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Curvature of the second kind and a conjecture of Nishikawa

Xiaodong Cao, Matthew J. Gursky, and Hung Tran

Abstract. In this paper we investigate manifolds for which the curvature operator of the second
kind (following the terminology of Nishikawa (1986)) satisfies certain positivity conditions. Our
main result settles Nishikawa’s conjecture that a manifold with positive curvature operator of
the second kind is diffeomorphic to a sphere, by showing that such manifolds satisfy Brendle’s
PIC1 condition. In dimension four we show that curvature of the second kind has a canonical
normal form, and use this to classify Einstein four-manifolds for which the curvature (operator)
of the second kind is five-non-negative. We also calculate the normal form for some explicit
examples in order to show that this assumption is sharp.

1. Introduction

Let V be an n-dimensional (real) inner product space, and let R: ®*V — R be an
algebraic curvature tensor. If T?(V) denotes the space of bilinear forms on V, then
we have the splitting

T2(V) = S2(V) @ A%(V),

where S? is the space of symmetric two-tensors and A? is the space of two-forms. By
the symmetries of R, there are (up to sign) two ways that R can induce a linear map
R: T2(V) — T2(V). The classical example is R: A2(V) — A2(V), defined by

. . 1
R(e' nel) = EZR,-juekAe‘, (1.1)

k.
where {e!, ..., e"} is an orthonormal basis of V*. When R is the curvature tensor of

a Riemannian metric, then the map (1.1) is called the curvature operator.
The second map is R: S2(V) — S2(V), defined by

R(e' @e) = Ripej ek 0 et (12)
k.t

where © is the symmetric product (see Section 2 for definitions and conventions).
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Note that S?(V) is not irreducible under the action of the orthogonal group on V. If
we let SZ (V) denote the space of trace-free symmetric two-tensors, then S2(V') splits
as

S2(V)=SZ(V)@1d.

The map R induces a bilinear form R: S2(TM) x SZ(TM) — R by restriction to
Sg(V). When R is the curvature tensor of a Riemannian metric, S. Nishikawa called R
the curvature operator of the second kind, to distinguish it from the map R in (1.1),
which he called the curvature operator of the first kind (see [20] and also [3]).

The curvature operator of the second kind naturally arises as the term in the Lich-
nerowicz Laplacian involving the curvature tensor (see, for example, [19]). As such,
its sign plays a crucial role in rigidity questions for Einstein metrics. We say that R > 0
(resp., R> 0) if the eigenvalues of R as a bilinear form on Sg(V) are positive (resp.,
non-negative). It is easy to see that if R>0 (resp., > 0), then the sectional curvature
is positive (resp., non-negative).

Nishikawa proposed the following conjecture ([20]).

Conjecture 1.1. Let (M, g) be a closed, simply connected Riemannian manifold.
If R > 0 then M is diffeomorphic to a Riemannian locally symmetric space. If the
inequality is strict, then M is diffeomorphic to a round sphere.

This can be viewed as a differentiable sphere conjecture for positive curvature of
the second kind. In dimension three, it is easy to check that R > 0 implies Rc > 2,
where Rc is the Ricci tensor and S is the scalar curvature. In particular, the case of
the conjecture for three-manifolds with positive curvature operator of the second kind
follows from the work of Hamilton [14]. In all dimensions, if R > 0 then M is areal
homology sphere [21]. Also, if one imposes additional conditions on the metric (for
example, harmonic curvature), then the conjecture is true (see [15]).

Our first result is that the positive case of Nishikawa’s conjecture is true — in fact,
the assumption can be weakened.

Theorem 1.2. Let (M, g) be a closed Riemannian manifold such that Ris two-posi-
tive (i.e., the sum of the smallest two eigenvalues of Ris positive). Then M is diffeo-
morphic to a spherical space form.

To explain the idea of the proof of Theorem 1.2, it will be helpful to recall a defi-
nition due to S. Brendle [5].

Definition 1.3. The manifold (M, g) satisfies the PIC1 condition if, for any ortho-
normal frame {e1, e5, €3, €4}, we have

Ri313 + /XZR1414 + Ro323 + 12R2424 —2ARj234 >0 forall A € [0,1]. (1.3)
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If the quantity in (1.3) is non-negative for any orthonormal frame, then we say that
(M, g) satisfies the NIC1 condition.

PIC]1 is equivalent to the condition that the product manifold (M x R, g + ds?)
has positive isotropic curvature (PIC); see [5, Proposition 4]. Brendle showed that if
(M, g) satisfies the PIC1 condition, then the Ricci flow with initial metric g exists for
all time and converges to a constant curvature metric as t — oo (see [5, Theorem 2]).

In earlier work of Brendle—Schoen [7], they proved a differentiable sphere the-
orem for quarter-pinched metrics. We also remark that C. Bohm and B. Wilking [2]
had earlier shown that if the curvature operator is two-positive, then the Ricci flow
converges to a constant curvature metric. It is not difficult to see that two-positivity
of R implies PIC1. All of these results can be viewed as (differentiable) sphere theor-
ems for curvature of the first kind.

To prove Theorem 1.2, we show:

Theorem 1.4. Let (M, g) be a Riemannian manifold of dimension n > 4 for which R
is two-positive (resp., two-non-negative). Then (M, g) satisfies PIC1 (resp., NICI).

Theorem 1.2 therefore follows from Theorem 1.4 and [4, Theorem 2]. We will
also show the following theorem.

Theorem 1.5. Let (M, g) be a Riemannian manifold of dimension n > 4 for which R
is four-positive (resp., four-non-negative). Then (M, g) satisfies PIC (resp., non-neg-
ative isotropic curvature).

Combining Theorem 1.5 with the work of Micallef-Moore [17], we have the fol-
lowing theorem.

Theorem 1.6. Let (M, g) be a simply connected Riemannian manifold of dimension
n > 4 for which R is four-positive. Then (M, g) is homeomorphic to S™.

Subsequently, Brendle showed that Einstein manifolds of dimension n > 4 with
PIC have constant sectional curvature, and if (M, g) has non-negative isotropic curv-
ature, then it is locally symmetric [5] (the four-dimensional case was earlier proved
by Micallef-Wang [18]). Therefore, a further consequence of Theorem 1.5 is the fol-
lowing.

Theorem 1.7. Let (M, g) be a compact Einstein manifold of dimension n > 4. If R is
Sfour-positive, then (M, g) has constant sectional curvature. If Ris four-non-negative,
then (M, g) is locally symmetric.

After a preprint of this article was circulated, X. Li was able to show that PIC1
follows if one only assumes that Ris three-positive (see [16, Theorem 1.6]). In the
same paper, Li settled the non-negative case of Nishikawa’s conjecture.
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1.1. Dimension four

For our next results we study curvature of the second kind in dimension four. If
(M*#, g) is a closed, oriented four-manifold, recall that Singer—Thorpe [22] showed
that the curvature operator has a canonical block decomposition of the form

wt 4+ L§r B
R = 12 1.4
( B! W+ ﬁsz)’ 14

where WE: A2 — A2 denotes the (anti-)self-dual Weyl tensor, and B: A2 — A2 is
determined by the trace-free Ricci tensor, and § is the scalar curvature. In particular,
B vanishes if and only if (M*#, g) is Einstein; see Section 2 for more details.

Analogous to this decomposition for R, we prove the following block decompos-
ition for the matrix associated to the bilinear form R.

Theorem 1.8. Let (M*, g) be a closed, oriented four-manifold. Then there is an
orthonormal basis of Sg(TM 4) with respect to which the matrix of Ris given by

D1 01 O,
R=1-0, Dy 03], (1.5)
—(92 —03 @3

and the D;’s are diagonal matrices given by

~(Ai + 1) + 158
D; = —(hi + i2) + 58 , (1.6)
~(Ai + p3) + 158

where {11, A2, A3} are the eigenvalues of WY, and {1, u2, 13} are the eigenvalues
of W~. Moreover, 01, 9,, O3 are skew-symmetric 3 X 3 matrices which vanish if and
only if (M*, g) is Einstein.

The precise form of O, 05, O3 is given in Proposition 4.4 in Section 4. If (M 4 9)
is Einstein then the matrix for R is diagonal, and the eigenvalues of R are determined
by the eigenvalues of W* and the scalar curvature. Using the block decomposition
for R and the work of the first and third authors [9], we can weaken the assumption of
Theorem 1.7 to show the following.

Theorem 1.9. Let (M, g) be a simply connected Einstein four-manifold such that R
is five-non-negative. Then (M*, g) is isometric, up to rescaling, to either the round
sphere or complex projective space with the Fubini—Study metric.

In Section 5.1, we compute the matrix explicitly for certain model cases. For
(CP?, grs), where grs is the Fubini-Study metric, it is easy to see that R is five-
positive but not four-positive, the latter being clear from Theorem 1.7. (We would
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like to thank the referee for pointing out to us that the matrix for R was calcu-
lated for CP” in all dimensions by Bourguignon—Karcher in Section 5 of [3].) For
(% x S2, gp), where g, is the product metric, then R is not five-non-negative, but is
six-non-negative. Therefore, the assumption of Theorem 1.9 is sharp.

It would be interesting to know whether the aforementioned property characterizes
(8% x §2, gp) among Einstein four-manifolds; i.e., is it the unique Einstein four-
manifold for which R is six-non-negative but not five-non-negative?

There are a number of results which classify Einstein four-manifolds under vari-
ous assumptions on the curvature operator (of the first kind); see, for example, [5, 8,
10,11, 13,23] and references therein.

The paper is organized as follows: In Section 2, we summarize the necessary back-
ground material and establish our notation and conventions. In Section 3, we give the
proof of Theorems 1.2, 1.4, and 1.5. In Section 4, we give the proof of Theorem 1.8,
and in Section 5 we prove the classification result of Theorem 1.9.

2. Preliminaries

2.1. Notation and conventions

We adopt the following notation and conventions:
* (M", g) is a Riemannian manifold of dimension 7.

* R, Rc, S, and W denote the Riemannian, Ricci, scalar, and Weyl curvatures, respect-
ively. E = Rc —%S g denotes the traceless Ricci tensor, and K is the sectional curv-
ature.

* Given p € M, if {ey, ..., e} is an orthonormal basis of 7, M, then {el, ..., eM
denotes the dual basis of Tp*M . At times we may assume that these bases are locally
defined via parallel transport.

* The tensor product of two one-forms is defined via
(¢' ® e/)(ex. er) = Sixbje.
The symmetric product of e’ and e’ is given by
eoel = ®el +e/ ®e'.
The wedge product is given by

eenel =t ®@e!/ —e! ®e'.
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e Let V be a finite dimensional vector space. Then S?(V) and A%(V) denote the
space of symmetric and skew-symmetric two-tensors (i.e., bilinear forms) on V' (two-
tensors and two-forms, respectively). Then the space T2(V) of bilinear forms on V
can be decomposed as

T2(V) = S2(V) @ A%(V).

Also, we let Sg(V) denote trace-free symmetric two-tensors.

* The inner product in S?(V) is given by
(u,v) = Tr(uTv). 2.1
The inner product in A2(V) is given by
(u,v) = %Tr(uTv). 2.2)
With this convention,
lef Ael|=1 and |lef ©el|| =2 fori # ;.
In particular, {¢;; = e’ A e’};; is an orthonormal basis of A2, and
alei,ej) = (a,e; Aej). 2.3)
* For A, B € S?, the Kulkarni-Nomizu product A o B € S?(A?) is defined by
(Ao B)ijki = AixBji + Aj1Bix — Ai1 Bjik — Ajic Bi.

* Let R(V) be the space of algebraic curvature tensors; i.e., (4, 0) tensors satisfying
the same symmetry properties as the Riemannian curvature tensor, along with the first
Bianchi identity. Namely, if T € R(V), then

T(ei,ej,ex,er) = —T(ej,ei,ex,er) = —T(ei,ej e, ex) = Tleg, e, ¢i,¢5),
0="T(ei,ej,ex.er) +T(ei.ex,er,e;)+ T(ei,er, e, ex).

» Any T € R(V) can be identified with an element of End(A?): If w € A2, then

T(w)(ei,ej) = Z T (e, ej, ek, ep)w(e,er).
k<l

As a consequence,

Tijk1 = T(ei.ej.e.ep)

=T nel, ek Ael) = (T (' Ael),ef A el). 2.4)
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e Any T € R(V) can also be identified with an element of End(S?): If A € S2, then

(TA)(ei.ex) = > T(ei.ej.er.ex)Ales. er).
7l

However, T A is not in general an endomorphism of S2. If we restrict TAto S2
and consider the associated bilinear form, we call the resulting operator the curvature
operator of the second kind.

Of course the case of interest to us is when 7 = R, the Riemannian curvature
tensor of (M, g). We say that the (Riemannian) curvature operator of the second
kind R is k-positive (non-negative) if the sum of any k eigenvalues of the bilinear
form R: SZ x S — R is positive (non-negative).

2.2. Curvature decomposition

Recall that the Riemannian curvature tensor can be decomposed into the Weyl, the
Ricci, and the scalar parts. In terms of the Kulkarni-Nomizu product defined above,
we can express this decomposition as

1 S
R=W+4+ —Eog+———gog. 2.9
2n(n —

n—2 1)

In dimension four, this decomposition gives rise to a decomposition of the curv-
ature operator; see [22]. If (M *, g) is oriented, then the Hodge star operator *: A? —
A2, where A? is the bundle of two-forms, induces a splitting

A% =A% @ A2,

where A2jE are the =1-eigenspaces of . With respect to this splitting, the components
of the splitting in (2.5) have the property that

W:AZ > AL, EogiAl — AZ.

Consequently, the curvature operator R: A2 — A2 has the following block decomp-

S + 1

S 1d+wW g,

R = (121E 521d f;v—)’ (2.6)
sbog 1 d+

osition:

where W are the restriction of W to AiM .
We will also need a related normal form for R due to M. Berger [1]:

Proposition 2.1. Let (M, g) be a four-manifold. At each point p € M, there exists an
orthonormal basis {e;}1<j<4 of Ty M, such that relative to the corresponding basis
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{ei Nejti<i<j<a of N>T,M, W takes the form

A B
W:(B A), (2.7)

where A = Diag{ay, az, asz}, B = Diag{b1, b,, bs}. Moreover, we have the follow-
ing:
(1) ar = W(er,ez,e1,e2) = W(es, e4,€3,e4) = Ming|=|p|=1, a1b W(a,b,a,b),
(2) az = W(er,es,e1,e4) = W(ez, e3,€2,€3) = Maxjq=|p|=1, aLb W(a, b,a,b),
(3) az = W(ey, e3,e1,e3) = W(ea, eq, €2, €4),
(4) b1 = Wi1234, b2 = Wi3a2, b3 = Wig23,
(5) a1 +ax+az=by +by+b3=0,

(6) |by —bi| <az—ay, |bs —bi| <az—ay, |bz —bs| < a3 —ao.

2.3. Isotropic curvature

Next we recall the notion of isotropic curvature and related concepts. The notion
of isotropic curvature on 2-planes was introduced by M. Micallef and J. D. Moore
in [17]. As mentioned in the introduction, it played a crucial role in the proof of the
differentiable sphere conjecture [7] via the Ricci flow.

Definition 2.2. The manifold (M, g) is said to have non-negative isotropic curvature
if for any orthonormal frame {e;, e,, e3, €4}, we have

Ri1313 + Ria14 + Ro323 + Roszs — 2R1234 > 0.

If the inequality is strict, then it is said to have positive isotropic curvature.
The following property is well known (see [17]):
Lemma 2.3. In dimension four, non-negative isotropic curvature is equivalent to
S
~WE 4+ —1d >0,
12 =

as a bilinear form on A%..

In the work of Brendle and Schoen, they introduced the following extensions of
the notion of non-negative and positive isotropic curvature:

Definition 2.4. The manifold (M, g) is said to be NIC1 if for any orthonormal frame
{e1, ez, e3,e4} we have

Ri313 + A*Rya14 + R2323 + A%Roa24 — 2AR 1234 > Ofor all A € [0, 1].

If the inequality is strict then (M, g) is said to be PIC1.
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Definition 2.5. The manifold (M, g) is said to be NIC2 if for any orthonormal frame
{e1, ez, €3, €4} wWe have

Ri313 + A*Ria14 + 11°Ro323 + A2 11*Roana — 24 14R 1234 > O forall A, € [0, 1].

If the inequality is strict then (M, g) is said to be PIC2.

Brendle and Schoen observed that all these conditions are preserved under the
Ricci flow [4, 6,7]. In particular, Brendle was able to show the following:

Theorem 2.6 ([4]). Let (M, g) be a Riemannian manifold satisfying the PICI condi-
tion. Then the normalized Ricci flow exists for all times and converges to a constant
curvature metric ast — oo. In particular, the manifold is diffeomorphic to a spherical
space form.

3. Curvature of the second kind and PIC

In this section, we give the proofs to Theorems 1.2, 1.4, and 1.5.

Proof of Theorem 1.4. Fix apoint p € M andlet {e!, ..., e"} be an orthonormal basis
of Tp*M . We define the following trace-free symmetric two tensors:

hh=e'0ed+1e?0et, hy=e?>0e—Le! ©et.

It is easy to see that s, and &, are orthogonal to each other in S2. Since R is two-
positive, we have
0< R(h], hl) + R(l’lz,hz).

We observe that all components of /1 are trivial except
hi(el,e®) = (h)1iz = (h)s1 =1, hi(e?,e*) = (h1)as = (h2)ar = A.

Then, we calculate

R(h1,h1) =D Ryjr (h)ir ()i

ijkl

= > Rijr1 (h1)ir (h) ik

i, jde i |=]k—j|=2
= 2(2AR1243 + Ri313 + 2AR 1423 + A*Raa24).

Similarly,

(h2)23 = (h2)32 =1, (h2)14 = (h2)a1 = —A.
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Then, we calculate

R(h2, ha) = ) Ryjki(h)ir(ha)jx = Yo Ryu()a(ha)i
ijkl i,j.k,ll+i=k+j=5

= 2(—2AR1234 — 2AR1324 + A*Ry414 + Ra323).
Combining equations above yields

0 < (2AR1243 + Ry313 + 2AR 1423 + A%Ry424)
+ (—2AR1234 — 2AR 1324 + A?Ryg14 + R2323)
= Ri313 + R2323 + A2(R1a14 + Rog24) — 4AR 1234 — 2A(R1432 + Ry324).

Applying the first Bianchi identity, we obtain
0 < (R1313 + R2323) + A*(R1414 + Roa24) — 6AR 234. 3.1
Interchanging the roles of e! and e? and letting
hy=e?0e®+de' ©e,

we have
R(h3,h3) = 2(Ra323 + A?Rig14 + 2AR1324 + 2AR2143).

Similarly,

hy =e' @e3 —Le? @ e?,
R(h4, ha) = 2(R1313 + A2Ra424 — 2AR 1423 — 2AR2134).

Adding these results together, we obtain

0 < (2AR2143 + Ra323 + 2AR 1304 + A%Ry414)
+ (—2AR2134 — 2AR 1423 + A?Rag4 + Ry313)
= Ri313 + R2323 + A2(R1a14 + Rog24) — 4AR2134 — 2A(R1423 + Ry342).

Applying the first Bianchi identity, we obtain
0 < (Ry313 + R2323) + A*(R1a14 + Ra424) — 6AR134. (3.2)
From equations (3.1) and (3.2), one concludes that
Ri313 + Raaos + A?Rus1s + A7 Roszs > [6AR234].
By Definition 2.4, the PIC1 condition is equivalent to
Ri313 + R232s + A?Ryg14 + A*Roang + 2AR 234 > 0.

The result then follows. [
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Proof of Theorem 1.2. By Theorem 1.4, the curvature is PIC1. The result follows
from Theorem 2.6. u

Proof of Theorem 1.5. As before, we fix a point p € M and let {e!,...,e"} be an
orthonormal of Tp* M . We define the following traceless symmetric two tensors:

1
hy =5(—61@el—eZQez+e3®e3+e4®e4),
hy = el @e* —e? 0 e,
hy = —e! @ e —e? @ e?,

hy = —e' @e* —e?2 0 e,

1
h5=5(—61®e1+e2®ez—€3®€3+e4@e4)’

1
he = 5(—61 @el +ez®ez+e3 @e3—e4®e4),
It is easy to see that these tensors are of the same magnitude and are mutually ortho-

gonal in S2.
Since R is four-positive, we have

0 < R(h1,h1) + R(ha, ha) + R(ha, ha) + R(hs, hs).

We compute
RO, h1) = Y Ryjrr(h)in(h)je = Y Rijji (hn)ii (h),
ijkl i,j
= 2(—Ri1212 — R3434 + Ri313 + Ria14 + R2323 + Ra424).
Next,
R(ha.h) = Y Rijrr(h)ir(ha)jk = Y Rijis—jyis—iy (h2)ics—iy (h2) (s )
ijkl i,j
= 2(R1414 + R2323 + 2R1243 + 2R1342).
Similarly,

R(h4, hs) = 2(—2R1243 — 2R1342 + Ryg1a + Ra323),
R(hs, hs) = 2(—Ry313 — R2424 + Ria14 + Ro323 + Riz12 + Ragzs).

Combining the equations above yields

0 < Rys14 + Ra3zs. (3.3)
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Next, we consider
0 < R(hy1,hy) + R(ha, ha) + R(hs, h3) + R(he, h).
Here,

R(h3, h3) = 2(=2R1234 — 2R1432 + Ri313 + Raana),
R(he. he) = 2(—R1414 — R2323 4+ R1313 + Ri212 + R3434 4+ Roas).

Therefore, combining the equations above yields

0 < (R1313 + Rig14 + R2323 + R2424 — R1212 — R3434)
+ (2R1243 + 2R1342 + Rig14 + R2323)
+ (R1313 + R2424 — 2Ry234 — 2Ry432)
+ (R1313 + Ri212 + Ro424 + R3434 — R1414 — R2323)
= 3(R1313 + R2424) + (R1414 + R2323) — 4R1234 — 2(R1324 + R1432).

Applying the first Bianchi identity, we obtain
0 < 3(R1313 + R2424) + (Ri414 + R2323) — 6R1234. 3.4
Adding (3.4) and twice of (3.3) gives
0 < 3(R1313 + Ri414 + R2323 + Roaz4 — 2R1234).

Since the inequality holds for any orthonormal four-tuple (e1, €2, €3, e4), we conclude
that the manifold has positive isotropic curvature. |

As explained in the introduction, Theorems 1.6 and 1.7 follow from Theorem 1.5
and Micallef—-Wang’s work [17] and Brendle’s classification of Einstein manifold with
non-negative isotropic curvature [5].

4. Dimension four: The matrix representation of R

Let (M*, g) be an oriented Riemannian four-manifold, and p € M*. The space of
two forms A2(TpM #4) splits into the space of self-dual and anti-self-dual two-forms:
A (TyM*) = N3L(TyM*) & A2(T,M*).

If {e!, e?, e3, e*} is an orthonormal basis of TSX 4, then the two-forms
ol = (e ne? +e3 ne?),
w? = (e Ae® —e? net), “.1)

w? = (e Net +e? ned),
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constitute an orthogonal basis of A% (T, M*) with |0*|* = 2, and
n' = (e! Ae?—e3 Ae?),
n”? = (e Aed + e net), 4.2)
n® = (e! Aet —e? Ae?),

is an orthogonal basis of A% (T, M*) with |n?|?> = 2.
The Weyl tensor of (M *, g) defines trace-free (symmetric) linear endomorphisms

WEAL(T,M*) - AL(T,M*),

hence there are bases of Aft(TpM 4) consisting of eigenforms of W*. Indeed, using

Proposition 2.1, we have
(A+ B) 0
W= . 4.
( 0 (A—B) .3

Here, A = Diag(ay, a»,a3), B = Diag(by, ba, b3), and
ar+a+az3 =by+by+ b3 =0.

As a result, thanks to Proposition 2.1 again, eigenvalues of W are ordered,

A = by <Ay = by <Az = bs,
{1 ay+by < Ay=a+ by <Az =az+ 03 (4.4)

m1 =ay—by < ps=ax—by < u3z =az—bs.
The following result is an excerpt from [12, Lemma 2], and is based on [22]:

Proposition 4.1. Let (M*, g) be an oriented, four-dimensional Riemannian mani-
fold, and p € M4,

(i) There is an orthonormal basis {e',e?,e3,e*} of Tp*M4 such that eigenforms
{o!, w?, w3} (resp., {n',n?, n3}) as given in (4.1) (resp., of the form (4.2))
make an orthogonal basis of A% (T, M*) (resp., A2(T,M*)).

(i) If {1, A2, A3} and {1, o, u3} are the eigenvalues of W+ and W~ resp-
ectively, then with respect to the dual orthonormal basis {e},e?, e3, e4)}, the
Weyl tensor is given by

1

_ 1 1 2 2 3 3
Wijke = s[hojjog, + Aol + Aaw)op]

+ S [raninke + mandni, + waniini. 4.5)

N = N

with
AM4+A+2A3=0, w1+ pur+ pusz=0. 4.6)
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(iii) The bases in (4.1) and (4.2) have a quaternionic structure: For 1 < a < 3,
[(@*)?)ij = oo, = =8, [(0*)]i; = 0k = =6 4.7
where the components are with respect to an orthonormal basis of Ty M 4,

Also,

3

1. 2 _ 1 2 _
(0 0%)ij = Wi Wi = —Wj;,

(a)la)3),-j = wilka),?j = a)l-zj, (w2w3)ij = a)izka),ij = —w;;, “8)
(' 1?)ij = nini; = 13y
') = nhem; = -y (PN = mniy = ;-
(iv) The bases in (4.1) and (4.2) generate an orthogonal basis of Sg(Tp*X 4), the
space of symmetric trace-free (0, 2)-tensors by taking
(@.B) _ B
hi ™ = ;- 4.9)

Moreover, |h*P)| = 2,

To simplify notation we label the basis in Proposition 4.1 (iv) in the following

way:
h(l,l) — ]’ll, h(l,2) — h2’ h(1,3) — h37

RO =p* hC2 =5 p@3) = o, (4.10)
h(3,1) — ]’l7, h(3,2) — hS’ h(3,3) — h9'

Using the quaternionic structure of the bases of eigenforms, it is easy (but tedious) to
construct a ‘multiplication table’ for the basis element {h%} _,:

Lemma 4.2. The basis elements in (4.10) satisfy:

/A S S A A L A LR

Al Id * * x —h° K8 * h®  —h?
h? % Id * h° x —h7 —h® x h*
h3 * * Id —n® K * n —h* *
h* % R —h®  1d * * x —h3 h?
h —h° x h’ * Id s h3 x  —h!
he  h® —h7 % * * Id —-hr*> Kl *
h? * —h® K * hd  —r?> U * *
h® k¢ x  —h* —h® % It * Id *
h®  —h> b * hr —h' x * * Id
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That is,
(W)} = hiyhy; = 8ij,

and

RS =—h®, RS =h8. 'S =nS. BB = —hS,

R2h* = 1%, h2hS = —h7. R2hT = —hS. h2h° = K,

B3h* = —h, RPRS=h7.  B3hT =n5. R3S = —h*,

W*h® = —n3, n*h® =hn?,  KhT =h®, K = —h',
heh” = —h?, h®h® = h'.

Also, each x represents a skew-symmetric matrix.

As explained in the introduction, the Weyl tensor can also be interpreted as a
symmetric bilinear linear form on the space of trace-free symmetric two-tensors. If
s,t € SE(T*X*), then

W (s, 1) = WikejSkelis (4.11)

where the components are with respect to an orthonormal basis of T, M 4. We can

9
a=1°

properties summarized in Proposition 4.1 and Lemma 4.2:

compute the matrix of W with respect to the basis {h%} by using the algebraic

Proposition 4.3. The orthogonal basis {h*} defined in (4.9) and (4.10) diagonalizes
the Weyl tensor, interpreted as a symmetric bilinear form as in (4.11). With respect to
this basis the matrix of W is given by

Dy 0 0
w=|lo 9 o], 4.12)
0 0 D

where the D;’s are diagonal matrices given by

—4(A; + 1)
D; = —4(Ai + p2) . (4.13)
—4(A; + p13)

Proof. As indicated above, the proof is a consequence of the multiplicative properties
of the basis elements, and the fact that W¥ are trace-free. For example, a straight-
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forward calculation gives
W(h',h') = Wiggihpohi;
= %[Alwilkwéj + kzwizkwfj + A3a)i3ka)g’j
+ WG Mg+ 3T ] O pe®igys

= —2A1 + 2A2 + 243 — 21 + 20 + 2u3.

Since W are trace-free, this can be rewritten
W(h', k') = —4(A1 + ).

The other entries are computed in a similar manner. |

To express the matrix for R with respect to the basis {#%}, we use the decomp-
osition of the curvature tensor in dimension four:

1
Rikej = Wikej + E(giZEkj —8ijExe — greEij + grj Eie)

1
+ 15 58ie8ki — 8ijgke)- (4.14)
If s and ¢ are trace-free symmetric two-tensors, then
R(s.1) = Rike;Setis
A~ ~ 1
=Wi(s,t)+ E(s,t) + §S<s’l>’ 4.15)
where (-, -) is the inner product on symmetric two-tensors, and E is the bilinear form

given by
E(s,1) = Eijsixtij = (E,s1), (4.16)
where (s7);; = s;xtx;j. Consequently, to compute the matrix for Rit only remains to

compute the matrix for E with respect to the basis {h“}.
Since {h“} is a basis for the space of trace-free symmetric two-tensors, we can

write :

Eij = Zeyhg’j, 4.17)
where

cq = (E,h%). (4.18)

It follows from (4.16) that the matrix entry Ea,g =E (h*, hB) is given by

~

1 1
Eop = Eijhch}, = Zgyhl’.’jh;?‘khfj = Zey(h”,h“hﬂ). (4.19)

Using the product formulas in Lemma 4.2, we can therefore express the entries of the
matrix (Eqg) in terms of the &), ’s:
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Proposition 4.4. With respect to the basis in (4.9), the matrix of E is given by

0 O, 0O,
E=]|-0: 0 03], (4.20)
-0, =03 0

where O1, O2, O3 are skew-symmetric 3 X 3 matrices given by

0 —&9 g
(91 = &9 0 —&71, (421)
—gg &7 0
0 g6 —E&5
(92 =1 —¢6 0 €4 s (422)
€5 —&4 0
0 —E&3 &
(93 == &3 0 —&11. (423)
—&p &1 0

Moreover, these matrices all vanish if and only if (M*, g) is Einstein.

Proof. This is a straightforward calculation, so we only point out some readily obser-
ved features. First, since (h%)? = I, all diagonal entries vanish:

EMh® h*) = (E,(h*)*) = (E,I) =tr E = 0.

In fact, if 1 < o, B < 3 and « # B, then by Lemma 4.2 the product h*h# is skew-
symmetric, hence
Eh*, h?) = (E, h*hP) =0,

since E is symmetric. This shows that the upper left 3 x 3 block of the matrix van-
ishes, and a similar argument shows that all three such blocks along the diagonal are

Zero.
Finally, note that all matrices vanish if and only if & = -+ = g9, which by (4.17)
is equivalent to £ = 0. |

Proof of Theorem 1.8. Recall that the basis {h*} is orthogonal, but not orthonormal.

If we define |

= _h®
2 9
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then {}7"‘} is an orthonormal basis of Sg. Moreover, the matrix representation with
respect to {E"} can be obtained from the representation with respect to {h%} by
simply dividing by four. Therefore, Theorem 1.8 follows from Proposition 4.3, Pro-
position 4.4, and the formula (4.15). [ ]

5. Einstein four-manifolds

In this section, we apply our matrix representation of the curvature of the second kind
to study Einstein manifolds of positive scalar curvature in dimension four, and give
the proof to Theorem 1.9.

For simplicity, let (M, g) be a four-dimensional manifold with Rc = g. Conse-
quently, S = 4. For such a manifold, E = 0, so the block matrix for R in (1.4) is
diagonal. Using the notation from Proposition 4.1 and Theorem 1.8, the eigenvalues

of R are given by
1
(2=n-m).

Proof of Theorem 1.9. First, with the aid of the ordering of eigenvalues of W in (4.4),
we have

As+ s> As+ o > Az+ 1, Ar+ fo = Ao+ w1 > A+ pr,
As+pus>Ar+us > A1+ 3, Az 42 > A1+ 2 > A + pg.

Then R is five-non-negative if and only if

5
055—3/\3—3,%—12—)&1—#2—#1,

5
055—3/\3—2,“3—2)&2—2#2—#1,

5
055—2/\3—3M3—2/12—2,U,2—Al.

Using ) ; A; = Y _; u; = 0 and Proposition 2.1, we obtain

0<5 2(As + )_5 4 _5 4W _5 4(R 1)
- — =—-—4a3 = - — = - — —=).
=3 31T U3 3 3 3 1414 3 1414 3

This implies Rj414 < %. By the ordering (4.4), the sectional curvature is bounded
above by %. Using the classification result of [9, Corollary 1.3] we arrive at the con-
clusion. u

When R is six-non-negative, we have the following observation.
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Proposition 5.1. Let (M, g) be a simply connected Einstein four-manifold with posit-
ive scalar curvature. If Ris six-positive then its sectional curvature is bounded above
by the Einstein constant. Moreover, the curvature operator (of first kind) is four-non-
negative.

Proof. Again, we use the normalization Rc = g. Then R is six-non-negative if and
only if

0<2-3A3—3u3—22 — A1 — 22 — 1,
0<2—3A3—2u3— 342 — 212 — 21,
052—2/\3—3#3—2A2—3M2—211.

Due to Proposition 2.1, it is equivalent to
0<2—(Az+u3)+ A1+ p1 =2-2a3+ 2ay,
0<2+43A,
0<2+43u;.
The first inequality is equivalent to
Ri414 —Rp212 < 1.
In combination with the equality

Ri212 + Ri313 + Ria1a =1,

and the ordering
Ri212 < R1313 < Ry414,

we conclude that R1414 < 1.
For the last statement, recall that the eigenvalues of the curvature operator of the
first kind are given by

1 1 1 1 1 1
A - <A - <A -, - < - < -,
1+3_2+3_3+3 M1+3_M2+3_/L3+3

Thus, R is four-non-negative if and only if

0<4 A 0<4+)L 0<4+
=3 3 — U3, =3 1, =3 H1.

The first inequality is equivalent to

Ris14 = 1.

The result then follows. [



X. Cao, M. J. Gursky, and H. Tran 214

5.1. Examples
To illustrate our results, we use Theorem 1.8 to compute the matrix of R for some
model cases.

(1) (5S4, go), where gy is the round metric. In this case W = 0 and S = 12 at each
point, hence
R=1,

where [ is the identity matrix. In particular, R (as a bilinear form) is positive definite.

2) (C}P’z, gFs), where grg is the Fubini—Study metric. In this case, W~ = 0
and S = 8. Since the metric is Kihler, W can be diagonalized at each point as

18
W — _1lg , (5.1

see [12, Proposition 2]. Consequently, up to ordering of the eigenvalues, the matrix
for R is given by

=2 0 O
R=] 0 4I o0 |. 5.2)
0 0 4I

Note that the sum of the four smallest eigenvalues is negative, but the sum of the five
smallest is positive. Hence, R is five-positive but not four-positive.

(3) (52 x S?, gp), where g, is the product of the standard metric on each factor.
In this case, S = 4, and g, is Kéhler with respect to both orientations; i.e., the rep-
resentation (5.1) holds for both W+ and W~. Consequently, up to ordering of the
eigenvalues, the matrix for Ris given by

-1

=)
1
()

(5.3)

1

Notice that the sum of the five smallest eigenvalues is negative; i.e., R is not five-non-
negative. However, it is six-non-negative.
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