) = Z (IT*"~ Ny = CA*" (1 + o(1)),

icBg,jEEF

whence

San(f)=C Y hi(Q" 'Wel); - (1 +0(1)).

JEES

Now we apply Theorem 8.6 to the operators (15) acting on the space L! (Y, 7), where
v = 1 x p. Recall that we have checked Assumptions 8.2-8.4 for these operators
in Corollary 8.10 and Lemma 8.11. Hence, we obtain that the following holds for
[-almost every x:

*  S5,(f)(x) converges to some limit, which we denote as f~ (x).

* f(x) = f(Tgg,x) forany g1.8> € Go.

The second item results from the fact that f~ is constant [i-almost everywhere.
Therefore, the set of x € X such that these two conditions hold, is of full measure

with respect to every convex combination of the ergodic measures, in particular, with

respect to the initial measure p. Thus lim,— o0 S2, () (x) exists pu-almost surely and

is Gg—invariant. On the other hand, for every 4 € T Gz one has

[ fan= [ sauiran— [ Fau,

whence f =E(f|I G(z)). The proof of Theorem A is now complete. ]

9. Proof of Theorem 8.6

In this section we prove Theorem 8.6, which gives conditions for the pointwise con-
vergence of powers of a Markov operator. This result is a generalization of Theorem 1
in [14], and the proof here follows the same general scheme. After defining the space
of trajectories corresponding to O, we prove first that Q is mixing, next that the tail
sigma-algebra of the space of trajectories is trivial, and finally use this to prove con-
vergence for functions in L log L both in L' and pointwise.
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9.1. The space of trajectories

Recall that Q: LY(Z,n) — L'(Z, n) is a measure-preserving Markov operator.

The space of trajectories corresponding to Q is the space (Z,Pg), where Z = Z z
with the usual Borel sigma-algebra 87, and the measure IPg is defined below. This is
essentially an application of the Ionescu Tulcea extension theorem, where the stochas-
tic kernels depend only on the previous element of the trajectory and are the same:

Po(z, A) = Pg - (4) := Q[14](2). (24)

For the details of this construction we refer the reader to [35, Chapter 14]. However,
the direct application of this approach faces the following difficulty: the right-hand
side of (24) is defined for a fixed A up to a modification on a set of z of zero measure,
so we cannot assert that Pg , is a sigma-additive measure.

We circumvent this problem by another approach to defining Py below. First,
to motivate our definition, let us pretend for a moment that Pg , is indeed a sigma-
additive measure on Z for any z. Then for an integral with respect to this measure we
have

fw)dPg :(w) = Q[f](z) (25)

wezZ

(for f = 14 this is (24), then use linearity and the monotone convergence theorem).

Now if we say that the conditional distribution of z,, with respect to (2, ..., Zn—1)
should be equal to Pp ,, ,, we get the following formula for the probability of a
cylinder set:

Po{zm € Am,....zn € An}

_ /szAm UZWGAMI [ N [/anAn Py (zn)} » }dPQ,Zm (Zm+1):|dn(zm)

(compare with [35, Theorem 14.22]). This formula can be rewritten as follows:

Polzm € Am,....2n € An}
=Ph(Am X x Ap) = E(Ly,, - 04,4, - 0(..0(4,)...))). (26

Indeed, the innermost integral is equal to Pg ;, ,(4,) = OQ(14,)(zn—1), then we
apply (25) for all integrals going from inside out.

Now we may define the measure Pp as the measure with finite-dimensional dis-
tributions [P} given by (26). Let us check that these PP, satisfy assumptions of the
Kolmogorov extension theorem.

Lemma 9.1. The following assertions hold.

(1) Forany ¢ € L'(Z,n), we have E(Q¢) = Eg.
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(2) P2 is a finitely-additive measure on the semi-ring of cylinders.
(3) If Bx C Ak, then

n

P (A X - X Ap) = Pp(Bp X -+- X Bp) < Y n(Ax) — n(By).

k=m
(4) The measure IP}} is o-additive.

(5) The distributions P} are consistent:

Pr(Am x - xAp) =P)_((Z X A X -++ X Ay)
=P Ay x - x 4,y X Z).

Proof. We consider each point in turn.

(1) Since both sides are L!-continuous, it is sufficient to consider ¢ € L*®(Z, ):
—C <@ <C.Then C — ¢ > 0, hence

C —E(Q¢p) =E(Q(C —9)) = [Q(C =)l
<|C—¢lr =E(C —¢) =C —Ep.

Therefore, E(Q ¢) > Eg@, and the same argument for —¢ yields E(Q¢) < Eg.

(2) As usual, this is reduced to the case
IP’,’:l(Cl) + P,’:,(Cz) = ]P,’,’,(Cl [N Cz),

where Cj » have the same projections on all coordinates except one, and this case is
clear.

(3) This follows from the inclusion

n
Ap XX Ay \ By x++-x By C | ] Zx+++x Zx (A \ Br) x Z x -+ x Z

k=m
and the first statement of the lemma.

(4) Since (Z, n) is a Lebesgue space, we may assume that it is a union of a
segment and an at most countable set of atoms. Then the usual proof works: let
C = |2, G, then

o0

Y PE(C) < PR (C)

i=1
follows from the finite additivity, and to obtain the opposite inequality, find open
cylinders D; D C; with P(D;) < P (C;) + ¢/2" and a compact cylinder DccC
with P} (ﬁ) > P? (6 ) — &. These cylinders are constructed coordinate-wise using



A. 1. Bufetov, A. Klimenko, and C. Series 122

the estimate from the previous item. Then D is covered by D;’s and hence by a finite
number of them. Finite additivity then yields

N 00
Pr(D) <Y PA(D) <Y PR(D),

i=1 i=1

hence
o0

Pr(C) <) PR(C) + 2.
i=1
It remains to take a limit as ¢ — +-0. This proves the o-additivity on the semi-ring
of cylinders, and the Carathédory extension theorem then extends [P} to a o-additive
measure on the Borel o-algebra on Z"~"+1,

(5) This is straightforward using the first statement of this lemma. ]

Therefore, Pg defined by (26) exists by the Kolmogorov extension theorem.

It is also clear from the definition that the left shift map 6:Z — Z, (0(2))n = Zn+1
preserves the measure Pg.

We can clearly define a measure Pg= in a similar way. The following calculation
relates Pp and Pg«. We have

Polzm € Am,....2n € An} = (14,,, QM4 - O(... 0(4,)...)))
= (0" (Lu) Lapyy - Q.. O(1,) .. .))
= (Lapy, - (0% (14,)). 0. O(L4,) ..))
c=Pos{z_p € Ap, .. 2o € Am}.

In other words, Pg+ is a pullback of Pg under the time-reversal map

(Zn);c;oz—oo = (Z—n );.zo=—oo'

We now derive an important result concerning conditional expectations. Let Jv"kl ,
k,l € Z U {400, —00} be the minimal complete sigma-algebras such that all functions
mj:Z = (z,) > zj are measurable for k < j < /. For brevity we write ' = 7. Let
us also recall that the tail sigma-algebra is defined as

o0

(e,

Frail = ﬂ F,7.
n=0

For any function ¢ € L'(Z, n) we define the functions ¢” € L'(Z,Pp), r € Z by the
formula ¢” (z) = ¢(z,). The next lemma shows how to find the conditional expectation
of a function on Z that depends on only one coordinate with respect to the sigma-
algebra generated by some other coordinates.
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Lemma 9.2. Forany ¢ € L'(Z,n) andn > 0, we have

E(p" |72 (@) = E(¢"| Fon+r)(2) = (Q"9)(z-nr),
E(¢"15,55)(2) = E@" | Fusr) (@) = ((Q7)"9) (Zn4r)-

Note that this lemma proves the starting point of our heuristic approach above, the

27)

formula (24): the first equality in (27) forn = 1 and ¢ = 14 yields
Po(zr € A | Zr-1,2-2,...) = Q[L4l(zr-1).
Proof of Lemma 9.2. Let us check that
E(p" |7 56" (2) = (Q"9)(z—n-+r)-

The sets of the form {z,, € Am,...,Z—pntr € A—p4r} forall m < —n + r and all
Borel A;’s generate the sigma-algebra 1" hence it is sufficient to check that for
all such sets B, we have

E(13(2) - ¢(zr)) = E(AB(2)(Q"¢)(z-n+r))- (28)

To do this, observe that

Epo (L4, (Zm) -+ 1ay_ (Zk—1) - ¥ (21) = Ey(La,, - (.. Q(gy_, - Q(¥)) ...)).

Indeed, for ¥ = 14, this is (26); the general case follows by the linearity and L!-
continuity of both sides. Therefore, both sides of (28) are equal to

En(Lty - Qo Qa_,iy, - O,y - Q" (@) --0))-

Also, since F_,4, C F-2T" and we have seen that E(¢" |F_11") is F_,4,-

—n+r

measurable, we obtain E(¢” |F_27") = E(¢" |F_,+,). This proves the first formula

o0
in (27), and the second one follows by time reversal as above. [ ]

We have seen in the previous lemma that the conditional expectation of a function
depending only on r-th coordinate, r > k, with respect to the “past” o-algebra ¥ _koo
depends only on z, the last coordinate in this interval. This statement can be extended

to any function that is measurable with respect to the “future” o-algebra F,77, .

Lemma 9.3. Assume that a function ® € L' (Z,Pg) is Fi5 -measurable. We then
have that E(®|F _koo) depends on zj. only.

Proof. If ® = 1¢, where C = {zx+1 € Cik+1,-.., Zk+s € Ci+s}, We use the same
argument as for (28) and obtain

E@FE) (@) = 0(leyy, - Oy y, - Q.. Qe ) - )))(Zk)-
The general case follows by linearity and the fact that ®,, — ® in L! yields

E(D,|9) - E(®|g) inL!'. "



A. 1. Bufetov, A. Klimenko, and C. Series 124

9.2. Mixing of the operator Q
We start by proving mixing for Q = Q™ where m is defined in Assumption 8.3.

Lemma 9.4. Let Q be a measure-preserving Markov operator on L' (Z, 1) such that
the equation Q* Q¢ = @ has only constant solutions in L>(Z,n). Then for any ¢,V €
L%(Z,n), we have

(Q"wﬂ)=/ZQ'"¢‘1/7dn—>/Z<pdn/Z¢dn asn — oo. (29)

Proof. The statement follows from the mixing of the shift map o in the trajectory
space (Z, ]P’Q). To obtain the latter we shall prove that o has the K-property: that is,
there exists a sub-sigma-algebra X of the Borel sigma-algebra 8Bz such that

o0 [e.e]
KcoX., \/o"K=8z (\o"XK={2.2}.
n=0 n=0
By the Rokhlin—Sinai theorem (see [44] and [26, Chapter 18]) the K-property is
equivalent to the triviality of the Pinsker sigma-algebra I1(o) (the smallest sigma-
algebra containing all measurable partitions of zero entropy). Consider _ = 37_000.
Then
oF-cF.. \[o"F =8,
keZ

Thus [T(oc™!) C F_ (see, e.g., [26, Lemma 18.7.3]). Similarly, for £ = £ one
has I1(0) C ¥4. Therefore,

(o) =T cF_NFy = Fo.

We have proved that any I1(c)-measurable function ¢ € L?(Z, ]P’Q) depends only
on the zeroth coordinate: ¢(z) = ¢g(zo); with the notation of Section 9.1, ¢ = (¢g)°.
More generally, ¢(z) = ¢ (zx).

Now we can calculate E(¢|F_1) in two ways. On the one hand, ¢ is F_;-measur-
able, so it equals ¢ = ¢_;1(z_1), on the other hand, it equals

E((¢0)°|F-1) = (O@o)(z—1)

by (27). Hence, ¢_; = Qgo. Similarly, from E(p|Fo) = ¢ = E((p—1)"'|Fo), we
obtain g = Q*¢@_1. Therefore,

Yo = Q* Qwo,

hence by assumption of the lemma ¢y = const, thus I1(o) is trivial. ]
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Corollary 9.5. The operator Q is also mixing, that is, (29) holds for Q instead of Q

Proof. The sequence ((Q" @, ¥ ))n>o is the union of subsequences ((Q"" 1" ¢, ¥ ))n=o0,
each of which converges to the desired limit by Lemma 9.4 applied to the pair of

functions (Q" ¢, V). ]

9.3. Triviality of the tail sigma-algebra

The next step is to prove that the tail sigma-algebra for Q is trivial. First, we prove that
the tail sigma-algebra cannot be fotally non-trivial, that is, it cannot contain infinitely
many different sets (up to sets of measure zero). The proof follows that of Lemma 6
in [14], which is a version of the 0-2 law in the form of Kaimanovich [33].

Lemma 9.6. For a measure-preserving Markov operator R on LY(Z,n) the following
holds. If the tail sigma-algebra of R is totally non-trivial then for any b € N and any
& > 0 there exist non-negative functions ¢, € L°°(Z, n) with averages equal to 1
such that

limsup((R™)" ", (R)"¥) L2z, + -+ (R0, (RY)"Y) 12z, < & (30)
Proof. Let (Z,PR) be the corresponding trajectory space. If F,; contains infinitely
many subsets, it contains a subset of arbitrarily small measure. Indeed, split Z =
A(lz) U Agz)’ where each set Al(z) € Fi has non-zero measure. Then at least one of
these parts can be split into two sets of non-zero measure (otherwise F,;; contains
only finitely many sets, the union of some of the Al@). Repeating this procedure,
we get Z = A(ln) - A,(,n). Then the measure of at least one of AJ(.") is not more
than 1/n.

Take any set A € iy with Pr(A)<1/(2b + 1). Then the set B =Z\U?=_b 0%(A)
has positive measure. Denote

®(z) = 14(2)/Pr(4). ¥(z) = 15(z)/Pr(B).

Observe that ® and W are non-negative Fy,;-measurable functions, bounded by some
constant M, and with expectations equal to 1. Moreover, (P oo ™/) - W = 0 for j =
—b,...,b.

Set ¢ = E(CI>|37_koo), Y = E(lI’|37_koo). By Lemma 9.3, ¢ (z) depends only on z,
so abusing notation we use the same symbol ¢ for the corresponding function in
LY(Z,n). For example, we will write g 0 07/ (z) = @k (zk+ ).

Clearly, ¢ and v are non-negative and bounded by M. Therefore, the Martin-
gale convergence theorem gives that ¢ — ®, ¥ — W in L!(Z, Pg). Moreover,

9e(zk—j) =@r o0 ' (z) and @roo/ > Poo .
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Hence,

E(pk (2k-)| Fuait) = E@ 0 07/ [Far) = oo™/ (@), E(Wic(z0)| Frar) — ¥ (2)
in L'(Z, Pg). Since all these functions are bounded by the same constant M, for
large k, we have that

€
2b+1°

/;E(€0k(2k—j)|ﬂai1)5(¢k(2k)Wtail)dPR <

Applying the second formula in (27) to (plkc_j (z) = @i (zx—j) and n + j in place of n,
we obtain
Epr (zx— )1 F050) = (RN 0] (znr)-

Hence, for any j = —b,..., b, we have
LR ) (R ) s d

- / Bk (2 )| F220) - B ()| 7.22,) d PR
£
2b + 1

N / E (o (2 )| Foat) - QW (20| Fa) d PR < as 11— oo,
Z

Therefore, the functions ¢ and ¥ for large k satisfy (30). |

Lemma 9.7. Under the assumptions of Theorem 8.6 the tail sigma-algebra for Q*
cannot be totally non-trivial.

Proof. Assuming the contrary, the inequality (30) in Lemma 9.6 for R = Q* yields
that for some non-negative functions ¢, ¥ with their averages equal to 1 and for all
sufficiently large n we have

((Qn+b 4+ 4 Qn_b)gg’ QnW)LZ(Z,n) < E. (31)

On the other hand, by Assumption 8.4, the left-hand side of (31) is not less than

l 2n—a_ , __ _l 2n—a * _l i
WP — g ) = S(Q*" 0. W) — S (dnp ) = & +0.

Here we use Corollary 9.5; note that the average values of both ¢ and W*v are equal
to 1. Therefore, for large n the left-hand side of (31) is larger than 1/C — &, so taking
& < 1/2C we arrive at a contradiction. |

Lemma 9.8. Under the assumptions of Theorem 8.6 the tail sigma-algebra for Q
cannot be totally non-trivial.
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Proof. Consider the trajectory space (Z, P) for the infinite sequence ..., V, W, V,
W, ... of Markov operators, that is,

P(zont1 € Al z2n) = V[14l(z2n), P(22n42 € 4| 22041) = W[l4](Z2n41).
In other words, we use the construction from Section 9.1, but with (26) replaced by
IEJ){Zm € Am, ..-,Zp € An} = E(lAm : Rm(lAm_H : Rm+1(- .. Rn—l(lAn) .. )))a (32)

where Ryr =V, Ry = W forall k € Z. In fact, Lemma 9.1 holds for the finite-
dimensional distributions (32) with any sequence of Markov operators (Ry). In our
case, we have that

P{zy € Ak’Zz(k+1) € Ak41....,221 € A1}
= ]P’Q{Zk S Ak’Zk—l—l S Ak—l—lv ... Z] € Al},

hence the projection 7¢:z = (z,,) — (z2,) maps the trajectory space (Z, IP) to the
trajectory space (Z, Pg) for the operator Q = V' W. Similarly, 71:z = (z,) = (Z2141)
maps it to the trajectory space for Q* = W V. Therefore, the total non-triviality of the
tail sigma-algebras in the trajectory spaces for Q and Q* is equivalent respectively to
that of the sigma-algebras

Fao=)\ Fax and Fai=() \/ Fani

n 2k>n n 2k+1>n

in the trajectory space (Z, P). Since we already know that ;1 cannot be totally
non-trivial, it is sufficient to prove that

Frait,j = Fuailz := ﬂ \/ Fr.

n k>n

Clearly, Fi,j C Fui,z. Let us prove the converse inclusion. Consider any A € Fi1z
and check that, say, A € Fuio0. Indeed, A € \/,,~,, Fm for every n, and we can
eliminate any finite number of 3 with odd k from this formula:

A€ Fou N Fonsa VeV Fouis—y V) T (33)
m>2(n+s)

Consider the conditional probability P (- | z2n, Z2n+2, . . . ) With respect to the sigma-
algebra \/;., F2k. As (33) shows, with respect to this conditional probability A
depends 0nl§ on the “odd tail” \/ k>n+s Fok+1. But since the odd coordinates z5,+1,
<.+ Z2(n+s)+1, - - - are independent for fixed even coordinates zzy, ..., Z2(z+4s), - - -»
by Kolmogorov’s 0—1 law, we obtain that A is trivial with respect to this conditional
probability, so A is measurable with respect to \/ k>n Fok,and hence 4 € Fryijo. ®
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Lemma 9.9. Under the assumptions of Theorem 8.6 the tail sigma-algebra for Q is
trivial.

Proof. It remains to eliminate the case in which F,;; contains only finitely many dif-
ferent sets. Assume that Z = A; U--- U A,, r > 1, where each A; € Fy has no
non-trivial subsets belonging to F;. The shift map o interchanges these subsets,
whence for A = A1, there exists n such that 6”4 = A. As in Lemma 9.6, we define
® = 14/Pg(A) and @i (zx) = i (z) = E(P|FX,). Then

E(®|FX,) 00" = E(® 0 0"|FEE) = E(@IFEE") = vt
hence

Ok+n(Zk) = Pkn 00 "(2) = E(D|FF)
= E(E(DIFEEM T ) = E@rkin Crrn)| FE) = (0" hrn] (21).

Thus we arrive at the equation @k 4, (2x) =[OQ" @k +r](z) and Assumption 8.2 implies
that ¢y 4, is constant. Taking averages, we get E(¢x+,) = E(®) = 1, thus ¢; = 1 for
all /. But this contradicts the convergence ¢; — ® # 1, which was obtained in proof
of Lemma 9.6. ]

9.4. Convergence

Proposition 9.10 (see [33] and [14, Propositions 4, 5]). For a measure-preserving
Markov operator R on (Z,n) with trivial tail sigma-algebra, we have

R"¢ —>/ @ dn,
Z

where the convergence takes place in L' for ¢ € L'(Z,n) and in L? for ¢ € L*>(Z,n).

It remains to prove almost everywhere pointwise convergence for functions in L7,
p > 1 and in L log L. Recall that the norm in L log L(Z, 1) can be defined by the
Orlicz—Luxemburg norm

el = inf{c : Il -1og(M T e)dﬂ < 1},
z C c

see, for example, [51]. In particular, since

ol = inf{c : /Z (Ipl/c) dn < 1},

we have [l¢| .1 < Al@|lL10g L for some constant A. More generally, we have the fol-
lowing maximal inequalities:
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Lemma 9.11 ([14, Lemma 8]). For a measure-preserving Markov operator R on
(Z,n) for any p > 1, there exists a constant A, > 0 such that, for any non-negative
Sunction ¢ € LP(Z,n), we have

[sup(R*Y" R ¢ = Apllelzr.
nz

Similarly, there exists a constant Ay,g > 0 such that, for any non-negative function
¢ € Llog L(Z,n), we have

H Su[())(R*)an(P ||L1 = Alog”(p”LlogL
n>

Corollary 9.12. For any s € Z, the following inequalities hold:
||sup(R*)”R"+s<p HLI’ = A ”w”L” ’ ||SUP(R*)an+S‘P ”Ll = Alog”‘p”LlogLa (34)

the suprema here being taken over all n such that both n and n + s are non-negative.

Proof. We treat the L log L norm, the L? norms are similar. For s > 0, apply the
lemma to R*¢ and use the inequality || R*¢|[110g . < |¢||L10g - For s <0, we use the
inequality
(R*)[sup(R*)"R"¢] = sup(R*)" 1| R"¢
n>0 n>0
from which we obtain the same inequality for the L!-norms of both sides. Note also
that the L'-norm of the left-hand side does not exceed || sup,>o(R*)" R"¢|| 1. Hence,

AwogllellLiogr = ”Sllp(R*)"R”(pH > ” SUp(R*)”'HS‘R”(p”,
n>0 n>0

and it remains to replace n with n 4 s. |

Proof of Theorem 8.6. It remains to prove pointwise convergence. Combining (34)
for R = Q and Assumption 8.4 in the form (14’), for any non-negative function ¢ €
Llog L(Z,n), we obtain

Isup 0ol = | v/( s Z(Q rotip)| s Al
n>ngo L1 n=no

n>n0
< @b+ DAiCllellLier + Y I4pelz
n=ngo

= Blog”§0||LlogL- (35)

Decomposing a function ¢ into its positive and negative parts we obtain (35) for all
real-valued ¢ € L log L(Z, n) with a larger Bjo,. The same estimates hold for the
L?-norm with p > 1.
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Now consider a real-valued function ¢ € L?(Z, n) with zero average. Apply-
ing (35) to (0% ¢), we have

| up 0¥y , = ”,,SB,P Q¥ +2Ak=d'y|l | < Byl|0% ]| .
m=>ngo Zho

Since the right-hand side tends to zero by Proposition 9.10, the sequence sz_"/go
tends to zero almost everywhere and in L? as m — oo.

We now extend pointwise convergence to all ¢ € L log L. Namely, for a real-
valued function ¢ € L log L(Z, n) with zero average, consider ¢’ € L?(Z, n) with
zero average such that

”(P - (p/”LlOgL = E/Blog-

Then almost surely, we have

limsup | Q"™ p(2)| < limsup| Q*"~“'¢'(2)| + limsup| 0*"~* (¢ —¢)(2)].
n—oo n—o0 n—0o0
By convergence for functions in L2, the first term in the right-hand side equals zero,
while, by the maximal inequality, the second satisfies

[timsup 0"~ (¢ — @) D)||| .1 < Biogle — ¢/l L 101 < &
n—oo

Therefore, we have limsup |Q2"~ ¢(z)| < § outside a set of measure less than £/8
for any § > 0. Taking & = 1//? and then § = 1// with [ — 0o, we obtain that this
upper limit equals zero almost everywhere. The convergence in L! follows from the
same decomposition:

10"~ (@)Lt = 102" ¢ It + 102"~ (¢ — ) (@)1

where the first term tends to zero even with the L2-norm instead of L1, and the second
term is less than [|¢ — ¢'|[11 < &/Big.

Finally, combining the convergence sz_“/gz) — 0 already obtained with the same
convergence for Q¢ in place of ¢, we conclude that Q"¢ — 0 almost everywhere as
claimed. ]
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