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Ricci flow of W 2;2-metrics in four dimensions

Tobias Lamm and Miles Simon

Abstract. In this paper we construct solutions to Ricci–DeTurck flow in four dimensions on
closed manifolds which are instantaneously smooth but whose initial values g are (possibly)
non-smooth Riemannian metrics whose components in smooth coordinates belong to W 2;2

and satisfy 1
a
h � g � ah for some 1 < a <1 and some smooth Riemannian metric h on M .

A Ricci flow related solution is constructed whose initial value is isometric in a weak sense to the
initial value of the Ricci–DeTurck solution. Results for a related non-compact setting are also
presented. Various Lp-estimates for Ricci flow, which we require for some of the main results,
are also derived. As an application we present a possible definition of scalar curvature � k
for W 2;2-metrics g on closed four manifolds which are bounded in the L1-sense by 1

a
h �

g � ah for some 1 < a <1 and some smooth Riemannian metric h on M .

1. Introduction

In this paper we construct solutions to Ricci flow and Ricci–DeTurck flow, which are
instantaneously smooth but whose initial values are (possibly) non-smooth Riemann-
ian metrics whose components, in smooth coordinates, belong to certain Sobolev
spaces.

For a given smooth Riemannian manifold .M;h/, and an interval I �R, a smooth
family g.t/t2I of Riemannian metrics on M is a solution to Ricci–DeTurck h-flow if
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in the smooth sense on M � I , where here, and in the rest of the paper, hr refers
to the covariant derivative with respect to h. A smooth family `.t/t2I of Riemannian
metrics on M is a solution to Ricci flow if
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D �2Rc.`/ (1.2)
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in the smooth sense on M � I . The Ricci flow was first introduced and studied by
R. Hamilton in [15]. Shortly after that, the Ricci–DeTurck flow was introduced and
studied by D. DeTurck in [11]. Ricci–DeTurck flow and Ricci flow in the smooth set-
ting are closely related: given a Ricci–DeTurck flow g.t/t2I on a compact manifold
and an S 2 I there is a smooth family of diffeomorphisms ˆ.t/WM ! M , t 2 I
with ˆ.S/ D Id such that `.t/ D .ˆ.t//�g.t/ is a smooth solution to Ricci flow. The
diffeomorphisms ˆ.t/ solve the following ordinary differential equation:

@

@t
ˆ˛.x; t/ D V ˛.ˆ.x; t/; t/ for all .x; t/ 2M n

� I ;

ˆ.x; S/ D x;

(1.3)

where V ˛.y; t/ WD �gˇ
 .g�˛ˇ
 � h�˛ˇ
 /.y; t/.
There are a number of papers on solutions to Ricci–DeTurck flow and Ricci

flow starting from non-smooth Riemannian metric/distance spaces which immedi-
ately become smooth. Given a non-smooth starting space .M; g0/ or .M; d0/, it is
possible in some settings, to find smooth solutions g.t/t2.0;T / to (1.1), respectively
`.t/t2.0;T / to (1.2) defined for some T > 0, where the initial values are achieved in
some weak sense. Here is a non-exhaustive list of papers, where examples of this type
are constructed: [3, 8, 9, 16, 17, 20, 23, 27, 30–32, 35, 36]. The initial non-smooth data
considered in these papers has certain structure, which when assumed in the smooth
setting, leads to a priori estimates for solutions, which are then used to construct solu-
tions in the class being considered. In some papers this initial structure comes from
geometric conditions, in others from regularity conditions on the initial function space
of the metric components in smooth coordinates. In the second instance, this is usu-
ally in the setting, that one has some C 0-control of the metric. That is, the metric is
close in the L1-sense to the standard euclidean metric in smooth coordinates:

.1 � "/ı � g.0/ � .1C "/ı

for a sufficiently small ". In the current paper, the structure of the initial metric g.0/
comes from the assumption, in the four-dimensional compact setting, that the com-
ponents in coordinates are in W 2;2, and uniformly bounded from above and below:

1

c
ı � g.0/ � cı

for some constant c. Closeness of the metric to ı is not assumed. With this initial
structure, we show that a solution to Ricci–DeTurck flow exists. In the non-compact
setting, we further require a uniform local smallness bound on the W 2;2-norm and a
global uniform bound from above and below in the L1-sense, both with respect to a
geometrically controlled background metric. We also investigate the question of how
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the initial values are achieved, in the metric and distance sense, as time goes back to
zero. See Theorem 2.2 in the next section for details.

Using this solution to Ricci–DeTurck flow, we show without much trouble, that
there is a Ricci flow related solution. The Ricci flow solution is related to the Ricci–
DeTurck solution through a smooth family of isometries .ˆ.t//t2.0;T / defined for a
positive time interval, and having the property that ˆ.S/ D Id for some S > 0. The
convergence as time goes back to zero in the distance and metric sense is investig-
ated for this Ricci Flow solution. We require some new estimates on convergence
in the Lp-sense for solutions to Ricci flow, in order to show that there is indeed a
limiting weak Riemannian metric, as time approaches to zero. We also show that the
initial metric value of the Ricci flow that is achieved is isometric, in a weak sense, to
the initial value g.0/ of the Ricci–DeTurck flow solution. See Theorem 2.3 in the next
section for details.

Section 12 contains an application of the results obtained in the sections preceding
it. We present a possible definition of ‘the scalar curvature of g is bounded from below
by k 2 R’ for a metric

g 2 W 2;2
\ L1

with 1
a
h � g � ah for some 1 < a <1 and some smooth Riemannian metric h on a

closed manifold M .
We conclude this introduction by noting that there are metrics

g0 2 W
2;n=2.M/ \ L1.M/

on compact n-dimensional manifolds, which satisfy 1
a
h�g0�ah for some 0<a<1

and some smooth fixed Riemannian metric h on M , but are not continuous. In partic-
ular,

g0 2 W
2;2.M/ \ L1.M/

and 1
a
h � g0 � ah, but g0 is not continuous when n D 4. In the example we present

below, there is a point p 2 M , such that the values 1
a
h and ah are achieved by g0

infinitely often for every neighbourhood of p.
Let .M; h/ be a smooth compact n-dimensional manifold, U � M open, and

'WU ! '.U / D B1.0/ be coordinates and zh WD '�h, the push forward of h with '
to B1.0/. For "; r > 0, c 2 R, let

f D f";r;c WB1.0/! R

be the W 2;n=2.B1.0//-function defined by

f .x/ D r
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for x ¤ 0 and f .0/ D 0. Then f is bounded from above and from below by

f .�/ 2
h
r; r
�2C "

"

�i
and the values r and r..2 C "/="/ are both achieved infinitely many times on any
neighbourhood of 0 2 B1.0/, and consequently we see that f is also not continuous.
Now we set

zg.x/ D .1 � �.x//zh.x/C �.x/yg.x/;

where � is a smooth cut-off function � 2 Œ0; 1� with support in B1=2.0/, where

ygij .x/ D f"i ;ri ;ci .x/ıij ;

where "i ; ri ; ci 2 R, i; j 2 ¹1; : : : ; nº, "i ; ri > 0. Then the metric g defined by g D
'�.zg/ on U , and g D h onM nU is a metric onM with g 2W 2;n=2.M/\L1.M/,
1
a
h � g � ah for some 1 < a <1, and g is not continuous.

2. Main results

The assumptions we make on the smooth background metric are as follows

.M; h/ is a smooth, connected, complete manifold without boundary such that

�i WD supM
hjhriRm.h/j <1 for all i 2 N0, and

inj.M; h/ � i0 > 0: (2.1)

Such manifolds always satisfy a local uniform Sobolev inequality: there exist con-
stants 0 < r0.n; h/, CS .n/ <1 such that�Z

M

f 2n=.n�2/ dh

�.n�2/=2
� CS .n/

Z
M

j
h
rf j2 dh

and �Z
M

f n dh

�1=2
� CS .n/

Z
M

j
h
rf jn=2 dh

for all smooth f whose support is contained in a ball of radius r0.n; h/ > 0. For the
readers’ convenience, we have included a proof in Section B; see Lemma B.1 and
Remark B.2.

Ultimately we would like to construct solutions to (1.1) on four manifolds starting
with initial data g0 which are uniformly bounded from above and below by a multiple
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of h, g0 is locally in W 2;2, and for which the homogeneous W 2;2-energy of g0 is
uniformly bounded,

E.g0/ WD

Z
M

�
j
h
rg0j

2
C j

h
r
2g0j

2
�
dh <1:

That is, we assume that there exists a > 0 such that

1

a
h � g0 � ah; E.g0/ WD

Z
M

�
j
h
rg0j

2
C j

h
r
2g0j

2
�
dh <1: (2.2)

In this setting we show the following theorem.

Theorem 2.1. Let 1< a<1 and .M 4;h/ be a four-dimensional smooth Riemannian
manifold satisfying (2.1), and g0 be aW 2;2 \L1 Riemannian metric, not necessarily
smooth, which satisfies

1

a
h � g0 � ah (a)

and Z
M

�
j
h
rg0j

2
C j

h
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2g0j

2
�
dh <1:

Then for any 0 < " < 1, there exist constants 0 < T D T .g0;h;a; "/, r D r.g0;h;a; "/,
cj D cj .h;a;"/ <1 for all j 2N0 and a smooth solution .g.t//t2.0;T � to (1.1), where
g.t/ satisfies
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and for all 2 � R > 1, there exists a V.a;R/ > 0 such thatZ
B1.x0/

�
j
h
rg.�; t /j2 C jhr2g.�; t /j2

�
dh

�

Z
BR.x0/

�
j
h
rg0.�/j

2
C j

h
r
2g0.�/j

2
�
dhC V.a;R/t (ft )



T. Lamm and M. Simon 266

for all x0 2 M and for all t � T . Furthermore, there exists "0 D "0.g0; h; a/ such
that if " � "0, then the solution is unique in the class of solutions which satisfy (at ),
(bt .r/), (ct ), (dt ) for the r D r.g0; h; a; "/ > 0 defined above.

Proof. See Theorem 6.5, the proof is given there.

Assume (2.1) and (2.2) and that M is four-dimensional. Then for any 1 > " > 0,
we can find an r > 0 such that

1

a
h � g0 � ah; sup

x2M

Z
Br .x/

�
j
h
rg0j

4
C j

h
r
2g0j

2
�
dh < "; (2.3)

see Theorem B.3 in Section B for a proof. After scaling h and g0 once, and still calling
the resulting metrics g0 and h, we may assume

.M;h/ is a smooth, connected, complete manifold without boundary
such that

supM
hjhriRm.h/j <1 for all i 2 N0;P4

iD0 supM
hjhriRm.h/j � ı0.a/;

inj.M; h/ � 100; (2.4)

for a small positive constant ı0.a/ of our choice, in place of the assumptions (2.1),
and the scale invariant condition

1

a
h � g0 � ah

and
sup
x2M

Z
B1.x/
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j
h
rg0j
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C j

h
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2g0j

2
�
dh <

"

2
;

is still correct, and hence, using Hölder’s inequality, we have

1

a
h � g0 � ah; sup

x2M

Z
B1.x/

�
j
h
rg0j

2
C j

h
r
2g0j

2
�
dh < c.n/

p
": (2.5)

Note further, if we assume (2.1), then (2.3) is a stronger assumption than (2.2):
(2.1) and (2.2) imply, for any " > 0, there exists an r > 0 such that (2.3) holds, but
for any given " > 0, there are g0 and h and r > 0 for which (2.1) and (2.3) hold,
but E.g0/ WD 1.

The main estimates required for the construction of solutions to (1.1) in the W 2;2

setting in this paper are proved in this setting, that is under the assumptions (2.5) (with
c.n/
p
" replaced by ") and (2.4), and we also prove an existence result in this setting.
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Theorem 2.2. For any 1 < a <1, there exists a constant "1 D "1.a/ > 0 with the
following properties. Let .M 4;h/ be a smooth four-dimensional Riemannian manifold
which satisfies (2.4). Let g0 be a W 2;2

loc \ L
1-Riemannian metric, not necessarily

smooth, which satisfies

1
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h � g0 � ah; (a)Z

B2.x/

�
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r
2g0j

2
�
dh � " for all x 2M; (b)

where " � "1. Then there exist a constant T D T .a; "/ > 0 and a smooth solution
.g.t//t2.0;T � to (1.1) such that
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The solution is unique in the class of solutions which satisfy (at ), (bt ), (ct ), and (dt ).
The solution also satisfies the local estimates
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r
jg.�; t /j2tj ! 0 for t ! 0; (et )

and for all 1 < R � 2, there exists a V.a;R/ > 0, such thatZ
B1.x0/
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2
�
dhC V.a;R/t (ft )

for all x0 2M , 2 � R > 1, and for all t � T .

Proof. The theorem follows from Theorem 6.3 and Remark 6.4.

With a solution of this type at hand, we can without much trouble now construct
a solution to the Ricci flow

.`.t//t2.0;T / D ..ˆ.t//
�g.t//t2.0;T /
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with `.S/ D g.S/ and ˆ.S/ D Id for any given fixed S > 0. After some work it
becomes clear, that the Ricci Flow solution has initial starting data corresponding
in some weak isometric sense to the starting data g0 of the Ricci–DeTurck flow
solution. More specifically, we show for all p 2 Œ1;1/, that there is a weak limit
`0 WD limt&0 `.t/ in the Lploc-sense and that `0 is isometric to g0 with the help of
aW 1;p isometry, and that there is a uniform limit d0 WD limt&0 dt for dt WD d.g.t//,
where d0 can be explicitly calculated from the starting data g0. These facts, and more
details, are contained in the following theorem.

Theorem 2.3. Let 1 < a < 1, M D M 4 be a four-dimensional manifold, and g0
and h satisfy the assumptions (2.4), (a) and (b) with " � "1, where "1 D "1.a/ > 0 is
the constant coming from Theorem 2.2, and let .M;g.t//t2.0;T � be the smooth solution
to (1.1) constructed in Theorem 2.2. Then

(i) there exists a constant c.a/ and a smooth solutionˆWM � .0;T �!M to (1.3)
with ˆ.T=2/ D Id such that

ˆ.t/ WD ˆ.�; t /WM !M

is a diffeomorphism, and

dh.ˆ.t/.x/;ˆ.s/.x// � c.a/
p
jt � sj

for all x 2M . The metrics `.t/ WD .ˆ.t//�g.t/, t 2 .0; T � solve the Ricci flow equa-
tion. Furthermore, there are well-defined limit maps

ˆ.0/WM !M; ˆ.0/ WD lim
t&0

ˆ.t/; W.0/WM !M; W.0/ WD lim
t&0

W.t/;

whereW.t/ is the inverse ofˆ.t/ and these limits are obtained uniformly on compact
subsets, and ˆ.0/, W.0/ are homeomorphisms inverse to one another.

(ii) For the Ricci flow solution `.t/ from (i), there is a value

`0.�/ D lim
t&0

`.�; t /

well defined up to a set of measure zero, where the limit exists in the Lploc-sense, for
any p 2 Œ1;1/, such that `0 is positive definite and in W 1;2

loc , and for any x0 2 M
and 0 < s < t � T , we haveZ

B1.x0/

j`.s/ � `0j
p

`.t/
d`.t/ � c.g0; h; p; x0/s;Z

B1.x0/

j.`.0//�1 � .`.s//�1j
p

`.t/
d`.t/ � c.g0; h; p; x0/jsj

1=4;Z
B1.x0/

jr`0j
2
`.t/ d`.t/ � c.g0; h; p; x0/t

� ;
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B1.x0/

jRm.`/j2.x; t/ d`.x; t/

C

Z t

0

Z
B`.s/.x0;1/

jrRm.`/j2.x; s/ d`.x; s/ ds � c.g0; h; p; x0/;

sup
B1.x0/

jr
jRc.`.t//j2tjC2 ! 0 as t & 0 for all j 2 N0

for a universal constant � > 0; where r refers to the gradient with respect to `.t/,
c.g0; h; p; x0/ is a constant depending on g0; h; p; x0, but not on t or s.

(iii) The limit maps

ˆ.0/WM !M; ˆ.0/ WD lim
t&0

ˆ.t/; W.0/WM !M; W.0/ WD lim
t&0

W.t/

from (i) are also obtained in the W 1;p
loc -sense for p 2 Œ1;1/. Furthermore, for any

smooth coordinates 'WU ! Rn and  WV ! Rn withW.0/.V / �� U , the functions

.`0/ij ıW.0/WV ! R

are in Lploc for all p 2 Œ1;1/ and .g0/˛ˇ WV ! R and .`0/ij WU ! R are related by
the identity

.g0/˛ˇ D D˛.W.0//
iDˇ .W.0//

j ..`0/ij ıW.0//;

which holds almost everywhere. In particular, `0 is isometric to g0 almost everywhere
through the map W.0/, which is in W 1;p

loc for all p 2 Œ1;1/.

(iv) We define

dt .x; y/ D d.g.t//.x; y/; zdt .p; q/ D d.`.t//.p; q/

for all x; y; p; q 2M and t 2 .0; T /. There are well-defined limit metrics

d0; zd0WM �M ! RC0 ; d0.x; y/ D lim
t&0

dt .x; y/;

zd0 WDM �M ! RC0 ;
zd0.p; q/ D lim

t&0

zdt .p; q/;

and they satisfy
zd0.x; y/ D d0.ˆ.0/.x/;ˆ.0/.y//:

That is, .M; zd0/ and .M; d0/ are isometric to one another through the map ˆ.0/.
The metric d0 satisfies

d0.x; y/ WD lim inf
"&0

inf

2C";x;y

Lg0.
/;

where C";x;y is the space of "-approximative Lebesgue curves between x and y with
respect to g0: This space is defined/examined in Definition 8.2.
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Proof. See Theorem 8.3, the proof is given there.

Remark 2.4. An attempt to construct a Ricci flow solution `.t/ with

ˆ.0/ D Id and `.0/ D ˆ.0/�g.0/ D g.0/;

using similar methods to those we used to construct the Ricci flow solution in The-
orem 2.3, could lead to a non-smooth Ricci flow solution, which does not immediately
become smooth (we say the solution is in a non-smooth gauge), as we now explain.
The solutions g.t/ constructed in Theorem 2.1 are limits of solutions gi .t/with initial
data gi .0/, where gi .0/! g.0/ in W 2;2

loc . For M D T4, the four-dimensional torus,
whose circles have radius 10, with h the standard flat metric on T4. Let gi .0/ D
'.i/�h, where '.i/WT4 ! T4 are diffeomorphisms, equal to the identity outside a
ball B1.0/ of radius one (which we identify with the standard euclidean ball of radius
one), and

'.i/jB1.0/WB1.0/! '.i/.B1.0// D B1.0/

are uniformly bi-Lipschitz diffeomorphisms,

1

B
jx � yj � j'.i/.x/ � '.i/.y/j � Bjx � yj

for all x; y 2 B1.0/, with 'i .0/!  as i !1 in the W 3;2-sense. Assume that  is
not smooth. For example, we can take

'.i/.x/ D x.1C ��fi .x//

with

fi .x/ WD

�
2C sin

�
log
�

log
�

2p
jxj2 C 1=i

����
;

� a small positive constant, and � a smooth cut-off function with � D 1 on B1=2.0/

and � D 0 on .B3=4.0//c . Notice that the '.i/ are uniformly Bi-Lipschitz, as we now
explain. Assume that jxj � jyj. Then

j'.i/.x/ � '.i/.y/j D j.x � y/C x��fi .x/ � y��fi .y/j

D j.x � y/C x�.�.x/fi .x/ � �.y/fi .y//C .x � y/��fi .y/j

�
9

10
jx � yj � 2� jxjj�.x/ � �.y/j � 2� jx � yj � � jxjjfi .x/ � fi .y/j

�
9

10
jx � yj � 2� jxjjDv�.c/jjx � yj � 2� jx � yj � � jxjjDvfi .b/jjx � yj

�
1

2
jx � yj � � jxjjDvfi .b/jjx � yj;
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where b and c are points in the line between x and y and v is a length one vector
pointing in the direction of the line between x and y. A calculation shows us that

jDvfi .b/j D j cos.: : :/jj
1

j log.1=
p
jbj2 C 1=i/j

2
hb; vij

.jbj2 C 1=i/

� j cos.: : :/j
1

jbj
;

which, combined with the fact that jxj � jbj, gives us

� jxjjDvfi .b/jjx � yj � � jx � yj;

and hence
j'.i/.x/ � '.i/.y/j �

1

4
jx � yj:

A similar calculation shows us that

j'.i/.x/ � '.i/.y/j � 4jx � yj:

The definition of the '.i/’s guarantees that '.i/WB1.0/!Rn are smooth bi-Lipschitz
diffeomorphisms whose image lies in B1.0/. Furthermore, '.i/.tx/ is a continuous
line for t between 0 and 1 lying on the standard line tx between 0 and x. Hence,

¹'.i/.tx/ j t 2 Œ0; 1�º D ¹tx j t 2 Œ0; 1�º:

This shows that '.i/WB1.0/! B1.0/ is also onto.
Then '.i/!  in the W 3;2-sense, with

 .x/ D x.1C ��f .x//; f .x/ WD
�
2C sin

�
log
�

log
� 2
jxj

����
for x ¤ 0, f .0/ WD 0, gi .0/! g.0/ in the W 2;2-sense, but g.0/ is not smooth, and
there exists an 1 < aD a.B;K/ <1 such that 1

a
h� gi .0/� ah. Hence, Theorem 2.1

is applicable and a limit solution

g.t/t2.0;T / D lim
i!1

gi .t/t2.0;T /

exists with g.t/ ! g.0/ in the W 2;2-sense as t & 0. However, the Ricci flow of
`i .0/D gi .0/ is `i .t/D `i .0/, as the metric gi .0/ is flat. Hence, `i ! ` in theW 2;2-
sense, where `.t/ D `.0/ D g.0/ for all t 2 .0; T /. By construction g.0/ is non-
smooth. We avoid these non-smooth gauges by choosing ˆ.S/ D Id for some S > 0
in Theorem 2.3.
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In order to prove the relationships of Theorem 2.3, in particular the existence of
the limit `0, we require some new estimates which hold for solutions to Ricci flow of
the type constructed here, and for a more general class. The theorems and lemmata
that we use to prove these estimates are contained in Section 7.

The existence of the weak metric `0 is achieved with the following theorem.

Theorem 2.5. For all p 2 Œ2;1/ and n 2 N, there exists an ˛0.n; p/ > 0 such that
the following holds. Let� be a smooth n-dimensional manifold and .�n; `.t//t2.0;T �
be a smooth solution to Ricci flow satisfyingZ

�

jRc.`.t//jd`.t/ � "; jRc.`.t//j �
"

t
on �

for all t 2 .0;T �, where "� ˛0. Then there exists a unique, positive definite, symmetric
two-tensor `0 2 Lp such that `.s/! `0 in Lp.�/ as s& 0 where `0, and `�1.s/!
.`0/

�1 in Lp.�/ as s & 0.

Proof. See Theorem 7.1, the proof is given there.

The proof of the existence of a homeomorphismˆ.0/ at time zero in Theorem 2.3
can also be applied with no change, to the setting of a Ricci–DeTurck flow coming
out of a C 0-metric on an n-dimensional Riemannian manifold, respectively for the
Ricci flow related solution. This fact is stated in the following theorem.

Theorem 2.6. For any n 2N, there exists an ı0.n/ > 0 such that the following holds.
Let .M n; h/ be a smooth n-dimensional manifold satisfying the assumptions (2.4),
where now ı0 D ı0.n/ is a small constant of our choice, and assume g0 is a C 0-
metric satisfying

.1 � ı0.n//h � g0 � .1C ı0.n//h:

Let .M; g.t//t2.0;T / be the solution to (1.1), where g.t/! g0 as t & 0 in the C 0loc-
sense constructed in [30] or [17], and letˆWM � .0;T /!M be the solution to (1.3),
withˆ.�; T=2/D Id.�/. Then there exists a homeomorphismˆ.0/WM !M such that
ˆ.t/! ˆ.0/ locally uniformly, and d.g.t//! d.g.0// DW d0 locally uniformly and
d.`.t//! zd0 locally uniformly as t & 0, where

zd0.zx; zy/ D d0.ˆ.0/.zx/;ˆ.0/.zy//

for all zx; zy 2M .

Proof. The solutions constructed in [30], respectively [17], satisfy

j
h
rgj2h.t/C j

h
r
2gjh.t/ �

c.ı0; n/

t
;
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where c.ı0;n/! 0 as ı0! 0. These facts are required in the proof of Theorem 8.3 (i).
We may now copy and paste the proof of Theorem 8.3 (i) to here, and in doing so we
obtain the existence of a homeomorphism ˆ.0/ which is obtained locally uniformly
as the limit, in the C 0-norm, of ˆ.t/ with t ! 0.

Also, the solutions constructed in [30], respectively [17], satisfy g.t/ ! g.0/

locally uniformly in the C 0-norm as t ! 0, and hence d.g.t// ! d.g.0// locally
uniformly, and consequently,

d.`.t// D .ˆ.t//�.d.g.t///! zd0 D .ˆ.0//
�.d0/

locally uniformly.

In Section 12 we prove the following theorem (Theorem 2.8), which is an applica-
tion of the above results. Compare the paper [4], where sequences of smooth Riemann-
ian metrics with scalar curvature bounded from below which approach a C 0-metric
with respect to the C 0-norm are considered. We consider W 2;2-metrics which have
scalar curvature bounded from below in the following weak sense.

Definition 2.7. Let M be a four-dimensional smooth closed manifold and g be a
W 2;2-Riemannian metric (positive definite everywhere) and let k 2 R. Locally the
scalar curvature may be written

R.g/ D gjk
�
@i�.g/

i
jk � @j�.g/

i
ik C �.g/

i
ip�.g/

p

jk
� �.g/ijp�.g/

p

ik

�
;

where
�.g/mij D

1

2
gmk.@igjk C @jgik � @kgij /;

and hence R.g/ is well defined in the L2-sense for a W 2;2 Riemannian metric. Let
k 2 R. We say the scalar curvature R.g/ is weakly bounded from below by k, such
that R.g/ � k, if this is true almost everywhere, for all local smooth coordinates.

Theorem 2.8. Let .M; h/ be four-dimensional closed and satisfy (2.4). Assume that
.M;g0/ is aW 2;2-metric such that 1

a
h� g0 � ah for some1> a > 1 and R.g0/� k

in the weak sense of Definition 2.7. Then the solution g.t/t2.0;T / to the Ricci–DeTurck
flow, respectively `.t/t2.0;T / to the Ricci flow constructed in Theorem 8.3, with initial
value g.0/ D g0, has R.g.t// � k and R.`.t// � k for all t 2 .0; T /.

Proof. See Theorem 12.2, the proof is given there.

Remark 2.9. From this theorem we see that for a metric g0 2 L1 \ W 2;2.M 4/

with 1
a
h � g0 � ah for some positive constant a > 0, g0 has scalar curvature � k

in the weak sense of Definition 2.7 if and only if there exists a sequence of smooth
Riemannian metrics gi;0 with 1

b
h � gi;0 � bh for some 1 < b <1 and R.gi;0/ � k,

and gi;0 ! g0 2 W
2;2.M 4/ as i !1 if and only if the Ricci–DeTurck flow of g0

constructed in Theorem 2.1 has R.g.t// � k for all t 2 .0; T /.
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3. Outline of the paper

The paper contains twelve sections and four appendices. Section 1 is an introduction
and Section 2 contains statements of the main results, and this section gives an outline
of the paper.

In Section 4 we prove a priori C 1 and L1-estimates for smooth solutions to the
Ricci–DeTurck flow. The L1-estimates we are concerned with in this paper take the
form 1

b
h � g � bh for some constant 1 < b <1, for the fixed background metric h,

which is used to define the Ricci–DeTurck flow in (1.1). In particular, we show in
Theorem 4.2, that smooth compact solutions which a priori have small local W 2;2-
energy along the flow and satisfy an initial L1-estimate must also satisfy L1 and
C 1-estimates along the flow. In the non-compact setting, we require further that the
smooth solution satisfies a regularity condition in order to obtain the same result; see
Theorem 4.2.

In Section 5 we prove various local estimates for integral quantities, assuming our
solution satisfies an L1 bound and has small local W 2;2-energy; see Theorem 5.1.
This also leads to estimates on the convergence as time goes back to zero of the
solution, as explained in, for example, Theorem 5.8 and Corollary 5.7.

Section 6 uses the a priori estimates of the previous sections with well-known
existence theory for parabolic equations to show that solutions in the classes con-
sidered in those sections exist, even when the initial data is non-smooth. That is,
solutions to Ricci–DeTurck flow exist, if the initial metric is locally in W 2;2 and has
small local initial energy and satisfies an L1 bound with respect to h. The solutions
obtained continue to have small local energy and satisfy an L1 bound.

In Section 7 estimates are proved for solutions to Ricci flow in a setting which
includes the class of Ricci flows we construct using the Ricci–DeTurck flow of Sec-
tion 6. In particular, it is shown in the setting of Section 7, that a weak initial value of
the Ricci flow exists.

In Section 8 a Ricci flow is constructed from the Ricci–DeTurck flow of Section 6
and in Theorem 8.3, the relationship between the two solutions is investigated. In par-
ticular, relations between the distance and the weak Riemannian metrics at time zero,
as well as the convergence properties as time goes to zero are stated. Further neces-
sary lemmata, theorems, etc., which we require to prove this theorem are contained in
Sections 7, 9, and 10.

Section 9 is concerned with convergence properties of Riemannian metrics in
certain Sobolev spaces, and Section 10 is concerned with a definition of distance,
respectively convergence properties of distances, for Riemannian metrics defined in
certain Sobolev spaces. Theorem 11.2 proves uniqueness of the Ricci–DeTurck solu-
tions in a class which includes the class of solutions that are constructed in this paper.
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In Section 12 we present an application for W 2;2 \L1-metrics with scalar curv-
ature bounded from below in the weak sense.

Sections A–D are technical appendices containing certain estimates, statements,
the calculation/verification of which, are not included in the other sections of the
paper, in order to facilitate reading.

Section A contains a short time existence result for Ricci–DeTurck flow, using the
method of W.-X. Shi.

In Section B we state and prove some facts about Sobolev inequalities and norms
thereof adapted to the setting of the paper.

Section C contains estimates for ordinary differential equations which are required
at many points in the paper.

Section D contains statements which compare pointwise norms and Lp-norms of
different Riemannian metrics. The estimates contained in the statements are also used
at many points in the paper.

4. L1- and C 1-estimates of the Ricci–DeTurck flow

In this section we derive an a priori L1 time independent bound on the evolving
metric g, and show that the gradient thereof is bounded by 1=

p
t under the a priori

assumptions that: we have an L1 bound 1
a
h � g0 � ah at time zero, the W 2;2-norm

of the solution restricted to balls of radius one are small, and the time interval being
considered has small length, where here the notion of small depends on n and a.

As a first lemma, we show that if we already have an L1 and a time dependent
gradient bound, then all other derivatives may be estimated.

Lemma 4.1. Let .M; h/ be n-dimensional and satisfy (2.4) and g.�; t /t2Œ0;T /, T � 1
be a smooth family of metrics which solves (1.1) and satisfies the a priori bounds

1

a
h � g.t/ � ah; sup

x2M

j
h
rgj2.x; t/ �

b

t
; (4.1)

for all t 2 Œ0; T / and some 1 < a; b <1. Then for all i 2 N, there exist constants
Ni D Ni .a; b; n; h/ such that

sup
x2M

j
h
r
igj2.x; t/ �

Ni

t i
(4.2)

for all t 2 Œ0; T /.

Proof. We start with the case i D 2. Let g.�; t /t2Œ0;T /, T � 1 be a solution to (1.1)
which satisfies (4.1). Let N2 2 N be large (to be determined in the proof) and assume
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that (4.2) does not hold. That is, forN WDN2, there exists a 0 < t0 <T and an x0 2M
such that

j
h
r
2gj2.x0; t0/ >

N

t20
:

Define zg.x; t/ WD cg.x; t=c/ and zh.y/ D ch.y/ for a c > 0 to be chosen. Then
zg.t/ solves the zh -flow for t 2 Œ0; T c/ and we have the scaling relations

j
zh
r
i

zgj2.x; t/ D c�i jhrigj2
�
x;
t

c

�
:

By choosing c D
p
N=
p
V t0, we get a solution zg which has

1

a
zh � zg.t/ � azh; sup

x2M

j
zh
rzgj2.x; t/ �

b

t
; j

zh
r
2
zgj2.x0;

p
N=V / � V

for all t 2 Œ0; t0c� D Œ0;
p
N=V �. This implies

j
zh
rzgj2.t/ �

b

t
�

bp
N=V � 10

� "

for t 2 .�10C
p
N=V ;

p
N=V � for any " > 0 as long asN DN.b;V;n; "/ is chosen

large enough. In that which follows, we use once again g to denote the solution zg
and h to denote zh. That is, we have a smooth solution g.t/t2Œ0;pN=V � of the Ricci–
DeTurck flow with

1

a
h � g.t/ � ah; sup

x2M

j
h
rgj2.x; t/ � "; jhr2gj2.x0;

p
N=V / � V

for all t 2 .�10C
p
N=V ;

p
N=V �. As shown in [28], the evolution for jhrmgj2 is

given by

@

@t
j
h
r
mgj2.x; t/

D gij .x; t/hr2ij j
h
r
mgj2.x; t/ � 2gij .x; t/.hri

h
r
mg; hrj

h
r
mg/h.x; t/

C

X
0�k1;k2;:::;kmC2�mC1;
k1C���CkmC2�mC2

�
h
r
k1g.x; t/ � hrk2g.x; t/ � � � �

� � � �
h
r
kmC2g.x; t/ � hrmg � P.h/k1k2:::kmC2.x; t/

�
; (4.3)

where

P.h/k1;:::;kmC2.x; t/

D P.h/k1;:::;kmC2.x; t/.g; g
�1;Rm.h/; hrRm.h/; : : : ; hrmRm.h//
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is a polynomial in the terms appearing in the brackets, and

gij .hriT;
h
rjT / D g

ijhs1r1hs2r2 : : : hsmrmhriTs1:::sm
h
rjTr1:::rm

for a .0 m/ tensor T . We have jP.h/j2.x; t/ � c.a;m;n/ since without loss of gener-
ality, the norm of the curvature of h (after scaling) and all its derivatives up to orderm
are bounded by a constant (see (2.4)). In particular, for m D 1, we obtain

@

@t
j
h
rgj2.x; t/ � gij .x; t/hr2ij j

h
rgj2.x; t/

� �2gij .x; t/.hri
h
rg; hrj

h
rg/h.x; t/

C

X
0�k1;k2;k3�2;
k1Ck2Ck3�3

h
r
k1g.x; t/ � hrk2g.x; t/ � hrk3g.x; t/ � hrg � P.h/k1k2k3.x; t/

� �2gij .x; t/.hri
h
rg; hrj

h
rg/.x; t/

C c.n; a/jhrgj
�
j
h
r
2gjjhrgj C jhr2gj C jhrgj3 C jhrgj2 C jhrgj C c.n; a/

�
:

(4.4)

Here c.n; a/ denotes a constant which may change from line to line but only depends
on n and a. Combinations of constants involving b; a; n multiplied by " shall some-
times be written as ". In what follows, we restrict ourselves to the region

t 2 .�10C
p
N=V ;

p
N=V �:

Using
sup
x2M

j
h
rgj.x; t/ � " � 1

for all t 2 .�10C
p
N=V ;

p
N=V � and 1

a
h � g � ah, we get

@

@t
j
h
rgj2.x; t/ � gij .x; t/hr2ij j

h
rgj2.x; t/

� �
2

a
j
h
r
2gj2.x; t/C c.n; a/"j

�
j
h
r
2gj"C jhr2gj C 3"C c.n; a/

�
� �

2

a
j
h
r
2gj2.x; t/C c.n; a/"jhr2gj C c.n; a/"

� �
1

a
j
h
r
2gj2.x; t/C c.n; a/"

in view of Young’s inequality. Similarly, we estimate

@

@t
j
h
r
2gj2.x; t/ � gij .x; t/hr2ij j

h
r
2gj2.x; t/ � �

2

a
j
h
r
3gj2

C

X
0�k1;k2;k3;k4�3;
k1C���Ck4�4

h
r
k1g.x; t/ � � � � � hrk4g.x; t/ � hr2g � P.h/k1k2k3k4.x; t/
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� �
2

a
j
h
r
3gj2 C c.n; a/jhr2gj

�
j
h
r
3gj
�
j
h
rgj C c.n; a/

�
C j

h
r
2gj
�
j
h
r
2gj C jhrgj2 C jhrgj C c.n; a/

�
C j

h
rgj

�
j
h
rgj3 C jhrgj2 C jhrgj C c.n; a/

�
C c.n; a/

�
� �

2

a
j
h
r
3gj2 C c.n; a/jhr2gj

�
j
h
r
3gjc.n; a/C jhr2gj2 C c.n; a/

�
� �

1

a
j
h
r
3gj2 C c.n; a/jhr2gj C c.n; a/jhr2gj3

� �
1

a
j
h
r
3gj2 C c.n; a/jhr2gj3 C c.n; a/; (4.5)

where we have used Young’s inequality a number of times. Combining these two
evolution inequalities, we see that f D .jhrgj2 C 1/.jhr2gj2/ satisfies

@

@t
f � gij hr2ijf

� �
1

a
j
h
r
2gj4 C "jhr2gj2

C
�
j
h
rgj2 C 1

��
�
1

a
j
h
r
3gj2 C c.n; a/jhr2gj3 C c.n; a/

�
� 2gij hri

�
j
h
rgj2 C 1

�
h
rj

�
j
h
r
2gj2

�
� �

1

2a
j
h
r
2gj4 �

1

a
j
h
r
3gj2 C c.n; a/

�
1C jhrgj2

��
1C jhr2gj3

�
C c.n; a/jhrgjjhr2gj2jhr3gj

for the t that we are considering.
Now using once again that supx2M j

hrgj.x; t/ � ", which is true by assumption,
we see that

@

@t
f � gij hr2ijf � �.1=4a/f

2
C c.n; a/:

Standard techniques (cut-off function and a Bernstein-type argument; see [29] or [30])
now show that f � c1.n; a/ at t D

p
N=V , which implies that

j
h
r
2gj2 � c1.n; a/

at t D
p
N=V and this contradicts the estimate

j
h
r
2gj2.x0;

p
N=V / � V

if V Dmax.100c1.n; a/; r.h;m//, where r.h;m/ is chosen large so that the curvature
of h and all of its covariant derivatives up to order m D 2 are bounded by one after
scaling (which was used in the proof).
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For the readers’ convenience, we explain the Bernstein-type argument in more
detail. By translating in time, we may assume that the time

p
N=V corresponds to

time 10 and the time
p
N=V � 10 corresponds to time zero. We multiply f by a

cut-off function � in space (with support in a Ball B1.y0/ ball around any point y0)
and such that jhr�j2=� � C . Next we consider a point .x0; t0/ 2 B1.0/ � Œ0; 10�
where t�f achieves its positive maximum (assuming f is not identically zero). The
point x0 must be in the interior of B1.0/, since the support of � is contained in B1.0/,
and t0 must be larger than zero, since t�f D 0 for t D 0, and hence, by calculating
at .x0; t0/, we obtain

0 �
@

@t
.tf �/

� gij hr2ij .tf �/ �
1

4a
tf 2� � 2gij hri .tf /

h
rj�

� .tf /gij hr2ij�C tc.n; a/�C f �

� �
1

4a

.t�f /2

�t
�
2gij hri .tf �/

hrj�

�
C c.n; a/tf

jhr�j2

�

C c.n; a/
f t�

�
C c.n; a/C f �

� �
1

4a

.�tf /2

�t
C c.n; a/

f t�

�t
C c.n; a/;

where we used that hri .tf �/.x0; t0/ D 0 and Young’s inequality. Multiplying by t�,
we see that

1

4a
.�tf /2.x0; t0/ � c.n; a/.t�/f .x0; t0/ � c.n; a/;

and hence
f .x0; t0/�.x0; t0/t0 � yc.n; a/�.x0; t0/t0;

which implies f .x0; t0/ � c.n; a/.
Next we assume by induction that for i � 2,

sup
x2M

j
h
r
mgj2.x; t/ �

Nm

tm

for all m � i , t 2 Œ0; T /, and we want to show that there exists a constant NiC1, so
that

sup
x2M

j
h
r
iC1gj2.x; t/ �

NiC1

t iC1

for all t 2 Œ0; T /. Again we argue by contradiction. For this we assume that there is
a large constant N (to be determined later) and x0 2M , respectively 0 < t0 < T , so
that

j
h
r
iC1gj2.x0; t0/ > N=t

iC1
0 :
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Using the same scaling argument as above, we can arrange that we obtain a solution g
of the h-flow so that

1

a
h � g � ah;

sup
x2M

j
h
r
mgj2.x; t/ � " 8t 2 .�10C iC1

p
N=V ; iC1

p
N=V �; m � i;

j
h
r
iC1gj2.x0;

iC1
p
N=V / � V:

As before, respectively as in the paper of Shi (proof of [29, Lemma 4.2]), we now
obtain

@

@t
j
h
r
igj2 � gjkhr2jkj

h
r
igj2 �

1

2a
j
h
r
iC1gj2 C c.i; n; a/

and

@

@t
j
h
r
iC1gj2 � gjkhr2jkj

h
r
iC1gj2 �

1

2a
j
h
r
iC2gj2

C c.i; n; a/jhriC1gj2 C c.i; n; a/

for all t 2 .�10C iC1
p
N=V ; iC1

p
N=V �. The first estimates

j
h
rgj2.�; t /C jhr2gj2.�; t / � c=t

simplify the calculation for general i � 2; see (4.3). Calculating as before, we thus
obtain for f WD jhriC1gj2.1C jhrigj2/ that

@tf � g
jk.hr2jkf / � �

1

4a
f 2 C c.i; n; a/

for all t 2 .�10 C iC1
p
N=V ; iC1

p
N=V �, and we obtain the same contradiction as

before.

Now we show that if we have L1-control on our initial metric and the L2-norm
of the gradient and the second gradient of g remain locally, uniformly small, then we
have an estimate on the L1-norm of the evolving metric (and its inverse) and a time
dependent gradient estimate.

Theorem 4.2. For every 1 � a 2 R, n 2 N, there exist (small) "0.a; n/; S1.a; n/ > 0
such that the following holds. Let g0 be smooth and satisfy

1

a
h � g0 � ah; (4.6)

where .M;h/ is an n -dimensional manifold satisfying (2.4), and assume that we have
a smooth solution g to (1.1) on Œ0; T �, which satisfiesZ

B1.x/

�
j
h
rgjn=2 C jhr2gjn=2

�
.t/ dh � "0 (4.7)
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for all x 2M and for all t 2 Œ0; T �, where T < 1. We also assume

sup
M�Œ0;T �

j
h
rgj2 C jhr2gj2 C jhr3gj2 C F C ' <1;

where '.x; t/ WD gij .x; t/hij .x/ and F.x; t/ WD gij .x; t/hij .x/. Then

1

20na
h < g.t/ < 20nah; (4.8)

sup
x2M

j
h
rgj2.x; t/ <

1

t
(4.9)

for all t � S1.n; a/.

Remark 4.3. The functions '.x; t/ WD gij .x; t/hij .x/ and F.x; t/ WD gij .x; t/hij .x/
are both well-defined smooth functions. The assumption that

sup
M�Œ0;T �

j
h
rgj2 C jhr2gj2 C jhr3gj2 C F C ' <1 (4.10)

is always satisfied on a compact manifold due to smoothness and compactness.
We will use this result in the proof of Theorem 6.1 and in that situation this con-

dition is satisfied.

Proof. We may replace the condition (4.7), by the scale invariant conditionZ
B1.x/

�
j
h
rgjn C jhr2gjn=2

�
dh � "0 (4.11)

for all x 2M and for all t 2 Œ0; T � in view of Lemma B.1 (v), after replacing c.n/"0
by "0. Let

ı D ı.n; a/ D
1

.an/100
� 1

(we are assuming n � 2). Let

S1D sup
°
s 2 Œ0;T � j

1

20na
h� g.t/� 20nah; sup

x2M

j
h
rgj2.x; t/�

ı

t
hold on Œ0; s�

±
:

We have S1 > 0 due to the inequality (4.10) and the fact that g satisfies (1.1). Next
we want to show that S1 can be bounded from below by a constant depending only
on n and a.

For this we argue by contradiction and we assume that S1 is extremely small, so
that if we rescale the background metric h by 1=S1, then the resulting Riemannian
manifold is as close to the standard euclidean space Rn on balls as large as we like
in the C k-norm (k 2 N chosen as we please) in geodesic coordinates, due to the
conditions on h, as we explained at the beginning of the paper.
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Let us now scale g and h via zg.x; t/ D cg.x; t=c/, zh D ch with c D 1=S1 � 1.
We denote zg and zh once again by g, respectively h. We have for the rescaled solution
that

1 D S1 D sup
®
s 2 Œ0; T / j (4.8) and (4.9) hold on Œ0; s�

¯
and (4.11) still holds, and hence, (4.7) holds, in view of Hölder’s inequality, after
replacing c.n/"0 by "0. Due to the definition of S1.D 1/, the smoothness of all metrics
and (4.10), we see that

1

20na
h � g � 20nah; sup

x2M

j
h
rgj2.x; t/ �

ı

t

for all t 2 Œ0; 1�, and there must exist a point x0 2M with either

(a) g.x0; 1/.v; v/ < 1
10na

h.x0/.v; v/ D
1

10na
for some h length one vector v, or

(b) g.x0; 1/.v; v/ > 10nah.v; v/ D 10na for some h length one vector v, or

(c) jhrgj2.x0; 1/ > ı
2

,

otherwise, using the smoothness of g and (4.10), we get a contradiction to the defini-
tion of S1 D 1.

We rule out the case (c) first. We argue by contradiction and by the smooth-
ness Lemma 4.1, we know that jhrgj2.�; 1/ � ı=4 on a ball of radius R.n; a; ı/ D
R.n; a/ > 0 around x0, and hence

"0 �

Z
B1.x0/

�
j
h
rgj2.y; 1/

�
dh.y/ �

ı.n; a/

8
!n.R.n; a; ı//

n;

which leads to a contradiction if "0 D "0.n; a/ is chosen small enough. Note that here
we used that the manifold is very close to the euclidean space. This contradiction
shows that (c) does not occur.

Now we rule out (a) and (b). Note that in our caseZ
B1.x/

'.y; 0/ dh.y/ �

Z
B1.x/

na dh.y/ �
3

2
!nna; (4.12)

respectively, Z
B1.x/

F.y; 0/ dh.y/ �

Z
B1.x/

na dh.y/ �
3

2
!nna; (4.13)

where we have used the initial conditions (4.6). From the evolution equation for g,
we have

@

@t

Z
B1.x/

' dh � c.n; a/

Z
B1.x/

�
j
h
rgj2 C jhr2gj C jRm.h/j

�
dh

� CS .n/c.n; a/."0/
2=n;
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@

@t

Z
B1.x/

F dh � c.n; a/

Z
B1.x/

�
j
h
rgj2 C jhr2gj C jRm.h/j

�
dh

� CS .n/c.n; a/."0/
2=n;

and thus�Z
B1.x0/

'.x; 1/ dh.x/

�
�

Z
B1.x0/

'0 dhC CS .n/c.n; a/."0/
2=n

� .3=2/!nnraC c.n; a/."0/
2=n

� 2!nna

�Z
B1.x0/

F.x; 1/ dh.x/

�
�

Z
B1.x0/

F0 dhC c.n; a/."0/
2=n

� .3=2/!nnaC c.n; a/."0/
2=n
� 2!nna

if "0.n; a/ is sufficiently small. Here we used the initial conditions (4.12) and (4.13)
freely, and the Hölder and Sobolev inequalities to obtainZ

B1.x/

�
j
h
rgj2 C jhr2gj

�
dh � CS .n/c.n; a/."0/

2=n:

In particular, there must be a point y0 in B1.x0/ with '.y0; 1/ � 4na and a point y1
in B1.x0/ with F.y1; 1/ � 4na. First, we consider '. At y0 we choose a basis so that
hij .y0/ D ıij and gij .y0; 1/ D �iıij is diagonal. Then we see that '.y0; 1/ � 4na
implies that

�i �
1

4na

for each i 2 1; : : : ; n, and hence

g.y0; 1/ �
1

4na
h.y0/:

Using the fact that jhrgj � ı and that .M; h/ is very close to the standard Rn,
in particular, j�.h/i

jk
.x/j � �0 in geodesic coordinates on a ball of radius 10 centred

at x0, where �0 is as small as we like, we get

j@igkl j � ı C �.�0; a; n/

with �.�0; a; n/! 0 as �0 ! 0. Hence, without loss of generality, �.�0; a; n/ � ı,
that is

j@igkl j � 2ı D
2

.an/100
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on B1.x0/ in geodesic coordinates (for h). This combined with g.y0; 1/ � 1
4na

h.y0/,
and the fact that .1 � �0/ıij � hij � .1C �0/ıij (with �0 as small as we like) leads
to

gij .y; 1/ �

�
1

4na
�

4

.an/100

�
hij .y/ �

1

8na
hij .y/

for all y 2 B1.x0/, which contradicts the fact that

g.x0; 1/.v; v/ <
1

10na
h.x0/.v; v/ D

1

10na
:

Hence, (a) does not occur. The argument to show that (b) does not occur is essentially
the same.

5. Preservation of smallness of the W 2;2-energy and W 2;2-continuity
of g in time

In this section we consider smooth four-dimensional solutions to the Ricci–DeTurck
flow which satisfy 1

a
h � g.t/ � ah for some uniform constant a and our fixed back-

ground metric h, and whose initialW 2;2-energy is locally small. Under these assump-
tions, we prove an estimate on the growth of the localW 2;2-energy, which shows that
this smallness is preserved under the flow, if the time interval being considered is
small enough. We see in Theorems 5.6 and 5.8, that these estimates also imply estim-
ates on the modulus of continuity of the local L2 and W 2;2-energy of a solution,
respectively limits of smooth solutions to (1.1).

Theorem 5.1. Let .M; h/ be four-dimensional and satisfy (2.4). For all 0 < a 2 R,
there exists a ı D ı.a/ > 0 such that for any smooth solution g 2 C1.M � Œ0; T //
of the Ricci–DeTurck flow with

sup
x2M

Z
B1.x/

�
j
h
rg.�; t /j2 C jhr2g.�; t /j2

�
dh � ı;

1

a
h.�/ � g.�; t / � ah.�/

for all t 2 Œ0; T /, the following holds: For every 1=2 � R0 < R1 � 2, there exists
V.R0; R1; a/ > 0 such thatZ

BR0 .x0/

�
j
h
rg.�; t /j2 C jhr2g.�; t /j2

�
dh

�

Z
BR1 .x0/

�
j
h
rg.�; 0/j2 C jhr2g.�; 0/j2

�
dhC V.R0; R1; a/t

for any x0 2M and for all t 2 Œ0; T /.
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Remark 5.2. The condition

sup
x2M

Z
B1.x/

�
j
h
rg.�; t /j2 C jhr2g.�; t /j2

�
dh � ı

means we restrict to the class of solutions which stay locally small in W 2;2. Later we
will see that this is not a restriction for the solutions that we construct, starting with
initial data which is locally sufficiently small in W 2;2, as they do indeed satisfy this
condition.

Remark 5.3. The constant V.R0; R1; a/!1 for R0 % R1.

Corollary 5.4. Let .M; h/ be four-dimensional and satisfy (2.4). For all 0 < b 2 R,
there exists a ıD ı.b/ > 0 and universal constant c0>0 such that the following holds.
For every " > 0, there exists an S2 D S2.b; "/ > 0 such that if g 2 C1.M � Œ0; T //
is a smooth solution to the Ricci–DeTurck flow with initial data g0 which satisfies

sup
x2M

Z
B1.x/

�
j
h
rg.�; t /j2 C jhr2g.�; t /j2

�
dh � ı;

1

b
h.�/ � g.�; t / � bh.�/

for all t 2 Œ0; T /, and for some x0 2M , we haveZ
B2.x0/

�
j
h
rg0j

2
C j

h
r
2g0j

2
�
dh � ":

Then Z
B1.x0/

�
j
h
rg.�; t /j2 C jhr2g.�; t /j2

�
dh �

3

2
"

for all t 2 Œ0; S2/ \ Œ0; T /.

Proof of Corollary 5.4. Theorem 5.1 impliesZ
B1.x0/

�
j
h
rg.�; t /j2 C jhr2g.�; t /j2

�
dh

�

Z
B2.x0/

�
j
h
rg.�; 0/j2 C jhr2g.�; 0/j2

�
dhC V.R0; R1; b/t

� "C V.1; 2; b/t �
3

2
"

for t � "=2V.1; 2; b/ DW S2.

Before proving Theorem 5.1, we need a version of the Gagliardo–Nirenberg in-
equality.
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Lemma 5.5. Let .M; h/ be four-dimensional and satisfy (2.4), 1=2 � R0 < R1 � 2,
g be a smooth metric onM satisfying 1

a
g � h� ag, x2M , and �2C1c .BR1.x0// be

a standard cut-off function which is equal to 1 on BR0.x/ and equal to zero outside
of B.R1CR0/=2.x0/. We choose � so that

p
� 2 C1.BR1.x// with jhr�j � c.R1;R0/

for some constant c.R1; R0/. Then there exists a C D C.a;R0; R1/ and a B D B.a/
such thatZ
M

�4jhr2gj3 dh �

�Z
BR1 .x/

j
h
r
2gj2 dh

�1=2
�

�Z
BR1 .x/

�
B�4jhr3gj2 C C jhr2gj2

�
dh

�
Z
M

�4jhrgj6 dh � B

�Z
BR1 .x/

j
h
r
2gj2 dh

�1=2�Z
BR1 .x/

�4jhr3gj2 dh

�
C C

�Z
BR1 .x/

j
h
rgj2 dh

�1=2�Z
BR1 .x/

�
j
h
r
2gj2 C jhrgj2

�
dh

�
C C

�Z
BR1 .x/

j
h
r
2gj2 dh

�3=2
:

Proof of Lemma 5.5. In the following C refers to a constant which depends on a, R0,
R1, andB refers to a constant which only depends on a. Both constants may vary from
line to line, but continue to be denoted by C respectivelyB . Using Hölder’s inequality
and the Sobolev inequality applied to the function f D �2jhr2gj, we obtainZ

M

�4jhr2gj3 dh �

�Z
BR1 .x/

j
h
r
2gj2 dh

�1=2�Z
M

�8jhr2gj4 dh

�1=2
�

�Z
BR1 .x/

j
h
r
2gj2 dh

�1=2�Z
BR1 .x/

�
B�4jhr3gj2 C C�2jhr2gj2

�
dh

�
; (5.1)

which is the first estimate. For the second estimate, we integrate by parts with respect
to one of the covariant derivatives hr and use Hölder’s inequality, to getZ
M

�4jhrgj6 dh � B

Z
M

�
�4jgjjhrgj4jhr2gj C C�3jgjjhrgj5

�
dh

� B

�Z
M

�4jhrgj6 dh

�2=3��Z
M

�4jhr2gj3 dh

�1=3
C C

�Z
M

�jhrgj3 dh

�1=3�
;
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which impliesZ
M

�4jhrgj6 dh � B

Z
M

�4jhr2gj3 dhC C

Z
M

�jhrgj3 dh

� B

Z
M

�4jhr2gj3 dhC C

�Z
BR1.x/

j
h
rgj2dh

�1=2�Z
M

�p
�jhrgj

�4
dh

�1=2
:

Using (5.1) to estimate the first term of the right-hand side of this inequality, and the
Sobolev inequality, applied to the function

p
�jhrgj to estimate the second term, we

concludeZ
M

�4jhrgj6 dh

� B

Z
M

�4jhr2gj3 dhC C

�Z
BR1.x/

j
h
rgj2 dh

�1=2�Z
M

�p
�jhrgj

�4
dh

�1=2
� B

�Z
BR1 .x/

j
h
r
2gj2 dh

�1=2�Z
BR1 .x/

�
�4jhr3gj2 C C jhr2gj2

�
dh

�
C C

�Z
BR1 .x/

j
h
rgj2 dh

�1=2�Z
BR1 .x/

�
j
h
r
2gj2 C jhrgj2

�
dh

�
;

as required. Note, without loss of generality, we have jhr
p
�j � C1 (n D 4); if not,

replace � by �2.

In the following proof, C will once again be a constant which may change from
line to line and depends on a, R0, R1, and B denotes a constant which can change
from line to line but only depends on a.

Proof of Theorem 5.1. Using equation (4.4) and Young’s inequality, we see that

@

@t
j
h
rgj2 � gij hr2ij j

h
rgj2 C

2

a
j
h
r
2gj2

� Bjhrgj
�
j
h
r
2gjjhrgj C jhr2gj C jhrgj3 C jhrgj2 C jhrgj C 1

�
�

1

2a
j
h
r
2gj2 C B

�
j
h
rgj4 C 1

�
: (5.2)

Integration by parts (once) and Young’s inequality yieldsˇ̌̌̌Z
M

�4gij hr2ij j
h
rgj2 dh

ˇ̌̌̌
� B

Z
M

�4jhrgj2jhr2gj dhC C

Z
M

�3jhrgjjhr2gj dh;

�
1

2a

Z
M

�4jhr2gj2 C C

Z
M

�2.jhrgj4 C 1/ dh; (5.3)
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for � a standard cut-off function as in Lemma 5.5. Multiplying the above differential
inequality (5.2) with �4, integrating and using the inequality (5.3), we get

@

@t

�Z
M

�4jhrgj2 dh

�
C
2

a

Z
M

�4jhr2gj2 dh

�
1

2a

Z
M

�4jhr2gj2 dhC C

Z
M

�2
�
j
h
rgj4 C 1

�
dh

�
1

2a

Z
M

�4jhr2gj2 dhC C

�Z
BR1 .x0/

�
j
h
r
2gj2 C jhrgj2 C 1

�
dh

�2
;

where we used the Sobolev inequality applied to the function f D
p
�jhrgj, and

jhr
p
�j2 D jhr�j2=4� � C in the last step. Absorbing the first term on the right-

hand side into the left-hand side and integrating from 0 to S , we concludeZ
M

�4jhrgj2.�; S/ dh �

Z
M

�4jhrg0j
2 dhC CS.ı C 1/2

for all S 2 Œ0; T �.
Now we turn to the corresponding estimate for the second derivatives. Recall-

ing (4.5) and using Young’s inequality, we see that

@

@t
j
h
r
2gj2.x; t/ � gij .x; t/hr2ij j

h
r
2gj2 C

2

a
j
h
r
3gj2.x; t/

� Bjhr2gj
�
j
h
r
3gj
�
j
h
rgj C 1

�
C j

h
r
2gj
�
j
h
r
2gj C jhrgj2 C jhrgj C 1

�
C j

h
rgj

�
j
h
rgj3 C jhrgj2 C jhrgj C 1

�
C 1

�
�

1

2a
j
h
r
3gj2 C B

�
j
h
r
2gj3 C jhr2gj2 C jhrgj6 C jhrgj2 C 1

�
holds. As above, we note that integration by parts (once) followed by applications of
Young’s inequality yieldsˇ̌̌̌Z

M

�4gij .x; t/hr2ij j
h
r
2gj2.x; t/ dh

ˇ̌̌̌
� B

Z
M

�4jhrgjjhr2gjjhr3gj dhC C

Z
M

�3jhr2gjjhr3gj dh

�

Z
M

�4

4a
j
h
r
3gj2 C B�4jhrgj2jhr2gj2 dhC C

Z
M

�2jhr2gj2 dh

�

Z
M

�4

4a
j
h
r
3gj2 C B�4jhr2gj3 C B�4jhrgj6 C C�2jhr2gj2 dh:
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Multiplying the differential inequality for jhr2gj2 again with �4, integrating and
using the above two estimates, we obtain

@

@t

�Z
M

�4jhr2gj2 dh

�
C
1

a

Z
M

�4jhr3gj2 dh

�

Z
BR1

B�4
�
j
h
r
2gj3 C jhrgj6

�
dhC C

�
j
h
r
2gj2 C jhrgj2 C 1

�
dh:

Using the estimates from Lemma 5.5, and the assumption, with this estimate, we see
that this implies

@

@t

�Z
M

�4jhr2gj2
�
C

1

4a

Z
M

�4jhr3gj2 dh

� C

Z
BR1

�
j
h
r
2gj2 C jhrgj2 C 1

�
C C

�Z
BR1 .x/

j
h
r
2gj2 dh

�3=2
C C

�Z
BR1

j
h
rgj2 dh

�1=2�Z
BR1

j
h
r
2gj2 C jhrgj2 dh

�
C B

�Z
BR1 .x/

j
h
r
2gj2 dh

�1=2�Z
BR1

�4jhr3gj2 dh

�
� C

�Z
BR1

j
h
r
2gj2 C jhrgj2 C 1 dh

�
C C

�Z
BR1

j
h
r
2gj2 C jhrgj2 C 1 dh

�2
C Bı

Z
BR1

�4jhr3gj2 dh;

and hence
@

@t

�Z
M

�4jhr2gj2 dh

�
C

1

8a

Z
M

�4jhr3gj2 dh � C.ı C 1/2

if B.a/ı � 1=10a. Integration in time from 0 to S givesZ
M

�4jhr2gj2.� ; S/ dh �

Z
M

�4jhr2g0j
2 dhC CS.ı C 1/2;

as required.

Lemma 5.6. Let .M; h/ be n-dimensional and satisfy (2.4), g be a smooth solution
to (1.1) on M � .0; T �, T � 1 and assume that there exist 0 < a 2 R, ı 2 R, so that

1

a
h � g.�; t / � ah;

sup
x2M

Z
B1

j
h
rg.�; t /j2 dh � ı 8 t 2 .0; T �;

K0 WD sup
x2M

jRm.h/j � 1:
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Then there exists a B D B.n; a/ such thatZ
B1.x/

jg.�; t / � g.�; s/j2 dh � B.ı CK0/jt � sj;Z
B1.x/

jg�1.�; t / � g�1.�; s/j2 dh � B.ı CK0/jt � sj;ˇ̌̌̌Z
B1.x/

jg.�; t /j2 � jg.�; s/j2 dh

ˇ̌̌̌
� B.ı CK0/jt � sj;ˇ̌̌̌Z

B1.x/

jg�1.�; t /j2 � jg�1.�; s/j2 dh

ˇ̌̌̌
� B.ı CK0/jt � sj

for all x 2M , for all t; s 2 .0; T �, and for all x 2M .

Corollary 5.7. Let .M;h/ be n-dimensional and satisfy (2.4), g be a smooth solution
to (1.1) on M � Œ0; T �, T � 1, and assume that there exist 0 < a 2 R, ı 2 R, so that

1

a
h � g.�; t / � ah;

sup
x2M

Z
B1

j
h
rg.�; t /j2 dh � ı 8 t 2 Œ0; T �;

K0 WD sup
x2M

jRm.h/j � 1:

Then there exists a B D B.n; a/ such thatZ
B1.x/

jg.�; t / � g.�; 0/j2 dh � B.ı CK0/jt;Z
B1.x/

jg�1.�; t / � g�1.�; 0/j2 dh � B.ı CK0/jt;ˇ̌̌̌Z
B1.x/

jg.�; t /j2 � jg.�; 0/j2 dh

ˇ̌̌̌
� B.ı CK0/t;ˇ̌̌̌Z

B1.x/

jg�1.�; t /j2 � jg�1.�; 0/j2 dh

ˇ̌̌̌
� B.ı CK0/t

for all t 2 Œ0; T � and for all x 2M .

Proof of Corollary 5.7. For any sequence ti ! 0 and any x 2M , we haveZ
B1.x/

jg.�; t / � g.�; ti /j
2 dh � B.ı C 1/jt � ti j:

Letting i !1 implies the first estimate view of the smoothness of the solution. The
other estimates follow with an almost identical argument.



Ricci flow of W 2;2-metrics in four dimensions 291

Proof of Lemma 5.6. We calculate for a standard cut-off function � with � D 1 on
B1.x/, and � D 0 on .B2.x//c , and jhr�j2 � c.n/j�j that

@

@t

�
e�B.n;a/t

Z
M

�jg.�; t / � g.�; s/j2 dh

�
D e�B.n;a/t

Z
M

�
@

@t
hikhjl.g.t/ij � g.s/ij /.g.t/kl � g.s/kl/ dh

� B.n; a/e�B.n;a/t
Z
M

�jg.�; t / � g.�; s/j2 dh

D e�B.n;a/t
Z
M

2�hikhjl
@

@t
g.t/ij .g.t/kl � g.s/kl/ dh

� B.n; a/e�B.n;a/t
Z
M

�jg.�; t / � g.�; s/j2 dh

D e�B.n;a/t
Z
M

2�hikhjlL.g.t/; h/ij .g.t/kl � g.s/kl dh/

� B.n; a/e�B.n;a/t
Z
M

�jg.�; t / � g.�; s/j2 dh

� e�B.n;a/tB.n; a/

Z
B2.x/

�
j
h
rg.t/j2 CK0 C j

h
rg.s/j2

�
dh

C e�B.n;a/tB.n; a/

Z
M

�jg.�; t / � g.�; s/j2 dh

� B.n; a/e�B.n;a/t
Z
M

�jg.�; t / � g.�; s/j2 dh

� e�B.n;a/tB.n; a/.ı CK0/;

where L.g.t/;h/ij is the right-hand side of the equation (1.1), and we used integration
by parts, with respect to hr, in the second to last step, and a covering ofB2.x/ by c.n/
balls of radius one in the last step. Integrating from s to t implies the first estimate.
Also,

@

@t

�
e�B.n;a/t

Z
M

�jg�1.�; t / � g�1.�; s/j2 dh

�
D e�B.n;a/t

Z
M

�
@

@t
hikhjl.g.t/

ij
� g.s/ij /.g.t/kl � g.s/kl/ dh

� B.n; a/e�B.n;a/t
Z
M

�jg�1.�; t / � g�1.�; s/j2 dh

D e�B.n;a/t
Z
M

2�hikhjlgivgjw
@

@t
g.t/vw.g.t/

kl
� g.s/kl/ dh

� B.n; a/e�B.n;a/t
Z
M

�jg�1.�; t / � g�1.�; s/j2 dh
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D e�B.n;a/t
Z
M

2�hikhjlgivgjwL.g.t/; h/vw.g.t/
kl
� g.s/kl/ dh

� B.n; a/e�B.n;a/t
Z
M

�jg�1.�; t / � g�1.�; s/j2 dh

� e�B.n;a/tB.n; a/

Z
B2.x/

�
j
h
rg.t/j2 CK0 C j

h
rg.s/j2

�
dh

C e�B.n;a/tB.n; a/

Z
M

�jg�1.�; t / � g�1.�; s/j2 dh

� B.n; a/e�B.n;a/t
Z
M

�jg�1.�; t / � g�1.�; s/j2 dh

� e�B.n;a/tB.n; a/.ı CK0/:

Integrating from s to t implies the second estimate. Also,

@

@t

�
e�B.n;a/t

Z
M

�jg.�; t /j2 dh

�
D e�B.n;a/t

Z
M

�
@

@t
hikhjlg.t/ijg.t/kl dh � Be

�B.n;a/t

Z
M

�jg.�; t /j2 dh

D e�B.n;a/t
Z
M

2�hikhjl
@

@t
g.t/ijg.t/kl dh � Be

�B.n;a/t

Z
M

�jg.�; t /j2 dh

D e�B.n;a/t
Z
M

2�hikhjlL.g.t/; h/ijg.t/kl dh

� Be�B.n;a/t
Z
M

�jg.�; t /j2 dh

� e�B.n;a/tB.n; a/

Z
B2.x/

�
j
h
rg.t/j2 CK0

�
dh

C Be�B.n;a/tB.n; a/

Z
M

�jg.�; t /j2 dh � Be�B.n;a/t
Z
M

�jg.�; t /j2 dh

� e�B.n;a/tB.n; a/.ı CK0/;

where we used integration by parts in the second to last step. Integrating from s to t
implies the third estimate. The fourth estimate follows similarly.

The previous lemma showed us that solutions which are smooth onM � Œ0;T � and
whose W 1;2-energy is bounded on balls of radius one by ı, and which are uniformly
(independent of time) equivalent to h, 1

a
h � g.t/ � ah, converge strongly in the L2-

norm back to g0 as time goes to zero, and the rate of convergence depends only on a, n
and ı. If we only assume that the solution is smooth onM � .0; T /, then the previous
lemma shows us that the solution is Cauchy in theL2.B1.x//-norm in time, and hence
there exists a well-defined L2loc limit, g0 at time t D 0 on M .
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In the four-dimensional setting, the assumption that the solution is bounded in
W 2;2.B1.x// for all x 2 M means that there must be a sequence of times ti , such
that g.ti / converge weakly in H WD W 2;2.B1.x// back to g0 2 H (the details are
given in the proof of Theorem 5.8). The estimates of Lemma 5.5, show us that in fact
the convergence is also strong in W 2;2

loc , if the solution is a limit of smooth solutions,
whose initial data converge locally strongly in W 2;2, as is explained in the following
theorem. Note that this is precisely the situation which we study in the next section.

Theorem 5.8. For all 0 < a 2R, there exists ıD ı.a/ so that the following holds. Let
.M; h/ be four-dimensional and satisfy (2.4) and .M; g.t/; p/t2.0;T � be the smooth
limit, on compact subsets of M � .0; T �, of .M; g.i/.t/; pi /jt2.0;T � as i !1 of a
sequence of smooth solutions g.i/ to (1.1) defined on M � Œ0; T � which satisfy

1

a
h � g.i/.�; t / � ah; sup

x2M

Z
B1.x/

�
j
h
rg.i/.�; t /j2 C jhr2g.i/.�; t /j2

�
dh � ı

for all t 2 Œ0; T �. Assume further that the initial data g.i/.�; 0/ converge strongly
locally in W 2;2

loc to some g0 2 W
2;2

loc as i !1, that is

kg.i/.0/ � g0kW 2;2.K/ ! 0

for all compact sets K � M as i !1. Then, g.t/! g0 as t & 0 locally strongly
in the W 2;2-norm, that isZ

B1.x/

jg.�; t / � g0.�/j
2 dhC

Z
B1.x/

j
h
r.g.�; t / � g0.�//j

2.�; t / dh

C

Z
B1.x/

j
h
r
2.g.�; t / � g0.�//j

2.�; t / dh! 0

as t & 0 for any x 2M .

Proof. The solutions g.i/ defined on M � Œ0; T � are smooth and satisfy the hypo-
theses of Theorem 5.1. Without loss of generality T � 1. Hence, the conclusions of
that theorem hold and we getZ

BR0 .x0/

�
j
h
rg.i/.�; t /j2 C jhr2g.i/.�; t /j2

�
dh

�

Z
BR1 .x0/

�
j
h
rg.i/.�; 0/j2 C jhr2g.i/.�; 0/j2

�
dhC V.R0; R1; a/t

for any x0 2 M and for all t 2 Œ0; T /. The third estimate of Corollary 5.7 implies
additionally for any x0 2M and all t 2 Œ0; T / (remembering T � 1),Z

BR0 .x0/

jg.i/.�; t /j2 dh �

Z
BR1 .x0/

jg.i/.�; 0/j2 dhC V.R0; R1; a/t:
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Letting i !1 for fixed t 2 .0; T /, and using that the solution converges smoothly
locally away from t D 0 and in the W 2;2

loc -norm at time zero, we see that the limit
solution also satisfiesZ

BR0 .x0/

�
j
h
rg.�; t /j2 C jhr2g.�; t /j2 C jg.t/j2

�
dh

�

Z
BR1 .x0/

�
j
h
rg0j

2
C j

h
r
2g0j

2
C jg0j

2
�
dhC V.R0; R1; a/t (5.4)

for any x0 2M , for all t 2 .0; T /, that is

kg.t/k2
W 2;2.BR0 .x0//

� kg0k
2
W 2;2.BR1 .x0//

C V.R0; R1; a/t

for any x0 2M , for all t 2 .0; T /, where

kT k2
W 2;2.BR0 .x0//

WD

Z
BR0 .x0/

�
jT j2h C j

h
rT j2 C jhr2T j2

�
dh

for any zero-two tensor defined on BR0.x0/ whose components are in W 2;2. Further-
more, we have Z

B1.x0/

jg.t/ � g0j
2 dh! 0

for t & 0 in view of Corollary 5.7, and the fact that g.i/.0/ ! g0 as i ! 1 in
the W 2;2

loc -norm.
Fixing x0 2M and R0 WD 1, we define the Hilbert space H WD W 2;2.B1.x0// to

be the space of zero-two tensors whose components are in W 2;2.B1.x0// and whose
scalar product is defined by

.T; S/H WD

Z
B1.x0/

.T; S/h C .
h
rT; hrS/h C .

h
r
2T; hr2S/h dh:

Using this notation, we may write (5.4) as

.g.t/; g.t//H � kg0k
2
W 2;2.BR1 .x0//

C V.R0; R1; a/t (5.5)

for all t 2 .0; T / and for any 2 > R1 > R0 D 1. We are going to show that every
sequence .g.ti //i2N with ti & 0 contains a strongly converging subsequence with
limit g0 inH . This then clearly implies that g.s/! g0 inH as s& 0 since otherwise
we can find a sequence ti ! 0, and a ı > 0 such that

kg.ti / � g0kH > ı;

and hence no subsequence of g.ti / will converge to g0 in H , which would be a con-
tradiction.
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Now to the details. For any sequence of times 0 < ti ! 0 as i !1, there exists
a subsequence, g.tij / DW gij of g.ti / such that gij * z as j !1 for some z 2 H ,
in view of the definition of a Hilbert space and weak convergence.

But gij must then converge strongly to z inL2.B1.x0//, and hence zD g0. Setting
rj WD tij this means we have g.rj /! g0 strongly in L2.B1.x0// and g.rj / * g0

weakly inH . It remains to show that g.rj /! g0 strongly inH D W 2;2.B1.x0// for
all x0 2M .

Assume that this is not true for some x0 2 M . Then we can find a subsequence
sk WD rik , k 2 N of .rk/k2N and a ı > 0 such that

kg.sk/ � g0k
2
H � ı > 0

for all k 2 N. But then

ı � .g.sk/ � g0; g.sk/ � g0/H

D .g.sk/; g.sk//H C .g0; g0/H � 2.g.sk/; g0/H

D kg.sk/k
2
H C kg0k

2
H � 2.g.sk/; g0/H

for all k 2 N, and hence, using (5.5), we have

ı � kg0k
2
W 2;2.BR1 .x0//

C kg0k
2
H � 2.g.sk/; g0/H C V.1;R1; a/sk :

Since g0 in W 2;2.B2.x0// (here we use the covering argument from Lemma B.1),
there must exist a 1 < R1 < 2 such that

kg0k
2
W 2;2.BR1 .x0//

� kg0k
2
H C

ı

8
;

and hence we obtain

ı � 2kg0k
2
H � 2.g.sk/; g0/H C

ı

8
C V.1;R1; a/sk

for this choice ofR1 independent of k 2N. Letting k!1, we obtain a contradiction,
since

2kg0k
2
H � 2.g.sk/; g0/H ! 0

as k !1.

6. Existence and regularity

In this section we prove the main results for the Ricci–DeTurck flow of data which is
initially W 2;2.
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Theorem 6.1. Let 1 < a <1 and .M;h/ be four-dimensional and satisfy (2.4). Then
there exists a constant "1 D "1.a/ > 0 with the following properties. Assume g0 is a
smooth Riemannian metric on M which is uniformly bounded in W 2;2

loc \ L
1 in the

following sense:

1

a
h � g0 � ah; (a)Z

B2.x/

�
j
h
rg0j

2
C j

h
r
2g0j

2
�
dh � " for all x 2M; (b)

where " � "1.a/, and g0 satisfies

sup
M

j
h
r
ig0j

2 <1

for all i 2 N . Then there exists constants T D T .a; "/ > 0 and cj D cj .a; h/ > 0,
and a smooth solution .g.t//t2Œ0;T � to (1.1) with g.�; 0/ D g0.�/ such that

1

400a
h � g.t/ � 400ah; (at )Z

B1.x/

�
j
h
rg.�; t /j2 C jhr2g.�; t /j2

�
dh < 2" for all x 2M , t 2 Œ0; T �; (bt )

j
h
r
jg.�; t /j2 �

cj .a; h/

tj
(ct )

and
sup
M

j
h
r
jg.t/j2 <1

for all j 2 N and for all t 2 Œ0; T �.

Proof. Using the existence theory for parabolic equations, for example the method of
Shi (see [29, Sections 3 and 4], which in turn uses [19, Theorem 7.1, Section VII]),
we see that we have a solution to (1.1) for a short time Œ0; V � for some V > 0 and
supM�Œ0;V � j

hrjgj2 <1 for all j 2 N; see Theorem A.1.
We assume, without loss of generality, that

"1.a/ �
"0

4
D
"0.a; 4/

4
;

where "0 is the constant from Theorem 4.2. Let

yS WD sup¹t 2 Œ0; V � j (bt ) holds for t � ySº;

where yS > 0 due to smoothness (and boundedness of covariant derivatives of g). We
have

j
h
rg.�; t /j �

1

t
and

1

80a
h � g.t/ � 80ah;
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for t �min. yS;S1.4; a//, in view of Theorem 4.2, where S1.4; a/ is the constant from
that theorem. Hence, for such t � min.S1.4; a/; yS/, we have

j
h
r
ig.�; t /j2 �

Ni .80a; 1; 4; h/

t i

in view of Lemma 4.1.
Also, using Corollary 5.4 with b D 80a, we can improve the estimate (bt ) toZ

B1.x/

�
j
h
rgj2 C jhrgj2

�
dh �

3

2
" < 2";

for t �min.S1.4; a/; yS;S2.b D 80a; "//, where S2.b; "/ > 0 is the constant from that
corollary, since 2" � 2"1.a/ < "0, and without loss of generality, "0 � ı D ı.80a/,
where ı is the constant appearing in that corollary. Hence,

yS � min.S1.4; a/; V; S2.b D 80a; "//;

and (at ), (bt ), and (ct ) hold for t � min.S1.4; a/; V; S2.b D 80a; "//, with c1 D 2,
ci D Ni .80a; 1; 4; h/ for all i 2 N; i � 2. Applying Theorem A.1 and repeating this
argument as often as necessary, we may extend this solution to a smooth solution
g.t/t2Œ0;T � satisfying (at ), (bt ), and (ct ) for t � T WD min.S1.4; a/; S2.b D 80a; "//.
The estimates

sup
M�Œ0;V �

j
h
r
jgj2 <1

for all j 2 N and (ct ) guarantee that

sup
M�Œ0;T �

j
h
r
jgj2 <1

for all j 2 N.

Remark 6.2. In the proof of Theorem 6.1, we obtainedZ
B1.x/

�
j
h
rg.�; t /j2 C jhr2g.�; t /j2

�
dh <

3

2
"

for all x 2M , t 2 Œ0; T �, and

1

80a
hg.t/ � 80ah

for t 2 Œ0; T �. We will use these facts in the proof of the next theorem.
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Theorem 6.3. Let .M; h/ be four-dimensional and satisfy (2.4) and 1 > a > 1.
Assume g0 is a W 2;2

loc \ L
1 Riemannian metric, not necessarily smooth, which satis-

fies (a) and (b), where " � "1.2a/=2 and "1 is the constant from Theorem 6.1.
Then there exists a constant S D S.a; "/ > 0 and a smooth solution .g.t//t2.0;S�

to (1.1), where g.t/ satisfies (at ), (bt ), and (ct ) for all x 2M , for all t 2 .0; S�, andZ
B1.x/

�
jg0 � g.t/j

2
C j

h
r.g0 � g.t//j

2
C j

h
r
2.g0 � g.t//j

2
�
dh! 0 (dt )

as t & 0 for all x 2M . The solution is unique in the class of solutions satisfying (at ),
(bt ), (ct ), and (dt ). The solution also satisfies the local estimates

sup
x2B1.x0/

j
h
r
jg.�; t /j2tj ! 0 for t ! 0 (et )Z

B1.x0/

�
j
h
rg.�; t /j2 C jhr2g.�; t /j2

�
dh

�

Z
BR.x0/

�
j
h
rg0.�/j

2
C j

h
r
2g0.�/j

2
�
dhC V.a;R/t (ft )

for all x0 2M , 2 > R > 1, for all t � T , and for some constant 0 < V.a;R/ <1.

Proof. Let R > 0 be given, and �WM ! Œ0; 1� � R be a smooth cut-off function as in
Lemma B.1 (iv): � D 1 on BR.x0/, � D 0 on M n .BCR.x0//, jhr2�j C jhr�j2=� �
C=R2 on M (here n D 4), jhri�j2 � ci .h/ for all i 2 N. We mollify the metric g0
everywhere locally, to obtain a metric yg0;R, which is smooth, and then define

g0;R.�/ WD �.�/yg0;R.�/C .1 � �.�//h.�/:

We choose the mollification fine enough to ensure that g0;R.�/! g0 in W 2;2.Br.0//

for all r > 0 fixed as R ! 1 and so that (a) and (b) still hold for g0;R up to a
factor 10=9, for all R > 0 sufficiently large. That is, we have

9

10a
h � g0;R �

10

9
ah; (za)Z

B2.x/

�
j
h
rg0;Rj

2
C j

h
r
2g0;Rj

2
�
dh �

10

9
" for all x 2M: (zb)

Furthermore, g0;R D h outside of BCR.x0/, and so

sup
M

j
h
r
jg0;Rj

2 <1

for all j 2 N.
Theorem 6.1, with a replaced by .10=9/a and " by 10=9, and Remark 6.2, guar-

antee the existence of a solution .gR.t//t2Œ0;T � with T D T .a; "/ > 0 to (1.1) satisfy-
ing (at ), (bt ), and (ct ) for all x 2M , for all t 2 Œ0;T �, with gR.0/D g0;R. Note that the
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constants cj ..10=9/a; h/ of (ct ) do not depend on R. Hence, there exists a limit solu-
tion .M;g.t/t2.0;T � (in the C1loc -sense onM � .0;T /), by taking the sequence of radii
R.i/ D i !1, which satisfies (at ), (bt ) and (ct ) for all x 2 M , for all t 2 .0; T �.
Theorem 5.1 applied to each gR.i/ implies (ft ), and Theorem 5.8 implies (dt ), for
the limit solution g.t/t2.0;T �. Note without loss of generality, that "1.2a/ from The-
orem 6.1 is less than ı.400a/=c.a; n/, where ı is the constant from Theorem 5.1, and
c.a; n/ is a large constant of our choice. Hence, without loss of generality, the scale
invariant condition�Z

B1.x/

j
h
rg.�; t /j4 dh

�1=2
C

Z
B1.x/

j
h
r
2g.�; t /j2 dh �

ı.400a/

c.a; n/
(6.1)

holds for all x 2M , for all t 2 .0; T �, in view of Lemma B.1 (v). For any x 2M , we
claim that

sup
B1.x/

�
t jhrg.�; t /j2

�
! 0 as t & 0:

Assume that this is not the case for some x 2M . Then we obtain a sequence of points
yj 2 B1.x/ �M and 0 < tj ! 0 for j 2 N, j !1 and an r > 0 such that

tj j
h
rg.yj ; tj /j

2
� r > 0:

Taking a subsequence we see that yj ! y 2M , and henceZ
B2
p
tj
.yj /

�
j
h
rg0j

4
C j

h
r
2g0j

2
�
dh! 0

as j !1. Scale the solution to time 1, that is, we define

gj .�; zt / D
1

tj
g.�; tjzt /; hj .�/ D

1

tj
h.�/; gj;0 D

1

tj
g0:

Now, we have

j
hjrgj .yj ; 1/j

2
� r > 0 and

Z
B2.yj /

�
j
h
rgj;0j

4
C j

h
r
2gj;0j

2
�
dh! 0

as j !1, and
1

400a
hj .�/ � gj .�; t / � 400ahj .�/

for all t where the solution is defined. Theorem 5.1, and the fact that (6.1) also holds
for the scaled solutions, now implies thatZ

B1.yj /

j
hjrgj .�; 1/j

2
C j

hjr
2gj .�; 1/j

2 dhj ! 0
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as j !1, and
1

400a
hj .�/ � gj .�; t / � 400ahj .�/

for all t where the solution is defined.
But these estimates combined with (ct ) then imply that

j
hjr

kgj .yj ; 1/j
2
! 0

for all k 2 N as j ! 1, which is a contradiction. To see this, one can write all
quantities in geodesic coordinates with respect to the metric hj centred at yj . The
estimate

sup
B1.x/

�
tj jhrjg.�; t /j2

�
! 0 as t & 0

for the other j 2 N follow from an almost identical argument. That is (et ) also holds.
The uniqueness of the solution in the class of solutions satisfying (at ), (bt ), (ct ),
and (dt ) follows immediately from Theorem 11.2.

Remark 6.4. In fact, the constants cj .h; a/ in (ct ) of Theorem 6.3 can be replaced by
cj .h; a; "/ where cj .h; a; "/! 0 as "! 0.

Assume gi .t/t2.0;T .1=i;a/� are solutions obtained in Theorem 6.3 with " in (bt )
given by " D 1=i , and assume

j
h
rgi .xi ; ti /j

2
�
˛

ti
> 0

for a ti 2 .0; T .1=i; a/� for some ˛ > 0. From Theorem B.1 (v), we haveZ
B1.x/

j
h
rgi .�; t /j

4
C j

h
rg2i .�; t /j

2
� 2

1

i

for all t 2 .0; T .1=i; a/�. Scaling the solutions by ygi .t/ WD 1
ti
gi .t ti /, we obtain a

smooth solution defined on .0; 1� which satisfies

j
hir

j
ygi .�; 1/j

2
� cj

for all j 2 N in view of (ct ), and

j
hirygi .xi ; 1/j

2
� ˛ and

Z
B1.x/

�
j
hirygi .�; 1/j

4
C j

hiryg2i .�; 1/j
2
�
dhi .x/ � 2

1

i

for all x 2M , where we denote the scaled metric 1
ti
h by hi . But this means

j
hir

j
ygi .�; 1/j

2
! 0
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for all j 2N as i! 0, as can be seen by writing all quantities in geodesic coordinates
with respect to hi at xi . This contradicts jhirygi .xi ; 1/j2 � ˛ > 0 for all i 2N. Hence,

c1.a; h/ D c1.h; a; "/! 0

as "! 0. An almost identical argument shows that cj .h; a/ in (ct ) of Theorem 6.3
can be replaced by cj .h; a; "/, where cj .h; a; "/! 0 as "! 0.

In the case that the energy is bounded uniformly, then a scaling argument leads
to the setting of the previous theorem, and hence we may find a solution to equa-
tion (1.1) for a short time, which satisfies the conclusions of the previous theorems,
for any " > 0, if we shorten the length of the time interval.

Theorem 6.5. Let .M; h/ be four-dimensional and satisfy (2.1), and 1 < a < 1,
and g0 be a W 2;2 \ L1 Riemannian metric, not necessarily smooth, which satis-
fies (a) and Z

M

�
j
h
rg0j

2
C j

h
r
2g0j

2
�
dh <1:

Then for any " > 0, there exists a constant T D T .g0; a; "/ > 0, a C DC.g0; a; "/ and
a smooth solution .g.t//t2.0;T � to (1.1), such that after scaling the solution and the
background metric h once, (at ), (bt ), (ct ), (dt ), (et ), and (ft ) hold, and .g.t//t2.0;T �
is the unique solution in the class of solutions satisfying the conditions (at ), (bt ), (ct ),
(dt ). The constants cj .h;a/ in (ct ) can be replaced by cj .h;a;"/ where cj .h;a;"/! 0

as "! 0

Remark 6.6. In this setting, we cannot expectZ
M

�
j
h
rg.t/j2 C jhr2g.t/j2

�
dh <1

for any t > 0 as Example 6.7 below shows.

Proof. As explained in the introduction, by scaling the initial data g0 and the back-
ground metric h once, we can guarantee that the new initial data and background
metric, which we also call g0 and h, satisfy (a) and (b), where " � "1.2a/=2 and "1
is the constant from Theorem 6.1, and that h satisfies (2.4). Using Theorem 6.3, we
obtain a solution g.t/, t > 0, t 2 Œ0; T � which satisfies (at ), (bt ), (ct ), (dt ), (et ),
and (ft ). The uniqueness of the solution in the class of solutions satisfying (at ), (bt ),
(ct ), and (dt ) follows immediately from Theorem 11.2. The fact that the cj .h; a/
in (ct ) can be replaced by cj .h; a; "/, where cj .h; a; "/! 0 as "! 0, follows from
Remark 6.4.

Example 6.7. Let n D 2 and g0 be a smooth metric on

C1.0/ WD
®
.x1; x2/ 2 R2 j max

�
jx1j; jx2j

�
< 1

¯
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such that

.1 � "/ı � g0 � .1C "/ı; 0 < "� 1; and g0 D ı on C1.0/ n C1=2.0/;

and so that the curvature of g0 is a constant �1 > 0 on C�2.0/, for two small constants
�1; �2 > 0, where ı is the standard metric on R2. We extend this metric to all of R2

through symmetry,

g0.x/ D g0.x C p/ for all p 2 Z2 D ¹.z1; z2/ j z1; z2 2 Zº;

and in doing so obtain a smooth Riemannian metric g0 on R2 satisfying

.1 � "/ı � g0 � .1C "/ı;

with  �p g0 D g0 for any p 2 Z2, where  p.x/ D x C p.
Let T 2i refer to the standard 2-torus whose circles have radius i 2 N. Then

T 2i WD R2=�.i/;

where

�.i/ WD
®
Ty WR

2
! R2 j y 2 Z2; where Ty.x/ D x C iy for all x 2 R2

¯
:

That is,
T 2i D

®
Œx� j x 2 R2

¯
;

where Œx� D Œz� if and only if T .x/ D z for some T 2 �.i/. We give T 2i the unique
metric g0.i/ such that ��.g0.i//D g0, where � WR2! T 2i is the standard projection
�.x/ D Œx�.

From the work of Shi [29], there exists a unique smooth solution

.T 2i ; g.i/.t//t2Œ0;T �

to (1.1) with h D g0.i/, g.i/.0/ D g0.i/,

sup
t2Œ0;T �

j
h
r
jg.i/.t/j2 < cj .g0/

for all j 2 N, and all t 2 Œ0; T �, and

.1 � 2"/g0.i/ � g.i/.t/ � .1C 2"/g0.i/

for all t 2 Œ0; T �.
Defining 'pWT 2i ! T 2i by 'p.Œx�/ D Œp C x�, where p 2 Z2, we see that

'�p .g0.i// D g0.i/
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by construction, and hence it is an isometry with respect to g0.i/. Setting

zg.i/.t/ WD .'p/
�.g.i/.t//;

we see that it is also a solution to (1.1), with zg.i/.0/D g0.i/ and hD g0.i/. Unique-
ness of such solutions, which can be seen by applying the maximum principle to the
function

f .�; t / WD jg1.�; t / � g2.�; t /j
2;

shows us that .'p/�g.i/.t/ D g.i/.t/ for all t 2 Œ0; T �.
Taking a subsequence and then a limit i !1, we obtain a solution g.t/ to (1.1)

with g.0/ D g0,
sup
t2Œ0;T �

j
h
r
jg.t/j2 < cj .g0/ <1

for all j 2 N and all t 2 Œ0; T �, and such that

. p/
�g.t/ D g.t/;  �p h D h;

where  p.x/ D x C p and p 2 Z2. Furthermore, jhrjg0j D 0 for all j 2 N, since
g0 D h.

Using a Taylor expansion in time for g.t/, and the fact that g.t/ is a smooth
solution to (1.1) with g.0/ D h, we see that

g.x; t/ D h.x/C
@

@t
g.x; 0/ � t C

� @
@t

@

@t

�
g.x; s/ � t2

for some s 2 .0; t/. Notice that @
@t
g.x;0/D 0 for x 2C4=5.0/ nC3=4.0/ because there,

g.x; 0/ D h.x/ D ı and ı has zero curvature. Hence,

g.x; t/ � ı D O.t2/

for small t for x 2 C4=5.0/ n C3=4.0/, and

gi i .y; t/ � hi i .y/ D �2�i i t CO.t
2/

for y D 0, for where �i i D c.n/�1 > 0.
If hrg.t/ D 0 holds for all t 2 Œ0; P / then, for all t 2 .0; P / with P > 0 small

enough, we would have g.t/ D h on C4=5.0/ n C3=4.0/ and g.y; t/ � h.y/ ¤ 0 at
y D 0. But taking any two vectors v;w at a point p in C4=5.0/ n C3=4.0/, we have

g.p; t/.v; w/ D h.p/.v; w/:

Parallel transporting the vectors along a geodesic (with respect to h) from p to 0, we
would have

@

@r
g.
.r/; t/.v.r/; w.r// D 0 D

@

@r
h.
.r//.v.r/; w.r//;
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and hence
g.0; t/.v.r/; w.r// D h.0/.v.r/; w.r//:

Since the vectors were arbitrary, we see g.0; t/ D h.0/ for all t 2 Œ0; P /; a contradic-
tion.

By smoothness of the solution, there exists an st > 0 such thatZ
C1.0/

�
j
h
rg.t/j2 C jhr2g.t/j2

�
dh � st > 0

for some t > 0. Using the isometry  p , we see that this meansZ
C1.p/

�
j
h
rg.t/j2 C jhr2g.t/j2

�
dh � st > 0

for all p 2 Z2, and henceZ
M

�
j
h
rg.t/j2 C jhr2g.t/j2

�
dh D1

for this t . To obtain an example in Rn with n 2 N, n > 2, we simply take

yg0 D yh D g0 ˚ ıRk

on RkC2 D Rn, where ıRk is the standard metric on Rk .

7. Ricci flow estimates

The results of the previous sections are in the setting of the Ricci–DeTurck flow. As
mentioned at the beginning of the paper, in certain settings, for example the closed
smooth setting, there is a Ricci flow related solution, which can be written as

`.t/ WD .'t /
�g.t/;

where 't WM ! M , t 2 Œ0; T �, or possibly only t 2 .0; T �, is a smooth family of
diffeomorphisms, and g.t/t2Œ0;T / is a solution to Ricci–DeTurck flow. We say in this
case, that the Ricci flow solution `.t/ comes from the Ricci–DeTurck solution g.t/,
and we call `.t/ a Ricci flow related solution to g.t/.

In the next section we construct and analyse the behaviour of solutions `.t/ com-
ing from a Ricci–DeTurck solution g.t/ constructed in the previous sections. In order
to do this, we require various estimates for solutions to local Ricci flows. The state-
ments and proofs thereof are contained in this section. The results of this section are
written in a local setting assuming various geometric bounds, which we know will
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hold if the local Ricci flow solution comes from a Ricci–DeTurck flow solution con-
structed in the previous sections of this paper. However, it is not necessary to assume
that the local Ricci flow solutions we consider are constructed in this manner.

Theorem 7.1. For all p 2 Œ2;1/, there exists ˛0 D ˛0.p; n/ > 0 such that the fol-
lowing holds. Let � be a smooth n-dimensional manifold and .�n; `.t//t2.0;T � be a
smooth solution to Ricci flow satisfyingZ

�

jRc.`.t//jd`.t/ � "; jRc.`.t//j �
"

t
on � (7.1)

for all t 2 .0; T �, where " � ˛0. Then there exist ı.n; p; "/; c.n; p/ > 0, with the
property that ı.n; p; "/! 0 as "! 0, such thatZ

�

j`.t/ � `.s/j
p

`.t/
d`.t/ � ı.n; p; "/jt � sj; (7.2)Z

�

j.`.t//�1 � .`.s//�1j
p

`.t/
d`.t/ � ı.n; p; "/jt � sj (7.3)

for all t; s 2 .0; T � with s < t . Furthermore,Z
�

j`.s/j
p

`.t/
d`.t/ � c.n; p/

�
Vol.�; `.t//C jt � sj

�
; (7.4)Z

�

j`�1.s/j
p

`.t/
d`.t/ � c.n; p/

�
Vol.�; `.t//C jt � sj

�
; (7.5)Z

�

j`.r/ � `.s/j
p

`.t/
d`.t/ � c.n; p/

�
Vol.�; `.t//C t

�3=4
jr � sj1=4; (7.6)Z

�

j.`.r//�1 � .`.s//�1j
p

`.t/
d`.t/ � c.n; p/

�
Vol.�; `.t//C t

�3=4
jr � sj1=4 (7.7)

for all r; s; t 2 .0; T � with r; s < t .

Remark 7.2. This theorem is true for any smooth Ricci flow satisfying (7.1). Com-
pleteness, compactness, volume bounds, Sobolev inequalities, are not assumed.

Proof. We write v WD `.s/, and ` for `.t/, for t 2 .s; T �, and Rc for Rc.`.t//, and for

h.t/ WD

Z
�

j`.t/ � `.s/j
p

`.t/
d`.t/;

we calculate

@

@t
h.t/ D

@

@t

Z
�

j`.t/ � vj
p

`.t/
d`.t/

D
@

@t

Z
�

�
`ik`jm.`ij � vij /.`km � vkm/

�p=2
d`
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D

Z
�

�R.`/j` � vj
p

`

C
p

2
j` � vj

p�2

`

�
2`is`kzRc.`/sz`jm.`ij � vij /.`km � vkm/

C 2`ik`js`mzRc.`/sz.`ij � vij /.`km � vkm/

� 2`ik`jmRc.`/ij .`km � vkm/ � 2`ik`jm.`ij � vij /Rckm.`/
�

� c.n/p

Z
�

�
jRcj`j` � vj

p

`
C jRcj`j` � vj

p�1

`

�
d`

�
c.n/p"

t
h.t/C c.n/p

Z
�

jRcj1=p
`

�
jRcj.p�1/=p

`
j` � vj

p�1

`

�
d`

�
c.n/p"

t
h.t/C c.n/p

Z
�

�
jRcj` C jRcj`j` � vj

p

`

�
d`

�
c.n/p"

t
h.t/C c.n/p"

for some c.n/ � 1 depending only on n. Hence, the function f .t/ D h.s C t / also
satisfies

@

@t
f .t/ �

ˇ0

s C t
f .t/C ˇ0 �

ˇ0

t
f .t/C ˇ0

for all t 2 .0; T � s�, where ˇ0 WD c.n/p". The assumptions on " guarantee that

ˇ0 D c.n/p" �
1

2
;

and hence, using the ODE Lemma C.2, we see that f .t/ � 2ˇ0t for all t 2 .0; T � s�.
In particular, we obtain

h.t/ D f .t � s/ � 2ˇ0.t � s/ D c.n/p".t � s/

for all t 2 .s; T �, that is (7.2) holds.
The estimate (7.3) is proved in an almost identical way. For

y.t/ WD

Z
�

j.`�1 � v�1/j
p

`.t/
d`.t/;

we calculate

@

@t
y.t/ D

@

@t

Z
�

j`�1 � v�1j
p

`
d`

D

Z
�

�R.`/j`�1 � v�1j
p

`

C
p

2
j`�1 � v�1j

p�2

`

�
�2Rc.`/ik j̀m.`

ij
� vij /.`km � vkm/

� 2`ikRc.`/jm.`ij � vij /.`km � vkm/

C 2`ik j̀m`
ip`jqRc.`/pq.`km � vkm/

C 2`ik j̀m.`
ij
� vij /Rc.`/pq`kp`mq

�
d`
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� c.n/p

�Z
�

jRc.`/j`j`�1 � v�1j
p

`
C jRc.`/j`j`�1 � v�1j

p�1

`
d`

�
�
c.n/p˛0

t

Z
�

j`�1 � v�1j
p

`
d`C c.n/p

Z
�

jRc.`/j`j`�1 � v�1j
p�1

`
d`

�
2c.n/p˛0

t
`.t/C c.n/p˛0

�
ˇ0y.t/

t
C ˇ0:

The inequality (7.3) now follows as before from Lemma C.2. The inequalities (7.4),
(7.5), (7.6) and (7.7) follow from the Hölder and triangle inequalities, as we now
show. First, we show (7.4):Z
�

j`.s/j
p

`.t/
d`.t/ D

Z
�

j`.s/ � `.t/C `.t/j
p

`.t/
d`.t/

� c.n; p/

Z
�

j`.s/ � `.t/j
p

`.t/
d`.t/C c.n; p/

Z
�

j`.t/j
p

`.t/
d`.t/

� c.n; p/jt � sj C c.n; p/Vol.�; `.t//:

Similarly,Z
�

j`�1.s/j
p

`.t/
d`.t/ D

Z
�

j`�1.s/ � `�1.t/C `�1.t/j
p

`.t/
d`.t/

� c.n; p/

Z
�

j`�1.s/ � `�1.t/j
p

`.t/
d`.t/C c.n; p/

Z
�

j`�1.t/j
p

`.t/
d`.t/

� c.n; p/jt � sj C c.n; p/Vol.�; `.t//:

Thus, we see that (7.4) and (7.5) hold. To show (7.6) and (7.7) hold, we will use the
estimates of Section D, which show that certain general inequalities hold which relate
the Lp-norms of a tensor taken with respect to different metrics.

For any two tensor T D Tij , using Corollary D.2, we haveZ
�

jT j
p

`.t/
d`.t/ � c.n; p/

�Z
�

j`.s/j
2p

`.t/
d`.t/

�1=2
�

�Z
�

jT j
4p

`.s/
d`.s/

�1=4�Z
�

j`.t/j
n=2

`.s/
d`.t/

�1=4
D c.n; p/

�Z
�

j`.s/j
2p

`.t/
d`.t/

�1=2
�

�Z
�

jT j
4p

`.s/
d`.s/

�1=4�Z
�

j`�1.s/j
n=2

`.t/
d`.t/

�1=4
: (7.8)
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For T D .`.r/ � `.s// in (7.8), we obtainZ
�

j`.r/ � `.s/j
p

`.t/
d`.t/ � c.n; p/

�Z
�

j`.s/j
2p

`.t/
d`.t/

�1=2
�

�Z
�

j`.s/ � `.r/j
4p

`.s/
d`.s/

�1=4�Z
�

j`�1.s/j
n=2

`.t/
d`.t/

�1=4
� c.n; p/

�
Vol.�; `.t//C t

�3=4
jr � sj1=4

in view of the estimates (7.2), (7.4), and (7.5). For any two tensor N D N ij , using
Corollary D.2, we haveZ

�

jN j
p

`.t/
d`.t/ � c.n; p/

�Z
�

j`.t/j
2p

`.s/
d`.t/

�1=2
�

�Z
�

jN j
4p

`.s/
d`.s/

�1=4�Z
�

j`.t/j
n=2

`.s/
d`.t/

�1=4
D c.n; p/

�Z
�

j`�1.s/j
2p

`.t/
d`.t/

�1=2
�

�Z
�

jN j
4p

`.s/
d`.s/

�1=4�Z
�

j`�1.s/j
n=2

`.t/
d`.t/

�1=4
: (7.9)

For N D .`�1.r/ � `�1.s// in (7.9), we obtainZ
�

j`�1.r/ � `�1.s/j
p

`.t/
d`.t/ � c.n; p/

�Z
�

j`�1.s/j
2p

`.t/
d`.t/

�1=2
�

�Z
�

j`�1.s/ � `�1.r/j
4p

`.s/
d`.s/

�1=4�Z
�

j`�1.s/j
n=2

`.t/
d`.t/

�1=4
� c.n; p/

�
Vol.�; `.t//C t

�3=4
jr � sj1=4

in view of the estimates (7.3), (7.4), and (7.5). That is, the inequalities (7.6) and (7.7)
hold.

The previous theorems show that, for p 2 Œ2;1/ and n 2 N, a solution

.�; `.t//t2.0;T �

which satisfies the conditions of the lemma, that isZ
�

jRc.`.t//j d`.t/ � " and jRc.`.t//j �
"

t
on �

for all t 2 .0; T �, where " � ˛0 D ˛0.n; p/, must have a uniquely well-defined start-
ing value `0 2 Lp.�/ which is a symmetric two tensor, whose inverse exists almost
everywhere.
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Corollary 7.3. For all p 2 Œ2;1/ and n 2 N, there exists ˛0.n; p/ > 0 such that the
following holds. Let � be a smooth n-dimensional manifold and .�n; `.t//t2.0;T � be
a smooth solution to Ricci flow satisfyingZ

�

jRc.`.t//jd`.t/ � "; jRc.`.t//j �
"

t
on �

for all t 2 .0; T �, where " � ˛0. Then there exists a unique two tensor `0 2 Lp such
that `.s/! `0 in Lp.�/ as s& 0, where `0 is positive definite (except for a measure
zero set), and `�1.s/! .`0/

�1 in Lp.�/ as s & 0.

Proof. From (7.6) and (7.7), we see that `.s/s2.0;T � and `�1.s/s2.0;T � are Cauchy with
respect to s in L2p.�; `.t// for fixed t > 0, if " � ˛0.2p; n/ is chosen small enough,
where `0 is as in the statement of Theorem 7.1, so there exists `0; r0 2 L2p.�; `.t//
such that `.s/! `0 and `�1.s/! r0 as s & 0 in the L2p-norm. Furthermore,

ıij D `
ik.s/ j̀k.s/;

and so for k � kLq D k � kLq.�;`.t// for some fixed t > 0, we have

kıij � .`0/jkr
ik
0 kLp D k`

ik.s/ j̀k.s/ � .`0/jkr
ik
0 kLp

D k.`ik.s/ � r ik0 / j̀k.s/ � r
ik
0 ..`0/jk � j̀k.s//kLp

� k.`ik.s/ � r ik0 / j̀k.s/kLp C kr
ik
0 ..`0/jk � j̀k.s//kLp

� k`ik.s/ � r ik0 kL2pk j̀k.s/kL2p C kr
ik
0 kL2pk.`0/jk � j̀k.s/kL2p

! 0

as s & 0 in view of (7.4), (7.5), (7.6), and (7.7). Hence, r0 D .`0/�1 almost every-
where. At points x in the set of measure zero, where `.0/.x/ is degenerate, we replace
`.0/.x/ by `.t/.x/ for a fixed t > 0. The convergence result still holds, but now `.0/

is positive definite everywhere.

Theorem 7.4. For any A > 0, there exist ˛1; ˇ; S > 0 such that the following holds.
Let .M 4; `.t//t2.0;T � be a smooth four-dimensional solution to the Ricci flow, with
B`.t/.x0; 10/ b M , T � 1, satisfying a uniform Sobolev inequality for all t 2 .0; T �,�Z

B`.t/.x0;2/

jf j4 d`.t/

�1=2
� A

�Z
B`.t/.x0;2/

jrf j2 d`.t/C

Z
B`.t/.x0;2/

jf j2 d`.t/

�
for any f compactly contained in B`.t/.x0; 2/ for any t 2 .0; T �, where r refers to
the covariant derivative with respect to `.t/. We further assumeZ

B`.t/.x0;2/

jRm.`.t//j2 d`.t/C
Z
B`.t/.x0;2/

jRm.`.t//j d`.t/ � ˛1;

jRc.`.t//j C jrRc.`.t//j2=3 �
˛1

t
on B`.s/.x0; 2/

(7.10)
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for all t; s 2 .0; T �. Then, we haveZ
B`.t/.x0;1=2/

jr.`.t/ � `.s//j2`.t/ d`.t/ � jt � sj
ˇ (7.11)

for all t; s 2 .0; T � \ .0; S�, with s < t , where r refers to the covariant derivative
with respect to `.t/.

Proof. We first prove that the space-time integral of jrRcj2 can be locally, uniformly
bounded in the setting we are considering. This estimate shall in turn be used to
prove the L2 gradient estimate (7.11). In the following c refers to a universal con-
stant independent of the solution. Let �WM ! RC be a Perelman cut-off function,
with �.�; t / D e�t on B`.t/.x0; 1/ and �.�; t /D 0 onM �B`.t/.x0; 54 /,

@
@t
� � �`.t/�,

jr�j2 � c� with (see [33, Section 7] for details of the construction). Then, using the
Sobolev inequality, Hölder’s inequality, and the fact thatZ

B`.t/.x0;2/

�2.t/jRmj2.t/ d`.t/ � ˛1;

we see that

@

@t

Z
M

�2.�; t /jRmj2.�; t / d`.t/

D

Z
M

�
jRmj2

� @
@t
�2
�
C �2

@

@t
.jRmj2/ � �2RjRmj2

�
d`.t/

�

Z
M

�
jRmj2�.�2/C �2�.jRmj2/ � 2�2jrRmj2 C c�2jRmj3

�
d`.t/

D

Z
M

�
�hRm � rRm;r�i` � 2�2jrRmj2 C c�2jRmj3

�
d`.t/

�

Z
B`.t/.x0;2/

�
��2jrRmj2 C cjRmj2 C c�2jRmj3

�
d`.t/

D

Z
B`.t/.x0;2/

�
�
1

2
�2jrRmj2 �

1

2

�
jr.�Rm/j2 � jr�j2jRmj2 � 2�hRmr�;rRmi

�
C cjRmj2 C c�2jRmj3

�
d`.t/

� ˛1c C

Z
B`.t/.x0;2/

�
�
1

4
jr.�Rm/j2 C c.�jRmj/2jRmj

�
d`.t/

� ˛1c �

Z
B`.t/.x0;2/

1

4
jr.�Rm/j2 d`.t/

C c

�Z
B`.t/.x0;2/

j�Rmj4 d`.t/
�1=2�Z

B`.t/.x0;2/

jRmj2 d`.t/
�1=2
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� ˛1c C
�
cA
p
˛1 �

1

4

� Z
B`.t/.x0;2/

jr.�Rm/j2 d`.t/

� ˛1c �
1

8

Z
B`.t/.x0;2/

jr.�Rm/j2 d`.t/

if ˛1 is small enough. Hence, integrating from s to t , we see thatZ t

s

Z
B`.r/.x0;1/

jrRmj2.r/ dx dr � c
Z
M

�2jRmj2.�; s/C ˛1ct � ˛1c (7.12)

with ˛1c � 1, without loss of generality. We now turn to the proof of the integral
gradient estimate, (7.11). This is similar to the Lp-estimate obtained for `.t/ in (7.1),
but uses the space-time L2 bound on the gradient of the Ricci curvature (7.12) that
we just derived, instead of the bound on the Riemannian curvature. In the following,
j � j refers to j � j`.t/, and Rc to Rc.`.t//. Defining � WD B`.t0/.x0; 1=2/, we see that
� � B`.r/.x0; 1/ for all r 2 .0; t0/ if t0 � 1 in view of [33, Corollary 3.3] and the fact
that the condition (7.10) holds. Differentiating the function

f .t/ WD

Z
�

jr.`.t/ � `.s//j2`.t/d`.t/;

for s < t � t0, and using Young’s inequality, we get

@

@t
f .t/ D

@

@t

Z
�

jr.`.t/ � `.s//j2`.t/ d`.t/

�

Z
�

�
cjRcjjr.`.t/ � `.s//j2 C 2hrRc;r.`.t/ � `.s//i`.t/

�
d`.t/

C c

Z
�

j`.t/ � `.s/jjrRcjjr.`.t/ � `.s//j d`.t/

�
c˛1

t
f .t/C c

Z
�

jrRcjjr.`.t/ � `.s//j d`.t/

C c

Z
�

j`.t/ � `.s/jjrRcjjr.`.t/ � `.s//j d`.t/

�
c˛1

t
f .t/C

c˛1

t � s
f .t/C

c

˛1
.t � s/

Z
�

jrRcj2 d`.t/

C c

�Z
�

j`.t/ � `.s/j2jrRcj4=3 d`.t/
�1=2

.˛1t
�1f .t//1=2

�
c˛1

t � s
f .t/C

c

˛1
.t � s/

Z
�

jrRcj2 d`.t/C c
Z
�

j`.t/ � `.s/j2jrRcj4=3 d`.t/

�
c˛1

t � s
f .t/C

c

˛1
.t � s/

Z
�

jrRcj2 d`.t/

C c

�Z
�

j`.t/ � `.s/j6 d`.t/

�1=3�Z
jrRcj2d`.t/

�2=3
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�
c˛1

t � s
f .t/C

c

˛1
.t � s/

Z
�

jrRcj2 d`.t/C c.t � s/1=3
�Z
jrRcj2 d`.t/

�2=3
�
c˛1

t � s
f .t/C

c

˛1
.t � s/1=3

�Z
�

jrRcj2 d`.t/C 1
�
;

since Z
�

j`.t/ � `.s/j6 � c.t � s/

for sufficiently small ˛1, in view of Theorem 7.1, and .t � s/ � .t � s/1=3, for t <
s � T � 1. Hence,

@

@t
f .t/ �

˛2

t � s
f .t/CZ.t/

for ˛2 WD c˛1, and

Z.t/ WD c˛�12 .t � s/1=3
�Z

�

jrRc.t/j2 d`.t/C 1
�

for t � S.n; ˛1/ � 1. Hence, F.t/ WD f .t C s/ for t 2 .0; S � s/ then satisfies

@

@t
F.t/ �

˛2

t
F .t/C zZ.t/;

where
zZ.r/ D c˛�12 r1=3

�Z
�

jrRc.`.s C r//j2 d`.s C r/C 1
�
;

for r 2 .0; T � s/. Thus, for ˛2 � 1=6, we obtain

F.t/ � t˛2
Z t

0

zZ.r/

r˛2
dr

D c˛�12 t˛2
Z t

0

r1=3�˛2
�Z

�

jrRc.`.r C s//j2 d`.r C s/C 1
�
dr

� c˛�12 t˛2
Z t

0

�Z
�

jrRc.`.r C s//j2 d`.r C s/ dr C 1
�

D c˛�12 t˛2
�Z sCt

s

Z
�

jrRc.`.r//j2 d`.r/ dr C 1
�

� ct˛2
�
˛�12

Z sCt

s

Z
B`.r/.x0;1/

jrRc.`.r//j2 d`.r/ dr C 1
�

� ct˛2

for t 2 .0; S � s/ in view of Lemma C.1, and the fact that inequality (7.12) holds.
That is,

f .t/ � c.t � s/˛2
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for t 2 .s; S/. By choosing ˇ D ˛2=2, we obtain

f .t/ D

Z
�

jr.`.t/ � `.s//j2`.t/ d`.t/ � .t � s/
ˇ

for t 2 .s; S/, as required.

8. The Ricci flow related solution

In the sections before Section 7, we constructed a solution g.t/t2.0;T � to the Ricci–
DeTurck flow coming out of W 2;2 initial data g0 on a four-dimensional manifold,
and we proved estimates for such solutions. In this section we construct a Ricci flow
related solution `.t/t2.0;T � coming from the Ricci–DeTurck flow solution constructed
in the sections preceding Section 7. We show in the setting we are considering, that
the Ricci flow related solution `.t/ converges back to some starting value `0 locally in
theW 1;2-norm, as t! 0. We shall see that the tensor `0 is non-negative definite, up to
a set of measure zero. Note that since g0 and `0 are only defined up to a measure zero,
we can arbitrarily change distance induced by g0 respectively by `0 by changing g0,
respectively `0, on a set of measure zero, if we try and use the usual definition of
distance with respect to a Riemannian metric, as the following example shows.

Example 8.1. Let g; h be smooth Riemannian metrics on M D B1.0/ � Rn, r > 0
small so that Bh.0; r/ b B1.0/ and x ¤ y; x; y 2 Bh.0; r=4/, and let


 W Œ0; 1�! B1.0/

be a smooth length minimising geodesic with respect to h from x to y. We define a
new metric zg, which is the same as g except on the line 
 . On 
 we define zg.
.s// D
b2h.
.s// for all s 2 Œ0; 1�, for some b 2 R; b > 0.

The metric zg is still a well-defined Riemannian metric, with

1

N
ı � zg � Nı

for some N > 0, N 2 R, in view of the smoothness of g and the definition of zg. This
ensures then that zgij is a Borel-measurable function, since gij is smooth and g D zg
almost everywhere. Using the fact that 1

N
ı � zg � Nı for some N > 0, we see then

that zg is in Lp for any p 2 .0;1�.
We also have, for any piecewise smooth � W Œ0; 1�! B1.0/ with �.0/ ¤ �.1/ that

zgij ı� W I ! R is Borel measurable, since both zgij and � are, and

1

N 2
ıij � zgij ı� � N

2ıij ;
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since this is true for zgij . This means `W Œ0; 1�! R,

`.s/ WD

q
zgij .�.s//@s� i .s/@s�j .s/

is a well-defined L1-function, and

Lzg.�/ WD

Z 1

0

q
zgij .�.s//@s� i .s/@s�j .s/ ds

satisfies
0 <

1

N
Lı.�/ � Lzg.�/ < NLı.�/ <1

for all such � .
If we define

d.zg/.p; q/ WD inf
�2Bp;q

Lzg.�/

for all p; q 2 M , where Bp;q refers to the space of continuous, piecewise smooth
curves between p and q in M D B1.0/, then we see that .B1.0/; d.zg// is a well-
defined metric space, that is, d.zg/ is symmetric, satisfies the triangle inequality, and
d.zg/.p; q/ � 0 for all p; q 2M with equality if and only if p D q. Furthermore,

d.zg/.x; y/ � Lzg.
/.x; y/ D Lbh.x; y/ D bd.h/.x; y/ < d.g/.x; y/

if b > 0 is chosen small enough, and hence

d.zg/.x; y/ < d.g/.x; y/

if b > 0 is chosen small enough. That is, if we use the usual definition for distance
with respect to a Riemannian metric, distance can change if we change the Riemann-
ian metric on a set of measure zero.

In particular, this example shows that we cannot be sure that

d.g.t//.x; y/! d.g0/.x; y/

everywhere, as t & 0, in the case that we have a family of smooth metrics g.t/ which
convergences in theL1-sense (or another weak sense) to a g0 2L1, if we define d.g0/
in the usual way,

d.g0/.x; y/ D inf
�2Bx;y

Lg0.
/;

where Bx;y is the set of smooth curves going from x to y. If g0 is bounded from
above and below by a smooth metric, we can change g0 on a smooth curve between
two given points x and y (as in the example above), so that d.g.t//.x; y/ does not
converge to d.g0/.x; y/, but we still have g.t/! g0 in L1 as t & 0.
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Nevertheless, we will see for solutions g.t/ to the Ricci–DeTurck flow constructed
in the previous sections, that d.g.t//.x; y/ does converge to some metric d0.x; y/ as
t & 0, where d0 is defined in a similar fashion to the usual definition of d.g0/. How-
ever, it is necessary to restrict further the class of admissible curves Bx;y between x
and y to the class C";x;y of so-called "-approximative Lebesgue curves between x
and y, and then to take a limit inferior as "! 0 of the lengths.

Definition 8.2. We give two definitions.

(i) For p 2 Œ1;1/, we say g is an Lp-metric, if the following holds. Let g be a
Riemannian metric, such that g.x/WTxM � TxM!R is defined, symmetric, positive-
definite for all x 2M , and locally, writing

zgij .zx/ WD g.x/

�
@

@i
.x/;

@

@j
.x/

�
for any smooth coordinates

'WU ! '.U / D zU � Rn; zgvvW zU ! R

is in Lp. zU/ for all v 2 Rn, where v is any fixed length one (with respect to ı) vector
in Rn, and zgvv.x/ WD zgij .x/vivj .

(ii) For x;y 2M , we define the setC";x;y.g/ of "-approximative Lebesgue curves
with respect to g from x to y inM to be the set of paths 
 W Œa; b�!M , which can be
written as the union of finitely many so-called parametrised Lebesgue lines


i W Œai�1; ai �!M;

where i 2 ¹1; : : : ; N º, a0 D a, aN D b, 
 D 
1 [ 
2 [ 
3 [ : : : [ 
N . That is,


.s/ WD 
i .s/

if s 2 Œai�1; ai �, and

dh.x; 
1.a//C dh.
1.a1/; 
2.a1//C dh.
2.a2/; 
3.a2//

C � � � C dh.
N�1.aN�1/; 
N .aN�1//C dh.
N .b/; y/ � ";

and a parametrised Lebesgue line is defined as follows: A parametrised Lebesgue line
for an L1-metric g on M , is a smooth curve `W Œb; c�! M with jb � cj � 1=4, such
that there exist smooth coordinates 'W�! '.�/D B1.0/ for some p 2M , such that
`.Œb; c�/ � � and the curve � WD 'ı`W Œb; c�! B1.0/ in these coordinates is a line in
the direction e1, with speed one,

�.s/ D �
.b C c/

2
e1 C se1; �.b/ D �k; �.c/ D k;
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where k D .c � b/=2, and for f .s/ WD
p
zg11.�.s//, we have

f 2 L1
�
Œb; c�

�
and

Z c

b

f .s/ ds D lim
˛!0

R
T˛.�/

p
zg11.x/ dx

!n�1˛n�1
;

where here T˛.�/ refers to an ˛-tubular neighbourhood of � with respect to ı,

T˛.�/ D

²
se1 C ˛v j jvj D 1; hv; e1i D 0; s 2

�
�
.c � b/

2
;
.c � b/

2

�³
:

Note that if g is smooth, thenZ c

b

f .s/ ds D lim
˛!0

R
T˛.�/

p
zg11.x/ dx

!n�1˛n�1

always holds. Also, an "-approximative Lebesgue curve 
 is the union of finitely
smooth curves, but may itself be discontinuous, and hence non-smooth.

In the setting that a Riemannian metric is L1 (or weaker), there are various
notions of distance and convergence of distance which may be defined – and there
are many papers in this area investigating the properties thereof – their relation to one
another and to the underlying measures. For one overview, as well as independent
results and proofs thereof, we refer to the paper [5]. Further notions and convergence
results may be found in the papers [1, 2, 6, 12, 18, 22], as well as the works cited in
these papers. Earlier works can be found in [7]. In our setting it is sufficient to define
distance by considering the class of "-approximative Lebesgue curves instead of the
class of piecewise smooth curves or continuous curves, and then to take the lim inf as
"! 0 of the lengths; see Theorem 8.3 (iv) below.

Theorem 8.3. Let .M; h/ be a smooth four-dimensional Riemannian manifold sat-
isfying (2.4), 1 < a < 1 and g0 satisfy the assumptions of Theorem 6.3, and let
.M; g.t//t2.0;T �, T � 1 be the smooth solution to (1.1) appearing in the conclusions
of Theorem 6.3. Then

(i) there exists a constant c.a/ and a smooth solutionˆWM � .0;T �!M to (1.3)
with ˆ.T=2/ D Id such that

ˆ.t/ WD ˆ.�; t /WM !M

is a diffeomorphism, and

dh.ˆ.t/.x/;ˆ.s/.x// � c.a; n/
p
jt � sj
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for all x 2M . The metrics `.t/ WD .ˆ.t//�g.t/, t 2 .0; T � solve the Ricci flow equa-
tion. Furthermore, there are well-defined limit maps

ˆ.0/WM !M; ˆ.0/ WD lim
t&0

ˆ.t/;

W.0/WM !M; W.0/ WD lim
t&0

W.t/;

whereW.t/ is the inverse ofˆ.t/ and these limits are obtained uniformly on compact
subsets, and ˆ.0/, W.0/ are homeomorphisms inverse to another.

(ii) For the Ricci flow solution `.t/ from (i), there is a value `0.�/D limt&0 `.�; t /

well defined up to a set of measure zero, where the limit exists in the Lp-sense, for
any p 2 Œ1;1/, such that, `0 is positive definite, and in W 1;2

loc and for any y0 2 M
and 0 < s < t , we haveZ

B1.y0/

j`.s/ � `0j
p

`.t/
d`.t/ � c.g0; h; p; y0/sZ

B1.y0/

j.`.0//�1 � .`.s//�1j
p

`.t/
d`.t/ � c.g0; h; p; y0/jsj

1=4Z
B1.y0//

jr`0j
2
`.t/ d`.t/ � c.g0; h; p; y0/t

�Z
B1.y0/

jRm.`/j2.x; t/ d`.x; t/C
Z t

0

Z
B`.s/.y0;1/

jrRm.`/j2.x; s/ d`.x; s/ ds

� c.g0; h; p; y0/

sup
B1.y0/

jr
jRc.`.t//j2tjC2 ! 0 as t & 0 for all j 2 N0;

where � > 0 is a universal constant, c.g0; h; p; y0/ is a constant depending upon g0,
h, p, y0, but not on t , and r refers to the gradient with respect to `.t/.

(iii) The limit maps

ˆ.0/WM !M; ˆ.0/ WD lim
t&0

ˆ.t/;

W.0/WM !M; W.0/ WD lim
t&0

W.t/

from (i) are also obtained in the W 1;p
loc -sense for p 2 Œ1;1/. Furthermore, for any

smooth coordinates 'WU !Rn and WV !Rn; and open sets zU ��U and zV ��V
withW.s/. zV / �� U andˆ.s/. zU/ �� V for all s 2 Œ0; yT �, for some 0 < yT < T , the
functions

.`0/ij ıW.0/W zV ! R

are in Lploc for all p 2 Œ1;1/, and

.g0/˛ˇ W zV ! R and .`0/ij WW.0/. zV /! R
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are related by the identity

.g0/˛ˇ D D˛.W.0//
iDˇ .W.0//

j ..`0/ij ıW.0//

on zV . In particular, `0 is isometric to g0 almost everywhere through the map W.0/
which is in W 1;p

loc , for all p 2 Œ1;1/.

(iv) We define dt D d.g.t// and zdt D d.`.t//D ˆ.t/�dt . There are well-defined
limit metrics

d0; zd0WM �M ! RC0 ; d0.x; y/ D lim
t&0

dt .x; y/;

zd0 WDM �M ! RC0 ;
zd0.p; q/ D lim

t&0

zdt .p; q/;

and they satisfy
zd0.x; y/ D d0.ˆ.0/.x/;ˆ.0/.y//:

That is, .M; zd0/ and .M; d0/ are isometric to one another through the map ˆ.0/.
The metric d0 satisfies

d0.x; y/ WD lim inf
"&0

inf

2C";x;y

Lg0.
/;

where C";x;y is the space of Lebesgue curves between x and y with respect to g0.

Proof. (i) For r 2 .0; T /, we define  r WM � .0; T �!M to be the solution to

@

@t
 r.y; t/ D V. r.y; t/; t/;  r.y; r/ D y;

where

V.y; t/ WD gij
�
�kij .g/ � �.h/

k
ij

�
.y; t/

@

@xk
.y/ 8y 2M; t 2 .0; T /:

The fundamental theorem of time dependent flows (see [21, Theorem 9.4.8]) tells us
that the  r.�; s/WM ! M are smooth diffeomorphisms for all r; s 2 .0; T �, and that
 t1. t0.p; t1/; s/ D  t0.p; s/ for all t0; t1; s 2 .0; T �, and in particular, that

 t1. t0.�; t1/; t0/ D Id.�/

for all t0; t1 2 .0; T �. We shall use these facts freely in the following.
The maps ˆ.s/;W.s/WM !M are defined by

ˆ.s/.x/ WD  T=2.x; s/ and W.s/.x/ WD  s.x; T=2/

for s 2 .0; T �, and ˆ;W WM � .0; T �!M are defined by

ˆ.x; s/ D ˆ.s/.x/ and W.x; s/ D W.s/.x/
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for s 2 .0; T �. From the fact that  t1. t0.�; t1/; t0/ D Id.�/, we have

W.s/ıˆ.s/.�/ D  s.ˆ.s/.�/; T=2/ D  s. T=2.�; s/; T=2/ D Id.�/

for all s 2 .0; T �. Defining
`.s/ WD .ˆ.s//�g.s/

for s 2 .0; T �, we obtain a smooth solution to Ricci flow with `.T=2/ D g.T=2/.
We define ˆ.0/ by

ˆ.0/.x/ WD lim
si&0

ˆ.si /.x/ D lim
si&0

 T=2.x; si /;

and W.0/WM !M by

W.0/.x/ WD lim
ti&0

W.ti /.x/ D lim
ti&0

 ti .x; T=2/:

In the following we show that these limits exist, and are independent of the sequences
ti & 0 and si & 0 chosen. We haveˇ̌̌ @

@t
 T=2.x; t/

ˇ̌̌
h
D jV. T=2.x; t/; t/jh �

"
p
t
;

due to the fact that jhrgj2 � "=t . Hence,

dh.ˆ.s/.x/;ˆ.t/.x// D dh. T=2.x; s/;  T=2.x; t//

� 2"j
p
t �
p
sj � 2"

p
jt � sj

for all t; s 2 .0; T �, which shows that ˆ.0/WM ! M is obtained uniformly and is
well defined:

dh.ˆ.0/.x/;  T=2.x; t// D dh.ˆ.0/.x/;ˆ.t/.x// � c
p
t

for all x 2M .
We now turn to the construction and properties of W . We can estimate

dh. ti .x; s/; x/ � "
p
s

for all s 2 .ti ;T=2� and for all x 2M , in view of the fact that j @
@s
. ti .x; s//jh � "=

p
s.

In particular, writing everything with respect to fixed coordinates ', where

99

100
ı � h �

101

100
ı and jDhj2 C jD2hj2 � "
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on a large ball of radius 1000 and centre point x, we have  ti .x; s/; tj .x; s/ stays in
this ball. We write x; h; : : : for '.x/; '�.h/; : : : For s � s0 WD max.tj ; ti /, we have

j ti .x; s/ �  tj .x; s/j � j ti .x; s/ � xj C jx �  tj .x; s/j

� 4"
p
s:

We also have for such s,

@

@s
j ti .x; s/ �  tj .x; s/j

2

D j ti .x; s/ �  tj .x; s/jjV. ti .x; s/; s/ � V. tj .x; s/; s/j

� 2jDV.m; s/jj ti .x; s/ �  tj .x; s/j
2

� c.a/ sup
y2B1000.x/

�
j
h
r
2gj C jhrgj2 C "

�
j ti .x; s/ �  tj .x; s/j

2

�
"

s
j ti .x; s/ �  tj .x; s/j

2;

where m is some value lying on the line between  ti .x; s/ and  tj .x; s/ in the euc-
lidean ball B1000.x/. Here we used jhrgj j2tj � "when t is sufficiently small. Hence,
writing f .s/ WD j ti .x; s/ �  tj .x; s/j

2 we have

@

@s
f .s/ �

"

s
f .s/

for s � max.ti ; tj / D s0, which implies @
@s
.s�"f .s// � 0, and hence

f .s/ � s"..s0/
�"f .s0//

for all s 2 Œs0 D max.ti ; tj /; T=2�. But f 2.s0/D j ti .x; s0/� tj .x; s0/j
2 � 16"2s0

from the above estimate, and so we get

.s0/
�"f .s0/ � .s0/

�"2"s0 � 2".s0/
1�"
D 2".max.ti ; tj //1�" ! 0

as max.tj ; ti /! 0, and hence

f .s/ D j ti .x; s/ �  tj .x; s/j
2

� 2s"".max.ti ; tj //1�" � 2T "".max.ti ; tj //1�" ! 0 (8.1)

as ti ; tj ! 0, for all s 2 .max.ti ; tj /; T=2�, for all x 2M . This shows, . ti .x; s//i2N

with ti & 0 is Cauchy, and hence limti&0 ti .x; s/ exists for all s 2 .0; T �. In partic-
ular,

W.0/.x/ WD lim
t&0

 t .x; T=2/ D lim
t&0

W.t/.x/
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is well defined, and achieved uniformly,

dh.W.0/.x/;W.t/.x// D lim
s!0

dh. s.x; T=2/;  t .x; T=2//

�
p
2T "=2".t/.1�"/=2 ! 0

for t & 0, in view of (8.1).
We show now thatˆ.0/ is the inverse ofW.0/.ˆ.0/ andW.0/ are continuous, by

construction, and are the uniform limits of continuous functions,

sup
z2M

dh.ˆ.0/.z/;  T=2.z; ti //! 0 as i !1

and
sup
x2M

dh.W.0/.x/;  ti .x; T=2//! 0 as i !1:

For x 2M , for any � > 0 if i is large enough, we have

dh
�
ˆ.0/.W.0/.x//;ˆ.0/. ti .x; T=2//

�
� �;

and
dh.ˆ.0/.z/;  T=2.z; ti // � �

for all z 2M . This implies

dh
�
ˆ.0/.W.0/.x//; x

�
� dh

�
ˆ.0/.W.0/.x//;ˆ.0/. ti .x; T=2//

�
C dh

�
ˆ.0/. ti .x; T=2//; x

�
D dh

�
ˆ.0/.W.0/.x//;ˆ.0/. ti .x; T=2//

�
C dh

�
ˆ.0/. ti .x; T=2//;  T=2. ti .x; T=2/; ti /

�
� 2�:

Hence,ˆ.0/.W.0/.x//D x, as x 2M and � > 0were arbitrary. Similarly, for z 2M ,
for any � > 0 if i is large enough, we have

dh
�
W.0/.ˆ.0/.z//;W.0/. T=2.z; ti //

�
� �

and
dh
�
W.0/.x/;  ti .x; T=2/

�
� �

for all x 2M , and hence

dh
�
W.0/.ˆ.0/.z//; z

�
� dh

�
W.0/.ˆ.0/.z//;W.0/. T=2.z; ti //

�
C dh

�
W.0/. T=2.z; ti //; z

�
D dh

�
W.0/.ˆ.0/.z//;W.0/. T=2.z; ti //

�
C dh

�
W.0/. T=2.z; ti //;  ti . T=2.z; ti /; T=2/

�
� 2�:
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Hence, W.0/.ˆ.0/.z// D z for all z 2M , as z 2M and � > 0 were arbitrary. That
is, W.0/ is the inverse of ˆ.0/.

We further have that

ˆ.s/.B1�".x0// � ˆ.0/.B1�"=4.zx0//

for all s D s."/ > 0 small enough, as we now explain, where

zx0 D W.0/ıˆ.s/.x0/WW.0/ıˆ.s/! Id

uniformly as s & 0, as was shown above. This means

W.0/ıˆ.s/.B1�".x0// � B1�3"=4.x0/ � B1�"=4.zx0/

for s small enough, and hence takingˆ.0/ of both sides, the claim follows. This is (i).
(ii) Let y0 2M and p 2 Œ0;1/, and " � ˛0.p; n D 4/ be the constant from The-

orem 7.1, Corollary 7.3, and assume also that " � ˛1.4; CS .4//, where ˛1.n; A/ is
the constant from Theorem 7.4 with nD 4 and AD CS .4/, and CS .n/ is the Sobolev
constant from Theorem B.1. The construction of our solution, see Theorem 6.1, The-
orem 6.3 and the Tensor Sobolev inequality, Theorem B.1 (v) guarantee that, without
loss of generality, Z

B2.x/

�
j
h
rg.t/j4 C jhr2g.t/j2

�
dh � ı4.a/

for all x 2M and ı.a/ is the constant from Corollary 5.4. We also have, without loss
of generality,

j
h
r
3gj2t3 C jhr2gj2t2 C jhrgj2t � "2

on B200.y0/ for t 2 .0; T / in view of (et ), and hence

jRm.g.t//j C jg.t/rRmj2=3 �
"

t
(8.2)

on B200.y0/ for t 2 .0; T /, after reducing the time interval if necessary.
By choosing R1 D R1.y0; g0/ > 0 small enough, we can guarantee thatZ

BR1 .x0/

�
j
h
rg0j

4
C j

h
r
2g0j

2
�
dh �

"

2

for all x0 in the compact set B100.y0/ in view of Lemma B.3. By scaling once, we
have for all such x0 thatZ

B8.x0/

�
j
h
rg0j

2
C j

h
r
2g0j

2
�
dh �

"

2
;
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and Z
B20.x/

�
j
h
rg.t/j4 C jhr2g.t/j2

�
dh � ı4.a/

for all x 2M and all x0 in B100.y0/, which impliesZ
B20.x/

�
j
h
rg.t/j2 C jhr2g.t/j2

�
dh � ı.a/

for all x 2M , in view of Hölder’s inequality and the fact that ı.a/ is, without loss of
generality, less than Volh.B20.x// for all x 2M . Using Corollary 5.4, we seeZ

B4.x0/

�
j
h
r
2g.t/j2 C jhrg.t/j2

�
dh � "

for all x0 in B100.y0/, and hence using the fact that, without loss of generality,
jRm.h/j � ", we have Z

B4.x0/

jRm.g.t//j2g.t/ dg.t/ � 2";

for all t � T , after reducing the time interval if necessary. This estimate with (8.2)
show that the Ricci flow related solution ` restricted to � D B4.x0/ for any such x0
satisfies all the conditions of Theorem 7.1, Corollary 7.3 and Theorem 7.4 (after scal-
ing once more by a factor 5), and hence the estimates obtained there hold. These
estimates change at most by a factor when we scale the solution back to the original
solution, the constant depending on the scaling factor, h and x0, g0 and p. These
scaled estimates are (ii) for the given p. As p 2 Œ0;1/ was arbitrary, (ii) holds.

(iii) From the definition of `, in local coordinates, we have

`ij .s/.x/ D Diˆ
˛.s/.x/Djˆ

ˇ .s/.x/g˛ˇ .s/.ˆ.s/.x//;

g˛ˇ .s/.ˆ.s/.x// D D˛W
i .s/.ˆ.s/.x//DˇW

j .s/.ˆ.s/.x//`ij .x; s/;

g˛ˇ .s/.y/ D D˛W
i .s/.y/DˇW

j .s/.y/`ij .W.s/.y/; s/;

where we have chosen smooth coordinates as in the statement of the claim of (iii)
of this theorem, y 2 zV , x 2 zU . Notice that g.t/! g.0/ and g.t/�1 ! g.0/�1 in
the Lploc-sense for all p 2 Œ1;1/, in view of Corollary 5.7. Hence, we may apply
Theorem 9.1, and we see that (iii) holds.

(iv) For x; y 2M , we define

d0.x; y/ WD lim inf
"!0

inf

2C";x;y

Lg0.
/;

where C";x;y is the space of "-approximative Lebesgue curves with respect to g0 join-
ing x and y, defined in Definition 8.2.
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Let x; y 2 BR=c.a/.x0/, where BR=c.a/.x0/ is the ball with respect to h, for some
fixed x0 2 M , where c.a/ is a large constant to be determined in the proof. Since
g0 2 W

2;2.B2R.x0//, we know from Lemma B.3 that for any � > 0, there exists
r.�;R; a/ > 0 such thatZ

B2r .z/

�
j
h
r
2g0j

2
C j

h
rg0j

4
�
dh � �4

for all z 2 BR.x0/.
Scaling g0 and h once, by the same large constant K, and still calling the new

scaled metrics g0, h, and the new radius
p
KR will still be denoted by R, we haveZ

B2.z/

�
j
h
r
2g0j

2
C j

h
rg0j

4
�
dh � �4

for all z 2 BR.x0/ and, without loss of generality,

sup
M

4X
iD1

j
h
r
iRm.h/j � �4:

Hence, using Corollary 5.4, Hölder’s inequality and Lemma B.1 (v),Z
B2.z/

�
j
h
r
2g.t/j2 C jhrg.t/j4

�
dh � �;

4X
iD1

j
h
r
iRm.h/j � �;

1

400a
h � g.t/ � 400ah; jhrjg.t/j �

c.j; a/

tj
;

(8.3)

for all j 2 N, for all z 2 BR.x0/, and for all 0 < t � S2.400a; �/, and after scaling
once more by 1=2S2 for all t 2 .0; 2�.

We first show that
d0.x; y/ � lim inf

t!0
dt .x; y/: (8.4)

Let " > 0 be given. Taking any 0 < t � "4 and scaling by yg.s/D 1
t
g.st/, and denoting

the new radius by yR, that is
yR D

1
p
t
R;

and
yh D

1

t
h; yg0 D

1

t
g0;

we see, in view of (8.3), that we obtain a new solution yg.s/, s 2 Œ0; 2�; such thatZ
yB2.z/

�
j
h
r
2
yg.s/j2 C jhryg.s/j4

�
dh � 2�;

1

400a
yh � yg.s/ � 400ayh;

j
h
r
j
yg.s/j �

c.j; a/

sj
;

4X
iD1

j
h
r
iRm.yh/j � �; jhrj yg.1/j � c.j; a; �/
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for all j 2 N, for all z 2 yB yR.x0/, and for all s � 1, where c.j; a; �/! 0 for � ! 0,
where yBs.m/ refers to a ball of radius m with respect to yh. For later use, note that
yR � 1="2. Let 
 be a length minimising geodesic between x and y with respect
to yg.1/. Writing yg.1/ in geodesic coordinates at any z 2 yB yR.x0/ on a ball of radius
one, we have �

1 � j˛.�; a/j
�
ı � yg.1/ �

�
1C j˛.�; a/j

�
ı on B10.0/;

1

400a
yh � yg.s/ � 400ayh for s 2 Œ0; 2�;

where ˛.�; a/! 0 as � ! 0.
In the following, any constant c.�; a/ with c.�; a/! 0 as � ! 0 shall be denoted

by ˛.�; a/, although it may differ from the one just defined, and ˛.�; a/ is not neces-
sarily larger than zero.

We can break 
 up into N pieces


1 D 
 jŒ0;1�; 
2 D 
 jŒ1;2�; 
N�1 D 
 jŒN�2;N�1�; 
N D 
 jŒN�1;B�

each with length one with respect to yg.1/, except for the last piece which has length
less than or equal to one. Due to

1

400a
yh � yg.1/ � 400ayh;

we have N � c.a/ yR. After rotating once, we may assume that any length one piece
of 
 , going from 
.i/ to 
.i C 1/, i 2 ¹0; 2; : : : ;N � 2º, in geodesic coordinates, with
respect to yg.1/ centred at z D 
.i C 1=2/ lies in B2.0/, and is (in these coordinates)
the line segment

vW
h
�
1

2
;
1

2

i
! B2.0/; v.s/ D se1:

We ignore the last piece of 
 for the moment.
Using Corollary 5.7 and jRm.yh/j � � , we haveZ

B1.0/
jyg.t/ � yg0j

2 dh � 2�t

for all t � 1, and hence Z
B1.0/

jı � yg0j
2
� ˛.�; a/:

Let " > 0 be given. Using Lemma 10.2 we see, by choosing � D �."/ > 0 small
enough, that there exists an x 2Bn�1" .0/ such that

p
yg11.0/.�;x/W Œ�1=2;1=2�!Rn is
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measurable, `W Œ�1=2; 1=2�!Rn, `.t/D .t; x/ is a Lebesgue line between .�1=2;x/
and .1=2; x/, andZ 1=2

�1=2

p
yg11.0/.s; x/ ds � 1C " D .1C "/dı..�1=2; x/; .1=2; x//

� .1C 2"/dyg.1/..�1=2; x/; .1=2; x//;

which tells us for the original curve 
 jŒ0;N�1�, that there exist Lebesgue curves

vi W Œi � 1; i �! yB yR.x0/

for all i 2 ¹1; : : : ; N � 1º with respect to yg.0/ such that

dyh.vi .i � 1/; 
.i � 1// � c.a/" and dyh.vi .i/; 
.i// � c.a/";

and
Lyg0.vi / � .1C "/dyg.1/.
.i � 1/; 
.i//

for all i 2 ¹1; : : : ; N � 1º. The curves vi are the curves ` constructed above. Adding
up all the curve segments, we have

N�2X
iD1

dyh.vi .i/; viC1.i// � N"c.a/ �
yR"c.a/;

and hence
N�2X
iD1

dyh.vi .i/; viC1.i//C dh.x; v1.0//C dh.y; vN�1.N � 1// �
yR"c.a/C 2;

and also
N�1X
iD1

Lyg0.vi / � .1C "/dyg.1/.x; 
.N � 1// � .1C "/dyg.1/.x; y/

as 
 was a length minimising, with respect to yg.1/, geodesic between x and y. Scaling
back the solution we had at the beginning of this proof of this claim, (8.4), that is
defining g.s/ D tg.s 1

t
/, for the t we chose there, we see at time t that

N�1X
iD1

Lg0.vi / � .1C "/dg.t/.x; y/

and
N�2X
iD1

dh.vi .i/; viC1.i//C dh.x; v1.0//C dh.y; vN�1.N � 1//

� R"c.a/C 2
p
t � R"c.a/C 2"
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in view of the choice of t � "4. That is, v D
SN�1
iD1 vi is an Rc.a/"-approximative

Lebesgue curve and Lg0.v/ � .1C "/dt .x; y/. Hence,

inf

2CRc.a/";x;y

Lg0.
/ � .1C "/dt .x; y/

for all t � T ."; a; g0; x; y; R; h/, and this shows

d0.x; y/ D lim inf
"!0

inf

2C";x;y

Lg0.
/ � lim inf
t!0

dt .x; y/

for all x; y 2M .
Now we show that

d0.x; y/ WD lim inf
"!0

inf

2C";x;y

Lg0.
/ � lim sup
t&0

dt .x; y/

for all x; y 2 M . From the definition of C";x;y , 
 2 C";x;y , may be written as 
DSN
iD1 
i , where each 
i W Œai ;bi �!M is a parametrised Lebesgue line. Let � W Œci ;di �!

B2.x/ be one of the segments 
i written in smooth coordinates, so that �.t/ D te1.
Since the coordinates are smooth, and 1

400a
h� g.t/� 400ah, we see that there exists

a constant C depending possibly on the coordinates and a, such that 1
C
ı � h � Cı

and 1
C
ı � g.t/ � Cı in these coordinates.

Using Corollary 5.7 and jRm.h/j � � � 1, we see that we haveZ
B2.0/

jg.x; t/ � g0.x/j
2
ı dx � ct

with respect to these coordinates for all t � 1 for some constant c D c.C /.
Using Lemma 10.1, we see that for all " > 0, there exists a t0 > 0 such that

Lg0.�/ WD

Z di

ci

p
g.0/11.s; 0/ � .1 � "/d.g.t//.�.ci /; �.di //

for all t 2 .0; t0/ in these coordinates. That is,

Lg0.
i / � .1 � "/d.g.t//
�

i .ai /; 
i .bi /

�
:

Hence, estimating on each Lebesgue line 
i in this way, we see (setting 
NC1.aNC1/
WD y) that, there exists s0 such that

Lg0.
/ �

NX
iD1

.1 � "/dt .
i .ai /; 
i .bi //

�

NX
iD1

.1 � "/dt .
i .ai /; 
iC1.aiC1// �

NX
iD1

dt .
i .bi /; 
iC1.aiC1//
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�

NX
iD1

.1 � "/dt .
i .ai /; 
iC1.aiC1// � c

NX
iD1

dh.
i .bi /; 
iC1.aiC1//

� .1 � "/dt .
1.a1/; 
NC1.aNC1/ D y/ � c"

� .1 � "/dt .x; y/ � 2c"

for t 2 .0; s0/. That is, for fixed x; y 2M , we have

d0.x; y/ � lim sup
t&0

dt .x; y/;

in view of the definition of d0 and the fact that " > 0 was arbitrarily chosen in the
argument above. Combining the lower and upper bound proved for d0.x; y/, we have

d0.x; y/ WD lim inf
"!0

inf

2C";x;y

Lg0.
/ D lim
t&0

dt .x; y/;

as claimed.
The property zd0 D limt&0

zdt now follows easily from the definitions and the fact
that ˆ.t/ converges uniformly to ˆ.0/ as t & 0:

zd0.x; y/ WD d0.ˆ.0/.x/;ˆ.0/.y//

D dt .ˆ.0/.x/;ˆ.0/.y//C ".x; y; t/

� .�/ dt .ˆ.0/.x/;ˆ.t/.y//

C .�/ dt .ˆ.t/.y/;ˆ.0/.y//C ".x; y; t/

� .�/ dt .ˆ.t/.x/;ˆ.t/.y//C .�/ dt .ˆ.t/.x/;ˆ0.x//

C .�/ dt .ˆ.t/.y/;ˆ.0/.y//C ".x; y; t/

� .�/ dt .ˆ.t/.x/;ˆ.t/.y//C .�/ c.n; a/dh.ˆ.t/.x/;ˆ.0/.x//

C .�/ c.n; a/dh.ˆ.t/.y/;ˆ.0/.y//C ".x; y; t/

D zdt .x; y/C .�/ c.n; a/dh.ˆ.t/.x/;ˆ.0/.x//

C .�/ c.n; a/dh.ˆ.t/.y/;ˆ.0/.y//C ".x; y; t/;

where ".x; y; t/! 0 for t & 0. d.h. zdt .x; y/! zd0.x; y/ for t & 0.

9. Metric convergence in Sobolev spaces

Theorem 9.1. Let .M;h/ be a four-dimensional Riemannian manifold satisfying (2.4).
We assume that there are continuous maps W.0/; ˆ.0/WM ! M inverse to one
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another such that for all compact sets K �M ,

sup
x2K

dh.ˆ.r/.x/;ˆ.0/.x//! 0 as r ! 0;

sup
y2K

dh.W.r/.y/;W.0/.y//! 0 as r ! 0;

where ˆ;W WM � .0; T /!M are smooth maps such that W.s/WM !M;ˆ.s/ are
smooth diffeomorphisms inverse to one another for all s 2 .0; T /.

Let `.s/s2.0;T /; g.s/s2.0;T / be smooth families of Riemannian metrics isometric
to one another through the smooth maps ˆ.s/ and W.s/:

`.s/ D ˆ.s/�.g.s//; g.s/ D W.s/�`.s/:

Assume that we have chosen smooth coordinates 'WU ! Rn and  W V ! Rn, and
open sets zU �� U and zV �� V with W.s/. zV / �� U and ˆ.s/. zU/ �� V for all
s 2 Œ0; S�, W.s/.V / �� U for all s 2 Œ0; S� for some 0 < S < T . That is, in these
coordinates, we have

`ij .s/.x/ D Diˆ
˛.s/.x/Djˆ

ˇ .s/.x/g˛ˇ .s/.ˆ.s/.x//;

g˛ˇ .s/.ˆ.s/.x// D D˛W
i .s/.ˆ.s/.x//DˇW

j .s/.ˆ.s/.x//`ij .x; s/;

g˛ˇ .s/.y/ D D˛W
i .s/.y/DˇW

j .s/.y/`ij .W.s/.y/; s/

(9.1)

for x 2 zU , y 2 zV . Assume further, that there exist Riemannian metrics `.0/ and g.0/
whose inverse exists almost everywhere, so that g.0/; `.0/; g�1.0/; `�1.0/ 2 Lploc for
all p 2 Œ1;1/ such that

(i) `.s/ ! `.0/; `�1.s/ ! `�1.0/; g.s/ ! g.0/; g�1.s/ ! g�1.0/ as s ! 0

locally in Lp for all p 2 Œ1;1/,

(ii) for any compact set K � M , for all s 2 .0; T /; p 2 Œ1;1/, there exists a
constant c.K; h; p/ such that k`.s/kW 1;2.K/ C kg.s/kW 1;4.K/ � c.K; h; p/,

(iii) there is a constant a � 1 such that 1
a
h � g.s/ � ah for all s 2 .0; T /.

Then,Dˆ.s/ is bounded in Lp. zU/ andDW.s/ is bounded in Lp. zV / uniformly inde-
pendent of s 2 .0;T /. Furthermore,ˆ.s/!ˆ.0/ andW.s/!W.0/ locally inW 1;p

for any p 2 Œ1;1/, `.0/ıW.0/ is in Lploc for all p 2 Œ1;1/, and `.0/ and g0 are iso-
metric to one another through the map W.0/ which is in W 1;p

loc , for all p 2 Œ1;1/,

.g0/˛ˇ D D˛.W.0//
iDˇ .W.0//

j ..`0/ij ıW.0//

on zV in the Lp-sense for all p 2 Œ1;1/.
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Proof. We consider in the following only s 2 .0;S/. The first identity of (9.1) implies:

hij .x/`ij .s/.x/ D h
ij .x/Diˆ

˛.s/.x/Djˆ
ˇ .s/.x/g˛ˇ .s/.ˆ.s/.x//

�
1

a
hij .x/Diˆ

˛.s/.x/Djˆ
ˇ .s/.x/h˛ˇ .ˆ.s/.x//;

and hence using the fact that hij `ij .s/ is locally uniformly bounded in Lp independ-
ent of s, we see that Dˆ.s/ is locally uniformly bounded in Lp , that is independent
of s, for any p 2 Œ1;1/:Z
zU

jhij .x/Di .ˆ.s//
˛.x/Dj .ˆ.s//

ˇ .x/h˛ˇ .ˆ.s/.x//j
p dh.x/ � c.p; : : :/ <1;

where c.p; : : :/ is a constant depending on p, zU , a, `, h. Constants which only depend
on p, zU , zV , ', ,ˆ,W , a, `, h, g, `�1, h�1, g�1, and importantly do not depend on s
shall be denoted by c.p; : : :/, although the value may differ from line to line. In view
of the uniform convergence of ˆ.s/ and W.s/ we may assume, by choosing geodesic
coordinates with respect to h around m and ˆ.0/.m/ without loss of generality, that

zU D Br.m/ DW B and zV D Bv.ˆ.0/.m// DW yB;

so that 1
2
ı˛ˇ � h˛ˇ � 2ı˛ˇ on zV and 1

2
ıij � hij � 2ıij on zU , and

zB D Bzr.m/ � W.s/. yB/ � B D Br.m/

for s sufficiently small. With respect to these coordinates, we haveZ
B

nX
i;˛D1

jDiˆ
˛.s/.x/j2p dx � c.p; : : :/

for s sufficiently small. Using the third identity of (9.1) and these coordinates, we see
thatZ
yB

� nX
˛;iD1

�
D˛W

i .s/.y/
�2�p

dy

D

Z
yB

jı˛ˇD˛W
i .s/.y/DˇW

j .s/.y/ıij j
p dy

� c.p; : : :/

Z
yB

jh˛ˇ .y/D˛W
i .s/.y/DˇW

j .s/.y/hij .W.s/.y/; s/j
p dy

D c.p; : : :/

Z
yB

jDW.s/j
2p

h;h.W.s//
.y/ dy

� c.p; : : :/

Z
yB

jDW.s/j
2p

h;`.W.s/;s/
.y/.1C jhıW.s/j

2p

`.W.s/;s/
.y// dy

[in view of (D.1) of Theorem D.1]
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D c.p; : : :/

Z
yB

jh˛ˇg˛ˇ .s/j
p.y/

�
1C jhj

2p

`.s/
ıW.s/

�
.y/ dy

� c.p; : : :/

�Z
yB

jh˛ˇg˛ˇ .s/.y/j
2p dy

�1=2�Z
yB

�
1C jhj

4p

`.s/
ıW.s/.y/

�
dy

�1=2
� c.p; : : :/

�
1C

�Z
yB

jhj
4p

`.s/
ıW.s/.y/ dy

�1=2�
D c.p; : : :/

�
1C

�Z
yB

jhj
4p

`.s/
ıW.s/.y/kDW.s/k.y/kDˆ.s/ıW.s/k.y/ dy

�1=2�
[since DW.s/ �Dˆ.s/ıW.s/ D ID]

� c.p; : : :/

�
1C

�Z
W.s/. yB/�Br .m/

jhj
4p

`.s/
.x/kDˆ.s/.x/k dx

�1=2�
� c.p; : : :/

since .`/�1, g and Dˆ.s/ are bounded locally in Lp independently of s, for s suffi-
ciently small, and we have used the transformation formula, and the notation kAk to
represent det.A/.

We also haveZ
zB

jD.gsıˆ.s//j
4�".x/ dx

�

Z
W.s/. yB/

jD.gsıˆ.s//j
4�".x/ dx

D

Z
W.s/. yB/

j..Dgs/ıˆ.s//.x/ �Dˆ.s/.x/j
4�" dx

�

�Z
W.s/. yB/

.jDgsjıˆ.s//
4�"=2.x/ dx

�1=q�Z
W.s/. yB/

jDˆ.s/jr.4�"/.x/ dx

�1=r
[where q D .4 � ."=2//=.4 � "/, r D 1=.1 � .1=q//]

� c.p."/; : : :/

�Z
W.s/. yB/

jDgsj
4�"=2

ıˆ.s/.x/ dx

�1=q
D c.p."/; : : :/

�

�Z
W.s/. yB/

jDgsj
4�"=2

ıˆ.s/.x/ � kDW.s/ıˆ.s/.x/kkDˆ.s/.x/k dx

�1=q
[since I D D.W.s/ıˆ.s// D .DW.s/ıˆ.s// �Dˆ.s/]

D c.p."/; : : :/

�Z
yB

jDgsj
4�"=2.y/kDW.s/k.y/ dy

�1=q
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� c.p."/; : : :/

�Z
yB

jDgsj
4.y/ dy

�1=qv�Z
yB

kDW.s/ku dy

�1=qu
[where v D 4=.4 � "=2/, u D 1=.1 � 1=v/]

� c.p."/; : : :/

for sufficiently small s > 0, where c.p."/; : : :/ is independent of s, and 2 > " > 0 is
arbitrary, since Dg is bounded in L4 due to the assumptions, and DW.s/ is bounded
uniformly in every Lp for every fixed p, and we used�Z

W.s/. yB/

jDˆ.s/jr.4�"/.x/ dx

�1=r
� c.p; "; : : :/:

Hence, for any sequence ti > 0 with ti ! 0 as i !1, we can find a subsequence si
with si & 0 such that .gsi /˛ˇıˆ.si / converges strongly in Lp to some Z˛ˇ on zB for
all p as si goes to zero, in view of the Sobolev embedding theorems (see, for example,
[14, Theorem 7.26]). Also, Z satisfies

1

C.a/
ı˛ˇ � Z˛ˇ � C.a/ı˛ˇ

on zB since 1
2
ı˛ˇ � h˛ˇ .�/ � 2ı˛ˇ on '.s/. zB/ � zV and 1

a
h � g.s/ � ah.

For a sequence 0 < si & 0, we write g.i/Dg.si /,ˆ.i/Dˆ.si /, and `.i/ WD`.si /.
Using (9.1), we see

ıks D `.i/
rk.x/Dsˆ.i/

˛.x/Drˆ.i/
ˇ .x/g.i/˛ˇıˆ.i/.x/;

and hence

0 D `.i/rs.x/Dsˆ.i/
˛.x/Drˆ.i/

ˇ .x/g.i/˛ˇıˆ.i/.x/

� `.j /rs.x/Dsˆ.j /
˛.x/Drˆ.j /

ˇ .x/g.j /˛ˇıˆ.j /.x/

D `rs0 .x/Z˛ˇ .x/.Dsˆ.i/
˛.x/Drˆ.i/

ˇ .x/

�Dsˆ.j /
˛.x/Drˆ.j /

ˇ .x//C err.i; j /.x/

D jDˆ.i/ �Dˆ.j /j2`0;Z.x/C err.i; j /.x/;

where err.i; j / is an error term which goes to 0 in the Lp-sense, on zB for any p 2
Œ2;1/ as i; j !1, and hence, using (D.2) of Theorem D.1, we seeZ
zB

jDˆ.i/ �Dˆ.j /j
p

ı;ı
.x/ dx

� c.p; : : :/

Z
zB

jDˆ.i/ �Dˆ.j /j
p

h;Z
.x/ dx

� c.p; : : :/

Z
zB

�
1C j`0j

2
h

�p=2
.x/jDˆ.i/ �Dˆ.j /j

p

`0;Z
.x/ dx
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� c.p; : : :/

�Z
zB

�
1C j`0j

2
h

�p
.x/ dx

�1=2�Z
zB

jDˆ.i/ �Dˆ.j /j
2p

`0;Z
.x/ dx

�1=2
D c.p; : : :/

�Z
zB

.err.i; j //2p.x/ dx
�1=2

;

where Z
zB

jerr.i; j /j2p ! 0

as i; j !1. That is, Dˆ.i/j zB is Cauchy in Lp. zB/. Since ˆ.i/! ˆ.0/ in locally,
uniformly, and hence locally in Lp for any p <1, we seeˆ.i/! ˆ.0/ inW 1;p. zB/

as i !1. In fact,ˆ.s/! ˆ.0/ inW 1;p. zB/ as s& 0. If this were not the case, then
we could find a sequence of times ti ! 0 such that

jˆ.ti / �ˆ.0/jW 1;p. zB/ � � > 0:

Repeating the above argument, we see that a subsequence ˆ.si / of ˆ.ti / converges
to ˆ.0/ in W 1;p. zB/, which contradicts

jˆ.ti / �ˆ.0/jW 1;p. zB/ � � > 0:

We now show that a subsequence of `ti ıW.ti / converges in Lp locally for any
sequence ti & 0. For 0 < 4ı < 3, we have (where here the norm j � j refers to the
euclidean norm)Z

yB

jD.`sıW.s//j
1Cı dy

D

Z
j.D`ıW.s//DW.s/j1Cı dy

�

Z
yB

jD`j1C2ııW.s/ dy C

Z
yB

jDW.s/jv dy

[with v D 1=.1 � .1=q//, q D .1C 2ı/=.1C ı/]

�

Z
yB

jD`j1C2ııW.s/ dy C c.v.ı/; : : :/

D

Z
yB

�
jD`j1C2ııW.s/

�
kDˆ.s/ıW.s/kkDW.s/k dy C c.v.ı/; : : :/

D

Z
W.s/. yB/

jD`j1C2ı dxkDˆ.s/k C c.v.ı/; : : :/
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�

Z
W.s/. yB/

jD`j1C4ı dx C

Z
W.s/. yB/

kDˆ.s/k yp dx C c.v.ı/; : : :/

[with yp D 1=.1 � .1=yq//, yq D .1C 4ı/=.1C 2ı/]

� c.v.ı/; : : :/;

where c.v.ı/; : : :/ is independent of s. Hence, a subsequence .si /i2N of .ti /i2N satis-
fies j̀k.si /ıW.si /!Rjk inL˛.ı/. yB/ for someR 2L˛. yB/ from the Sobolev embed-
ding theorems (see, for example, [14, Theorem 7.26]). In particular, j̀k.si /ıW.si /!

Rjk almost everywhere on yB .
On the other hand, the transformation formula for smooth diffeomorphisms shows

us that Z
yB

j`sıW.s/j
p dy D

Z
yB

j`sıW.s/j
p
kDˆ.s/kıW.s/kDW.s/k dy

D

Z
W.s/. yB/

j`sj
p
kDˆ.s/k dx

� c.p; : : :/

in view of Hölder’s theorem, since `s andDˆ.s/ are uniformly bounded inLp.B/ for
all p 2 Œ1;1/. This shows us that `.si /ıW.si /! R in Lp. yB/ for all p 2 Œ1;1/ and
that R 2 Lp. yB/. Similarly, `.si /�1ıW.si /! R�1 with R�1 in Lp for all p 2 Œ1;1/
after taking a subsequence

jD.`ij .s/ıW.s//j1Cı D j`ik.s/`jl.s/D`kl.s/ıW.s/j
1Cı ;

and hence a subsequence of `ij .sk/ıW.sk/ converges in L˛.ı/ to some H ij in L˛.ı/.
We also haveZ

yB

j`�1s ıW.s/j
p dy D

Z
yB

j`�1s ıW.s/j
p
kDˆ.s/kıW.s/kDW.s/k dy

D

Z
W.s/. yB/

j`�1s j
p
kDˆ.s/k dx

� c.p; : : :/;

and so `ij .skr /ıW.skr / ! H ij in Lp. yB/ for all p 2 Œ1;1/, where .skr /r2N is a
subsequence of .sk/k2N . We also have

ıjm D `
jk.sir /ıW.sir /`km .sir /ıW.sir /! H jkRkm

in Lp. yB/, and hence almost everywhere, and hence H is the inverse of R almost
everywhere. After changing the functionH on a set of measure zero,H is the inverse
of R everywhere.
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Using (9.1), we see

ı



ˇ
D g
˛.y/.s/D˛W

i .s/.y/DˇW
j .s/.y/`ij .W.s/.y/; s/;

and writing W.k/ WD W.sik /; g.k/ WD g.sik /; : : : ; we have

0 D g.k/ˇ˛.y/D˛W
i .k/.y/DˇW

j .k/.y/`.k/ij .W.k/.y//

� g.l/ˇ˛.y/D˛W
i .l/.y/DˇW

j .l/.y/`.l/ij .W.l/.y//

D g.0/ˇ˛.y/.D˛W
i .k/.y/DˇW

j .k/.y/ �D˛W
i .l/.y/DˇW

j .l/.y//Rij .y/

C err.k; l/.y/

D jDW.k/ �DW.l/j2g.0/;R C err.k; l/;

where err.k; l/! 0 in Lp. yB/ for all p 2 Œ1;1/. Hence, using (D.1) of Theorem D.1,
we haveZ

yB

jDW.k/ �DW.l/j
2p

ı;ı
dy � c.p; : : :/

Z
yB

jDW.k/ �DW.l/j
2p

g.0/;h
dy

� c.p; : : :/

Z
yB

�
jDW.k/ �DW.l/j

2p

g.0/;R

��
1C jhj

2p
R

�
dy

� c.p; : : :/

�Z
yB

jDW.k/ �DW.l/j
4p

g.0/;R
dy

�1=2
D c.p; : : :/

�Z
yB

jerr.k; l/j4p dy
�1=2

;

and hence W.k/ is Cauchy in W 1;p. yB/, and hence converges. Here we used thatZ
yB

jhj
4p
R dy

is bounded, which follows from the fact thatR�1 DH 2 Lq for all q 2 Œ1;1/. Using
a similar argument to the one we used forˆ, we see thatW.s/!W.0/ inW 1;p. yB/ as
s & 0, i.e., that the convergence W.ti /! W.0/ in W 1;p. yB/ holds for all sequences
0 < ti ! 0.

We saw that `.s/ıW.s/ converges in Lp. yB/ for all p 2 Œ1;1/ as s & 0. We
would like to further show that the limit function is `.0/ıW.0/.

Using the change of variable formula for smooth diffeomorphisms, we see for the
same coordinates from above, for any Br.y0/ �� yB and any cut-off smooth non-
negative function � with support in Br�2".y0/ thatZ

Br .y0/

`sıW.s/ � � dy

D

Z
Br�2".y0/

`sıW.s/ � �ıˆ.s/ıW.s/ � kDˆ.s/kıW.s/kDW.s/k dy
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D

Z
W.s/.Br�2".y0//

`s � �ıˆ.s/ � kDˆ.s/k dx

D

Z
W.ı/.Br�"=4.y0//

`0 � �ıˆ.0/ � kDˆ.0/k dx C err.s/

for any ı � s, where err.s/! 0 in Lploc as s& 0 since Dˆ.s/! Dˆ.0/ in Lploc and
ˆ.s/! ˆ.0/ uniformly as s & 0 and `s ! `0 in Lploc as s & 0, and �ıˆ.s/ has
compact support inW.s/.Br�2".y0//�W.ı/.Br�"=4.y0// for s; ı sufficiently small.
Observe that ˆ.0/;W.0/ are homeomorphisms which are continuous representatives
ofW 1;p

loc -functions with p > n, and so they both satisfy the LusinN -property (see [25,
Corollary B]), and hence the change of area formula is valid for ˆ.0/ and W.0/
(see [24, Proposition 1.1]):Z

W.ı/.Br�"=4.y0//

`0 � �ıˆ.0/ � kDˆ.0/k dx C err.s/

D

Z
ˆ.0/.W.ı/.Br�"=4.y0///

`0ıW.0/ � � dy C err.s/!
Z
Br

`0ıW.0/ � � dy

as s& 0. As this is true for any continuous � and ball Br.y0/ of this type, we see that

`.s/ıW.s/! R D `0ıW.0/

almost everywhere and in Lploc, since `.s/ıW.s/ converges in Lploc for s & 0, for all
p 2 Œ1;1/, Z

�`.s/ıW.s/ dy !

Z
�R dy D

Z
�`.0/ıW.0/ dy;

and hence Z
�.R � `.0/ıW.0// dy D 0

for all non-negative cut-off functions of this type. Hence, using the fundamental
lemma of the calculus of variations, we have,

R � `.0/ıW.0/ D 0

in L1. yB/, and hence R D `.0/ıW.0/ almost everywhere in Br.y0/. Returning to the
last identity in (9.1), we see that

g.0/˛ˇ D D˛W
i .0/DˇW

j .0/`ij .0/ıW.0/

almost everywhere and in the Lp-sense.
An almost identical argument shows that g˛ˇ .s/ıˆ.s/ converges to g˛ˇ .0/ıˆ.0/

in Lp , as we now explain. Let C D W.0/.Br.y0// and � a cut-off function with
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compact support in W.0/.Br�4".y0//. Then � D 0 outside of W.s/.Br�2".y0// and
W.0/.Br�4".y0// � W.s/.Br�2".y0// for sufficiently small s > 0. Hence,Z

C

g.s/ıˆ.s/� dx D

Z
W.0/.Br�4".y0//

g.s/ıˆ.s/� dx

D

Z
W.s/.Br�2".y0//

g.s/ıˆ.s/� dx

D

Z
W.s/.Br�2".y0//

g.s/ıˆ.s/ � �ıW.s/ıˆ.s/ � kDW.s/kıˆ.s/kDˆ.s/k dx

D

Z
Br�2".y0/

g.s/ � �ıW.s/ � kDW.s/k dy

D

Z
Br�2".y0/

g.0/ � �ıW.0/ � kDW.0/k dy C err.s/

D

Z
W.0/.Br�2".y0//

g.0/ıˆ.0/ � � dx C err.s/!
Z
C

g.0/ıˆ.0/� dx

as s& 0, where we have once again used that the change of variables formula is valid
for ˆ.0/ and W.0/. Hence, since g.s/ıˆ.s/! Z in Lploc, we have

g.s/ıˆ.s/! Z D g.0/ıˆ.0/

in Lp.C / as s & 0 for all p 2 Œ1;1/, in view of the fundamental lemma of the
calculus of variations. Hence,

g.s/ıˆ.s/! g.0/ıˆ.0/

in Lploc as s& 0 for all p 2 Œ1;1/. Returning to the first identity in (9.1), we see that
this implies

`ij .0/.x/ D Diˆ
˛.0/.x/Djˆ

ˇ .0/.x/g˛ˇ .0/.ˆ.0/.x//

almost everywhere and in the Lp-sense.

10. Distance convergence in Sobolev spaces

Lemma 10.1. In the following Bkr .0/ is a k-dimensional ball of radius r > 0 in Rk

and middle point 0. Let c > 1 and gW Bn2.0/ � Œ0; 1� ! Rn�n be a family of non-
negative two-tensors, such thatZ

Bn
2
.0/

jg.t/.z/ � g.0/.z/j2ı dz � ct;
1

c
ı � g.t/ � cı

for all t 2 Œ0; 1/, where g.t/ are smooth for all t > 0 and g.0/ is in L2.
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Let � W Œ�1; 1�! Bn2.0/, �.s/ D se1 be a Lebesgue line with respect to g.0/, that
is, the function p

g.0/11.�; �/W Œ�1; 1� � Bn�11 .0/ � Bn2.0/! RC0

is measurable, p
g.0/11.s; 0/WB

n�1
1 .0/! RC0

is measurable, p
g.0/11.s; �/WB

n�1
1 .0/! RC0

is measurable for almost all s 2 Œ�1; 1�,p
g.0/11.�; x/W Œ�1; 1�! RC0

is measurable for almost all x 2 Bn�11 .0/, andZ 1

�1

p
g.0/11.s; 0/ ds D lim

˛!0

1

!n�1˛n�1

Z 1

�1

Z
Bn�1˛ .0/

p
g.0/11.s; x/ dx ds

D lim
˛!0

1

!n�1˛n�1

Z
T˛.�/

p
g.0/11.z/ dz;

where dx is an .n � 1/-dimensional Lebesgue measure, and dz is an n-dimensional
Lebesgue measure,

T˛.�/ WD
®
�.s/C ˇ.0; v/ j s 2 Œ�1; 1�; v 2 Rn�1; jvj D 1; ˇ 2 R; jˇj � ˛

¯
is an ˛ tubular neighbourhood of � , !n�1˛n�1 is the (Lebesgue) .n� 1/-dimensional
volume of

T˛.�.s// WD
®
�.s/C ˇ.0; v/ j v 2 Rn�1; jvj D 1; ˇ 2 R; jˇj � ˛

¯
:

Then, for all " > 0, there exists a t0 > 0 such that

Lg0.�/ WD

Z 1

�1

p
g.0/11.s; 0/ � .1 � "/ d.g.t//.�.�1/; �.1//

for all t 2 .0; t0/.

Proof. We calculate

Lg0.�/ D

Z 1

�1

p
g.0/11.s; 0/ ds �

R
y2T˛.�/

p
g.0/11.y/ dy

Vol.Bn�1˛ .0//
�R.˛/

D

R
y2T˛.�/

.
p
g.0/11.y/ �

p
g.t/11.y//C

p
g.t/11.y/ dy

Vol.Bn�1˛ .0//
�R.˛/
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�

R
y2T˛.�/

�j
p
g.0/11.y/ �

p
g.t/11.y/j C

p
g.t/11.y/ dy

Vol.Bn�1˛ .0//
�R.˛/

[using j
p
a �
p
bj �

p
ja � bj for a; b 2 RC]

�

R
y2T˛.�/

�
p
jg.0/11.y/ � g.t/11.y/j C

p
g.t/11.y/ dy

Vol.Bn�1˛ .0//
�R.˛/

� �

�R
y2T˛.�/

jg.0/11.y/ � g.t/11.y/j
2 dy

�1=4
Vol.Bn�1˛ .0//

.2Vol.Bn�1˛ .0///3=4

C

R
y2T˛.�/

p
g.t/11.y/ dy

Vol.Bn�1˛ .0//
�R.˛/

�
�2ct1=4.Vol.Bn�1˛ .0///3=4

Vol.Bn�1˛ .0//
C

R
x2Bn�1˛ .0/

R 1
�1

p
g.t/11.s; x/ ds dx

Vol.Bn�1˛ .0//
�R.˛/

�
�ct1=4

.Vol.Bn�1˛ .0///1=4
C

R
x2Bn�1˛ .0/

Lg.t/.�x/ dx

Vol.Bn�1˛ .0//
�R.˛/

�
�ct1=4

.Vol.Bn�1˛ .0///1=4
C inf
x2Bn�1˛ .0/

Lg.t/.�x/ �R.˛/

�
�ct1=4

.Vol.Bn�1˛ .0///1=4
C inf

®
dt ..�1; x/; .1; x// j x 2 Bn�1˛ .0/

¯
�R.˛/; (10.1)

where R.˛/ is independent of t and R.˛/! 0 as ˛ & 0, and �x W Œ�a; a�! Rn is
�x.s/ D .s; x/. Now using the equivalence of g.t/ to ı with the constant c, we see
that

inf¹dt ..�1; x/; .1; x// j x 2 Bn�1˛ .0/º

� dt ..�1; 0/; .1; 0// � sup
x2Bn�1˛ .0/

dt ..�1; 0/; .�1; x// � sup
x2Bn�1˛ .0/

dt ..1; 0/; .1; x//

� dt ..�1; 0/; .1; 0// � cj˛j

independently of t , and hence choosing t D ˛200n and ˛ D ˛."/ small enough, we
see that

Lg0.�/ � .1 � "/dt ..�1; 0/; .1; 0//

in view of (10.1), and the fact that

dt ..�1; 0/; .1; 0// �
1
p
c
> 0

(since g.t/ � 1
c
ı).
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Lemma 10.2. For all " > 0, there exists ˛ > 0 such that if g is an L2-metric on
B1.0/ � Rn, the standard ball of radius one and middle point 0 in Rn, withZ

B1.0/
jg � ıj2 � ˛;

then there exists an x 2 Bn�1" .0/ such that

p
g11.�; x/W

h
�
1

2
;
1

2

i
! Rn

is measurable, � W Œ�1=2; 1=2� ! Rn, �.t/ D x C e1t is a Lebesgue line between
.�1=2; x/ and .1=2; x/ andZ 1=2

�1=2

p
g11.s; x/ ds � 1C " D dı

��
�
1

2
; x
�
;
�1
2
; x
��
C ":

Proof. Fubini’s theorem tells us that the function

f WBn�11=4 .0/! RC0 ; f .x/ WD

Z 1=2

�1=2

p
g11.s; x/ ds

is well defined for almost all x 2 Bn�1
1=4

.0/ and defines an L1-function, also denoted
by f , and the function

yf W Œ�1; 1�! RC0 ;
yf .s/ WD

Z
Bn�1
1=4

.0/

p
g11.s; x/ dx

is well defined for almost all s 2 Œ�1=2; 1=2� and defines an L1-function, andZ
Bn�1
1=4

.0/

f .x/ dx D

Z 1=2

�1=2

Z
Bn�1
1=4

.0/

p
g11.s; x/ dx ds

D

Z
Bn�1
1=4

.0/

Z 1=2

�1=2

p
g11.s; x/ ds dx D

Z
Bn�1
1=4

.0/�Œ�1=2;1=2�

p
g11.z/ dz:

This also implies that almost every x 2 Bn�1
1=4

.0/ is a Lebesgue point of f , that isR
Bn�1r .x/

jf .y/ � f .x/j dy

!n�1rn�1
! 0

as r & 0 for almost every x 2 Bn�1
1=4

.0/ (see [13, Corollary 1, Section 1.7]), and as a
consequence R

Bn�1r .x/
f .y/ dy

!n�1rn�1
! f .x/

as r & 0 for almost every x 2 Bn�1
1=4

.0/. That is, almost every curve

vx W Œ�1=2; 1=2�! B1.0/; vx.s/ WD .s; x/

for x 2 Bn�1
1=4

.0/ is a parametrised Lebesgue line.
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We wish to estimate the measure m of the set Z � Bn�1
1=4

.0/ of x 2 Bn�1
1=4

.0/ such
that Z 1=2

�1=2

p
g11.s; x/ ds

is well defined and for whichZ 1=2

�1=2

p
g11.s; x/ ds � 1C y̨;

where y̨ WD .˛/1=8 (! 0 as ˛! 0). We will see thatm� a.n/˛1=8. Using j
p
a �
p
bj

�
p
ja � bj for a; b 2 RC, we see that

˛ �

Z
Bn�1
1=4

.0/

Z 1=2

�1=2

jg11.s; x/ � 1j
2 ds dx

D

Z
Bn�1
1=4

.0/

Z 1=2

�1=2

�p
jg11.s; x/ � 1j

�4
ds dx

�

Z
Bn�1
1=4

.0/

Z 1=2

�1=2

j
p
g11.s; x/ � 1j

4 ds dx

�

�R
Bn�1
1=4

.0/

R 1=2
�1=2
j
p
g11.s; x/ � 1j ds dx

�4�
Vol.Bn�1

1=4
.0/ � Œ�1=2; 1=2�/

�3
D

1

c.n/

�Z
Bn�1
1=4

.0/

Z 1=2

�1=2

j
p
g11.s; x/ � 1j ds dx

�4
�

1

c.n/

�Z
Bn�1
1=4

.0/

j

Z 1=2

�1=2

.
p
g11.s; x/ � 1/ dsj dx

�4
�

1

c.n/

�Z
Z

j

Z 1=2

�1=2

.
p
g11.s; x/ � 1/ dsj dx

�4
D

1

c.n/

�Z
Z

j

Z 1=2

�1=2

p
g11.s; x/ds � 1j dx

�4
D

1

c.n/

�Z
Z

Z 1=2

�1=2

p
g11.s; x/ds � 1 dx

�4
�

1

c.n/

�Z
Z

y̨ dx

�4
�

1

c.n/
m4.y̨/4;

which implies

m4 �
c.n/˛

y̨4
D c.n/˛1=2;

that is,
m D Ln�1.Z/ � .c.n//1=4˛1=8 � ˛1=20
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for ˛ � 1=.c.n//4. For " > 0 given, we now choose ˛ D "100n, so that m � "5n. But
then

Ln�1.Zc \ Bn�1" .0// > 0:

Otherwise, Ln�1.Zc \ Bn�1" .0// D 0, that is, Ln�1.Z \ Bn�1" .0// D !n�1"
n, and

as a consequence

"5n � m D Ln�1.Z/ � Ln�1.Z \ Bn�1" .0// D !n�1"
n;

which is a contradiction.
Using this, with the fact that for almost every x 2 Bn�1" .0/ the curve

vx W Œ�1=2; 1=2�! B1.0/; vx.s/ WD .s; x/

is a parametrised Lebesgue line, we see that it is possible to choose an x 2 Bn�1" .0/

such that Z 1=2

�1=2

p
g.0/11.s; x/ ds � 1C y̨ D 1C "

100n=8
� 1C ";

and so that vx is a parametrised Lebesgue line, as claimed.

11. Uniqueness

Lemma 11.1 (L2-lemma, cf. proof of [10, Lemma 6.1]). Let M be n-dimensional
and g1; g2 be two smooth solutions on M � Œ0; T � to the h-Ricci–DeTurck flow, and
let

` WD g1 � g2; z̀ab WD
1

2
.gab1 C g

ab
2 /;

ỳab WD
1

2
.gab1 � g

ab
2 /:

Then the quantity j`j2
h

satisfies the evolution equation:

@

@t
j`j2 D z̀abhra

h
rbj`j

2
� 2jhr`j2

z̀;h
C ` � ỳ� hr2.g1 C g2/

C �` � ỳ� g�11 �
h
rg1 �

h
rg1 C ` � g

�1
2 �

ỳ�
h
rg1 �

h
rg1

C ` � g�12 � g
�1
2 �

h
r` � hrg1 C ` � g

�1
2 � g

�1
2 �

h
rg2 �

h
r`

C ` � ỳ� g1 � Rm.h/C ` � ` � .g2/�1 � Rm.h/; (11.1)

where T � S refers to contractions of the tensors T and S involving h�1 and

jZj2g;h D g
ijhkshvrZikvZjsr

for a zero-three tensor Z.
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Proof. The formula was proved in [10] for the case that h D ı is the standard metric
on a euclidean ball B1.0/, and hence the curvature Rm.h/D 0. We carry out a similar
argument to the one given there, explaining why the term arising from the curvature
Rm.h/ in the evolution equation of j`j2 in this setting can be written as

` � ỳ� g1 � Rm.h/C ` � ` � .g2/�1 � Rm.h/:

We then have

@

@t
` D gab1

h
ra

h
rbg1 C g

�1
1 � g

�1
1 �

h
rg1 �

h
rg1

� .g1/
kl.g1/iph

pqRjkql.h/ � .g1/
kl.g1/jph

pqRikql.h/

� gab2
h
ra

h
rbg2 � g

�1
2 � g

�1
2 �

h
rg2 �

h
rg2

C .g2/
kl.g2/iph

pqRjkql.h/C .g2/
kl.g2/jph

pqRikql.h/

D
1

2
.gab1 C g

ab
2 /

h
ra

h
rb`C

1

2
.gab1 � g

ab
2 /

h
ra

h
rb.g1 C g2/

C .g�11 � g
�1
2 / � g�11 �

h
rg1 �

h
rg1 C g

�1
2 � .g

�1
1 � g

�1
2 / � hrg1 �

h
rg1

C g�12 � g
�1
2 �

h
r` � hrg1 C g

�1
2 � g

�1
2 �

h
rg2 �

h
r`;

� ỳ
klhpq .g1/ipRikql.h/ � ỳ

klhpq .g1/jpRjkql.h/

� .g2/
kl`iph

pqRjkql.h/C .g2/
kl

j̀ph
pqRikql.h/;

which we can write as

@

@t
` D z̀abhra

h
rb`C ỳ

abh
ra

h
rb.g1 C g2/

C ỳ� g�11 �
h
rg1 �

h
rg1 C g

�1
2 �

ỳ�
h
rg1 �

h
rg1

C g�12 � g
�1
2 �

h
r` � hrg1 C g

�1
2 � g

�1
2 �

h
rg2 �

h
r`

C ỳ� g1 � Rm.h/C ` � .g2/�1 � Rm.h/:

The formula now follows from this equality, combined with the facts that

@

@t
j`j2h D 2

�
`;
@

@t
`
�
h
; 2.`; z̀ab hra

h
rb`/h D z̀

ab h
ra

h
rbj`j

2
h � 2j

h
r`j2
z̀;h
:

Using the previous evolution equation for the difference between two solutions of
the h-Ricci–DeTurck flow, we are now able to show that the solution constructed in
Theorem 6.1 is unique among all solutions satisfying (at ), (bt ), and (ct ) with " suf-
ficiently small. The proof below slightly resembles the argument used by Struwe to
prove a uniqueness result for the harmonic map flow in two dimensions, see the argu-
ment given in the proof of uniqueness in the proof of [34, Theorem 6.6, Chapter III].
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Theorem 11.2. Let M be four-dimensional and g.t/, 0 � t � S , be a solution of the
h-Ricci–DeTurck flow with initial condition g0 2W

2;2
loc \W

1;1
loc satisfying (a) and (b).

Assume additionally that g.t/ satisfies the estimates (at ), (bt ), (ct ), and (dt ) from
Theorem 6.3 for all 0 � t � S . Then there exists a time Tmax D Tmax.n; a/ 2 .0; S/,
so that the solution is unique for all 0 � t � Tmax.

Proof. We let g1, g2 be two solutions and as above we let l D g1 � g2. Next we
multiply (11.1) with �4, where � is a cut-off function which is equal to one onB1=2.x/
and zero outside of B3=4.x/, and integrating by parts, with respect to hr, and using
Young’s and Hölder’s inequalities, we obtain the estimate

@t

Z
M

�4jl j2 C 2

Z
M

�4jhrl j2
z̀;h

� C

Z
M

�3
�
�jl jjhrzl jjhrl j C jhr�jjzl jjl jjhrl j

�
C

Z
M

�4jhrl j2
z̀;h

C C

�Z
M

�4
�
jl j4 C jyl j4

��1=2�Z
B1.x/

j
h
r
2.g1 C g2/j

2

�1=2
C C

�Z
M

�4
�
jl j4 C jyl j4

��1=2�Z
M

�4jhr.g1 C g2/j
4

�1=2
C C

Z
M

�4
�
jl j2 C jyl j2

�
;

where the term 2
R
M
�4jhrl j2

z̀;h
is the second term, up to a change of sign, appearing

on the right-hand side of equation (11.1). Using the Sobolev embedding theorem (see
Theorem B.1) and the assumption .bt /, it follows thatZ

B1.x/

j
h
r
2.g1 C g2/j

2
C

�Z
M

�4jhr.g1 C g2/j
4

�1=2
� C":

Using the estimate jyl j � C jl j and again the Sobolev inequality, we conclude�Z
M

�4
�
jyl j4 C jl j4

��1=2
� C

Z
B1.x/

�
j
h
rl j2 C jl j2

�
;

and hence

@t

Z
M

�4jl j2 C

Z
M

�4jhrl j2
z̀;h
� C

Z
M

�
�4jl jjhrzl jjhrl j C jhr�j�3jzl jjl jjhrl j

�
C C
p
"

Z
B1.x/

�
j
h
rl j2 C jl j2

�
C C

Z
M

�4
�
jl j2 C jyl j2

�
; (11.2)
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We will estimate the first two terms appearing on the right-hand side of (11.2). In
preparation thereof, we first note that from (bt ), we also have�Z

M

�4
�
j
h
rl j4 C jhrzl j4

��1=2
� C":

The first term
R
M
�4.�jl jjhrzl jjhrl j/ on the right-hand side of (11.2) we estimate as

follows:Z
M

�4jl jjhrzl jjhrl j �
1

4

Z
M

�4jhrl j2
z̀;h
C C

Z
M

�4jl j2jhrzl j2

�
1

4

Z
M

�4jhrl j2
z̀;h
C C

�Z
M

�4jl j4
�1=2�Z

M

�4jhrzl j4
�1=2

�
1

4

Z
M

�4jhrl j2
z̀;h
C C

�Z
B1.x/

j
h
rl j2 C jl j2

�
C": (11.3)

The second term
R
M
jhr�j�3jzl jjl jjhrl j of (11.2) is estimated as follows:Z

M

j
h
r�j�3jzl jjl jjhrl j �

�Z
M

�4jzl j2jl j2
�1=2�Z

M

j
h
r�j�2jhrl j2

�1=2
� C

�Z
M

�4
�
jzl j4 C jl j4

��1=2�Z
M

�4jhrl j4
�1=4

� C

�Z
B1.x/

jl j2 C jhrl j2
�
."/1=4: (11.4)

Using (11.3) and (11.4), we can estimate the left-hand side of (11.2) by

@t

Z
M

�4jl j2 C

Z
M

�4jhrl j2
z̀;h

� C

�Z
M

jl j2 C jhrl j2
�
."/1=4 C C

Z
M

�4jl j2;

and hence

@t

Z
M

�4jl j2 C
1

ca

Z
M

�4jhrl j2 � C

Z
B1.x/

jl j2 C C
p
"

Z
B1.x/

j
h
rl j2:

After integrating in time, we obtain for every x 2M ,Z
B1=2.x/

jl j2.t/C
1

ca

Z t

0

Z
B1=2.x/

j
h
rl j2 ds

� C

Z t

0

Z
B1.x/

jl j2.s/ ds C C."/1=4
Z t

0

Z
B1.x/

j
h
rl j2 ds: (11.5)
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Next we let 1 > � > 0 be arbitrary, and we conclude from Corollary 5.7 that

sup
x2M

Z
B1.x/

jl j2.t/ < �

for every 0 � t � C� , where C is a constant only depending on n and a. In the
following we let Tmax be the smallest time, so that

sup
x2M

Z
B1.x/

jl j2.Tmax/ D �:

For any x 2 M , we can cover the ball B1.x/ by finitely many balls B1=2.xi /,
1 � i � N D N.h/ (see Section B). We conclude from (11.5) that for t � Tmax,Z

B1.x/

jl j2.t/C
1

ca

Z t

0

Z
B1.x/

j
h
rl j2

� N sup
i

�
C

Z t

0

Z
B1=2.xi /

jl j2.t/C C
p
"

Z t

0

Z
B1=2.xi /

j
h
rl j2

�
� CNt� C CN"1=4 sup

i

Z t

0

Z
B1.xi /

j
h
rl j2;

and hence

sup
x2M

�Z
B1.x/

jl j2.t/C
1

ca

Z t

0

Z
B1.x/

j
h
rl j2

�
� CNt� C CN"1=4 sup

x2M

Z t

0

Z
B1.x/

j
h
rl j2

� CNt� C
1

2
sup
x2M

�Z
B1.x/

jl j2.t/C
1

ca

Z t

0

Z
B1.x/

j
h
rl j2

�
if " > 0 is sufficiently small. Hence,

sup
x2M

�Z
B1.x/

jl j2.t/C
1

ca

Z t

0

Z
B1.x/

j
h
rl j2

�
� 2CNt� �

�

2

for all 0 � t � 1=4CN , which implies that Tmax � 1=4CN , and since � > 0 was
arbitrary this finishes the proof of the theorem.

12. An application

Here we present an application for W 2;2 \ L1-metrics on four-dimensional mani-
folds in the setting that scalar curvature is weakly bounded from below. For the case
that the metric is C 0 we refer to the paper of [4] for related results.
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Definition 12.1. Let M be a four-dimensional smooth closed manifold and g be a
W 2;2 \L1-Riemannian metric (positive definite everywhere), such that g; g�12L1

and let k 2 R. Locally the scalar curvature may be written

R.g/ D gjk
�
@i�.g/

i
jk � @j�

i
ik�

i
ip�

p

jk
� � ijp�

p

ik

�
;

where
�.g/mij D

1

2
gmk.@igjk C @jgik � @kgij /;

and hence R.g/ is well defined in the L2-sense for a W 2;2 Riemannian metric. Let
k2R. We say the scalar curvature R.g/ is weakly bounded from below by k, R.g/�k,
if this is true almost everywhere, for all local smooth coordinates.

Theorem 12.2. Let .M; h/ be four-dimensional closed and satisfy (2.4). Assume that
.M;g0/ is aW 2;2-metric such that 1

a
h � g0 � ah for some1 > a > 1 and R.g0/ �

k in the weak sense of Definition 12.1. Then the solution g.t/t2.0;T / to the Ricci–
DeTurck flow, respectively `.t/t2.0;T / to the Ricci flow constructed in Theorem 8.3,
with initial value g.0/ D g0, has R.g.t// � k and R.`.t// � k for all t 2 .0; T /.

Proof. The solution g.t/ to Ricci–DeTurck flow constructed in the main theorem is
smooth for all t > 0 and satisfies g.t/! g0 in the W 2;2-sense and 1

400a
h � g.t/ �

400ah for all t 2 .0; T /. Hence, R.g.t//! R.g0/ as t & 0 in the L2loc-sense, and in
the pointwise sense almost everywhere, where R.g0/ is the L2 quantity defined above
(convergence of a sequence of functions in the L2loc-sense to an L2loc-function implies
convergence of the sequence almost everywhere). This means .R.g.t//C k/�! 0 in
the L2-sense as t & 0, and hence

'.t/ WD

Z
M

.R.g.t//C k/2� dg.t/ D
Z
M

.R.`.t//C k/2� d`.t/! 0

as t & 0.
The integrand V.t/ WD .R.`.t//C k/2� is differentiable in space and time for all

t > 0 and this yields that ' is differentiable in time for all t > 0. The derivative of V
is zero for all .x; t/ 2M � .0; T / with R.`/.x; t/C k � 0.

By Sard’s theorem (see [26, Section 2]), we know, for almost all k, that the sets

¹x 2M j R.x; g.t//C k < 0º

have smooth boundary for almost every t > 0. Sard’s theorem applied once to R yields
that

Wk WD ¹.x; t/ 2M � .0; T / j R.x; t/ D �kº
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is smooth for almost all k 2 R, and then Sard’s theorem applied to ‰k WWk ! R,
‰k.x; t/ D t (for such k) yields that

¹x 2M j R.x; t/ D �kº

is smooth for almost all t 2 .0; T /. Let Z � R denote the set of such k 2 R. For such
k 2 Z, we define

Uk.t/ WD ¹x 2M j R.x; g.t//C k < 0º

if t 2 .0; T / is a time such that ¹x 2M j R.x; g.t//C k < 0º has smooth boundary,
and we define

Uk.t/ WD ;

for all other t 2 .0; T /. Using the fundamental theorem of calculus for 0 < t1 < t2,
we compute

 .t2/ �  .t1/ D e
�kt2'.t2/ � e

�kt1'.t1/

D

Z t2

t1

d

d�

Z
M

e�k�V.�/ d`.�/ d�

D

Z t2

t1

e�k�
Z
M

� d
d�
V.�/ � R.�/V .�/ � kV.�/

�
d`.�/ d�

D

Z t2

t1

Z
Uk.�/

e�k�
�
2
@

@�
.�R.�/ � k/.�R.�/ � k/ � .R.�/C k/2R.�/

�
d`.�/ d�

�

Z t2

t1

Z
Uk.�/

ke�k�V.�/ d`.�/ d�

D

Z t2

t1

Z
Uk.�/

e�k�
�
2�`.�/.R.�/C k/

�
.R.�/C k/C 4.R.�/C k/jRc.�/j2

�

Z t2

t1

Z
Uk

e�k� .R.�/C k/3 d`.�/ d�

C k

Z t2

t1

Z
Uk.�/

e�k� .R.�/C k/2 � k
Z t2

t1

Z
Uk.�/

e�k�V.�/ d`.�/ d�

�

Z t2

t1

Z
Uk.�/

e�k�
�
2�`.�/.R.�/C k/

�
.R.�/C k/

�

Z t2

t1

Z
Uk.�/

e�k� .R.�/C k/3 d`.�/ d�

[since .R.�/C k/.�/ < 0 on Uk.�/ and V D .R.�/C k/2]
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D

Z t2

t1

e�k�
Z
Uk.�/

�2jr.R.`.�//C k/j2 d`.�/ d�

C

Z t2

t1

e�k�
Z
@Uk.�/

.R.�/C k/`.�/
�
�.`.�//;r.R.�/C k/

�
d�.�/ d�

C

Z t2

t1

Z
Uk.�/

e�k�
�
j.R.�/C k/�j3

�
d`.�/ d�

D

Z t2

t1

Z
Uk.�/

�2e�k� jr.R.�/C k/�j2 d`.�/ d�

C

Z t2

t1

Z
Uk.�/

e�k�
�
j.R.�/C k/�j3

�
d`.�/ d�

D

Z t2

t1

�2e�k�
Z
M

jr.R.�/C k/�j2 d`.�/ d� C
Z t2

t1

e�k�
Z
M

j.R.�/C k/�j3

� �A.M; h/

Z t2

t1

e�k�
�Z

M

j.R.�/C k/�j4 d`.�/
�1=2

d�

C

Z t2

t1

e�k�
�Z

M

j.R.�/C k/�j4 d`.�/
�1=2�Z

M

j.R.�/C k/�j2d`.�/
�1=2

d�

�

Z t2

t1

e�k� .�A.M/C A.M/=2/

�Z
M

j.R.�/C k/�j4 d`.�/
�1=2

d�

[for sufficiently small t2]

� 0;

where we have used the Sobolev inequality and A.M/ is the Sobolev constant, and
we used that Z

M

j.R.�/C k/�j2 d`.�/ � A.M/=2

for � � t2 and t2 sufficiently small, sinceZ
M

j.R.t/C k/�j2 d`.t/! 0 D

Z
M

j.R.t/C k/�j2 dg.t/! 0

as t & 0. Hence, since  .0/ D 0,  .t/ D 0 for all t 2 Œ0; T /. That is, R.`.t// � k
for all t 2 .0; T / in the smooth sense. R.g.t// � k for all t 2 .0; T / follows from the
fact that .M; `.t// and .M; g.t// are isometric to one another. For general k 2 R, we
can take a sequence .ki /i2N with ki ! k and ki 2 Z.

Remark 12.3. From this theorem we see that for a metric g0 2 L1 \ W 2;2.M 4/

with 1
a
h � g0 � ah for some positive constant a > 0: g0 has scalar curvature � k

in the weak sense of Definition 12.1 if and only if there exists a sequence of smooth
Riemannian metrics gi;0 with 1

b
h � gi;0 � bh for some 1 < b <1 and R.gi;0/ � k,
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and gi;0 ! g0 2 W
2;2.M 4/ if and only if the Ricci–DeTurck flow of g0 constructed

in Theorem 6.5 has R.g.t// � k for all t 2 .0; T /. In particular, we do not need to
change the constant form k to k � 1=i after the first implication ( H) ).

A. Short-time existence of smooth bounded data

We present here a standard existence result for Ricci–DeTurck flows with smooth
bounded initial data, based on the method of Shi [29].

Theorem A.1. Let .M; h/ be n-dimensional and satisfy (2.4). We assume there are
constants 1 < a <1 and 0 < cj <1 for all j 2N, and g0 is a smooth metric onM
satisfying

1

a
h � g0 � ah; sup

M

j
h
r
jg0j � cj <1:

Then there exists a smooth solution .M; g.t//
t2Œ0; yT �

to (1.1) for some yT > 0, and

constants bj .g0; h; S/ <1 for all S � yT such that

sup
M

j
h
r
jg.�; t /j � bj .g0; h; S/ <1

for all t 2 Œ0; S�.

Proof. We will construct a short time solution to (1.1), that is

@

@t
gij D g

ab.hra
h
rbgij / � g

klgiph
pqRjkql.h/ � g

klgjph
pqRikql.h/

C
1

2
gabgpq

�
h
rigpa

h
rjgqb C 2

h
ragjp

h
rqgib � 2

h
ragjp

h
rbgiq

� 2hrjgpa
h
rbgiq � 2

h
rigpa

h
rbgjq

�
;

D gab.hra
h
rbgij /C .g

�1
� g � Rm.h/ � h/ij

C .g�1 � g�1 � hrg � hrg/ij (A.1)

with g.0/ D g0. The method is essentially the one given in [29], with some minor
modifications.

We choose radii R.i/!1 such that Bi D BR.i/.p/ have smooth boundary, and
M D

S1
iD1 Bi . For fixed R D R.i/ � 1, we modify g0 to g0;R D �g0 C .1 � �/h,

where � is a smooth cut-off function with � D 0 outside of BR=2.p/ and � D 1

on BR=4.p/, jhrk�j2 � c.k; h/ (see Theorem B.1 (iv) for the existence of �). We
still have

sup
M

j
h
r
jg0;Rj � ycj .c1; : : : ; cj ; h; n; a/ <1;

1

a
h � g0;R � ah (A.2)
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for some constants 0 < ycj .c1; : : : ; cj ; h; n; a/ <1, which do not depend on R. Equa-
tion (A.1) is strictly parabolic and h and g0;R are smooth, and so we obtain a smooth
solution gR.t/t2Œ0;T / to the Dirichlet problem associated to (A.1) with gR.0/ D g0;R
and

gR.t/j@BR.p/ D .g0;R/j@BR.p/ D hj@BR.p/

for a T D T .BR; g0;R; h/ > 0 using the methods of [29, Sections 3 and 4] (which in
turn uses [19, Theorem 7.1, Section VII]). Using the argument of [29, Lemma 3.1],
we see that as long as a smooth solution exists and jgR.t/� g0;Rj2h � ".g0; a; h/, then

1

2a
h < gR.t/ < 2ah; sup

BR.p/

j
h
r
jgR.t/j � r.R; g0;R; h; j; S/ <1

for all t � S for constants r.R; g0;R; h; j; S/ <1. On the other hand, as long as

jgR.t/ � g0;Rj
2
h � ".g0; a; h/ � 1;

we have (write g.t/ for gR.t/ and g0 for g0;R for ease of reading):

@

@t
jg.t/ � g0j

2
h D g

ab.hra
h
rb/jg.t/ � g0j

2
h � 2j

h
rgj2g;h

C 2hijhklgab.hra
h
rbg0/ik.g.t/ � g0/jl

C 2hijhkl.g.t/ � g0/ik.g
�1
� g � Rm.h/ � h/ijhij

C hijhkl.g.t/ � g0/ik.
h
rg � hrg � g�1 � g�1/jl

� gab.hra
h
rb/jg.t/ � g0j

2
� j

h
rgj2g;h C c.yc2; ; a; n/;

where yc2 is the constant defined above in (A.2), and is independent of R. Hence,

jgR.t/ � g0;Rj
2
� c.yc2; a; n/t � ".g0; a; h/

remains true for t � yT WD ".g0; a; h/=c.yc2; a; n/ in view of the maximum principle.
Hence, we may extend the solution smoothly to time yT WD ".g0; h/=c.yc2; a; n/ � 1.
As long as

jgR.t/ � g0;Rj
2
h � ".g0; a; h/;

we also have, using the arguments of [29, Lemmata 4.1 and 4.2] and the fact that
supM j

hrjg0;Rj � ycj <1 for constants ycj which do not depend onR, interior estim-
ates

sup
B1.x0/�Œ0;S�

j
h
r
mgRj

2
� bm D c.m; yc1; : : : ; ycm; a; S; h/

for all x0 2 BR=10.p/ and for all S � yT . Building the limit of the solutions gR.i/ as
i!1, after taking a subsequence if necessary, we obtain a smooth solution g.t/

t2Œ0; yT �
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to (A.1) with g.0/ D g0, in view of the theorem of Arzelà–Ascoli and the fact that
R.i/!1 as i !1, satisfying

sup
M�Œ0;S�

j
h
r
mgj2 � bm

for all S � yT , as required.

B. Geometry lemmata

Lemma B.1. Let .M n; h/ satisfy (2.4), .M; h/ is a smooth, connected, complete
Riemannian manifold, without boundary, satisfying

sup
M

h
j
h
r
iRm.h/j <1 for all i 2 N0;

4X
iD0

sup
M

h
j
h
r
iRm.h/j � ı0.n/; inj.M; h/ � 100;

(B.1)

where ı0.n/ is a sufficiently small constant. Then there exist constants CS .n/ > 0 and
a constant c0.n/ such that:

(i) for any f which is smooth and whose support has diameter less than 4,�Z
M

f 2n=.n�2/ dh

�.n�2/=n
� CS .n/

Z
M

j
h
rf j2 dh

and �Z
M

f n dh

�1=2
� CS .n/

Z
M

j
h
rf jn=2 dh;

(ii) there exists a c0.n/ such that any ball B2.x/ of radius 2 can be covered by
c0.n/ balls,

.B1=2.yi //
c0.n/
iD1 :

(iii) there exists a covering of M , .B1.xi //1iD1, by balls of M such that for any
i 2 N,

]¹j 2 N j xj 2 B4.xi /º � c0.n/;

where ]C denotes the number of elements in the set C , and is defined to be infinity
if C has infinitely many elements,

(iv) for every R > 1, x0 2 M , there exists a cut-off function �WM ! Œ0; 1� � R

such that � D 1 on BR.x0/, � D 0 on M n .BC.n/R.x0//, jhr2.�/j C jhr�j2=� �
C.n/=R2 on M , and jhrk�j � c.k; h/ on M for all k 2 N,
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(v) letting " > 0 be given, and T a smooth zero two tensor satisfyingZ
B1.x/

j
h
rT jn=2 C jhr2T jn=2 � "

for all x 2M . Then �Z
B1.x/

j
h
rT jn

�1=2
� c.n/CS .n/":

Remark B.2. If the conditions (B.1) are replaced by

sup
M

h
j
h
r
iRm.h/j <1 for all i 2 N0; inj.M; h/ > 0;

then scaled versions of the statements (i)–(v) hold, as we now explain. If we scale
h by a large constant c.h/, we obtain a new metric which satisfies B.1, and hence
(i)–(v) hold for this new metric. Scaling back, we obtained scaled versions of the
statements (i)–(v). For example, part one of (i) would be replaced by: there exists
an r0 > 0, such that�Z

M

f 2n=.n�2/ dh

�.n�2/=n
� CS .n/

Z
M

j
h
rf j2 dh

for any f , which is smooth and whose support has diameter less than r0.

Proof. We can always find local geodesic coordinates for any p0 2 M on the ball
B50.p0/ such that in these coordinates 99

100
ı � h � 101

100
ı if ı0.n/ is sufficiently small.

This implies that the first two statements hold in these coordinates, and hence on the
manifold.

The third statement is proved as follows. First we construct a maximal set of dis-
joint balls .B1=2.xi //1iD1 for M , maximal in the sense that any ball B1=2.p/ for an
arbitrary p 2 M must intersect one of these balls. This construction is carried out as
follows: first choose disjoint balls

B1=2.x1/; : : : ; B1=2.xn.R//

with centres in BR.p0/, such that any newly chosen ball B1=2.y/ with y 2 BR.p0/
intersects one of the balls B1=2.x1/; : : : ; B1=2.xn.R//. In the next step, choose balls

B1=2.xn.R//; : : : ; B1=2.xn.2R//;

with centres in B2R.p0/ such that the collection B1=2.x1/; : : : ; B1=2.xn.2R//, is dis-
joint, and any newly chosen ball B1=2.y/with y 2 B2R.p0/ intersects one of the balls
B1=2.x1/; : : : ;B1=2.xn.2R//. Continuing in this way, we obtain a collection of disjoint
balls .B1=2.xi //1iD1, which are maximal.
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This then implies that .B1.xi //1iD1 coversM : if y 2M satisfies y …
S1
iD1B1.xi /,

then
B1=2.y/ \ B1=2.xi / D ;

for all i 2 N, which contradicts the maximality, and hence

y 2

1[
iD1

B1.xi /:

In geodesic coordinates 'WB50.xi /! B50.0/, there can be at most c1.n/ euclidean
balls B1=4.zxk.j //

c1.n/
jD1 , '.xk.j // D zxk.j /, which are disjoint, and contained in B40.0/.

Hence, there are at most c1.n/ points, .xk.j //
c1.n/
jD1 , which are contained in B30.xi /,

and this implies (iii).
Statement (iv) is proved with the help of an exhaustion function. For R > 1 given,

let �.x/ WD z�.f .x/=R/, for a smooth cut-off function z�WR! Œ0;1��R with z�.x/D 1
for jxj � 1 and z�.x/ D 0 for jxj � 2, where f WM ! RC is a smooth so-called
exhaustion function, satisfying

1

C.n/
d.x; x0/ � f .x/ �

1

2
.d.x; x0/C 1/; j

h
rf j � C.n/; jhr2f j � C.n/;

the existence of which is, for example, guaranteed by Shi [28, Theorem 3.6]. By
slightly modifying f on geodesic balls of radius 1, we can also achieve

j
h
r
kf j � C.k; h/:

Differentiating � we see that

jhr�j2

�
C j

h
r
2�j

�
1

R2

�
jhrz�j2ıf

z�ıf
j
h
rf j2 C jhrz�jıf jhr2f j C jhr2z�jıf jhrf j2

�
�
C.n/

R2
;

as, without loss of generality,
jhrz�j2

z�
� c

for some universal constant c. Similarly, jhrk�j2 � c.k; h/. This finishes (iv).
We now prove (v). Let �WM ! R be a smooth cut-off function with � D 1 on

B1.x/ and �D 0 outside ofB4=3.x/, andB1.x1/; : : : ;B1.xc0.n// a covering ofB2.x/,
which exists in view of (ii). Then using Kato’s and Young’s inequalities, we see�Z

B1.x/

j
h
rT jn

�1=2
�

�Z
B2.x/

�
j
h
rT j�

�n�1=2
� CS

Z
B2.x/

ˇ̌
h
r
�
�jhrT j

�ˇ̌n=2
� c.n/CS

Z
B2.x/

j
h
r�jn=2jhrT jn=2 C �n=2jhr2T jn=2
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�

c0.n/X
iD1

2c.n/CS

Z
B1.xi /

j
h
rT jn=2 C jhr2T jn=2

� CSc.n/c0.n/";

as required.

Lemma B.3. Let .M n; h/ be a smooth, connected, complete Riemannian manifold,
without boundary, satisfying

�.3/ WD

3X
iD1

sup
M

h
j
h
r
iRm.h/j <1 for all inj.M; h/ � i0 > 0;

and let g0 be in W 2;n=2
loc and satisfy

1

a
h � g0 � ah:

Then for any " > 0;R > 1; x0 2M , there exists an r1 such that

sup
x2BR.x0/

Z
Br1 .x/

�
j
h
rg0j

n
C j

h
r
2g0j

n=2
�
< ":

In the case that Z
M

�
j
h
rg0j

n
C j

h
r
2g0j

n=2
�
<1;

then for any " > 0, there exists an r1 such that

sup
x2M

Z
Br1 .x/

�
j
h
rg0j

n
C j

h
r
2g0j

n=2
�
< ":

Proof. As the conclusion is a scale invariant conclusion, it suffices to prove it after
scaling g0 and h by the same constant. We scale g0 and h once so that h satisfies (2.4),
hence the statements Lemma B.1 (i)–(v) hold for the new metrics, which we also
denote by g0 and h.

Using the covering from (iii), we consider only those xi with xi 2 B2R.x0/, i D
1; : : : ; C.n; R/, and cut-off functions �i WM ! Œ0; 1� � R with supp.�i / � B 3

2
.xi /,

�i D 1 on B1.xi /, jhr�i j2 � c.n/�i , we see using the Sobolev inequality�Z
B2R.x0/

j
h
rg0j

n

�1=2
�

� 1X
iD1

Z
B1.xi /

j
h
rg0j

n

�1=2
�

C.n;R/X
iD1

�Z
B1.xi /

j
h
rg0j

n

�1=2
�

C.n;R/X
iD1

�Z
M

�
�i j

h
rg0j

�n�1=2
�

C.n;R/X
iD1

Z
M

j
h
r
�
�i j

h
rg0j

�
j
n=2
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�

C.n;R/X
iD1

Z
M

c.a; n/jhr�i j
n=2
j
h
rg0j

n=2
C c.n; a/j�i j

n=2
j
h
r
2g0j

n=2

� c.n; a/

C.n;R/X
iD1

Z
B2.xi /

j
h
rg0j

n=2
C j

h
r
2g0j

n=2

D c.n; a/

C.n/X
iD1

Z
M

�B2.xi /
�
j
h
rg0j

n=2
C j

h
r
2g0j

n=2
�

D c.n; a/

Z
M

�C.n;R/X
iD1

�B2.xi /

��
j
h
rg0j

n=2
C j

h
r
2g0j

n=2
�

� c.n; a/c0.n/

�Z
B2R.x0/

j
h
rg0j

n=2
C j

h
r
2g0j

n=2

�
D K.n; a;R; x0/ <1;

where we used
1X
iD1

�B2.xi /.�/ � c0.n/

in the last inequality, which follows from (iii).
We claim: For any " > 0 there exists r D r."/ > 0 such thatZ

Br .x/

j
h
rg0j

n
C

Z
Br .x/

j
h
r
2g0j

n=2 < "

for all x 2 BR.x0/, as we now show.
Assume there are points xi 2 BR.x0/, i 2 N and radii r.i/ > 0, r.i/ ! 0 as

i !1; such that Z
Br.i/.xi /

j
h
rg0j

n
C j

h
r
2g0j

n=2
� ":

Taking a subsequence, we see that xi ! x as i !1, and henceZ
B� .x/

j
h
rg0j

n
C j

h
r
2g0j

n=2
�
"

2

for � > 0 small enough. In view of the fact thatZ
B2R.x0/

j
h
rg0j

n
C j

h
r
2g0j

n=2 <1

we have

fj WD �B 1
j

.x/j
h
rg0j

n
C j

h
r
2g0j

n=2
� g WD jhrg0j

n
C j

h
r
2g0j

n=2;
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is in L1, fj ! 0 almost everywhere as j !1, andZ
B2R.x0/

g <1

implies Z
�B1=j .x/

j
h
rg0j

n
C j

h
r
2g0j

n=2
D

Z
B2R.x0/

fj ! 0

in view of the dominated convergence theorem. But for i large enough,

Br.i/.xi / � B� .x/;

which leads to a contradiction. Hence, there exists an r > 0 such thatZ
Br .x/

�
j
h
rg0j

n
C j

h
r
2g0j

n=2
�
< "

for all x 2 BR.x0/.
In the case that Z

M

�
j
h
rg0j

n
C j

h
r
2g0j

n=2
�
<1;

choose R > 0 so thatZ
.BR=10.x0//

c

�
j
h
rg0j

n
C j

h
r
2g0j

n=2
�
<
"

2
:

This implies Z
B� .x/

�
j
h
rg0j

n
C j

h
r
2g0j

n=2
�
<
"

2

for all x 2 .BR=2.x0//c and for any 0 < � < 1. Repeating the argument above, we
find a � > 0 such that Z

B� .x/

�
j
h
rg0j

n
C j

h
r
2g0j

n=2
�
<
"

2

for all x 2 .BR.x0//. Hence,Z
B� .x/

�
j
h
rg0j

n
C j

h
r
2g0j

n=2
�
<
"

2

for all x 2M , as required.
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C. Estimates for ordinary differential equations

Lemma C.1. Let " < 1 and f W Œ0; T �! RC0 , ZW .0; 1�! RC0 be smooth, and satisfy

f .0/ D 0;
@

@t
f .t/ �

"

t
f .t/CZ.t/:

Then

f .t/ � t" lim
t0!0

Z t

t0

Z.s/

s"
ds:

Proof. Note that F.t/ WD t�"f .t/ satisfies

@

@t
F.t/ � �"t�1�"f .t/C t�"

"

t
f .t/C t�"Z.t/ � t�"Z.t/: (C.1)

Using that f is smooth, and hence f .t/ � Ct for small t > 0 and some constant C ,
we see

F.t/ � Ct�"C1 ! 0

as t & 0. Integrating (C.1) from t0 > 0 to t , we see

F.t/ � F.t0/C

Z t

t0

Z.s/

s"
ds ! lim

t0!0

Z t

t0

Z.s/

s"
ds

as t0 & 0, and hence, from the definition of F.t/,

f .t/ � t" lim
t0!0

Z t

t0

Z.s/

s"
ds:

Lemma C.2. Let " < 1 and f W Œ0; T �! RC0 , be smooth, and satisfy

f .0/ D 0;
@

@t
f .t/ �

"

t
f .t/C c:

Then
f .t/ �

c

1 � "
t:

Proof. For Z.s/ D c, we have

lim
t0!0

Z t

t0

Z.s/

s"
ds D lim

t0!0

Z t

t0

c

s"
ds D c

1

1 � "
t1�";

and so

t" lim
t0!0

Z t

t0

Z.s/

s"
ds D t" lim

t0!0

Z t

t0

c

s"
ds D

c

1 � "
t:
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D. Metric norm comparisons

We compare the norms of tensor with respect to different metrics.

Theorem D.1. Let

`D .`ij /i;j2¹1;:::;nº; g D .gij /i;j2¹1;:::;nº; hD .h˛ˇ /˛;ˇ2¹1;:::;nº; .u˛ˇ /˛;ˇ2¹1;:::;nº

be positive definite symmetric matrices and

.`/�1 D .`ij /i;j2¹1;:::;nº; .g/�1 D .gij /i;j2¹1;:::;nº;

.h/�1 D .h˛ˇ /˛;ˇ2¹1;:::;nº; .u�1/ D .u˛ˇ /˛;ˇ2¹1;:::;nº

the inverses thereof. Let SD.S i˛/i;˛2¹1;:::;nº, TD.Tij /i;j2¹1;:::;nº,ND.N
ij /i;j2¹1;:::;nº

be matrices in Rn�n. Then the following estimates hold:

jS j2h;` WD h
˛ˇ .y/S i˛S

j

ˇ
`ij � c.n/jS j

2
h;g

�
1C j`j2g

�
; (D.1)

jS j2h;` � c.n/jS j
2
u;`

�
1C juj2h

�
; (D.2)

where j`j2g D g
ijgkl`ik j̀ l D jg

�1j2
`

and juj2
h
D h˛
hˇ
u˛ˇu
� D jh

�1j2u, and

jT j2g WD g
ikgjlTijTkl � c.n/jT j

2
` j`j

2
g ;

jN j2g WD gikgjlN
ijN kl

� c.n/jN j2` jgj
2
` ;

det.g/
det.`/

� jgjn` ;

where jgj2
`
D .`ij `klgikgjl/.

Proof. We regard g; ` as positive definite symmetric linear maps from V ˝ V to R,
where V D Rn and h; u as positive definite symmetric linear maps from Y ˝ Y to R

for another copy of Y WD Rn. Then

g; `WV ˝ V ! R; h; uWY ˝ Y ! R;

g.viei ; v
j ej / D v

ivjgij ; `.wiei ; w
j ej / D w

iwjgij ;

h.z˛e˛; z
ˇeˇ / D z

˛zˇh˛ˇ ; u.z˛e˛; z
ˇeˇ / D z

˛zˇu˛ˇ ;

and we regard S , T , and N as linear maps

S WY � � V ! R; T WV � V ! R; N WV � � V �! R; S.w˛e
˛; viei / D S

˛
i w˛v

i :

From the theory of tensors, jS j2
h;`

, jS j2
u;`

, j`�1j2g , jT j2g , det.g/= det.`/, jN j2
`
,

jgj2
`
, etc. are all quantities which are independent of coordinates. If .zei /i2¹1;:::;nº,

.ye˛/˛2¹1;:::;nº are bases, and

z̀
ij D `.zei ; zej /; zgij D g.zei ; zej /; yh˛ˇ D h.ye˛; yeˇ /; yu˛ˇ D u.ye˛; yeˇ /
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with inverses given by z̀ij , zgij , yh˛ˇ ; yu˛ˇ , then the quantities defined above as jS j2
`;h

,
jS j2

u;`
, jT j2g , det.g/= det.`/, j`�1j2g calculated using

zgij ; zg
ij ; yh˛ˇ ; yu˛ˇ ; yh

˛ˇ ; yu˛ˇ z̀ij ; z̀
ij ; zTij ;

zyS i˛

in place of
gij ; g

ij ; h˛ˇ ; h
˛ˇ ; `ij ; `

ij ; Tij ; S
i
˛;

then the result is the same; see, for example, [15].
We can always choose a basis for Y such that yh˛ˇ D ı˛ˇ , yu˛ˇ D r˛ı˛ˇ and a basis

for V such that zgij D �iıij , z̀ij D �iıij . That is, without loss of generality, we have
h˛ˇ D ı˛ˇ , u˛ˇ D r˛ı˛ˇ and gij D �iıij , `ij D �iıij . Then

jT j2g D

� nX
i;jD1

1

�i

1

�j
TijTij

�
D

� nX
i;jD1

1

�i

1

�j

�i

�i

�j

�j
TijTij

�
� c.n/

�
sup

i;j2¹1;:::;nº

1

�i

1

�j
TijTij

��
sup

i2¹1;:::;nº

�2i
�2i

�
� c.n/

� nX
i;jD1

1

�i

1

�j
TijTij

�� nX
iD1

�2i
�2i

�
D c.n/jT j2`.g

ijgkl`ik j̀ l/ D c.n/jT j
2
` j`j

2
g

and

jN j2g D

� nX
i;jD1

�i�jN
ijN ij

�
D

� nX
i;jD1

�i�j
�i

�i

�j

�j
N ijN ij

�
� c.n/

�
sup

i;j2¹1;:::;nº

�i�jN
ijN ij

��
sup

i2¹1;:::;nº

�2i
�2i

�
� c.n/

� nX
i;jD1

�i�jN
ijN ij

�� nX
iD1

�2i
�2i

�
D c.n/jN j2`.gijgkl`

ik`jl/ D c.n/jN j2` jgj
2
` :

Similarly,

det.g/
det.`/

D
�1�2 : : : �n

�1�2 : : : �n
D
�1

�1
�
�2

�2
� � �
�n

�n

�

�
sup

i2¹1:::nº

�2i
�2i

�n=2
�

� nX
iD1

�2i
�2i

�n=2
D jgjn`
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and

jS j2h;` WD h
˛ˇ .y/S i˛S

j

ˇ
`ij D

nX
˛;iD1

S i˛S
i
˛�i D

nX
˛;iD1

S i˛S
i
˛�i

�i

�i

� c.n/
�

sup
˛;i2¹1;:::;nº

S i˛S
i
˛�i

�
sup

i2¹1;:::;nº

�i

�i

� c.n/
�

sup
˛;i2¹1;:::;nº

S i˛S
i
˛�i

��
1C sup

i2¹1;:::;nº

�2i
�2i

�
� c.n/

� nX
˛;iD1

S i˛S
i
˛�i

��
1C

nX
iD1

�2i
�2i

�
D c.n/jS j2h;g

�
1C

nX
iD1

�2i
�2i

�
D c.n/jS j2h;g

�
1C j`j2g

�
:

Similarly,

jS j2h;` WD h
˛ˇ .y/S i˛S

j

ˇ
`ij D

nX
˛;iD1

S i˛S
i
˛�i D

nX
˛;iD1

r˛

� 1
r˛
S i˛S

i
˛�i

�
� c.n/

�
sup

˛2¹1;:::;nº

r˛

��
sup

˛;i2¹1;:::;nº

1

r˛
S i˛S

i
˛�i

�
� c.n/

� nX
˛D1

r˛

�� nX
˛;iD1

1

r˛
S i˛S

i
˛�i

�
D c.n/

� nX
˛D1

r˛

�
jS j2u;`

� c.n/

�
1C

nX
˛D1

r2˛

�
jS j2u;` � c.n/

�
1C juj2h

�
jS j2u;`:

Corollary D.2. Let T D .Tij /, respectively N D .N ij /, be a zero-two, respectively
two-zero, tensor defined on a manifold �, and g; `-metrics on �. Then for all p 2
Œ1;1/ there exists a c.n; p/ such thatZ

�

jT jpg dg � c.n; p/

�Z
�

j`j2pg dg

�1=2�Z
�

jT j
4p

`
d`

�1=4�Z
�

jgj
n=2

`
dg

�1=4
;Z

�

jN jpg dg � c.n; p/

�Z
�

jgj
2p

`
dg

�1=2�Z
�

jN j
4p

`
d`

�1=4�Z
�

jgj
n=2

`
dg

�1=4
:

Proof. In the following, dg=dl is the well-defined function on � given locally by
dg=dl.x/ D

p
det.g.x//=

p
det.l.x//. We haveZ

�

jT jpg dg � c.n; p/

Z
�

j`jpg jT j
p

`
dg

� c.n; p/

�Z
�

j`j2pg dg

�1=2�Z
�

jT j
2p

`
dg

�1=2
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D c.n; p/

�Z
�

j`j2pg dg

�1=2�Z
�

jT j
2p

`

dg

d`
d`

�1=2
� c.n; p/

�Z
�

j`j2pg dg

�1=2�Z
�

jT j
4p

`
d`

�1=4�Z
�

�dg
d`

�2
d`

�1=4
� c.n; p/

�Z
�

j`j2pg dg

�1=2�Z
�

jT j
4p

`
d`

�1=4�Z
�

dg

d`
dg

�1=4
� c.n; p/

�Z
�

j`j2pg dg

�1=2�Z
�

jT j
4p

`
d`

�1=4�Z
�

jgj
n=2

`
dg

�1=4
;

and its analog:Z
�

jN jpg dg � c.n; p/

Z
�

jgj
p

`
jN j

p

`
dg

� c.n; p/

�Z
�

jgj
2p

`
dg

�1=2�Z
�

jN j
2p

`
dg

�1=2
D c.n; p/

�Z
�

jgj
2p

`
dg

�1=2�Z
�

jN j
2p

`

dg

d`
d`

�1=2
� c.n; p/

�Z
�

jgj
2p

`
dg

�1=2�Z
�

jN j
4p

`
d`

�1=4�Z
�

�dg
d`

�2
d`

�1=4
� c.n; p/

�Z
�

jgj
2p

`
dg

�1=2�Z
�

jN j
4p

`
d`

�1=4�Z
�

dg

d`
dg

�1=4
� c.n; p/

�Z
�

jgj
2p

`
dg

�1=2�Z
�

jN j
4p

`
d`

�1=4�Z
�

jgj
n=2

`
dg

�1=4
;

which concludes the proof.
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