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Pressure at infinity and strong positive recurrence
in negative curvature

Sébastien Gouézel, Barbara Schapira, and Samuel Tapie
(with an appendix by Felipe Riquelme)

Abstract. In the context of geodesic flows of noncompact negatively curved manifolds, we
propose three different definitions of entropy and pressure at infinity, through growth of periodic
orbits, critical exponents of Poincaré series, and entropy (pressure) of invariant measures. We
show that these notions coincide. Thanks to these entropy and pressure at infinity, we investigate
thoroughly the notion of strong positive recurrence in this geometric context. A potential is said
to be strongly positively recurrent when its pressure at infinity is strictly smaller than the full
topological pressure. We show, in particular, that if a potential is strongly positively recurrent,
then it admits a finite Gibbs measure. We also provide easy criteria allowing to build such strong
positively recurrent potentials and many examples.

1. Introduction

The geodesic flow of a compact connected negatively curved Riemannian manifold M
is the typical geometrical example of an Anosov flow. Its chaotic behavior reveals
itself, in particular, through the existence of infinitely many possible different behav-
iors of orbits.

A Gibbs measure is an ergodic invariant probability measure associated with a
given continuous map F: T'M — R, with respect to which almost all orbits will
spend most of their time in the subsets of 7! M where the potential F is large (see
Section 3.3 for the precise definition). In particular, the fact that there exists a Gibbs
measure for all Holder-continuous maps is a quantified way to express that numerous
behaviors of orbits are indeed realized as typical trajectories with respect to the Gibbs
measures of some Holder-continuous potentials.

When the manifold M is no longer assumed to be compact, a geometric construc-
tion developed in [33] allows to build good candidates for Gibbs measures. However,
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due to noncompactness of M and T' LM , these measures are not necessarily finite, and
therefore not always extremely useful.

In [34], Pit and Schapira characterized the finiteness of these measures in terms
of the convergence of some geometric series. In [44], in the case of the zero poten-
tial F = 0, building on [34], Schapira and Tapie proposed a criterion, called strong
positive recurrence, which implies the finiteness of the associated measure, known as
the Bowen—Margulis—Sullivan measure. This criterion is as follows: If I' = w1 (M),
recall that the critical exponent of T is the exponential growth rate of any orbit of T’
acting on the universal cover M of M. By aresult of Otal and Peigné [31], it also coin-
cides with the topological entropy of the geodesic flow on T'M. In [44], a critical
exponent at infinity §t° is defined, and the authors prove that a critical gap §3° < ér
implies that the Bowen—Margulis—Sullivan measure is finite. This had been previ-
ously shown by Dal’bo, Otal and Peigné in [17] for geometrically finite manifolds, for
which the critical exponent at infinity is the maximum of the critical exponents among
parabolic subgroups. In general, this critical exponent at infinity should be seen as a
kind of entropy at infinity. Other striking applications of this critical gap have been
proved in [16].

The main goal of this paper is to produce a complete study of strong positive
recurrence in negative curvature. First, in Sections 4, 5 and 6, we compare this critical
exponent at infinity with other, new and old, possible definitions of entropy at infinity
and show that they all coincide. At the same time, considering pressures and pres-
sures at infinity instead of entropies, we generalize this study to all Gibbs measures
studied in [33,34]. In a second part (Section 7), we give a detailed study of strong pos-
itive recurrence in negative curvature. The appendix by F. Riquelme proves important
properties of entropy, that are classical in the compact case, but need a careful proof
in the noncompact case.

Analogous results have been known for years in the context of symbolic dynamics
over a countable alphabet, see [8,9,22-24,39-41].

Let us present our results with more details.

The topological pressure of a Holder-continuous potential F: T'M — R is a
weighted version of entropy. For a dynamical system on a compact space, there are a
lot of different definitions, which all coincide, see for example [49, Chapter 9] or [6].
In the noncompact setting, some of these definitions are meaningless. In [33], follow-
ing the works of [31, 38] on entropy, three definitions were compared. The Gurevic
pressure Pgy(F) is the weighted exponential growth rate of the periodic orbits of the
geodesic flow which cross a fixed compact set. The variational pressure Py, (F) is
the supremum over all invariant probability measures of their measure-theoretic pres-
sures, that is a weighted version of their Kolmogorov—Sinai entropies. The geometric
pressure §r(F'), a geometric notion specific to geodesic flows also known as criti-
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cal exponent of (I, F), is the weighted exponential growth rate of the orbits of the
fundamental group T of M acting on its universal cover M.

All the previous discussion applies to the larger setting when M is still a complete
simply connected Riemannian manifold with pinched negative curvature and bounded
derivatives of the curvature, and I" is a discrete group of isometry acting properly
on M possibly with fixed points. In this case, the stabilizer of any point has finite
order and M = M /T is a good orbifold. As considered in [33], the unit tangent
bundle T' M is then the set of parametrized bi-infinite geodesics on M with its natural
projection from T'M and geodesic flow. A Holder/smooth map on M (respectively,
on T'M)isamapon M (respectively, T* M) whose lift to M (respectively, T M) is
Holder/smooth. In the sequel, all the results which we present for smooth manifolds
can be adapted verbatim to this good orbifold setting. When slight adaptations are
required for this generalization, we will specify it in the proof. In the appendix (only),
we will restrict to the case where I' has a subgroup of finite index without torsion.
Note that since I" may not be finitely generated, this is not automatic in our setting.

Standing assumptions in the paper. We fix once and for all a nonelementary com-
plete connected Riemannian manifold (or good orbifold) M with pinched negative
sectional curvature, and bounded first derivative of the sectional curvature. For all the
statements of this section, let us also fix F:T1M — R a Holder-continuous potential.

It has been shown in [31, 38] when F = 0 and [33, Theorem 1.1] for general
potentials that all these pressures coincide.

Theorem 1.1 (Roblin, Otal-Peigné, Paulin—Pollicott—Schapira). All notions of pres-
sure coincide:

Or(F) = Py(F) = Pgu(F).
We denote this common value by Py, (F), and we call it the topological pressure of F.

The terminology differs slightly from [33], where P, was called topological pres-
sure. In retrospect, we consider now that the above terminology is better.

We propose here three notions of pressure at infinity, whose precise definitions
will be given in Section 4. The Gurevi¢ pressure at infinity PS;.(F) measures the
weighted exponential growth rate of periodic orbits staying most of the time outside
any given compact set. The variational pressure at infinity P20(F') is the least upper
bound of measure-theoretic pressures of invariant probability measures supported
mostly outside any given compact set. The geometric pressure at infinity 67°(F') mea-
sures the weighted exponential growth rate of those orbits of the fundamental group I'
corresponding to excursions outside any given compact set.

The first main result of this article is the following one.
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Theorem 1.2. All notions of pressures at infinity coincide:
Sp°(F) = PRU(F) = PGL(F).

We denote this common value by P (F), and we call it the topological pressure at
infinity of F'.

In the special case where F tends to a constant at infinity, the equality 62°(F) =
P22 (F) has also been announced in [48] using different methods.

As already implicitly or explicitly noticed for example in [20, 21, 27, 37], this
pressure at infinity is deeply related to the phenomenon of loss of mass at infinity.
In the vague topology, on a noncompact space, a sequence of probability measures
may converge to a finite measure with smaller total mass. As proven by the above
authors, if these probability measures have a larger Kolmogorov—Sinai entropy than
the entropy at infinity, then they cannot lose the whole mass and converge to the zero
measure. In this spirit, as a corollary of Theorem 6.10, we obtain in Corollary 6.11
the following result.

Theorem 1.3. Let (i) be a sequence of invariant probability measures on T'M
converging in the vague topology to a finite measure [, with mass 0 < ||u| < L.
Assume that

/inf(F, 0)du, > —o0
for all n. Then their Kolmogorov-Sinai entropies hxs(iin) satisfy the following in-
equality:

n—oo

limsup(hKS(Mn) + [ qun) < (1= Il PESCF) + 2] Pap((F).

In the geometrically finite case, [27,37] obtain an improvement of the conclusion
of the theorem, with P, (F) instead of Py, (F') on the right, but only for the particular
class of potentials F' which converge to 0 at infinity, for which Ptgg (F) = Ptgg (0).
An extension of the results of [37] to general manifolds has been announced in [47],
cf. also [48, Theorem 1.1]. The strategy used in these papers is different from ours, and
does not work yet in general. It would be interesting to obtain their sharper inequality
under our weaker assumptions, see [48, Conjecture 5.5].

Once Theorem 1.2 is proven, we can say that a potential F is strongly positively
recurrent (SPR) when the following pressure gap holds:

PS(F) < Puoy(F).

We refer the reader to Section 7 for the notions of recurrence, positive recurrence,
strong positive recurrence.
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An analogous notion of pressure gap for potentials on nonpositively curved mani-
folds, with respect to the set of singular vectors instead of infinity, has been introduced
in [12].

As in [44, Theorem 7.1] when F = 0, we prove the following extremely useful
property of SPR potentials.

Theorem 1.4. Ifthe potential F is strongly positively recurrent, then it admits a finite
Gibbs measure.

For potentials which vanish at infinity, this has also been announced in [48, The-
orem 1.3] using a different strategy. We will show that, on any negatively curved
manifold, there exist strongly positively recurrent potentials, see Corollary 4.12. This
implies the following new result.

Corollary 1.5. There exists a Holder-continuous potential on T'M which admits a
finite Gibbs measure.

It may be worth pointing out that with their current proofs, all results of [48]
quoted above actually rely on the existence of such a potential with finite Gibbs mea-
sure (see [48, Lemma 3.9]). Nevertheless, to the best of our knowledge, this fact had
not been established beyond geometrically finite manifolds.

We also establish other useful properties. Let m be a finite or infinite Radon mea-
sure, invariant under the geodesic flow (g’). For a given compact subset K in M, and
T > Ty, consider the set V7, 7(K) of vectors v € T'K, such that for any ¢ € [Ty, T],
the vector g’v does not belong to T K. These sets (V1,7 (K))T>T, decrease when
T — +o00. We say that the flow (g") is exponentially recurrent with respect to the
measure m if there exist a compact set K C M whose interior intersects a closed
geodesic, and constants C, o, Top > 0 such that for all T > T,

m(Vry,r(K)) < Ce™T.

In Section 7.4, we establish the following theorem.

Theorem 1.6. Assume that F has finite topological pressure and finite Gibbs mea-
sure m¥ . Then F is strongly positively recurrent if and only if the geodesic flow (g")

is exponentially recurrent with respect to the Gibbs measure m* .

Strong positive recurrence says that there exists a compact subset K of M such
that the weighted exponential growth rate of the excursions outside K is strictly
smaller than the topological pressure. We finish this work with Theorem 7.9, showing
that strong positive recurrence does not really depend on the chosen compact set K,
in the following sense: We show in Theorem 7.9 that if the potential F is strongly
positively recurrent, then for any compact subset K of M, as soon as the interior of K
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intersects a closed geodesic, this exponential growth rate of excursions outside K is
strictly smaller than the topological pressure.

The first two Sections 2 and 3 contain preliminaries, first on negatively curved
geometry and dynamics, and second on thermodynamic formalism, in particular, all
different notions of pressures, and the construction of the Gibbs measure m¥ .

Sections 4, 5 and 6 on the one hand, and Section 7 on the other hand can be read
independently.

Section 4 contains three different definitions of pressures at infinity. In Section 5,
we give upper bounds on the growth of certain sets of periodic orbits in terms of
entropy and entropy at infinity. We deduce equality of the geometric and Gurevic
pressures at infinity 62°(F) and PS.(F). In Section 6, we show that geometric and
variational pressures at infinity 62°(F) and P;(F) coincide. These sections are the
technical heart of the paper.

Section 7 is more conceptual. We investigate the notion of strongly positively
recurrent potentials in our geometric context, and prove Theorems 1.4 and 1.6.

The appendix by Felipe Riquelme (Theorem A.1) shows that different possible
definitions of measure-theoretic entropy, the Kolmogorov—Sinai entropy, the Brin—
Katok entropy, and the Katok entropy coincide in our geodesic flow context. This
result is well known in the compact case, but not obvious at all without compactness.

2. Negative curvature, geodesic flow

2.1. Geometric preliminaries

Our assumptions and notations are close to those of [33, 34,44].

Let (M, g) be a smooth complete connected noncompact Riemannian manifold
with pinched negative sectional curvature —b? < K, < —a?, for some a,b > 0,
and bounded first derivative of the sectional curvature. Let M be its universal cover,
I' = w1 (M) its fundamental group, and pr: M—>M=M / T the quotient map. We
assume that the group I" is nonelementary, i.e., that the geodesic flow admits at least
three different periodic orbits on 7! M . In particular, I" contains a free group (see for
instance [4]). We denote by 7'M and T!'M the unit tangent bundles of M and M s
and by 7: T'M — M or 7: T'M — M the canonical bundle projection. By abuse
of notation, we also write pr: T'M — T'M for the differential of pr.

Given any two points x, y € M, the set [x, y] C M will denote the (unique)
geodesic segment between x and y.

We fix arbitrarily a point o € M that we call origin. The boundary at infinity oM
is the set of equivalence classes of geodesic rays staying at bounded distance one from
another. The limit set Ar C dM is the set of accumulation points Ay = T'o \ T'o of
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the orbit of 0. As shown by Eberlein [18], the nonwandering set @ C T'M of the
geodesic flow is the union of geodesic orbits which admit a lift whose negative and
positive endpoints belong to Ar. The radial limit set Aii‘d C Ar is the set of endpoints
of geodesics whose images through pr return infinitely often in some compact set:

AR i={E € Ar, 3C >0, 3(yx) € TN, y0 — &, d(yn0,[08)) < C}.

We denote by (g)scr the geodesic flow acting on T'M or T'M . The metric g
induces a distance on M and M that we will simply denote by d. We will also denote
by d the distance on T' M (respectively, on T1M) defined as follows: for all v, w €
TYM (respectively, in T1 M), let

div,w):= sup d(m(g"v),n(g'w)).
te[—1,1]

This distance is not Riemannian but it is equivalent to the standard Sasaki metric on
T'M (respectively, on T'! M ), see [33, Chapter 2] for a discussion on the subject.
The Busemann cocycle is defined for all £ € M and x, y € M, by

Pe(x,y) = lim d(x,z)—d(y.z). )
z€[x,£),z—¢

We will sometimes also write, for all x, y,z € M ,
Bz(x,y) =d(x,z) —d(y.2).
The set of oriented geodesics of M can be identified with
2M = (0M x 9M) \ Diag.

For all v € T'M, denote by v¥* the negative and positive endpoints in dM of the
geodesic tangent to v. The unit tangent bundle 7' M is homeomorphic to M x R
via the Hopf parametrization

T'M — *°M x R,
H: (2)

v (v, Byr (0, T(V))).

The geodesic flow acts by translation in these coordinates: for all v = (v—,v ™, s) and
t e,

g vt ) =@ v+ ).
The group I acts in these coordinates by
)

yw . vts) = (v yvtis + By (v o, 0)).
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In terms of these Hopf coordinates, the nonwandering set €2 is identified with
((A% \ Diag) x R)/T.

We denote its lift pr'S2 by €.

Recall that an isometry y € I' is hyperbolic when it admits exactly two fixed points
in 9M . In this case, it acts by translation on the geodesic joining them. The set & of
periodic orbits of the geodesic flow on 7! M is in 1-1 correspondence with the set of
conjugacy classes of hyperbolic elements of I'. Indeed, a periodic orbit p with period
£(p) can be lifted to a collection pr L(p) of geodesic orbits of 7'M, and each of
them, once projected on M, is the oriented translation axis of a unique hyperbolic
element y,, which acts by translation in the positive direction on the axis, with trans-
lation length equal to £(p). By construction, all these elements are conjugated one to
another.

Not all elements of I" are hyperbolic. However, the following lemma from [34,
Lemma 2.6], variant of the well-known point of view, due to Margulis, of counting
elements of I inside cones, will allow us to consider only hyperbolic elements.

Lemma2.1. Let K bea compact subset of M whose interior intersects 3. There exist
finitely many elements g1, ..., gk in I' such that for every y € I, there exist g;, g;
among them such that gi_1 ygi is hyperbolic, and its translation axis intersects K.

Proof. By [34, Lemma 2.6] applied with W the interior of K, there exist finite sets
F={g1,....8kyand S = {s1,...,s;}in I" such that every y € I" \ § satisfies the
conclusion of the lemma with respect to F. Consider a hyperbolic element 2 whose
axis intersects K. Then the set F/ = {g1,....8k.51,...,8;. h} works forevery y € I.
Indeed, it works for y ¢ S by assumption, and for y = s; € S then s, lyh = hhasa
translation axis intersecting K ,withs;, h € F'. n

The following elementary lemma will be used several times.

Lemma 2.2. Consider x, y, z three points in a geodesic metric space M , and denote
by [y, z] a geodesic between y and z. Then

d(y.x) +d(x,z) =2d(x.[y.z]) =d(y,2) = d(y.x) +d(x,2).

We will often need more precise distance estimates, which rely on a negative upper
bound of the curvature. The next lemma follows from [33, Lemma 2.5].

Lemma 2.3. Forall D > 0 and all ¢ > 0, there exists To = To(D, €) > D such that
ifx,x',y,y" € M satisfy d(x,x’) < D, d(y,y") < D and d(x, y) > 2Ty, then there
exists So € [=To, To] such that, if vxy (respectively, vys,) denotes the unit tangent
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vector based at x (respectively, x') tangent to the segment [x, y] (respectively, [x', y']),
then for all t € [Ty, d(x,y) — Tp],

t t+
d(g'vxy. g ™ 0vyy) <e.

We will also need the following lemma which allows to approximate broken
geodesics by axes of hyperbolic elements. If x # y € M, let Uxy denote the (ori-
ented and unitary) tangent vector of the geodesic segment [x, y] at x. If v, w € TXIZ\Z ,
set £(v, w) € [0, ] for their geometric angle. If v € TXIM and w € TyIM , denote
by £(v, w) € [0, ] the geometric angle between v and the image of w through the
parallel transport from y to x along [y, x]. See Figure 1 for the next lemma.

Figure 1. Broken geodesic close to a hyperbolic axis.

Lemma 2.4. For all 6 € (0, ), and all ¢ > 0, there exists C = C(0, ¢) > 0 such
that the following holds. Let x,y,z,b € M and y € I be such that d(x, y),d(y, z)
and d(z,b) are at least 2C, and d (b, yx) < 1/C. Assume, moreover, that the angles
L(Vyx,Vyz), L£(Vzy, Vzp), and L(yvxy, vp;) are at least 0. Then y is hyperbolic, the
piecewise geodesics [x, y] U [y, z] U [z, b] is in the e-neighborhood of its axis except
in the C-neighborhood of the points x,y,z and b. Moreover, the period T, of y
satisfies

T,—(6C +1)<d(x,y)+d(y,z) +d(z,b) < T, + 6C + 1.

Sketch of proof. By the arguments presented in [33, p. 98], the geodesics from x to b
and from x to yx are uniformly close to the union of segments [x, y] U [y, z] U [z, b],
so that vy, and vy, on the one hand, and vy, and vy x on the other hand, are uni-
formly close. In particular, adjusting the constants, it implies that the angle between
Uyx,x and Y vy, is uniformly bounded from below by, say, /2.

When C is large enough, this prevents y to be parabolic. Indeed, in this case, vy x,x
and yvy,yx would be close to the vector from yx to the parabolic fixed point of y, and
therefore very close one from another.

The rest of the proof is an immediate adaptation of arguments of [33, p.98]. =



S. Gouézel, B. Schapira, and S. Tapie 440

2.2. Dynamical properties of the geodesic flow

In restriction to its nonwandering set €2, the geodesic flow satisfies nice dynamical
properties. It is transitive in the sense that for all nonempty open sets U, V C €,
there exists T > 0 such that g7 U NV # @. And it satisfies a closing lemma (see for
instance Eberlein in [19, Proposition 4.5.15]): for every compact subset K C €2 and
all e > 0, there exist 7 > 0and T = T(K, &) > 0, such that forallv € K,and ¢t > T
such that d(g’v, v) < n, there exists a periodic vector p whose period £(p) satisfies
[€(p) —t| < e, and forall 0 < s < ¢, we have d(g’p, g'v) < e.

However, we will need similar properties for vectors close to €2 but that may be
wandering, and we will also need to make sure that the glued orbit enters an a priori
fixed ball. In this direction, we will use several times the following proposition.

Proposition 2.5 (Connecting lemma). Ler K and K’ be compact subsets of M whose
interiors intersect w(2), and K a compact subset of M such that pr (E ) = K. For
all € > 0, there exist Ty = TO(E, K',e)>0and Cy = Co(K, K, g) > 0 such that the
following holds. There exists a construction that associates to any T > 2Ty and any
v € T'K such that gTv € T'K a periodic orbit p(v, T) that satisfies the following
assertions.

(1) (Shadowing). The periodic orbit g (v, T) has a period belonging to [T, T+ Ty],
it intersects the interior of T'K', and there exists a periodic vector u on this
periodic orbit, such that for all t € [Ty, T — To], we have d(g'v, g'u) < e.

(2) (Bounded multiplicity). For each periodic orbit p with period T =£(p)>2Ty
going through T'K, choose arbitrarily a periodic vector Up € T'KNp
on p, and denote by ©(vp, L(p)) the corresponding new periodic orbit asso-
ciated with v, by our specific construction in (1). Then, given any periodic
orbit o, the number of periodic orbits p such that p(v,, £(p)) = o is
bounded by Col($0).

Remark 2.6. The first assertion of the above proposition is a standard consequence
of transitivity, local product structure, and closing lemma when v € 2, but needs a
proof otherwise.

The second assertion is more subtle than other similar statements that hold in a
compact setting. When M is compact, one usually simply bounds the number of peri-
odic orbits that e-shadow a fixed orbit gy during most of their period. However, when
the manifold (or orbifold) M is not compact, its injectivity radius is not necessar-
ily bounded from below. Therefore, uniformly bounded multiplicity for the number
of closed geodesics that stay in a fixed e-neighborhood of gy is not true in general,
notably when g crosses parts of the manifold where the injectivity radius is much
smaller than . That is the reason why we consider only those periodic orbits that are
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constructed through a given procedure, detailed in the proof below, for which we are
able to bound the multiplicity.

In the proof and later on, we will need the following notation. As in [34], if KcM
is a compact subset, let us denote by n g (¢) the number of lifts £ of a given periodic
orbit g to T' M such that (§) intersects K.

Proof. The construction of the orbit g(v, T') will be explained inside the proof of the
first assertion, and the specificities of the construction will be used in the proof of the
second assertion.

Proof of Assertion (1). The reader may follow the proof on Figure 2. We can assume
that 2¢ is smaller than 1. We fix once for all a vector w in the intersection of 2 and
the interior of 71 K’. Up to reducing &, we can assume that B(r(w),2¢) C K'.

By compactness of K, as Ar is not reduced to a single point, there exists

6 =6(K)>0

such that for all y € K and ¥ € Ty1 K, there exists £ € Ar such that L(vyg, 0) > 0.
As the geodesic flow is topologically transitive on €2, and the action of I on Ar is
minimal, we can assume moreover that the positive geodesic orbit on 7! M associated
with (g’ vyg)s>0 contains  in its closure. Let C = C(6, ¢) be the constant provided
by Lemma 2.4. Let ¢/ = min(e, 1/(2C)) < &. By compactness of 7! K N €, a uniform
property of transitivity holds, in the following sense. There exist

T, >2C and T, > T; + 6C,

that depend only on K, K’ and &', such that the vector v,¢ can be chosen in such a way
that the projection on T' M of g[ZC’Tll(vy;:) intersects B(w, ¢') and the projection on
T'M of glT1+6C+LT2l(y ) intersects once again B(w, &').

Letv € T'K. Set yo = 7(v) € M and take y € K such that pr(y) = yo. Let
RS Tylﬂ be such that pr (V) = v. By the above claim, there exists

vV =—veTyM with4@.7)<z—0

such that, with v/ = pr(?’), the half orbit ({g~%v’, ¢ > 0}) is dense in €2, and at two
distinct times #; € [2C, T1] and t, € [T} + 6C + 1, T3], we have

g7 € B(w,¢') and g "2v' € B(w,¢).

We will see below how it will be important. Set x = 7 (g~ 27").
By assumption, g7 v € T1K for some T > 0 large enough (to be made precise
later on). Set z = (g’ ). By the same arguments now applied to —g” ¥, there exists

7" eT!M with £(g79,7") <7 —6
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S
"' N

g v

b" /‘ 'yg—tz'l-)'/

Axis(y) = pr(p) )e

Figure 2. Connecting lemma.

such that, if v/ = pr(?”), the half orbit (g'v”);>¢ is dense in 2, and for some s €
[2C, T1], we have g*v” € B(w,¢'). Let b = w(g*v") be the base point of g57”.
Consider now the broken geodesic path

(gzg_tzﬁ/)oszstz U (gzﬁ)ogsT U (8t5//)05t5s-

It starts from x = 7(g~"27’), has an angle at least 6 at y = 7(7), a second angle at
least 6 at z = (g7 ), and ends at b = 7(g°?”). Since pr(x) and pr(b) are both in
7(B(w, ")), there exists y € T" such that

d(yx,b) <2¢ <1/C.

Moreover, if ¢ is small enough, since g72v" € B(w, ¢’) and g*v” € B(w, ¢’) with
¢ < e, uptochanging y € T, the angle £(yg~ 27", g5v") is at most = — 6.

Assume that 7 > 2C. Then Lemma 2.4 applies to the sequence of points x, y,z,b.
Therefore, y is hyperbolic. Its translation axis can be written as 7 (§€), where we
choose its lift £ to T'M oriented so that y acts by positive translation on it. By
Lemma 2.4 again, the broken geodesic path

[x, y] U [y, 2] U [z, B]

is in the e-neighborhood of 7 (§), except maybe in the C-neighborhood of x, y, z, b.
As we chose v’ so that g7"1v' € B(w, ¢') € B(w, ¢), with t; € [2C,d(y, x) — 2C],
the periodic orbit o = pr(£) intersects B(w, 2¢) C T'K’ near g~"1v’. Moreover,
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since 71 + 6C + 1 <d(x,y) < T, and d(y,z) = T and d(z,b) < T, it follows
from Lemma 2.4 that the translation length £(y) of y satisfies

(Ty +6C+ 1)+ T —(6C+1)<l(y)<To+T + Ty +6C +1.

To conclude, let g’ be the first point on the geodesic path [y, z] which lies in the
e-neighborhood of the axis of y, and define a point ¢ as the closest point to ¢’ on
the translation axis of y. Let 0 = d(y,q’) > 0 so that ¢’ = 7 (g°0). Let &’ be the
tangent vector to the axis of y at the point g pointing in the same direction as g°v. By
construction, the vector u := pr(g~°#%’) satisfies, forallo <t < T — C, that

d(m(g'u), m(g'v)) <e.

With 7 = C + 1, the same kind of estimate holds on T'M: forallt <t < T — 1, we
have
d(g'u,g'v) <e.

This shows that u satisfies the conclusion of assertion (1), with
To = max(t, Ty + T> + 6C + 1).

The above procedure of construction of the periodic orbit (g’u) depends on sev-
eral arbitrary choices. We define (v, T') as one arbitrary periodic orbit obtained by
the above construction.

Proof of Assertion (2). For each periodic orbit p and v, € T'K N p as in the state-
ment, let U, € T'K be the lift of v, to the universal cover used in the first step in
order to define p(v,, £(p)). Let y, € I' be the hyperbolic element whose axis is the
lift of p through y, = 7(¥,), oriented in the direction of v,,, and whose translation
length is £(p).

Assume that p(vp, £(p)) is equal to a given periodic orbit gg. Then, by the con-
struction in the first step, there exist a constant C; (depending only on K, K’ and e),
avector i, € T'! M and a lift (o) (p) of g0, that may depend on p, admitting a fun-
damental domain ((g"1,))o<¢<t(p,) Whose projection on M is within Hausdorff dis-
tance at most C; of [yp ¥pYpl. In particular, this lift intersects the C; nelghborhood
KCl of K as w(Up) € Kcl Conversely, given a lift o of g intersecting T'! Kcl, let
us show that the number of p with (£o)(p) = o is uniformly bounded. The point
7(Up) can only belong to a compact part of £o (of length at most diam K +2Cy),
hence 7 (g*®0)i,,) is also restricted to a subset of diameter diam K +2Cy, and there-
fore y,yp is also restricted to a subset of diameter diam K + 3C,. Moreover Vp
belongs to the compact set K. For any R > 0, there exists a constant A(R) such
that, for any x € M, the number of elements y of I' with yK N B(x, R) # @ is
bounded by A(R): if this number is nonzero, one can pull back by one of these
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elements to bring B(x, R) to a fixed size neighborhood of K, where the result is obvi-
ous by compactness. It follows that the number of possible y, is uniformly bounded
by A(diam K + 3C)), as claimed.

We have proved that there exists a uniform constant A depending only on K, K’
and ¢ such that the number of periodic orbits p with gp(v,, £(p)) = o is bounded
from above by A times the number n R (o) of lifts Ko of g that intersect 7'! K C-

It remains to bound the number n g . (0) of such lifts~g”50 of gg. Assertion (2)
follows from the fact that there exists a constant B = B(K, C;) > 0 such that for
every periodic orbit 9 C T'M,

nRe, ($0) < B x L(g0)- (3)

Let us prove this bound. As Ecl+1 is compact, there exists a constant B such that
any point in M has at most B preimages under pr in Kc,+1. Each lift ©o of g9
intersecting 7' K¢, spends a time at least 1 in K¢, +1. Therefore,

nge, (o) = Leb(pr' (90) N Ky 41)-

By the choice of B, this is bounded by B Leb(go) = B{(g0), proving (3). ]

3. Thermodynamical formalism

Entropy is a well-known measure of the exponential rate of complexity of a dynamical
system, and the measure of maximal entropy is an important tool in the ergodic study
of hyperbolic dynamical systems.

Pressure is a weighted version of entropy, which is particularly useful for the
study of perturbations of hyperbolic systems. The notion of equilibrium state is the
weighted analogue of the measure of maximal entropy.

In this section, for the geodesic flow of noncompact negatively curved manifolds,
we recall some well-known notions and facts from [33] and [34] on the pressure and
the construction of the equilibrium state or Gibbs measure associated with a Holder-
continuous map F: T!M — R. This construction has a long story, initiated by the
works of Patterson [32] and Sullivan [45] when F = 0, by Hamenstidt [25] and
Ledrappier [29]. We refer to [33] for detailed historical background and proofs of
the assertions in this paragraph. We follow here mainly [33, Chapter 3] and [43],
and [34].
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3.1. Pressures of Holder-continuous potentials

Let F: T'M — R be a Holder-continuous map in the following sense: there exist
0 < B <1land C > 0 such that for all v, w € T' M with d(v,w) < 1, we have

|F(v) — F(w)| < Cd(v, w)?.

Such a map F will be said (8, C)-Hélder-continuous. Let F = F o pr be the I'-
invariant lift of F to T' M.
For x # y € M, recall the notation

y dx,y) _
/ F :=/ F(g'vy,y)dt.
x 0

The following statement is easily implied by [33, Lemma 3.2 and Remark (ii)
on p. 34].

Lemma 3.1. Let F: T'M — R be a (B, Cr)-Holder-continuous map on T'M,
and F its T-invariant lift. There exists a constant ¢, > 0 depending only on the upper
bound of the curvature and the Hélder constants B, Cr, with the following property.
Let D > 1, and consider points x, y,x',y' € M withd(x,y) < D and d(x', y') < D.
Then

X/ 5 y/ 5 5 5 )
/ Fo / F' < c16” 4+ D(|F (o) + | F (g9 u0)).
x y

where vy is the tangent vector at x to the geodesic segment from x to x'.

This bound applies, in particular, when x and y are picked in a compact subset K
of T'M with diameter at most D, and x' and y' are picked in )/Efor some y € I'.
In this situation, one gets an upper bound c1e® + 2D max, 1 g|F(v)| which only
depends on K.

Proof. By [33, Lemma 3.2 and Remark (ii) on p. 34], we have

x/~ y/~
[ -]
x y

for some constant ¢;. Moreover, on the ball 7~ !(B(x, D)) one has the inequality

<cieP+D max |F|+D max |F| 4
7~ 1(B(x,D)) 7~ 1(B(x’,D))

|F(v) — F(vxxr)| < C(F)D

as F is Holder-continuous and therefore Lipschitz on large scales. One can there-
fore bound D max,—1(g(x,py)| F'| with D|F (vxx)| + C(F)D?, and then bound the
second term with C’e® . The last term in (4) is handled similarly. ]

There are several natural definitions of pressure, that all coincide, as proven in [33,
Theorems 4.7 and 6.1], see Theorem 1.1. We recall here these three definitions.
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3.1.1. Geometric pressure as a critical exponent. Recall that some point o € M has
been chosen once and for all. The Poincaré series associated with (I, F') is defined by

PF,O,F(S) = Z e—Sd(o y0)+f1/()
yel’

The following lemma is elementary, see for instance [33, pp. 34-35].

Lemma 3.2 (Geometric pressure). The above series admits a critical exponent 6 (F)
€ R U {+o00} defined by the fact that for all s > 8 (F) (respectively, s < év(F)), the
series Pr o F (s) converges (respectively, diverges). Moreover, 5t (F) does not depend
on the choice of o and, for any ¢ > 0, satisfies

Sr(F) —hmsupTIOg Z ef"F.
T—+o0 yel,T—c<d(o,yo)<T

We call 6t (F') the critical exponent of (I, F) or the geometric pressure of F.

As T is nonelementary, one can show (see [33, Lemma 3.3]) that 6p(F) > —oo0.
Moreover, observe that 5t (F') is finite as soon as F is bounded from above. In [33,
Theorem 4.3], it has been shown that the above limsup is in fact a true limit if ¢ is
large enough. In what follows, we will never require F to be bounded from above,
but we will sometimes assume that 6 (F') is finite.

3.1.2. Variational pressure. Let M; be the set of Borel probability measures on
T'M invariant under the geodesic flow, and M erg the subset of ergodic proba-
bility measures. For a given Holder-continuous potential F: T'M — R, consider
their subsets MI and MF era
F~ = —inf(F, 0) is the negative part of F. Given . € M7, we denote by hgs (i) =

of probability measures with [ F~ du < oo, where

his(gt, n) its Kolmogorov—Sinai entropy, or measure-theoretic entropy with respect
to g! (see the appendix for the definition).

Definition 3.3. The variational pressure of F is defined by

Pun(F) = sup (thwH / qu)= sup (th(MH / qu).

MEMF MEM{ierg

3.1.3. Growth of periodic geodesics and Gurevi¢ pressure. We denote by & (respec-

tively, ') the set of periodic (respectively, primitive periodic) orbits of the geodesic

flow. Let now K be a compact subset of M whose interior intersects at least a closed

geodesic, and ¢ > 0 be fixed. Let us denote by P (respectively, Px (1), Px(t —c,t))

the set of periodic orbits p € & of the geodesic flow whose projection 7 (p) on M

intersects K (respectively, such that £(p) < ¢, £€(p) € (t — ¢, t]). The subsets P
Pr (1), Px(t —c,t) of P’ are defined similarly.
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Denote by fp F the integral of F over (g°vp)o<¢<¢(p) for any v, on p. By [33,
Theorem 4.7], the definition below makes sense.

Definition 3.4 (Gurevi¢ pressure). For any compact subset K of M whose interior
intersects a closed geodesic and any ¢ > 0, the Gurevic pressure of F is defined by

1
Py (F) = lim sup T log Z el
T—+o00 pePr(T—c,T)

It does not depend on K nor ¢. Moreover, when Pgy(F) > 0, then

Pgur(F) = lim sup L log Y elf.
Totoo T

Gurevi¢ was the first to introduce this definition (for the potential F = 0) in
the context of symbolic dynamics, see [22]. The equality Pgy(F) = Py (F) has
been proven in [5] for compact manifolds and F = 0, in [7] for compact manifolds
and Holder-continuous potentials. The equality ér(F) = Pgy(F) is due to Ledrap-
pier [29] in the compact case.

In the noncompact case, when F' = 0, Sullivan [46] and Otal-Peigné [31] proved
that 6p = Py, and Roblin [38] proved that Pg, = r. The equality between the
three notions of pressures for general Holder-continuous potentials on noncompact
manifolds is done in [33, Theorems 4.7 and 6.1].

3.2. Patterson—Sullivan—-Gibbs construction

Let F: T'M — R be a Holder-continuous potential with finite topological pressure.
As will be seen in Paragraph 3.3, the construction of a good invariant measure associ-
ated with F will use the product structure Q2 ~ ((A% \ Diag) x R)/T". The main step
is the definition of a good measure vE on Ar, that we will call a Patterson—Sullivan—
Gibbs measure. We recall it below with more care than usually done, because we will
need in Section 7.3 to deal with technical points of the construction.

As stated in Lemma 3.2, the Poincaré series Pr, r (s) converges when s > 8r(F)
and diverges when s < 8 (F). We say that (I, F) is divergent if this series diverges
at s = 8r(F), and convergent if the series converges.

Following the famous Patterson trick, see [32], when (I", F) is convergent, we
choose a positive nondecreasing map 7: R* — R with subexponential growth such
that for all n > 0, there exists C;, > 1 such that

Vr>0,Vt>0, h(t+r)<Cpe"h(r), (5)

and the series
~ Vo =
Prr(o.s) =) h(d(o,yo)) e *4@rOTlo"F

yell
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has the same critical exponent §r(F), but diverges at the critical exponent dt (F').
The article [32] provides the construction of such a nondecreasing function /, except
that (5) is replaced by the following property: for all n > 0, there exists r, > 0 such
that

Vr>ry, Yt >0, h(t+r) <e’h(r).

We claim that this property implies (5). Indeed, the result is obvious for r > r,, while
for r < ry one may write

h("n) e h(0) < h(r n)

ht+ ) = B ry) < €"hiy) = 7(0)

e"h(r).
Hence, (5) follows with C;, = h(ry)/h(0).
Define now for all s > ér(F') a probability measure on M U M by

1
v = ———— 3" h(d(0. y0))e 4 o+l Fp
Pr.r(o.s) /o1

where Dy stands for the Dirac mass at x.

By compactness of M U dM, we can choose a decreasmg sequence s, — or(F)
such that vF-s« converges to a probability measure v . As P]"'o F diverges at s =
or,F, we deduce that vF is supported on Ar C IM.

Forallx,y e M and te dM , recall the following notation from [43, Section 2.2.1]
(with an opposite sign convention compared to [33])

z z
F : =~ =
X,y) = lim F — / F.
Pe ( y) z€[x,8),z—>¢& /x y
Observe that pg = 0 and more generally, when F' = ¢ is constant, p¢ = ¢ x 8, where
is the usual Busemann cocycle defined in equation (1).

The measure vF satisfies the following crucial property. For all y € T, and v¥'-
almost all £ € 9M,

dy*v

_F
(&) = ST (F)Be(0,y0)—p; (0,y0) ©6)

As a consequence of (6), one gets the following key property, proved in [30]
Recall that for a given set A C M, the shadow Oy (A) of A viewed from a point x € M
is by definition the set of points y € M U dM such that the geodesic interval [x, y]
intersects the set A.

Proposition 3.5 (Shadow lemma). There exists Ry > O such that for every given R >
Ry, there exists a constant C > 0 such that for all y € T,

1

eIyt F < )F(0,(B(yo, R)) < Ce dr(Pd@ro+];" F
C 9 J—
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Observe that the probability measure v¥" constructed above is not unique a priori,
but it will be unique in all interesting cases, see Section 7.1 for details.

In fact, we will need a shadow lemma for the family of measures v>*, for s >
dr (F). As the uniformity of the constants in the statements with respect to s > §r(F)
will be crucial, we provide a detailed proof.

For A, B C M two sets, we will use the enlarged shadow Op(A) = U,ep Ox(A),
i.e., the set of points y € M U dM such that there exists some x € B such that the
geodesic interval [x, y] intersects A.

Lemma 3.6 (Orbital Shadow lemma). For every compact subset K of M, there exist
r > 0 and t > 0 with the following property:

(1) Upper bound: For every n > 0, there exists ¢y > 0 such that for all v (F) <
s <ér(F)+tandy € I withd(o,yo) > r, we have

VS (O (yK)) < cpe~ M@y, JOF

(2) Lower bound: Assume additionally that K contains B(o, R1), where Ry =
R (F) is a fixed large constant. Then there exists C such that for all 5t (F') <
s <ér(F)+tandy € T withd(o,yo) > r, we have

Lo F <y (0, ).
C =
Proof. By convexity of the distance in nonpositive curvature, if D = diam(l? ) +

d(o, K ) and L is the D -neighborhood of K , then for all y € T, we have
Oz(yK) C Oo(yL).

Therefore, upon replacing K with L in the upper bound, it suffices to prove it for the
shadow O, (y K ). This also shows that without loss of generality, we can assume that
oeKk.

We follow the classical proof of the Shadow lemma, with vF>S on M instead of vF
on M. By definition, for all y € 'o and & € I, we have

d(axv™) () = h(d(ao, y)) o~ sd@o,y)~d YN+ [0 F~[) F
dyFss h(d(o,y)) '

‘We deduce that
VS (0, (yK)) = v 5 (0,-1,(K))

=/‘ ) h(d()/_lo,)7))e—s(d(y_la,y)—d(o,y))-i-f;_l0ﬁ—foyﬁdvF’s.
0, 1,8

h(d(o,y))
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The triangular inequality gives
d(y~lo,y) <d(y~'0.0) +d(o, ).
Moreover, since o € K and y € (9],—10(1?), by Lemma 2.2, we have
d(y Yo, y) = d(y lo,0) + d(o.y) — 2D.

In particular, with » = 2D, if d(y~'0,0) > r, we get d(ylo,y) > d(o, y).

By construction, the map / is nondecreasing and for all > 0, there exists C, > 0
such that for p > 0, ¢ > 0, we have h(t + p) < Cye" h(p). Thus, independently of
s > 6r(F), we have

_h@dG0.y) _ @G 10.0) +d0.3) _ o at-ien
doy) ~ ko) |

By Lemma 3.1, there exists a positive constant C(F, K ), such that uniformly in
y € 0,-1,(K), we have

y - y o o -
[ Ry
y~lo 0 y~lo

We deduce that, when s < §p(F) + 1,

< C(F.,K).

~ T —1 o = ~
UF’S((QO(]/K)) SCvneZDS-i—C(F,K)e (s—n)d(y 050)+fy—10F XUF’S((Q],—IO(K))

< Cnezu(ar(F)+1)+C(F,E)e—(s—n)d(y—‘o,o)+f;’_1(, F

This concludes the proof of the upper bound.
For the lower bound, we have

VS (0,(yK)) > e CERI s 0041, F o P L, (R)).

The crucial point is to get a lower bound of the measure on the right hand side. More
precisely, as we assume that K contains a ball centered at o with large radius, we
wish to find such a radius R > 0 and 7 > 0 such that uniformly in y € I" and ép(F) <
s < 6r(F) + t, the measure UF’S((nylo(B(O, R))) has a positive lower bound. It
would follow immediately if we knew that for some R > 0, uniformly in y € M and
Sr(F) < s < 8r(F) + t, the measure vF> (9, (B(0, R))) has a positive lower bound.
We follow the usual argument which concludes the proof of the classical Shadow
lemma. Imagine by contradiction that there exist

sp = 6r(F), R, —> oo, and yneyweﬁuaﬂ

such that vF=(0,, (B(0, Ry))) — 0.
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There exists a subsequence s,, such that pFSne converges to some probability
measure v’ on the boundary which is supported on the full limit set Ar. This measure
is not a single Dirac mass at y,, by nonelementarity. By regularity, we can find an
open neighborhood U of yo with v/ (U) = 1 —a < 1. Since v¥ converges weakly
to v’ and U is open, this entails

vEsme Uy <1 —a/2

for large enough k. For large enough 7, the complement of U is then contained in
0y, (B(0, Ry)) as y» = Yoo and R,, — oo. This gives

pFosns (Oy,, (B(0, Rn,))) > /2,

a contradiction. [

3.3. Gibbs measures

Let F: T'M — R be a Holder-continuous potential with finite topological pressure,
and let vF be a Patterson—Sullivan measure associated with F, as constructed in the
previous paragraph.

Denote by 1: T'M — T'M the involution v — —v, and let v¥°* be a Patterson—
Sullivan measure associated with F' o . Hopf coordinates allow us to define a Radon
measure on 7' M by the formula

diii” (v) = exp(Sr (F)Bo=(0, 7(v)) = py=" (0, w(v))
+80(F)By+(0.7(v)) = pys (0.7 (1)) dvF (o) v (v) dr. (7)

F

By construction, m* is invariant under the geodesic flow and it follows from (6) that

it is invariant under the action of T on T M , so that it induces a Radon measure m*
onT'M.
The following crucial result was shown in [31] for ' = 0 and in [33, Chapter 6]

in general.

Theorem 3.7 ([311-[33]). Let F: T'M — R be a Hilder-continuous potential with
finite topological pressure. Then the following alternative holds. If a measure m*
on T'M given by the Patterson—Sullivan—Gibbs construction is finite and if, once
normalized into a probability measure, it belongs to M, then it is the unique proba-

bility measure realizing the supremum in the variational principle:

mf dm?®
P(F) = sup (th<m)+ / de) =th(—F) o oron
meMF T\M [l ] iy Imt|

Otherwise, there is no probability measure realizing this supremum.
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We will also need the following result, called the Hopf-Tsuji—Sullivan—Roblin
theorem, see [33, Theorem 5.3] for a more complete statement and a proof.

Theorem 3.8 (Hopf-Tsuji—Sullivan—Roblin theorem, [33]). Let F: T'M — R be a
Holder-continuous potential with finite topological pressure, and let vF and m* be
associated with F as above. The following assertions are equivalent.

(1) The pair (T, F) is divergent, i.e., the Poincaré series Pr o r (s) diverges at the
critical exponent 8 (F);
(2) the measure vE gives positive measure to the radial limit set: vF (Arr‘i‘d) > 0;

(3) the measure v gives full measure to the radial limit set: v (A}ad) =1;

F

(4) the measure m¥ is conservative for the action of the geodesic flow on T'M ;

F

(5) the measure m* is ergodic and conservative for the action of the geodesic

flowon T'M.

Together with the above Hopf—Tsuji—Sullivan—Roblin theorem, the Poincaré re-
currence theorem implies the following crucial observation:

When the measure m¥ is finite, it is ergodic and conservative.

4. Pressures at infinity

In this section, we recall first the notion of fundamental group outside a compact
set introduced in [34]. Then, to each of the three notions of pressures recalled in
Section 3.1, we associate a natural notion of pressure at infinity.

4.1. Fundamental group outside a given compact set

For any compact set K C M, as in [16, 34, 44] we define the Sfundamental group
outside K, denoted by I'g, as

Fg=1{yel 3x,yek, [x,yy)]NTK c KUyK}.

Considering the last point on such a geodesic segment in K, and the first point in yf ,
it follows that this set can equivalently be written as

Fg=1{yel 3x,yek, [x,yy]NTK = {x,yy}}.

This subset of I' corresponds to long excursions of geodesics outside of K := pr (I? ).
We stress that this is not a subgroup in general, see examples in [44, Section 7].
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Recall from [44, Proposition 7.9] and [44, Proposition 7.7] the following results.

Proposition 4.1. The following statements hold.
(1) Let K C M bea compact subset, and o € I'. Then T, g = aFIgot—l.

2) If K, and K, are compact subsets of M such that K, is included in the inte-
rior of K», then there exist finitely many a1, . ..,a € I such that

k
~ T~ 1
Fch U oe,I'Klozj .
i,j=1

In some circumstances, it may be useful to consider different Riemannian struc-
tures (M, go) and (M, g) on the same orbifold, and compare their fundamental groups
outside a given compact set, denoted by F%O and F% in order to avoid confusions. The
following proposition follows from the definition.

Proposition 4.2. Let K C M bea compact subset. Let gy and g be two complete
Riemannian metrics with pinched negative curvature and bounded derivatives of the
curvature that coincide outside pr(K). Then

ré =
K K-

4.2. Critical exponent at infinity

Consider the associated restricted Poincaré series

Pro(s, F) = Z esd©yo)+ [ F
]/GFE
Its critical exponent 6t (F) € [—00, +00], satisfies for all ¢ > 0

. 1 vo
Srg (F) = limsup " log Z elo ¥,

t—>—+00 yel"lg,
t—c=d(o,yo)<t
We call it the critical exponent or geometric pressure of F outside K. By construction,

51 (F) < 8r(F).

Definition 4.3. The critical exponent at infinity or geometric pressure at infinity of F
is defined as
5°(F) = inf br . (F),
K

where the infimum is taken over all compact sets KcM.
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An immediate corollary of Proposition 4.1 is the following result.

Corollary 4.4. Let F: T'M — R be a Holder-continuous potential.
(1) Let K C M be a compact subset, and o € T. Then Stz (F) = dr . (F).

@) If Ki and K, are compact subsets of M such that K, is included in the inte-
rior of Ez, then
8rg, (F) < drg (F).

Corollary 4.4 implies for any Holder-continuous potential F the very convenient
following fact:

S(F) = Jim_Srp, ) (F).

It is worth noting that this critical exponent at infinity can be equal to —oo, in par-
ticular, in the trivial situations described in the following lemma, where all potentials
have critical exponent at infinity equal to —oo.

Lemma 4.5. Let M be a compact or convex-cocompact Riemannian manifold with
pinched negative curvature. For every Holder-continuous potential F: T'M — R,

we have
S (F) = —o0.

Proof. By [44, Proposition 7.17], for KcM large enough, the set I is finite. This
immediately implies
SFP(F) < dr(F) = —oo0. [

We refer to Corollary 7.7 for more interesting situations where 62°(0) > 0 and
there exists a Holder-continuous map F: 7'M — R with §&°(F) = —oc.

4.3. Variational pressure at infinity

Recall that the vague topology on the space of Radon measures on 7! M is the weak-*
topology on the space of Radon measures viewed as the dual of the space C.(T' M)
of continuous maps with compact support on 7'M . A sequence of probability mea-
sures (Un)neN converges to O for the vague topology if and only if for every map
@ € C.(T'M), it satisfies

lim edu, =0.

n—>—+00

*
We write this p, — 0. This provides the following other natural notion of pressure at
infinity.
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Definition 4.6. Let F be a Holder-continuous potential on T'M. The variational
pressure at infinity of F is

P(F) = sup{hm sup(hmwn) 4 / | qun) :
T'M

n—>+o0o

N *
(tn)nen € (ME) " sty — o}

= lim inf sup{hKS(u) +/ Fdu: peMF st u(T'K) < s}
e—>0 KCM, TIM
K compact

= inf lim sup{th(pL) —|—/ Fdu: peMF st (T'K) < e}.
KcM, &0 TIM
K compact

Let us check that these three definitions coincide.

Proof. The limit in ¢ in the last two lines is a decreasing limit, i.e., an infimum, so
it commutes with the infimum over compact subsets K. Hence, it suffices to show
that the quantity on the first line, say A, coincides with the quantity on the second
line, say B. If a sequence u, realizes the supremum in A, then for any ¢ > 0 and
for any compact subset K, one has eventually u,(T'K) < ¢ by definition of the
vague convergence to 0. Therefore, A < B. Conversely, consider sequences &, and K,
realizing the infimum in B. Since decreasing ¢, and increasing K, can only make the
infimum smaller, it follows that &, = min(e,, 1/n) and K| = K, U B(o, n) also
realize the infimum in B. We get a sequence of measures i, € er: with

un(T'K)) <€/, and th(Mn)+/] Fdu, — B.
TIM

*
Since T K/, increases to cover the whole space and ¢/, tends to 0, we have p, — 0.
Therefore, B < A. [

From a dynamical point of view, it would be more natural and apparently more
general to consider all compact subsets KX of 7'M, instead of restricting to unit
tangent bundles X = T'! K of compact subsets of M. However, the equality between
the three above quantities shows that it would not bring anything to the definition.

In the case F' = 0, in the context of symbolic dynamics, this definition already
appeared in different works, see for example [8,9,24,39].

One can consider a variation around the above definition, requiring additionally
that all the measures j1, are ergodic. We will denote this pressure by Pi% .. (F). We
will see in Corollary 6.12 that it coincides with P32(F'), as a byproduct of the proof
of Theorem 1.2.
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4.4. Gurevic pressure at infinity

To the Gurevi€ pressure is naturally associated a notion of Gurevic pressure at infin-
ity, when considering only periodic orbits that spend an arbitrarily small proportion
of their period in a given compact subset. This only makes sense for compact subsets
on T'M whose interior intersects the nonwandering set . As in the preceding sec-
tions, we consider gnly compact subsets K of M, so that we require that the interior
of K, denoted by K, intersects the projection 7 (£2) of the nonwandering set on M.
We recall that P (T — ¢, T'), defined in Section 3.1.3, is the set of periodic orbits
intersecting K with length in the interval [T — ¢, T'].

Definition 4.7. Let F be a Holder-continuous potential on 7' M. For any ¢ > 0, the
Gurevic pressure at infinity of F is

1

% (F) = inf lim limsup — lo eln F
Gur( ) KCM,K compact a—0 T_)+£ T & Z
o PEPK (T—c,T);
KN (R)#0 L(pNT K)<al(p)
. . . 1
= lim inf lim sup — log Z elo ¥
a—0 KCM,K compact T_5 1o
o PEPK(T—c,T);
KN (Q2)#0 L(pNT ' K)<al(p)

It does not depend on c.

It is not completely obvious from the definition what happens when one increases
a compact subset K’ to a larger compact subset K. Since one may consider orbits that
intersect K but not K’, one is allowed more orbits. However, the condition

LUpNT'K) < al(p)

becomes more restrictive for K than for K’, allowing less orbits. These two effects
pull in different directions. It turns out that the latter effect, allowing less orbits, is
stronger. We formulate this statement with a third compact subset K" as we will need
it later on in this form, but for the previous discussion you may take K’ = K”'.

Proposition 4.8. Consider three compact subsets K", K’, K of M such that the inte-
rior of K" intersects a closed geodesic, and K' is contained in the interior of K. Then,
fora >0,

1 : 1
lim sup — log Z elrF <lim sup T log Z e F.
T=>oo pePk (T—c,T); T—+oo pePn(T—c,T);
LpNT K)<al(p) L(pNTK")<2al(p)
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Therefore, the infimum in the definition of the Gurevic pressure may be realized
by taking an increasing sequence of balls, just like in Corollary 4.4:

1 ,
Pgl?r(F) = lim Ilim lim sup 7 log Z er/p F.

R—o0 a—0 1
oo DPEPB (0. R)(T—c,T);

L(pNT ! B(o,R))<al(p)

Proof. Consider a periodic orbit p of length £(p) € [T — ¢, T|] starting fromv € T' K,
parametrized by [0, £(p)]. Fix also ¢ > 0. By the first assertion of Proposition 2.5
there is another periodic orbit p’, of length £(p’) € [£(p), £(p) + To] for a constant Ty
depending on K and K" and &, parametrized by [0, £(p’)], following p within ¢ during
the interval of time [Ty, £(p) — To], and intersecting 7' K”. Lemma 3.1 shows that
there exists a constant C’ such that

|/F—/F|§C’.
p )

Moreover, by assertion (2) of Proposition 2.5, there exists C” such that the multiplic-
ity of the map p — p’ is bounded by C”T if T is large enough.

If ¢ is such that the e-neighborhood of K’ is included in K, then the times at
which p’ belongs to T! K’ are of two kind: either they are in [T}, £(p’) — 2To], and
then the corresponding point on p belongs to T! K, or they are not. Hence,

Lp' NT'K") < 3Ty +L(p N T'K).

Taking into account the multiplicity, we obtain

Z ol F <C'T Z eC' I F
pePr (T—c,T); p/E?K//(T—C,T-FTO);
LpNTK)<al(p) Lp'NTIK)<3To+al(p’)

When T is large enough, we have
3To + al(p') < 2al(p’).

As the interval [T — ¢, T + Tp] is the union of at most % + 2 intervals of length at
most ¢, taking a limsup, we obtain

1 1
lim sup T log Z e/rF <lim sup - log Z el m
T=>oo pePr (T—¢,T); T—>+o0 p'ePrn(T—c,T);
LpNT ' K)<al(p) L(p'NTIK" ) <2al(p’)
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4.5. Pressure at infinity is invariant under compact perturbations

In this paragraph, we will show that the critical exponent at infinity is invariant under
any compact perturbation of the potential or of the underlying metric.

Proposition 4.9. Let F:T'M — R be a Holder-continuous map, let A: T'M — R be
a Holder-continuous map, and let KcMbea compact subset such that A vanishes
outside pr(T'K). Then

Srp(F + A) = dr (F).

In particular,
SP(F + A) = 62 (F).

Proof. By definition, for all y € I'g, there exist x, y € K such that the geodesic
segment [x, yy] satisfies [x, yy] N T K = {x, yy}. We deduce that

/xyy(erA):/x”ﬁ.

By Lemma 3.1, we deduce that

/oyo(ﬁJrA)—/oyoﬁ

By definition of 81-12_ (F) and SFE (F 4+ A), the result follows immediately. ]

<2C(F.K,A).

In the next proposition, we consider two negatively curved Riemannian metrics
go and g on M such that there exists C > 0 satisfying at every point of M,

1
c 8o <g=<Cgo (8

and still denote by g¢ and g their lifts to M. For a given potential F: TM — R,
denote by 8rz ¢ (F), 0r ¢ (F), Sl‘iogo (F), 81‘2°g (F) the associated critical exponents
for the restriction of F to the unit tangent bundles for g and g respectively. It follows

from (8) that being Holder-continuous does not depend on the metric one considers.

Proposition 4.10. Let (M, go) be a Riemannian manifold with pinched negative cur-
vature, and g be another negatively curved metric on M. Let F: TM — R be a
Holder-continuous potential. Let K CMbea compact set such that g and g coin-
cide outside of pr (K). Then

SFE,go(F) = 5I‘g,g(F)-

In particular, 5%°, (F) = 85, (F).
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Proof. When necessary, denote by [a, b]® or [a, D]8° the geodesic segment of the
metric g (respectively, go) between a and b. By Proposition 4.2, we have

g0 _ &
FI? = FE'
Lety € FE. There exist x, y € K such that
[x.yy] NTK = {x,yy}.

Outside I' K, the metrics go and g coincide, so that (8) is satisfied, the segments
[x,vy]® and [x, yy]8° are the same, and the integrals of F' coincide:

/ Fe / F
[x,yy]® [x,yy]%0

Moreover, by compactness, there exists D > 0 depending on K, go and g, such
that for both metrics,

d®(x,0) <D, df(x,0) <D, d*(y,o)<D, d&(y.0)<D.

Therefore, using Lemma 3.1, there exists a constant C depending on D and sup I?(ﬁ )
such that for both metrics, we have

‘/ f_f Fl<c and ‘/ ﬁ_/ F
[o.yo]# [x,yy]® [0,y0]%0 [x,yy]%0

The result follows by definition of the geometric pressure outside K. |

<C.

Compact perturbations of a given potential do not change the critical exponent at
infinity, but modify the pressure, as shown in the next proposition. This kind of state-
ment is very useful and relatively classical. Similar statements in symbolic dynamics
or on geometrically finite manifolds, or for potentials converging to 0 at infinity can
be found for example in [27,37].

Proposition 4.11. Let F: T'M — R be a Holder-continuous potential, and A: T' M
— [0, +00) a nonnegative Hélder-continuous map with compact support. The map

A eR — Sp(F + LA)

is Lipschitz-continuous, convex, nondecreasing, and as soon as the interior of the
support of A intersects the nonwandering set 2, we have

lim 8p(F + AA) = +oo.
A—>00
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Proof. The fact that it is Lipschitz-continuous is an immediate consequence of the
definition, and that it is nondecreasing is obvious as A > 0. Convexity follows from
the variational principle (Theorem 1.1) because it is a supremum of affine maps.

Now, if the interior of the support of A intersects €2, there will be at least an
invariant probability measure pu with compact support (supported by a periodic orbit
intersecting the interior of the support of A for example) such that [ Adu > 0. By the
variational principle,

SF(F+)LA)ths(;L)+/qu+/\/Ad;L,

and the latter quantity goes to +00 when A — +4oc0. The result follows. |

The combination of Propositions 4.9 and 4.11 provides the following corollary,
which will become relevant in Section 7.

Corollary 4.12. Let F and A:T'M — R be two Hélder-continuous potentials. Assu-
me that F has finite geometric pressure at infinity, and that A is nonnegative, com-
pactly supported, and not everywhere zero on the nonwandering set. Then for A > 0
large enough, we have

S0(F + AA) > 8(F + AA).

4.6. Infinite pressure

In this paragraph, we prove that if the geometric pressure of a potential is infinite, then
its pressure at infinity is also infinite. This is not surprising: everything coming from
a compact set is finite, so if the pressure is infinite the major contribution has to come
from the complement of compact sets, and therefore the pressure outside any compact
set should also be infinite. However, the proof is not completely trivial. It will involve
careful splittings of orbits and subadditivity, two themes that will also show up in later
proofs. One may think of this proof as a warm-up for the next sections.

Proposition 4.13. Let F:T'M — R be a Holder-continuous potential with 8t (F) =
+00. Then §3°(F) =

Proof. We will prove the contrapositive, namely, if there exists a compact set Kof M
with 8p (F) < oo then ér(F) < oco. Adding o to K if _Necessary, we can assume
oek. F1x some s > 8r (F). Let D be the diameter of K.

Let
vo &
yeT : d(o,y0)e(n—1,n]
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We claim that there exists C > 0 such that, foralln € N,

u, <C Z uqup + Ce*". 9)
a,beN
l<a,b<n—1,la+b-n|<C
The proof of this inequality is purely geometrical. On the other hand, the proof that
this inequality implies the proposition is purely analytical. We postpone the geomet-
rical proof of (9) and explain how to deduce the result assuming this inequality, by a
subadditivity argument. Extend u, by 0 for n € (—oo, —1], and define a new sequence

n+C

Uy = Z Uj.
n—C
It satisfies the inequality

wm=Cr ) vavy+Cie™, (10)
1<a’,b'<n—1

a’+b'=n
for some C;. To get this inequality, bound each u; appearing in v, using (9), and
notice that the a, b in the upper bound satisty n —2C <a + b < n 4 2C and will
therefore appear in one of the products v,/ vy for a’ + b’ = n. We will prove that this
sequence v, grows at most exponentially fast, from which the same result follows

for u,,, as desired. For small z > 0, define

N
B(z) = ZCles"z” and Vy(z) = Z v,z
n>1 n=1

The inequality (10) gives
VN (2) = B(2) + C1Vn-1(2)*. (1)

The function B is smooth at 0. Let ¢ be strictly larger than its derivative at 0. Fix z
positive and small enough so that B(z) + C;(¢z)? < tz, which is possible since the
function on the left has derivative < z. We claim that V(z) < ¢tz for all N. This is
obvious for N = 0 as Vp = 0, and the choice of z and the inequality (11) imply that, if
it holds at N — 1, then it holds at N, concluding the proof by induction. In particular,

vpz" < Vy(z) <tz.

This proves that v,, grows at most exponentially.
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It remains to show (9), using geometry. Let A > 0 be large enough (4 > D + 1
will suffice). Take y with d (o0, y0) € (n — 1,n]. We consider two different cases: either
[0, 0] \ (B(o, A) U B(yo, A)) does intersect 'K (we say that y is recurrent — this
terminology is local to this proof), or it does not. The former will give rise to the first
term in (9), the latter to the second term.

We start with the nonrecurrent y’s. If [0, yo] C B(o, A) U B(yo, A), then d (o, yo)
is uniformly bounded, so is n, and the formula (9) is obvious for these finitely many
n’s by taking C large enough. Assume now that » is large. Consider the last point x
on [0, y0] N B(o, A) N T K, and the first point y on [0, yo] N B(yo, A) N I'K. Take
yx € I such that x € yxf, and y, € I" such that y € yyyf. Note that y, and y),
belong to a finite set 4 (depending on A), made of these elements of I" that move o
by atmost A + D. Moreover, y’ = y; 'y, belongs to ['g since [x, y] N K = {x,y}
by construction.

Applying Lemma 3.1 to the compact set |_J
that

geF, g K, we obtain a constant C such

yo _ yyyo _ Yo _
/ F§/ F+C:/ F+C.
o Yx0 o

Finally, the contribution of the nonrecurrent y’s to u, is bounded from above by

3 3 oJFrC

Yx.Vy€F 4 v el g
d(o,y’0)e(n—1-2A4—2D,n+2A+2D]

The sum over y, and y, gives a finite multiplicity, and the sum over y’ is bounded by
C(A)e™ for some constant C(A) > O since s > SFI? (F). This is compatible with the
second term in the upper bound of (9).

We turn to the contribution to u, of the recurrent y’s. For such a y, there is a
point x in [0, y0o] N T K \ (B(0, A) U B(yo, A)). Write x = y’x’ with x’ € K. Consider
the integer a such that d(o, y'0) € (a — 1, a]. It satisfies

A—-D<a<n—-—A+ D +1,

/

so if A is large enough one has 1 <a <n — 1. Let y” =y’ 'y, so that y = y'y".

The integer b such that d (o, y”0) € (b — 1, b] satisfies also
0<A-D<b<n—A+D+1<n.
Moreover,

a+b=d(o,y'o)+d(,y"0)£2=d(o,y0)+d(yo,yo) £2
=d(o,x)+d(x,y0) £ (2+2D) =d(o,y0) £ (2+2D)
=n+ @3 +2D).
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This shows that 1 <a,b <n —1and |a + b —n| <3+ 2D. Finally, applying twice
Lemma 3.1, we obtain the existence of a constant C’ such that

yo _ 1//0~ y//0~
AT R A
o o o

Altogether, this shows that the contribution of recurrent y’s to u, is bounded by the
first term of the right hand side of (9). ]

<C'.

5. Gurevi¢ and geometric pressure at infinity coincide

In this section, we will study and count the possible excursions of periodic orbits
outside large compact sets, and first deduce the inequality

PG (F) < 8R°(F).

The arguments we develop here will also be instrumental in the proof of the inequality
PR (F) < 62°(F) in Section 6.
These inequalities are the heart of Theorem 1.2. The reverse inequalities

PE(F) > 6P (F) and PO (F) > §p°(F)

are simpler, and will be proven respectively in Sections 5.2 and 6.1.

Let us explain why the above inequalities are the most surprising and difficult. A
major difference between the definition of §f°(F) and the two others is that PS5 (F)
and P (F) take into account trajectories (respectively periodic / typical) that spend
most of the time outside a given large compact set, but can however come back inside
this compact set several times, whereas §2°(F') considers trajectories that start and
finish in a given compact set, but never come back in the meantime. Thus, there are
apparently much more trajectories considered in the first two definitions. However,
in the next two sections, culminating in Corollaries 5.3 and 6.11, we prove that the
above inequalities hold.

The strategy developed below is to cut a given trajectory, which comes back sev-
eral times inside a given compact set, but spends a small proportion of time inside,
into several excursions, and to prove precise upper bounds presented below.

5.1. Excursions of closed geodesics outside compact sets

In this section, we study periodic orbits that intersect (the unit tangent bundle of) a
fixed compact subset K C M, but which spend most of their time away from the
R-neighborhood Kz of K.
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For all compact subsets K1 C K, C M and 0 < o < 1, we define
P(Ky, Ky, ) = {p periodic orbit; pNT'K, # @, L(p NT'K>) < a@(p)}

and
P(K1, Kz, T,T") = {p € P(K1,Kz,), T <l(p) < T'}. (12)

Given a Holder-continuous potential F, we define for all T, T’ > 0,

Nr (K1, Ky, T, T') = > el F.
peP(K1,K2,05T,T")

Theorem 5.1. Let K C M be a compact subset, and KcMbea compact subset such
that pr(K) = K. Let Ty > 0. Let F: T'M — R be a Holder-continuous potential
with SFK (F)> —o0. Let n > 0. Forall 0 < o < 1 and R > 2, there exists a positive

number ¢ = (K, F,n,a/R) such that

1

limsup?logNF(K, Kr,o:T.T + To) < (1 —a)drp (F) + «dr(F) +n+ .
T—+o0

Moreover, when E, F and n are fixed, W(E, F,n,a/R) tends monotonically to 0

when o/ R tends to 0.

Remark 5.2. When SFE (F) = —o0, the statement should be modified, replacing on
the right hand side SFE (F) with an arbitrary real number d, and allowing v to depend
on d. The same proof applies.

Letting R — +o00, n — 0 and at last K exhaust M and « — 0, we deduce the
following corollary.

Corollary 5.3. Under the same assumptions on M and F as in Theorem 5.1, we have
Peu(F) = 6p°(F).

Proof. 1If 6r(F) is infinite, then 62°(F) is also infinite by Proposition 4.13, and the
result is obvious. We can therefore assume 1 (F) < co. We will also assume §2°(F') >
—00, as the case 6f°(F) = —oo can be proved similarly using Remark 5.2.

Let n > 0. We have to find a compact subset L of M whose interior intersects
7(€2), and a > 0, such that, with L = pp(L), the exponential growth rate of

O

pePr (T, T+1);

L(pNT'L)<al(p)
is at most §p°(F) + 3. Fix a large compact set K with Srgp (F) = 6p°(F) +n. We
denote respectively by K, and K5 the neighborhoods of size 2 and 3 of K. We wish
to apply Theorem 5.1 with R = 3, and set L = K3, and L = pr(K3).
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There is a difficulty coming from the fact that the definition of the Gurevi¢ pres-
sure involves all periodic orbits going through L = K3, while Theorem 5.1 only takes
into account those that, additionally, enter K. This difficulty is solved using Proposi-
tion 4.8 applied with K instead of K”, K, instead of K’ and K3 = pF(E3) instead
of K. This proposition yields that the exponential growth rate of

Y e

pEP (T, T+1);
L(pNTL)<al(p)

Y bt

pePK (T, T+1);
L(pNTK>)<2al(p)

is bounded by that of

The latter can be estimated thanks to Theorem 5.1 applied to R = 2, Tp = 1 and 2a:
this growth rate is bounded by

(I = 20)8r  (F) + 2060 (F) + n + ¥ (),

where ¥ (&) tends to 0 with or. This quantity converges to dr . (F) + 1 < §p°(F) + 21
when o tends to 0, so that for some « > 0 it is strictly smaller than §2°(F) + 37. =

The strategy of the proof of Theorem 5.1 is as follows. A periodic orbit will be
cut into two kinds of segments, those which stay in the given compact set K, and the
excursions outside this compact set. The weighted growth of the excursions should
be controlled by the exponent dr, (/) multiplied by the proportion of time spent
outside K, and the weighted growth of the segments inside K should be controlled
by ér (F) multiplied by the proportion of time spent in K. However, to succeed to get
such a control, we need to avoid the situation with several very short excursions in
a very close neighborhood of K. For this reason, we need to play with two compact
sets, K and its R-neighborhood Kg.

Proof of Theorem 5.1. As in the above proof, we can assume that §r (F') and §2°(F)
are finite. Let K C M be a compact set and Kg C M be its R- -neighborhood, and
set K = pr(K), Kg = pr (KR). Let D be the diameter of K. Any geodesic segment
joining the boundary of K and the boundary of K g has length at least R and at most
D +2R. Letalso D’ = D’(K, Tp) be larger than the diameter of K U {0}, 1 and Tp.

Consider a periodic orbit p € P (K, Kgr,a) with £(p) € [T, T + Tp]. By assump-
tion, w(p) N K # @. We will divide it into long excursions, i.e., those excursions
outside both K and Kg, of total length at least (1 — «)£(p), and periods of time of
total length at most af(p) where it stays inside K.
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Figure 3. Long excursions outside K and K g.

Since p intersects 7! K, we can choose a lift ¢ of p that intersect T'! K. Let gbea
hyperbolic isometry whose translation axis is ¢, and whose translation length is £(p),
and which translates in the direction given by the orientation of p.

Define inductively points a;, b; on ¢ as follows, see Figure 3. Choose first a point
ao on ¢ inside K. Consider on the geodesic segment [ag, g.ap] of ¢ the first points
bo,a; € I'dK such that the open interval (b, a) does not intersect 'K and

(bo,a1) N M \TKg # 0.

The interval (bg, a1) projects through pr into a long excursion, i.e., an excursion out-
side K which also goes outside K g. Inductively, we define (by, a3), ..., (bn—-1,an)
by the properties that b;, a; 4, are the first points of [a;, g.ao] which lie in TdK and
satisfy

(bi,ais)) NTK =0 and (bj,ai;1) N M \TKg # 0.

In other terms, the intervals (b;,a;4+1), 0 <i < N — 1, are the connected components
of [ag. g.ao] \ T K that intersect M \ I' K g, whereas the segments [a;, b;] are included
in T Kg. Finally, set by = g.ao.

Forall 0 <i < N, choose elements yii € I' such thata; € y;~ K and b; € )/flz .
As K is compact and the action of T is proper, for each i, there are only finitely many
choices of such elements yii. Without loss of generality, set y;” = Id and y;\,r =g.

Choose some ¢ > 0. The following elementary observations are crucial for the
sequel:

(1) As Up<j<nlai, bi] C I'K g, by definition of P (K, Kg, &) and since T <
L(p) < T + Ty, we have

LpNT'K) < Zd(a,,b)<a(T+To)<aT+D/
i=0

(2) For all i € {0, ..., N — 1}, we have (b;,a;4+1) C M \ T'K. Moreover, the
length of (bl,aH_l) N TKpg is at least 2R and \U;[bi, ai4+1] does not intersect the
interior of [' K, so that by definition of P (K, Kg, @),

N-1
(1—a)T +2RN < Y d(bj.ais)) <T +To<T + D, (13)
i=0



Pressure at infinity and strong positive recurrence in negative curvature 467

and therefore, for v := ﬁ(aT + D’), we have
N <v. (14)

For large enough T', we have
V<

T. as)

x| R

(3) Write ¢; = (yi_)_l)/iJr eI'foralli =0,..., N. We have
|d(o, yi0) —d(a;i, bi)| <2D’,
so that

N
> d(o.yi0) <a(T + To) + 2(N + 1)D’ < aT + 5ND'.
i=0

Let s; be the unique integer such that d(o, ¥;0) < s; < d(0, ¥;0) + 1. Then

so+--+sy <al +5ND'+ N +1<aT +7ND'.

(4) By definition of I'g, forall i =0,..., N —1,since ((y;") ™" bi.i (¥i5) " "ai+1)
does not intersect I' K, we have ¢; = (yf)‘lyijrl € I'g. Moreover,

|d(0.,pi0) —d(b;,a;+1)| <2D'.

Let ¢; be the unique integer such that d(o, g;0) < t; < d(o, p;0) + 1.

(5) As Yo d(ai bi) + Y10y d(bi.aig) = d(ao.by) = £(p) € [T.T + Tol,
we get

<To+ (4N +2)D’,

N N-1
Zd(o, vio) + Z d(o,pj0)—T
i=0 i=0

and therefore

N N—-1
dosi+ Y - T' <To+ (4N +2)D' + (2N + 1) < I0ND'.
i=0 i=0

(6) By (13),as d(bi,ai+1) —2D" < t; <d(b;i,a;+1) +2D" + 1, we get
N-1
(1—a)T —2ND' < Y " t; < T + 4ND'.
i=0

(7) Since M has pinched negative sectional curvature and F is (8, Cr)-Holder-
continuous, Lemma 3.1 applied to the compact set KU {0} ensures that there exists a
constant C(F, K) depending only on the upper bound of the curvature, on K and the
Holder-continuous constants of F' such that foralli =0, ..., N,

bi _ Yio _
[F-]7
a; o

< C(F.K).
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(8) Similarly, foralli =0,...,N —1,

aj41 Yo _
A
b; o

9) As fp F = fago % F and bounding 2N + 1 from above with 3v, we deduce

< C(F, K).

N—

Z[ Z —3C(F,K)v
o i=0
N N-1 ,g0
/ Z Z/ F +3C(F, K)v. (16)

i=0

Forall t € N, set
Fe—-1,1)={yel.d(,yo)e(t—1,t]} and Tgt—-11)=T(—-1,1)NTg.

We also write

Orr) = > &F and Qpr = Y el°F.

yel(t—1,t) yelg(t—1,1)

To each periodic orbit p € (K, Kg, «) with £(p) € [T, T + To], we have asso-
ciated a hyperbolic isometry g € I" whose axis intersects K and projects through pr
onto 7 (p) and with translation length equal to £(p). Then, to each such element g
we have associated by the previous construction finite sequences o, ..., pn—1 in g
and VYo, ..., ¥y € I'. As one can recover g (and then p, which is the projection of the
translation axis of g) from these sequences by the formula g = Yo@o¥1 - - N1V N,
this association is injective.

Let us now bound N (K, Kg,o; T, T + Tp). Summing the exponentials of the
bounds (16) over all the periodic orbits in P (K, Kgr,«;T,T + Tp), we get the inequal-
ity

_ v(,T,To,R)
Nr(K.Kg.o:T.T + Tp) < €KY 3" > O F.r(so)

N=0 105 sk N —15505---sSN EN
> si+> t;—T|<10ND’
Y t;>(1—a)T—2ND’

“OFrg(to)  Qrr(s1) - QFrg(t) - QFrg(tn-1) - Qrr(sn).  (17)

The following lemma is a straightforward consequence of the definition of the
critical exponents r (F) and 8 (F).
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Lemma 5.4. Foralln > 0, there exists Cy = Cy, (K, F,n) > 1 such that for all t > 0,
we have

QF.r(1) < Cpe®r N and OFrp(t) = Cnesrk(F)H"t.

We can write the second bound as Q p,r . (f) < C,,e('grl?(F)_SF(F))HSF(F)HW.

Multiplying these bounds, we get

Or,r(so) OFrg(to) - OF,r(s1) - QFrg(t) - OFrz(tn-1) - OF,r(sN)
= CPVF exp((6r(F) + (s + Y1) + Grg (F) = sr(F) (Y1) )
= GV exp((6r(F) + T + (18 (F)| + n)10ND’
+ (e (F) = 8r(F))((1 — )T —2ND"))
= C;V exp((@dr(F) + (1 = )rp (F) + )T
+ (180 (F)| 4 n + 8r(F) = 8r. (F))10ND').
Note that this bound does not depend anymore on the choice of the s; and #;. In order
to bound (17), one should take into account a multiplicity given by the number of
possible choices for these integers.

The following combinatorial standard estimate will control the number of possible
choices.

Lemma 5.5. Let 1,k € N be integers with k < t. The number of ordered integer
decompositions of t of length k, i.e., the number of (U1, ..., u,) € N such that
u; >0anduy + -+ + u, <, is equal to

T+ (t+x)!
K okl
Then (so, to, 51, - - . , Sy ) forms an ordered integer decomposition of some integer

T <T + 10ND’, with « = 2N + 1. Their number is thus bounded by

T +10ND’ +2N +1
2N +1 '

Recall that by (14), we have N < v, which is bounded by 7'/2 for large T, so that

T +10ND' +2N +1<8D'T and 2N +1<3v <8D'v.

T 4+ 10ND’" +2N + 1 - 8D'T - 8D'T
2N +1 “\2N+1/) 7 \ 8Dy

We get
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thanks to monotonicity properties of binomial coefficients. Summing over all the val-
ues of N, we obtain the estimate

8D'T 3C(F,K) 3
8D/v)e e

x exp((adr(F) 4+ (1 —a)ér . (F) + )T
+ (80 (F)| 4 n + 8r(F) — 8r (F))10vD’).

Nep(K, Kr.a:T.T +To) < (v + 1) - (

To conclude the proof, we should estimate the exponential growth rate of the var-
ious terms in this expression when 7 tends to infinity. Recall that v < «T/R by (15).
Stirling’s formula, n! ~ /27 n(n/e)", implies that the exponential growth rate of

8D'T - 8D'T

8D'v ) — \8D'T -a/R
is bounded by —plog p — (1 — p) log(1 — p) for p = «/R. Finally, the exponential
growth rate of Np (K, Kg,o; T, T + Tp) is bounded by

adr(F) + (1 —a)dr. (F) + n— plogp — (1 — p) log(1 — p)
+ (3C(F, K) + 31og Cy + 10D/ (|80 (F)| + 1+ 6r (F) — SFE(F)))%~

This concludes the proof of the theorem. ]

5.2. Gurevic¢ and geometric pressures at infinity coincide
This paragraph is devoted to the proof of the following part of Theorem 1.2.

Theorem 5.6. For all Holder-continuous potentials F: T'M — R with finite pres-

sure, we have
PG (F) = 8°(F).

By Corollary 5.3, it is enough to prove the inequality PS5 (F) > §°(F).

Proof. The set of periodic orbits of the geodesic flow (counted with locally bounded
multiplicities in the orbifold case) is in 1-1 correspondence with the set of conju-
gacy classes of hyperbolic elements of I'. Let us recall how. Given a periodic orbit
p C T' M, its preimage rr Y(p)cT! M is a countable union of orbits of the geodesic
flow on 7'M . Each of these orbits projects on M to the translation axis of a hyper-
bolic element of I', which is unique (modulo the pointwise stabilizer of their axis)
when requiring that this element translates along the axis with translation length equal
to £(p), and in the direction given by the direction of (g’);~¢ on this orbit. The num-
ber of conjugacy classes of hyperbolic elements (modulo the pointwise stabilizer of
their axis) associated with p in this way is equal to the multiplicity of p.
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Let K C M be a compact subset whose interior intersects a closed geodesic, and
containing the projection pr (o). Let K be a compact subset of # which contains o,
such that pr (I? ) = K, and whose interior intersects Q. Let N be the maximal multi-
plicity of pr on K.Let D be the diameter of K.

With the notation of (12), set

P(K,a) =P(K,K,a) and P(K,a;T,T'):=P(K,K,a;:T,T).

First, by Lemma 2.1, there exists a finite set § = {g1,...,gx} C I', such that, for
all y € T'g, there exist g;, g; (not necessarily unique) such that g;- 1)/gj is hyperbolic
with a translation axis which intersects K. Let Dy be the associated periodic orbit (it
depends on the choice of g;, g; but this is not a problem). As the axis of g;° lygj
intersects K , we deduce that

|€(py) —d(0, &' yg;0)| < 2D.
By the triangular inequality, we deduce that

|d(0.y0) — (py)| = 2D +2 max (d(0.g:0)).

Similarly, thanks to Lemma 3.1, and using the fact that F is bounded on the §-
neighborhood of I'K, with § = max;<;<x(d(0, g;0)), we deduce that there exists
aconstant C = C(F, K, g1,...,gx) such that

vo _
[l
o Dy

Choose now some R > 1, and let K R be the R-neighborhood of K . For yel Rr’

<C.

there exist € Kg and b € yKg such that the geodesic segment [a, b] only meets
KR at its endpoints. Using the above notations, we assume that g; 'yg; is hyper-
bolic with associated periodic orbit p,,. The point g;o is at distance at most § from o,
which is at distance at most D from a, and the point g;o is at distance at most § from
ygjo which is at distance at most D from b. Therefore, by Lemma 2.3, there exists
a constant 7o > 0 depending on 6, D and the bounds on the curvature, such that,
when removing segments of length 7 at the beginning and the end of [g;0, yg;o],
the middle segment is in a neighborhood of radius less than 1/2 from the geodesic
segment [a, b].

On the other hand, the periodic orbit p, associated with g;'yg; admits a trans-
lation axis which intersects K. Let x € K be a point on this axis and g; 'ygjx €
g7 'yg; K its image by g:" 'y g;. By Lemma 2.3, when removing segments of length Ty
at the beginning and the end of the segment [x, g;~ ! ygjx], the middle segment is in a
neighborhood of size less than 1/2 of the geodesic segment [0, g7 'y g;o].
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The triangular inequality implies that, after removing segments of length 27} at
the beginning and at the end of the geodesic segment [g; x, yg;x], this segment is at
distance at most 1/2 of [g;0, yg;0], and therefore, at distance at most 1 from [a, b].
In particular, as y € T’ Rr> and R > 1, after removing segments of length 27y + R
at the beginning and the end of [g;x, yg;x], this segment spends the rest of the time
outside T'K .

We deduce that the time spent by p,, inside K is at most 4Ty + 2R. In particular,
when £(p,) > (4To + 2R)/a, the periodic orbit p, spends a proportion of time at
most « inside K. As |d (0, yo) — €(py,)| < 2D + 24, it implies that as soon as

4Ty + 2R
d(o,y0) > 2D + 25 + L,
a

then p, belongs to (K, ). In particular, when

ATy + 2R
T>142D 4284 Lot 2R
07

the above considerations show that for y € I'g | (T —1,T), the associated periodic
orbit p, belongs to P(K,ot, T —1—2D —25,T + 2D + 26).

The translation axis of g; lygj is a lift of p, that intersects K. The number of
such lifts is at most linear in £(p,), by (3). Therefore, the multiplicity of the above
map y — p, is at most linear in £(p, ).

The above considerations imply that there exist constants C and t depending only
on K, 1?, D, «, F such that for T > 0 large enough, and all R > 1,

Z efgoﬁfoTx Z efPF.

yel"lzR,T—lsd(a,yo)sT peP (K,a,T—1—1,T+7)

Taking % log of the above inequality, and letting 7 — +o00, and then letting R — 400
and a — 0 gives PSo.(F) > §p°(F). ]

6. Variational and geometric pressures at infinity coincide

This section is devoted to the proof of the equality between geometric and variational
pressures at infinity.
Theorem 6.1. Let F:T'M — R be a Hélder-continuous potential. Then

S (F) = PRI(F).

The first paragraph contains the proof of the easier inequality 67°(F) < P2 (F).
The harder inequality P32 (F) < dp°(F) will follow from Section 5, after some reduc-
tions. First, in Section 6.2, we introduce a notion of pressure, that we call Katok
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pressure in reference to the Katok entropy introduced in [28]. We show that the varia-
tional pressure is bounded from above by this new pressure, involving spanning sets.
Using the closing lemma, in Section 6.3, we study escape of mass of sequences of
probability measures, and relate this new pressure to the Gurevi¢ pressure (which
involves weighted growth of periodic orbits), and conclude the proof of the inequality
P (F) < 6f°(F) thanks to Theorem 5.1.

6.1. The first inequality

This paragraph is devoted to the proof of the easier inequality §7°(F) < P32 (F). We
deal first with the exceptional situation where dr(F) = oo.

Lemma 6.2. Under the assumptions of Theorem 6.1, if we assume p(F) = 0o, then

F  such that

Sfor any compact subset K in M and any C, ¢ > 0, there exists |1 € =M1,erg

w(T'K) <& and th(pL)+/Fd/L>C.

Proof. The entropy hgs(u) of any invariant measure y € .Mf erg 1S TONNEgative.

Therefore, it suffices to find a measure . € M f erg With w(T'K) <eand [ Fdu>C.
By Theorem 1.1, Py, (F) = oo.

Let R = R(C,K) and C’ = C’(C, K, R) be two large enough constants, to be
determined later on in the proof. The equality Py, (F) = oo ensures the existence of
ameasure v € ME with [ Fdv > C’, for arbitrarily large C’ > 0. Taking an ergodic
component of v if necessary, we can assume that v is ergodic. If v(T'K) < &, we are
done choosing u = vand C' = C.

Otherwise, consider a v-typical vector v in 7! K. By the Birkhoff ergodic theorem
and Poincaré recurrence theorem, one can find an arbitrarily large 7 > 0 such that

1 T
7/ F(g'v)dr > C’ and gTveKk.
0

Let K, (respectively, Kg) be the neighborhood of size 1 (respectively, R) of K.
Consider the open set {¢ € [0, T], g'v ¢ K1}. Inside this set, consider those connected
components that contain some ¢ such that g’v does not belong to Kg. These compo-
nents have length at least 2(R — 1). If C’ is large enough so that |F| < C’ on Kg, we
claim that there exists such a component (a, b) such that

b
/ F(g'v) > C'(b —a).

Indeed, otherwise, one would get

T
/ F(g'v) <C'T
0
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by summing the contributions of these big connected components, and integrating the
bound | F| < C’ on the remaining points.

Set w = g%v, and T = b — a. The piece of orbit (g’ w)o<s<. has length larger
than 2(R — 1), its projection to M starts and ends in dK; and remains outside K; in
between, and it satisfies

T
/ F(g'w)dt > zC’.
0

Using the connecting lemma 2.5 in the compact subset K, we get a closed orbit
(g"w")o<r<r+s, With s < T, for some Ty depending only on K7, which stays at dis-
tance at most 1/2 of the orbit of w for Ty <t < t — Ty. In particular, g’ w’ can belong
to K only fort < Tgort — Ty <t <1 + 5. Define the measure p as the uniform prob-
ability measure along this periodic orbit. If R has been chosen large enough compared

to Tp, we deduce
37To
T'K)< ——— <.
MK = 5k—n =°

Let us now check that [ F dp is large. First,

'/Ot F(gtw’)dt—/:F(gtw)‘

is bounded by a constant Cy depending only on K, by Lemma 3.1. Second,

T+s
/ F(g'w)
T

is bounded from below by a constant —C; depending only on K, as s is bounded
by Ty and F is bounded on the (Ty + 2)-neighborhood of K. We get

T+s T
/ F(gtw/)dtZ/ F(g'w)dt —Co—C, > C't — Cy— C;.
0 0

If C' = C'(K, C, R) is large enough, this is at least C(z + s), as desired. [

Proposition 6.3. Under the assumptions of Theorem 6.1, let F' be a Holder-continu-
ous map. Then §3°(F) < P32 (F).

Proof. If ér(F) = oo, Lemma 6.2 shows that one can find a sequence of measures
pn € MF tending weakly to 0 such that hgs (it,) + J713s F ditn tends to infinity.
Therefore, P2 (F) = oo, and the result is obvious. If 62° (F') = —o0, the result is also
obvious.

Assume now that 6t (F) < oo and 6f°(F) > —oo. Choose for every R € N \ {0}
a Holder-continuous map 0 < yg < 1 which approximates 171, g, r) O T'M:

yr=1on T'(prB(o,R — 1)) and yr = 0 outside T'(prB(o, R)). Next define
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F,r = F —nyg, for all n € N, and note that F, g = F outside T! pr B(o, R) so
that 61y, ) (F) = 8ry,. x (Fn,R) by Proposition 4.9. As a consequence,

81 (Fn,R) = 8rp(. gy (Fn,R) = 8T, ) (F) = 77 (F).

By the variational principle [33, Theorem 1.1], we can find for all £ > 0 a measure
Un.R.e € Mf"'R, such that

hKS(an,R,s) + / 1 Fn,Rd/'Ln,R,s > 51"(Fn,R) —&= 51?‘0(F) —¢&.
T'M

Since F,, g = F outside of a compact subset, (1, g ¢ also belongs to Mf . There-
fore, we have

S0(F) > hics (1in g.) + / F dn e
T'M

> nitn,Re(T  prB(o, R — 1)) + hgs(in,R,e) + / 1 Fn,rdn,R.e
T'M
> n,u,,,R,g(TlprB(o, R—1))+ 62 (F) —e.

Choose any sequence e — 0, Ry — 00, np — 00, and fg = fln; Ry ,er- AS
dr(F) < oo, we get from the above on the one hand that for all R > 0,

lim Sup Ui (TIPF (07 R)) =0,

k—o0

and on the other hand that
timint(hes Guc) + [ F dpa) = 52(F).
—00

This proves that
PR(F) = 677 (F). m

Remark 6.4. Since the proof only needs ergodic measures, it even proves the slightly
stronger result
S (F) < Pl e (F) < PEI(F).

6.2. Katok pressure

The proof of Theorem 6.1 will rely on the following notion of pressure, extending
to general potentials a notion of entropy introduced by A. Katok in [28] in the case
F=0.

Forallv € T'M and e, T > 0, the dynamical ball B(v, e;—T, T) is defined by

B(v,e;—T.T)={w e T'M ; ¥Vt € [-T., T], d(g'v.g'w) < &}.
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As in [33], it is more convenient to deal with symmetric dynamical balls. Recall
from [33, Lemma 3.14] that for all 0 < ¢ < &/, there exists T, > 0, such that for
allve T'M and T > 0, we have

B(,&;—T —Tee, T + Teer) C B(v,e;—T,T) C B(v,&'; =T, T).

As in [44, Remark 3.1], on T'M, we define two kinds of dynamical balls for v €
TIM, e, T > 0: the small dynamical ball

Br(v,e;—T,T) = pr(B(v,¢s;-T,T)),
where T € T'M is alift of v € T'M and the big dynamical ball

Bagn(v,&; =T, T) ={w e T'M ; Vt € [-T, T],d(g'v, g'w) < &}
D Br(v,e;-T,T). (18)

Both balls coincide as soon as the injectivity radius of M is bounded from below and ¢
is small enough. More generally, if along the geodesic (g'v)_r<;<r, the injectivity
radius at all points 7 (g’v) is larger than ¢, then

den(v»e; _T7 T) = BF(vw‘?;—T, T) (19)

We will mainly use the small dynamical balls, that are more convenient in our
geometric context, but less natural from the dynamical point of view.

Given a probability measure ;t on 7'M, 8 € (0,1) and &, T > 0, we will say that a
set V.C T'M is (.8, e;—T, T)-spanning, respectively dynamically-(j1,8,&;—T, T)-
spanning, if

M( U Br(v,e;—T, T)) > §, respectively ,u( U Byyn (v, &;—T, T)) > §.
veV veV
Of course, a (i, 8, &; —T, T')-spanning set is also dynamically-(u, 8, &; —T, T')-spann-
ing.

Let F:T'M — R be a Holder-continuous potential. Let 11 € Mf ere be an ergodic

probability measure on 7! M, invariant under the geodesic flow, such that

/ F~dp < oo.
Definition 6.5. Set

T
Sp(.8.6:~T.T) = inf y  el-r P&,

veV
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where the inﬁmum is taken over all V. C T!'M that are (u, 8, &; —T, T)-spanning.
Similarly define S "(u,8,e;—T,T) as the infimum of the same quantity over all
dynamically- (u, 8, e;—T, T)-spanning sets.

The Katok pressure of F with respect to u at level § is defined by

1
PE (. F.8) = suphmsup—logSF(,u 8,e;—T,T).

>0 T—>+oo

Similarly, define

n . 1 n
](gzlok(,u,F 8) = suphmsupﬁlogS;ipy (n,8,6,=T,T).

e>0T—4o0
The Katok pressure of F' with respect to u, respectively the dynamical Katok pressure,
is
PKl;lOk(/“’l/’ F) l(nf ) PKatok(/-’l” Fs 8)7

respectively,

dyn dyn
PKZtok w, F) = s 1(nf PKZtok(:u“v F.?).

Comparison between the two kinds of dynamical balls in (18) implies the follow-
ing inequality:
Igflk(u, F) < atok(/“L’ F).
The first and main inequality of Proposition 6.6 below was shown in [28]. Compact-
ness was assumed, but his proof [28, (1.4), p. 144] does not use the compactness of the
underlying manifold. The second inequality below follows obviously from the above
considerations.

Proposition 6.6 (Katok [28]). Ler y be a g'-invariant ergodic probability measure.
Then for all § > 0,

his (1) < ok (1) = P (14,0) < P (2, 0).

The appendix by F. Riquelme shows that, in the case of geodesic flows on mani-
folds in negative curvature, these entropies coincide, even in our noncompact setting,
cf. Theorem A.1.

In the sequel, we will always work with small dynamical balls and the associated
Katok pressure PKI;mk(u, F). Assume that y is ergodic.

Forall AC T'M,all§ e (0,1) and all &, T > 0, we define

. T ¢
Sp.a(. 8,6 —T.T) = inf Y elr Fletoya
VCA (w,8,6;—T,T)-spanning s

and

1
P{‘amk(u, F.,5) = suplimsup 3T log SF.a(p, 68,6, —T,T).

e>0 T—+o00
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The following lemma is elementary but crucial in the sequel.

F

Lemma 6.7. Under the assumptions of Theorem 0.1, let . € My,

be an ergodic
invariant measure. As soon as (L(A) > §, we have

PKl;tok(/*’L? F, 8) = Plél[()k(/"(” F, 8)

Moreover, if u(A) > 1—258/6, and F is bounded on A, then

]
Pl F.8) = Pl (1 F.5)- (20)

Proof. The first inequality is immediate from the definition.
For the second one, let A’ = AN g~ T4 N gl A. It satisfies u(A4’) > 1 —§/2.
Consider V' a (i, 8, &; —T, T)-spanning set. As u(|J,ey Br(v,e;—7.T)) > 8, we get

,u(A/ N U Br(v,&;—T, T)) >§/2.
veV
For every v € V such that u(A’ N Br(v,e;—T,T)) > 0, choose an element v’ in the
intersection A’ N Br(v, &;—T,T), and let V' be the set of all such v’. By construction,
V' C Aisa(u,8/2,2¢;,—T, T)-spanning set.
As F is Holder-continuous, for v € V such that u(A4’ N Br(v,e;—T7,T)) > 0 and
v/ € A’ N Br(v,e,—T,T), the integrals

T T
/ Foglvdt and / Fogh'de
-T -

differ at most by an additive constant depending on the Holder constants of F, and its
L°°-norm on the e-neighborhood of A, but not on 7'. Indeed, as F is bounded on A4,
and Holder-continuous, it is also bounded on the e-neighborhood of A. Moreover,
by definition of A/, g*7Tv’ € A, so that g*Tv belong to the s-neighborhood of A.
Moreover,

d(gTv,gTvy<e and d(gTv,gTv) <e.

Thus, Lemma 3.1 applies and gives the desired bound.
Therefore, up to a multiplicative constant,

Z e/fr F(glv)dt

veV

is greater than

Z ol 7 Flg'vydr

v'eV’
Up to this multiplicative constant, S (u, 8, ;—T, T) is greater than S 4(u, /2, 2¢;
—T, T). Taking the limsup of 1/(2T) log of these quantities leads to the second
inequality. |
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Since the Katok pressure is defined by taking an infimum over all (u,§,e;—7,T)-
spanning sets, we deduce the following useful statement.

Lemma 6.8. Under the assumptions of Theorem 6.1, let u € er? ere be an ergodic

probability measure. Let § > 0 and & > 0 be fixed, and for all T > 0, let Ar C T'M
be a set such that W(Ar) > 8. Then

. 1
PKI;mk(M, F) < lTlmiup 3T log Sr.a;(n.6,6;=T,T).
—+00

We will use the following analogue of Proposition 6.6 for general potentials.

Proposition 6.9. Under the assumptions of Theorem 6.1, let F: T'M — R be a

F

1,erg D€ an ergodic probability measure on T'M

Holder-continuous map, and i € M
such that [ F~ du < oo. Then

G0+ [ Fdn s PLyG1 )

Proof. Let u € ,Mf ere be an ergodic probability measure and F' a Holder-continuous

potential. Let § € (0, 1) be fixed.
Foralln > 0and T > 0, set

1 t
Grq(F) = {v eT'M; Vi =T, '5/ F(gsv)ds—/FdM‘ < n}.
—t
Birkhoff ergodic theorem implies that for all n > 0, we have
li Gr,(F)) =1.
pAm (G (F))

Therefore, there exist Tp > 0 and a compact subset As , C Gr,,,(F) such that

]
/,L(Ag,n) >1-— 8

Therefore, by (20),

A )
PKI;tok(Mv F.8) > PKa(:é)ﬁ(M’ F, 5)

I .o
= limsup — lo inf el-r F(gv)dr 1
T—>+o§ T g VCAs y (1,8/2,6,—T,T)-spanning 1; @D

Let ST C As,, be a finite (i1, 6/2, &; =T, T)-spanning set. As As , C G1,,y(F) and
thanks to the definition of Gr,,, (F), for T > Tp, we have

Z efIT F(glv)dt > e2T(deu—n)#ST > eZT(del/«—ﬂ) inf#V,
UGST

the infimum being taken over all (i, §/2, &, T)-spanning sets V.
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Minimizing over S7, equation (21) leads to

Pk (14, F.8) = / Fdu—n+4 P (12, 0,8/2).

Together with Proposition 6.6, this concludes the proof of Proposition 6.9 since § €
(0,1) and > 0 can be arbitrarily small. ]

6.3. Escape of mass and pressure at infinity

This paragraph is devoted to the proof of the following result, of independent interest,
which implies Corollary 6.11, a key step in the proof of Theorem 6.1.

Theorem 6.10. Let K C M be a compact set whose interior intersects w(S2), and let
K C M be a compact subset such that pr(K) = K. Let F: T' — R be a Holder-
continuous potential with 8t (F) > —oo. Let n > 0. For all 0 <o < 1 and R > 4,
there exists a positive number = w(f , F,n,a/R) with the following property. For

F  with w(T'KR) < a, we have

every L € My .,

s+ [ | Fdp s (1= @) () + abe(F) 1+ .

Moreover, when K, F and 1 are fixed, (K, F,n,a/R) tends monotonically to 0
when o/ R tends to 0.

Letting K grow to exhaust M, we deduce the following corollary, which provides
the second half of Theorem 6.1 (the first inequality 62°(F) < P5;(F') has been proved
in Proposition 6.3).

Corollary 6.11. Let F be a Holder-continuous potential on T'M. Let (jin)n>0 €
(g/\/(fF YN be a sequence of probability measures which converges in the vague topology
to a measure |L. Then

lim sup(th(un) + [ qun) < (1= ISR (F) + I ellbr(F).

n—-+o00

In particular, when [, N 0, then

limsup(hKS(un)-l-/Fd,un) <SP (F),

n—+0o0o

so that P3g (F) < 82°(F).

var

Proof. When 8r(F) = oo, then 62°(F) = oo by Proposition 4.13, and the result
is obvious. We can therefore assume that 63°(F) < oo. We will deal with the case
O°(F) > —o0, as the case Jp°(F) = —oo can be treated similarly.
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Let e > 0. Let K be a large compact subset of M, and Ka compact subset of M
satisfying pr(K) = K and

Sre(F) <8R(F) +e and )l < u(T'K) +e.

There are only countably many values of r for which w(d7' K,) has positive mea-
sure as these sets are disjoint. Therefore, we can pick r such that (7' K,) = 0.
Replacing K with K, we can assume w(d7'K) = 0.

We apply Theorem 6.10 to n = ¢, obtaining a function 1. Let R be large enough
so that ¥ (1/R) < s. We can also ensure that ;.(d7 ! Kg) = 0. For large enough 7, we
have

tn(T'K) = p(T'K) —e and  pu,(T'Kg) < (T KR) + ¢ < ||ul| + .

In particular,
pn(T'KR) = pn(T'K) > ||| — 2.

Let us estimate hgs(un) + [ F du, for such an n, fixed from now on.
We can write i, as an average of ergodic measures:

Hn =/ v dP (@),
Q

where all the v, are invariant probability measures for g;. Since

oo>/F_d,un =/(/F_de)d]P’(a)),

F
1,erg”

probability measures is given by [26, Proposition 4.3.16 (2)]. We can therefore apply

almost all the measures v,, belong to M The entropy of a convex combination of

Theorem 6.10 to each of the v, (with @ = v, (T!Kg)) and then average with respect
to P, yielding

his(tin) +/qun = /(th(vw) +/dew) dP ()

< [ (= vl KR)rg (F) + vl KR)SE(F) + &+ ¥ (1/R) dP @)

= (1 = un(T' KR)Sr o (F) + pn(T' KR)Sr(F) + 6 + ¥ (1/R)
< (=gl +28)(6p°(F) + &) + (|l + €)dr (F) + 2e.

As ¢ is arbitrary, this gives the conclusion. |
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Let us point out that when F' = 0 and M is geometrically finite, under the same
hypotheses, a stronger version of Corollary 6.11 appears in [37, Theorem 1.1]:

limsup s (1) = (1= D8 0) + Iellxs (75r ).
f—>+00 el

In [47,48], Velozo announces an analogous inequality for pressure on general nega-

tively curved manifolds, in the case of potentials going to 0 at infinity. Our approach

is valid for all Holder-continuous potentials, but gives a weaker inequality. However,

it provides enough information for our purposes.

Corollary 6.12. The pressures P3L(F) and PR, ., (F) are equal.
Proof. We have obviously the inequality

ona?,erg(F) = onai(F)

Moreover,
PR (F) < 8p°(F)

by Corollary 6.11. Finally, Remark 6.4 gives the inequality
SIQO(F) E Pv?i?,erg(F)'
Together, these inequalities show that all these quantities coincide. |

Proof of Theorem 6.10. As the result is obvious if §r(F') = oo, we may assume that
Or(F) < oco. Let K C M be a compact subset, R > 0, and K the R-neighborhood
of K.Letn > 0.

Letpu e M f erg D€ an ergodic probability measure on T'M,and 0 < o < 1 such
that u(T!'KRg) < a. Let & > 0 be small enough (how small exactly will be prescribed
at the end of the proof).

Let A be a large compact subset containing Kg, with u(T1A4) > 1 — . Let T
be the constant given by assertion (1) of Proposition 2.5 (Connecting lemma) applied

with 4 and K in the role of K and K’. Define

1 T
Ar =w e T'A, | — Fog’wdt—/qu <eg
2T J_r
1 [T ;
and T _TlTlKR(g w)dt <a+¢ey.

By the Birkhoff ergodic theorem, there exists 77 > 0 such that for T > T, we have
uw(Ar) > 1 —e¢. Then

w(Ar NgTtlorlgn g T=Torl 4) > | — 3¢



Pressure at infinity and strong positive recurrence in negative curvature 483

The strategy is to bound
hes(o) + [ Fa

from above, in terms of periodic orbits, and use Theorem 5.1 to prove Theorem 6.10.
Consider a maximal (g; —T, T')-separated subset V' of

Ar = Ar N gl TTorlgn g7 T-Toply

in the sense that the small dynamical balls Br(v;e, =T, T), for v € V, are pairwise
disjoint. By maximality,

Ar € | ) Br(v.2e:=T. 7).

veV

Therefore, V is also a (u, 8, 2e; —T, T') spanning set for any § < 1 — 3¢. Proposi-
tion 6.9 and Lemma 6.8 ensure that hg g (i) + le u F du is bounded from above by
the exponential growth rate of the sums

Zef_TTF(g’v)dt’

veV

over such sets V' (that depend implicitly on T').

Now, to each v € V, we will associate a periodic orbit and bound the above sum
in terms of Ng (K, Kg,o; T — t, T + t) for some constant T > 0.

Take v € V. As it belongs to A7, both points g7 770y and g=7~Toy belong
to T!'A. By the connecting lemma (Proposition 2.5) applied to the sets A and K,
we deduce the existence of a periodic vector v,, and associated periodic orbit p(v),
with [€(p(v)) —2T| < 3T, and d(g"vp, g"v) < e/3forall =T <t < T. Note that we
have used a longer orbit to start with since Proposition 2.5 only gives a good distance
control Ty-away from the endpoints of the original geodesic. Since the interior of K
intersects 7 (£2), it also follows from Proposition 2.5 that we can also require that the
orbit p(v) intersects K.

By Lemma 3.1, f(f(p(v)) F(g'vp) dt is close to f_TT F(g'v)dt up to a constant
depending only on 4 and F. Since v € #Ar, the latter integral is close to 2T [ F dp,
up to 27T'e. Altogether, we get

L(p(v))
‘/0 F(g'vp)dr — ﬁ(p(v))/ qu' < Co +L(p())e

for some Cy depending only on A, &, F. In particular, there exists 73 such that for
T > T3, £(p(v)) is also large, so that this inequality becomes

1 Lp(v)) .
'E(p(v»/o Fle ”")dt‘/ Fdu

< 2s.
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Similarly, we obtain, for 7" large enough,

Lp()NT 'Kgy2) -
L(p()) B

starting from the same properties for the orbit of v due to the definition of A7, and

o + 2,

using the fact that the orbits of v and v, remain close to each other up to &, so the
orbit of v, can be in K/, only at times when the orbit of v is in Kg, except for times
in a bounded interval.

Moreover, as the set V is (&; —T, T') separated, and the periodic orbit p(v) asso-
ciated with each v € V is ¢/3-close to it, two parametrized orbits p(v) and p(v’) are
separated by at least ¢/3 when v # v’. Therefore, the multiplicity of v > p(v) can
only come from different choices of base points on the resulting orbit, separated by at
least /3, plus orbifold multiplicities bounded by the compactness of A. Hence, this

multiplicity is bounded by some multiplicative constant times 7 .

T Foglvdt

Therefore, up to a multiplicative constant,  _, .y, el- is bounded by

TNp(K, Kgya o +26,2T —1,2T + 1),

for some t > 0 depending on A, F, ¢, Ty but independent of 7. Let K bea compact
set such that pr(K) = K. Applying Theorem 5.1 with /2 and R /2, we get that its
exponential growth rate is bounded by

Ol+28),

(1 —a = 26)3r (F) (@ + 26)80(F) /24 9 (5

where ¥ is a function tending to 0 at 0. If € is small enough, say ¢ < g¢, then the error
term 2&(8r (F) — 6r (F)) is bounded by 1/2, and we get a bound

Ol+28>

(1= @) (F) + s (F) + 0+ ("5

Finally, we choose ¢ = agy, so that (a + 2¢)/(R/2) is a function of «/R that tends
to 0 when «/ R tends to 0. This is the desired bound. |

7. Strong positive recurrence

In symbolic dynamics, the notion of strong positive recurrence appeared in several
works, as mentioned in the introduction, see for example [8,9, 13,22-24,39,40,42].
In our geometric context, when F = 0, the notion appeared in [16,44] under the ter-
minology of “strongly positively recurrent manifold” or “strongly positively recurrent
action”. Independently, it appeared (still in the case F' = 0) among people interested
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by geometric group theory, see for example [2, 50, 51], under the name of “actions
with a growth gap” or later “statistically convex-cocompact manifolds”. We follow
the ergodic terminology of strong positive recurrence below, extending the point of
view developed in [44], in the spirit of the works of symbolic dynamics.

7.1. Different notions of recurrence

Recall some definitions which are classical in symbolic dynamics, and were intro-
duced for the geodesic flow in negative curvature in [34,44]. Recall that  and Pf
have been defined in Paragraph 3.1.3, and n g after Remark 2.6.

Definition 7.1. A Holder-continuous potential F: 7'M — R with finite topological
pressure is said to be:

(1) recurrent if there exists a compact subset K C M whose interior intersects the
projection 7 (€2) of the nonwandering set, with a compact lift K to M such

that

PEP

(2) positively recurrent if it is recurrent with respect to some compact subset
K C M whose interior intersects 7 (£2), with a lift K to M, and for some

N > 1,

PEP n(P)<N

(3) strongly positively recurrent if its pressure at infinity satisfies
PE(F) < Pop(F),

Let us introduce another quantitative notion of recurrence, which involves an
invariant measure.

Let K C M be a compact subset, KcMa compact subset such that pr (E )=K.
For all T > 0 large enough, as in [44], we define' Ur (i<' ) C M as the open set

Ur(K)={y e MUM, Ix € K, d(x,y) > T and [x, y)r NTK C K},

where [x, y)r denotes the geodesic segment of length 7' starting from x on [x, y).
When we write this, we implicitly require d(x, y) > T. In other words, y € Ur(K) if

In [16], the definition has been slightly modified to guarantee that it remains open when M
is a Gromov-hyperbolic metric space.
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there exists some geodesic [x, y) starting in K and ending at y, which does not meet
K \ K until time T
For technical reasons, we will need to work with the following slightly larger sets:

UTO,T(K~) ={yeMUIM, Ix € K, d(x,y) > T and [x, Y)10,71 N 'K c K},

where [x, y)[7,,7] denotes the geodesic segment of length T — Ty starting at dis-
tance Ty from x on [x, y) (assuming again d(x, y) > T > Tp). In other words,
y € UTO,T(E) if there exists some geodesic [x, y) starting in K and ending at y,
which does not meet 'K \ K between times T and 7.

Let us define V7 (K) C T'K (respectively, VTO,T(E) C T'K) as the set of unit
vectors tangent at x to a geodesic segment [x, ), for some y € Ur (IZ ) (respectively,
UTO,T(E )) and x associated with y as above. Finally, let

Vr(K) = pr(7r(K)) and V1 (K) = pr(Vr, r)(K)).
All these sequences

(Ur(K)r=0.  (Ury,r (K151, (V1 (K))T>0,
(Vo (KN 1>1900 V(KD 750, (Vo 7(K) 7513

are nonincreasing when 7" — oo.

Definition 7.2. The geodesic flow (g’) is said to be exponentially recurrent with
respect to an invariant (not necessarily finite) measure m if there exist a compact
subset K C M whose interior intersects 7 (£2) and some compact subset KcM
with pr (K) = K such that, for all 7y > 0, there exist C > 0 and o > 0 such that for
T = T,
m(Vry,r(K)) < C exp(—aT).

In [34, Theorems 1.2, 1.4 and 1.6], the following result, reformulated here thanks
to Theorem 3.8, is proven.
Theorem 7.3 (Pit—Schapira). Let F: T'M — R be a Holder-continuous map with
finite topological pressure.

(1) The potential F is recurrent if and only if (T, F) is divergent, if and only
ifmF is ergodic and conservative

(2) The potential F is positively recurrent if and only if m¥ is finite.

(3) The potential F is positively recurrent if and only if it is recurrent and there
exists a compact subset K C M whose interior intersects at least a closed
geodesic, and a compact subset K C M with pr(K) = K, such that

Z d(o,yo)e” Sr(F)d(o,yo)+[)° F oo
vel'g
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In Section 7.3, we will prove the following result.

Theorem 7.4. Let F: T'M — R be a Hilder-continuous map with finite topolog-
ical pressure. If F: T'M — R is strongly positively recurrent, then it is positively
recurrent.

This theorem has been proved in [44] for the case F' = 0, and the proof is almost
the same. We provide it here for the sake of completion and the comfort of the reader.
The contrapositive reformulation is extremely useful:

If the measure m¥ is infinite, then S (F) = dr(F).
It has the following corollary.

Corollary 7.5. Let F:T'M — R be a Holder-continuous map with finite topological
pressure. Let p: M — M be an infinite Riemannian connected Galois cover of M,
and H =my(M)<T =m,(M). Let F = F odp:T'M — R be the lift of F to T' M.
Then

83 (F) =8p(F) < 8p(F).

Proof. The inequality 8z (F) < 8p(F) is immediate since H C I'. By contradic-
tion, assume that §3°(F) < 8¢ (F). Then the potential F would be strongly positively
recurrent. By Theorems 7.4 and 3.7, once renormalized into a probability measure,
the associated equilibrium measure m? is finite and unique. By uniqueness, the mea-
sure mf is invariant under the action of the deck group G = I'/H. As G is infinite

by hypothesis, it is a contradiction with the finiteness of m . u

Remark 7.6. This corollary does not apply to nonregular cover, even for the zero
potential. For example, consider the following construction. Given Xy = H?/T a
compact genus 2 hyperbolic surface, there exists H < I' a nonnormal subgroup such
that ¥y = H?/H is a punctured torus with infinite volume. The (nonregular) cov-
ering p: Xy = H?/H — Zr does not satisfy the conclusion of the above corollary.
Indeed, ¥ is convex cocompact, nonelementary, with infinite volume. In particular,
there exists a large compact subset K C H2 such that H £ 1s finite, so that

Sa(0) >0 and 6%(0) = —o0.

Corollary 7.7. There exists a complete hyperbolic surface M, with §z°(0) > 0, and
a Hélder-continuous potential F: T'M — R such that §°(F) = —oc.

Observe that if §2°(0) > —o0, then it is nonnegative and every Holder-continuous
potential F* which is bounded from below by some constant —K satisfies §3°(F) >
— K. Therefore, examples satisfying Corollary 7.7 must be unbounded from below.
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Proof. Let M = H?/T be a Z-cover of a compact hyperbolic surface. By Corol-
lary 7.5,
5%°(0) = ér(0) > 0.

It is well known that 61 (0) = 1 (it follows for instance from [11], see for instance [16]
for details on critical exponents of covers). Choose some compact fundamental dom-
ain D C M with piecewise smooth boundary for the action of the deck group G =
(g" ; neZ). Forall n € Z, set D, = g" D. Then build a Holder-continuous map
F:T'M — R such thatforalln € Z \ {0} and v € T'D,,, we have

—In] = F(v) = =(In| = D).
Considering compact subsets Ky with pr(Ky) = Unj<n Dn» we have
SFEN (F) S (SFI?N (0) - N’
so that §3°(F) = —o0. [

In fact, this construction applies whenever the nonwandering set €2 is noncompact,
for the potential F'(v) = —d(mw(v), pr(o)), for instance.
The next two theorems are proved respectively in Sections 7.4 and 7.5.

Theorem 7.8. Let F:T'M — R be a Holder-continuous map with finite topological
pressure. The potential F is strongly positively recurrent if and only if the geodesic
flow is exponentially recurrent with respect to the measure m* given by the Patterson—
Sullivan—Gibbs construction.

The last result that we shall prove provides very satisfying information on strongly
positively recurrent potentials. We will not use it in this paper.

Theorem 7.9. Let F: T'M — R be a Holder-continuous map with finite topological
pressure. If F: T'M — R is strongly positively recurrent, then for every compact set
K C M, whose interior intersects 7 (S2), we have Srg(F) <dr(F).

In fact, the proof of Theorem 7.8 shows that, for any compact subset K with
8rg(F) < dr(F), the sets Vr,,r(K) have exponentially small m¥ -measure for all
T > Ty. Together with Theorem 7.9, this implies the following corollary.

Corollary 7.10. Let F: T'M — R be a Holder-continuous map with finite topolog-
ical pressure and with finite Gibbs measure m¥ . Assume that the geodesic flow is
exponentially recurrent with respect to m* . Then, for any compact subset K C M
whose interior intersects (2) and any compact subset K of M with pr(K) = K,
for any Ty > 0, there exist C > 0 and o > O such that for all T > T,

m¥ (Vr, 7(K)) < C exp(—aT).
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Before proving these results about strong positive recurrence, we provide in the
next paragraph ways of constructing strongly positively recurrent potentials.

7.2. Strong positive recurrence through bumps and wells

Adding a bump AA to a potential F, with A a nonnegative compactly supported
Holder-continuous map and A — 400, we already proved in Corollary 4.12 the exis-
tence of strongly positively recurrent potentials. We restate it below with this termi-
nology.

Corollary 7.11. On any nonelementary complete connected Riemannian manifold
with pinched negative curvature and bounded first derivative of the curvature, there
exist Holder-continuous maps that are strongly positively recurrent.

It will be convenient to add to a given potential F' large bumps of arbitrarily small
height. It is what we do in the next proposition.

Proposition 7.12. Let F:T'M — R be a Holder-continuous map with finite topolog-
ical pressure. For all ¢ > 0, there exists a Holder-continuous map 0 < A <1 compactly
supported on T' M, such that

§°(F + eA) = 82°(F) < 6p(F) < 8p(F + £A).

Proof. For a given ¢ > 0, by the variational principle for Py, (F), there exists a mea-
sure my € M f , such that

Pup(F) = 80 (F) = sup (th(m)+ / de) < hgs(me) + / deg+§.

mEMlF

Choose some compact subset K, such that mE(TlKg) > 1 — &. Now, choose some
Hélder-continuous map 0 < A < 1 with compact support such that A = 1 on T K.
Observe that as soon as 0 < & < 1/2, we have

S0 (F + e4) > hgs(m) + / Fdmg +em(Ke) = 8r(F) = = + 2(1 =) > 6p(F).

The result follows. n

Adding a bump does not modify the topological pressure at infinity, and increases
the topological pressure to produce strongly positively recurrent potentials. On the
other hand, subtracting a bump, i.e., adding a well, does not modify the topological
pressure at infinity and decreases the topological pressure towards the topological
pressure at infinity, as shown in the next statement.
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Proposition 7.13. Let F:T'M — R be a Holder-continuous map. Then for all B > 0
satisfying 62°(F) < 8r(F) — B and all n > 0, there exists a compactly supported
Holder-continuous function A on T'M taking values in [0, 8] such that

Sr(F —A) <dér(F)—B+n.

When §2°(F) is finite, one may take 8 = 6r(F) — §p°(F). Then the proposi-
tion says that, by perturbing F with a compactly supported potential taking values
in [0, 6r(F) — 0°(F)], one may get a pressure which is arbitrarily close to §°(F).
The formulation we have given also makes sense when §°(F) = —oo, and says in
this case that with a compact perturbation one can make the topological pressure arbi-
trarily negative.

Proof. When 6r(F) = 400, the conclusion is true for A = 0. Therefore, we may
assume that F' has finite topological pressure. For every n € N, let A, be a compactly
supported Holder-continuous map taking values in [0, 8], equal to 8 on prT ! B(o,n).
We claim that lim sup ér (F — A,) < dr(F) — B. The proposition follows from this
claim by taking A = A, for large n. Let us prove it.

For every n > 1, choose an invariant measure p, with

hKS(Mn)+/(F_An)dMn ZSF(F_An)_%~

Extracting a subsequence if necessary, we can assume that y, converges weakly to
an invariant measure p, with mass ||| € [0, 1]. Let & > 0. Choose a large compact
subset K C M with u(T'K) > ||| — ¢ and u(dT ' K) = 0. For large enough n, we
also have 1, (T'K) > ||| — &, and therefore

/ Andpin = Bl —e)

as A, isequal to B on T1 K. We get
limsup 6p (F — A,) = lim Sup(hKS(an) + /(F — Ay) d,Uvn)

< timsup( ks on) + [ Faun ) =Bl =)
Apply now Corollary 6.11, to get an upper bound
limsup 8p(F — An) < (1 = D3R (F) + [|plldr (F) — Bl — ).
With the inequality 62°(F) < r(F) — B, this gives
limsup ér(F — A,) <ér(F)— B + Be.

As ¢ is arbitrary, this concludes the proof. |
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7.3. Strong positive recurrence implies positive recurrence

In this section, we shall prove Theorem 7.4. We follow the proof of [44] in the
case I' = 0.

Assume that F is strongly positively recurrent. By definition, there exists a com-
pact subset K C M whose interior intersects at least a closed geodesic, and a compact
subset K C M with pr (IZ) = K, such that

br (F) < 8r(F).

Without loss of generality, we assume that 0 € K.
An elementary computation shows that this strict inequality implies the conver-
gence of the series B
Z d(O, yo)e—ﬁr(F)d(o,yo)-i-f;m F )

]IGFI?

Therefore, in order to prove that strong positive recurrence implies positive recur-
rence, by Theorem 7.3 (3), it is enough to show that F is recurrent.
The following inclusion is a variant of an observation of [44]:

Ar\ AR C | ) Un.r(K).

To>0T>Ty

Indeed, the set on the right represents points y € dM such that for some x € K, the
geodesic [x, y) stays a bounded amount of time in I'.K, whereas the set on the left is
the set of y € Ar such that the geodesic [xy) eventually leaves every orbit T.L, for
every compact subset LcM.

To prove Theorem 7.4, it suffices to show that for all 7y > 0, we have

vF ( N UTO,T(E)) =0.

T>T0

It then follows by the above inclusion that v gives zero measure to Ap \ A9, and
therefore full measure to Arl':‘d. Then Theorem 3.8 implies that F is recurrent.

The following lemma, a variation around [44, equation (29)], is a key step of the
proof, and will be useful also in Section 7.4. For ¢ > 0, let Eg be the e-neighborhood
of K. Let D be the diameter of K. We recall that K contains o.

Lemma 7.14. For all € > 0, there exists Ty > 0 such that for all T > Ty + 2D + ¢,
we have
U 00K cUnr&).
yel &

Ke»
d(o,y0)=T+D+Ty
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Moreover, for all Ty > 0, there exists a finite set {g1, ..., gn} of elements of T such
that for all T > Ty 4+ 2D, we have

N
Ur,r(K)nTK c | g gi-Og(yK).
i=1 vel'g,
d(o,y0)>T—-2D—-T,
Proof. The first inclusion uses the same kind of arguments as for [44, equation (29)].
Ify € g ,thereexistx,y € K, such that the geodesic segment [x, yy] does not inter-
sect T' K, outside {x, yy}. Consider z € O,(yK). The geodesic [0, z] intersects y K
at a point yzo. By Lemma 2.3, there exists Ty > 0 such that the geodesics [x, yy] and
[0, Yzo] follow each other up to &, except in the Ty neighborhood of the beginning and
of the end of these segments. Moreover,

d(o,y0) =T + D + Ty,

so that d(o, yzo) > T + Tp. Therefore, [0, yzo] avoids T'K along [Ty, T], and so
does [o, z].

For the second inclusion, let 77 > 0. Introduce a finite family (g;)1<; <y of isome-
tries of I" such that the 7 -neighborhood K T, of K satisfies

Kr,nTK c| JgK.

1

Consider a point y € Ur, ,T(I? )nr K. Consider the last copy gif intersected by the
segment [0, y]r,, and the first copy £ K intersected by the segment [0, y]1, +p,T. By
definition, y = g; lherT - Moreover, it satisfies

d(07 VO) = T—-2D— Tl,
andy € gi - Og(y K) by construction. The desired inclusion follows. ]

Lemmas 7.14 and 3.6 have the following corollary, from which Theorem 7.4 fol-
lows.

Corollary 7.15. For all To > 0 and for all 0 < n < 8r(F) — 8r  (F), there exist
Ty, C > 0 such that for T > Ty, we have

—@r(F)=br 5 (F)-mT

vE (U, m(K)) < Ce (22)

In particular,

\)F( ﬂ UTO,T(E)) =0.

T>TO
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Similar statements appeared in [44] and [16], but it appears that some details are
welcome on the limit process. We include therefore a detailed (short) argument.

Proof. Let 1 be as above. By Lemmas 7.14 and 3.6 and conformality of v, for all
sp > Or (F) close enough to 6r(F), and T > Ty large enough, we have

pFosn (UTO,T(E)) =vFsn(Ton UTO,T(K~))

N
<y > vEn(g; - Oy K))

i=1 yeI‘E,
d(o,yo)>T—-2D—-Ty
<N xC x > o~ sn=n/2d(.yo)+ /)" F
vel'g,

d(o,yo)>T—-2D—-Ty
As the exponential growth rate of
o =
Yol
vel'p,
i<d(o,yo)<i+1
is 81 . by definition, for large enough i, we get

SO GlOF < Org i

vel'g,
i<d(o,yo)<i+1

Together with the previous equation, this gives for large enough 7', for some constant
C > 0, the inequality

VF’Sn(UTO,T(E)) <Cx e((sr‘ﬁ(F)‘H?_Sn)T.

Now, v¥ is the weak-# limit v = lim;, 5 o0 vF>su_ Therefore, for any open set U,
one has vF (U) < liminf v (U). We obtain

VF(UTO,T(E)) <C x o (F)+n=8r(FNT

The result follows. [

7.4. Strong positive recurrence and exponential recurrence
Let us prove Theorem 7.8.

Proof. The implication “strong positive recurrence of F implies exponential recur-
rence of (g’) with respect to m " was essentially shown in the above proof of Theo-
rem 7.4, and in particular equation (22). Indeed, let K and K be as in the proof of this
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theorem. On 71 M , the product structure mE ~vF xvF x dr (see equation (7)), in
the Hopf coordinates (see equation (2)) shows that up to some constant c,

m¥ (Vg 7(K)) < mf (Vry 1 (K)) < evF (9M) x vF (U, 7(K)).

Equation (22) concludes. Note that this proof, combined with Theorem 7.9, implies
Corollary 7.10.

Conversely, suppose that (g’) is exponentially recurrent with respect to m¥, so
that for some compact subset K C M whose interior intersects n(ﬁ), for every Ty > 0,
there exist @ = a(Ty) > 0 and C = C(Tp) > 0 such that, for all T > Ty,

m¥ (Vr, 7(K)) < C exp(—aT). (23)

The first step consists in showing that there exists a constant C’ such that, for
all T > Ty, we have
v (U, r(K)) = C'e™®T. 24)

Since the projection pr is finite-to-one on the compact set T'K, one deduces
from (23) that mf (VTO,T(E) < Cp exp(—aT) for some constant Cy. By definition, if
vV E VTO,T(E), thenv™ € UTO,T(E), and v~ € O + (f). Recall that m¥ is supported
in 2. As above, Equations (7) and (2) show that up to some constant c,

N - ~
Coexp(—aT) > mf (Vpy r(K)) = = inf _vF (0,1 (K)) x vF (U, 7 (K)).
C veQNT!K

In the above infimum, the vector v varies in the compact set QNTK , and vF has
full support in the limit set, so that this infimum is positive. Therefore, (24) is proven.

In what follows, we will need to consider a compact set L large enough to satisfy
the lower bound in Lemma 3.6. By a standard use of Lemma 2.3, for all ¢ > 0 there

exists 7 > 0, such that if L > K, D K contains an e-neighborhood of K, uniformly
inT > Ty + 27, we have

Ury.7(L) C Urysr.7—o(K).

In particular, it follows from (24) that vF(UTO,T(Z)) < C’e T for some C’ > 0
and o > 0. Until now, Ty was arbitrary. We choose now Ty given by the first item in
Lemma 7.14.

AsvF = limg,, 5 (F) vEsn we have

tim sup v (U, 7(L)) < vF (Ur, r(L)) < C'e™®T.

Therefore, for all s, close enough to §r(F), we have vF5" (Ur, (L)) < C'eFT
for any B < «, for instance 8 = /2. Fix some ¢ > 0. Then Lemma 7.14 gives for
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some D = D(L),
U Oo(yL) C UT(),T(L)’

velz
d(o,y0)>T+D+Ty

so that, as vI% is supported on I'o,

pLsn (Fo N U (90()/Z)) <ClePT,

vely, .
d(o,y0)>=T+D+Ty

In particular, there exists C” such that, for any large enough k, we have

pEosn (Fo N U (90()/Z)) < C"e Pk,

velg, .
d(o,yo)€lk,k+1]

As the group I' acts properly discontinuously on M and L is compact, the inter-
sections of shadows in the above union have a bounded multiplicity. Therefore, we
deduce that there exists some constant ¢ > 0 such that

Yo vE(0,(yD)) < ce7PE
velz,,
d(o,yo)elk,k+1]

Together with the Orbital Shadow Lemma 3.6, this implies that up to some multiplica-
tive constant, uniformly in s, for some ¢’ > 0, for all k large enough, we have

_ VO 1= —
Z e snd(o,)/l?)‘f'fo F 56/6’ ﬂk'

velz

d(o,yo)elk,k+1]

Let s, converge to 1 (F). As d(o, yo) € [k, k + 1], the previous inequality gives,
for some ¢” > 0, for large enough k,

yo =
§ : elo F ECHE‘SF(F)k_Bk.
velg, .,
d(o,yo)€lk,k+1]

Since SFZE (F) is the exponential growth rate of the left hand term, we get
or; (F) = dr(F) =B <dr(F).

In particular, §f°(F) < ér(F), proving the strong positive recurrence of F. ]
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7.5. SPR is independent of the compact set

This paragraph is devoted to the proof of Theorem 7.9. Let F: T'M — R be a
strongly positively recurrent Holder-continuous potentlal Let K C M be a compact
subset whose interior K intersects 7 (£2), and KcMa compact subset such that
pr (K ) = K. Our proof relies on the following proposition, which provides a conve-
nient upper bound for the growth of I'z.

Proposition 7.16. Let A:T'M — [0, 4+00) be a nonnegative Holder-continuous map
whose support is contained in the interior of T' K. Then

Srg(F) < dr(F — A).

Proof. Thanks to Proposition 4.9, we have dr . (F) = dr . (F — A). Together with the
trivial inequality 8r . (F — A) < dr(F — A), this gives the conclusion. [

We will also need the following proposition.

Proposition 7.17. Let Fi, F5: TIM — R be two Hélder-continuous potentials with
finite topological pressure that satisfy F, < Fy and F»(w) < Fy(w) for some w € Q.
Assume that F, admits a finite Gibbs measure m,. Then their topological pressures

satisfy
Ptop(FZ) < Ptop(F1)~

Proof. Fori = 1,2, P,(F;) coincides with Py, (F), i.e.,

sup{ / F; dm + hgs(m) ; m invariant probability measure with / Fdu; < —I—oo}.

/Ffdmf/Fz_dm

for any invariant probability measure m. Therefore, when m = mp,,

As F, < F;, we have

P (F2) = / Fydmp, + hgs(mp,) < / Fidmp, + hgs(mp,) < Py (F1).

Assume by contradiction that Py, (F1) = Pya(F>). Then by the previous inequal-

/Flde2=/F2de2.

It implies that Fy = F, mp,-almost surely. As F, < F; and F, < F; on a neigh-
borhood of w, this contradicts the fact that m g, has full support in €2. Therefore,
Pyor(F2) < Pyor(F1). u

ities,
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Let us conclude the proof of Theorem 7.9.

Proof of Theorem 7.9. Choose some w € Q2 N T'K and & > 0 such that B(w, 2¢) C
T'K.Let A:T'M — [0, +00) be a nonnegative Holder-continuous map supported
in B(w, ¢) with A(w) > 0. By Proposition 4.9, for all n > 0, we have

5% (F — nA) = 5% (F).

Moreover, the map 1 — ép(F — nA) is Lipschitz-continuous by Proposition 4.11.
As F is strongly positively recurrent, for > 0 small enough, the map F — nA is still
strongly positively recurrent. In particular, by Theorem 1.4, it admits a finite Gibbs
measure. Therefore, Propositions 7.16 and 7.17 give the inequalities

§rp (F) = 8r(F —nA) < 6r(F).

Theorem 7.9 follows. n

A. Entropies for geodesic flows

In this appendix, we prove that three important notions of entropies of an invari-
ant probability measure for the dynamics of the geodesic flow on negatively curved
manifolds coincide, namely the Kolmogorov—Sinai, the Katok and the Brin—Katok
entropies. These equalities were first proved for dynamical systems defined on com-
pact metric spaces in [28] and [10], and generalized for Lipschitz maps on noncom-
pact manifolds in [36] taking only in consideration ergodic measures. This appendix
treats the case of nonergodic measures as well as the equality with Katok and local
(Brin—Katok) entropies relative to small dynamical balls. The extension of this appen-
dix to the orbifold setting is open, as discussed in our last paragraph.

A.1. Different notions of entropy

Let (]\7[ , &) be a smooth complete connected Riemannian manifold with pinched neg-
ative sectional curvature —b? < K, < —a?, forsome 0 <a <bh.Let M = M/T be
a quotient manifold, with I' = 7; (M) a discrete group, and pr: T'M — T'M the
differential of the quotient map M — M. We will denote by (g’) both geodesic flows
onT'M and T'M = T'M/T.

For all definitions of entropy, the entropy of the geodesic flow (g’) with respect to
an invariant probability measure 1 on T'' M is defined as the entropy of its time-one-
map g! with respect to . If 14 is ergodic with respect to the flow, it is not necessarily
ergodic with respect to this time-one-map g'. However, in this case, almost every time
T € R is ergodic, so that the relation 4(g®) = |t|h(g') allows us to assume, without
loss of generality, that y is ergodic with respect to g!.
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A.1.1. The Kolmogorov-Sinai entropy. Let M; be the set of g! invariant proba-
bility measures on 7'M and let € M. In this appendix, the word partition always
denotes a finite or countable measurable partition of 7! M. Let & be such a partition.
The entropy of & is defined by

H(u, P) =— Y u(P)log u(P).

Pep

The join P" = \/?ZO g~ P is the partition whose atoms are the nonempty subsets of
the form
Pong'Pin-.-Nng™P,,

where the sets P; are in . The entropy of u with respect to J is the limit
1
n—-oon
The Kolmogorov—Sinai entropy of w is the least upper bound
hgs(w) = suph(p, P)
P

over all partitions J with finite entropy.

For any v € T'M, denote by £ (v) the atom of & containing v. The Shannon—
McMillan-Breiman theorem (see, for instance, [ 1]) asserts that whenever u is ergodic,
then for y-a.e. v € T'M, we have

1
h(p, P) = lim —-log u(#" (v).

Moreover, when p is not ergodic, we have

1
/ lim —— log u(P"(v)) dp(v) = h(u. P).
T n

1 n—>00

A.1.2. The Katok entropies. For completeness, let us recall the following defini-
tions. Let d be any metric on T'M, bi-Lipschitz equivalent to the Sasaki metric. By
an abuse of notation, we will denote by d the corresponding induced metric on 7' M
and by B (v, r) the corresponding metric ball centered at v with radius r > 0.

LetT € T'M and &, T > 0. The dynamical ball B(7, &; T) on the universal cover
is defined by

B@.e;T)={WeT'M ; Vt €[0,T), d(¢'7, g' W) < &}.

As in [44, Remark 3.1], we consider on 7' M the small dynamical ball Br(v,&;T) =
pr(B(v,¢; T)) and the big dynamical ball

Biyn(v,6;T) ={w € T'M ; vVt €[0,T], d(g'v.g'w) <&} D Br(v,&:T). (25)
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Both balls coincide as soon as the injectivity radius of M is bounded from below
away from zero uniformly on 7! M and ¢ is small enough. More generally, if along
the orbit (g’ v)o<;<7, the injectivity radius at the point (g v) is larger than &, then

Buyn(v.&:T) = Br(v.e:T). 26)

Given a probability measure pon T'M,§ € (0,1) and e, T > 0,asetV C T'M
is (u, 8, &; T)-spanning (respectively, dynamically-(i, 8, &; T')-spanning) if

u( U Br(v,¢; T)) > §, respectively, ,u( U Byyn (v, €; T)) > §.

veV veV

Of course, a (i, 8, &; T)-spanning set is also a dynamically-(u, 8, €; T')-spanning.
Let St(u,§,&: T) (respectively, Sayn(it, 8, &; T')) be the minimal cardinality of a
(i, 8, &; T)-spanning set (respectively, of a dynamically-(u, 8, &; T')-spanning set).
The Katok entropy of p with respect to the small (respectively, big) dynamical
balls are defined respectively as

h]Eamk(u) A}nf sup lim sup — T log Sr(w,8,e:T),

>0 T—oo

and

0 1
R () = 1nf sup lim Sup — log Sayn(1t, 8, &; T).

0g>0 T—o0

A.1.3. The Brin-Katok entropies. Given a nonempty compact subset X C 7'M,
we define the local entropies on KX relative respectively to small and big dynamical
balls as

A 1
hlEc(M, K) =sup esssup limsup ——logu(Br(v,&;T)),
e>0 veK T—oo, glveX T
and

n . 1
hY (u, K) =sup esssup  limsup —TIOg,u(den(v,e; T)).

loc
>0 veX T—o0, gTveX

Taking the least upper bound over nonempty compact subsets X leads to the definition
of the upper Brin—Katok local entropies

EgK(M)=s3<p R (u, K) and  he(u) = sup B, X).
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A.2. All entropies coincide

The main result of this appendix is stated below. Despite of being expected, its rele-
vance lies in its many potential applications. For example, in [44, Theorem 1.4], a for-
mula relating local entropies of invariant measures through a change of the Riemann-
ian metric has been established, which brings as consequence such a formula for
Kolmogorov—Sinai entropies. In particular, it also gives a relationship between topo-
logical entropies of geodesic flows coming from perturbations of a given Riemannian
metric by the use of measures of maximal entropies on the corresponding dynamics.

Theorem A.1. Let (M, g) be a complete connected Riemannian manifold with pinch-
ed negative curvatures —b?* < K, < —a? < 0. Let W € My be an ergodic invariant
probability measure for the geodesic flow on T' M. Then

hs(1) = hpr (1) = Mg (1) = Mg (1) = B, (1.

Proof of Theorem A.1. We will prove Theorem A.l in two steps. The first step is
to prove that the Kolmogorov—Sinai entropy coincides with the local Brin—Katok
entropies, and the second one is the analogue with the Katok entropies.

Step 1. The inequality hgs (1) < EdByII; () is due to Brin—Katok [10]. In this reference,
equality is proved on a compact manifold, but the proof of this inequality does not use
compactness. The inequality EdByIré (n) < Eg x (1) is immediate from (25). Therefore,
we just need to prove that E};K (n) < hgs(p).

The proof relies on a crucial geometric property: as the curvature is bounded from
below, the injectivity radius along a geodesic decays at most exponentially. More
precisely, for every compact subset C C M, there exists a positive constant ¢ > 0
such that for all vectors w € T1C, and all t € R, we have

rin(g'w) = ¢ e, @7

This geometric inequality follows from [14, Theorem 4.7], see also [15, Proposi-
tion 4.19].

For the next proposition we do not need the ergodicity of w. In particular, the
corollary stated after its proof is satisfied for any invariant probability measure.

Proposition A.2. For every compact subset X C T'M with u(XK) > 0, and for
every ¢ > 0, there exists a partition Py of K with finite entropy such that, if P =
Py U(TM \ X), for p-a.e. v € K, the sequence ny — oo of return times in X
of (g"v),eN satisfies

P (v) C Br(v,e;ny).
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In particular, for every compact subset X € T'M, for ji-a.e. v € XK,

lim sup 1 log u(Br(v,e;n)) < limsup 1 log u(P" (v)). (28)
n—soo,gtveX N n—>oo,gveX N

Proof. By [35, Proposition 1.34], for every compact subset K C T!M, there exists
co > 0 such that for all § > 0, there exists a partition &5 of K whose atoms $s(v) for
any v € T'M all have diameter at most §, with (3P (v)) = 0, and #P5 < o8¢
where d is the dimension of 7! M . As ;u(K) > 0, by the Poincaré recurrence theorem,
we know that for p-a.e. v € K, infinitely often g”v € K. Divide the set X (up to a
measure 0 set) into the return time partition: for all k > 1, let

Ar={ve X, gfve X, andg'v ¢ K foralll <i <k —1}.

For all k > 1, set 8; = ¢/(Le€)*, where L is the Lipschitz-constant for the time-one-
map g! of the geodesic flow, and ¢ > 0 is the constant associated with the compact
subset C = 7 (K) C M from equation (27). For v € Ay, define P (v) as L (v) :=
Ps, (v) N Ag. Forv ¢ K,set P(v) =T'M \ X.

Thanks to the choice of 8, an immediate verification shows that for v € Ay, we
have & (v) C Bayn(v, g/e°*; k). By equations (26) and (27), in fact, we have in this
case

€D € . — € .
P(v) € Br(v. ﬁ,k) = Bayn(v. ﬁ,k).
Recall the notation
P ) = PE)Ng ' Pgu)N---Ng VP ).

Now, for almost all v € K, let ny — oo be the sequence of return times of (g"v),>0
inside K (with ng = 0). Let ¥ be any lift of v into T! M. By construction of &, and
by the above, for almost every v € T M, we have

Pr(v) € PW)Ng ™M P(g M v)N--- N g 1P (g 1)

k—1
C —ni B niy ;I’l —n:
= g dyn| & ’ec(ni+l_”i)’ i+1 i
i=0
k—1
— —ni B iy ;n —n
g T g ’ec(nf-l-l_ni)’ i+1 1
i=0
k—1
S )& " pr(Banm(g"V,e:nit1 —ny))
i=0
k—1

pr(g " Bayn(8"V, &:ni41 — n;)).

..
Il
<)
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Note that we are strongly using the fact that dynamical balls for the time-one-map
coincide with dynamical balls for the flow at integer times. Without loss of general-
ity, we may assume that & < ¢~!. In particular, the quotient map pr is an isometry
restricted to each of the dynamical balls involved in the last intersection, thanks
to (27). Hence, we get

k-1
Pk (v) € pr( ﬂ g " Bayn(8"1V, &5n 41 — ni))
i=0

=pr (den(aa & nk))
= Br (v, &;ng).
It remains to prove that J is a partition of finite entropy. By construction recall
that

—d
#PeP: P CA)<cos? = co(ﬁ) .
e

We have

H,(P)=— ) u(P)logu(P)

Pep

= —u(X)logu(K)=Y " > u(P)logu(P)

k=1PeP PCAy

< (K log u(K) = D j(Ak) log ()
k=1

o0
+ > u(A) log#{(P € P : P C Ay}

k=1
< () log ju(K) = D (Ax) log ju(Ay)
k=1
~ (X ) xtogeost) + 3 ) x klog(et),
k=1 k=1

The first term is some finite constant. The third term is bounded from above by a
constant times @ (JKX) and is therefore finite. By the Kac lemma, the last term, up to a
constant, is equal to

D ku(Ae) = w(T'M) < 1.
k=1
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The second term is finite since [35, Lemma 1.35] together with ) ", ku(Ax) < oo
imply

> w(Ag) log p(Ag) < oo.
k

Therefore, & has finite entropy. ]

Integrating (28) over v € K on the left, and over v € T'M on the right, and
using the Shannon—McMillan—Breiman theorem, Proposition A.2 leads to the follow-
ing corollary.

Corollary A.3. Under the same assumptions, we have

1
/ lim sup —— log w(Br (v, n, &)) du(v)
K

n—o00, n
ghveX
1
< / lim sup —— log P" (v) du(v) < hgs(i).
TIM n—o0, n
ghveX

Assume now that X is large enough so that there exists v € K with u(Bg (v, 1)) >
0 and B;(v,2) C K. Let us define

Ki={veX:dv X)>1}CX.

By our assumption, @ (K_1) > 0. Note that for all v € JK_;, we have

1 1
limsup ——logu(Br(v,T,e)) < limsup ——logu(Br(v,n,es)).

T—o0, T n—>oo, n
gTveX_|,TeR g"veX,neN

If we consider the essential least upper bound over v € K on the left and on the
right in (28), using the ergodicity of x and the Shannon—-McMillan—Breiman theorem,
we get

hige (1. K—1) < h(p. P).

This already implies /1 II; x (1) < his () since the right hand side of the inequality
is less than hgs(u) and K C T'M is arbitrary.

Step 2. The goal now is to prove the equality between the Katok entropies and the
Kolmogorov—Sinai entropy. The inequality hg g (1) < hgzok (u) follows immediately
from Katok [28, formula (1.4)], where the author considers coverings instead of span-
ning sets. In this reference, equality is proved on a compact manifold, but the proof
of this inequality does not use compactness. The inequality th}::Ok (n) < hllzawk(u) is

immediate from (25). Hence by Step 1, we just need to prove that Ay, , (1) <h }; x ().
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Leth:=h g x (1t). By definition of local entropy, for any p > 0, there exists a
compact subset X C T!'M and & > 0 such that 4(K) > 4/5 and for pu-ae. v € X,
we have

1
limsup —— log u(Br(v,&/2:T)) < h + p.
T—o0, T

gTvex

For every 7 > 0, set
Ke={veX:wBrv.e/2;T)) > exp(=T(h+2p)), VT > 1, gTv e X}

Then there exists 79 > 0 such that u(K,) > 3/4. Note that (Y1) > 1/2 for every
T > 19, where Y7 = Ky, N g~ T Ky, Let 0 < § < 1/2. Then

1 1
haoi(1) < limsup — log Sp(u, 8, 2: T) < limsup - log Sr (Y7, & T),
T —o00 T T—o00 T
where St (YT, e, T) is the minimal cardinality of a (e, T')-spanning set of Y7.
Choose a maximal (e/2, T')-separated set & in Y7, and denote by Xr(Yr,¢/2,7)
its cardinality. By maximality, & is also (e, T')-spanning, so that

SF(YT, g, T) < EF(YT, 8/2, T).
By construction, we have

e TH IS (Y e/2.T) <Y u(Br(y.e/2:T)) < 1.
ye&

With the above inequalities, we deduce that

hgatok(u) = h + p-

As p is arbitrary, the result follows. ]

A.3. Comparison between entropies for orbifolds

A Riemannian orbifold is said to be good when it is the quotient of a simply connected
manifold M by a discrete group of isometries I': it is the setting to which all the results
in the article apply except this appendix which assumes, moreover, that the action of I'
is free, i.e., M /T is a manifold. A good orbifold M = M /T is said to be very good
when it has a subgroup I/ < T of finite index acting on M without fixed point, i.e.,
if M has a finite covering which is a manifold.

Theorem A.l extends immediately to very good orbifolds since the entropies
which we consider are invariant by finite coverings. Unfortunately, it does not extend
yet to general good orbifolds for the following reason.
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We have crucially used in the proof of Step 1 (which is used for Step 2) the fact that
the injectivity radius cannot decrease more than exponentially fast along geodesics.
The notion of injectivity radius on orbifold is delicate: note that the length of the
shortest geodesic loop based at x goes to 0 as x approaches a singularity. There are
however notions of injectivity radius adapted to orbifolds which are automatically
positive on compact sets, such as the cone injectivity radius considered in [3, Chap-
ter 9]. Nevertheless, it is unknown whether such injectivity radius can decrease faster
than exponentially along the geodesics of an orbifolds with bounded sectional cur-
vature. The proof of (27) given for manifolds in [14] is based on the study of the
Riemannian heat kernel. Therefore, its adaptation to orbifolds is delicate.
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